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Abstract. We study a class of stably projectionless simple C*-algebras which may be viewed
as having generalized tracial rank one in analogy with the unital case. A number of structural
questions concerning these simple C*-algebras are studied, pertinent to the classification of
separable stably projectionless simple amenable Jiang–Su stable C*-algebras.
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1. Introduction

Recent developments in the program of classification of simple amenable C*-algebras
led to the classification of unital simple separable C*-algebras with finite nuclear
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dimension in the UCT class (see, for example, [16,22], and [52]). The isomorphism
theorem was established first for those unital simple separable amenable C*-algebras
with generalized tracial rank at most one (see [22]). Unital simple C*-algebras with
generalized tracial rank at most one have good regularity properties. For example,
these simple C*-algebras have strict comparison for positive elements, have stable
rank one, and are quasidiagonal. All quasitraces are traces. When they are separable
and amenable, they areZ-stable. These C*-algebras havemany other good properties
which lead to the classification by the Elliott invariant when they satisfy the UCT.
In [16], using [52], we showed that unital finite simple (separable) C*-algebras with
finite nuclear dimension which satisfy the UCT have generalized tracial rank at
most one after tensoring with a UHF-algebra of infinite type. This completed the
classification of unital simple separable C*-algebras with finite nuclear dimension in
the UCT class. In the present paper, we study the non-unital version of the notion of
generalized tracial rank one.
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2. Notation

Definition 2.1. LetA be a C*-algebra. Denote by Ped.A/ the Pedersen ideal (see [38,
Section 5.6]).

Denote by zT.A/ the topological convex cone of all densely defined lower
semicontinuous positive traces equippedwith the topology of point-wise convergence
on elements of Ped.A/. Recall that, if ⌧ 2 zT.A/ and b 2 Ped.A/C, then ⌧ is a finite
(equivalently, bounded) trace on bAb. One checks easily that zT.A/ is a Hausdor�
space.

Let T.A/ denote the tracial state space of A. Set

T1.A/ D
˚

⌧ 2 zT.A/ W j⌧.a/j  1; a 2 Ped.A/; and kak  1
 

:
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If ⌧ 2 T1.A/, then it can be extended to a positive linear functional on A with norm
at most one. Therefore, we may view T1.A/ as a subset of the unit ball of A⇤: T1.A/
is the weak*-compact convex subset of all tracial positive linear functionals on A
with norm at most one, and is a Choquet simplex. In this way, we may write that
T.A/ ⇢ T1.A/. T1.A/ is also a closed set in zT.A/. If A D Ped.A/; then T.A/
generates zT.A/ as a cone.

Suppose thatA is � -unital. In the case that Ped.A/C contains a full element a ofA
(in particular when A is simple), let us clarify the structure of zT.A/. Put A1 D aAa.
Then we may identify A with a � -unital hereditary sub-C*-algebra of A1 ˝ K by
Brown’s theorem [3]. By 2.1 of [51], A1 D Ped.A1/. Therefore, T1.A1/ generates
zT.A/ D zT.A1/ as a cone.

Consider the closure S of T.A/ in zT.A/ in the above mentioned topology.
Let T.A/w denote the weak* closure of T.A/ in the dual space of A. Clearly, as
a set, T.A/w ⇢ S . Note that each element in T.A/w is a trace of A with norm
at most one. Let {WT.A/w ! S be the embedding as a subset. So the map { is
one-to-one. Suppose t 2 S . Then, t is a densely defined linear functional and
jt .b/j  1 for all b 2 Ped.A/ with kbk  1. Thus, it uniquely extends to an element
of A⇤ with norm at most one. Choose a net .⌧˛/ in T.A/ such that ⌧˛.b/ ! t .b/

for all b 2 Ped.A/. Since Ped.A/ is dense in A, and k⌧˛k D 1 and ktk  1, one
concludes that ⌧˛.a/ ! t .a/ for all a 2 A. This shows that S D T.A/w as subsets.
In other words, { is a bijection. On the other hand, if ⌧ˇ .a/ ! ⌧.a/ for all a 2 A,
where ⌧ˇ ; ⌧ 2 T.A/w, then ⌧ˇ .b/ ! ⌧.b/ for all b 2 Ped.A/. In other words, { is
continuous. Moreover, T.A/w ⇢ A⇤ is compact and S ⇢ zT .A/ is Hausdor�. It
follows that { is a homeomorphism. In what follows, we will identify S with T.A/w.
In particular, S is compact.

Definition 2.2. Let 1 > " > 0. Define

f".t/ D

‚
0; if t 2 Œ0; "=2ç;
t�"=2
"=2 ; if t 2 ."=2; "ç;
1; if t 2 .";1/:

(e 2.1)

Definition 2.3. Let A be a C*-algebra and let a 2 AC. Suppose that zT.A/ ¤ ;.
Define

d⌧ .a/ D lim
"!0

⌧.f".a//; ⌧ 2 zT.A/;

with possibly infinite values. Note that f".a/ 2 Ped.A/C, and so by definition
⌧ 7! ⌧.f".a// is a continuous a�ne function on zT.A/ (to Œ0;C1/). It follows that
⌧ 7! d⌧ .a/ is a lower semicontinuous a�ne function on zT.A/ (to Œ0;C1ç). Note
that

d⌧ .a/ D lim
n!1 ⌧

�

a1=n
�

; ⌧ 2 zT.A/:
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Let a 2 AC be a strictly positive element. Define

†A.⌧/ D d⌧ .a/; ⌧ 2 zT.A/:

The lower semicontinuous a�ne function †AW zT.A/ ! Œ0;C1ç is independent of
the choice of a, and will be called the scale function (or just scale) of A.

Definition 2.4. Let A be a C*-algebra and let a; b 2 AC. We write a . b if there
exists a sequence .xn/ in A such that x⇤

nbxn ! a in norm. If a . b and b . a,
we write a ⇠ b and say that a and b are Cuntz equivalent. It is known that ⇠
is an equivalence relation. Denote by Cu.A/ the set of Cuntz equivalence classes
of positive elements of A ˝ K . It is an ordered abelian semigroup ([7]). Denote
by Cu.A/C the subset of those elements which cannot be represented by projections.
We shall write hai for the equivalence class represented by a. Thus, a . b will be
also written as hai  hbi. Recall that we write hai ⌧ hbi if the following holds:
for any increasing sequence .hyni/, if hbi  supfhynig then there exists n0 � 1 such
that hai  hyn0i In what follows we will also use the objects Cu⇠.A/ and Cu⇠.'/
introduced in [43].

Definition 2.5. If B is a C*-algebra, we will use QT.B/ for the set of quasitraces ⌧

with k⌧k D 1 (see [2]). LetA be a � -unital C*-algebra. Suppose that every quasitrace
of every hereditary sub-C*-algebra B of A is a trace.

If ⌧ 2 zT.A/, we will extend it to .A˝K/C by the rule

⌧.a˝ b/ D ⌧.a/Tr.b/;

for all a 2 A and b 2 K , where Tr is the canonical densely defined trace onK .
Recall that A has the (Blackadar) property of strict comparison for positive

elements, if for any two elements a; b 2 .A˝K/C with the property that

d⌧ .a/ < d⌧ .b/ < C1

for all ⌧ 2 zT.A/nf0g, necessarily a . b. In general (without knowing that quasitraces
are traces), this property will be called strict comparison for positive elements using
traces.

Let S be a topological convex set. Denote by A�.S/ the set of all real continuous
a�ne functions on S , and by A�C.S/ the set of all real continuous a�ne functions f
with f .s/ > 0 for all s, together with the zero function.

Recall T.A/w denotes the closure of T.A/ in zT.A/ with respect to pointwise
convergence on Ped.A/ (see the end of Definition 2.1). Suppose that 0 62 T.A/w and
that T.A/ generates the cone zT.A/. (By Lemma 4.5 below, these properties hold
in the case that A D Ped.A/.) Then A has strict comparison for positive elements
using traces if, and only if, d⌧ .a/ < d⌧ .b/ for all ⌧ 2 T.A/w implies a . b, for any
a; b 2 .A˝K/C.
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Definition 2.6. Let A be a C*-algebra such that 0 62 T.A/w. There is a positive
linear contraction ra� WAs:a: ! A�.T.A/w/, a 7! ya, from As:a: to the ordered vector
space of continuous real a�ne functions on T.A/w, defined by

ra�.a/.⌧/ D ya.⌧/ D ⌧.a/ for all ⌧ 2 T.A/w

and for all a 2 As:a:. Denote by Aq the space ra�.As:a:/ and by AqC the cone ra�.AC/
(see [9]).

Denote by A�0.T1.A// the set of all real continuous a�ne functions on T1.A/
which vanish at zero, and denote byA�0C.T1.A// the subset of thosef 2A�0.T1.A//
such that f .t/ > 0 for all t 2 T1.A/nf0g, together with the zero function. Denote by
LA�0C.T.A/

w
/ the set of those functions f on T.A/w (with values in Œ0;C1ç)

such that there exists an increasing sequence of continuous a�ne functions
fn 2 A�0C.T1.A//with fnjT.A/w % f (asn! 1), together with the zero function.
Denote by LA�b;0C.T.A/

w
/ the subset of bounded functions in LA�0C.T.A/

w
/. In

particular, if f 2 A�0C.T1.A//, then f jT.A/w 2 LA�0C.T.A/
w
/.

In the general case, recall the definition of LA�C.zT.A// from [43]: the set of
lower semicontinuous a�ne (linear) extended positive real-valued functions on the
cone zT.A/, strictly positive except at 0, which are the limits of increasing sequences
of continuous, finite-valued such functions. (Thus, in the preceding special case, one
considers the restrictions of this set of functions to subsets of zT.A/.)
Definition 2.7 ([44]). Let A be a non-unital C*-algebra. Following [44], we shall
say that A almost has stable rank one if for any hereditary sub-C*-algebra B of A,
B ⇢ GL. zB/; where GL. zB/ is the group of invertible elements of zB . Suppose that
A˝K is � -unital, almost has stable rank one, and contains a full projection e. Then
B D e.A˝K/e is unital. Since B almost has stable rank one, it follows that B has
stable rank one. By Theorem 6.4 of [42], B ˝K has stable rank one. By Brown’s
stable isomorphism theorem ([3]), A ˝ K has stable rank one. Thus, a � -unital
stable simple C*-algebra which almost has stable rank one but does not have stable
rank one must be projectionless. (We know of no such example.)
Definition 2.8. Let A and B be C*-algebras and let 'nWA ! B be completely
positive contractive maps. We shall say that .'n/1nD1 is a sequence of approximately
multiplicative completely positive contractive maps if

lim
n!1 k'n.a/'n.b/ � 'n.ab/k D 0 for all a; b 2 A:

Definition 2.9. Let A be a C*-algebra. Denote by A1 the closed unit ball of A, and
by Aq;1C the image of the intersection AC \ A1 in AqC.

The following fact will be useful.
Proposition 2.10. Let A be a � -unital C*-algebra and B be another C*-algebra.
Suppose that 'WA! B is a positive linear map and suppose that e 2 AC is a strictly
positive element. Then '.e/B'.e/ D '.A/B'.A/.
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Proof. Let C D '.A/B'.A/. Consider an approximate identity .b˛/ of B . Then

'.e/b˛'.e/! '.e/2:

It follows that '.e/2 2 C . Consequently '.e/ 2 C . It follows that '.e/B'.e/ ⇢ C .
Let g be a state of C . Suppose that g.'.e// D 0. We will show that g D 0.
For any n � 1, there exists �n > 0 such that f1=n.e/  �ne. It follows that

g
�

'.f1=n.e//
�

 �ng.'.e// D 0:

Fix a 2 AC. Then

g
�

'.f1=n.e/af1=n.e//
�

 kakg
�

'.f1=n.e/
2/
�

 kakg
�

'.f1=n.e//
�

D 0:

Since
lim
n!1 k'.a/ � '.f1=n.e/af1=n.e//k D 0;

one concludes that g.'.a// D 0. This implies that g.'.x// D 0 for all x 2 A.
We claim that, for any a 2 ACnf0g, g.'.a/b'.y// D 0 for any b 2 B and y 2 A.

In fact,

jg.'.a/b'.y//j2  g.'.a/'.a//g.'.y/⇤b⇤b'.y//

D g.'.a/2/g.'.y/⇤b⇤b'.y// (e 2.2)

D g
⇣

kak2'
⇣ a

kak
⌘2⌘

g.'.y/⇤b⇤b'.y//

D kak2g
⇣

'
⇣ a

kak
⌘2⌘

g.'.y/⇤b⇤b'.y// (e 2.3)

 kak2g
⇣

'
⇣ a

kak
⌘⌘

g.'.y/⇤b⇤b'.y// D 0: (e 2.4)

Recall that, for any x 2 A, we may write x D .x1�x2/Ci.x3�x4/, where xi 2 AC,
i D 1; 2; 3; 4. Therefore, for any b 2 B and y 2 A,

g.'.x/b'.y// D g
⇣

4
X

iD1
'.xi /b'.y/

⌘

D
4

X

iD1
g.'.xi /b'.y// D 0: (e 2.5)

It follows that g.z/ D 0 if z D Pm
jD1 '.aj /bj'.cj /, where bj 2 B and aj ; cj 2 A,

j D 1; 2; : : : ; m. Since the set

n

m
X

jD1
'.aj /bj'.cj / W bj 2 B; aj ; cj 2 A

o

is dense in C , one concludes that g.c/ D 0 for all c 2 C . In other words, g D 0:

x=(x_4-x_2)+i(x_1-x_3)

to replace

x=(x_1-x_2)+i(x_3-x_4)

replace  x_i

  by x_j

replace i  y j

so j=1,2,3,4

sum_{j=1}^4 i^j\phi(x_j)b\phi(y)

\sum_{j=1}^4 i^jg(\phi(x_j)b\phi(y))
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This shows that '.e/ is a strictly positive element of C . Therefore,

'.e/C'.e/ D C:

On the other hand,

C � '.e/B'.e/ � '.e/C'.e/ D C:

So C D '.e/B'.e/.

3. Some results of Rørdam

For convenience, we would like to have the following version of a lemma of Rørdam:
Lemma 3.1 (Rørdam [46, Lemma 2.2]). Let a; b 2 A with 0  a; b  1 be such
that ka � bk < ı=2. Then there exists z 2 A with kzk  1 such that

.a � ı/C D z⇤bz:

Proof. It follows from the hypothesis that there exists 2 > ˛ > 1 such that

ı0 WD ka � b˛k < ı=2: (e 3.1)

Put c D b˛ . By Lemma 2.2 of [46],

fı.a/
1=2.a � ı0 � 1/fı.a/1=2  fı.a/

1=2cfı.a/
1=2;

where fı is as defined in 2.2. Therefore,

fı.a/
1=2.a � ı0 � 1/Cfı.a/1=2  fı.a/

1=2cfı.a/
1=2:

Thus,

.a � ı/C  fı.a/
1=2.a � ı0 � 1/Cfı.a/1=2  fı.a/

1=2cfı.a/
1=2:

Choose 0 < ˇ < 1 such thatˇ˛ > 1. Puta1 D .a�ı/C andb1 D fı.a/
1=2cfı.a/

1=2.
Then, as in the proof of Lemma 2.3 of [46], by 1.4.5 of [38], there is r1 2 A such that

kr1k  kb1=2�ˇ=2
1 k  1 and a

1=2
1 D r1b

ˇ=2
1 :

Therefore, a1 D r1b
ˇ
1 r

⇤
1 . Note that

b
ˇ
1 D

�

fı.a/
1=2cfı.a/

1=2
�ˇ
:

Write y D fı.a/
1=2c1=2. Then yy⇤ D b1. Let y D v.y⇤y/1=2 be the polar

decomposition of y in A⇤⇤ (so that v 2 A⇤⇤). It follows from 1.4 of [8] that vx 2 A
for all x 2 .y⇤y/A.y⇤y/ and v.y⇤y/ˇv⇤ D b

ˇ
1 . Note that

.y⇤y/ˇ D
�

c1=2fı.a/c
1=2

�ˇ  cˇ D b˛ˇ : (e 3.2)



8 G. A. Elliott, G. Gong, H. Lin and Z. Niu

Put � D 1=.˛ˇ/. Then 0 < � < 1. Let

x D
�

c1=2fı.a/c
1=2

�ˇ=2
:

Then x2  cˇ D b˛ˇ . Put

un D x
�

.1=n/C .b˛ˇ /1=2
�

.b˛ˇ /1=2��=2; n D 1; 2; : : : :

Then, as in the proof of 1.4.5 of [38],

kunk  k.b˛ˇ /1=2��=2k  1

and .un/n�1 converges to u 2 A in norm. Moreover, x D u.b˛ˇ /�=2. It follows that
that

.y⇤y/ˇ D xx D xx⇤ D u.b˛ˇ /�u⇤ D ubu⇤:

Note that, since x D .y⇤y/ˇ=2, vx 2 A. Therefore vun 2 A for all n. It follows
that vu 2 A. Note also that kvuk  1. Now

.a � ı/C D a1 D r1b
ˇ
1 r1 D r1

�

v.y⇤y/ˇv⇤�r⇤
1 D .r1vu/b.u

⇤v⇤r1/ D z⇤bz;

where z D u⇤v⇤r1 D .vu/⇤r1 2 A and kzk  1.

Lemma 3.2 (cf. [45, Proposition 2.4(v)] and [7, Theorem 3]). Suppose that A is a
C*-algebra which almost has stable rank one. Suppose that a; b 2 AC are such
that a . b. Then, for any 0 < ı, there exists a unitary u 2 zA such that

u⇤fı.a/u 2 bAb:

Moreover, there exists x 2 A such that

x⇤x D a and xx⇤ 2 bAb:

Furthermore, if 0  a1; a2; b  1 are in A, and a1a2 D a1, and a2 . b, then there
exists a unitary u 2 zA such that

u⇤a1u 2 bAb: (e 3.3)

In addition, if d 2 .A˝K/C, and also A˝K almost has stable rank one, then,
for any " > 0, there exists a unitary u 2 BA˝K such that uf".d/u⇤ 2 Mn.A/ for
some large n.

Proof. The first statement follows from the proof of part (v) of [45]. The second
statement (also the first one) follows from Proposition 3.3 of [44] (see also [39,
Corollary 6] and [33, Lemma 1.4]).
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To see the third statement, note that, by the first statement, for any ı > 0, there
exists a unitary u 2 zA such that

u⇤fı.a2/u 2 bAb: (e 3.4)

Since a1a2 D a1 D a2a1, one has fı.a2/1=2a1 D a1. Therefore,

u⇤a1u D u⇤fı.a2/1=2a1fı.a2/1=2u  u⇤fı.a2/u 2 bAb: (e 3.5)

To see the last statement, let .en/n�1 be an approximate identity of A˝K such
that en 2 Mn.A/, n D 1; 2; : : : : Without loss of generality, we may assume that
0  d  1. Then, for any " > 0, there exists n � 1 such that kd � endenk < "=4.
By Lemma 3.1, f"=2.d/ . enden. Thus the last conclusion follows from the first
statement.

We shall also need the following variant of Lemma 3.1.
Lemma 3.3. Let " > 0 and � > 0 be given. There exists ı > 0 satisfying the
following condition: If A is a C*-algebra, and if x; y 2 AC are such that

0  x; y  1 and kx � yk < ı;

then there exists a partial isometry w 2 A⇤⇤ with

ww⇤f� .x/ D f� .x/ww
⇤ D f� .x/; (e 3.6)

and
w⇤cw 2 yAy; kw⇤cw � ck < "kck for all c 2 f� .x/Af� .x/: (e 3.7)

If A almost has stable rank one (see Definiton 2.7), then w may be chosen to be
a unitary in zA.

Proof. Let "=4 > ı1 > 0 be such that, for any C*-algebra B , and any pair of positive
elements x0; y0 2 B with 0  x0; y0  1 such that

kx0 � y0k < ı1;

then
kf�=2.x

0/ � f�=2.y
0/k < � � "=8: (e 3.8)

Put ⌘ D .�ı1=16/
2. Define g.t/ D f�=2.t/=t for all 0 < t  1 and g.0/ D 0.

Then g 2 C0..0; 1ç/. Note that kgk  2=� . Set ı2 D ⌘ı1=16 and choose 0 < ı <

⌘=3 such that, for any C*-algebra B , and any pair of positive elements x00; y00 2 B
with 0  x00; y00  1 such that

kx00 � y00k < 2ı;
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one has
k.x00/1=2 � .y00/1=2k < ı2: (e 3.9)

Now let A be a C*-algebra and let x; y 2 A be such that 0  x; y  1 and
kx � yk < ı.

Then
kx2 � y2k D kx2 � xy C xy � y2k < 2ı: (e 3.10)

Set z D yf⌘.x
2/1=2. Then, by (e 3.9),

k.z⇤z/1=2 � xk D
�

�

�

f⌘.x
2/1=2y2f⌘.x

2/1=2
�1=2 � x

�

� (e 3.11)

< ı2 C
�

�

�

f⌘.x
2/1=2x2f⌘.x

2/1=2
�1=2 � x

�

� (e 3.12)
< ı2 C

p
⌘ < � � ı1=8: (e 3.13)

Also,

k.z⇤z/1=2 � zk < � � ı1=8C kx � yf⌘.x
2/1=2k (e 3.14)

< � � ı1=8C ı C kx � xf⌘.x
2/1=2k (e 3.15)

< � � ı1=8C ı Cp
⌘ < � � ı1=4: (e 3.16)

Consider the polar decomposition z D v.z⇤z/1=2 of z in A⇤⇤. Then

kvf�=2.x/ � f�=2.x/k


�

�vf�=2.x/ � vf�=2

�

.z⇤z/1=2
�

�

�C
�

�vf�=2

�

.z⇤z/1=2
�

� f�=2.x/
�

�

< � � "=8C
�

�v.z⇤z/1=2g
�

.z⇤z/1=2
�

� f�=2.x/
�

� .using (e 3.8)/

D � � "=8C
�

�zg
�

.z⇤z/1=2
�

� f�=2.x/
�

�

 � � "=8C
�

�zg
�

.z⇤z/1=2
�

� .z⇤z/1=2g
�

.z⇤z/1=2
�

�

�

C
�

�.z⇤z/1=2g
�

.z⇤z/1=2
�

� f�=2.x/
�

�

< "=8C ı1=2C
�

�.z⇤z/1=2g
�

.z⇤z/1=2
�

� f�=2.x/
�

� .using (e 3.16)/

< "=4C
�

�f�=2

�

.z⇤z/1=2
�

� f�=2.x/
�

�

< "=4C � � "=8 < "=2 .using (e 3.8) and (e 3.13)/:

Hence, for any c 2 f� .x/Af� .x/ with kck  1,

kvcv⇤ � ck D kvf�=2.x/cf�=2.x/v
⇤ � ck (e 3.17)

< "=2C kf�=2.x/cf�=2.x/v
⇤ � ck (e 3.18)

D "=2C kvf�=2.x/c
⇤f�=2.x/ � c⇤k (e 3.19)

< "=2C "=2 D ": (e 3.20)
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It follows from (the proof of) 2.2 of [46] that
�

⌘ � kx2 � y2k
�

f⌘.x
2/  f⌘.x

2/1=2y2f⌘.x
2/1=2  f⌘.x

2/:

So f⌘.x2/Af⌘.x2/ is the same as the hereditary sub-C*-algebra generated by

z⇤z D f⌘.x
2/1=2y2f⌘.x

2/1=2:

Note also that the hereditary sub-C*-algebra generated by zz⇤ is contained in yAy.
It follows that

vcv⇤ 2 yAy for all c 2 f⌘.x2/Af⌘.x2/: (e 3.21)

Choose w D v⇤. Then, since p⌘ < �=4,

f� .x/f⌘.x
2/ D f� .x/

and hence
ww⇤f� .x/ D f� .x/ww

⇤ D f� .x/: (e 3.22)

Thus (e 3.21) holds for all c 2 f� .x/Af� .x/. If A almost has stable rank one, we
can choose ı for "=2 and �=4 first. Then, for b D vf�=4.x/, by Theorem 5 of [39],
there is a unitary u 2 zA such that b D u⇤f�=4.x/. Then, for any c 2 f� .x/Af� .x/,
u⇤cu D vcv⇤ and so w can be replaced by u.

Lemma 3.4 ([46]). Let A be a C*-algebra and a 2 AC be a full element. Then, for
any b 2 AC, any " > 0 and any g 2 C0..0;C1// whose support is in Œ";C1/,
there are x1; x2; : : : ; xm 2 A such that

g.b/ D
m
X

iD1
x⇤
i axi :

Proof. Fix ">0. Since a is full, and a and b are positive, there are z1; z2; : : : ; zm2A
such that

�

�

�

m
X

iD1
z⇤
i azi � b

�

�

�

< ":

Therefore, by 2.2 and 2.3 of [46], there is y 2 B such that

f".b/ D y⇤
⇣

m
X

iD1
z⇤
i azi

⌘

y:

Therefore, since f"g D g,

g.b/ D g.b/1=2y⇤
⇣

m
X

iD1
z⇤
i azi

⌘

yg.b/1=2:
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We shall also need the following slight variant of a result of Rørdam:
Theorem 3.5 (cf. [48, 4.6]). LetA be an exact simple C*-algebra which isZ-stable.
ThenA has the strict comparison property for positive elements: If a; b 2 .A˝K/C
are two elements such that

d⌧ .a/ < d⌧ .b/ < C1 for all ⌧ 2 zT.A/ n f0g; (e 3.23)

then a . b.

Proof. Let a; b 2 .A˝K/C be as in (e 3.23), and set

f⌧ 2 zT.A/ W d⌧ .b/ D 1g D S:

The assumption (e 3.23) implies that

d⌧ .a/ < d⌧ .b/ for all ⌧ 2 S: (e 3.24)

Since A is simple and b ¤ 0, for every " > 0, h.a � "/Ci  Khbi for some integer
K � 1. Hence,

f .a/ < f .b/ for all f 2 S.Cu.A/; hbi/
(see [48] for the notation). Since, by Theorem 4.5 of [48], Cu.A/ D W.A˝K/ is
almost unperforated, by 3.2 of [48], a . b.

Corollary 3.6. Let A be an exact simple separable C*-algebra which is Z-stable.
Then A has the following strict comparison property for positive elements: If a; b 2
.B ˝K/C are two elements such that

d⌧ .a/ < d⌧ .b/ < C1 for all ⌧ 2 T.B/w;

where B D cAc for some c 2 Ped.A/C n f0g, then a . b.

Proof. The condition (e 3.23) of Theorem 3.5 holds since RCT.B/
w D zT.A/.

We would like to include the following statement.
Lemma 3.7. Let B be a separable semiprojective C*-algebra and A be another
C*-algebra such that there is an isomorphism

j WA˝K ! B ˝K:

Then, for any " > 0 and any finite subset F ⇢ A, there exist ı > 0 and a finite
subset G ⇢ A with the following property: If D is a C*-algebra and LWA!D is
a G -ı-multiplicative completely positive contractive map, then there exists a hom-
omorphism hWA! D ˝K such that

kh.a/ � L.a/˝ e1;1k < " for all a 2 F ;

where fei;j g is a system of matrix units forK .
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Proof. Let us write B ˝Mn ⇢ B ˝MnC1 for all n, so that
S1
nD1B ˝Mn is dense

in B ˝K . Let en D Pn
iD1 ei;i . Define a contractive completely positive map

dnWB ˝K ! B ˝Mn

by sending b ˝ c to b ˝ .encen/ for all b 2 B and c 2 K . There is an integer N
such that

kj.a/ � dN .j.a//k < "=8 for all a 2 F D F ˝ e1;1: (e 3.25)

Write

dN .j.a// D
m.a/
X

iD1
ba;i ˝ ca;i ;

where ba;i 2 B and ca;i 2 MN , 1  i  m.a/. Put

FM D fca;i W 1  i  m.a/; a 2 F g
and

F1 D
n

m.a/
X

iD1
ba;i ˝ ca;i W a 2 F

o

D dN .j.F //:

Set

ƒ D max
˚�

kba;ik C 1
��

kca;ik C 1
�

m.a/ W 1  i  m.a/; a 2 F
 

:

Since B ˝ MN is semiprojective, there are a finite subset G1 ⇢ B ˝ MN

and ı0 > 0 satisfying the following condition: if L0WB ˝ MN ! D0 (for any
C*-algebra D0) is a G1-ı0-multiplicative completely positive contractive map, there
exists a homomorphism H WB ˝MN ! D0 such that

kH.b/ � L0.b/k < "=8 for all b 2 F1: (e 3.26)

Since j is an isomorphism, there exist a finite subset G ⇢ A and ı > 0 satisfying the
following condition: if LWA ! D (for any C*-algebra D) is a G -ı-multiplicative
completely positive contractive map, then .L˝ idK/.j�1/ is a G1-ı-multiplicative
completely positive contractive map.

