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with generalized tracial rank one

George A. Elliott, Guihua Gong, Huaxin Lin and Zhuang Niu

Abstract. We study a class of stably projectionless simple C*-algebras which may be viewed
as having generalized tracial rank one in analogy with the unital case. A number of structural
questions concerning these simple C*-algebras are studied, pertinent to the classification of
separable stably projectionless simple amenable Jiang—Su stable C*-algebras.
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1. Introduction

Recent developments in the program of classification of simple amenable C*-algebras
led to the classification of unital simple separable C*-algebras with finite nuclear
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dimension in the UCT class (see, for example, [16,22], and [52]). The isomorphism
theorem was established first for those unital simple separable amenable C*-algebras
with generalized tracial rank at most one (see [22]). Unital simple C*-algebras with
generalized tracial rank at most one have good regularity properties. For example,
these simple C*-algebras have strict comparison for positive elements, have stable
rank one, and are quasidiagonal. All quasitraces are traces. When they are separable
and amenable, they are Z-stable. These C*-algebras have many other good properties
which lead to the classification by the Elliott invariant when they satisfy the UCT.
In [16], using [52], we showed that unital finite simple (separable) C*-algebras with
finite nuclear dimension which satisfy the UCT have generalized tracial rank at
most one after tensoring with a UHF-algebra of infinite type. This completed the
classification of unital simple separable C*-algebras with finite nuclear dimension in
the UCT class. In the present paper, we study the non-unital version of the notion of
generalized tracial rank one.
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2. Notation

Definition 2.1. Let A be a C*-algebra. Denote by Ped(A) the Pedersen ideal (see [38,
Section 5.6]).

Denote by T(A) the topological convex cone of all densely defined lower
semicontinuous positive traces equipped with the topology of point-wise convergence
on elements of Ped(A). Recall that, if t € T(A) and b € Ped(A) ., then 7 is a finite
(equivalently, bounded) trace on bAb. One checks easily that T(A) is a Hausdorff
space.

Let T(A) denote the tracial state space of A. Set

Ti(4) = {t € T(4) : |[t(a)| < 1, a € Ped(A4), and ||a] < 1}.
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If © € T1(A), then it can be extended to a positive linear functional on A with norm
at most one. Therefore, we may view T (A4) as a subset of the unit ball of A*: T1(A4)
is the weak*-compact convex subset of all tracial positive linear functionals on A
with norm at most one, and is a Choquet simplex. In this way, we may write that
T(A) C T1(A). T1(A) is also a closed set in T(A). If A = Ped(A), then T(A)
generates "T(A) as a cone.

Suppose that A is o-unital. In the case that Ped(A), contains a full elementa of A
(in particular when A is simple), let us clarify the structure of T(A). Put A, = aAa.
Then we may identify A with a o-unital hereditary sub-C*-algebra of 4; ® K by
Brown’s theorem [3]. By 2.1 of [51], A; = Ped(A;). Therefore, T;(A;) generates
T’(A) = :f(Al) as a cone.

C0n51der the closure S of T(A) in T(A) in the above mentioned topology.
Let T(A) denote the weak* closure of T(A) in the dual space of A. Clearly, as
a set, T(A) c S. Note that each element in T(A) is a trace of A with norm
at most one. Let l.T(A) — S be the embedding as a subset. So the map 1 is
one-to-one. Suppose ¢ € §. Then, ¢ is a densely defined linear functional and
|t(b)| < 1forall b € Ped(A) with ||b|| < 1. Thus, it uniquely extends to an element
of A* with norm at most one. Choose a net (ty) in T(A) such that ,(b) — 1(b)
for all b € Ped(A). Since Ped(A) is dense in A, and ||t,|| = 1 and ||t|| <1, one
concludes that 74 (a) — t(a) for all @ € A. This shows that S = T(A) as subsets.
In other words, 1 is a bijection. On the other hand, if 7g(a) — t(a) forall a € A,

where 75,7 € T(A)W, then 7g(b) — t(b) for all b € Ped(A). In other words, 1 is

continuous. Moreover, T(A)W C A* is compact and S C T(A) is Hausdorff. It
follows that 1 is a homeomorphism. In what follows, we will identify S with T(A) .
In particular, S is compact.

Definition 2.2. Let 1 > ¢ > 0. Define

0, ift €[0,/2],
fo0) = {52 it e (2/2.¢), (e2.1)
1, if t € (e,00).

Definition 2.3. Let A be a C*-algebra and let ¢ € A4. Suppose that T(A) # 0.
Define

de(a) = lim 7(fe(a)), e T(A),

with possibly infinite values. Note that fi.(a) € Ped(4),, and so by definition
7 7(fe(a)) is a continuous affine function on :f(A) (to [0, +00)). It follows that
T + d;(a) is a lower semicontinuous affine function on T(A) (to [0, +00]). Note
that
de(@) = lim t(a'/"), ©eT(A).
n—>oo
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Leta € A4 be a strictly positive element. Define
Za(r) = de(@), T €T(A).

The lower semicontinuous affine function X 4: T“(A) — [0, 400] is independent of
the choice of a, and will be called the scale function (or just scale) of A.

Definition 2.4. Let A be a C*-algebra and let a,b € A;. We write a < b if there
exists a sequence (x,) in A4 such that x;bx, — a innorm. Ifa < bhand b < a,
we write @ ~ b and say that ¢ and b are Cuntz equivalent. It is known that ~
is an equivalence relation. Denote by Cu(A) the set of Cuntz equivalence classes
of positive elements of A ® K. It is an ordered abelian semigroup ([7]). Denote
by Cu(A)+ the subset of those elements which cannot be represented by projections.
We shall write (a) for the equivalence class represented by a. Thus, a < b will be
also written as (a) < (b). Recall that we write (@) < (b) if the following holds:
for any increasing sequence ((y5)), if (b) < sup{(y,)} then there exists ny > 1 such
that (@) < (yn,) In what follows we will also use the objects Cu™(A4) and Cu™ (¢)
introduced in [43].

Definition 2.5. If B is a C*-algebra, we will use QT(B) for the set of quasitraces t
with ||7|| = 1(see[2]). Let A be a o-unital C*-algebra. Suppose that every quasitrace
of every hereditary sub-C*-algebra B of A is a trace.

If r € T(A), we will extend it to (4 ® K by the rule

t(a ® b) = t(a) Tr(b),

foralla € A and b € K, where Tr is the canonical densely defined trace on X.
Recall that A has the (Blackadar) property of strict comparison for positive
elements, if for any two elements a, b € (4 ® K)4 with the property that

dr(a) < d:(b) < +o00

forallt € :f(A)\{O}, necessarilya < b. In general (without knowing that quasitraces
are traces), this property will be called strict comparison for positive elements using
traces.

Let S be a topological convex set. Denote by Aff(S) the set of all real continuous
affine functions on S, and by Aff4 (S) the set of all real continuous affine functions f
with f(s) > 0 for all s, together with the zero function.

Recall TA)W denotes the closure of T(A) in T(A) with respect to pointwise
convergence on Ped(A) (see the end of Definition 2.1). Suppose that 0 & mw and
that T(A) generates the cone T(A4). (By Lemma 4.5 below, these properties hold
in the case that A = Ped(A4).) Then A has strict comparison for positive elements
using traces if, and only if, d;(a) < d.(b) for all T € mw implies a < b, for any
a,be(A® K)+.
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Definition 2.6. Let A be a C*-algebra such that 0 ¢ T(A)W. There is a positive
linear contraction r,g: As.. — AfF(T(A) ), a — @, from A, to the ordered vector
space of continuous real affine functions on T(A4) ', defined by

rar(a)(r) = d(r) = t(a) forallt € mw

and for all @ € A, . Denote by A7 the space r,5(As.o.) and by Aﬂ_ the cone rg(A+)
(see [9)).

Denote by Affo(T;1(A)) the set of all real continuous affine functions on T (A)
which vanish at zero, and denote by Affo4 (T (A4)) the subset of those f € Affy(T1(A4))
such that f(¢) > Oforallt € T;(A)\ {0}, together with the zero function. Denote by
LAffo+ (mw) the set of those functions f on T(A)W (with values in [0, +00])
such that there exists an increasing sequence of continuous affine functions
fn € Affo4+(T1(A)) with f, |TA)W ' f (asn — o0), together with the zero function.

Denote by LAffp o+ (T(A)W) the subset of bounded functions in LAffy+ (T(A)W). In
particular, if f € Affo1(T1(A)), then [z~ € LAffo4(T(A)").

In the general case, recall the definition of LAff} (:f(A)) from [43]: the set of
lower semicontinuous affine (linear) extended positive real-valued functions on the
cone T(A), strictly positive except at 0, which are the limits of increasing sequences
of continuous, finite-valued such functions. (Thus, in the preceding special case, one
considers the restrictions of this set of functions to subsets of "T“(A).)

Definition 2.7 ([44]). Let A be a non-unital C*-algebra. Following [44], we shall
say that A almost has stable rank one if for any hereditary sub-C*-algebra B of 4,

B C GL(B), where GL(B) is the group of invertible elements of B. Suppose that
A ® K is o-unital, almost has stable rank one, and contains a full projection e. Then
B = e(A ® K)e is unital. Since B almost has stable rank one, it follows that B has
stable rank one. By Theorem 6.4 of [42], B ® K has stable rank one. By Brown’s
stable isomorphism theorem ([3]), A ® K has stable rank one. Thus, a o-unital
stable simple C*-algebra which almost has stable rank one but does not have stable
rank one must be projectionless. (We know of no such example.)

Definition 2.8. Let A and B be C*-algebras and let ¢,: A — B be completely
positive contractive maps. We shall say that (¢,)52; is a sequence of approximately
multiplicative completely positive contractive maps if

lim_|[¢n(a)n (D) —@n(ab)|| =0 foralla,b e A.

Definition 2.9. Let A be a C*-algebra. Denote by A! the closed unit ball of A, and
by A%" the image of the intersection A4 N A% in AZ.
The following fact will be useful.

Proposition 2.10. Let A be a o-unital C*-algebra and B be another C*-algebra.
Suppose that : A — B is a positive linear map and suppose that e € A4 is a strictly
positive element. Then ¢(e)Bp(e) = ¢(A)Bp(A).
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Proof. Let C = ¢(A)B¢p(A). Consider an approximate identity (b,) of B. Then

p(e)bap(e) — p(e)*.

It follows that ¢(e)? € C. Consequently p(e) € C. It follows that (e) By(e) C C.
Let g be a state of C. Suppose that g(¢(e)) = 0. We will show that g = 0.
For any n > 1, there exists A,, > 0 such that f;,,(e) < A,e. It follows that

g(e(fi/n(€))) < Ang(p(e)) = 0.
Fixa € A4. Then

g(e(fiyn(e)afisn(e)) < llallg(e(fi/a(e)?)) < llallg(e(fi/a(e))) = 0.

Since
Jim_[lo(a) = ¢(fi/n(e)afim(e)ll =0,

one concludes that g(¢(a)) = 0. This implies that g(¢(x)) = 0 for all x € A.
We claim that, forany a € A4\ {0}, g(¢(a)bp(y)) = Oforanyb € Bandy € A.
In fact,

lg(p(@)be(»)I> < g(p(a)p(a))g(e(y)*b*bp(y))
= g(p(a)*)g(e(y)*b*be(y)) (e2.2)

= g(llalPe(5) 2@ " be(y)

llall

= IIaIIZg(so(”Z—”)z)g(w(y)*b*hp(y)) (e2.3)

< lalg (o () Js@ b bon =0 €24

Recall that, for any x € A, we may write x = (x1 ) +i(x3—x4), where x = A,
i =1,2,3,4. Therefore, forany b € B and y € A,

4 4
@) = g( 3 e(be(») = 3 glp(ibe()) =0. (€25
i i=1

It follows that g(z) = 0if z = Z';’Zl @(aj)bjp(cj),wherebj € Bandaj,c; € A,
j =1,2,...,m. Since the set

{Zgo(aj)bjgo(cj) :bj € B, aj,cje A}

j=1

is dense in C, one concludes that g(c) = 0 for all ¢ € C. In other words, g = 0.


x=(x_4-x_2)+i(x_1-x_3)

to replace

x=(x_1-x_2)+i(x_3-x_4)

replace  x_i

  by x_j

replace i  y j

so j=1,2,3,4

sum_{j=1}^4 i^j\phi(x_j)b\phi(y)

\sum_{j=1}^4 i^jg(\phi(x_j)b\phi(y))
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This shows that ¢(e) is a strictly positive element of C. Therefore,

p(e)Cop(e) = C.
On the other hand,

C D p(e)Bep(e) D p(e)Cy(e) = C.
So C = ¢(e)Bop(e). O

3. Some results of Rgrdam

For convenience, we would like to have the following version of a lemma of Rgrdam:

Lemma 3.1 (Rgrdam [46, Lemma 2.2]). Leta, b € A with0 < a, b <1 be such
that |la — b|| < §/2. Then there exists z € A with ||z|| < 1 such that

(a—8)y =z%bz.
Proof. 1t follows from the hypothesis that there exists 2 > o > 1 such that
80 ;= |la —b*|| < /2. (e3.1)

Put ¢ = b*. By Lemma 2.2 of [46],

fs@)'Pa—8- 1) fs@'"? < fs(@)'efs@"?,
where fs is as defined in 2.2. Therefore,

f5@)'?(@a—80- D1 f5(@)'? < fs(@)efs(@)>.
Thus,

(@a=28)+ < fs@'*(@=8o- Dy fs(@)"? < fi@)Pefs (@),

Choose 0 < 8 < 1suchthat B > 1. Puta; = (a—8)4 andb; = f5(a)'/2cf3(a)'/?.
Then, as in the proof of Lemma 2.3 of [46], by 1.4.5 of [38], there is r; € A such that

lrall < 1627P2) <1 and a}f? = 1.
Therefore, a; = rlbf r{. Note that
B
by = (fs(@)2cf5(a)'?)”.

Write y = fs(a)'/2¢'/2. Then yy* = b;. Let y = v(y*y)'/? be the polar
decomposition of y in A** (so that v € A**). It follows from 1.4 of [8] that vx € A
forall x € (y*y)A(y*y) and v(y*y)Bv* = b‘f. Note that

G0 = (" fi@)e"?)P < cf = pP, (€3.2)
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Puty = 1/(af). Then0 < y < 1. Let
Y = (cl/zfg(a)cl/z)ﬂ/z.
Then x2 < ¢? = p*B_ Put
un = x((1/n) + @BYV2)pP) /22 =12, ..
Then, as in the proof of 1.4.5 of [38],
lall < 1G*P)27772) < 1

and (u,),>1 converges to u € A in norm. Moreover, x = u(b*P)r/2_ 1t follows that
that
)P = xx = xx* = u(b*)"u* = ubu*.

Note that, since x = (y*y)#/2, vx € A. Therefore vu, € A for all n. It follows
that vu € A. Note also that ||vu|| < 1. Now

(a — 8)+ =a; = rlbfi’l =T (v(y*y)’gv*)rf = (hvu)b(u*v*rl) = Z*bZ,
where z = u*v*rl = (vu)*rl € A and ||Z|| <1. O

Lemma 3.2 (cf. [45, Proposition 2.4(v)] and [7, Theorem 3]). Suppose that A is a
C*-algebra which almost has stable rank one. Suppose that a. b € Ay are such
that a < b. Then, for any 0 < §, there exists a unitary u € A such that

u* fs(a)u € bAb.
Moreover, there exists x € A such that
x*x=a and xx* € bAb.

Furthermore, if 0 < ay,a,b < l arein A, and ara, = a1, and ay < b, then there
exists a unitary u € A such that

u*au € bAb. (e3.3)

In addition, ifd € (A ® K)4, and also A ® K almost has stable rank one, then,
for any € > 0, there exists a unitary u € A ® K such that uf.(d)u* € M, (A) for
some large n.

Proof. The first statement follows from the proof of part (v) of [45]. The second
statement (also the first one) follows from Proposition 3.3 of [44] (see also [39,
Corollary 6] and [33, Lemma 1.4]).
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To see the third statement, note that, by the first statement, for any § > 0, there
exists a unitary ¥ € A4 such that

u* fs(ar)u € bAb. (e3.4)
Since aja; = a; = asay, one has fs (a2)1/2a1 = a1. Therefore,
u*ayu = u* fy(az)"?ay fs(az)"*u < u* fz(az)u € bAb. (€3.5)

To see the last statement, let (e,),>1 be an approximate identity of A ® X such
that e, € M,(A), n = 1,2,.... Without loss of generality, we may assume that
0 < d < 1. Then, for any ¢ > 0, there exists n > 1 such that ||d — e, de,| < ¢/4.
By Lemma 3.1, f;/2(d) < endey,. Thus the last conclusion follows from the first
statement. O

We shall also need the following variant of Lemma 3.1.
Lemma 3.3. Let ¢ > 0 and 0 > 0 be given. There exists § > 0 satisfying the
following condition: If A is a C*-algebra, and if x,y € A4 are such that
0<x,y<1 and |x-—y| <34,

then there exists a partial isometry w € A** with

ww* fo(x) = fo(ww* = fo(x), (€3.6)
and
w*cw € yAy, |[wrcw —c| <el|c|| forallc € fy(x)Afy(x). (€3.7)

If A almost has stable rank one (see Definiton 2.7), then w may be chosen to be
a unitary in A.

Proof. Lete/4 > §; > 0be such that, for any C*-algebra B, and any pair of positive
elements x’, y' € B with 0 < x’, y’ < 1 such that

[x" = y'll < 84,
then

I for2(x") = for2OONIl < o - &/8. (e3.8)

Put 7 = (081/16)%. Define g(¢) = fy/2(t)/t forall 0 < ¢ < 1 and g(0) = 0.
Then g € Cy((0, 1]). Note that ||g|| < 2/0. Set § = 18;/16 and choose 0 < § <
n/3 such that, for any C*-algebra B, and any pair of positive elements x”, y” € B
with 0 < x”, y” < 1 such that

Ix" = »"|I < 28,
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one has
1) = ()2 < 8. (€3.9)
Now let A be a C*-algebra and let x,y € A be such that 0 < x,y < 1 and
[x =yl <8.
Then

||x2—y2|| = ||x2—xy+xy—y2|| < 26. (e3.10)
Setz = yf, (x2)1/2. Then, by (e3.9),
n

1)V = x| = | (/D) 2y f(x2)2) 2 — x| (e3.11)
< 8o+ [ (SR f(x2)2) 2 — x| (€3.12)
<8+ yn<o0-8/8. (e3.13)

Also,
Iz*2)' 2 = 2] < 0 61/8 + ||lx — yfy (D)2 (€3.14)
<0-81/84 8+ |x —xfyp(xHV? (e3.15)
<0-81/8+8+ JT<0-8/4 (e3.16)

Consider the polar decomposition z = v(z*z)'/2 of z in A**. Then

vfo/2(x) = for2(x)||
= [0for2(0) = 0foa (@) 2) | + [0fora((72)"2) = fora ()]
<o-¢/8+ ||v(z*z)1/2g((z*z)1/2) — fo/2(x) || (using (e 3.8))
=0-5/8+ |z8((2"2)"?) = for2(0) |
<o0-¢/8+ ||Zg((z*z)1/2) — (Z*z)l/zg((z*z)l/z) ||

+[ )26 (")) = for2(0)]
<e/8+681/2+ ]| (z*2)2g((z*2)'?) = fo2(x) | (using (e3.16))

<e/4+ ] fo2(* D)%) = fora )|
<e/d+o-¢/8<¢/2 (using (¢ 3.8) and (¢3.13)).