Let ◆WMN ˝K ! K ˝K denote the inclusion and let 'WK ˝K ! MN ˝K

be an isomorphism. There is a unitary U 2 CMN ˝K such that

Ad U ı ' ı ◆ ⇡"=4ƒ idMN˝K on FM ˝ e1;1:

Put '1 D Ad U ı '. Consider

‰ D .idB ˝'1/ ı .j ˝ idK/WA˝K ˝K ! B ˝MN ˝K:
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Thus, for all a 2 F (we identify A with A ˝ e1;1, the first corner of A ˝ K),
by (e 3.25) and the definition of '1, and (e 3.25) again,

‰.a˝ e1;1 ˝ e1;1/ D .idB ˝'1/.j.a/˝ e1;1/ ⇡"=8 .idB ˝'1/.dN .j.a//˝ e1;1/

D .idB ˝'1/
⇣

m.a/
X

iD1
ba;i ˝ ◆.ca;i ˝ e1;1/

⌘

⇡"=4

m.a/
X

iD1
ba;i ˝ ca;i ˝ e1;1

⇡"=8 j.a/˝ e1;1: (e 3.27)

Now let LWA! D be a G -ı-multiplicative completely positive contractive map.
Consider the maps

L˝ idK WA˝K ! D ˝K and .L˝ idK/.j�1/WB ˝K ! D ˝K;

and the restriction

ˆ WD .L˝ idK/.j�1/jB˝MN
WB ˝MN ! D ˝K:

By construction,ˆ is a G1-ı0-multiplicative completely positive contractive map.
Therefore (by (e 3.26)) there is a homomorphism h0WB ˝MN ! D˝K such that

kh0.b/ �ˆ.b/k < "=8 for all b 2 F1: (e 3.28)

Then, for all a 2 F , by (e 3.27), (e 3.25), (e 3.28), and (e 3.25) again,

.h0 ˝ idK/ ı‰.a˝ e1;1 ˝ e1;1/ ⇡"=2 .h0 ˝ idK/.j.a/˝ e1;1/

⇡"=4 .ˆ˝ idK/.dN .j.a//˝ e1;1/

⇡"=8 .L˝ idK/.a˝ e1;1 ˝ e1;1/ D L.a/˝ e1;1:

Define hWA ! D ˝ K as the composed map .idD ˝  / ı h0 ı ‰ ı ◆A, where
◆A.a/ D a ˝ e11 ˝ e1;1 for all a 2 A and  WK ˝ K ! K is any isomorphism.
From the last estimate the lemma follows. The above proof may be summarized
by the following non-commutative diagram with the upper triangle approximately
commutative onF , and the lower right one approximately commutative onF1˝e1;1:

A

dN ıjı◆A

✏✏

.j˝idK /ı◆A

uu
B ˝K ˝K

j�1˝idK ))

idB ˝'1 // B ˝MN ˝K

j�1˝idK
✏✏

h0˝idK // D ˝K ˝K
idD ˝ // D ˝K:

A˝K ˝K

L˝idK˝K

55

where h D .idD˝ / ı .h0 ˝ idK/ ı .idB ˝'1/ ı .j ˝ idK/ ı ◆A.
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4. Compact C*-algebras

Definition 4.1. A� -unital C*-algebra A is said to be compact, if there is e2.A˝K/C
with 0  e  1 and a partial isometry w 2 .A˝K/⇤⇤ such that

w⇤a;w⇤aw 2 A˝K; ww⇤a D aww⇤ D a; ew⇤aw D w⇤awe D w⇤aw;

for all a 2 A, where A is identified with A˝ e1;1.
Proposition 4.2. LetC be a � -unital C*-algebra and let c 2 CCnf0gwith 0  c  1

be a full element of C . Suppose that there is e1 2 C with 0  e1  1 such that
e1c D ce1 D c. Then cCc is compact.

Proof. Set cCc D B . Consider the sub-C*-algebra

E D
˚

.aij /2⇥2 W a11 2 B; a12 2 BC; a21 2 CB; a22 2 C
 

⇢ M2.C /;

containing B1 D B ˝ e1;1 and C2 D C ˝ e2;2 as full corners, where

fei;j W 1  i; j  2g

is a system of matrix units for M2. We may then in a natural way view B1 ˝K and
C2 ˝K as full corners of E ˝K . We may write

E ˝K D
˚

.aij /2⇥2 W a11 2 B1 ˝K; a12 2 BC ˝K;

a21 2 CB ˝K; a22 2 C1 ˝K
 

⇢ M2.C ˝K/:

We also write
B2 D B ˝ e2;2:

Moreover, letp1 denote the range projection ofB1˝K andp2 the range projection of
C1˝KI then p1; p2 2 M.E˝K/. PutU D .aij /2⇥2, where a11 D a12 D a22 D 0

and a21 D p1. Then,
Uc 2 E ˝K

for all c 2 E ˝K , and

UxU ⇤ 2 B2 ˝K ⇢ C2 ˝K

for all x 2 B1 ˝K .
By 2.8 of [3], there is a partial isometry W 2 M.E ˝K/ such that

W ⇤.B1 ˝K/W D C2 ˝K; W W ⇤ D p1; and W ⇤W D p2:

Since W 2 M.E ˝K/, W b 2 E ˝K for all b 2 B2 ˝K . It follows that

Up1W b D UW b 2 B2 ˝K for all b 2 B2 ˝K:
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In what follows we identify B with B2. Put

w D W ⇤p1U ⇤ D W ⇤U ⇤:

Then, for any b 2 B.D B2/,

.w/⇤b D Up1W b 2 B2 ˝K; w⇤bw D UW bW ⇤U ⇤ 2 B2 ˝K.D B ˝K/:

This also implies that w⇤is a left multiplier of B2 ˝ K . So we may write w 2
.B2 ˝K/⇤⇤ (which we identify with .B ˝K/⇤⇤). Moreover, with

e D Up1We1W
⇤p1U ⇤ 2 B2 ˝K.D B ˝K/

(where e1 WD e1 ˝ e22),

ew⇤bw D UWe1W
⇤U ⇤UW bW ⇤U ⇤

D UWe1p2bW
⇤U ⇤ D UWe1bW

⇤U D UW bW ⇤U ⇤ D w⇤bw

for all b 2 B2. We also have

w⇤bwe D ew⇤bw; ww⇤b D W ⇤U ⇤UW b D p2b D b; and bww⇤ D b

for all b 2 B2.D B/.
Thus, B is compact.

Corollary 4.3. A � -unital full hereditary sub-C*-algebra of a � -unital compact
C*-algebra is compact.

Proof. Let A be a compact C*-algebra and let b 2 AC be a full element. Put
B D bAb. Let e and w be as in Definition 4.1. Put c D w⇤bw, B1 D w⇤Bw, and
C D A ˝ K . Then B ä B1. Moreover, B1 D cCc and ec D ce D c. So, by
Proposition 4.2, B1 is compact.

Lemma 4.4. LetA be a � -unital C*-algebra which is compact. Then, there exists an
integer N � 1, a partial isometry w 2 MN .A/

⇤⇤ and e 2 MN .A/ with 0  e  1

such that

w⇤a;w⇤aw 2 MN .A/; ww⇤a D aww⇤ D a; w⇤awe D ew⇤aw D w⇤aw

for all a 2 A.

Proof. If A is unital, then we may choose N D 1 and e D 1A.
Let b 2 A be a strictly positive element with 0  b  1. We may assume, by Def-

inition 4.1, thatA is a full hereditary sub-C*-algebra of a � -unital C*-algebra C such
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that there is e1 2 C with 0  e1  1 such that be1 D b D e1b. Moreover, bCbDA.
Since b is full in C , by Lemma 3.4, there exist x1; x2; : : : ; xm2C such that

m
X

iD1
x⇤
i bxi D f1=4.e1/:

Note that
f1=4.e1/b D b D bf1=4.e1/:

ConsiderX⇤ WD
�

x⇤
1b
1=2; x⇤

2b
1=2; : : : ; x⇤

mb
1=2

�

as a 1-row element ofMm.C /. Then

X⇤X D f1=4.e1/ and XX⇤ 2 Mm.b1=2Cb1=2/ D Mm.A/:

Consider the polar decomposition X D vjX⇤X j1=2 of X in Mm.C /
⇤⇤. Then

vav⇤ D vjX⇤X j1=2ajX⇤X j1=2v⇤ D XaX⇤ 2 Mm.A/ for all a 2 A:

Note that Xb1=n 2 Mm.A/ for all n. Denote by p the range projection of b. Then
Xp 2 Mm.A/

⇤⇤. Note also that

Xp D vjX⇤X j1=2p D vp:

Set w D .Xp/⇤. Then

w⇤ D vp and ww⇤ D pX⇤Xp D pf1=4.e1/p D p:

So w is a partial isometry. Note that, for any a 2 A,

w⇤b1=na D vpb1=na D Xb1=na 2 A:

It follows that w⇤a 2 A. Then

w⇤aw D XaX⇤ 2 Mm.A/ for all a 2 A:

Set e D XX⇤. Then,

w⇤awe D XaX⇤XX⇤ D Xaf1=4.e1/X
⇤ D XaX⇤ D w⇤aw

and ew⇤aw D XX⇤XaX⇤ D Xf1=4.e1/aX
⇤ D XaX⇤ D w⇤aw: (e 4.1)

Lemma 4.5. Let A be a � -unital compact C*-algebra. Then 0 62 T.A/w. Hence,
if a 2 A with 0  a  1 is full, then there is d > 0 such that

d⌧ .a/ � d for all ⌧ 2 T.A/w:
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Proof. We may assume that T.A/ ¤ ;. As in the proof of Lemma 4.4, without loss
of generality, we may assume that A is a full hereditary sub-C*-algebra of B for
some (stable) � -unital C*-algebra B such that there is e1 2 BC with 0  e1  1

and e1x D xe1 D x for all x 2 A. Note that A ⇢ Ped.B/. Since A is full in B ,
we may also assume that each ⌧ 2 T.A/ has been extended to a unique element
of zT.B/. Let e0 2 AC be a strictly positive element of A. Recall from Definition 2.1
that T.A/w is a weak*-compact subset of T1.A/. Consider the set

S D
˚

⌧ 2 T1.A/ W ⌧.f1=4.e1// � 1
 

:

Then S is closed and 0 62 S . Note that

T.A/ D
˚

⌧ 2 zT.C / W d⌧ .e0/ D 1
 

:

Then, for any ⌧ 2 T.A/,

⌧.f1=4.e1// � d⌧ .e0/ D 1: (e 4.2)

It follows that T.A/ ⇢ S , and so T.A/w ⇢ S . Therefore, 0 62 T.A/w.
Since a is full in A, ⌧.a/ > 0 for all non-zero traces. In particular, ⌧.a/ > 0

for all ⌧ 2 T.A/w. Thus, the lower semicontinuous function ⌧ 7! d⌧ .a/ is strictly
positive on the compact set T.A/w. Therefore

d WD inf
˚

d⌧ .a/ W ⌧ 2 T.A/w
 

> 0:

Corollary 4.6. Let A be a � -unital C*-algebra which is compact and let a 2 A be
a strictly positive element with 0  a  1. Suppose that

d WD inf
˚

d⌧ .a/ W ⌧ 2 T.A/w
 

> 0:

Then, for any 0 < d0 < d , there exists an integer n � 1 such that, for all m � n,

⌧.f1=m.a// � d0 and ⌧.a1=m/ � d0 for all ⌧ 2 T.A/w:

Proof. This holds as both increasing sequences .⌧.f1=m.a///1mD1 and .⌧.a1=m//1mD1
converge pointwise to d⌧ .a/, and T.A/w is comapct.

Theorem 4.7. Let A be a � -unital C*-algebra. Then A is compact if and only
if Ped.A/ D A.

Proof. Let a 2 AC be a strictly positive element.
First assume thatA is compact. We will identifyAwithA˝e11 ⇢ A˝K . Then

there exists e 2 .A˝K/C and a partial isometry w 2 .A˝K/⇤⇤ such that

w⇤xw 2 A˝K; ww⇤x D xww⇤ D x; w⇤xwe D ew⇤xw D w⇤xw

for all x 2 A.
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Set z D w⇤a1=2. Then zz⇤ 2 Ped.A˝K/C. Hence, by 5.6.2 of [38],

a D z⇤z 2 Ped.A˝K/C:

Therefore, the hereditary sub-C*-algebra generated by a is contained in Ped.A˝K/.
In other words, A ⇢ Ped.A˝K/. By Theorem 2.1 of [51], A D Ped.A/.

Conversely, assume that Ped.A/ D A. Then there are bi 2 AC with kbik  1,
i D 1; 2; : : : ; m, such that

a1=2 
m
X

iD1
gi .bi /;

where gi 2 C0..0;C1// and the support of gi is in Œ�;C1/ for some 1=2 > � > 0.
Note that for each i , gi D

PK
jD1 gi;j for some 0  gi;j  1 with the support of gi;j

still in Œ�;1/. Thus, without loss of generality, we may assume that 0  gi  1.
Let ci D .gi .bi //

1=2, i D 1; 2; : : : ; m. Define

Z D .c1; c2; : : : ; cm/;

which we view as a m ⇥m matrix with zero rows other than the first row. Define

E D diag.f�=2.b1/; f�=2.b2/; : : : ; f�=2.bm// 2 Mm.A/:

Note that

ZZ⇤ D
m
X

iD1
c2i � a and Z⇤Z D .di;j /m⇥m;

where
di;j D cicj ; i; j D 1; 2; : : : ; m:

It follows that

E.Z⇤Z/ D E.cicj /m⇥m D .cicj /m⇥m D .Z⇤Z/E:

Consider the polar decomposition Z⇤ D V jZ⇤j. Then Vx 2 Mm.A/,

V V ⇤jZj D jZjV V ⇤ D jZj and .VxV ⇤/E D E.VxV ⇤/ D .VxV ⇤/

for all x 2 .ZZ⇤/Mm.A/.ZZ⇤/. Note that A ⇢ .ZZ⇤/Mm.A/.ZZ⇤/. This shows
that A is compact.

Lemma 4.8. LetA be a � -unital C*-algebra with 0 62 T.A/w and zT.A/ D RCT.A/.
Suppose that A ˝ K almost has stable rank one and A has strict comparison (see
Definition 2.5). Then A is compact. Moreover, let a 2 A with 0  a  1 be a strictly
positive element, set

d D inf
˚

d⌧ .a/ W ⌧ 2 T.A/w
 

;
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and (see Lemma 4.5) let n be an integer such that nd > 1. There exist elements
e1; e2 2 Mn.A/ with 0  e1; e2  1, e1e2 D e2e1 D e1, and w 2 .Mn.A//

⇤⇤ such
that

w⇤c; cw 2 Mn.A/; ww⇤c D cww⇤ D c for all c 2 A; (e 4.3)
and w⇤cwe1 D e1w

⇤cw D w⇤cw for all c 2 A: (e 4.4)

Furthermore, there exist a full element b02Ped.A/ with 0b01 and e02Ped.A/C
such that b0e0 D e0b0 D b0.

Proof. Let a 2 AC with 0  a  1 be a strictly positive element. Since
0 62 T.A/w, and T.A/w is compact (see the end of Definition 2.1), and d⌧ .a/ is
lower semicontinuous, as stated in Lemma 4.5,

inf
˚

d⌧ .a/ W ⌧ 2 T.A/w
 

D d > 0:

Let n be an integer such that nd > 1. By Corollary 4.6 there exists " > 0 such
that

inf
˚

⌧.f".a// W ⌧ 2 T.A/w
 

D d0 > 2d=3

and nd0 > 1. So, for any ⌧ 2 T.A/w,

d⌧ .a/  1 < nd0  n⌧.f".a//  d⌧ .f".a//:

Therefore,
a . f".a/˝ en 2 Mn.A/;

where en D 1Mn .
Put b D f".a/ ˝ en 2 Mn.A/. Since Mn.A/ is assumed almost to have stable

rank one, by Lemma 3.2, there exists x 2 Mn.A/ such that

x⇤x D a1=2 and xx⇤ 2 b.Mn.A//b:

By considering the polar decomposition of x in .Mn.A//
⇤⇤, one obtains a partial

isometry w 2 .Mn.A//
⇤⇤ such that wA;Aw⇤ ⇢ Mn.A/,

w⇤wc D cw⇤w D c for all c 2 A;

and wAw⇤ ⇢ b.Mn.A//b. Put e D f"=2.a/˝ en 2 Mn.A/. Then 0  e  1 and

ewcw⇤ D wcw⇤e D wcw⇤ for all c 2 A:

This shows thatA is compact. The second part of the statement with (e 4.3) and (e 4.4)
also holds.

For the last part of the statement, choose b0 D f".a/ and e0 D f"=2.a/.
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Definition 4.9. Let A be a � -unital C*-algebra and let e 2 A be a strictly positive
element. Set

�s D inf
˚

d⌧ .e/ W ⌧ 2 T.A/
 

: (e 4.5)

By Definition 2.3, 0  �s  1. Since T.A/w is compact and ⌧ 7! d".e/ is lower
semicontinuous,

�s D min
˚

d⌧ .e/ W ⌧ 2 T.A/w
 

:

In particular, 0 62 T.A/w if and only if �s > 0. (So, by Lemma 4.5, if A is compact,
�s > 0.)

Now let A be a � -unital exact simple C*-algebra. Let e2Ped.A/Cnf0g. Consider
the set of traces normalized on e,

Te.A/ D
˚

⌧ 2 zT.A/ W ⌧.e/ D 1
 

:

It is a compact convex set (see [51, 2.6] and [27, 2.6]). If A has strict comparison, A
is said to have bounded scale if d⌧ .a/ is a bounded function on Te.A/ (see [1]). In
the absence of strict comparison, let us say that A has bounded scale if there exists
an integer n � 1 such that nhei � hai for any a 2 AC. As first noted in [1], this
is equivalent to saying that A is algebraically simple, and this in turn (in view of
Theorem 4.7 above) is equivalent to saying that A is compact.
Proposition 4.10. Let A be a � -unital C*-algebra with 0 62 T.A/w such that every
trace in zT.A/ is finite (equivalently, bounded) on A. Let B⇢A be a � -unital full
hereditary sub-C*-algebra. Then 0 62 T.B/w.

Proof. Let b 2 BC with kbk D 1 be such that B D bBb. Let e 2 AC with kek D 1

such that A D eAe.
Since b is full, ⌧.b/ > 0 for all ⌧ 2 T.A/w. Then, by continuity and compactness,

1 > r0 D inf
˚

⌧.b/ W ⌧ 2 T.A/w
 

> 0:

For any t 2 T.B/, the unique extension ⌧ 2 zT.A/ is finite, i.e., bounded, by
hypothesis. Set ⌧0 D ⌧=k⌧k 2 T.A/ and t D k⌧k � ⌧0jB . It follows (since ⌧0.b/ � r0
and k⌧k � 1) that

t .b/ � k⌧k � r0 � r0:

This shows that 0 62 T.B/w.

Proposition 4.11. Let A be a � -unital simple C*-algebra, let c 2 Ped.A/ be a
positive element and set C D cAc. Then each ⌧ 2 T.C /w extends to a unique
element {.⌧/ 2 zT.A/. Moreover {.T.C /w/ is compact in zT.A/ and 0 62 {.T.C /w/.

Proof. Note that the extension exists and is unique. So { is well defined. (Moreover,
the map { is one-to-one.) Note that, by Corollary 4.3 and Theorem 4.7, C D Ped.C /.
Put K D T.C/w. Then, by Lemma 4.5, 0 62 K.
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Consider ⌧˛; ⌧ 2 K such that ⌧˛.b/! ⌧.b/ for all b 2 C . Let us show that

{.⌧˛/.a/! {.⌧/.a/ for all a 2 Ped.A/C:

By the definition of the Pedersen ideal,

a 
n
X

iD1
g.yi /;

where yi 2 AC and g 2 C0..0;C1//C has compact support, i D 1; 2; : : : ; n. It
follows from Lemma 3.4 that hg.yi /i  mhci for some integer m � 1. (Recall
that, for any c1; c2 2 AC, hc1 C c2i D h.1; 1/diag.c1; c2/.1; 1/⇤i  hc1i C hc2i.)
Therefore, hai  nmhci. It follows that

d{.⌧˛/.a/; d{.⌧/.a/  nm: (e 4.6)

Then, for any b 2 aAa with kbk  1, j{.⌧˛/.b/j  nm and j{.⌧/.b/j  nm. In other
words,

k{.⌧˛/jaAak  nm and k{.⌧/jaAak  nm: (e 4.7)

For any " > 0, by Lemma 3.4, there are z1; z2; : : : ; zN 2 A such that

N
X

iD1
z⇤
i czi D f".a/: (e 4.8)

It follows that
N
X

iD1
a1=2z⇤

i czia
1=2 D a1=2f".a/a

1=2: (e 4.9)

Consider the element

b D
N
X

iD1
a1=2z⇤

i czia
1=2 2 aAa:

Set z0i D zia
1=2, i D 1; 2; : : : ; N . Then, since c1=2z0iz

0⇤
i c

1=2 2 C ,

{.⌧˛/.b/ D
N
X

iD1
{.⌧˛/.z

0⇤
i czi / D

N
X

iD1
{.⌧˛/

�

c1=2z0iz
0⇤
i c

1=2
�

D
N
X

iD1
⌧˛

�

c1=2z0iz
0⇤
i c

1=2
�

!
N
X

iD1
⌧
�

c1=2z0iz
0⇤
i c

1=2
�

D
N
X

iD1
{.⌧/

�

c1=2z0iz
0⇤
i c

1=2
�

D
N
X

iD1
{.⌧/.z0⇤i czi / D {.⌧/.b/: (e 4.10)
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Since a1=2f".a/a1=2 ! a in norm, by (e 4.7) and by (e 4.9),

{.⌧˛/.a/! {.⌧/.a/:

This shows that { is continuous. SinceK is compact, {.K/ is compact in zT .A/. Since
0 62 K, 0 62 {.K/ D {.T.C /w/.

Definition 4.12. Let A be a � -unital C*-algebra with zT.A/ ¤ f0g. Suppose that
there is an element e 2 Ped.A/C which is full in A.

Set Ae D eAe. Since e is full, one has that Ped.Ae/ D Ae (see the fourth
paragraph of Section 2.1). Then, by Lemma 4.7, Ae is compact. Consequently,
by Lemma 4.5, 0 62 T.Ae/

w. Assume that A is not unital. Each ⌧ 2 T.Ae/
w

extends uniquely to a tracial state on zAe . There is a canonical order-preserving
homomorphism

⇢ zAe
WK0. zAe/! A�

�

T.Ae/
w�
:

By [3], one may identify K0.A/with K0.Ae/. The composition of maps from K0.A/
to K0.Ae/, then fromK0.Ae/ to K0. zAe/ and then toA�.T.Ae/

w
/ is a homomorphism

which will be denoted by ⇢A. Denote by ker ⇢A the subgroup of K0.A/ (independent
of e) consisting of those x 2 K0.A/ such that ⇢A.x/ D 0. Elements in ker ⇢A are
called infinitesimal elements.

5. Continuous scale and fullness

Definition 5.1. The previous section discussed C*-algebras with bounded scale. Let
us recall the definition of continuous scale ([27] and [31]).

Let A be a � -unital C*-algebra. Fix an increasing approximate unit .en/ for A
with the property that

enC1en D enenC1 D en for all n � 1:

The C*-algebra A is said to have continuous scale if, for any b 2 AC n f0g, there
exists N � 1 such that

em � en . b; m > n � N:

This definition does not depend on the choice of .en/ above. By Theorem 5.3 below,
if A has continuous scale and T.A/ ¤ ;, then �s D 1. (See Defintion 4.9.)
Remark 5.2. Let A be an exact simple C*-algebra such that A ˝ Z ä A. Then,
by 6.6 of [19] (see also [43, 6.2.3]), the map hai 7! yhai is an isomorphism of the
ordered semigroup of purely non-compact elements of Cu.A/ with LA�C.zT.A//.
Hence Proposition 5.4 below implies that there exists a non-zero hereditary
sub-C*-algebra B of A˝K such that B has continuous scale.
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In fact slightly more can be said. Let a 2 AC be a strictly positive element. One
finds a non-zero element b 2 .A˝K/C such that yhbi is continuous and yhbi < yhai.
Write C D A˝K and view A as a hereditary sub-C*-algebra of C . Note that C
is also Z-stable. It follows from part (ii) of Theorem 1.2 of [44] that there exists a
non-zero positive element b1 2 C such that b1C ⇢ aC such that hb21i D hb1i D hbi.
Note that b21 D b1b

⇤
1 2 aCa D A. In other words, A contains a positive element b1

such that Ähb1i is continuous.
Thus, Theorem 5.3 and Proposition 5.4 below imply that there exists a non-

zero hereditary sub-C*-algebra B of A such that B has continuous scale (see
Corollary 11.9 below).
Theorem 5.3 (cf. [31]). LetA be a � -unital non-elementary simple C*-algebra with
continuous scale. Then:
(1) T.A/ is compact;
(2) d⌧ .a/ is continuous on zT.A/ for any strictly positive element a of AI
(3) d⌧ .a/ is continuous on T.A/w for any strictly positive element a of A.
Conversely, if A has strict comparison for positive elements using tracial states (see
Definition 2.5), and A is algebraically simple, then (1), (2), and (3) are equivalent
and also equivalent to each of the following conditions:
(4) A has continuous scale;
(5) d⌧ .a/ is continuous on T.A/

w
for some strictly positive element a of AI

(6) d⌧ .a/ is continuous on zT.A/ for some strictly positive element a of A.

Proof. Most parts of the theorem are well known. That (1) holds is perhaps less well
known.

Since A has continuous scale, A is algebraically simple ([27, 3.3]). In particular,
A D Ped.A/. As noted in Definition 2.1, K D T.A/w is compact (as a subspace
of zT.A/). Let a 2 A be a strictly positive element. Fix an element b 2 AC n f0g with
kbk D 1. Put

B D f1=2.b/Af1=2.b/:

SinceA is not elementary,BC contains infinitely manymutually orthogonal non-zero
elements fxng with 0  xn  1, n D 1; 2; : : : : By repeatedly applying Lemma 3.5.4
of [29], one then finds, for each n, n non-zero mutually orthogonal positive elements
fxn;1; xn;2; : : : ; xn;ng in A with 0  xn;j  1 such that

xn;1 . xn;2 . � � � . xn;n

(see also [27, 2.3]).
Note that ⌧.f1=8.b// is bounded on K and

d⌧ .f1=4.b//  ⌧.f1=8.b// for all ⌧ 2 K: (e 5.1)
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Since f1=4.b/xn;j D xn;j for all 1  j  n and all n, it follows that, for any " > 0,
there exists xn."/;1 such that d⌧ .x."/;1/ < " for all ⌧ 2 K. Note that

d⌧ .a/ D lim
n!1 ⌧.f1=2n.a// for all ⌧ 2 K:

Note that, with en D f1=2n.a/, n D 1; 2; : : :, .en/1nD1 forms an approximate identity
with enC1en D en for all n. Since A has continuous scale, for any " > 0, there exists
N � 1 such that

em � en . xk."/;1 for all m > n � N:

In particular,
⌧.em/ � ⌧.en/ < " for all ⌧ 2 K: (e 5.2)

It follows that d⌧ .a/ is continuous onK. Since d⌧ .a/ D 1 on T.A/ and T.A/ is dense
inK, d⌧ .a/ D 1 for all ⌧ 2 K. This implies that T.A/ D K. This proves (1) and (3).
Note that (2) is equivalent to (3), as A D Ped.A/, and so zT.A/ D RCT.A/.

Conversely, suppose that A is as stated, suppose that d⌧ .a/ is continuous, and
consider the increasing sequence en D f1=2n.a/, n D 1; 2; : : : : Then, by Dini’s
theorem, ⌧.en/ converges to d⌧ .a/ uniformly on K. It follows that for any non-zero
b 2 AC, there exists N � 1 such that

d⌧ .em � en/ < d⌧ .b/ for all ⌧ 2 T.A/ and for all m > n � N:

(Indeed, from .emC2 � en/.emC1 � enC1/ DemC1 � enC1 for all m > n follows
d⌧ .emC1� enC1/  ⌧.emC2� en/ D ⌧.emC2/ � ⌧.en/! 0 uniformly onK.) Since
A has strict comparison for positive elements, it follows that,

em � en . b for all m > n � N:

Thus, A has continuous scale.
In other words, in this case, if A does not have continuous scale, d⌧ .a/ is not

continuous on K. In particular, d⌧ .a/ is not identically 1. This implies K ¤ T.A/.
The proof above that (1) and (3) hold shows that, under the assumption that A is as
stated in the second part of the theorem, the statements (1), (4) and (5) are equivalent.
Since (5) and (6) are equivalent, these are also equivalent to (6). Since the notion
of continuous scale is independent of the choice of a, these conditions are also
equivalent to (2) and (3).