Hence, for any ¢ € f5(x)Af5(x) with ||c|| <1,

lvev™ —cll = llvfo2(x)cfor2(x)v* —c] (e3.17)
<&/2+ || for2(xX)c for2(x)v™ — ]| (3.18)
= /24 [vfo/2(x)c” foy2(x) — 7| (e3.19)

<egf2+¢e/2=c¢. (e3.20)
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It follows from (the proof of) 2.2 of [46] that
(n— 1 = 2 1) /o ) < o2V f1() < f(6P).
So W is the same as the hereditary sub-C*-algebra generated by
165 R TC o R

Note also that the hereditary sub-C*-algebra generated by zz* is contained in yAy.
It follows that
vev* € yAy forall ¢ € f,(x2)Afy(x2). (e3.21)

Choose w = v*. Then, since /7 < o/4,

Jo(0) fn(x?) = fo(x)

and hence
ww* fo(x) = fo(ww* = fo(x). (e3.22)

Thus (e 3.21) holds for all ¢ € f;(x)Afs(x). If A almost has stable rank one, we
can choose § for £/2 and o/4 first. Then, for b = vf5/4(x), by Theorem 5 of [39],
there is a unitary ¥ € A such that b = u* fo/4(x). Then, for any ¢ € f5(x)Afs(x),
u*cu = vcv™* and so w can be replaced by u. O

Lemma 3.4 ([46]). Let A be a C*-algebra and a € A+ be a full element. Then, for
any b € Ay, any ¢ > 0 and any g € Cy((0, +00)) whose support is in [e, +00),
there are x1, X2, ..., Xm € A such that

m
g(b) = Z x;ax;.
i=1
Proof. Fix e>0. Since a is full, and a and b are positive, there are z1, 23, ...,z € A
such that
m
H szaz,' —b“ <e.
i=1
Therefore, by 2.2 and 2.3 of [46], there is y € B such that
m
folb)y = y* (Y zfaz)y.
i=1

Therefore, since f.g = g,

g(b) = g(0)2y* (Y zfazi)vg(b)2, =

i=1
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We shall also need the following slight variant of a result of Rgrdam:

Theorem 3.5 (cf. [48, 4.6]). Let A be an exact simple C*-algebra which is Z-stable.
Then A has the strict comparison property for positive elements: If a, b € (AQ K)+
are two elements such that

dy(a) < de(b) < +00  forallt € T(A) \ {0}, (e3.23)
thena < b.
Proof. Leta,b € (A ® K)4 be as in (e 3.23), and set
{r € T(A) : d;(b) =1} = 8.
The assumption (e 3.23) implies that
d.(a) <d.(b) forallt e S. (e3.24)

Since A is simple and b # 0, for every ¢ > 0, ((a — ¢)1) < K(b) for some integer
K > 1. Hence,

f(a) < f(b) forall f € S(Cu(A), (b))
(see [48] for the notation). Since, by Theorem 4.5 of [48], Cu(4) = W(4 ® K) is
almost unperforated, by 3.2 of [48], a < b. ]

Corollary 3.6. Let A be an exact simple separable C*-algebra which is Z-stable.
Then A has the following strict comparison property for positive elements: If a, b €
(B ® K)4+ are two elements such that

de(a) < de(b) < +00 forallt € T(B) ,
where B = cAc for some ¢ € Ped(A) \ {0}, thena < b.
Proof. The condition (e 3.23) of Theorem 3.5 holds since R+T(B)w = ’T’(A). O

We would like to include the following statement.

Lemma 3.7. Let B be a separable semiprojective C*-algebra and A be another
C*-algebra such that there is an isomorphism

AR K —> B® X.

Then, for any ¢ > 0 and any finite subset ¥ C A, there exist § > 0 and a finite
subset § C A with the following property: If D is a C*-algebra and L: A— D is
a ‘§-§-multiplicative completely positive contractive map, then there exists a hom-
omorphism h: A — D ® K such that

|h(a) — L(a) ® e1,1|| <& forallae¥,

where {e; j} is a system of matrix units for K.
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Proof. Letus write B® M,, C B ® M,,; for all n, so that U:O=1 B ® M,, is dense
inB® K. Lete, =Y ;_, ;. Define a contractive completely positive map

dy:B® K — B®M,

by sending b ® ¢ to b ® (e,cey) forall b € B and ¢ € K. There is an integer N
such that

lj(@) —dn(j(a))| <e/8 forallac F = F Q@ej,. (e3.25)

Write

m(a)

dN (](a)) = Z ba,i ® Ca,i,

i=1

where b, ; € Bandc,; € My, 1 <i <m(a). Put

Fum={cai:1<i<ma),ac¥}

and
m(a)
Fi={ D bai ®cas1a € F| = dn(i(¥)).
i=1
Set
A = max {([baill + 1)(lcaill + )m(a) : 1 <i <m(a), a € F}.

Since B ® My is semiprojective, there are a finite subset 91 C B ® My
and §o > O satisfying the following condition: if L': B ® My — D’ (for any
C*-algebra D) is a §;-8o-multiplicative completely positive contractive map, there
exists a homomorphism H: B ® My — D’ such that

|H(b) — L'(b)|| < /8 forallb e F,. (e3.26)

Since j is an isomorphism, there exist a finite subset § C A and § > O satisfying the
following condition: if L: A — D (for any C*-algebra D) is a §-§-multiplicative
completely positive contractive map, then (L ® idg)(j ') is a ;-§-multiplicative
completely positive contractive map.

Lett:My ® K — K ® K denote the inclusion and let ¢: K @ X — My ® K

be an isomorphism. There is a unitary U € 1\711_\7\(87( such that
AdUog@ot~rgup iduyex onFy Qeqr.
Put ¢; = Ad U o ¢. Consider

W = (idg ®¢1) o (j ®idx): A® K ® K > BRMy ® X.
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Thus, for all @ € F (we identify A with A ® ey,1, the first corner of 4 ® X),
by (e 3.25) and the definition of ¢;, and (e 3.25) again,

Y(a®er,1 ®er,) = (idp ®p1)(j(a) ®er,1) ~g 5 (idp ®91)(dn(j(a)) ® e1,1)
m(a)

= (idp ®<p1)( Z bai ® t(ca;i ® 61,1))
i=1
m(a)

Xe/4 E ba,i ® Ca,i Vern

i=1
~esg Jj(a) ®er . (e3.27)

Now let L: A — D be a §-§-multiplicative completely positive contractive map.
Consider the maps

LR®idg:A®K >D®K and (L®idx)( )BXK —-D® X,
and the restriction
®:=(L®idx)(j ")pemy: BOMy — D ® X.

By construction, ® is a §;-8o-multiplicative completely positive contractive map.
Therefore (by (e 3.26)) there is a homomorphism /g: B ® My — D ® K such that

lho(b) — (b)|| < &/8 forallb e F;. (e3.28)
Then, for all a € ¥, by (e3.27), (¢ 3.25), (¢ 3.28), and (e 3.25) again,

(ho ® idx) o U(a ® e1,1 ® e1,1) ~e/a (ho ® idx)(j(a) ® e1,1)
~e/a (P ®idx)(dn(j(a)) ® e1,1)
~Res (L Qidx)(a®er1 ®er,1) = La) ®eqr.

Define hi: A — D ® K as the composed map (idp ® V) o hg o W o 14, where
t4(a) =a®e;1 ®ep, foralla € 4and y: K ® KX — K is any isomorphism.
From the last estimate the lemma follows. The above proof may be summarized
by the following non-commutative diagram with the upper triangle approximately
commutative on F, and the lower right one approximately commutative on ¥ ®ej ;:

A
(j ®idc)ot 4 l dyojoiy
i ho®i i
BoXe®XK- 2% - BoMye Xk - 2D Kok 2 De XK.
i—1g;
j—‘®id;¢""'<--{_;\® d'Kl W
AR K ® K

where h = (idp ®V) o (ho ® idx) o (idp 1) o (j ® idx) ot 4. O
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4. Compact C*-algebras

Definition4.1. A o-unital C*-algebra A is said to be compact, ifthereise € (A ® K)+
with 0 < e < 1 and a partial isometry w € (A ® K)** such that

w¥a, w*aw e AQ K, ww*a=aww* =a, ew*aw = w*awe =w*aw,

for all a € A, where A is identified with A ® ey ;.

Proposition4.2. Let C be a o-unital C*-algebra andletc € C4\{0} with0 < ¢ <1
be a full element of C. Suppose that there is e; € C with 0 < ey < 1 such that
eic =cey; = c. Then cCc is compact.

Proof. Set cCc = B. Consider the sub-C*-algebra
E = {(aij)2x2 tay11 € B,app € ﬁ,azl € ﬁ,azz € C} C Mz(C),
containing B; = B ® e1,; and C; = C ® e3 5 as full corners, where
{ei,jzlfi,j§2}
is a system of matrix units for M,. We may then in a natural way view B; ® K and
C, ® K as full corners of £ ® K. We may write
E® K = {(aij)zxz ca;1 € Bi® K, a;n € BC ® X,
an EC_B®J<, ar, € Cy ®JC} C Mz(C ® K).

We also write
Bz =B ® €22.

Moreover, let p; denote the range projection of By ® K and p, the range projection of
C1 ® K; then P1, P2 € M(E@JC) PutU = (aij)ZXz, where aj; = a1 = az, =0
and a;; = p;. Then,

Uce E® K

forallc € £ ® K, and
UxU*eB, @ K CCr,® K

forall x € B; ® K.
By 2.8 of [3], there is a partial isometry W € M(E ® K) such that

W*B1 @ K)W=CQK, WW*=p;, and W*W = p,.
Since W e M(E ® K), Wb € E® K forall b € B, ® K. It follows that

UpisWb=UWbe B,® K forallbe B, ® K.
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In what follows we identify B with B,. Put
w=W*'pU*=W*U".
Then, for any b € B(= B5),
(w)*b =UpWhbe B, ® K, w'bw=UWbW*U* € B, ® K(=B® K).

This also implies that w*is a left multiplier of B, ® K. So we may write w €
(B2 ® K)** (which we identify with (B ® K)**). Moreover, with

e = Up1W€1W*p1U* € B,® K(=B®K)
(where e := e1 ® e37),

ew bw = UWeyW*U*UWBW*U*
=UWeprbW*U* = UWe bDW*U = UWDW*U* = w*bw

for all b € B,. We also have
w¥bwe = ew*bw, ww*h=W*U*UWb = pb=>b, and bww* =5b

forall b € B,(= B).
Thus, B is compact. 0

Corollary 4.3. A o-unital full hereditary sub-C*-algebra of a o-unital compact
C*-algebra is compact.

Proof. Let A be a compact C*-algebra and let b € A be a full element. Put
B = bAb. Let e and w be as in Definition 4.1. Put ¢ = w*bw, B; = w* Bw, and
C = A® X. Then B =~ B;. Moreover, B; = ¢Cc and ec = ce = ¢. So, by
Proposition 4.2, B is compact. O

Lemma 4.4. Let A be a o-unital C*-algebra which is compact. Then, there exists an
integer N > 1, a partial isometry w € My (A)** and e € My (A) with0 < e <1
such that

w¥a, w*aw € My (4), ww*a = aww* =a, wrawe = ew*aw = wraw
foralla € A.

Proof. If A is unital, then we may choose N = 1 and e = 14.
Let b € Abe astrictly positive element with 0 < b < 1. We may assume, by Def-
inition 4.1, that A is a full hereditary sub-C*-algebra of a o-unital C*-algebra C such



Abbreviated title of paper 17

that there is e; € C with 0 < e; < 1 such that be; = b = e1b. Moreover, bCh = A.
Since b is full in C, by Lemma 3.4, there exist x1, X3, ..., X, € C such that

m
fokbxi = fi74(e1).
i=1

Note that
J1/a(e1)b = b = bfy/a(er).
Consider X * := (xfbl/z,xikbl/z, .. .,x,";bl/Z) as a 1-row element of M, (C). Then
X*X = fijaler) and XX* € My (b1/2CHV/2) = M, (A).
Consider the polar decomposition X = v|X*X|'/2 of X in M,,(C)**. Then
vav* = v|X*X|Y2a|X* X |V?*v* = XaX* € M)y(A) foralla € A.

Note that Xb!/" € M,,(A) for all n. Denote by p the range projection of b. Then
Xp € M, (A)**. Note also that

Xp = v|X*X|Y?p = vp.
Setw = (Xp)*. Then
w*=vp and ww* = pX*Xp = pfissler)p = p.
So w is a partial isometry. Note that, for any a € A,
w*b"a = vpb'"a = Xb'/"a € A.
It follows that w*a € A. Then
w¥aw = XaX* € My, (A) foralla € A.
Sete = XX*. Then,

wrawe = XaX*XX* = Xafi/a(e1)X™ = XaX* = w*aw
and ew*aw = XX*XaX* = Xfija(er)aX™ = XaX* = w*aw. (e4.])

O

Lemma 4.5. Let A be a o-unital compact C*-algebra. Then 0 & T(A)W. Hence,
ifa € Awith0 < a <1 is full, then there is d > 0 such that

di(a) >d forallt € T(A) .
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Proof. We may assume that T(A4) # @. As in the proof of Lemma 4.4, without loss
of generality, we may assume that A is a full hereditary sub-C*-algebra of B for
some (stable) o-unital C*-algebra B such that there is ¢; € By with 0 < e; < 1
and e;x = xe; = x for all x € A. Note that A C Ped(B). Since A is full in B,
we may also assume that each T € T(A) has been extended to a unique element
of T(B). Let ey € A4 be a strictly positive element of A. Recall from Definition 2.1
that TA)W is a weak*-compact subset of T1(A). Consider the set

S = {r € Ti(A) : t(fijaler)) = 1}.
Then S is closed and 0 ¢ S. Note that
T(A) = {t € T(C) : de(eg) = 1}.
Then, for any T € T(A),
t(f1/a(er)) = de(eo) = 1. (e4.2)

It follows that T(A) C S, and so TA)W C S. Therefore, 0 & TA)W.

Since a is full in A, t(a) > O for all non-zero traces. In particular, 7(a) > 0
forall T € mw. Thus, the lower semicontinuous function t — d;(a) is strictly
positive on the compact set mw. Therefore

d := inf {dr(a) 1T E mw} > 0. O

Corollary 4.6. Let A be a o-unital C*-algebra which is compact and let a € A be
a strictly positive element with 0 < a < 1. Suppose that

d = inf {d.(a) : T € T(A) } > 0.
Then, for any 0 < dy < d, there exists an integer n > 1 such that, for all m > n,
©(fi/m(a)) = do and @™y >dy forallt € T(A)W.

Proof. This holds as both increasing sequences (7( f1/m(a)))o—, and (t(a 1/ £ Bl

converge pointwise to d;(a), and T(A)" is comapct. O

Theorem 4.7. Let A be a o-unital C*-algebra. Then A is compact if and only
if Ped(A) = A.

Proof. Leta € A be a strictly positive element.
First assume that 4 is compact. We will identify 4 with A® e;; C A® K. Then
there exists ¢ € (4 ® JK)4 and a partial isometry w € (4 ® K )** such that

wxwe AR K, ww'x =xww* =x, w*xwe =cw*xw =w*xw

for all x € A.
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Set z = w*a'/?. Then zz* € Ped(4 ® K). Hence, by 5.6.2 of [38],
a=1z"z€Ped(A® K)4.

Therefore, the hereditary sub-C*-algebra generated by « is contained in Ped(4 ® KX).
In other words, A C Ped(4 ® K). By Theorem 2.1 of [51], A = Ped(A).

Conversely, assume that Ped(4) = A. Then there are b; € A4 with ||b; || < 1,
i =1,2,...,m,such that

m
a'> <" gi(bi),
i=1
where g; € Co((0, +00)) and the support of g; is in [0, +00) for some 1/2 > o > 0.
Note that for each i, g; = Zle gi,j for some 0 < g; ; < 1 with the support of g; ;

still in [0, 00). Thus, without loss of generality, we may assume that 0 < g; < 1.
Letc; = (g;(b;)"/2,i =1,2,...,m. Define

Z =(c1,¢2,...,Cm),
which we view as a m x m matrix with zero rows other than the first row. Define
E = diag(fo/2(b1)s fo/2(b2), .., fo/2(bm)) € Mm(A).

Note that

m
Z7* = ZC,Z >a and Z*Z = (di,j)mxm,
i=1
where
dijj =cicj, 1,j=12,....m.

It follows that
E(Z*Z) = E(¢i¢j)mxm = (Cicj)mxm = (Z*Z)E'
Consider the polar decomposition Z* = V|Z*|. Then Vx € M,,(A),

VV*Z| = |Z|VV* =|Z| and (VxV*)E = E(VxV*) = (VxV*)

forall x € (ZZ*)M,,(A)(ZZ*). Note that A C (ZZ*)M,,,(A)(ZZ*). This shows
that A is compact. 0

Lemma 4.8. Let A be a o-unital C*-algebra with0 & T(A)  and T(4) = R.T(A).
Suppose that A @ K almost has stable rank one and A has strict comparison (see
Definition 2.5). Then A is compact. Moreover, leta € Awith0 < a < 1 be a strictly
positive element, set

d = inf {d,(a) 1T E mw}
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and (see Lemma 4.5) let n be an integer such that nd > 1. There exist elements
e1,e3 € M (A) with0 < ey,ey < 1, ejes = eze; = ey, and w € M, (A))** such
that

w¥c,cw € M, (4), ww*c=cww* =c forallc € A, (e4.3)

and wrcwe; = eqwcw = w¥cw forallc € A. (e4.4)

Furthermore, there exist a full element bg € Ped(A) with 0 <bo <1 and eq € Ped(A) .
such that boeg = egby = by.

Proof. Let a € A4 with 0 < a < 1 be a strictly positive element. Since
— W —_— W

0&€T(A) , and T(A) is compact (see the end of Definition 2.1), and d.(a) is

lower semicontinuous, as stated in Lemma 4.5,

inf {d;(a) : T € T(A) } =d > 0.

Let n be an integer such that nd > 1. By Corollary 4.6 there exists ¢ > 0 such
that
inf {z(f:(a)) : T € T(A) } = do > 2d/3

and ndy > 1. So, forany 7 € T(A)w,
de(a) = 1 <ndo = nt(fs(a)) = de(fs(a)).

Therefore,
a < fela) ® en € My(A),

where e, = ly,,.
Put b = fi.(a) ® e, € M, (A). Since My (A) is assumed almost to have stable
rank one, by Lemma 3.2, there exists x € M, (A4) such that

x*x =a'? and xx* € b(M,(A))b.

By considering the polar decomposition of x in (M, (A4))**, one obtains a partial
isometry w € (M,,(A))** such that wA, Aw* C My (A),

w*we = cw*w =c¢ forallc € A4,
and wAw* C b(M,(A))b. Pute = f;/»(a) ® e, € M, (A). Then0 < e < 1 and
ewcw* = wew*e = wew* forallc € A.

This shows that A is compact. The second part of the statement with (e 4.3) and (e 4.4)
also holds.

For the last part of the statement, choose by = f¢(a) and eg = f;/2(a). O
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Definition 4.9. Let A be a o-unital C*-algebra and let e € A be a strictly positive
element. Set
As = inf {dr(e) ‘T E T(A)}. (e4.5)

By Definition 2.3, 0 < A; < 1. Since T(A)W is compact and 7 +— d.(e) is lower
semicontinuous,
As = min {d,(e) 1 €T(A) }

In particular, 0 & mw if and only if A; > 0. (So, by Lemma 4.5, if A is compact,
As > 0.

Now let A be a o-unital exact simple C*-algebra. Let e € Ped(A4)\{0}. Consider
the set of traces normalized on e,

Te(4) = {r € T(A) : t(e) = 1}.

It is a compact convex set (see [51, 2.6] and [27, 2.6]). If A has strict comparison, A
is said to have bounded scale if d;(a) is a bounded function on T.(A4) (see [1]). In
the absence of strict comparison, let us say that A has bounded scale if there exists
an integer n > 1 such that n{e) > (a) for any a € A. As first noted in [1], this
is equivalent to saying that A is algebraically simple, and this in turn (in view of
Theorem 4.7 above) is equivalent to saying that A is compact.

Proposition 4.10. Let A be a o-unital C*-algebra with 0 & T(A)W such that every
trace in T(A) is finite (equivalently, bounded) on A. Let BCA be a o-unital full
hereditary sub-C*-algebra. Then 0 € T(B) .