Proposition 5.4. LetA be a � -unital exact simple C*-algebra with strict comparison
for positive elements. Suppose that T.A/ ¤ ;. Let a 2 AC be such that d⌧ .a/

is continuous on zT.A/. Then aAa has continuous scale. If, in addition, A is
algebraically simple and d⌧ .a/ is just assumed to be continuous on T.A/

w
, then aAa

has continuous scale.
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Proof. Put B D aAa. We may assume that a ¤ 0. Choose a non-zero element
c 2 Ped.A/ with 0  c  1. Put C D cAc. By Corollary 4.3 and Theorem 4.7,
C D Ped.C /. Put K D T.C /w. Then, by Lemma 4.5, 0 62 K.

Note that each ⌧ 2 K extends uniquely to an element of zT.A/. Let {WK ! zT.A/
denote this map as in Proposition 4.11. By Proposition 4.11, 0 62 {.K/ and {.K/ is
compact. Therefore d⌧ .a/ is continuous on {.K/. Let en D f1=2n.a/, n D 1; 2; : : : :

Then .en/1nD1 is an approximate identity for B such that enC1en D en for all n.
Then d⌧ .en/% d⌧ .a/ uniformly on the compact setK. For any b0 2 BC n f0g, there
exists N � 1 such that, for all m > n � N ,

d⌧ .em � en/ < d⌧ .b0/ for all ⌧ 2 K: (e 5.3)

Since K generates zT.A/ as a cone, (e 5.3) holds for all ⌧ 2 zT.A/ n f0g. It follows
that, for all m > n � N ,

em � en . b0: (e 5.4)

Therefore B has continuous scale.
The last part of the statement follows since zT.A/ D RCT.A/.

Now we turn to the important concept of local uniform fullness.
Definition 5.5. Let A be a sub-C*-algebra of a C*-algebra B . An element
a 2 AC n f0g is said to be uniformly full inB , if there are a positive numberM.a/ > 0
and an integer N.a/ � 1 such that, for any b 2 BC with kbk  1 and any " > 0,
there are xi .a/; x2.a/; : : : ; xn.a/.a/ 2 B such that

kxi .a/k  M.a/; n.a/  N.a/;

and
�

�

�

n.a/
X

iD1
xi .a/

⇤axi .a/ � b
�

�

�

< ":

In this case, we shall also say that a is .N.a/;M.a// full.
We shall say that a is strongly uniformly full in B , if the above property holds

with " D 0 and replacing “< "” by D 0.
We shall say that A is locally uniformly full, if every element a 2 AC n f0g is

uniformly full; and we say A is strongly locally uniformly full if every a 2 AC n f0g
is strongly uniformly full.

If B is unital and A is full in B , then A is always strongly locally uniformly full.
In fact, for each a 2 A n f0g, there are x1; x2; : : : ; xm 2 B such that

m
X

iD1
x⇤
i axi D 1B :

ChooseM.a/ D maxfkxik W 1  i  mg and N.a/ D m.
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Let A be a C*-algebra, let B be non-unital C*-algebra, and let LWA ! B be a
positive linear map. Let F WACnf0g ! N⇥.RCnf0g/. Suppose thatH ⇢ ACnf0g
is a finite subset. We shall say that L is F -H -full if, for any a 2 H , for any b 2 BC
with kbk  1, and any " > 0, there are x1; x2; : : : ; xm 2 B such that m  N.a/ and
kxik  M.a/, where .N.a/;M.a// D F.a/, and

�

�

�

m
X

iD1
x⇤
i L.a/xi � b

�

�

�

 ": (e 5.5)

We shall say L is exactly F -H -full, if (e 5.5) holds for " D 0.

Proposition 5.6. Let A be a non-zero � -unital sub-C*-algebra of a C*-algebra B .
Suppose that B is � -unital and algebraically simple. Then A is strongly locally
uniformly full in B .

Proof. Let b 2 A be a strictly positive element. Then bBb is a full hereditary sub-
C*-algebra B . It su�ces to show that bBb is strongly locally uniformly full in B .
Put B1 D bBb. In what follows we will identify B with B ˝ e11 in Mn.B/.

Since B is algebraically simple, B D Ped.B/. By Theorem 4.7, B is compact.
Applying Lemma 4.4, let e 2 Mn.B/ for some n � 1 with 0  e  1 and
w 2 Mn.B/

⇤⇤ be such that

w⇤a; w⇤aw 2 Mn.B/; ww⇤a D aww⇤ D a; w⇤awe D ew⇤aw D w⇤aw

for all a 2 B . Note that also aw 2 Mn.B/ for all a 2 B .
By Lemma 3.4, for any 1=4 > " > 0 and any a 2 .B1/C n f0g, there are

x1; x2; : : : ; xm 2 Mn.B/ such that

f".e/ D
m
X

iD1
x⇤
i axi :

Let p denote the range projection of B . Then pxi 2 Mn.B/ for i D 1; 2; : : : ; m.
We may assume that pxi D xi , i D 1; 2; : : : ; m.

Fix x 2 BC with kxk  1. Then

f".e/w
⇤xw D w⇤xwf".e/ D w⇤xw:

LetM.a/ D maxfkxik W 1  i  mg and N.a/ D m. Then,

w⇤x1=2wf".e/w⇤x1=2w D w⇤xw:

Therefore,
x1=2wf".e/w

⇤x1=2 D w.w⇤xw/w⇤ D x:
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Put zi D xiw
⇤x1=2, i D 1; 2; : : : ; m. Then zi 2 B , i D 1; 2; : : : ; m: Then

kzik  M.a/ and

m
X

iD1
z⇤
i azi D x1=2w

⇣

m
X

iD1
x⇤
i axi

⌘

w⇤x1=2

D x1=2wf".e/w
⇤x1=2 D x: (e 5.6)

Theorem 5.7. Let A be a � -unital simple C*-algebra with A D Ped.A/ and with
T.A/ ¤ ;. Fix an element e 2 AC n f0g with kek D 1 and

0 < d < min
˚

inff⌧.e/ W ⌧ 2 T.A/g; inff⌧.f1=2.e// W ⌧ 2 T.A/g
 

:

Then there exists a map T WAC n f0g ! N ⇥ .RC n f0g/ with the following property:
For any finite subset H1 ⇢ A1

C n f0g, there are a finite subset G ⇢ A and ı > 0

satisfying the following conditions: For any C*-algebra B with QT.C / D T.C /
for all hereditary sub-C*-algebras C of B , and T.B/ ¤ ;, and 0 62 T.B/w, with
strict comparison and such that B ˝ K almost has stable rank one, and for any
G -ı-multiplicative completely positive contractive map 'WA! B such that

⌧.f1=2.'.e/// > d=2 for all ⌧ 2 T.B/;

necessarily ' is exactly T -H1-full. Moreover, for any c 2 H1,

⌧.f1=2.'.c/// � d

8minfM.c/2 �N.c/ W c 2 H1g
for all ⌧ 2 T.B/:

Proof. Since A is a simple C*-algebra with A D Ped.A/, there is a map

T1WAC n f0g ! N ⇥
�

RC n f0g
�

such that the identity map idA is exactly T1-AC n f0g-full.
Write T1 D .N1;M1/, whereN1WACnf0g ! N andM1WACnf0g ! .RCnf0g/.
Let n � 2 be an integer such that nd=2 > 1. Set N D 2nN1 andM D 2M1 and

T D .N;M/. Let H1 ⇢ AC n f0g be a fixed finite subset.
Suppose that xi;h; : : : ; xN1.h/;h 2 A with kxi;hk  M1.h/ are such that

N1.h/
X

iD1
x⇤
i;hh

2xi;h D f1=64.e/ for all h 2 H1: (e 5.7)

Choose a large enoughG ⇢ A and small enough ı > 0 that, for anyG -ı-multiplicative
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completely positive contractive map ' defined on A,

k'.f1=64.e// � f1=64.'.e//k < 1=64 (e 5.8)

and
�

�

�

N1.h/
X

iD1
'.xi;h/

⇤'.h/2'.xi;h/ � f1=64.'.e//
�

�

�

< 1=64 for all h 2 H1:

(e 5.9)

Now let 'WA! B (for anyB that fits the description in the statement of the theorem)
be a G -ı-multiplicative completely positive contractive map such that

⌧.f1=2.'.e/// � d=2 for all ⌧ 2 T.B/w: (e 5.10)

Applying Lemma 3.1 (using (e 5.9)), one finds yi;h 2 B with kyi;hk  2kxi;hk,
i D 1; 2; : : : ; N1.h/, such that

N1.h/
X

iD1
y⇤
i;h'.h/

2yi;h D f1=16.'.e// for all h 2 H1: (e 5.11)

By the hypotheses on B , and since A is � -unital, applying Lemma 4.8, we may
choose e1; e2 2 Mn.B/C and w 2 Mn.B/

⇤⇤ as described there. Put

E0 D f1=8.'.e//˝ 12n (e 5.12)
and E1 D f1=16.'.e//˝ 12n 2 M2n.B/C: (e 5.13)

Then, by strict comparison,

e2 . E0 2 M2n.B/:

Since B almost has stable rank one, there exists a unitary u 2 BM2n.B/ such that

u⇤f1=16.e2/u 2 E0.M2n.B//E0:

Then
u⇤f1=16.e2/uE1 D E1u

⇤f1=16.e2/u D u⇤f1=16.e2/u: (e 5.14)
We then may write

2nN1.h/
X

iD1
.y0
i;h/

⇤'.h/2y0
i;h D E1 for all h 2 H1;

where y0
i;h 2 M2n.B/ and ky0

i;hk D kyj;hk for some j 2 f1; 2; : : : ; N1.h/g, i D
1; 2; : : : ; 2nN1.h/. Then

2nN1.h/
X

iD1

�

f1=16.e2/
1=2uy0

i;h
⇤�
'.h/2

�

y0
i;hu

⇤f1=16.e2/1=2
�

D f1=16.e2/:
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Therefore, for any b 2 BC with kbk  1,

2nN1.h/
X

iD1

�

w⇤b1=2w
��

f1=16.e2/
1=2uy0

i;h
⇤�

� '.h/1=2'.h/'.h/1=2
�

y0
i;hu

⇤f1=16.e2/1=2
��

w⇤b1=2w
�

D w⇤bw:

Then

2nN1.h/
X

iD1

�

b1=2w
��

f1=16.e2/
1=2uy0

i;h
⇤
'.h/1=2

�

� '.h/'.h/1=2
�

y0
i;hu

⇤f1=16.e2/1=2
�

w⇤b1=2 D b:

Note that b1=4w 2 Mn.B/ and f1=16.e2/ 2 Mn.B/. Therefore,
�

b1=4w
�

f1=16.e2/ 2 Mn.B/:

It follows that
�

b1=2w
��

f1=16.e2/
1=2uy0

i;h
⇤
'.h/1=2

�

2 B (e 5.15)

and
�

�

�

b1=2w
��

f1=16.e2/
1=2uy0

i;h
⇤
'.h/1=2

�

�

�  2M.h/ for all h 2 H1: (e 5.16)

This implies that ' is exactly T -H1-full.

Remark 5.8. In the light of Proposition 6.3 below, Theorem 5.7 can be applied with
C*-algebras B in the class C 0 defined just before Remark 6.2.

6. Non-unital and non-commutative one dimensional complexes

Definition 6.1. Let F1 and F2 be two finite dimensional C*-algebras. Suppose that
there are homomorphisms '0; '1WF1 ! F2. Consider the mapping torusM'1;'2 :

A D A.F1; F2; '0; '1/

WD
˚

.f; g/ 2 C
�

Œ0; 1ç; F2
�

˚ F1 W f .0/ D '0.g/ and f .1/ D '1.g/
 

:

For t 2 .0; 1/, define

⇡t WA! F2 by ⇡t ..f; g// D f .t/ for all .f; g/ 2 A:

For t D 0, define

⇡0WA! '0.F1/ ⇢ F2 by ⇡0..f; g// D '0.g/ for all .f; g/ 2 A:
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For t D 1, define

⇡1WA! '1.F1/ ⇢ F2 by ⇡1..f; g// D '1.g/ for all .f; g/ 2 A:

In what follows, we will call ⇡t a point evaluation of A at t . There is a canonical
map ⇡eWA! F1 defined by ⇡e.f; g/ D g every .f; g/ 2 A. It is a surjective map.

The class of all C*-algebras described above will be denoted by C . If A 2 C ,
then A is the pull-back of

A //

⇡e

✏✏

C
�

Œ0; 1ç; F2
�

.⇡0;⇡1/

✏✏
F1

.'0;'1/ // F2 ˚ F2:

(e 6.1)

Every such pull-back is an algebra in C . Infinite dimensional C*-algebras in C are
sometimes called one-dimensional non-commutative finite CW complexes (NCCW)
(see [12] and [13]) and Elliott–Thomsen building blocks (see [15]).

Suppose that

F1 DMR1
.C/˚MR2

.C/˚ � � � ˚MRl
.C/

and F2 DMr1.C/˚Mr2.C/˚ � � � ˚Mrk .C/:

In what follows we may write

C
�

Œ0; 1ç; F2
�

D
k

M

jD1
C
�

Œ0; 1çj ;Mrj

�

;

where Œ0; 1çj denotes the j -th interval.
Denote by C0 the class of all C*-algebras A in C which satisfy the following

conditions:

(1) K1.A/ D f0g; (2) K0.A/C D f0g; (3) 0 62 T.A/w.

C*-algebras inC0 are stably projectionless. Condition (3) is equivalent to compact
spectrum.

Examples of C*-algebras inC0 can be found in [41]. LetF1 D Mk for some k � 1

and F2 D M.mC1/k for some m � 1. Define  0;  1WF1 ! F2 by

 0.a/ D diag.
mπ

a; a; : : : ; a ; 0/ and  1.a/ D diag.
mC1º

a; a; : : : ; a; a /

for all a 2 F2. Let us write

A D A.F1; F2;  0;  1/ WD R.k;m;mC 1/: (e 6.2)
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Then, as shown in [41], K0.A/ D f0g D K1.A/ and it is easy to check that 0 62 T.A/w.
Let e 2 R.k;m;mC 1/ be a strictly positive element. Then (see Definition 4.9)

�s.R.k;m;mC 1// D inf
˚

d⌧ .e/ W ⌧ 2 T.R.k;m;mC 1//
 

D m=.mC 1/:

Denote byRaz the class of C*-algebras which are finite direct sums of C*-algebras
as in (e 6.2).

Denote by C00 the subclass of C*-algebras in C0 which also satisfy the stronger
condition .20/ K0.A/ D f0g.

Let F1 D C ˚C; F2 D M2n.C/. For .a; b/ 2 C ˚C D F1, define

 0.a; b/ D diag.a; a : : : ã
n�1

; b; b : : : b̃

n�1

; 0; 0/

and  1.a; b/ D diag.a; a : : : ã
n

; b; b : : : b̃

n

/:

ThenA.F1; F2;  0;  1/DAhas the property thatK0.A/ is equal to f.k;�k/2Z˚Z/g
(which is isomorphic to Z) but K0.A/C D f0g. Also, K1.A/ D f0g. Thus A 2 C0
but A … C00 .

Let C 0 denote the class of all full hereditary sub-C*-algebras of C*-algebras in C ,
let C 0

0 denote the class of all full hereditary sub-C*-algebras of C*-algebras in C0,
and let C00

0 denote the class of all full hereditary sub-C*-algebras of C*-algebras
in C00 .
Remark 6.2. Let A D A.F1; F2;  0;  1/ 2 C0. Then zA 2 C . Moreover, zA D
A.F 0

1; F2;  
0
0;  

0
1/ with both  0

0 and  0
1 unital, defined as follows:

Let F 0
1 D F1 ˚ C and let p D  0.1F1

/ 2 F2 and q D  1.1F1
/ 2 F2. Define

 0
0;  

0
1WF 0

1 ! F2 by

 0
0..a;�// D  0.a/˚ � � .1F2

� p/ and  0
1..a;�// D  1.a/˚ � � .1F2

� q/

for all a 2 F1 and � 2 C.
One checks that K0. zA/ is finitely generated (see [22, Proposition 3.4]). In fact,

K0. zA/C is finitely generated (see [22, Theorem 3.15]). Let ⇡ W zA ! C denote the
quotient map. Suppose that fŒpi ç W 1  i  kg generates the semigroup K0. zA/C.
Let x 2 K0.A/ ⇢ K0. zA/. Then

x D
k
X

iD1

�

mi Œpi ç � ni Œpi ç
�

D Œpç � Œqç;

where mi � 0; ni � 0 and p; q 2 MN . zA/ (for some integer N � 1) are projections
such that

Œpç D
k
X

iD1
mi Œpi ç and Œqç D

k
X

iD1
ni Œpi ç:



Abbreviated title of paper 33

One also has, since x 2 K0.A/, ⇡.p/ and ⇡.q/ are equivalent in MN . Let n denote
the rank of ⇡.p/ and ri the rank of ⇡.pi /, 1  i  k. Then

k
X

iD1
miri D n D

k
X

iD1
niri :

Consequently,

⇣

k
X

iD1

�

mi
��

Œpi ç � ri Œ1 QAç
��

�
�

ni Œpi ç � ri Œ1 QAç
��

⌘

D
⇣

k
X

iD1
mi Œpi ç � nŒ1 QAç

⌘

�
�

ni Œpi ç � nŒ1 QAç
�

D
k
X

iD1

�

mi Œpi ç � ni Œpi ç
�

D x:

(e 6.3)

It follows that K0.A/ is generated by
˚�

Œpi ç � ri Œ1 zAç
�

W 1  i  k
 

:

In other words, K0.A/ is finitely generated.
Since A 2 C0, either  0 or  1 is not unital. Hence at least one of  0

0 and  0
1 is

non-zero on the second direct summand C in F 0
1 D F1 ˚C.

Proposition 6.3. (1) Let A 2 C 0. Then, for any a1; a2 2 AC, a1 . a2 if and only if

dtr ı⇡.⇡.a1//  dtr ı⇡.⇡.a2//

for every irreducible representation ⇡ of A, where we use “tr” for the tracial
state on matrix algebras.

(2) Let A 2 C 0, and let c 2 AC n f0g. Then c is full if and only if ⌧.c/ > 0 for
any ⌧ 2 T.A/.

Proof. (1) We first consider the case that A 2 C . By considering zA, one sees that
this case follows from 3.18 of [22].

Since a C*-algebra A 2 C 0 is a hereditary sub-C*-algebra of some B in C , it is
easy to see that A also has the above-mentioned comparison property.

(2) Let us first assume again that A 2 C . It is clear that if c 2 AC and ⌧.c/ D 0, for
some ⌧ 2 T.A/ then c has zero value somewhere in Sp.A/ D F

j .0; 1/j [ Sp.F1/.
Therefore c is in a proper closed two-sided ideal of A.

Now assume that ⌧.c/ > 0 for all ⌧ 2 T.A/. It follows that ⇡.c/ > 0 for every
finite dimensional irreducible representation ofA. Therefore c is full inA. In general,
let A be a full hereditary sub-C*-algebra of B 2 C . Let c 2 AC. Then c 2 AC is
full if and only if it is full in B . Therefore, the general case follows from the case
that A 2 C .



34 G. A. Elliott, G. Gong, H. Lin and Z. Niu

Proposition 6.4. (1) Every C*-algebra in C 0 has stable rank one;
(2) IfA 2 C andA is unital, then the exponential rank ofA is at most 2C". IfA 2 C

and A is not unital, then zA has exponential rank at most 2C ";
(3) Every C*-algebra in C is semiprojective;
(4) Let A 2 C and let k � 1 be an integer. Suppose that every irreducible

representation ofA has dimension at least k. Then, for any f 2 LA�0C.T.A/
w
/

with f  1, there exists a positive element a 2 M2.A/ such that

max
⌧2T.A/

jd⌧ .a/ � f .⌧/j  2=k:

Proof. (1) follows from 3.3 of [22].

(2) follows from 3.16 of [22] (see also [36, 5.19]).

(3) It was shown in [12] that every C*-algebra in C is semiprojective.

(4) follows the same proof as 10.4 of [22].

7. Maps from 1-dimensional non-commutative complexes

Lemma 7.1 ([6, Lemma 2.1]). Let A be a simple C*-algebra with A D Ped.A/ and
n � 1 be an integer.

Let a 2 Mn. zA/C n f0g be such that 0 is a limit point of the spectrum of a. Then,
for any " > 0, there exist ı > 0 and a continuous a�ne function f WT1.A/ ! RC
with f .0/ D 0 such that

d⌧ ..a � "/C/ < f .⌧/ < d⌧ ..a � ı/C/ for all ⌧ 2 T.A/w:

Proof. This is essentially proved in the proof of Lemma 2.1 of [6]. Note that
d⌧ .b/ > 0 for any b 2 Mn. zA/C n f0g and for any ⌧ 2 T1.A/ n f0g. As the proof
there, there are

0 < ı < ⌘1 < ⌘2 < "

such that

d⌧ ..a � "/C/ < d⌧ ..a � ⌘1/C/ < d⌧ ..a � ⌘2/C/ < d⌧ ..a � ı/C/

for all ⌧ 2 T.A/w. Let fn.⌧/ D ⌧.f1=n..a � ⌘2/C// for all ⌧ 2 T1.A/. Then

fn %3.a � ⌘2/C

on the compact set T.A/w and fn 2 A�0C.T1.A//. The rest of the proof is a com-
pactness argument and an application of the Portmanteau theorem (and f D fn0 for
some large n0).
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Lemma 7.2. Let A be a (non-unital) simple C*-algebra which almost has stable
rank one. Suppose that A D Ped.A/ and the canonical map

{WW.A/! LA�b;0C.T.A/
w
/

is surjective.
Let 0  a  1 be a non-zero element of A which is not Cuntz equivalent to a

projection. Then, for any " > 0 there exist ı > 0 and an element e 2 A with

0  f".a/  e  fı.a/ (e 7.1)

such that the function ⌧ 7! d⌧ .e/ is continuous on T.A/
w
.

Proof. Fix " > 0. By Lemma 7.1, there are continuous a�ne functions g1; g2 2
A�0.T1.A// such that

d⌧ .f"=8.a// < g1.⌧/ < d⌧ .fı1.a// < g2.⌧/ < d⌧ .fı2.a// for all ⌧ 2 T.A/w;
(e 7.2)

where 0 < ı2 < ı1 < 1. Since ◆ is surjective, there is c 2 Mm.A/C for some m � 1

such that d⌧ .c/ D g2.⌧/ for all ⌧ 2 T.A/w. It follows from Lemma 3.2 and (e 7.2)
that there exists x 2 Mm.A/ such that

x⇤x D c and xx⇤ 2 fı2.a/Afı2.a/:

Put c0 D xx⇤. Then 0  c0  1. Note that

d⌧ .c0/ D d⌧ .c/ for all ⌧ 2 T.A/w: (e 7.3)

Since g1 is continuous, there is m � 2 such that

g1.⌧/ < ⌧.f1=m.c0// for all ⌧ 2 T.A/w: (e 7.4)

By (e 7.2) and Lemma 3.2 again, there is a unitary u in the unitization of
fı2.a/Afı2.a/ such that

u⇤f"=8.f"=8.a//u 2 f1=m.c0/Af1=m.c0/: (e 7.5)

Set c1 D uc0u
⇤. Then

f"=8.f"=8.a// 2 f1=m.c1/Af1=m.c1/ ⇢ c1Ac1: (e 7.6)

There is a g 2 C0..0; 1ç/ with 0  g  1 such that g.t/ ¤ 0 for all t 2 .0; 1ç,

g.t/f1=m D f1=m:

Put e D g.c1/. Then
hei D hc1i D hc0i D hci:
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Moreover,

d⌧ .e/ D d⌧ .c1/ D g2.⌧/ for all ⌧ 2 T.A/w (e 7.7)
and

f".a/  f"=8.f"=8.a//  e  fı2=2.a/: (e 7.8)

Choose ı D ı2=2.

The following theorem is a restatement of a result of Robert.
Theorem 7.3 ([43, Proposition 6.2.3]). Let A be a stably projectionless simple
C*-algebra with stable rank one. Suppose that A D Ped.A/ and the canonical map

{WCu.A/! LA�0C.T.A/
w
/

is an isomorphism of ordered semigroups. Then the map defined in (6.6) of [43] is
an isomorphism of ordered semigroups.

Moreover, if a; b 2 . zA˝K/C with h⇡.a/i D k < C1, h⇡.b/i D m < C1,
where ⇡ W zA! C is the quotient map, are such that

d⌧ .a/Cm < d⌧ .b/C k for all ⌧ 2 T.A/w; (e 7.9)
then

hai Cmh1 zAi  hbi C kh1 zAi: (e 7.10)

Furthermore, if either hai, or hbi is not represented by a projection, and

d⌧ .a/Cm  d⌧ .b/C k for all ⌧ 2 T.A/w; (e 7.11)

then hai  hbi.

Proof. The proof of 6.2.3 of [43] applies since we assume that A has stable rank
one and the conclusion of 6.2.1 of [43] holds for A˝K . Denote the map defined
in (6.6) of [43] by Ä . For the reader’s convenience we include a detailed proof that
the inverse of Ä is order preserving, since we will use this in an important way. Let
us first check that the inverse of Ä restricted to the elements LA�⇠

C.zT.A// is order
preserving.

We will use some notation from [43] (but recall that our zT.A/ is T0.A/ in [43]).
Let a1 2 Cu. zA/, ha1i ¤ hpi for any projection and h⇡.a1/i D k. Suppose also
that ha2i 2 Cu. zA/ such that h⇡.a2/i D m, where k and m are integers, and

bha1i � kbh1 zAi  bha2i �mbh1 zAi: (e 7.12)

There are ˇ1; ˇ2 2 A�C.zT.A// and �1; �2 2 LA�C.zT.A// such that

ha1i C ˇ1 D kh1 zAi C �1; (e 7.13)
ha2i C ˇ2 D mh1 zAi C �2; (e 7.14)

and �1 � ˇ1  �2 � ˇ2: (e 7.15)
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Note that we have used the notation in the proof of 6.2.3, and in particular, we identify
ˇ1; ˇ2; �1; �2 with elements of Cu.A/. Thus,

�1 C ˇ2  �2 C ˇ1 (e 7.16)
and ha1i C ˇ1 C ˇ2 Cmh1 zAi D .k Cm/h1 zAi C �1 C ˇ2 (e 7.17)

 .k Cm/h1 zAi C �2 C ˇ1 (e 7.18)
D kh1 zAi C ha2i C ˇ2 C ˇ1: (e 7.19)

Put ˇ D ˇ1 C ˇ2. We have

ha1i C ˇ Cmh1 zAi  kh1 zAi C ha2i C ˇ: (e 7.20)

Exactly as proved in 6.2.3 of [43], one has

h.a1 � "/Ci C ˇ ⌧ ha1i C ˇ (e 7.21)

which implies that, also,

h.a1 � "/Ci C ˇ Cmh1 zAi ⌧ ha1i C ˇ Cmh1 zAi: (e 7.22)

Therefore,
h.a1 � "/Ci C ˇ Cmh1 zAi ⌧ kh1 zAi C ha2i C ˇ: (e 7.23)

Since A has stable rank one, by weak cancellation ([49, 4.3]),

h.a1 � "/Ci Cmh1 zAi  ha2i C kh1 zAi: (e 7.24)

It follows that
ha1i Cmh1 zAi  ha2i C kh1 zAi: (e 7.25)

In particular, this shows that Ä is injective.
Note that, above, we do not assume that ha2i is not represented by a projection.

Therefore it remains to show the following:

If
�

hai � kh1 zAi
�

y<
�

hbi �mh1 zAi
�

y on T.A/w, then

hai � kh1 zAi  hbi �mh1 zAi

for all hai � kh1 zAi, hbi �mh1 zAi 2 Cu⇠.A/.
We only need to consider the case that hai is represented by a projection. Then yhai

is continuous. It follows that there are non-zero elements ˇ0; ˇ 2 A�C.zT.A// such
that

�

hai C ˇ C ˇ0 Cmh1 zAi
�

y<
�

hbi C ˇ C kh1 zAi
�

y on T.A/w: (e 7.26)

Since A is stably projectionless, from what has been proved,

hai C ˇ C ˇ0 Cmh1 zAi  hbi C ˇ C kh1 zAi: (e 7.27)
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Then, since hai is represented by a projection,

hai C ˇ C .1=2/ˇ0 Cmh1 zAi ⌧ hai C ˇ C ˇ0 Cmh1 zAi
 hbi C ˇ C kh1 zAi: (e 7.28)

By the weak cancellation,

hai C .1=2/ˇ0 Cmh1 zAi  hbi C kh1 zAi: (e 7.29)

It follows that
hai Cmh1 zAi  hbi C kh1 zAi: (e 7.30)

Lemma 7.4. With the same assumptions on A as in Theorem 7.3, we have the
following statement: Let 0  a  1 be a non-zero element of zA ˝ K with ⇡.a/

a projection of rank m for some integer m � 1 and a not Cuntz equivalent to a
projection. Then, for any 1=2 > " > 0 there exist 1 > ı > 0 and an element
e 2 zA˝K with

0  f".a/  e  fı=2.a/ (e 7.31)

such that the function ⌧ 7! d⌧ .e/ is continuous on T.A/
w
.