Proof. Letb € B with ||b|| = 1be such that B = bBb. Lete € Ay with | =1
such that A = eAe. N
Since b is full, 7(b) > Oforall t € T(A) . Then, by continuity and compactness,

1>r0=inf{r(b):temw}>0.

For any ¢ € T(B), the unique extension 7 € T(A) is finite, i.e., bounded, by
hypothesis. Set top = 1/||7|| € T(A) and t = ||| - To| . It follows (since to(b) > ro
and ||7]| > 1) that

t(b) = |Irll - ro = ro.

This shows that 0 & T(B)W. O
Proposition 4.11. Let A be a o-unital simple C*-algebra, Wlet ¢ € Ped(A) be a

positive element and set C = cAc. Then each T € TjC ) extends to a unique
element 1(t) € T(A). Moreover 1(T(C) ) is compact in T(A) and 0 € 1(T(C) ).

Proof. Note that the extension exists and is unique. So 1 is well defined. (Moreover,
the map 1 is one-to-one.) Note that, by Corollary 4.3 and Theorem 4.7, C = Ped(C).
Put K = T(C) . Then, by Lemma 4.5,0 ¢ K.



22 G. A. Elliott, G. Gong, H. Lin and Z. Niu

Consider 7, T € K such that 7,(b) — t(b) forall b € C. Let us show that
1(tg)(a) = 1(r)(a) foralla € Ped(A)+.
By the definition of the Pedersen ideal,
n
a<y g,
i=1

where y; € A4 and g € Cy((0, +00))+ has compact support, i = 1,2,...,n. It
follows from Lemma 3.4 that (g(y;)) < m{c) for some integer m > 1. (Recall
that, for any c1,co € A4, {c1 + ¢2) = ((1, l)diag(c1, c2)(1, 1)*) < {c1) + {c2).)
Therefore, (a) < nm{c). It follows that

dz('ca)(a)v d1(1:) (a) <nm. (C 46)

Then, forany b € aAa with |b|| < 1, |t(1y) ()| < nm and |1 (7)(b)| < nm. In other
words,

l1(ta)lgzgll =nm and |[l1(7)|; 75l < nm. (e4.7)
For any ¢ > 0, by Lemma 3.4, there are z;, z5, ..., zny € A such that
N
szczi = fe(a). (€4.8)
i=1
It follows that
Zal/zz*c’z a'’? = a'? f(a)a'/?. (e4.9)

i=1
Consider the element

b= Zal/zz*cz, 2 cada.

i=1
Setz/ = z;a'’2,i =1,2,..., N. Then, since cl/zzllef*cl/2 eC,

N N N

() 0) = Y1) G rez) = 3 1) (e iz e ?) = Y w22z )

N

N
_>Z_L, 1/2Z/Z/*c1/2) Zl(f)( I/ZZ/Z/*CI/Z)

i=1 i=1

N
=Y 10z ezi) = 1(1)(b). (e4.10)

i=1
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Since a'/? f,(a)a'’?> — a in norm, by (¢4.7) and by (¢4.9),

H(te)(@) — 1(7)(a).

This shows that : is continuous. Since K is compact, 1 (K) is compact in T(A). Since
0€K,0&1(K)=1(T(C) ). O

Definition 4.12. Let A be a o-unital C*-algebra with T(A4) # {0}. Suppose that
there is an element e € Ped(A)_ which is full in A.

Set A, = eAe. Since e is full, one has that Ped(4.) = A. (see the fourth
paragraph of Section 2.1). Then, by Lemma 4.7, A, is compact. Consequently,
by Lemma 4.5, 0 ¢ T(Ae)w. Assume that A is not unital. Each 7 € T(Ae)W
extends uniquely to a tracial state on A,. There is a canonical order-preserving
homomorphism

Pz, Ko(de) — Aff (T(4e)").

By [3], one may identify Ko (A) with Ko(A4,). The composition of maps from K¢ (A)
to Ko(A4e), then from Kg(A4,) to Ko (;fe) and then to Aff(T (Ae)w) is ahomomorphism
which will be denoted by p4. Denote by ker p 4 the subgroup of Ko (A4) (independent
of e) consisting of those x € Kg(A4) such that p4(x) = 0. Elements in ker p4 are
called infinitesimal elements.

5. Continuous scale and fullness

Definition 5.1. The previous section discussed C*-algebras with bounded scale. Let
us recall the definition of continuous scale ([27] and [31]).

Let A be a o-unital C*-algebra. Fix an increasing approximate unit (e,) for A
with the property that

enti1én = epeny1 = e, forallnm > 1.

The C*-algebra A is said to have continuous scale if, for any b € A4 \ {0}, there
exists N > 1 such that

em—en b, m>n>N.

This definition does not depend on the choice of (e,) above. By Theorem 5.3 below,
if A has continuous scale and T(A) # @, then A; = 1. (See Defintion 4.9.)

Remark 5.2. Let A be an exact simple C*-algebra such that A ® Z =~ A. Then,
by 6.6 of [19] (see also [43, 6.2.3]), the map (a) +> (a) is an isomorphism of the
ordered semigroup of purely non-compact elements of Cu(A4) with LAff4 (T(A)).
Hence Proposition 5.4 below implies that there exists a non-zero hereditary
sub-C*-algebra B of A ® K such that B has continuous scale.



24 G. A. Elliott, G. Gong, H. Lin and Z. Niu

In fact slightly more can be said. Leta € A be a strictly positive element. One
finds a non-zero element b € (A ® K)4 such that (b) is continuous and (b) < {(a).
Write C = A ® K and view A as a hereditary sub-C*-algebra of C. Note that C
is also Z-stable. It follows from part (ii) of Theorem 1.2 of [44] that there exists a
non-zero positive element b, € C suchthat b;C C aC such that (b?) = (b1) = (b).

Note that b% = b1b] € aCa = A. In other words, A contains a positive element by

~

such that (b;) is continuous.

Thus, Theorem 5.3 and Proposition 5.4 below imply that there exists a non-
zero hereditary sub-C*-algebra B of A such that B has continuous scale (see
Corollary 11.9 below).

Theorem 5.3 (cf. [31]). Let A be a o-unital non-elementary simple C*-algebra with
continuous scale. Then:

(1) T(A) is compact;
(2) d(a) is continuous on T(A) for any strictly positive element a of A;
(3) d:(a) is continuous on T(A)W for any strictly positive element a of A.

Conversely, if A has strict comparison for positive elements using tracial states (see
Definition 2.5), and A is algebraically simple, then (1), (2), and (3) are equivalent
and also equivalent to each of the following conditions:

(4) A has continuous scale;
(5) d:(a) is continuous on T(A)W for some strictly positive element a of A;

(6) d;(a) is continuous on 'T(A) for some strictly positive element a of A.

Proof. Most parts of the theorem are well known. That (1) holds is perhaps less well
known.

Since A has continuous scale, A is algebraically sim‘Ple ([27, 3.3]). In particular,
A = Ped(A). As noted in Definition 2.1, K = T(A) is compact (as a subspace
of T(A)). Leta € A be a strictly positive element. Fix an element b € A4 \ {0} with
6] = 1. Put

B = f1/2(b)Af1/2(b).

Since A is not elementary, B contains infinitely many mutually orthogonal non-zero
elements {x,} with0 < x, < 1,n = 1,2,.... By repeatedly applying Lemma 3.5.4
of [29], one then finds, for each n, n non-zero mutually orthogonal positive elements
{Xn,1,Xn2.....Xnnyin A with0 < x,_; < 1 such that

Xn,1 S Xn,2 <3S Xn,n

(see also [27, 2.3]).
Note that ( f;/3(b)) is bounded on K and

d:(f1/4(b)) < t(f1/8(b)) forallT € K. (e5.1)
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Since f1/4(b)Xp,j = X, forall 1 < j < n and all n, it follows that, for any & > 0,
there exists X, (),1 such that d;(x(),1) < ¢ forall = € K. Note that

d.(a) = nlggo 7(fij2n(a)) forallt € K.

Note that, with e, = f1/on(a),n = 1,2,..., (e,);2, forms an approximate identity
with e, 1€, = e, for all n. Since A has continuous scale, for any ¢ > 0, there exists
N > 1 such that

em —en S Xp),1 forallm>n>N.

In particular,
T(em) —t(ey) <& forallt € K. (e5.2)

It follows that d; (@) is continuous on K. Since d;(a) = 1 on T(A) and T(A) is dense
in K,d;(a) = 1forall t € K. This implies that T(A) = K. This proves (1) and (3).
Note that (2) is equivalent to (3), as A = Ped(A), and so T(4) = R, T(A).

Conversely, suppose that A is as stated, suppose that d;(a) is continuous, and
consider the increasing sequence e, = fi/on(a), n = 1,2,.... Then, by Dini’s
theorem, 7(ey) converges to d;(a) uniformly on K. It follows that for any non-zero
b € A4, there exists N > 1 such that

d.(em; —en) <d (b) forallt € T(A)andforallm >n > N.

(Indeed, from (em+2 — en)(€m+1 — €nt1) =€m+1 — en+1 for all m > n follows
de(em+1—en+t1) < 1(em+2—en) = t(€m+2) — t(e,) — Ouniformly on K.) Since
A has strict comparison for positive elements, it follows that,

em—en, <b forallm>n=> N.

Thus, A has continuous scale.

In other words, in this case, if A does not have continuous scale, d;(a) is not
continuous on K. In particular, d;(a) is not identically 1. This implies K # T(A).
The proof above that (1) and (3) hold shows that, under the assumption that A is as
stated in the second part of the theorem, the statements (1), (4) and (5) are equivalent.
Since (5) and (6) are equivalent, these are also equivalent to (6). Since the notion
of continuous scale is independent of the choice of a, these conditions are also
equivalent to (2) and (3). ]

Proposition 5.4. Let A be a o-unital exact simple C*-algebra with strict comparison
for positive elements. Suppose that T(A) # 0. Let a € Ay be such that d.(a)
is continuous on "T(A) Then aAa has continuous scale. If. in addition, A is
algebraically simple and d.(a) is just assumed to be continuous on T(A) ", then aAa
has continuous scale.
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Proof. Put B = aAa. We may assume that a # 0. Choose a non-zero element
¢ € Ped(A) with0 < ¢ < 1. Put C = cAc. By Corollary 4.3 and Theorem 4.7,
C =Ped(C). Put K = T(C) . Then, by Lemma 4.5,0 ¢ K.

Note that each v € K extends uniquely to an element of "T(A). Leti: K — "T(A)
denote this map as in Proposition 4.11. By Proposition 4.11, 0 & 1(K) and 1 (K) is
compact. Therefore d.(a) is continuous on 1(K). Lete, = fi/n(a),n =1,2,....
Then (e,);2, is an approximate identity for B such that e, 11e, = e, for all n.
Then d;(e,) ' d;(a) uniformly on the compact set K. For any by € B \ {0}, there
exists N > 1 such that, forallm >n > N,

d. (e — ey) < di(bg) forallt € K. (e5.3)

Since K generates T(A) as a cone, (e5.3) holds for all T € T(A) \ {0}. It follows
that, forallm >n > N,
em —en < by. (e5.4)

Therefore B has continuous scale. 5
The last part of the statement follows since T(4) = R T(A4). O

Now we turn to the important concept of local uniform fullness.

Definition 5.5. Let A be a sub-C*-algebra of a C*-algebra B. An element
a € A4 \ {0} is said to be uniformly full in B, if there are a positive number M (a) > 0
and an integer N(a) > 1 such that, for any b € B with ||p|| < 1 and any & > 0,
there are x; (a), x2(a), ..., Xn(a)(a) € B such that

[xi(a)|l = M(a), n(a) < N(a),
and

” %xi (@)*axi(a) — bH <e.
i=1

In this case, we shall also say that a is (N(a), M(a)) full.

We shall say that a is strongly uniformly full in B, if the above property holds
with ¢ = 0 and replacing “< ¢” by = 0.

We shall say that A is locally uniformly full, if every element a € A4 \ {0} is
uniformly full; and we say A is strongly locally uniformly full if every a € A4 \ {0}
is strongly uniformly full.

If B is unital and A is full in B, then A is always strongly locally uniformly full.
In fact, for each a € A \ {0}, there are x1, x2, ..., X, € B such that

m
E xfax; = 1p.

i=1

Choose M(a) = max{||x;|| : 1 <i <m}and N(a) = m.
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Let A be a C*-algebra, let B be non-unital C*-algebra, and let L: A — B be a
positive linear map. Let F: A4 \ {0} — N x (R4 \{0}). Suppose that # C A4 \ {0}
is a finite subset. We shall say that L is F-#-full if, for any a € J#, forany b € By
with ||b]| < 1, and any & > 0, there are x1, X3, ..., X;; € B suchthatm < N(a) and
lx; || < M(a), where (N(a), M(a)) = F(a), and

H ix;"L(a)xi — bH <e. (e5.5)
i=1

We shall say L is exactly F-J#-full, if (e 5.5) holds for ¢ = 0.

Proposition 5.6. Let A be a non-zero o-unital sub-C*-algebra of a C*-algebra B.
Suppose that B is o-unital and algebraically simple. Then A is strongly locally
uniformly full in B.

Proof. Let b € A be a strictly positive element. Then bBb is a full hereditary sub-
C*-algebra B. It suffices to show that bBb is strongly locally uniformly full in B.
Put B; = bBb. In what follows we will identify B with B ® e; in M,,(B).

Since B is algebraically simple, B = Ped(B). By Theorem 4.7, B is compact.
Applying Lemma 4.4, let ¢ € M,(B) for some n > 1 with 0 < ¢ < | and
w € My (B)** be such that

w¥a, w*aw € M,(B), ww*a =aww* =a, w*awe =ew*aw = w*aw

for all @ € B. Note that also aw € M, (B) for all a € B.
By Lemma 3.4, for any 1/4 > ¢ > 0 and any @ € (Bp)+ \ {0}, there are
X1,X2,...,Xm € My (B) such that

fe(e) = Zx;kaxi.
i=1

Let p denote the range projection of B. Then px; € M, (B) fori = 1,2,...,m.
We may assume that px; = x;,1 = 1,2,...,m.
Fix x € B4 with ||x|| < 1. Then
fe(@w xw = wrxwfi(e) = w*xw.
Let M(a) = max{||x;|| : | <i <m}and N(a) = m. Then,

w*x' 2w f(e)w*x?w = w*xw.

Therefore,
x2wf(e)w*xV? = ww*xw)w* = x.
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Put z; = xw*xl/z, i = 1,2,...,m. Then z; € B, i =1,2,...,m. Then
|zill < M(a) and

m m
Zz;“azi = xl/zw(in*axi)w*xl/z
i=1 i=1
x12wf(e)w*x/? = x. (€5.6)
O

Theorem 5.7. Let A be a o-unital simple C*-algebra with A = Ped(A) and with
T(A) # 0. Fix an element e € A4 \ {0} with |le|| = 1 and

0<d< min{inf{r(e) : T € T(A)},inf{r(f1/2(e)) : T € T(A)}}.

Then there exists amap T: A+ \ {0} = N x (R \ {0}) with the following property:
For any finite subset #, C Al \ {0}, there are a finite subset § C A and § > 0
satisfying the following condltlans For any C*-algebra B with QT(C) = T(C )
for all hereditary sub-C*-algebras C of B, and T(B) # 0, and 0 ¢ T(B) , with
strict comparison and such that B ® K almost has stable rank one, and for any
G -6-multiplicative completely positive contractive map ¢: A — B such that

t(f1/2(@(e))) > d/2 forall t € T(B),
necessarily ¢ is exactly T-H1-full. Moreover, for any ¢ € 1,

d
min{M(c)2- N(c) : c € J1}

T(f1/2(p(0) = ¢ forall T € T(B).

Proof. Since A is a simple C*-algebra with A = Ped(A), there is a map
Ty: As \ {0} — N x (R4 \ {0})

such that the identity map id 4 is exactly T7-A+ \ {0}-full.
Write T = (N1, M), where N1: A4 \{0} — N and M1: AL \{0} — (R4 \{0}).
Let n > 2 be an integer such that nd /2 > 1. Set N = 2nN; and M = 2M; and
T = (N,M). Let #; C Ay \ {0} be a fixed finite subset.

Suppose that x; 5, ..., XN, ),n € A With ||x; | < M;(h) are such that
Ni(h)
Z xi*,hhzxi,h = fi/6a(e) forallh € H. (e5.7)

i=1

Choose alarge enough¥ C A and small enough é > 0 that, for any §-§-multiplicative
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completely positive contractive map ¢ defined on A4,

lle(f1/64(e)) — fi/6a(@(e))]l < 1/64 (e5.8)
N1i(h)

and | Y 0G0 e(xin) — fijes(e(@)| < 1/64  forallh e .
i=1

(€5.9)

Now let ¢: A — B (for any B that fits the description in the statement of the theorem)
be a §-6-multiplicative completely positive contractive map such that

t(fi/2(¢(e)) = d/2 forallt € T(B) . (5.10)

Applying Lemma 3.1 (using (¢5.9)), one finds y; , € B with ||y; 4| < 2|xi ],
i =1,2,...,Ni(h), such that

Ni(h)
Z Vi) yin = fine(p(e)) forallh € H,. (e5.11)

i=1

By the hypotheses on B, and since A is o-unital, applying Lemma 4.8, we may
choose e1,e; € My, (B)+ and w € M, (B)** as described there. Put

Eo = f13(p(e)) ® 124 (e5.12)
and Er = fij16(p(€)) ® 12y € Man(B)+. (e5.13)

Then, by strict comparison,
e2 < Eo € Man(B).
Since B almost has stable rank one, there exists a unitary u € M,, (B) such that

u* fi/16(e2)u € Eo(M2,(B))Ey.

Then
u* fine(e)uEr = Equ™ fiji6(e2)u = u™ fi16(e2)u. (e5.14)
We then may write
2nNy (h)
> Gl e)?y), = Ey forallh € J,
i=1
where ylf,h € M,,(B) and ||ylf’h|| = ||y;nll for some j € {1,2,...,Ni(h)}, i =
1,2,...,2nNy(h). Then

2nNy(h)

Z (f1/16(62)1/2uyl{’h*)(p(h)z(yl{’hu*f1/16(62)1/2) = f1/16(€2)-

i=1
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Therefore, for any b € By with ||| < 1,

2nNy(h)

Y (Wb Pw)(finsle) Puyi,”)
= () o)) ? (v ju* fijns(e2)/?) (w*b'2w) = w*bw.
Then

2nN1(h)

Z (6'2w)(fi/16(e2)Puy "o ()'/?)
= <o) (v yu* fijr6(e2) ?)w*b "> = b,

Note that 5'/%w € M,,(B) and Ji/16(e2) € M, (B). Therefore,

(b1/4w)f1/16(€2) € M, (B).

It follows that

(6'2w)( fij16(e2)Puyl " ()"/?) € B (€5.15)
and | (bl/zw)(fl/ls(ez)1/2uyi"h*(p(h)1/2) | <2M(n) forallh € ¥;. (¢5.16)

This implies that ¢ is exactly T-#-full. O

Remark 5.8. In the light of Proposition 6.3 below, Theorem 5.7 can be applied with
C*-algebras B in the class €’ defined just before Remark 6.2.

6. Non-unital and non-commutative one dimensional complexes

Definition 6.1. Let F; and F; be two finite dimensional C*-algebras. Suppose that
there are homomorphisms ¢, ¢1: F1 — F>. Consider the mapping torus My, ¢,:

A= A(F1, F2,¢0,¢1)
={(f.g) € C([0,1], ) ® Fy : f(0) = po(g) and f(1) = ¢1(g)}-

Fort € (0, 1), define
A —> P by m:((f.8)) = f(1) forall (f, g) € A.

For ¢t = 0, define

mo: A = @o(F1) C F, by mo((f.8)) = ¢o(g) forall (f. g) € A.
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Fort = 1, define

m1:A— @1(F1) C F2 by mi((f. g) = ¢1(g) forall (£, g) € A.