Proof. Note that this statement is similar to that of Lemma 7.2 (the case m D 0).
By the last statement of Lemma 3.2, we may assume that, for any " > 0, there
exists n � 1, f".a/ 2Mn. zA/. By Lemma 7.1, there exists f 2 A�0C.T1.A// such
that, for some ı > 0.

d⌧ .f".a// < f .⌧/ < d⌧ .fı.a// for all ⌧ 2 T.A/w:

Since we assume that ⇡.a/ is a projection, ⇡.f".a// D ⇡.fı.a// D ⇡.a/, where
⇡ W zA ! C is the quotient map. The surjectivity of Ä in Theorem 7.3 implies that
there is c 2 . zA˝K/C such that ⇡.c/ D ⇡.a/,

d⌧ .c/ D f .⌧/ and hf"=8.a/i ⌧ hci ⌧ hfı.a/i: (e 7.32)

It remains to show that we can find e with hei D hci but also satisfies (e 7.31). For
this we will use the same argument used in the proof of Lemma 7.2. Since zA has
stable rank one, the proof may be completed as in Lemma 7.2.

We shall need the following two lemmas.
Lemma 7.5 ([6, Lemma 2.2]). Let A and a 2 . zA ˝ K/C be as in Lemma 7.4.
Then there exists a sequence .an/1nD1 of elements in . zA˝K/C which satisfies the
following:
(1) hai D supnhani;
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(2) an 2 Mn.k/. zA/ for some n.k/ 2 N and h⇡.an/i D h⇡.a/i, where ⇡ W zA! C is
the quotient map;

(3) the function ⌧ 7! d⌧ .an/ is continuous on T.A/
w
for each n 2 N; and

(4) d⌧ .an/ < d⌧ .anC1/ for all ⌧ 2 T.A/w and n 2 N.

Lemma 7.6. Let A be as in Theorem 7.3. Suppose that a; b 2 Ped. zA ˝ K/C
(with 0  a  1 and 0  b  1) such that neither are Cuntz equivalent to a
projection. Suppose that hai ⌧ hbi. Then there exist ı > 0 and c 2 Ped. zA˝K/C
with 0  c  1 such that

hai  hfı.c/i; fı=2.c/  fı=4.b/; and inf
˚

⌧.fı.c//� d⌧ .a/ W ⌧ 2 T.A/w
 

> 0:

(e 7.33)

Proof. By Lemma 7.5, choose bn 2 . zA ˝ K/C such that .bn/ satisfies (1)–(4) in
Lemma 7.5. Since hai ⌧ hbi, there is n0 � 1 such that hai  hbni for all n � n0.
Therefore we have

d⌧ .a/  d⌧ .bn0/ < d⌧ .bn0C1/ < d⌧ .bn0C2/ < d⌧ .bn0C3/  d⌧ .b/: (e 7.34)

Note that

⌧.f1=n.b//% d⌧ .b/ and ⌧.f1=n.bn0C1//% d⌧ .bn0C1/:

It follows from 5.4 of [34], for example, that there exists n1 � 1 such that, for
all n � n1,

⌧.f1=n.b// > d⌧ .bn0C2/ and ⌧.f1=n.bn0C1// > d⌧ .bn0// for all ⌧ 2 T.A/w:

Note that⇡.f1=2n.b// D ⇡.b/ and h⇡.bn/i D h⇡.b/i. By Theorem 7.3, we conclude
that

hf1=2n.b/i � hbn0C2i and hf1=2n.bn0C1/i � hbn0i:

Put c D b0C1. SinceA has stable rank one, onemay assume thatf1=2n.c/  f1=4n.b/.
Thus we may choose 0 < ı < 1=2n1.

Since T.A/w is compact and both functions in the above inequality are continuous,
together with (e 7.34), we obtain

inf
˚

⌧.fı.b// � d⌧ .a/ W ⌧ 2 T.A/w
 

> 0:

In what follows, C .1/ is the collection of all C*-algebras which are inductive
limits of full hereditary sub-C*-algebras of 1-dimensional non-commutative CW
complexes with trivial K1 groups whose connecting maps are injective.
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Definition 7.7. Fix a C*-algebra C 2 C .1/. A C*-algebra A is said to have the
property (R) associated withC , if the following condition holds: For any finite subset
F ⇢ C and " > 0 there exists a finite subset G ⇢ Cu⇠.C / such that for any two
homomorphisms '; WC ! A, if

Cu⇠.'/.g0/  Cu⇠. /.g/ and Cu⇠. /.g0/  Cu⇠.'/.g/ (e 7.35)

for all g0; g 2 G with g0 ⌧ g, then there exists a unitary u 2 zA such that

ku⇤'.f /u �  .f /k < " for all f 2 F : (e 7.36)

This definition is taken from 3.3.1 of [43] and we adapt the notation from there.
Note, by 3.3.1 of [43], every C*-algebra with stable rank one has the property (R)
associated with C .
Theorem 7.8 (See [43, Theorem 3.3.1], [36, Theorem 5.2.7], and [22, Theorem 8.4]).
Let C be in C .1/ and assume that Ped.C / D C and let ÅWC q;1 n f0g ! .0; 1/ be an
order preserving map. Then, for any " > 0 and any finite subset F ⇢ C , there exist
a finite subset G ⇢ C , a finite subset P ⇢ K0.C /, a finite subset H1 ⇢ C 1

C n f0g, a
finite subsetH2 ⇢ Cs:a:, ı > 0, and � > 0 satisfying the following condition: for any
two G -ı-multiplicative contractive completely positive maps '1; '2WC ! A for some
C*-algebra A with A D Ped.A/ which is � -unital, simple, stably projectionless,
almost has stable rank one, and has the property that the map

CuC.A/! LA�0C.T.A/
w
/

is an isomorphism of ordered semigroups, such that

Œ'1çjP D Œ'2çjP ; (e 7.37)

⌧.'i /.a/ � Å.ya/ for all a 2 H1 and for all ⌧ 2 T.A/w; (e 7.38)

j⌧.'1.b// � ⌧.'2.b//j < � for all b 2 H2 and for all ⌧ 2 T.A/w; (e 7.39)

there exists a unitary u 2 zA such that

ku⇤'2.f /u � '1.f /k < " for all f 2 F :

Proof. We will use 3.3.1 of [43].
Let " > 0 be given. There exists e0 with "=16 > "0 > 0 satisfying the following

condition: In any C*-algebra, if 0  x  1 is an element in the C*-algebra and
kxg � gk < "0 and kgx � gk < "0 for any kgk  1 in the C*-algebra, then

kx1=2g � gx1=2k < "=64: (e 7.40)

Let us first assume that C is a single full hereditary sub-C*-algebra of a 1-dim-
ensional non-commutative CW complex. Fix "0 > 0 as above and F ⇢ C . Let
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G ⇢ Cu⇠.C / be as required by Property (R) associated with C for "0=16 (in place
of ") and F . Without loss of generality, we may assume that F is contained in the
unit ball of A.

Recalling that C has stable rank one, as shown in [43], we may assume that G
consists of a finite subset P ⇢ K0.C / and a finite subset

˚

Œa1ç � k1Œ1 zAç; Œa2ç � k2Œ1 zC ç; : : : ; kmŒ1 zC ç
 

of the Cuntz semigroup of Cu⇠.C / such that Œai ç can be represented by positive
elements 0  ai  1 in zC ˝K which are not Cuntz equivalent to a projection, and
ki are non-negative integers, i D 1; 2; : : : ; m. Write

P D
˚

z1 � k01Œ1 zC ç; z2 � k02Œ1 zC ç; : : : ; zm0
� k0m0

Œ1 zC ç
 

;

where the elements zi are represented by projections in zC˝K . Note here we assume
that h⇡.ai /i D ki h1i and Œ⇡⇤.zl/ç D k0l Œ1ç, where ⇡ W zC ! C is the quotient map,
i D 1; 2; : : : ; m and j D 1; 2; : : : ; m0.

Suppose that
hai i C kj Œ1 zC ç ⌧ haj i C ki Œ1 zC ç:

For each of these pairs i; j , put aij D ai ˚ 1Mkj
and aj i D aj ˚ 1Mki

. Then,
since zC ˝K also has stable rank one, there are a number 1=4 > ⌘.i; j / > 0 and an
element 0  ci;j  1 in . zC ˝K/C such that

haij i  hf⌘i;j
.ci;j /i and f⌘i;j =2.ci;j /  f⌘i;j =4.aj i /: (e 7.41)

Since aij is not Cuntz equivalent to a projection, we may choose ⌘.i; j / so that

f⌘i;j =4.aj i / � f⌘i;j =2.ci;j / ¤ 0:

Choose a finite subsetH1 ⇢ CC which contains non-zero positive elements bi;j such
that

bi;j . f⌘i;j =4.aj i / � f⌘i;j =2.ci;j /

for all possible pairs of i and j such that haij i ⌧ haj i i.
Let

ı0 D inf
˚

Å.yg/ W g 2 H1

 

: (e 7.42)

Choose a finite subsetH 0
2 of . zC ˝K/C which contains f⌘i;j

.ci;j /, f⌘i;j =2.ci;j /,
f⌘i;j =4.aj i / for all possible i; j as described above.

Let the finite subset H2 ⇢ Cs:a: containingH1 and ı1 > 0 be such that

j⌧.h⇠
1 .g// � ⌧.h⇠

2 .g//j < ı0=16 for all g 2 H1 [H 0
2 (e 7.43)

and for all ⌧ 2 T.B/w, whenever h1; h2WC ! B are homomorphisms with B any
C*-algebra with T.B/ ¤ ; and 0 62 T.B/w such that

j⌧ ı h1.f / � ⌧ ı h2.f /j < ı1 for all f 2 H2 and ⌧ 2 T.B/w; (e 7.44)

where h⇠
i W zC ! zB is the unital extension of hi , i D 1; 2.
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Put � D minfı0=16; ı1=4g. Since 1-dimensional NCCW complexes are semipro-
jective ([12]), by Lemma 3.7, with suitable G and ı, there are homomorphisms
 i WC ! A˝K such that

. i /⇤0jP D Œ'i çjP and k i .g/ � 'i .g/k < minf"0=16; �g; i D 1; 2; (e 7.45)

for all g 2 F [ H1 [ H2, where '1 and '2 are G -ı-multiplicative completely
positive contractive maps from C to a C*-algebra A satisfying the assumptions of
the theorem.

Since Ped.C / D C ,  i .C / ⇢ Ped.A˝K/.
Assume that '1; '2WC ! A have the described properties for the above defined

G , ı, P ,H1;H2, � .
With  i WC ! A˝K chosen satisfying (e 7.45), i D 1; 2, then

. 1/⇤0jP D . 2/⇤0jP ; (e 7.46)
⌧ ı  i .g/ � ı0=2 for all g 2 H1; (e 7.47)

j⌧ ı  1.b/ � ⌧ ı  2.b/j < ı0=2 for all b 2 H2 (e 7.48)

for all ⌧ 2 T.A/w. In particular, if haij i ⌧ haj i i, then, by the choice of H1, H2,
and � above,

d⌧ . 1.aij //  ⌧
�

 1.f⌘i;j
.ci;j //

�

< ı0=2C ⌧
�

 2.f⌘i;j
.ci;j //

�

(e 7.49)
 ⌧

�

 2.f⌘i;j =4.aj // � ⌧
�

 2.f⌘i;j
.ci;j //

��

C ⌧
�

 2.f⌘i;j
.ci;j //

�

(e 7.50)
 d⌧ .aj i / (e 7.51)

for all ⌧ 2 T.A/w. Therefore, if haij i ⌧ haj i i, then

h 1.aij /i  h 2.aj i /i: (e 7.52)

Note also, if hai i C k0lh1 zC i ⌧ zl C k0i h1 zC i, then

h 1.ai /i C kl Œ1 zAç ⌧ Cu⇠. 1/
�

zl C k0i h1 zC i
�

D Cu⇠. 2/
�

zl C k0i h1 zC i
�

:

Combining these with (e 7.46), we conclude that, using the terminology of [43],

Cu⇠. 1.g//  Cu⇠. 2.g0/ and Cu⇠. 2.g//  Cu⇠. 1.g0// (e 7.53)

for all g; g0 2 G and g ⌧ g0. Since A has the property (R) associated with C , by
the choice of G, there exists a unitary v 2 .A˝K/⇠ such that

kv 2.f /v⇤ �  1.f /k < "0=16 for all f 2 F :

From this and (e 7.45), we obtain that

kv'2.f /v⇤ � '1.f /k < "0=16C "0=16 for all f 2 F :
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Choose 0  e1; e2  1 in A such that

k'i .f /ei � 'i .f /k < "0=32 and kei'i .f / � 'i .f /k < "0=32 for all f 2 F :

(e 7.54)
Put y D e1v

⇤e2 and x D y⇤y D e2ve1e1v
⇤e2. Then

k'2.f /x � '2.f /k D kv⇤v.'2.f /x � '2.f //k (e 7.55)
< kv⇤v'2.f /y⇤v � v⇤v'2.f /v⇤v⇤k C "0=32 (e 7.56)
< "0=32C kv⇤.v'2.f /v⇤/e2 � v⇤v'2.f /v⇤vk C "0=32 < "0=2 (e 7.57)

for all f 2 F . Similarly,

kx'2.f / � '2.f /k < "0=2 for all f 2 F : (e 7.58)

Consider the polar decomposition y D W jyj D Wx1=2 of y in A⇤⇤. Since A almost
has stable rank one, by Theorem 5 of [39], there exists a unitary u 2 zA such that
uf"=16.x

1=2/ D Wf"=16.x
1=2/. By the choice of "0, we have

ku⇤'2.f /u � '1.f /k < " for all f 2 F : (e 7.59)

(Note that if C is a 1-dimensional non-commutative CW complex, then 'i can be
chosen to map C into A, so that v can be chosen in zA.)

For the general case, given a finite subset F ⇢ C , we may assume that F ⇢ Cn
for some Cn which is a full hereditary sub-C*-algebra of a 1-dimensional non-
commutative CW complex. Then the above argument applies.

Proposition 7.9. Let C 2 C 0
0 and let A be a stably projectionless simple exact

C*-algebra with K0.A/ D f0g, with stable rank one, and with continuous scale.
Suppose that Cu.A/ D LA�0C.T.A/

w
/. Let 'WC ! A be a homomorphism. Then,

for any " > 0, any finite subset F ⇢ C , and any integer n � 1, there is another
homomorphism

'0WC ! B D B ˝ e11 ⇢ Mn.B/ ⇢ A;

where B is a hereditary sub-C*-algebra of A, such that

k'.x/ � '0.x/˝ 1nk < " for all x 2 F : (e 7.60)

Proof. Fix a strictly positive element e 2 AC with kek D 1. We may assume
that A is infinite dimensional. There are mutually orthogonal non-zero elements
e1; e2; : : : ; en 2 AC such that hei i D he1i in Cu.A/ and hPn

iD1 ei i D hei (see also
the proof of Theorem 5.3). Let B D e1Ae1 ⇢ A. Then, with

D WD
⇣

n
X

iD1
ei

⌘

A
⇣

n
X

iD1
ei

⌘

;
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we haveD ä Mn.B/ ⇢ A: Note that K0.A/ D f0g. So

Cu⇠.A/ D LA�⇠
C.zT.A//

(see Theorem 7.3 above and [43, 6.2.3]). Let j WLA�⇠
C.zT.A// ! LA�⇠

C.zT.A// be
defined by j.f / D .1=n/f . Define �WCu⇠.C / ! Cu⇠.B/ by � D j ı .Cu⇠.'/.
By Theorem 1.0.1 of [43], there exists a homomorphism '0

0WC ! B such that

Cu⇠.'0
0/ D �:

Define  WC ! Mn.B/ by  .a/ D '0
0.a/˝ 1n for all a 2 C . Then

Cu⇠. / D Cu⇠.'/:

It follows from Theorem 1.0.1 of [43] that ' and  are approximately unitarily
equivalent, as desired.

8. Tracially one-dimensional complexes

Definition 8.1. Let A be a simple C*-algebra with a strictly positive element a 2 A
with kak D 1. Suppose that there exists 1 > fa > 0, for any " > 0, any finite subset
F ⇢ A and any b 2 AC n f0g, there are F -"-multiplicative completely positive
contractive maps 'WA ! A and  WA ! D, with '.A/ ? D, i.e., '.A/D D f0g,
for some sub-C*-algebra D ⇢ A, such that:

kx � .'C /.x/k < " for all x 2 F [ fag; (e 8.1)

D 2 C00
0
.orD 2 C 0

0/; (e 8.2)
'.a/ . b; (e 8.3)

t .f1=4. .a/// � fa for all t 2 T.D/: (e 8.4)

Then we shall say A 2 D0 (or A 2 D).

Proposition 8.2. Let A be a � -unital simple C*-algebra in D (D0). Then, in
Definition 8.1, we may further require that k .x/k � .1 � "/kxk for all x 2 F

and that  .a/ be strictly positive in D (and so full in D). Moreover, (e 8.3) may be
replaced by c . b for some strictly positive element c of '.A/A'.A/.

Proof. Fix a strictly positive element a 2 A with kak D 1. Let " > 0, let F ⇢ A be
a finite subset, and let b0 2 AC n f0g be given. Without loss of generality, we may
assume that there is 1=16 > ⌘ > 0 such that

f⌘.a/x D xf⌘.a/ D x for all x 2 F :
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By hypothesis, there exist a sequence of algebras Dn 2 C 0
0 (or Dn 2 C00

0), and two
sequences of completely positive contractive maps 'nWA ! An and  nWA ! Dn,
withDn ? Im'n, such that

lim
n!1 k'n.xy/ � 'n.x/'n.y/k D 0; (e 8.5)

lim
n!1 k n.xy/ �  n.x/ n.y/k D 0 for all x; y 2 A; (e 8.6)

lim
n!1 kx � .'n.x/C  n.x//k D 0 for all x 2 A; (e 8.7)

'n.a/ . b0; (e 8.8)
⌧.f1=4. n.a/// � fa for all ⌧ 2 T.Dn/: (e 8.9)

Put
D0
n D f⌘=2. n.a//Dnf⌘=2. n.a//; n D 1; 2; : : : :

By (e 8.9) and Proposition 6.3, f1=4. n.a// is full in Dn. Therefore f⌘=2. n.a// is
also full inDn. This implies thatD0

n 2 C 0
0 orD0

n 2 C00
0. Define  n;0WA! D0

n by

 n;0.x/ D
�

f⌘=2. n.a//
�1=2

 n.x/
�

f⌘=2. n.a//
�1=2 for all x 2 A:

It follows that  n;0.a/ is full inD0
n. Note that

f1=4. n;0.a// D f1=4. n.a//:

Therefore,
⌧
�

f1=4. n;0.a//
�

� fa for all ⌧ 2 T.D0
n/:

ReplacingD by .a/D .a/, wemay add the condition that .a/ is a strictly positive
element ofD.

By Proposition 2.10, 'n.a/ is strictly positive in 'n.A/A'n.A/. Therefore, one
can replace (e 8.3) by the condition that c . b for any other strictly positive element
of 'n.A/A'n.A/.

To get the inequality k .x/k � .1� "/kxk for all x 2 F , we note that, by (e 8.7)
and (e 8.9)

lim
n!1 k nk � fa: (e 8.10)

Then, by (e 8.6) and (e 8.10), since A is simple,

lim
n!1 k n.x/k D kxk for all x 2 A: (e 8.11)

This implies that, choosing  D  n with su�ciently large n, we may always assume
that k .x/k � .1 � "/kxk for all x 2 F .

Theorem 8.3. Let A be a � -unital simple C*-algebra in D (or in D0). Then the
following statement holds. Fix a strictly positive element a 2 A with kak D 1 and
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let 1 > fa > 0 be a positive number associated with a as in Definition 8.1. There is
a map T WAC n f0g ! N ⇥ R (c 7! .N.c/;M.c// for all c 2 AC n f0g) with the
following property: For any finite subset F0 ⇢ AC n f0g, any " > 0, any finite subset
F ⇢ A, and any b 2 AC n f0g, there are F -"-multiplicative completely positive
contractive maps 'WA ! A and  WA ! D for some sub-C*-algebra D ⇢ A with
D ? '.A/ such that:

kx � .' C  /.x/k < " for all x 2 F [ fag; (e 8.12)

D 2 C00
0

.or C 0
0/; (e 8.13)

'.a/ . b; (e 8.14)
k .x/k � .1 � "/kxk for all x 2 F ; (e 8.15)

and .a/ is strictly positive inD. Moreover, may be chosen to beT -F0[ff1=4.a/g-
full inDAD.

Furthermore, we may ensure that

t
�

f1=4. .a//
�

� fa

and t
�

f1=4. .c//
�

� fa
4 inffM.c/2 �N.c/ W c 2 F0 [ ff1=4.a/gg

for all c 2 F0 and for all t 2 T.D/.

Proof. Since A is simple, and f1=32.a/ 2 Ped.A/, for any b 2 AC n f0g, there exist
N0.b/ 2 N,M0.b/ > 0, and x1.b/; x2.b/; : : : ; xN0.b/.b/ 2 A such that

kxi .b/k  M0.b/;

and
N0.b/
X

iD1
xi .b/

⇤bxi .b/ D f1=32.a/: (e 8.16)

Choose an integer n0 such that n0fa � 4. Set N.b/ D n0N0.b/ and M.b/ D
2M0.b/ for all b 2 AC n f0g. Let T WAC n f0g ! N ⇥ RC n f0g be defined by
T .b/ D .N.b/;M.b// for b 2 AC n f0g.

Choose ı0 > 0 and a finite subset G0 ⇢ A such that

�

�

�

N0
X

iD1
 .xi .b//

⇤ .b/ .xi .b//� f1=32. .a//
�

�

�

< 1=210 for all b 2 F0; (e 8.17)

whenever  is a G0-ı0-multiplicative completely positive contractive map from A

into a C*-algebra.
Let " > 0 and a finite subset F ⇢ A be given. Set ı D minf"=4; ı0=2g and

G D F [ G0 [ fa; f1=4.a/g. Let n � 1 be an integer and let b0 2 AC n f0g.
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By the assumption and by Proposition 8.2, there areG -ı-multiplicative completely
positive contractivemaps'WA! A and WA! D for some sub-C*-algebra D ⇢ A

with '.A/ ? D such thatD 2 C0 (orD 2 C00
0),  .a/ is strictly positive inD, and

kx � .' C  /.x/k < " for all x 2 G ; (e 8.18)

D 2 C00
0

.or C 0
0/; (e 8.19)

'.a/ . b0; (e 8.20)
k .x/k � .1 � "/kxk for all x 2 F ; (e 8.21)

⌧
�

f1=4. .a//
�

� fa for all ⌧ 2 T.D/: (e 8.22)

At this point, we can apply (the proof of) Theorem 5.7 and Remark 5.8 to conclude
that  is T -F0 [ ff1=4.a0/g-full. The last part of the conclusion then follows.

Corollary 8.4. In Definition 8.1, for any integer k � 1, one may assume that every
irreducible representation ofD has dimension at least k.

Proof. Let T be as in the statement of Theorem 8.3. Fix an integer k � 1. This
corollary can be seen by takingF0 containingkmutually orthogonal non-zero positive
elements e1; e2; : : : ; ek with keik D 1 in Theorem 8.3, as follows.

When F0 is chosen. Set

�0 D
fa

4 inffM.c/2 �N.c/ W c 2 F0 [ ff1=4.a/gg
:

There exists ⌘0 > 0 such that, if 0 < b1, b2  1 are in any C*-algebra with
kb1 � b2k < ⌘0, then

kf1=4.b1/ � f1=4.b2/k < �0=2: (e 8.23)

By 10.1.12 of [37], there exists ı0>0 satisfying the following property: if 0hi 1
and khihj k < ı0 (i ¤ j W 1  i; j  k) are in a C*-algebra, then there are
mutually orthogonal h01; h02; : : : ; h0k in that C*-algebra such that khi � h0ik < ⌘0,
i D 1; 2; : : : ; k.

Choose any finite subset F containing F0 and ı > 0 with ı < ı0. We apply
Theorem 8.3. Then

t
�

f1=4. .ei //
�

> �0 for all t 2 T.D/; i D 1; 2; : : : ; k: (e 8.24)

By the choice of ı0 and applying 10.1.12 of [37], there are mutually orthogonal
non-zero elements d1; d2; : : : ; dk 2 D such that

kdi �  .ei /k < ⌘0; i D 1; 2; : : : : (e 8.25)

It follows that

kf1=4.di / � f1=4. .ei /k < �0=2; i D 1; 2; : : : ; k:
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We then estimate that

t ı f1=4.di / > t ı f1=4. .ei // � �0=2 � �0=2 for all t 2 T.D/; i D 1; 2; : : : ; k:

(e 8.26)
Thus, ⇡.D/ admits k mutually orthogonal non-zero elements in each irreducible
representation ⇡ which implies ⇡.D/ has dimension at least k.

Note that, ifD is in C00
0 or in C 0

0, thenMk.D/ is in C00
0 or in C 0

0 for every integer
k � 1. Therefore, the following proposition follows immediately from the definition.
Proposition 8.5. Let A be a � -unital simple C*-algebra in the class D (or in D0).
Then Mk.A/ is in the classD (or inD0) for every integer k � 1.
Proposition 8.6. Let A be a separable simple C*-algebra and let B ⇢ A be a
hereditary sub-C*-algebra. Then, if A is in D (or in D0), so also is B . Moreover,
if A ¤ f0g, then T.A/ ¤ ;.

Proof. Let S denote C 0
0 or C00

0. We may assume neitherA norB is zero. Let b 2 AC
with kbk D 1 andB D bAb. Let e 2 AC be a strictly positive element with kek D 1

and let fe be as given by Definition 8.1, as A is inD or inD0. Fix b0 2 BC n f0g.
By Theorem 8.3, there exists a sequence of sub-C*-algebras Dn of A in S and

two sequences of completely positive contractive maps 'nWA! A and nWA! Dn
with 'n.A/ ? Dn such that

lim
n!1 k'n.xy/ � 'n.x/'n.y/k D 0; (e 8.27)

lim
n!1 k n.xy/ �  n.x/ n.y/k D 0 for all x; y 2 A; (e 8.28)

lim
n!1 kx � .'n C  n/.x/k D 0 for all x 2 A; (e 8.29)

'n.e/ . b0; (e 8.30)
lim
n!1 k n.x/k D kxk for all x 2 A; (e 8.31)

f1=4. n.b// is full inDn, and n.e/ is a strictly positive element ofDn, n D 1; 2; : : : :

Moreover, we may also assume that

t ı f1=4. n.e// � fe; t ı f1=4. n.b// � r0 (e 8.32)

for all t 2T.Dn/ andn, where r0 is as previously defined
� fe
4 inffM.c/2�N.c/WcDfb;f1=4.e/gg

�

.
By (e 8.31),

lim
n!1 k njBk D 1:

We also have

lim
j!1

kb � f1=2j .b/1=2bf1=2j .b/1=2k D 0; (e 8.33)

whence lim
j!1

kx � f1=2j .b/1=2xf1=2j .b/1=2k D 0 for all x 2 B: (e 8.34)
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Put Ln.x/ D 'n.x/C  n.x/ for all x 2 A. By (e 8.29), applying Lemma 3.3,
for any j � 2, we obtain n.j / � j and a partial isometry vj 2 A⇤⇤ such that:

vj v
⇤
j f1=2j .Ln.j /.b// D f1=2j .Ln.j /.b//vj v

⇤
j D f1=2j .Ln.j /.b//; (e 8.35)

v⇤
j cvj 2 B for all c 2 f1=2j .Ln.j /.b//Af1=2j .Ln.j /.b//; (e 8.36)

lim
j!1

�

sup
˚

kv⇤
j cvj � ck W 0  c  1

and c 2 f1=2j .Ln.j /.b//Af1=2j .Ln.j /.b//
 �

D 0: (e 8.37)

Note that f1=2j . n.j /.b//  f1=2j .Ln.j /.b//, j D 1; 2; : : : : It follows that

v⇤
j cvj 2 B

for all c 2 f1=2j . n.j /.b/Af1=2j . n.j /.b//. Since f1=4. n.j /.b// is full in Dn.j /,
f1=2j . n.j /.b// is full inDn.j / for all j � 2. Consider the hereditary sub-C*-algebra
ofDn.j /

E 0
n.j / D f1=2j . n.b//Dn.j /f1=2j . n.b//; j D 2; 3; : : : :

Then E 0
n.j / 2 S , j D 2; 3; : : : : Put

Ej D v⇤
jE

0
n.j /vj ; j D 3; 4; : : : :

Then Ej 2 S and Ej ⇢ B , j D 3; 4; : : : :

Defineˆj WB ! B byˆj .a/ D v⇤
j 'n.j /.a/vj for all a 2 B , and‰j WB ! Ej by

‰j .x/ D v⇤
j f1=2j . n.j /.b// n.j /.x/f1=2j . n.j /.b//vj , j D 3; 4; : : : : For j > 4,

f1=4.f1=2j . n.j /.b// n.j /.b/f1=2j . n.j /.b/// D f1=4. n.j /.b// (e 8.38)
D f1=2j . .b//f1=4. n.j /.b//f1=2j . n.j /.b//: (e 8.39)

It follows that f1=4.‰j .b// is full in Ej , j D 4; 5; : : : :We have

lim
j!1

kˆj .xy/ �ˆj .x/ˆj .y/k D 0 for all x; y 2 B; (e 8.40)

lim
j!1

k‰j .xy/ �‰j .x/‰j .y/k D 0 for all x; y 2 B: (e 8.41)

Moreover, applying (e 8.29), (e 8.37), and (e 8.34), we have

lim
j!1

kx � .ˆj C‰j /.x/k D 0 for all x 2 B; (e 8.42)

lim
n!1 k‰n.x/k D kxk for all x 2 B: (e 8.43)

We also have
ˆj .b/ . b0:
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Moreover, by (e 8.32) and (e 8.38),

t ı f1=4.‰j .b// � r0=2 for all t 2 T.En.j //: (e 8.44)

The first part of the proposition follows on choosing a su�ciently large j .
To see that, if A is non-zero, then T.A/ is non-empty, in the preceding argument,

take B D A and choose tj 2 T.En.j // for all j large enough that En.j / is non-
zero. Let t be a weak* limit of .tj ı ‰j /. Then, by (e 8.44), t is a non-zero linear
functional on A. Moreover, since tj 2 T.En.j //, by (e 8.41), t is a trace. This
implies T.A/ ¤ ;.