In what follows, we will call &; a point evaluation of A at z. There is a canonical
map .: A — F; defined by 7. (f, g) = g every (f, g) € A. Itis a surjective map.

The class of all C*-algebras described above will be denoted by €. If 4 € €,
then A is the pull-back of

Ao _ = C ([0, 1], F»)

| e l(no,m) (e6.1)

(¢0,
F ©0,91) Fo® F.

Every such pull-back is an algebra in €. Infinite dimensional C*-algebras in € are
sometimes called one-dimensional non-commutative finite CW complexes (NCCW)
(see [12] and [13]) and Elliott—-Thomsen building blocks (see [15]).

Suppose that

Fy = Mg,(C) & Mp,(C) & -+ & Mg,(C)
and F2 = Mrl ((C)GBMQ(C)@@MU(((C)
In what follows we may write

k

c([o. 11, F2) = @ c(l0.11;. My, ).

Jj=1

where [0, 1]; denotes the j-th interval.
Denote by €y the class of all C*-algebras A in € which satisty the following
conditions:

(1) Ki(4) = {0}; 2) Ko(A)+ = {0}; (3) 0 ¢T(A)".

C*-algebras in € are stably projectionless. Condition (3) is equivalent to compact
spectrum.

Examples of C*-algebras in €, can be found in [41]. Let F; = My forsome k > 1
and F>, = M, 4 1)k for some m > 1. Define ¥, ¥1: F1 — F» by

m m+1

—— ——
Yo(a) = diag(a,a,...,a,0) and y(a) = diag(a,a,...,a,a)
for all a € F,. Let us write

A= A(Fl, Fz,Wo, Wl) = R(k,m,m + 1) (e6.2)



32 G. A. Elliott, G. Gong, H. Lin and Z. Niu

Then, as shown in [41], Ko(A4) = {0} = K;(A) and itis easy to check that 0 ¢ T(A)W.
Lete € R(k,m,m + 1) be a strictly positive element. Then (see Definition 4.9)

As(R(k,m,m + 1)) = inf {dt(e) 1t e T(R(k,m,m + 1))} =m/(m+ 1).

Denote by R,, the class of C*-algebras which are finite direct sums of C*-algebras
asin (e 6.2).

Denote by ‘68 the subclass of C*-algebras in €y which also satisfy the stronger
condition (2") Ko(4) = {0}.

Let F; = C & C, F, = M,(C). For (a,b) € C & C = Fy, define

Yola,b) = diag(a,a...a,b,b...b,0,0)

— —

n—1 -1

and Y1(a,b) = diag(a,a...a,b,b...b).

Then A(Fy, F», Yo, Y1) = A has the property that Ko (A) isequalto {(k, —k) e Z D7)}
(which is isomorphic to Z) but Ko(A)4+ = {0}. Also, K;(4) = {0}. Thus 4 € €y
but 4 ¢ €.

Let €’ denote the class of all full hereditary sub-C*-algebras of C*-algebras in €,
let €; denote the class of all full hereditary sub-C*-algebras of C*-algebras in €y,
and let 1?8/ denote the class of all full hereditary sub-C*-algebras of C*-algebras
in €).

Remark 6.2. Let A = A(F1, F2, Yo, V1) € €. Then Aee. Moreover, A=
A(F/, F>, ¥, ¥) with both ¥, and ¥{ unital, defined as follows:

Let F{ = F; @ Candlet p = Yo(lF,) € F> and g = ¥1(1F,) € F>. Define

Vo, 1 F{ — F> by

Yo((a, 1) = Yo(a) ® A - (1p, — p) and ¥i((a. 1)) =Y1(a) - (1F, —q)

foralla € Frand A € C.

One checks that K (A) is finitely generated (see [22, Proposition 3.4]). In fact,
Ko(A)4 is finitely generated (see [22, Theorem 3.15]). Let 7: A — C denote the
quotient map. Suppose that {[p;] : 1 < i < k} generates the semigroup Ko(A4).
Let x € Ko(A) C Ko(A). Then

M»

(milpi]l — nilpi]) = [p] - [q].
i=1

where m; > 0,n; > 0 and p,q € My (/’f) (for some integer N > 1) are projections

such that . .
[Pl =) milp] and [q] =) nilpil.
i=1 i=1
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One also has, since x € K¢(A4), 7(p) and 7 (g) are equivalent in My . Let n denote
the rank of 7 (p) and r; the rank of w(p;), 1 <i < k. Then

k k
Zm,-r,- =n= an.
i=1

i=1
Consequently,

k
(D= 0mi((1pi) = ral1 ) = (malpi] = i1 41)))
i=1
k k
= (Zmi[Pz’] —n[lg]) — (nilpil —nl14]) = Z (mi[pi]l — nilpi]) = x.
i=1

i=1

(€6.3)
It follows that Ko (A) is generated by

{(lpil —rillgz]) 1 1 <i <k}.

In other words, Ko (A) is finitely generated.
Since A € €y, either ¥ or ¥ is not unital. Hence at least one of v and v/ is
non-zero on the second direct summand C in F|{ = F; & C.

Proposition 6.3. (1) Letr A € €'. Then, for any ay,a, € Ay, ay < a, if and only if

dyor(m(ay)) < dyor(7(az))

for every irreducible representation w of A, where we use “tr” for the tracial
state on matrix algebras.

(2) Let A € €, and let ¢ € A4+ \ {0}. Then c is full if and only if T(c) > 0 for
any t € T(A).

Proof. (1) We first consider the case that A € €. By considering A, one sees that
this case follows from 3.18 of [22].

Since a C*-algebra A € €’ is a hereditary sub-C*-algebra of some B in €, it is
easy to see that A also has the above-mentioned comparison property.

(2) Let us first assume again that A € €. Itis clear that if c € A4 and 7(c) = 0, for
some t € T(A) then ¢ has zero value somewhere in Sp(A4) = |_|j (0,1); U Sp(f1).
Therefore ¢ is in a proper closed two-sided ideal of A.

Now assume that 7(c) > 0 for all T € T(A). It follows that 7w (c) > 0 for every
finite dimensional irreducible representation of A. Therefore c is full in A. In general,
let A be a full hereditary sub-C*-algebra of B € €. Letc € A;+. Thenc € A4 is
full if and only if it is full in B. Therefore, the general case follows from the case
that A € €. O
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Proposition 6.4. (1) Every C*-algebra in €’ has stable rank one;

(2) If A € € and A is unital, then the exponential rank of Ais atmost2+¢. If A € €
and A is not unital, then A has exponential rank at most 2 + &;

(3) Every C*-algebra in € is semiprojective;

(4) Let A € € and let k > 1 be an integer. Suppose that every irreducibvge
representation of A has dimension at least k. Then, for any f € LAffo4(T(A) )
with f <1, there exists a positive element a € M3 (A) such that

max, de(a) — f(D)] = 2/ k.

Proof. (1) follows from 3.3 of [22].
(2) follows from 3.16 of [22] (see also [36, 5.19]).
(3) It was shown in [12] that every C*-algebra in € is semiprojective.

(4) follows the same proof as 10.4 of [22]. ]

7. Maps from 1-dimensional non-commutative complexes

Lemma 7.1 ([6, Lemma 2.1]). Let A be a simple C*-algebra with A = Ped(A) and
n > 1 be an integer.

Leta € M, (A)+ \ {0} be such that 0 is a limit point of the spectrum of a. Then,
for any & > 0, there exist § > 0 and a continuous affine function f:T1(A) — R+
with f(0) = 0 such that

de((@ —€)4) < f(1) <de((a—8)4) forallt € T(A) .

Proof. This is essentially proved in the proof of Lemma 2.1 of [6]. Note that
dy(b) > 0 for any b € M, (A)4 \ {0} and for any T € Ty(A) \ {0}. As the proof
there, there are

O<d<m<m<e

such that
di((@a —¢e)4) <de((a—m)+) <de((@—m2)4) <de((@a—8)+)
forall T € T(A) . Let f,(t) = ©(fi/n((a — n2)+)) forall T € Ty (A). Then

fn/m-i-

on the compact set T(A)W and f, € Affo+(T1(A)). The rest of the proof is a com-
pactness argument and an application of the Portmanteau theorem (and f* = f,, for
some large ng). ]
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Lemma 7.2. Let A be a (non-unital) simple C*-algebra which almost has stable
rank one. Suppose that A = Ped(A) and the canonical map

1: W(A) — LAff, 1 (T(A)")

is surjective.
Let 0 < a < 1 be a non-zero element of A which is not Cuntz equivalent to a
projection. Then, for any & > 0 there exist § > 0 and an element e € A with

0= fela) <e =< fs(a) (e7.1)
such that the function T — d.(e) is continuous on T(A)W.

Proof. Fix ¢ > 0. By Lemma 7.1, there are continuous affine functions g, g, €
Affy(T1(A)) such that

de(fers(@) < g1(r) < de(f5, (@) < g2(7) < de(f3,(@)) forallT € T(A)",
(e7.2)
where 0 < §, < §; < 1. Since ¢ is surjective, there is ¢ € M,,,(A)+ for some m > 1
such that d;(¢) = ga(7) forall T € T(A)W. It follows from Lemma 3.2 and (e 7.2)
that there exists x € My, (A) such that

x*x =c and xx* € fs,(a)Afs,(a).
Put ¢ = xx*. Then 0 < ¢g < 1. Note that
d;(co) = de(c) forall T € T(A) . (e7.3)
Since g1 is continuous, there is m > 2 such that
€1(0) < ©(fi/m(co)) forall T € T(A) . (e7.4)

By (e7.2) and Lemma 3.2 again, there is a unitary u in the unitization of
Js,(a)Afs,(a) such that

u* fers(fesg(@)u € fiym(co)Afiym(co)- (e7.5)
Set ¢y = ucou™. Then
Jess(fers(@)) € fiym(c1)Afiym(c1) C c1Acy. (€7.6)

Thereisa g € Co((0, 1]) with 0 < g < 1 such that g(¢) # 0 forall ¢ € (0, 1],

g(t)fl/m = fl/m-

Put e = g(cy). Then
{e) = (c1) = (co) = (c).
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Moreover,
d:(e) = d;(c1) = g2(7) forall T € mw (e7.7)
and
fela) < fors(fers(a)) < e < fs,/2(a). (e7.8)
Choose § = 6,/2. O

The following theorem is a restatement of a result of Robert.