Lemma 8.7. Let B D A.F1; F2; '0; '1/. Suppose that g WD .h; a/ 2 BC is such
that hj WD hjŒ0;1çj has range projection Pj satisfying the following condition: There
is a partition 0 D t0j < t

1
j < t

2
j < � � � < tnjj D 1 such that:

(1) on each open interval .t lj ; t
lC1
j /, Pj .t/ is continuous and rank.Pj .t// D rj;l is

a constant;
(2) for each t lj ,

Pj
�

.t lj /
C�

D lim
t!.t l

j
/C
Pj .t/ .if t lj < 1/

and Pj
�

.t lj /
�� D lim

t!.t l
j
/�
P.t/ .if t lj > 0/

exist;
(3) Pj .t

l
j /  Pj

�

.t lj /
C�

and Pj .t
l
j /  Pj

�

.t lj /
��I

(4) ⇡j .'0.p// D Pj .t
0
j / D Pj .0/ D Pj .0

C/

and ⇡j .'1.p// D Pj .t
nj
j / D Pj .1/ D Pj .1

�/;

where p is the range projection of a 2 F1.
Then gBg 2 C .

Proof. For each closed interval Œt lj ; t
lC1
j ç, since the limits

Pj
�

.t lj /
C�

D lim
t!.t l

j
/C
Pj .t/ and Pj

�

.t lC1j /�
�

D lim
t!.t lC1

j
/�
Pj .t/

exist, we can extend Pj j.t l
j
;t lC1
j

/
to the closed interval Œt lj ; t

lC1
j ç, and denote

this projection by P lj . Then we can identify P ljC
�

Œt lj ; t
lC1
j ç;Mrj

�

P lj with
C
�

Œ0; 1ç;Mrj;l

�

by identifying t lj with 0 and t
lC1
j with 1, where rj;l D rank.P lj /. Set

E
j;l
2 WD Mrj;l and E

j;l
1 WD Pj .t

l
j /MrjPj .t

l
j / ä MRj;l

:
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Since Pj .t lj /  Pj ..t
l
j /

C/, we may identify Ej;l1 with a unital hereditary sub-
C*-algebra of Ej;l2 . Denote this identification by

 
j;l
0 WEj;l1 ! E

j;l
2 :

Similarly since Pj .t lj /  Pj ..t
l
j /

�/, we obtain a homomorphism

 
j;l
1 WEj;l1 ! E

j;l�1
2

which identifies Ej;l1 with a unital hereditary sub-C*-algebra of Ej;l�12 .
Set

E1 WD pF1p ˚
k

M

jD1

⇣

nj �1
M

lD1
E
j;l
1

⌘

(note we do not include Ej;l1 for l D 0 and l D nj . Instead, we include pF1p) and
let

E2 D
k

M

jD1

⇣

nj �1
M

lD0
E
j;l
2

⌘

:

Let  0;  1WE1 ! E2 be defined by

 0jpF1p D '0jpF1pWpF1p !
k

M

jD1
E
j;0
2 ;

 1jpF1p D '1jpF1pWpF1p !
k

M

jD1
E
j;nj �1
2 ;

 0jEj;l
1

D  
j;l
0 WEj;l1 ! E

j;l
2 and  1jEj;l

1
D  

j;l
1 WEj;l1 ! E

j;l�1
2 :

We then check
A0 D gBg ä A.E1; E2;  0;  1/ 2 C :

Namely, each element .f; a/ D ..f1; f2; : : : ; fk/; a/ 2 gBg corresponds to an
element

.F; b/ 2
˚

C.Œ0; 1ç; E2/˚E1 W F.0/ D  0.b/; F.1/ D  1.b//
 

D A.E1; E2;  0;  1/;

where

F D
�

f 01 ; f
1
1 ; : : : ; f

n1�1
1 ; f 02 ; f

1
2 ; : : : ; f

n2�1
2 ; : : : ; f 0k ; f

1
k ; : : : ; f

nk�1
k

�

and b D
�

a; f1.t
1
1 /; f1.t

2
1 /; : : : ; f1.t

n1�1
1 /; f2.t

1
2 /; f2.t

2
2 /; : : : ; f2.t

n2�1
2 /; : : :

: : : ; fk.t
1
k /; fk.t

2
k /; : : : ; fk.t

nk�1
k /

�
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and where f lj .t/ 2 E
j;l
2 is defined by

f lj .t/ D fj
�

.t lC1j � t lj /t C t lj
�

for all t 2 Œ0; 1ç;
j 2 f1; 2; : : : ; kg; l 2 f0; 1; : : : ; nj � 1g:

8.8. Let A D A.F1; F2; '0; '1/ 2 C be as in Definition 6.1. Let h D .f; a/ 2 AC
with khk D 1. Recall that we may write

C
�

Œ0; 1ç; F2
�

D
k

M

jD1
C
�

Œ0; 1çj ;Mrj

�

;

where Œ0; 1çj denotes the j -th interval. For each fixed j , consider fj D f jŒ0;1çj .
By a simple application of Weyl’s theorem, one can write the eigenvalues of fj .t/ as
continuous functions of t ,

˚

0  �1;j .t/  �2;j .t/  � � � �i;j .t/  � � �  �rj ;j .t/  1
 

:

Let e1; e2; : : : ; erj be mutually orthogonal rank one projections and put

f 0
j D

rj
X

iD1
�i;j ei :

Then, on each Œ0; 1çj , fj and f 0
j have exactly the same eigenvalues at each point

t 2 Œ0; 1çj . Let p 2 F1 denote the range projection of a 2 .F1/C. By using
a unitary in C.Œ0; 1çj ;Mrj /, it is easy to construct a set of mutually orthogonal
rank one projections p1; p2; : : : ; pi ; : : : ; prj 2 C.Œ0; 1ç;Mrj / such that gj .t/ D
Prj
iD1 �i .t/pi satisfies gj .0/ D fj .0/ and gj .1/ D fj .1/. In particular,
X

fi;�i .0/>0g
pi .0/ D ⇡j .'0.p// 2 Mrj and

X

fi;�i .1/>0g
pi .1/ D ⇡j .'1.p// 2 Mrj ;

where ⇡j WF2 ! F
j
2 D Mrj is the canonical quotient map to the j th summand.

Then, with gjŒ0;1çj D gj , .g; a/ 2 AC. By a result of Thomsen (see [50, Theo-
rem 1.2]) (or [43]), for each j there is a sequence of unitaries ujn 2 C.Œ0; 1ç;Mrj /

with ujn.0/ D u
j
n.1/ D 1rj (note that as g.0/ D f .0/ and g.1/ D f .1/, we can

choose ujn.0/ D u
j
n.1/ D 1) such that

gj D lim
n!1u

j
nfj .u

j
n/

⇤:

Since ujn.0/ D u
j
n.1/ D 1rj , we can put ujn 2 C.Œ0; 1ç;Mrj / together to define

unitary un 2 zA and get
.g; a/ D lim

n!1un.f; a/u
⇤
n:
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In other words, .g; a/ ⇠a:u .f; a/ in A. Note this, in particular, implies that

h.f; a/i D h.g; a/i:

Lemma 8.9. Let c D .g; a/ 2 A.F1; F2; '0; '1/C with k.g; a/k D 1 (see Defini-
tion 6.1). Suppose that

gj WD gjŒ0;1çj D
rj
X

iD1
�i;j .t/pi;j .t/;

where �i;j 2 C.Œ0; 1ç/C, and pi;j 2 C.Œ0; 1ç;Mrj / are mutually orthogonal rank
one projections. Then, for any " > 0, there exists 0  h  g such that kh � gk < ",
.h; a/ 2 A.F1; F2; '0; '1/, and hj WD hjŒ0;1çj satisfies the condition described in
Lemma 8.7.

Proof. Fix "1 > 0 and j . Let gj D gjŒ0;1çj . Let Gi;j D ft 2 Œ0; 1ç W �i;j .t/ D 0g.
Since all Gi;j are closed sets, there is ı0 > 0 such that if 0 … Gi;j (or 1 … Gi;j ,
respectively), then dist.0;Gi;j / > 2ı0 (or dist.1;Gi;j / > 2ı0, respectively). Fix
ı > 0 such that ı < ı0. For each i , there is a closed set Si;j which is a union of
finitely many closed interval containing the set Gi;j such that

dist.s; Gi;j / < ı=4 for all s 2 Si;j : (e 8.45)

Hence, dist.0; Si;j / > ı (and dist.1; Si;j / > ı) if Gi;j does not contain them.
Choose fi;j 2 C.Œ0; 1ç/C such that fi;j jSi;j D 0, 1 � f i;j .t/ > 0, if t 62 Si;j and
fi;j .t/ D 1 if dist.t; Si;j / > ı=2. Put

�0
i;j D fi;j�i;j :

Then 0  �0
i;j  �i;j . Define

hj D
rj
X

iD1
�0
i;jpi;j :

Then hj  gj . We can choose ı su�ciently small to begin with so that

khj �
rj
X

iD1
�i;jpi;j k < ": (e 8.46)

Put h 2 C.Œ0; 1ç; F2/ such that hjŒ0;1çj D hj , j D 1; 2; : : : ; k. Therefore,

kh � gk < ": (e 8.47)
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From the construction, we have hj .0/ D gj .0/ and hj .1/ D gj .1/ (note that if
0 … Gi;j (or 1 … Gi;j ), then fi;j .0/ D 1 (or fi;j .1/ D 1)). It follows that

h.0/ D g.0/ and h.1/ D g.1/:

Therefore .h; a/ 2 A.F1; F2; '0; '1/. Moreover, .h; a/  .g; a/.
Let qi;j .t/ D pi;j .t/ if �0

i;j .t/ ¤ 0 and qi;j .t/ D 0 if �0
i;j .t/ D 0. For each i ,

there is a partition
0 D t

.0/
i;j < t

.1/
i;j < � � � < t .lj /i;j D 1

such that qi;j is continuous on .t .l/i;j ; t
.lC1/
i;j /. Namely, on each interval .t .l/i;j ; t

.lC1/
i;j /,

qi;j .t/ either constant zero projection or rank one projection pi;j .t/ and therefore
both

lim
s!t.l/

i;j
C
qi;j .s/ and lim

s!t.lC1/
i;j

�
qi;j .s/

exist. Furthermore, if qi;j .t/ is zero on the open interval .t .l/i;j ; t
.lC1/
i;j /, then qi;j .t/ is

also zero on the boundary (since �0
i;j .t/ is continuous). Hence we have

qi;j
��

t
.l/
i;j

�C�

WD lim
s!t.l/

i;j
C
qi;j .s/ � qi;j

�

t
.l/
i;j

�

and qi;j
��

t
.lC1/
i;j

��� WD lim
s!t.lC1/

i;j
�
qi;j .s/ � qi;j

�

t
.lC1/
i;j

�

:

Define Pj .t/ D Prj
iD1 qi;j .t/. Then Pj satisfies the conditions described in

Lemma 8.7.

We shall need the following fact.
Corollary 8.10. Let A 2 C (or C0, or C00 ), let a 2 AC be a full element, and set
B D aAa. Then, for any " > 0, there is 0  b  a such that b is full in A,
ka � bk < ", and bBb D bAb 2 C (or C0, or C00 ).

Proof. Let us first assume that a satisfies the condition on c in Lemma 8.9. Then, by
Lemma 8.9 and by Lemma 8.7, there is 0  b  a such that, for any " > 0,

ka � bk < " and bAb 2 C :

Write a D .f; d/ 2 A D A.F1; F2; '0; '1/C, where f 2 C.Œ0; 1ç; F2/ and d 2 F1.
Note that, if a is full, then kf .t/k ¤ 0 for all t 2 Œ0; 1çj , j D 1; 2; : : : ; k, and d is
full in F1. Since f .t/ is also continuous on each Œ0; 1çj ,

inf
˚

kf .t/k W t 2 Œ0; 1çj
 

> 0:

Therefore, b D .g; d1/ 2 A.F1; F2; '0; '1/ can be chosen so that kg.t/k ¤ 0 for
all t 2 Œ0; 1çj , j D 1; 2; : : : ; k, and also d1 is full in F1. In other words, b (close
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enough to a) can also be chosen to be full, i.e., such that ⌧.b/ > 0 for all ⌧ 2 T.A/.
Since 0 62 T.A/w, it follows that

inf
˚

⌧.b/ W ⌧ 2 T.A/
 

> 0:

This implies that 0 62 T.bAb/
w
. Then C WD bAb is stably isomorphic to A by

Brown’s theorem ([3]). It follows that

Ki .C / ä Ki .A/ and K0.C /C D K0.A/C:

Thus, if A is in C0 (or is in C00 ), then C is in C0 (or is in C00 ).
In general, by 8.8, a is approximately unitarily equivalent to a0 2 Awhich satisfies

the condition for c in Lemma 8.9. Therefore there is an isomorphism

'W a0Aa0 ! aAa:

Let b0  a0 be as given by the first part of the proof. Choose b D '.b0/. The
conclusion then holds for b.

Remark 8.11. Let C 2 C 0
0 (or C00

0), let e 2 CC be such that ⌧.f1=2.e// > f > 0

for all ⌧ 2 T.C /, let F be a finite subset in the unit ball of C , and let " > 0. Put
"0 D minff=4; "=4g. Choose ⌘ > 0 such that

kf1=2.a0/ � f1=2.b0/k < "0 (e 8.48)

if 0  a0; b0  1 and ka0 � b0k < ⌘. We may assume that ⌘ < "0. Let eC 2 C be a
strictly positive element such that keCk D 1 and

keCfeC � f k < ⌘=4 for all f 2 F [ fe; f1=2.e/g: (e 8.49)

By Corollary 8.10, there exists b 2 CC with b  eC and kb � eCk < ⌘=4 such that
B WD bCb in C0 (or in C00 ). Define  WC ! B by  .c/ D bcb for all c 2 C . Then,
for all f 2 F [ fe; f1=2.e/g,

k .f / � f k < ⌘ < "; and ⌧
�

f1=2. .e//
�

> f=2 for all ⌧ 2 T.C /: (e 8.50)

Consequently, as B is a hereditary sub-C*-algebra of C ,

⌧
�

f1=2. .e//
�

> f=2 for all ⌧ 2 T.B/: (e 8.51)

It follows that, in the definition of D and D0, we may assume that D 2 C0
(orD 2 C00 ).
Corollary 8.12. Let A be a simple C*-algebra which is an inductive limit of
C*-algebras in C 0

0 (or in C00
0). Then A can be also written as an inductive limit

of C*-algebras in C0 (or in C00 ).
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Proof. Let C 2 C 0
0 (or C 2 C00

0). Then, by Corollary 8.10,

C D
1
[

kD1
Ck;

where eachCk 2 C0 (orCk 2 C00 ),Ck ⇢ CkC1 andCk is a hereditary sub-C*-algebra
of C . k D 1; 2; : : : :

Suppose thatAD limn!1.An; 'n/, whereAn2C 0
0 (orA2C00

0) and'nWAn!AnC1
is a homomorphism, n D 1; 2; : : : : If m > n, put

'n;m D 'm ı 'm�1 ı � � � ı 'nWAn ! Am

and 'n;1WAn ! A the homomorphism induced by the inductive system. Choose a
dense sequence fxng in the unit ball of A such that

fx1; x2; : : : ; xng ⇢ 'n;1.An/; n D 1; 2; : : : :

Write

An D
1
[

kD1
Cn;k;

where Cn;k 2 C0 (or Cn;k 2 C00 ), Cn;k ⇢ Cn;kC1, k D 1; 2; : : : : Without loss of
generality, we may assume that xj 2 'j;1.Cj;j /, j D 1; 2; : : : : Let yj;i 2 Cj;j such
that 'j;1.yj;i / D xi , i D 1; 2; : : : ; j and j D 1; 2; : : : :

Let fzn;kg be a dense sequence in An. We may assume that yj;i 2 fzj;kg for
i D 1; 2; : : : ; j , and j D 1; 2; : : : : We may also assume 'n.zn;k/ ⇢ fznC1;kg,
n D 1; 2; : : : : Put

Fn D fyn;i W 1  i  ng [ fzn;i W 1  i  ng; n D 1; 2; : : : :

By the semiprojectivity of C*-algebras in C (see 6.4), one easily produces a sequence
of homomorphisms  nWCn;kn ! CnC1;knC1

for some kn � n such that

k n.a/ � 'n.a/k < 1=2n

for all a 2 Fn, n D 1; 2; : : : :

Let B D limn!1.Cn;kn ;  n/. Then B is an inductive limit of C*-algebras in C0
(or in C00 ). Let C D S1

nD1 'n;1.Cn;kn/. Then C is a sub-C*-algebra of A. Since
fxng ⇢ C , C D A. Let {nWCn;kn ! Cn;kn be the identity map. Then,

k'n ı {n.a/ � {nC1 ı  n.a/k < 1=2n for all a 2 Fn: (e 8.52)

By the Elliott approximate intertwining argument, there is an isomorphism j WB!C ,
which is induced by f{ng. It follows that A is an inductive limit of C*-algebras in C0
(or in C00 ).
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9. Traces and comparison for C*-algebras in the class D

Proposition 9.1. Let A be a non-zero separable C*-algebra in the class D . Then
QT.A/ D T.A/ ¤ ;. Moreover, 0 62 T.A/w.

Proof. Let a0 2 A be a strictly positive element of A with ka0kD1. Let fa0>0 be
as in Definition 8.1. Fix any b0 2 AC n f0g. Choose a sequence of positive elements
.bn/n�1 which has the following property: bnC1 . bn;1, where bn;1; bn;2; : : : ; bn;n
are mutually orthogonal positive elements in bnAbn such that

bnbn;i D bn;ibn D bn;i ; i D 1; 2; : : : ; n and hbn;i i D hbn;1i; i D 1; 2; : : : ; n:

One obtains (from Theorem 8.3) two sequences of sub-C*-algebras A0;n, Dn of A,
whereDn 2 C 0

0, and two sequences of completely positive contractive maps

'0;nWA! A0;n and '1;nWA! Dn

with A0;n ? Dn with the following properties:

lim
n!1 k'i;n.ab/ � 'i;n.a/'i;n.b/k D 0 for all a; b 2 A; (e 9.1)

lim
n!1 ka � .'0;n C '1;n/.a/k D 0 for all a 2 A; (e 9.2)

cn . bn; (e 9.3)
lim
n!1 k'1;n.x/k D kxk for all x 2 A; (e 9.4)

⌧
�

f1=4.'1;n.a0//
�

� fa0 for all ⌧ 2 T.Dn/; (e 9.5)

and'1;n.a0/ is a strictly positive element ofDn, where cn is a strictly positive element
of A0;n. Since quasitraces are norm continuous ([2, Corollary II 2.5]), by (e 9.2),

lim
n!1

�

sup
˚

j⌧.a/ � ⌧
�

.'0;n C '1;n/.a/
�

j W ⌧ 2 QT.A/
 �

D 0 for all a 2 A:
(e 9.6)

Since '0;n.a/'1;n.a/ D '1;n.a/'0;n.a/ D 0, for any ⌧ 2 QT.A/,

⌧
�

.'0;n C '1;n/.a/
�

D ⌧.'0;n.a//C ⌧.'1;n.a// for all a 2 A: (e 9.7)

Note that, by (e 9.3),

lim
n!1

�

sup
˚

⌧.'0;n.a// W ⌧ 2 QT.A/
 �

D 0 for all a 2 A: (e 9.8)

Therefore

lim
n!1

�

sup
˚

j⌧.a/ � ⌧ ı '1;n.a/j W ⌧ 2 QT.A/
 �

D 0 for all a 2 A: (e 9.9)
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SinceDn is exact, ⌧ jDn extends to a trace, say tn. Then, for any a; b 2 A,
⌧ ı '1;n.aC b/ D tn ı '1;n.aC b/ D tn ı '1;n.a/C tn ı '1;n.b/ (e 9.10)

D ⌧ ı '1;n.a/C ⌧ ı '1;n.b/ for all a; b 2 A: (e 9.11)

It follows from (e 9.9) that, for every ⌧ 2 QT.A/,

⌧.aC b/ D ⌧.a/C ⌧.b/ for all a; b 2 A:
Thus ⌧ extends to a trace on A. This proves QT.A/ D T.A/.

Choose sn2T.Dn/, nD1; 2; : : : :Consider a positive linear functional FnWA!C
defined by Fn.a/ D tn ı '1;n, n D 1; 2; : : : : Let F0 be a weak*-limit of .Fn/n�1.
Note that, by (e 9.5),

Fn.8a0/ D sn.8'1;n.a0// � sn.f1=4.'1;n.a0// � fa0 for all n: (e 9.12)

It follows that F0 ¤ 0. By (e 9.1), since sn is a trace on Dn, F0 is a non-zero trace
on A. It follows that T.A/ ¤ ;.

Now let ⌧k 2 T .A/ such that, for some positive linear functional ⌧ ,

lim
n!1 ⌧k.a/ D ⌧.a/ for all a 2 A:

Then, for each k, by (e 9.9),

lim
n!1 k⌧kjDnk D 1:

Consider the restriction tk;n D
�

k⌧kjDnk�1�⌧ jDn for large n. Then tk;n 2 T.Dn/ for
all k. It follows from (e 9.5) that

tk;n
�

f1=4.'1;n.a0//
�

� fa0 ; n D 1; 2; : : : : (e 9.13)

By (e 9.9) and (e 9.1),

⌧k
�

f1=4.a0/
�

D lim
n!1 ⌧k;n

�

f1=4.'1;n.a0//
�

� fa0 ; k D 1; 2; : : : : (e 9.14)

Therefore ⌧ ¤ 0. This implies that 0 62 T.A/w.

Remark 9.2. LetA 2 D and let a 2 AC be a strictly positive element with kak D 1.
In view of Proposition 9.1,

r0 WD inf
˚

⌧.f1=4.a// W ⌧ 2 T.A/
 

> 0:

The proof above shows that we may choose fa D r0=2. In fact in the case that
A D Ped.A/, one may choose fa arbitrarily close to

�s.A/ D inf
˚

⌧.a/ W ⌧ 2 T.A/w
 

:

In the case that A has continuous scale, we may choose the strictly positive element
in such a way that r0 is arbitrarily close to 1.
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Proposition 9.3. Every C*-algebra inD is stably projectionless.

Proof. Let A 2 D . Since, by Propositions 8.5 and 8.6, A 2 D if and only if
Mn.A/ 2 D for eachn, we only need to show thatA itself has no non-zero projections.
Let p 2 A be a non-zero projection. By Proposition 9.1,

r WD inf
˚

⌧.p/ W ⌧ 2 T.A/w
 

> 0:

Choose r=4 > " > 0. Then, by Definition 8.1,

kp � .x1 C x2/k < "=2; (e 9.15)

where x1 2 .A0/C and x2 2 DC, where A0 D bAb for some b 2 AC with
d⌧ .b/ < r=4 for all ⌧ 2 T.A/w, D 2 C 0

0, and A0 ? D. If " is chosen to be small
enough, there are projections p1 2 A0 and p2 2 D such that

kp � .p1 C p2/k < ":

Since D is projectionless, p2 D 0. This implies that ⌧.p/ < ⌧.p1/C " < r=2 for
all ⌧ 2 T.A/, in contradiction with (e 9.15).

Theorem 9.4. Let A 2 D . Suppose that A D Ped.A/. Let a; b 2 .A ˝ K/C be
such that d⌧ .a/  d⌧ .b/ for all ⌧ 2 T.A/w. Then

a . b:

Proof. Recall that, by Theorem 4.7 and Lemma 4.5 (or Proposition 9.1), 0 62 T.A/w.
Let us first prove the case that a; b 2 AC and d⌧ .a/ < d⌧ .b/ for all ⌧ 2 T.A/w.

Fix a strictly positive element a0 2 A with 0  a0  1. We may assume that
kakDkbk D 1. Let 1=2 > " > 0. By Proposition 9.3, A is projectionless, and
so zero is not an isolated point of sp.a/. Therefore, there is a non-zero element
c0 2 aAaC such that c0c D cc0 D 0, where c D f"=32.a/. It follows that

r0 WD inf
˚

d⌧ .b/ � d⌧ .c/ W ⌧ 2 T.A/w
 

> 0:

(Note that d⌧ .b/ � d⌧ .c/ � d⌧ .c
0/ and use 0 62 T.A/w.)

Set c1 D f"=16.a/, so that cc1 D c1. Then a compactness argument (cf. [34,
Lemma 5.4]) shows that there is 1 > ı1 > 0 such that

⌧.fı1.b// > ⌧.c/ . � d⌧ .c1// for all ⌧ 2 T.A/w:

Put b1 D fı1.b/. Then

r WD inf
˚

⌧.b1/ � d⌧ .c1/ W ⌧ 2 T.A/
 

� inf
˚

⌧.b1/ � ⌧.c/ W ⌧ 2 T.A/
 

> 0:

(e 9.16)
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Note that kbk D 1. Choosing a smaller ı1, we may assume that there exist non-zero
elements e; e0 2 f2ı1.b/Af2ı1.b/ with 0  e  e0  1 and e0e D ee0 D e such that

⌧.e0/ < r=8 for all ⌧ 2 T.A/w:

Set r1 D inff⌧.e/ W ⌧ 2 T.A/g. Note that, as above, sinceA is simple and 0 62 T.A/w,
r1 > 0. Set b2 D .1� e0/b1.1� e0/. Thus (cf. above), there is 0 < ı2 < ı1=2 < 1=2
such that

7r=8 < inf
˚

⌧.fı2.b2// � d⌧ .c1/ W ⌧ 2 T.A/
 

< r � r1: (e 9.17)

Since fı2.b2/f3=4.b2/ D f3=4.b2/ and since f3=4.b2/Af3=4.b2/ is non-zero, there
is e1 2 AC with ke1k D 1 with e1fı2.b2/ D e1 and d⌧ .e1/ < r=18 for all ⌧ 2 T.A/.
Choose ⌘ < 1=4 and set e2 D f⌘=4.e1/ and e3 D f⌘.e1/. Note that fı2.b2/e2 D e2.
Let �0 D inff⌧.e2/ W ⌧ 2 T.A/g > 0.

By Lemma 3.4, there are x1; x2; : : : ; xm 2 A such that

m
X

iD1
x⇤
i e3xi D f1=16.a0/: (e 9.18)

Choose a non-zero element e0 2 eAeC such that d⌧ .e0/ < �0=16 for all ⌧ 2 T.A/.
Let fa0 > 0 be as in Definition 8.1. Set

� D fa0 � min
˚

"2=217.mC 1/; ı2=8; r1=2
7.mC 1/; �0=16

 

:

By (e 9.17),

⌧.f"2=212.c1//C ⌧.e2/ < ⌧.f"2=212.c1//C r=18

< ⌧.fı2.b2// for all ⌧ 2 T.A/: (e 9.19)

Then, by 7.5 of [9], there are z1; z2; : : : ; zK 2 A and b0 2 AC such that

�

�

�

f"2=212.c1/ �
K
X

jD1
z⇤
j zj

�

�

�

< �=4 (e 9.20)

and
�

�

�

fı2.b2/ �
⇣

b0 C e2 C
K
X

jD1
zj z

⇤
j

⌘

�

�

�

< �=4:
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Since A 2 D , there exist sub-C*-algebras A0, D ⇢ A, with D 2 C 0
0 and A0 ? D,

such that:

kf"2=214.c1/ � .f"2=214.c0;2/C f"2=214.c2//k < �; (e 9.21)
kfı1=2.b2/ � .fı1=2.b0;3/C fı1=2.b3//k < �; (e 9.22)
kfı2=4.b2/ � .fı2=4.b0;3/C fı2=4.b3//k < �; (e 9.23)

kei � .e0;i C e1;i /k < �; i D 1; 2; and e2;1e1;1 D e1;1 (e 9.24)
c0 . e0; (e 9.25)

ka0 � .a0;0 C a1;0/k < �; (e 9.26)

⌧.f1=4.a1;0// � fa0 for all ⌧ 2 T.D/w; (e 9.27)

where c0 2 A0 is a strictly positive element of A0, and where a0;0; b0;3; c0;2; e0;1 2
.A0/C and a1;0; b3; c2; e1;1 2 DC. By (e 9.20), we also obtain z0j ; z

0
j ; x

0
i 2 D and

b00 2 DC, i D 1; 2; : : : ; m and j D 1; 2; : : : ; K, such that:

�

�

�

m
X

iD1
.x0i /

⇤e1;1x0i � f1=16.a1;0/
�

�

�

< �; (e 9.28)

�

�

�

f"2=214.c2/ �
K
X

jD1
.z0j /

⇤z0j
�

�

�

< �; (e 9.29)

and
�

�

�

fı2.b3/ �
⇣

K
X

jD1
z0j .z

0
j /

⇤ C e2;1 C b00
⌘

�

�

�

< �: (e 9.30)

Note that, by (e 9.28) and by Lemma 3.1,

hf1=4.a1;0/i 
D

m
X

iD1
.x0i /

⇤e1;1x0i
E

 mhe1;1i: (e 9.31)

Then, by (e 9.27),

t .e2;1/ � dt .e1;1/ � fa0=.mC 1/ > 2� for all t 2 T.D/: (e 9.32)

Therefore, by (e 9.29), (e 9.32), and (e 9.30),

dt .f"2=213.c2//  t .f"2=214.c2//  � C
K
X

jD1
t ..z0j /

⇤z0j /

D � C
K
X

jD1
t .z0j .z

0
j /

⇤/ < t.e2;1/ � � C
K
X

jD1
t .z0j .z

0
j /

⇤/

 t .fı2.b3//  dt .fı2=2.b3//
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for all t 2 T.D/. It follows by Proposition 6.3 that

f"2=213.c2/ . fı2=2.b3/:

By (e 9.23) and by Lemma 3.1 (see [45, Lemma 2.2]) (note � < ı2=8 and b0;3 ? b3),

fı2=2.b3/ . .fı2=4.b3/ � 2�/C . fı2=4.b2/  b2:

It then follows (also by Lemma 2.2 of [45]) that

f"=2.c/ . f"2=211.c0;2 C c2/ . c0 ˚ f"2=211.c2/

. e C b2 . b1 . b:

We also have
f".a/ . f"=2.f"=16.a// . f"=2.c/ . b:

Since this holds for all 1 > " > 0, by 2.4 of [45], we conclude that a . b.
If we only have d⌧ .a/  d⌧ .b/ for all ⌧ 2 T.A/w, then, since A is stably

projectionless as mentioned above, as shown at the beginning of the proof, for
any " > 0,

⌧.f"=2.a// < d⌧ .b/ for all ⌧ 2 T.A/w:

From what has been proved, f".a/ . b for all " > 0. Therefore, a . b. This
proves the case that a; b 2 AC. For a; b 2 Mn.A/C for some n � 1, one notes
that, by Proposition 8.5, Mn.A/ 2D. Therefore this case is easily reduced to the
case that n D 1. In general, if a; b 2 .A˝K/C, then, for any " > 0, by the last
part of Lemma 3.2, we may assume that f"=16.a/ is in Mn.A/ for some n � 1.
Hence ⌧ 7! ⌧.f"=16.a// is bounded and continuous. Since T.A/w is compact, one
concludes, as shown above, for some small ı1 > 0, that

⌧.f"=16.a// < ⌧.fı1.b// for all ⌧ 2 T.A/w:

As mentioned above, we may also assume that fı.b/ 2 Mn.A/ (with possibly
larger n). Thus, we conclude that f".a/ . fı.b/ . b. It follows that a . b.

Definition 9.5. Let us denote by M0 the class of (non-unital) simple C*-algebras
which are inductive limits of sequences of C*-algebras in C00 . We stipulate that the
maps in the sequence be injective and preserve strictly positive elements, i.e., each
map should send strictly positive elements to strictly positive elements. In fact, a
decomposition with such maps can always be chosen.

Every algebraically simple C*-algebra A inM0 is inD0. To see this, write A D
limn!1.Cn; 'n/, where each Cn is in C00 and 'nWCn ! CnC1 is a homomorphism
which preserves strictly positive elements and is injective.
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Let a1 2 C1 be a strictly positive element with ka1kD1. Then anD'1;n.a1/2Cn
is a strictly positive element of Cn, n D 1; 2; : : : : Then a D 'n;1.an/ is a strictly
positive element with kak D 1. For any n; since 0 62 T.Cn/

w (see Definition 6.1),

rn WD inf
˚

⌧.an/ W ⌧ 2 T.Cn/
w 
> 0:

Since'm;n is a homomorphism preserving strictly positive elements, t ı'm;n2T.Cm/
for all t 2 T.Cn/ and for all n � m. Thus, rn � rm for all n � m.

Since A is algebraically simple and f1=4.a/ ¤ 0, there are x1; x2; : : : ; xk 2 A
such that

k
X

iD1
x⇤
i f1=4.a/xi D a:

Set M D 2kmaxfkxik W 1 i  kg. For some m� 1, there are y1; y2; : : : ; yk 2Cm
such that

�

�

�

k
X

iD1
y⇤
i '1;m.f1=4.a1//yi � am

�

�

�

< r1=2:

Wemay assume that kyik  2kxik, i D 1; 2; : : : ; k. Since r1  rm, this implies that

⌧
�

'1;m.f1=4.a1//
�

� .rm=2/=2M for all ⌧ 2 T.Cm/:

Put
fa D inf

˚

⌧.'1;m.f1=4.a1/// W ⌧ 2 T.Cm/
 

:

Note since t ı 'm;n 2 T.Cn/ for all t 2 T.Cn/,

t
�

'm;n.f1=4.a1//
�

� fa for all t 2 T.Cn/:

From this, one concludes that A 2 D0 (with ' D 0 and  D idA in Defini-
tion 8.1).

Definition 9.6. Recall that W is an inductive limit of C*-algebras as described
in (e 6.2) (see [41, 53], and [24]) which has K0.W/ D K1.W/ D f0g and has a
unique tracial state. Moreover, W D S1

nD1 Cn, where Cn ⇢ CnC1 and each Cn is
in Raz (in fact as in (e 6.2)) and inclusion preserves the strictly positive elements.
In particular, W 2 M0 and W 2 D0. Furthermore, we may also assume that (see
Definitions 6.1 and 4.9 for �s)

�s.Cn/ D inf
˚

⌧.eCn/ W ⌧ 2 T.Cn/
 

! 1;

where eCn is a strictly positive element of Cn (for example, limi!1 ai=.ai C 1/ D 1

as shown in [24]). By [41], W is unique with these properties.
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10. Tracial approximate divisibility

Definition 10.1. LetA be a (non-unital) � -unital simple C*-algebra. Let us say thatA
is (non-unital) tracially approximately divisible if the following property holds:

For any " > 0, any finite subset F ⇢ A, any b 2 AC n f0g, and any integer
n � 1, there are � -unital sub-C*-algebras A0; A1 ˝ e1;1 ⇢ Mn.A1/ ⇢ A such that
A0 ? Mn.A1/,

dist.x; A0 C A1 ˝ 1n/ < " for all x 2 F ;

and a0 . b, where a0 is a strictly positive element of A0.
In the unital case, this definition is equivalent to 5.3 of [32]. (Note, as can be seen

in the proof of 5.4 of [32], the unit of the finite dimensional sub-C*-algebra should
be required to be 1 � q there.)
Lemma 10.2. Let D be a (non-unital) separable simple C*-algebra which can be
written as D D limk!1.Dk; 'k/, where each Dk 2 C00

0. Let K � 1 be an integer,
let " > 0, and let F be a finite subset of Dn for some n � 1. There exist an integer
m � n, a sub-C*-algebra D0

m D MK.D
00
m/ ⇢ Dm, where D00

m is a hereditary
sub-C*-algebra ofDm, and a finite subset F1 ⇢ D00

m such that

dist.'n;m.f /;F1 ˝ 1K/ < " for all f 2 F : (e 10.1)

If each Dk is just assumed to belong to C 0
0, then there exist an integer m � n, a

sub-C*-algebra D0
m D MK.D

00
m/ ⇢ Dm, whereD00

m is a hereditary sub-C*-algebra
ofDm, and a finite subset F1 ⇢ D00

m such that

k'n;m.f / � .r.f /C gf ˝ 1K/k < " for all f 2 F ; (e 10.2)

where r.f / 2 eDme and gf 2 F1 for all f 2 F , e 2 .Dm/C, and e . ed , where ed
is a strictly positive element ofD00

m.

Proof. Wemay assume thatF is in the unit ball ofD. Consider first the caseDk 2C00
0

for all k. By Corollary 8.12, without loss of generality, wemay assume thatDk 2 C00 .
One notes that K0.D/ D K1.D/ D f0g. One also notes that D ˝Q is an inductive
limit of C*-algebras in C00 . Moreover,D andD ˝Q have (in the natural sense) the
same (lower semicontinuous) traces and the same tracial states. It follows from 6.2.4
of [43] (see [24, Theorem 1.2], also [41] and [53]) that D ä D ˝Q. Fix n such
thatF ⇢ Dn. Without loss of generality, we may assume thatF ⇢ D1

n. Note thatQ
is self-absorbing. Therefore, there exists a sub-C*-algebra C of D with C ä D

andD D C ˝MK such that

k'n;1.a/ � c.a/˝ 1Kk < "=4 for all a 2 F ; (e 10.3)

for all a 2 F and for some c.a/ 2 C ⇢ C ˝MK ✓ D, where C is regarded as the
corner C ˝ e1;1 ofD.
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For each a 2 F , there exists n1 � n and c.a/0 2 Dn1 such that

k'n1;1.c.a/0/ � c.a/˝ e11k < "=16K2:

Without loss of generality, we may assume that kc.a/k; kc.a/0k  1. To simplify
notation, without loss of generality, let us assume that there is c0 2 CC with kc0k D 1

such that c0c.a/ D c.a/c0 D c.a/ for all a 2 F . Consider the sub-C*-algebra

B D C0 ˝MK ⇢ C ˝MK D D;

where C0 is the sub-C*-algebra of C generated by c0. Since C is stably
projectionless, sp.c0/ D Œ0; 1ç. Then C0 ˝ MK ä C0..0; 1ç/ ˝ MK . Fix a finite
subset G ⇢ B which contains fc0 ˝ eij W 1  i; j  1g, and 0 < ı < "=8. Since B
is semiprojective (see, for example, [12]), there is a homomorphism H WB ! Dm1

for some m1 � n1 � n such that

k'm1;1 ıH.g/ � gk < ı=K2 for all g 2 G : (e 10.4)

Set c00 D H.c0 ˝ e11/.
Fix m > m1. Define D00

m D 'm1;m.c00/Dm'm1;m.c00/. Then the sub-C*-
algebra D0

m generated byD00
m and 'm1;m.H.B// is isomorphic toD00

m˝MK ⇢ Dm.
Define

x1;j .a/ D .c00 ˝ ej1/'n1;m1
.c.a/0/.c00 ˝ e1j / 2 H.B/;

and y1;j .a/ D 'm1;m.c00 ˝ ej1/'n1;m.c.a/
0/'m1;m.c00 ˝ e1;j / j D 1; 2; : : : ; K;

(e 10.5)

for all a 2 F . Note y1;j D 'm1;m.x1;j .a//. Moreover, one may write

N
X

jD1
x1;j .a/ D

N
X

jD1
x11.a/˝ ei i D x11.a/˝ 1K :

By (e 10.4), for a 2 F ,

'm1;1
⇣

K
X

jD1
x1;j .a/

⌘

⇡ı

K
X

jD1
.c0 ˝ ej1/'n1;1.c.a/

0/.c0 ˝ e1;j /

⇡"=16

K
X

jD1
.c0 ˝ ej1/.c.a/˝ e11/.c0 ˝ e1j /

D
K
X

jD1
.c0c.a/c0/˝ ejj D

K
X

jD1
c.a/˝ ejj D c.a/˝ 1K :

(e 10.6)
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Define F1 D fy1;1.a/ W a 2 F g ⇢ D00
m˝MK ⇢ Dm. Then, by (e 10.3) and (e 10.6)

above, without loss of generality, choosing a larger m if necessary, we may assume
that

k'm1;m.'n;m1
.a// � 'm1;m.x11.a/˝ 1K/k < "=2 for all a 2 F : (e 10.7)

It follows that
dist.'n;m.a/;F1 ˝ 1K/ < " for all a 2 F : (e 10.8)

This proves the first part of the statement.
In the case Dn 2 C 0

0, by [51], D ˝ Z ä D. In Z (see the proof of Lemma 2.1
of [44], and also Lemma 4.2 of [48]), there are e1; e2; : : : ; eK ; d 2 ZC such that

K
X

jD1
ej C d D 1Z;

e1; e2; : : : ; eK are mutually orthogonal, d . e1, and there existw1; w2; : : : ; wK 2 Z

such that ej D wjw
⇤
j and ejC1 D w⇤

jwj . Moreover, as in the proof of Lemma 4.2
of [48], since Z has stable rank one, there is a unitary v 2 Z such that v⇤dv  e1.

Without loss of generality, identifyingD withD ˝Z, we may assume that

'n;1.x/ D y ˝ 1

for some y D y.x/ 2 D for every element x 2 F . Let

d 0 D c0˝d; v0 D c
1=2
0 ˝v; e0j D c0˝ej ; w0

j D c
1=2
0 ˝wj ; j D 1; 2; : : : ; K:

Note that d 0 C PK
jD1 e

0
j D c0. With su�ciently large m and with a standard

perturbation, we may assume that d 0; v0; e0j ; w
0
j 2 'm;1.Dm/, j D 1; 2; : : : ; m,

and 'n;1.x/ commutes with d 0; e0j and w0
j for all x 2 F . With possibly even

larger m, without loss of generality, there are d 00; v00; e00j ; w
00
j 2 Dm such that

d 00 C
K
X

jD1
D c00; d 00 D v00.v00/⇤; .v00/⇤v00  e001 ;

e001 ; e
00
2 ; : : : ; e

00
K are mutually orthogonal, .w00

j /.w
00
j /

⇤ D e0j and e00jC1 D .w00
j /

⇤.w00
j /;

where c00 2 .Dm/C is such that

c00'n;m.x/ D 'n;m.x/c
0
0 D 'n;m.x/ for all x 2 F

and
kŒ'n;m.x/; yçk < "=16K2 for all x 2 F (e 10.9)

and
y 2 fd 001=2; d 00; v00; e00j ; w

00
j ; j D 1; 2; : : : ; Kg:
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Define
D00
m D e00jDme

00
j ; r.f / D .d 00/1=2'n;m.d 00/1=2

and
F1 D

˚

e001'n;m.x/e
00
1 W x 2 F

 

;

and identify d.e001'n;m.x/e001/ with

K
X

jD1
e00j'n;m.x/e

00
j 2 MK.D

00
m/ for all x 2 F :

The conclusion of the lemma follows.

Theorem10.3. LetA 2 D (orA 2D0) be a separableC*-algebra withA D Ped.A/.
Then the following statement holds: Let a0 be a strictly positive element of A
with ka0k D 1. There exists 1 > dA > 0 satisfing the following condition: For
any " > 0, any finite subset F ⇢ A, and any b0 2 AC n f0g, there exist a separable
simple C*-algebra D D limn!1.Dn;  n/, where Dn 2 C0 (or Dn 2 C00 ) and an
F -"-multiplicative completely positive contractive map 'WA ! D1 such that, for
any n > 1, there exist a completely positive contractive map ˆnWA ! A and an
embedding jnWDn ! A with ˆn.A/ ? jn ı . 1;nı'.A// such that

kx � .ˆn C jn ı  1;n ı '/.x/k < " for all x 2 F ; (e 10.10)
cn . b0; (e 10.11)

⌧.f1=4. 1;n ı '.a0/// > dA for all ⌧ 2 T.Dn/; (e 10.12)

where cn is a strictly positive element ofˆn.A/Aˆn.A/. Moreover, if K0.A/ D f0g,
we may assume that . 1;njD1

/⇤0 D 0.

Proof. Let 1 > fa0 > 0 be as in Definition 8.1. Fix an integer k0 � 1 such that
.fa0/

2 > 2�k0 .
Replacing a0 by g.a0/ for some g 2 C0..0; 1ç/ with 0  g  1, we may assume

that
⌧.a0/ > fa0 for all ⌧ 2 T.A/ (e 10.13)

(see Remark 9.2). Fix any b0 2 AC n f0g. Choose a sequence of non-zero positive
elements .bn/n�1 inAwith the following property: b1 . b0 and bnC1 . bn;1, where
bn;1; bn;2; : : : ; bn;2nCk0C5 are mutually orthogonal positive elements in bnAbn such
that

bnbn;i D bn;ibn D bn;i ; i D 0; 1; 2; : : : ; n

and
hbn;i i D hbn;1i; i D 1; 2; : : : ; 2nCk0C3:
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It should be noted that
1
X

jDm
sup

˚

⌧.bj / W ⌧ 2 T.A/w
 

< .fa0/
2=2mC5 for all m � 1: (e 10.14)

One obtains (see also the end of Remark 8.11) two sequences of sub-C*-algebras
A0;n andDn of A, with A0;n ? Dn andDn 2 C0 (orDn 2 C00 ), and two sequences
of completely positive contractive maps '.0/n WA ! A0;n and '.1/n WA ! Dn with
k'.i/n k D 1 (i D 0; 1) satisfying the following conditions:

lim
n!1 k'.i/n .ab/ � '.i/n .a/'.i/n .b/k D 0 for all a; b 2 A; i D 0; 1; (e 10.15)

lim
n!1 ka � .'.0/n C '.1/n /.a/k D 0 for all a 2 A; (e 10.16)

cn . bn; (e 10.17)

⌧.f1=4.'
.1/
n .a0/// � fa0 for all ⌧ 2 T.Dn/; (e 10.18)

and '.1/n .a0/ is a strictly positive element ofDn, where cn is a strictly positive element
of A0;n with kcnk D 1. To avoid confusion, since the sequence of subalgebras .Dn/
is not increasing, we shall denote the embedding of Dn in A by jn. As in the proof
of Proposition 9.1, it follows that

lim
n!1

�

sup
˚

j⌧.a/ � ⌧ ı '.1/n .a/j W ⌧ 2 T.A/
 �

D 0 for all a 2 A: (e 10.19)

Consider the sequence .an/ defined inductively by

a1 WD '
.1/
1 .a0/; a2 WD '

.1/
2 .a1/; : : : ; an WD '.1/n .an�1/; n D 1; 2; : : : :

For fixed n, by (e 10.17), (e 10.14), (e 10.15), and (e 10.16),

lim
k!1

�

sup
˚

⌧
�

f1=4.'
.1/
k .'.0/n .b///

�

W ⌧ 2 T.Dk/
 �

 .fa0/
2=2n (e 10.20)

for any 0  b  1. It follows that, for fixed n, and any fixed m � n,

lim
k!1

�

sup
˚

j⌧
�

f1=4.'
.1/
mCk.am � an//

�

j W ⌧ 2 T.DmCk/
 �

 .fa0/
2=2n�1:

(e 10.21)
Without loss of generality, passing to a subsequence if necessary, by (e 10.16), we
may assume that, for all m > n,

kan � .'.0/m C '.1/m /.an/k <
.fa0/

2

2.nC4/2
; (e 10.22)

kf1=4.an/ � f1=4..'.0/m C '.1/m /.an//k <
.fa0/

2

2.nC4/2
; (e 10.23)
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and k'.1/m ı � � � ı '.1/nC1.f1=4.an// � f1=4.anCm/k <
.fa0/

2

2.nC4/2
; nD1; 2; : : : ;

(e 10.24)

and by (e 10.21) whenever mC k � nC 1,

sup
˚

ˇ

ˇ⌧
�

f1=4.'
.1/
mCk.anC1 � an//

�

ˇ

ˇ W ⌧ 2 T.DmCk/
 

 .fa0/
2

2.nC4/2
: (e 10.25)

Claim 1.

lim inf
n!1

�

inf
˚

⌧.f1=4.'
.1/
m .an/// W ⌧ 2 T.Dm/ and m > n

 �

� .fa0/
2

8
: (e 10.26)

Claim 2. If we first take a subsequence .N.k// and as above define

a1 WD '1.N.1//.a0/; a2 WD '
.1/
N.2/.a1/; : : : ; an WD '

.1/
N.n/.an�1/; n D 0; 1; : : : ;

then Claim 1 still holds, when m is replaced by N.m/.

Let us first explain that Claim 2 follows from Claim 1 since we may first pass to
another subsequence in the construction above and then apply Claim 1.

Proof of Claim 1. Assume Claim 1 is false. Then there exists ⌘0 > 0 such that
.fa0 /

2

8 � ⌘0 > 0 and

lim inf
n!1

�

inf
˚

⌧.f1=4.'
.1/
m .an/// W ⌧ 2 T.Dm/ and m > n

 �

 .fa0/
2

8
� ⌘0:

(e 10.27)
By (e 10.25), there is n0 � 1 such that, for all m � n � n0 and k � 1,

⌧
�

f1=4.'
.1/
mCk.am//

�

 ⌧
�

f1=4.'
.1/
mCk.an//

�

C ⌘0=2 for all ⌧ 2 T.DmCk/:
(e 10.28)

Hence there exists a subsequence .nk/ which has the following property: if k0 � k,
then

tnk0
�

f1=4.'
.1/
nk0 .ank //

�

 .fa0/
2=8 � ⌘0=2: (e 10.29)

Consider the positive linear functional ⌧k defined by ⌧k.a/ D tk.'
.1/
nk .a// for

all a 2 A, k D 1; 2; : : : : Let ⌧ be a weak* limit of .⌧k/k�1. It follows (e 10.18) that
1 � k⌧k � fa0 . Moreover, by (e 10.15), ⌧ is a trace. On the other hand, by (e 10.29)
and (e 10.23),

⌧
�

f1=4.ank /
�

< .fa0/
2=8 for all k: (e 10.30)

It follows from (e 10.23), (e 10.14) and (e 10.17) that, if m > n � 1,

⌧
�

f1=4.'
.1/
m .an//

�

� ⌧
�

f1=4.an/
�

� .fa0/2=2mC5 � .fa0/2=2.nC4/
2
: (e 10.31)
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Therefore, also using (e 10.13), for all k,

⌧
�

f1=4.ank /
�

� ⌧
�

f1=4.a0/
�

�
⇣

nCk
X

jD1

�

.fa0/
2=2jC5 � .fa0/2=2.jC1/

2�
⌘

> .fa0/
2=4:

(e 10.32)
This contradicts with (e 10.30) and so Claim 1 is proved.

SinceA D Ped.A/, byTheorem5.7, we obtain amapT 0WACn f0g!N⇥RCn f0g,
which has the properties described by Theorem 5.7. Set T .a/ D .N.a/;M.a// and
�.a/ D .N.a/C 1/.M.a/C 1/ for each a 2 AC n f0g.

Now fix a finite subset F ⇢ AC n f0g and 1=16 > " > 0. We may assume
that kak  1 for all a 2 F , a0 2 F . Let eDn be a strictly positive element
of Dn with 0  eDn  1. Let .F 0

k;n/ be an increasing sequence of finite subsets
of .Dk/C such that the union of these subsets is dense in .Dk/C. We may assume
that '.1/k .F / ⇢ F 0

k;1. By (e 10.16) and (e 10.18), without loss of generality, by
choosing larger k, if necessary, we may also assume that the elements of '.1/k .F / are
non-zero, and therefore that those of F 0

k;n are non-zero. Choose 1=4 > ⌘0 > 0 such
that

kf1=4.a0/ � f1=4.a00/k < minf"; f2a0g=64 (e 10.33)
whenever 0  a0; a00  1 and ka0 � a00k < ⌘0. We may assume that

�

�x �
�

'
.0/
1 C '

.1/
1

�

.x/
�

� < minf⌘0; "g=162 for all x 2 F : (e 10.34)

Set

F 00
1;n D

˚�

a � kak=2
�

C W a 2 F 0
1;n

 

and F 000
1;n D F 0

1;n [ F 00
1;n: (e 10.35)

Choose �1 > 0 such that

kf�1
.eD1 /xf�1

.eD1 / � xk < minf"; ⌘0g=162 for all x 2 '.1/1 .F /;

(e 10.36)

kf�1
.c1/'

.0/
1 .x/f�1

.c1/ � '.0/1 .x/k < minffa0 ; ⌘0; "g=163 for all x 2 F :

(e 10.37)

Define ˆ1WA! A0;1 by ˆ1.x/ D f�1
.c1/'

.0/
1 .x/f�1

.c1/. Put

"0 D minff2a0 ; "=16; ⌘0=16; �1=2g:

LetF1;n be afinite subsetwhich also containsF 000
1;n[fa1; eD1 ; f�1

.eD1 /; f�1=2.e
D
1 /g.

By Theorem 5.7, since D1 is assumed to be in the class C0, there exist an integer
n2 � 2 and a homomorphism  1WD1 ! Dn2 such that

m1.a/
X

iD1
'.1/n2 .x.a/i;1/

⇤'.1/n2 .a/'
.1/
n2
.x.a/i;1/ D f1=16.'

.1/
n2
.a1//; (e 10.38)
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where x.a/i;1 2 A, m1.a/  N.a/ and kx.a/i;1k  M.a/, i D 1; 2; : : : ; m1.a/,
and

k 1.a/ � '.1/n2 .a/k < "0=4 � 16�.a/ (e 10.39)

for all a 2 F 000
1;1. It follows that

�

�

�

m1.a/
X

iD1
'.1/n2 .x.a/i;1/

⇤ 1.a/'.1/n2 .x.a/i;1/ � f1=16.'.1/n2 .a1//
�

�

�

< "0=32 (e 10.40)

for all a 2 F 00
1;1. Therefore, applying Lemma 3.1, one obtains y.a/i;n2 2 Dn2 with

ky.a/i;n2k  kx.a/i;1k C .fa0/
2=16 such that

m2.a/
X

iD1
y.a/⇤i;n2 1.a/y.a/i;n2 D f1=8.'

.1/
n2
.a1// for all a 2 F 000

1;1: (e 10.41)

By (e 10.15), we may assume, choosing n2 large, that

2kx � .'.0/n2 C '.1/n2 /.x/k < "0=16
2 for all x 2 F [ fc1g [ F1;1; (e 10.42)

k'.1/n2 .f�1=2.c1//'
.1/
n2
.f�1=2.e

D
1 //k < "0=16; (e 10.43)

kf� 0.'.1/n2 .c1// � '.1/n2 .f� 0.c1//k < "0=16; � 0 2 f�1; �1=2; �1=4g; (e 10.44)

kf�1=2.'
.1/
n2
.c1//

1=2'.1/n2 .ˆ1.x//f�1=2.'
.1/
n2
.c1//

1=2 � '.1/n2 .ˆ1.x//k < "0=16
(e 10.45)

for all x 2 F . Put '1WA! D1 by

'1.x/ D f�1
.eD1 /'

.1/
1 .x/.f�1

.eD1 //

for x 2 A. Define '.1/0n2 by

'.1/
0

n2
.x/ D f�1=2.'

.1/
n2
.c1//

1=2'.1/n2 .ˆ1.x//f�1=2.'
.1/
n2
.c1//

1=2

for all x 2 A. Define ˆ2WA ! A0;n2 by (note, below, the two sums are orthogonal
sums)

ˆ2.x/ D
�

1� 1.f�1=2.e
D
1 //

��

'.0/n2 ..ˆ1C'
.1/
1 /.x//C'.1/0n2

.x/
��

1� 1.f�1=2.e
D
1 //

�

for all x 2 A. Note that ˆ2 is a completely positive contractive map and ˆ2.A/ ?
j2. 1 ı '1.A//. Also (note the sum is orthogonal)

 1.f�1=2.e
D
1 //.'

.0/
n2
.ˆ1 C '

.1/
1 /.x// D 0 for all x 2 A: (e 10.46)

By (e 10.39) and (e 10.43),

'.1/
0

n2
.x/ 1.f�1=2.e

D
1 // ⇡"0=16 '

.1/0
n2
.x/'.1/n2 f�1=2.e

D
1 / ⇡"0=16 0: (e 10.47)
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Thus, on F , by (e 10.45) and (e 10.37),

ˆ2.x/ ⇡"0=8 '
.0/
n2

�

.ˆ1 C '
.1/
1 /.x/

�

C '.1/
0

n2
.x/

⇡"0=16 '
.0/
n2

�

.ˆ1 C '
.1/
1 /.x/

�

C '.1/n2 .ˆ1.x//

"=162 ⇡ '.0/n2

�

.'
.0/
1 C '

.1/
1 /.x/

�

C '.1/n2 .'
.0/
1 .x//: (e 10.48)

We then verify

kx � .ˆ2.x/C j2. 1 ı '1.x///k < "=16 for all x 2 F : (e 10.49)

Note that, by (e 10.42),

k.'.0/n2 C '.1/n2 /.c1/ � c1k < "0=16: (e 10.50)

By Lemma 3.1, since "0 < �1=2 and '.0/n2 .c1/ ? '
.1/
n2 .c1/,

f�1=2.'
.1/
n2
.c1// . f�1=2

�

.'.0/n2 C '.1/n2 /.c1/
�

. c1: (e 10.51)

Note, by the definition of ˆ2, for any x 2 AC,

hˆ2.x/i 
˝�

'.0/n2 ..ˆ1 C '
.1/
1 /.x//C '.1/

0
n2
.x/

�˛

 hcn2i C hf�1=2.'
.1/
n2
.c1//i

 hbn2i C hc1i  hb2i C hb1;2i  hb1;1 C b1;2i:

It follows that, if c02 is a strictly positive element of ˆ2.A/Aˆ2.A/ (see
Proposition 2.10), then

c02 . b1;1 C b1;2: (e 10.52)

To simplify notation, passing to a subsequence, if necessary, without loss of
generality, we may assume that n2 D 2.

Put e02 D  1.e
D
1 /. Set

F 00
2;n D

˚�

a � kak=2
�

C W a 2 F 0
2;n

 

and F 000
2;n D F 0

2;n [ F 00
2;n: (e 10.53)

Choose �2 > 0 such that:

kf�2
.e02/xf�1

.e02/ � xk < "=163 for all x 2 F 0
2;2 [  1.F1;2/ [ '

.1/
2 .F /;

(e 10.54)
kf�2

.c02/ˆ2.x/f�2
.c02/ �ˆ2.x/k < "=163 for all x 2 F : (e 10.55)

Recall that K0.D1/ is finitely generated (see Remark 6.2), say by Œpj ç �nj Œ1ç, where
pj 2 Mm. zD1/ is a projection with Œ⇡d .pj /ç D nj Œ1ç, ⇡d WMm. zD1/ ! Mm is the
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quotient map, j D 1; 2; : : : ; k1. We may write pj D qj C hj , where hj D .h
.i;k/
j /

with h.i;k/j 2 D1, where

qj D diag.

njπ
1; 1; : : : ; 1 ; 0; : : : ; 0/:

IfK0.A/Df0g, without loss of generality, wemay assume that there existsvj2Mm. zA/
such that

v⇤
j vj D pj and vj v

⇤
j D qj ; j D 1; 2; : : : ; k1; (e 10.56)

where we identify qj with the matrix in Mm.C � 1 zA/. Write

vj D �j C sj ;

where sj D .s
.i;k/
j / with s.i;k/j 2 D1, �j 2 Mm.C � 1 zA/ is a partial isometry and

sj 2 Mm.D1/, 1  j  k1. Put

"1 D min
˚

"0=.m16/
2; �2=.m16/

2
 

:

Let F2;n be a finite subset which also contains

F 000
2;n [

˚

a2; e
0
2; f�2

.e02/; f�2=2.e
0
2/
 

[  1.F1;2/ [ '.1/2 .F /

as well as h.i;k/j and s.i;k/j . Applying Theorem 5.7, sinceD2 2 C0, as in the previous
step, we obtain a homomorphism  2WD2 ! Dn3 such that

k 2.a/ � '.1/n3 .a/k < "1=4 � 163�.a/ for all a 2 F2;2 (e 10.57)
and
�

�

�

m2.a/
X

iD1
'.1/n3 .x.a/i;2/

⇤ 2.a/'.1/n3 .x.a/i;2/ � f1=16.'.1/n3 .a2//
�

�

�

< "1=16
2 (e 10.58)

for all a 2 F2;2, where m2.a/  N.a/ and kx.a/i;2k  M.a/ for all a 2 F 000
2;2. By

Lemma 3.1, there are y.a/i;n3 2 Dn3 with ky.a/i;n3k  kx.a/i;2k C .fa0/
2=162

such that
m2.a/
X

iD1
y.a/⇤i;n3 2.a/y.a/i;n3 D f1=8.'

.1/
n3
.a2// for all a 2 F 000

2;2: (e 10.59)

By (e 10.15), choosing n3 large, we may assume that:

kx � .'.0/n3 C '.1/n3 /.x/k < "1=16
3 for all x 2 F [ fc02g [ F2;2; (e 10.60)

k'.1/n3 .f�2=2.c
0
2//'

.1/
n3
.f�2=2.e

0
2//k < "1=163; (e 10.61)
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kf� 0.'.1/n2 .c
0
2// � '.1/n2 .f� 0.c02//k < "1=163; � 0 2 f�2; �2=2; �2=4g; (e 10.62)

kf�2=2.'
.1/
n3
.c02//

1=2'.1/n3 .ˆ2.x//f�2=2.'
.1/
n3
.c02//

1=2 � '.1/n3 .ˆ2.x//k < "1=16
2

(e 10.63)

for all x 2 F . In particular (we continue to use '.i/k for '.i/k ˝ idMm),

khj � .'.0/n3 .hj /C '.1/n3 .hj //k < "1=16
3

and ksj � .'.0/n3 .sj /C '.1/n3 .sj //k < "1=16
3

(when K0.A/ D 0). By choosing smaller "1, we may assume that (for 1  j  k1)
there is a partial isometry uj 2 Mm. zDn3/ such that

u⇤
juj D  ⇠

2 .pj / and uju
⇤
j D qj ; (e 10.64)

where

k. ⇠
2 .pj /C '.0/n3 .hj // � pj k < "1; k.uj C '.0/n3 .sj // � vj k < "1;

where we identify Mm.C � 1 zD1
/ with Mm.C � 1 zA/, and where  ⇠

2 is the extension
of  2 on Mm. zD1/. In particular, . 2/⇤0 D 0, when K0.A/ D f0g. Define '.1/0n3 by

'.1/
0

n3
.x/ D f�2=2.'

.1/
n3
.c02//

1=2'.1/n3 .ˆ2.x//f�2=2.'
.1/
n3
.c02//

1=2

for all x 2 A. Define ˆ3WA! A by

ˆ3.x/ D
�

1 �  2.f�2=2.e
0
2//

��

'.0/n3 ..ˆ2 C j2 ı  1 ı '1/.x//C '.1/
0

n3
.x/

�

�
�

1 �  2.f�2=2.e
0
2//

�

for all x 2 A. Note ˆ3 is a completely positive contractive map and ˆ3.A/ ?
j2. 1;2 ı '1.A//, where  1;2 D  2 ı  1. Also

 2.f�2=2.e
0
2//'

.0/
2 .ˆ2 C j2 ı  1 ı '1/.x/ D 0 for all x 2 A: (e 10.65)

By (e 10.57) and (e 10.61),

'.1/
0

n3
.x/ 2.f�1=2.e

0
2// ⇡"1=162

'.1/
0

n3
.x/'.1/n3 .f�2=2.e

0
2// ⇡"1=162

0: (e 10.66)

Thus, on F , by (e 10.63) and (e 10.49) (using also the orthogonality of the sum),

ˆ3.x/C '.1/n3

�

j2 ı  1.'1.x//
�

⇡"1=27
'.0/n3

�

.ˆ2 C j2 ı  1 ı '1/.x/
�

C '.1/
0

n3
.x/C '.1/n3

�

j2 ı  1.'1.x//
�

⇡"1=28
'.0/n3

�

.ˆ2 C j2 ı  1 ı '1/.x/
�

C '.1/n3 .ˆ2 C j2 ı  1/.x/
"=16⇡ '.0/n3 .x/C '.1/n3 .x/ ⇡"1=163

x:
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Therefore, since "1=27 C "1=2
8 C "1=16

3 C "1=16
3 < "=162, by (e 10.57),

�

�x �
�

ˆ3.x/C j3. 1;2 ı '1.x//
�

�

� < "=16C "=162 (e 10.67)

for all x 2 F . Note that, by (e 10.42),
�

�

�

'.0/n3 C '.1/n3

�

.c02/ � c02
�

� < "0=16: (e 10.68)

By Lemma 3.1 (recall that '.0/n3 .c02/ ? '
.1/
n3 .c

0
2/),

f�2=2.'
.1/
n3
.c02// . c02 . b1;1Cb1;2: (e 10.69)

By the definition of ˆ3 above, for any x 2 AC,

hˆ3.x/i  hcn3i C hf�2=2.'
.1/
n3
.c02//i  hbn3;1i C hc02i: (e 10.70)

Let c03 be a strictly positive element of ˆ3.A/Aˆ3.A/. Then, by (e 10.52),

hc03i  hbn3;1i C hb1;1 C b1;2i: (e 10.71)

To simplify notation, by passing to a subsequence, if necessary, without loss of
generality, we may assume that n3 D 3.

Continuing this process, one then obtains a sequence of homomorphisms
 nWDn ! DnC1 such that

k n.a/ � '.1/n .a/k < "0=4 � 16n�.a/ for all a 2 Fn;n (e 10.72)
and
mn.a/
X

iD1
y.a/⇤i;nC1 n.a/y.a/i;nC1 D f1=8.'

.1/
nC1.an// for all a 2 Fn;n; (e 10.73)

where Fn;n contains

F 000
n;n [ fan; e0n; f�n.e

0
n/; f�n=2.e

0
n/g [  n.Fn�1;n�1/ [ '.1/n .F /;

where (for m � n)

F 00
n;m D

˚�

a � kak=2
�

C W a 2 F 0
n;m

 

and F 000
n;m D F 0

n;m [ F 00
n;m: (e 10.74)

Moreover, mn.a/  N.a/, ky.a/i;nC1k  M.a/ C 1 for all n. Furthermore,
there is a completely positive contractive map ˆnWA ! A such that ˆn.A/ ?
jn. 1;n ı '1.A//,

�

�x �
�

ˆn.x/C jn. 1;n ı '1.x//
�

�

� <

n
X

kD1
"=16k < " for all x 2 F (e 10.75)
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and
c0n . b1;1 C b1;2 C b2;1 C � � � C bn;1 . b0; n D 1; 2; : : : : (e 10.76)

Consider the inductive limit C*-algebra D D limn!1.Dn;  n/. (Again, one
should note that we have passed to a subsequence to simplify notation.) Note that,
if A 2 D0, then each Dn 2 C00 . Note also that, while, by construction, Dn 2 A, for
each n D 1; 2; : : :, this is not true forD. Let us verify thatD is simple. Fix a non-zero
positive element d0 2 .D/C with kd0k D 1. Since eachDn is stably projectionless,
so is D. Fix 1=64 > "1 > 0. There is d 2 .D/C such that d D  m;1.d 0/
for d 0 2 .D0

m/C with kd 0k D 1 and

kd � d0k < "1=32: (e 10.77)

It follows from Lemma 3.1 that there is z 2 D such that

.d � "1=16/C D z⇤d0z: (e 10.78)

By construction, there is d 00 2 Fm0;m0 for some m0 � mC 16 such that

k m;m0..d 0 � "1=16/C/ � d 00k < "1=64: (e 10.79)

There is y 2 Dm0 such that

.d 00 � "1=8/C D y⇤ m;m0..d 0 � "1=4/C/y: (e 10.80)

Note that "1=2  kd 00k=8.
By (e 10.73), there are x1; x2; : : : ; xL 2 Dm0C1 such that

L
X

iD1
x⇤
i  m0;m0C1..d 00 � "1=2/C/xi D f1=8.am0C1/: (e 10.81)

Claim 3. The element a00 WD  m0C1;1.am0C1/ is full in D. In fact, for any m00 >
m0 C 1, it follows from (e 10.72), (e 10.24), and Claim 2 that

⌧
�

 m0C1;m00.f1=8.am0C1//
�

� ⌧
�

'
.1/
m00 ı � � � ı '.1/m0C2.f1=8.am0C1//

�

�
m00
X

jDm0C2
.fa0/

2=16j

� ⌧
�

'
.1/
m00 ı � � � ı '.1/m0C2.f1=4.am0C1//

�

� .fa0/2=16m
0C1

� ⌧.f1=4.am00// � .fa0/
2

2.m
0C1C4/2 � .fa0/

2

16m
0C1 >

.fa0/
2

16
(e 10.82)

for all ⌧ 2 T.Dm00/. By Proposition 6.3, we conclude that  m0C1;m00.am0C1/ is full
inDm00 . Therefore a00 is full in m00;1.Dm00/ for allm00 > m0C1. Hence, the closed
two-sided ideal generated by a00 contains

S

m00>m0C1  m00;1.Dm00/. This implies
that a00 is full inD, which proves Claim 3.
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It follows from (e 10.81) that  m0;1..d 00 � "1=2/C/ is full in D. By (e 10.80),
the element  m;1..d 0 � "1=4/C/ is full in D. Then, by (e 10.78), d0 is full in D.
Since d0 is arbitrarily chosen in .D/C n f0g with kd0k D 1, this implies that D is
indeed simple.

By (e 10.33), and then as in the estimate of (e 10.82),

⌧
�

f1=4. 1;n.'1.a0///
�

> ⌧
�

f1=4. 1;n.'
.0/
1 .a0///

�

� fa0=64

D ⌧
�

 1;n.f1=4.a1//
�

� fa0=64

> ⌧
�

'.1/n ı � � �'.1/2 .f1=4.a1//
�

�
n
X

jD2
.fa0/

2=16j � f2a0=64

� ⌧.f1=4.an// � .fa0/2=2.1C4/
2 � .fa0/2=162/.16=15/ � f2a0=64

� f2a0=8 � f2a0=32 D f2a0=16 DW dA for all ⌧ 2 T.Dn/:

We also note, since . 2/⇤0 D 0, that . 1;n/⇤0 D 0 for all n � 2.

Theorem 10.4. Let A be a separable C*-algebra in D0. Then A is tracially
approximately divisible in the sense of Definition 10.1.

Proof. Let " > 0, F ⇢ A be a finite subset, b 2 AC n f0g, and let K � 1 be
an integer. Let eA 2 A be a strictly positive element with 0  eA  1. Choose
1=2 > � > 0 such that

kf� .eA/af� .eA/ � ak < "=4 for all a 2 F : (e 10.83)

Set F1 D ff� .eA/af� .eA/ W a 2 F g and A0 D f� .eA/Af� .eA/. Then A0 is
algebraically simple (as A is), and so A0 D Ped.A0/. Choose b0 2 .A0/C n f0g such
that hb0i  hbi.

We apply Theorem 10.3 toA0,F1, "=4 and b0. LetDD lim�!.Dn;  n/, jnWDn!A,
and 'WA! D1 be as in Theorem 10.3. Put

Ck D  1;k.'.A//Dk 1;k.'.A//; k D 1; 2; : : : ;

and
C D lim

k!1

�

Ck;  kjCk�1

�

:

Then C is a hereditary sub-C*-algebra of D and Ck 2 C00
0. By Lemma 10.2, there

exist n � 1 and sub-C*-algebrasD0
n D MK.D

00
n/ ⇢ Cn such that

dist
�

 1;n ı '.a/;F2 ˝ 1K
�

< "=4 for all a 2 F1; (e 10.84)

whereD00
n is a hereditary sub-C*-algebra of Cn and F2 ⇢ D00

n is a finite subset.
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Let ˆnWA ! A be as in Theorem 10.3. Then ˆn.A/ ? jn. 1;n ı '1.A// and
cn . b0, where cn is a strictly positive element of ˆn.A/Aˆn.A/. Recall that, in
Theorem 10.3,Dn is embedded in A by means of jn. Define A0 D ˆn.A/Aˆn.A/.
Then A0 ? jn.Cn/ and B D A0 ˚MK.jn.D

00
n//ç ⇢ A. Then

dist.ˆ.x/C jn ı  1;n.'.x//; A0 CD00
m ˝ 1K/ < "=4 for all x 2 F1: (e 10.85)

However, as part of the conclusion of Theorem 10.3,

kx � .ˆ.x/C jn ı  1;n.'.x///k < "=4 for all x 2 F1: (e 10.86)

By (e 10.83),
dist.a; A0 CD00

m ˝ 1K/ < " for all a 2 F : (e 10.87)

Note we also have cn . b0 . b.

Remark 10.5. In fact, one can also prove the conclusion of Theorem10.4 by replacing
the condition A 2 D0 by A 2 D and K0.A/ D 0, and applying Proposition 7.9,
since we will show that a C*-algebra in D has stable rank one (which will be done
in Theorem 11.5). This will be carried out in Proposition 11.10 below.
Corollary 10.6. Let A be a separable C*-algebra in the class D . Then A has the
following property: For any " > 0, any finite subset F ⇢ A, any a0 2 AC n f0g,
and any integer n � 1, there are mutually orthogonal elements e0; e00; e01 2 AC,
completely positive contractive maps '0WA ! E0, '1WA ! E1, and '2WA ! E2,
where E0; E1; E2 are sub-C*-algebras of A, E0 D e0Ae0, e00 2 E1, e01 2 E2,
E0 ? E1,Mn.E2/ ⇢ E1, with E2 2 C 0

0 and E2 ⇢ e01Ae01, such that

kx � .'0 C '1/.x/k < "=2 (e 10.88)
and k'1.x/ � .r.x/C '2.a/˝ 1n/k < "=2; (e 10.89)

r.x/ 2 e00Ae00 for all x 2 F ; (e 10.90)
and

e0 C e00 . a0 and e00 . e01:

Proof. The proof is almost the same as that of Theorem 10.4. One replaces C00
0

by C 0
0 and instead of applying the first part of Lemma 10.2, one applies the second

part of Lemma 10.2. We omit the repetition.

Theorem 10.7. Let A be a separable C*-algebra in D0. Let a 2 AC with kak D 1

be a strictly positive element. Then the following statement is true.
There exists 1 > fa > 0 such that, for any " > 0, any finite subsetF ⇢ A and any

b 2 AC nf0g and any integer n � 1, there areF -"-multiplicative completely positive
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contractive maps 'WA! A and  WA! D for some sub-C*-algebra D 2 C00
0 with

Mn.D/ ⇢ A and Mn.D/ ? '.A/ such that k k D 1,

kx � .'.x/C  .x/˝ 1n/k < " for all x 2 F [ fag; (e 10.91)
c . b; (e 10.92)

t .f1=4. .a/// � fa; t 2 T.D/; (e 10.93)

and  .a/ is strictly positive in D, where c is a strictly positive element of
A0 WD '.a/A'.a/.

Proof. Fix a strictly positive element a 2 AC with kak D 1. It follows from
Proposition 9.1 that 0 62 T.A/w. Let

r0 D inf
˚

⌧.f1=2.a// W ⌧ 2 T.A/w
 

> 0: (e 10.94)

Let fa0 D r0=6. Choose an integer k0 � 1 such that r0=16 > 1=k0.
Let 1 > " > 0 and F ⇢ A be a finite subset. Choose "1 D minf"=16; r0=128g.

Let F1 � F [fa; f1=4.a/g be a finite subset ofA. Let b 2 AC n f0g, and any integer
n � 1 be given.

Choose b00; b01; : : : ; b0nC2k0 2 bAb such that b00; b01; : : : ; b0nC2k0 are mutually
orthogonal and mutually equivalent in the sense of Cuntz and there are non-zero
and mutually orthogonal elements b0; b1; : : : ; bnC2k0 2 AC such that bib00 D bi ,
i D 0; 1; : : : ; nC 2k0.

ByTheorem10.4,A has the property of tracial approximate divisibility. Therefore
there are sub-C*-algebras A0; A1 andMn.A1/ of A such that A0 ?Mn.A1/,

dist
�

x;A0 C A1 ˝ 1n
�

< "1=2 for all x 2 F1;

and a0 . b0, where a0 is a strictly positive element of A0. Moreover, there are
y0 2 A0 and y1 2 A1 such that

ka � .y0 C y1 ˝ 1n//k < "=2 (e 10.95)
and kf1=4.a/ � .f1=4.y0/C f1=4.y1/˝ 1n//k < "1=2: (e 10.96)

Note that

⌧
�

f1=4.y1/˝ 1n
�

� r0 � 1=.nC 2k0/ � "1=2 > r0=3 (e 10.97)

for all ⌧ 2 T.A/.
Let A0

0 D a0Aa0 and A0
1 D y1Ay1. Note that 0 62 T.A0

1/
w
by Proposition 4.10.

Moreover, if ⌧ 2 T.A/, then k⌧ jA1
k � r0=3. We also have

⌧
�

f1=4.y1/
�

� r0=3 for all ⌧ 2 T.A0
1/: (e 10.98)

Note, by Remark 9.2, in Definition 8.1 the constant fy1 can be chosen to be r0=6.
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Let G ⇢ A1 be a finite subset such that the following holds:

dist
�

f;
˚

.x0 C x1 ˝ 1n/ W x0 2 A0; x1 2 G
 �

< "1=2 for all f 2 F1 (e 10.99)

and y1 2 G .
Note that A0

1 is a hereditary sub-C*-algebra of A. By Proposition 8.6, A0
12D0.

Thus, there exist two sub-C*-algebras B0 and D of A0
1, where D 2 C00

0 and
two G -"1-multiplicative completely positive contractive maps '0WA0

1 ! B0 and
 0WA0

1 ! D such that

kx � .'0 C  0/.x/k < "1=2 for all x 2 G ; (e 10.100)
'0.c0/ . b1; k 0k D 1; (e 10.101)

⌧ ı f1=4. 0.y1// � r0=6 for all ⌧ 2 T.D/; (e 10.102)

and  0.y1/ is a strictly positive element inD, where c0 is a strictly positive element
of A0

1.
Set A00 D A0 ˚ A0

0 ˝ 1n and let c D a0 C c0 ˝ 1n: Choose a function
g 2 C0..0; 1ç/, define '00WA! A00 by

'00.x/ D g.a0/xg.a0/C '0.x/˝ 1n for all x 2 A:
Then, with a choice of g, we have

kx � .'00.x/C  0.x/˝ 1n/k < " for all x 2 F : (e 10.103)

Moreover,
hci  hb0i C hb1i C � � � C hbni  hbi:

Now let ' D '00. Then '.a/ D '0.a/ . c . b. Put  D  0. Note also (e 10.102)
holds. It follows that ',  , andD meet the requirements.

The following corollary follows from the combination of Theorems 8.3 and 10.7.
Corollary 10.8. Let A be a separable algebraically simple C*-algebra in D0

(cf. Remark 11.4). Then the following property holds. Fix a strictly positive element
a 2 A with kak D 1 and let 1 > fa > 0 be as in Definition 8.1 (see also Remark 9.2).
There is a map

T WAC n f0g ! N ⇥ RC n f0g
(a 7! .N.a/;M.a// for all a 2 AC n f0g) satisfying the following condition: For
any finite subset F0 ⇢ AC n f0g. for any " > 0, any finite subset F ⇢ A and
any b 2 AC n f0g and any integer n � 1, there are F -"-multiplicative completely
positive contractive maps 'WA ! A and  WA ! D D D ˝ e11 for some sub-C*-
algebra Mn.D/ ⇢ A with '.A/ ? Mn.D/ such that

kx � .'.x/C  .x/˝ 1n/k < "; x 2 F [ fag; (e 10.104)
D 2 C00 ; (e 10.105)
a0 . b; k k D 1; (e 10.106)
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and  .a/ is strictly positive in D, where a0 2 '.a/A'.a/ is a strictly positive
element. Moreover,  is T -F0 [ ff1=4.a/g-full inD.

Furthermore, we may assume that

t .f1=4. .a/// � fa (e 10.107)

and t .f1=4. .c/// � fa
4 inffM.c/2 �N.c/ W c 2 F0 [ ff1=4.a/gg

(e 10.108)

for all c 2 F0 and for all t 2 T.D/, and, we may also require that

'.a/ .  .a/: (e 10.109)

Proof. Note that the existence of the map T and the fact that  can be required
to be T -F0 [ ff1=4.a/g-full in D, and that (e 10.108) holds, are applications of
Theorem 5.7.

To see the last part of conclusion, i.e., (e 10.109), let 1=2 > ⌘ > 0 be such that
⌧.f⌘.a// > fa=2 for all ⌧ 2 T.A/w (see Remark 9.2) and choose b 2 AC n f0g such
that d⌧ .b/ < fa=4.nC 1/ for all ⌧ 2 T.A/. Then, with " < ⌘=4, (e 10.104) implies
that

f⌘.a/ . '.a/C  .a/˝ 1n: (e 10.110)

It follows that d⌧ . .a// > fa=2.nC 1/ for all ⌧ 2 T.A/w or

d⌧ . .a// > d⌧ .b/ � d⌧ .'.a// for all ⌧ 2 T.A/w: (e 10.111)

It follows by (1) of Theorems 5.3 and 9.4 that '.a/ .  .a/.

Remark 10.9. It is clear from the proof that, for n D 1, both Theorem 10.7 and
Corollary 10.8 hold if A 2 D (with nowD in C00 or C0).

11. Stable rank one

The proof of the following result is very similar to that of Lemma 2.1 of [44].

Lemma 11.1. Let A be a separable, simple, and stably projectionless C*-algebra
such that every hereditary sub-C*-algebra B has comparison for positive elements
as formulated in the conclusion of Theorem 9.4, and satisfies the conclusion of
Corollary 10.6 (without even assuming that E2 belongs to a specific class of
C*-algebras). Then A almost has stable rank one (see Definition 2.7), for any
hereditary sub-C*-algebra B of A,

B ⇢ GL. zB/:
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Proof. It is clearly su�cient to consider the case B D A.
Fix an element x 2 A and " > 0. Let e 2 A with 0  e  1 be a strictly positive

element. Upon replacing x by f⌘.e/xf⌘.e/ for some small 1=8 > ⌘ > 0, we may
assume that x 2 f⌘.e/Af⌘.e/. Put B1 D f⌘.e/Af⌘.e/.

By the assumption, we know that e is not a projection. We obtain a positive
element b0 2 B?

1 n f0g.
Note that

B?
1 D fa 2 A W ab D ba D 0 for all b 2 B1g

is a non-zero hereditary sub-C*-algebra of A. Since we assume that A is infinite
dimensional, b0Ab0 contains non-zero positive elements b0;1; b00;1; b0;2; b00;2 2 B?

1

such that

b00;1 . b00;2; b0;1b
0
0;1 D b0;1; b0;2b

0
0;2 D b0;2; and b00;1b

0
0;2 D 0:

Since A has comparison for positive elements as described in the conclusion of
Theorem 9.4, we can choose a large integer n � 2 which has the following property:
if a1; a2; : : : ; an 2 AC are n mutually orthogonal and mutually equivalent positive
elements, then

a1 C a2 . b0;1:

There is B 0
1 ⇢ B1 which has the form

B 0
1 D B1;1 CD ˝ 1n;

whereB1;1 is a hereditary sub-C*-algebra with a strictly positive element b11 . b0;1
and there are x0 2 B1;1 and x1 2 D n f0g such that

kx � .x0 C x1 ˝ 1n/k < "=16: (e 11.1)

Let d0 2 D be a strictly positive element. By the choice of n, d0 . b0;1. Choose
0 < ⌘1 < 1=4 such that

kf⌘1
.d0/x1f⌘1

.d0/ � x1k < "=16: (e 11.2)

Put x01 D f⌘1
.d0/x1f⌘1

.d0/. Note that

f⌘1=8.d0/ . b00;2: (e 11.3)

There are wi 2 A such that:

wiw
⇤
i D diag.

i�1π
0; 0; : : : ; 0 ; f⌘1=4.d0/; 0; : : : ; 0/; i D 1; 2; : : : ; n; (e 11.4)

w⇤
i wi D diag.

iπ
0; 0; : : : ; 0 ; f⌘1=4.d0/; 0; : : : ; 0/; i D 1; 2; : : : ; n � 1; (e 11.5)

w⇤
nwn 2 b00;2Ab00;2: (e 11.6)









After (e.11), add:

We may assume that $b_{11}x_0=x_0=x_0b_{11}.$





Abbreviated title of paper 83

There is v 2 A such that

v⇤v D x0 C diag.x01; 0; : : : ; 0/ and vv⇤ 2 .b00;1 C b00;2/A.b
0
0;1 C b00;2/:

(e 11.7)
Put

x00i D diag.

i�1π
0; 0; : : : ; 0 ; x01; 0; : : : ; 0/; i D 1; 2; : : : ; n; (e 11.8)

y00
i D diag.

i�1π
0; 0; : : : ; 0 ; f⌘1=4.d0/; 0; : : : ; 0/; i D 1; 2; : : : ; n; (e 11.9)

z1 D v⇤; z2 D v; z3 D
n�1
X

iD1
w⇤
i x

00
i ; and z4 D

n�1
X

iD1
y00
i wi : (e 11.10)

Note that z3z2 D 0 and z1z4 D 0. Therefore,

.z1 C z3/.z2 C z4/ D z1z2 C z3z4 (e 11.11)
D v⇤v C diag.0; x01; x

0
1; : : : ; x

0
1/ (e 11.12)

D x0 C diag.

n»
x01; x

0
1; : : : ; x

0
1 /D x0 C x01 ˝ 1n: (e 11.13)

On the other hand,
z21 D v⇤v⇤ D 0; z1z3 D 0: (e 11.14)

We also compute that

z23 D
X

i;j

w⇤
i x

00
i w

⇤
j x

00
j D

n�1
X

iD2
w⇤
i x

00
i w

⇤
i�1x

00
i�1: (e 11.15)

Inductively, we compute that
zn3 D 0: (e 11.16)

Thus, by (e 11.14),

.z1 C z3/
k D

k
X

iD1
zi3z

k�i
1 for all k: (e 11.17)

Therefore, by (e 11.14), and (e 11.16), for k D nC1, .z1Cz3/nC1 D 0. We also have
that z2z4 D 0 and z22 D 0. A similar computation shows that zn4 D 0. Therefore, as
above, .z2 C z4/

nC1 D 0. One has the estimate

kx � .z1 C z3/.z2 C z4/k < "=4:



xxx

Please change this part to:

vv^*=b_{11}+diag(f_{\etaq_1/2}(d_0),0,…,0)

Right after Put:

z^0=v(x_0+diag(x_1’,0,…,0)v^*, 

z_1=v^*z^0,

zhuangniu
replace v^*v by v^*z^0(z^0)^*v
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Suppose that kzik  M for i D 1; : : : ; 4. Consider the elements of zA

z5 D z1 C z3 C "=16.M C 1/ and z6 D z2 C z4 C "=16.M C 1/:

Since .z1 C z3/ and .z2 C z4/ are nilpotent, both z5 and z6 are invertible in zA. We
also estimate that, by (e 11.1),

kx � z5z6k < ":

Corollary 11.2. LetA 2 D be a separableC*-algebra. Then, for everyn D 1; 2; : : : ;

Mn.A/ almost has stable rank one (see Definition 2.7).

Proof. This follows from Propositions 8.5, 8.6, 9.3, Corollary 10.6, and Lemma 11.1.

Corollary 11.3. Let A 2 D . Suppose that A is separable. Then A D Ped.A/.

Proof. By Proposition 8.5, Mn.A/ is in D . The corollary then follows from the
combination of Proposition 9.1, Corollary 11.2, Theorem 9.4, Lemma 4.8, and
Theorem 4.7.

Remark 11.4. Note, by Corollary 11.3, the assumption that A D Ped.A/ in
Theorem 10.3 can be removed.
Theorem 11.5. Let A be a separable C*-algebra inD . Then A has stable rank one.

Proof. Let x 2 zA. We must show that x 2 GL. zA/. Applying 3.2 and 3.5 of [46],
without loss of generality, wemay assume that there exists a non-zero positive element
e00 2 zA with ke00k D 1 such that xe00 D e00x D 0. We may further assume that there
exists e0 2 zAC with ke0k D 1 such that e0e00 D e00e0 D e0. Define

� D inf
˚

⌧.f1=4.e0// W ⌧ 2 T.A/w
 

: (e 11.18)

Multiplying by a scalar multiple of the identity, without loss of generality, we
may assume that x D 1C a, where a 2 A.

Let 0 < "0 < " be given and set "1 D minf"0=.kxk C 1/; �g. Since A 2 D ;

there exist a hereditary sub-C*-algebra B0 ⇢ A and a sub-C*-algebra D ⇢ A

withD 2 C0 such that:

ka � .x0 C x1/k < "1=64; ke0 � .e0;0 C e0;1/k < "1=64; (e 11.19)

kfı0.e0/ � .fı0.e00/C fı0.e0;1//k < "1=64; ı0 2 f1=2k W 2  k  6g;
(e 11.20)

where x0; e0;0 2 B0 and x1; e0;1 2 D, B0D D DB0 D f0g,

d⌧ .b0/ < minf"1=64; �=64g for all ⌧ 2 T.A/w; (e 11.21)
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where b0 is a strictly positive element of B0. Let pB0
denote the open projection

associated with B0. Then, for ı0 2 f1=2k W 2  k  6g,

k.1C x1/fı0.e0;1/k
D k.1C x1/.1 � pB0

/fı0.e0;1/k (e 11.22)
D k.1C x1 C x0/.1 � pB0

/.fı0.e0;0/C fı0.e0;1//k (e 11.23)
< k.1C x1 C x0/.1 � pB0

/fı0.e0/k C
�

kxk C "1=64
�

"1=64 (e 11.24)
D k.1 � pB0

/.1C x1 C x0//fı0.e0/k C "0=64 (e 11.25)
< k.1 � pB0

/xfı0.e0/k C "1=64C "0=64 (e 11.26)
D "1=64C "0=64 < "0=32: (e 11.27)

Put

x01 D
�

� 2f1=64.e0;1/C f1=64.e0;1/
2
�

C
�

1 � f1=64.e0;1/
�

x1
�

1 � f1=64.e0;1/
�

:

(e 11.28)
Then x01 2 D. By the calculation above,

.1 � f1=64.e0;1//.1C x1/.1 � f1=64.e0;1// D 1C x01 (e 11.29)
and k.1C x01/ � .1C x1/k < 3"0=30: (e 11.30)

Moreover,

.1C x01/f1=64.e0;1/ D .1 � f1=64.e0;1//.1C x1/.1 � f1=64.e0;1//f1=16.e0;1/ D 0:

(e 11.31)
We also have, by (e 11.20),

⌧.f1=4.e0;1// � ⌧.f1=4.e0// � "1=64 � � � "0=64 > �=2 for all ⌧ 2 T.A/w:
(e 11.32)

Therefore, by (e 11.21),

d⌧ .b0/ < ⌧.f1=4.e0;1// for all ⌧ 2 T.A/w: (e 11.33)

By Theorem 9.4, b0 . f1=8.e0;1/. Note that f1=16.e0;1/f1=8.e0;1/ D f1=8.e0;1/.
To simplify notation, choosing su�ciently small "0 and changing notations, we

may assume that

ka � .x0 C x1/k < "=16 and ke0 � .e0;0 C e0;1/k < "=16; (e 11.34)

where x0; e0;0 2 B0 and x1; e0;1 2 D, and also

e0;1.1C x1/ D .1C x1/e0;1 D 0 (e 11.35)

and b0 . e00;1, where 0  e00;1  1 and e00;1fı.e0;1/ D e00;1 for some 0 < ı < 1=4.
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We may also assume, without loss of generality, that there are b0;1; b00;1 2 B0
with 0  b0;1; b

0
0;1  1 such that

b0;1x0 D x0b0;1 D x0; f1=16.b
0
0;1/b0;1 D b0;1: (e 11.36)

Set A2 D .fı.e0;1/C b00;1/A.fı.e0;1/C b00;1/. Note that, and by Proposition 8.6,
A2 2 D . Since b00;1 . b0 . e00;1, and by Lemma 11.1, A2 almost has stable rank
one, there is a unitary u01 2 zA2 (see Lemma 3.3) such that

.u01/
⇤b00;1.u

0
1/ 2 fı.e0;1/Afı.e0;1/: (e 11.37)

Let q0 denote the open projection in A⇤⇤ corresponding to b00;1Ab00;1, and q be
the open projection inA⇤⇤ corresponding to the hereditary sub-C*-algebra A2. Then
q0  q. Note that

x0q0 D x0q0 D x0 (e 11.38)
and q0u

0
1q0 D .u01/.u

0
1/

⇤.q0u01/q0 D .u01/..u
0
1/

⇤q0u01/q0 D 0: (e 11.39)

Note also that

kx � .1C x0 C x1/k D ka � .x0 C x1/k < "=16: (e 11.40)

Put z D 1C x0 C x1. Then z 2 zA. Put

z0 D zq0 D .1C x0/q0 D q0.1C x0/ (e 11.41)
and z1 D z.1 � q0/ D .1 � q0/z D .1 � q0/C x1: (e 11.42)

Keep in mind that z0 C z1 D z.
Now write u01 D �1 zA2

C y for some y 2 A2 and for some scalar � 2 C with
j�j D 1. Set u1 D �qCy. Multiplying by N� and changing notation, we may assume
that u1 D q C y. Define u D 1C y D u1 C .1� q/: Since q0  q D 1 zA2

, we have

q0u D q0qu D q0qu1 D q0qu
0
1 D q0u

0
1: (e 11.43)

Then, by (e 11.39),

.z0u/.z0u/ D .1Cx0/q0uq0.1Cx0/u D .1Cx0/q0u01q0.1Cx0/ D 0: (e 11.44)

In other words, z0u is a nilpotent in A⇤⇤.
On the other hand, by (e 11.35),

z1fı.e0;1/ D .1 � q0/.1C x1/fı.e0;1/ D 0:

Therefore,

z1c D ..1 � q0/C x1/c D cz1 D 0 for all c 2 A2: (e 11.45)
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Thus, as y 2 A2,
z1u D z1.1C y/ D z1 C z1y D z1: (e 11.46)

PutD1 D D CC � .1 � q0/. ThenD1 2 C . Let

D2 D
˚

d 0 2 D1 W d 0fı.e0;1/ D fı.e0;1/d
0 D 0

 

: (e 11.47)

Then, by (e 11.45), z1 2 D2. Note that D2 is a hereditary sub-C*-algebra of D1.
If D2 is unital, say e0 is the unit, then e0 ¤ 1 � q0. Then .1 � q0/ � e0 is also a
non-zero projection. One of them must be in D. Since D is stably projectionless,
that one has to be zero. Since .1 � q0/ � e0 ¤ 0, this leads a contradiction. So D2
is not unital. Since D1 has stable rank one (see, for example, 3.3 of [22]), so is D2.
Let eD2

be a strictly positive element of D2. In A⇤⇤, let pd D limn!1.eD2
/1=n

(converges in A⇤⇤). In particular, pd  1 � q0. So q0pd D 0. Moreover, since
eD2

fı.e0;1/ D 0,
pdfı.e0;1/ D 0: (e 11.48)

We also have pdB0 D B0pd D 0. It follows that pdq D 0: Therefore,

z0u.1 � pd / D z0uq.1 � pd / D z0uq D z0u: (e 11.49)

Hence, z0u 2 .1 � pd /A⇤⇤.1 � pd /.
SinceD2CCpd has stable rank one, there is an invertible element z01 2 D2CCpd

such that
kz1 � z01k < "=16: (e 11.50)

We may write z01 D �1pd C yd , where �1 2 C and yd 2 D2. We may also write
yd D �2.1 � q0/C d0, where �2 2 C and d0 2 D.

Set I D D \D2. Then we have the natural short exact sequence

0! I ! D2 CCpd !⇡ C ˚C ! 0: (e 11.51)

Then k⇡.z1 � z01/k < "=16. Thus, j�1j < "=16 and j1 � �2j < "=16. Put

z001 WD .1=�2/z
0
1 D ⌘pd C .1 � q0/C d 0

0;

where ⌘ D �1=�2 and d 0
0 D d0=�2 2 D. Then j⌘j < "=8 and

kz1 � z001k < 3"=16: (e 11.52)

Moreover, z001 is invertible inD2CCpd . Without loss of generality, we may require
that ⌘ ¤ 0 (since elements near z01 are invertible). We may also write

z001 D z1 C .z001 � z1/ D z1 C .⌘pd C .1 � q0/C d 0
0 � .1 � q0 C x1// (e 11.53)

D z1 C ⌘pd C d 0
0 � x1: (e 11.54)
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Therefore,
⌘pd C d 0

0 � x1 D z001 � z1: (e 11.55)

Since z0u is a nilpotent, z0u C ⌘.1 � pd / is invertible in .1 � pd /A
⇤⇤.1 � pd /.

Let ⇣1 denote the inverse of z0u C ⌘.1 � pd / in .1 � pd /A
⇤⇤.1 � pd / and ⇣2 the

inverse of z001 inD2 CC � pd . Then

.z0uC ⌘.1 � pd /˚ z001/.⇣1 ˚ ⇣2/ D .1 � pd /C pd D 1: (e 11.56)

It follows that
z2 WD z0uC ⌘.1 � pd /C z001 2 GL.A⇤⇤/: (e 11.57)

However, by (e 11.54) and (e 11.46),

z2 D z0uC ⌘.1 � pd /C z001
D z0uC ⌘.1 � pd /C z1 C ⌘pd C .d 0

0 � x1/ (e 11.58)
D z0uC z1 C .d 0

0 � x1/C ⌘ � 1 D .z0 C z1/uC .d 0
0 � x1/C ⌘ � 1 (e 11.59)

D zuC .d 0
0 � x1/C ⌘ � 1 2 zA: (e 11.60)

It follows that z2 2 GL. zA/. We have (by (e 11.60), (e 11.55), and (e 11.52))

kzu � z2k D k.d 0
0 � x1/C ⌘ � 1k (e 11.61)

 kd 0
0 � x1 C ⌘pdk C ⌘k.1 � pd /k (e 11.62)

D kz001 � z1k C ⌘ < 3"=16C "=8 D 5"=16: (e 11.63)

Therefore (using also (e 11.40)),

kxu � z2k < " or kx � z2u⇤k < ": (e 11.64)

Since z2 is invertible so is z2u⇤. However, u 2 zA. One concludes that z2u⇤ is
in GL. zA/.

At this point, we would like to introduce the following definition:
Definition 11.6. Let A be a simple C*-algebra. Suppose that A is stably
projectionless. We shall say that A has generalized tracial rank at most one, and
write gTR.A/  1, if for any a 2 Ped.A/C, aAa 2 D . (This extends the definition
of generalized tracial rank at most one in the unital case [22].)
Proposition 11.7. A separable stably projectionless simple C*-algebra A has
generalized tracial rank at most one, i.e., gTR.A/  1, if, and only if, for some
a 2 Ped.A/C n f0g, aAa 2 D .

Proof. Let A be a separable stably projectionless simple C*-algebra. Suppose that
there is a 2 Ped.A/C n f0g such that aAa 2 D . We must show that, for any
b 2 Ped.A/C n f0g, bAb 2 D .
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There are b1; b2; : : : ; bk 2 AC and gi 2 C0..0;1/C such that

b  d WD
k
X

iD1
gi .bi /:

By repeated application of Lemma 3.4, one obtains x1; x2; : : : ; xn 2 A such that
n
X

iD1
x⇤
i axi D d: (e 11.65)

Let Z D .x⇤
1a
1=2; x⇤

2a
1=2; : : : ; x⇤

na
1=2/ be considered as an n ⇥ n matrix in Mn.A/

with zero rows except for the first row. Then

ZZ⇤ D diag.d;

n�1π
0; 0; : : : ; 0 / and Z⇤Z 2 Mn.aAa/: (e 11.66)

Let Z⇤ D U.ZZ⇤/1=2 denote the polar decomposition of Z⇤ in Mn.A/
⇤⇤. Then

UZZ⇤U ⇤ D Z⇤Z 2 Mn.aAa/:

It follows that the map x 7! UxU ⇤ from

dAd ˝ e1;1 D ZZ⇤Mn.A/ZZ⇤ to Z⇤ZMn.A/Z⇤Z D Z⇤ZMn.aAa/Z⇤Z

is an isomorphism. Thus,

dAd ä ZZ⇤Mn.aAa/ZZ⇤: (e 11.67)

It follows from Proposition 8.5 that Mn.aAa/ 2 D . Then, by Proposition 8.6,

ZZ⇤Mn.aAa/ZZ⇤ 2 D :

By (e 11.67), dAd 2 D . Since b 2 dAd , by Proposition 8.6, bAb 2 D , as
desired.

Proposition 11.8. Let A 2 D . Suppose that A D Ped.A/ (see Corollary 11.3).
Then the map Cu.A/! LA�0C.T.A/

w
/ is an isomorphism of ordered semigroups.

Proof. First, note that by Corollary 11.3 and Theorem 9.4, the map (taking a
positive element and a given trace into the trace of the range projection) is an order
isomorphism onto its image (with the pointwise order on a�ne functions).

So it remains to prove surjectivity. (The argument is similar to existing arguments
in the unital case; see [5, 5.3] and [22, 10.5]. One can also just use the somewhat
di�erent proof of 6.2.1 of [43] using 10.6 instead of (D). In the present setting, we
use Proposition 6.4(4).)
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Since the map preserves suprema of increasing sequences (constructed point-
wise in LA�C.zT.A//), to establish surjectivity it is enough by the definition
of LA�C.zT.A// to show the image of the map contains the subset A�C.zT.A//
of continuous, finite-valued, a�ne (i.e., linear) functions on zT.A/, strictly positive
except at 0. Indeed, by the preceding paragraph, an increasing sequence of functions
in A�C.zT.A// is the image of an increasing sequence of elements of Cu.A/, and
then the supremum of the former is the image of the supremum of the latter.

In fact, it is enough to approximate the functions in A�C.zT.A// uniformly by
functions in the image when restricted to the compact subset K D T.A/w.

To see that this is enough, recall that by Corollary 11.3 every trace in zT.A/
is bounded, so K generates the cone zT.A/. To obtain a given function, say f ,
in A�C.zT.A// as the supremum of an increasing sequence of elements of
LA�C.zT.A// in the image, consider the restrictions of all functions to K. Recall
(Proposition 9.1) that 0 does not belong to K. Choose a strictly increasing sequence
of scalars �.n/ converging to 1, and note that the functions �.n/f D fn increase
strictly to f on the compact set K. Approximating fn su�ciently well uniformly
onK by a function gn in the image for each n, we find that the sequence .gn/ increases
to f , at each point of K and therefore at each point of zT.A/, as desired.

Finally, the desired uniform approximation onT.A/w (or on T1.A/) follows almost
immediately from Proposition 6.4(4) with large k, applied to a subalgebra B of A in
the class C arising from Definition 8.1, as modified in Corollary 8.4 to ensure k is
large. This is seen as follows.

By Corollary 6.4 of [9], there exists a positive element h of A giving rise to the
a�ne (linear) function f on the cone zT.A/ (generating the Banach space of traces).
Second, as A is in the class D there exists a subalgebra B of A in the class C , and
two mutually orthogonal positive elements a and b of A with b in B such that aC b

is arbitrarily close to (the fixed element) h, and such that all traces of norm one
on A are arbitrarily small on b. This of course implies that traces of norm one
on A are (uniformly) approximately the same on a and on h. By Proposition 6.4(4)
and Corollary 8.4, there is a positive element k of B such that dt .k/ is (uniformly)
close to dt .a/ (which is always positive) for all traces on B of norm at most one.
In particular, this includes the restriction to B of traces on A of at most one, i.e.,
in T1.A/, and so (since such traces are small on b) traces in T1.A/ are (uniformly)
approximately equal on h and on a. Hence, d⌧ .k/ is close to ⌧.h/ D f .⌧/ uniformly
for ⌧ in T1.A/, as desired.

Corollary 11.9. Let A 2 D . Then there exists an element a 2 AC n f0g such that
aAa has continuous scale.

Proof. By Theorem 11.5,A has stable rank one. Hence by Proposition 11.8 (see [7]),
there exists an element a 2 AC n f0g such that d⌧ .a/ is continuous on T.A/

w. Again
by Proposition 11.8, and Proposition 5.4, one concludes that aAa has continuous
scale.
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Proposition 11.10. Let A 2 D be a separable C*-algebra with K0.A/ D f0g.
Then A has the properties described in Theorem 10.7 (and Corollary 10.8) but
replacing C00

0 (and C00 ) by C0.

Proof. By Proposition 11.8, the map Cu.A/ ! LA�0C.T.A/
w
/ is surjective. By

Theorem 11.5,A has stable rank one. Then, by Proposition 7.9 and by Definition 8.1,
A is tracially approximately divisible. The proof of Theorem 10.7 then applies to A
with C00

0 replaced by C0. One then also obtains the conclusion of Corollary 10.8
with C00 replaced by C0.

Let us summarize some of the facts we have established.

Proposition 11.11. Let A be a separable simple C*-algebra. Suppose that A is
stably projectionless and gTR.A/  1. Then the following statements hold. (See
Theorem 11.5, Propositions 9.1, 11.8, 11.7, and 8.6.)

(1) A has stable rank one;

(2) Every quasitrace of A is a trace;

(3) Cu.A/ D LA�C.zT.A//;
(4) If A D Ped.A/, then A 2 D;

(5) If B ⇢ A is a hereditary sub-C*-algebra, then gTR.B/  1;

(6) Mn.A/ is stably projectionless and gTR.Mn.A//  1 for every integer n � 1.

12. The C*-algebras W and the class D0

Definition 12.1. Recall (see Definition 9.6) that W is a unital separable simple
C*-algebra with Ki .W/ D 0, i D 0; 1, which is in bothM0 and D0.

Let A be a non-unital separable C*-algebra, and let ⌧ 2 T.A/. Let us say
that ⌧ is aW -trace if there exists a sequence of completely positive contractive maps
'nWA! W such that

lim
n!1 k'n.ab/ � 'n.a/'n.b/k D 0 for all a; b 2 A;

⌧.a/ D lim
n!1 ⌧W .'n.a// for all a 2 A; (e 12.1)

where ⌧W is the unique tracial state on W .

Theorem 12.2. Let A be a separable simple C*-algebra with A D Ped.A/. If every
tracial state ⌧ 2 T.A/ is a W -trace, then K0.A/ D ker ⇢A (see Definition 4.12 for
the definition of ⇢A).
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Proof. Suppose that there are two projectionsp; q 2 Mk. zA/ such thatx D Œpç�Œqç 2
K0.A/ and ⇢A.x/ ¤ 0. In other words, ⌧.p/ ¤ ⌧.q/ for some ⌧ 2 T.A/, where ⌧

denotes still the canonical extension of ⌧ to zA and also to Mk. zA/. Recall that
Œpç � Œqç 2 K0.A/ means that ⇡.p/ and ⇡.q/ have the same rank in Mk.C/, where
⇡ WMk. zA/! Mk.C/ is the quotient map.

Set d D j⌧.p/� ⌧.q/j. If ⌧ were aW -trace, then there would be a sequence .'n/
of completely positive contractive maps from Mk.A/ into Mk.W/ such that

lim
n!1 k'n.a/'n.b/ � 'n.ab/k D 0 for all a; b 2 Mk.A/;

⌧.a/ D lim
n!1 ⌧W ı 'n.a/ for all a 2 Mk.A/: (e 12.2)

Denote by z'nWMk. zA/ ! Mk. zW/ the canonical unital extension of the completely
positive contractive map 'n. Then

lim
n!1 kz'n.a/z'.b/ � z'.ab/k D 0 for all a; b 2 Mk. zA/:

Let ⌧W also denote the canonical extension of ⌧W to Mk. zW/. Then we also have

⌧.a/ D lim
n!1 ⌧W ı z'n.a/ for all a 2 Mk. zA/:

Passing to a subsequence, we may assume that

j⌧W ı z'n.p/ � ⌧W ı z'n.q/j � d=2 for all n: (e 12.3)

There are projections pn; qn 2 Mk. zW/ such that

lim
n!1 kz'n.p/ � pnk D 0 and lim

n!1 kz'n.q/ � qnk D 0: (e 12.4)

Since ⇡.p/ and ⇡.q/ have the same rank, there exists v 2 Mk. zA/ such that
⇡.v⇤v/ D ⇡.p/ and ⇡.vv⇤/ D ⇡.q/. Denote by ⇡W WMk. zW/ ! Mk the quotient
map. Then

lim
n!1 k⇡W ı 'n.v⇤v/ � ⇡W .pn/k D 0

and lim
n!1 k⇡W ı 'n.vv⇤/ � ⇡W .qn/k D 0: (e 12.5)

It follows that ⇡W .pn/ and ⇡W .qn/ are equivalent projections in Mk for all large n.
Since K0.W/ D 0, it follows that Œpnç � Œqnç D 0 in K0.W/, which means that pn
and qn are equivalent in Mk. zW/ since zW has stable rank one. In particular,

⌧W .pn/ D ⌧W .qn/

for all su�ciently large n, in contradiction with (e 12.3) and (e 12.4).
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Proposition 12.3. LetA be a separable simple C*-algebra with aW -trace ⌧ 2 T.A/.
Let 0  a0  1 be a strictly positive element of A. Then there exists a sequence
of completely positive contractive maps 'nWA ! W such that 'n.a0/ is a strictly
positive element, and

lim
n!1 k'n.a/'n.b/ � 'n.ab/k D 0 for all a; b 2 A

⌧.a/ D lim
n!1 ⌧W ı 'n.a/ for all a 2 A: (e 12.6)

Proof. We may assume that

⌧.a
1=n
0 / > 1 � 1=2n; n D 1; 2; : : : : (e 12.7)

Since ⌧ is aW -trace (12.1), there exists a sequence of completely positive contractive
maps  nWA! W such that

lim
n!1 k n.a/ n.b/ �  n.ab/k D 0 for all a; b 2 A

⌧.a/ D lim
n!1 ⌧W ı  n.a/ for all a 2 A: (e 12.8)

Put bn D  n.a
1=n
0 /. By (e 12.7) and (e 12.8), passing to a subsequence of . n/,

we may assume
⌧W .bn/ � 1 � 1=n; n D 1; 2; : : : : (e 12.9)

Consider the non-zero hereditary sub-C*-algebra

Bn D  n.A/W n.A/:

Since a1=n0 is a strictly positive element, by Proposition 2.10, bn is a strictly positive
element of Bn. By [3], Bn is stably isomorphic to W . (In fact, Bn ä W , as will be
shown in [17].) Therefore (see Theorem 7.3),

Cu⇠.Bn/ D Cu⇠.W/ D R [ fC1g:

Let rn D hbni 2 RC ⇢ R [ fC1g, n D 1; 2; : : : : Consider the map r 7! rn � r
(for r 2 R) and C1 7! C1. By Theorem 1.0.1 of [43] (see also [43, 6.2.4], [24,
Theorem 1.2], or [41, Theorem 1.1], and Corollary 8.12), there is a homomorphism
hnWBn ! W such that hn.bn/ is strictly positive. Since Bn has a unique trace, there
is ˛n > 0 such that

˛n⌧W .b/ D ⌧W ı hn.b/ for all b 2 Bn; n D 1; 2; : : : (e 12.10)

Since hn.bn/ is strictly positive,

lim
k!1

⌧W ı hn.b1=kn / D 1: (e 12.11)
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SinceBn ⇢ W , and by (e 12.10), ˛n⌧W jBn D ⌧W ıhn, (e 12.11) implies that ˛n � 1.
On the other hand, by (e 12.9), together with (e 12.10), we have that

1 � 1=n  ⌧W .bn/ D
⌧W ı hn.bn/

˛n
 1=˛n; n D 1; 2; : : : :

Therefore,
1  ˛n  1

1 � 1=n; n D 1; 2; : : : ;

from which it follows that limn!1 ˛n D 1. Set 'n D hn ı  n. Since ⌧W ı 'n D
˛n⌧W ı  n, (e 12.6) holds. Since 'n.a1=n0 / D hn. n.a

1=n
0 // D hn.bn/ is strictly

positive (inBn), by Proposition 2.10 for each n the element 'n.a0/ is strictly positive,
and so the sequence .'n/ meets the requirements.

The following two statements will be established in [17].
Theorem12.4. LetA be a separable simpleC*-algebra with finite nuclear dimension
and withA D Ped.A/ such thatT.A/ ¤ ;,K0.A/ D ker ⇢A, and every tracial state is
aW -trace. Suppose also that every hereditary sub-C*-algebra ofA with continuous
scale is tracially approximately divisible. Then A 2 D0.
Theorem12.5. LetA be a separable simpleC*-algebra with finite nuclear dimension
and with A D Ped.A/. Suppose that T.A/ ¤ ;. Then A˝W 2 D0.
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