Theorem 7.3 ([43, Proposition 6.2.3]). Let A be a stably projectionless simple
C*-algebra with stable rank one. Suppose that A = Ped(A) and the canonical map

1:Cu(A) — LAfFo4 (T(A)")

is an isomorphism of ordered semigroups. Then the map defined in (6.6) of [43] is
an isomorphism of ordered semigroups.

Moreover, if a,b € (A ® K)4 with (m(a)) = k < 400, (n(b)) = m < +o0,
where w: A — C is the quotient map, are such that

de(a) +m < d;(b) + k forallt € T(A) , (e7.9)
then
(a) + m(1z) < (b) + k(1). (e7.10)
Furthermore, if either {a), or (b) is not represented by a projection, and
de(a) +m <d;(b) + k forallt € T(A)", (e7.11)
then {a) < (b).

Proof. The proof of 6.2.3 of [43] applies since we assume that A has stable rank
one and the conclusion of 6.2.1 of [43] holds for A ® K. Denote the map defined
in (6.6) of [43] by I'. For the reader’s convenience we include a detailed proof that
the inverse of I' is order preserving, since we will use this in an important way. Let
us first check that the inverse of I restricted to the elements LA (T(A)) is order
preserving.

We will use some notation from [43] (but recall that our T"(A) is To(A) in [43]).
Let a; € Cu(A), (a1) # (p) for any projection and (r(a;)) = k. Suppose also
that (@) € Cu(A) such that (r(as)) = m, where k and m are integers, and

— e~~~

(a1) = k(1) < {(az2) —m(1z). (e7.12)
There are 81, B2 € Aff 4 (T(A)) and y1,y2 € LAff 4 (T(A)) such that

{a1) + Br = k(13) + 71, (e7.13)

(az) + B2 = m(lz) + y2, (e7.14)

and y1—PB1 < y2 — Ba. (e7.15)
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Note that we have used the notation in the proof of 6.2.3, and in particular, we identify
B1, B2, y1, y2 with elements of Cu(A4). Thus,

Yi+B2=y2+ b1 (e7.16)

and {ar) + B+ P2+ m(lz) = (k +m)(l7) +y1 + B2 (e7.17)
sk +m)1z) +r2+ b (e7.18)

=k(1z) +(a2) + P2+ B1.  (€7.19)

Put 8 = B1 + B2. We have
(a1) + B +m(ly) < k(lz) + (a2) + B. (e7.20)

Exactly as proved in 6.2.3 of [43], one has

(a1 —e)y)+ B L (a1) + B (e7.21)
which implies that, also,
(a1 —e)+) +B+m(lz) < {a1) + B +m(ly). (e7.22)
Therefore,
(a1 —e)4)+B+m(lz) <k(lz)+ (a2) + B. (e7.23)
Since A has stable rank one, by weak cancellation ([49, 4.3]),
(a1 —e)+) +m(15) < (a2) + k(1 7). (e7.24)
It follows that
{a1) +m(lz) < {a2) +k(17). (e7.25)

In particular, this shows that I" is injective.
Note that, above, we do not assume that (a) is not represented by a projection.
Therefore it remains to show the following:

If ({a) — k(17))"< ({(b) =m(1 7)) on T(A)", then
(a) —k(1z) < (b) —m(ly)

for all (a) — k(1 3), (b) —m(1z) € Cu™(A).

We only need to consider the case that () is represented by a projection. Then (a)
is continuous. It follows that there are non-zero elements B¢, 8 € Aff 1 (T(A4)) such
that

(@) + B+ Bo+m(17)) < ((b) + B +k(15) onT(A)". (e7.26)
Since A is stably projectionless, from what has been proved,

(@) + B+ Po+m(lg) = (b) + B+ k(7). (e7.27)
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Then, since (a) is represented by a projection,

(@) + B+ (1/2)po +m(lz) < (a)+ B+ fo+m(ly)

=)+ B+k(1y). (e7.28)
By the weak cancellation,
{a) + (1/2)fo +m(lz) = (b) + k(17). (e7.29)
It follows that
(@) +m(l7) < (b) +k(15). (e7.30)
O

Lemma 7.4. With the same assumptions on A as in Theorem 7.3, we have the
following statement: Let 0 < a < 1 be a non-zero element of A ® X with 7(a)
a projection of rank m for some integer m > 1 and a not Cuntz equivalent to a
projection. Then, for any 1/2 > & > 0 there exist 1 > § > 0 and an element
e € AQ X with

0 < fela) e = f52(a) (e7.31)
such that the function Tt +— d(e) is continuous on mw.

Proof. Note that this statement is similar to that of Lemma 7.2 (the case m = 0).
By the last statement of Lemma 3.2, we may assume that, for any ¢ > 0, there
exists n > 1, fo(a) € M,(A). By Lemma 7.1, there exists f* € Affg+(T1(A4)) such
that, for some § > 0.

de(fe(@) < f(r) <de(f3(a)) forallt e T(A) .

Since we assume that (@) is a projection, 7(fe(a)) = n(fs(a)) = w(a), where
n: A — C is the quotient map. The surjectivity of I" in Theorem 7.3 implies that
there is ¢ € (A ® K)4 such that w(c) = n(a),

dr(c) = f(r) and (fy5(a)) < () < (fs(a)). (7.32)

It remains to show that we can find e with (e) = (c) but also satisfies (¢ 7.31). For
this we will use the same argument used in the proof of Lemma 7.2. Since A has
stable rank one, the proof may be completed as in Lemma 7.2. 0

We shall need the following two lemmas.

Lemma 7.5 (6, Lemma 2.2]). Let A and a € (A ® K)y be as in Lemma 7.4.
Then there exists a sequence (a,)7—, of elements in (A ® K)4 which satisfies the
following:

(1) (a) = sup,{an);
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) a, € Mn(k)(g)for some n(k) € N and (rw(a,)) = (w(a)), where m: A — Cis
the quotient map;
(3) the function t +— d.(ay) is continuous on T(A)Wfor eachn € N; and
(4) de(an) < de(ans1) forall T € T(A) andn € N.

Lemma 7.6. Let A be as in Theorem 7.3. Suppose that a,b € Ped(lzf ® K)+
(with 0 < a < 1and 0 < b < 1) such that neither are Cuntz equivalent to a
projection. Suppose that {a) < (b). Then there exist § > 0 and ¢ € Ped(;f ® K)+
with 0 < ¢ < 1 such that

(@) < (f5()), foja(c) < fsa(b), and inf{z(f5(c))—dc(a): v € T(A) } > 0.
(€7.33)

Proof. By Lemma 7.5, choose b, € (4 ® K)4 such that (b,) satisfies (1)~(4) in
Lemma 7.5. Since (a) < (b), there is ng > 1 such that {(a) < (b,) for all n > ny.
Therefore we have

dr(a) = dr(bno) < dr(bno-H) < dr(bno-i-z) < dr(bn0+3) = dr(b)- (e7.34)

Note that

t(fin(0)) /" de(b) and  T(fi/n(bng+1)) /" de(bngt1)-

It follows from 5.4 of [34], for example, that there exists n; > 1 such that, for
alln > ny,

t(fi/a(®)) > de(bug+2) and  ©(fi/n(bug+1)) > de(bny)) forall v € T(A)".

Note that w ( f1/2, (b)) = 7(b) and (7 (b,)) = (7 (b)). By Theorem 7.3, we conclude
that

(f1/2n(0)) = (bng+2) and  (f1/2n(bng+1)) Z (bng)-

Putc = b 1. Since A has stable rank one, one may assume that f/2,(c) < f1/4(D).
Thus we may choose 0 < § < 1/2n;.

Since mw is compact and both functions in the above inequality are continuous,
together with (e 7.34), we obtain

inf {t(f3(h)) —d.(a) : T € T(A) } > 0. O

In what follows, € is the collection of all C#*-algebras which are inductive
limits of full hereditary sub-C*-algebras of 1-dimensional non-commutative CW
complexes with trivial K; groups whose connecting maps are injective.
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Definition 7.7. Fix a C*-algebra C € €. A C*-algebra A is said to have the
property (R) associated with C, if the following condition holds: For any finite subset
F C C and ¢ > 0 there exists a finite subset G C Cu™(C) such that for any two
homomorphisms ¢, y: C — A, if

Cu™(p)(g") < Cu™(¥)(g) and Cu™(¥)(g") < Cu™(p)(g) (€7.35)

forall g’, g € G with g’ < g, then there exists a unitary u € A such that

lu*o(Hu—v(f)|| <e forall f € F. (e7.36)

This definition is taken from 3.3.1 of [43] and we adapt the notation from there.
Note, by 3.3.1 of [43], every C*-algebra with stable rank one has the property (R)
associated with C.

Theorem 7.8 (See [43, Theorem 3.3.1], [36, Theorem 5.2.7], and [22, Theorem 8.4]).
Let C be in €Y and assume that Ped(C) = C and let A: C?1 \ {0} — (0, 1) be an
order preserving map. Then, for any ¢ > 0 and any finite subset ¥ C C, there exist
a finite subset § C C, a finite subset P C Ko(C), a finite subset 1 C Ci \ {0}, a
finite subset 3 C Cs,, 6 > 0, and y > 0 satisfying the following condition: for any
two §-8-multiplicative contractive completely positive maps @1, p2: C — A for some
C*-algebra A with A = Ped(A) which is o-unital, simple, stably projectionless,
almost has stable rank one, and has the property that the map

Cuy(A4) — LAffo1(T(A)")

is an isomorphism of ordered semigroups, such that

[p1llp = [@2]l2, (e7.37)
t(pi)@) > A@)  foralla € ¥, andforall T € T(A) ., (e7.38)
lT(@1(D)) — t(p2(b))| <y forall b € 3 and for all T € T(A) ", (e7.39)

there exists a unitary u € A such that

lu*oa(Hu — o1 (f)|| <& forall f € F.

Proof. We will use 3.3.1 of [43].

Let ¢ > 0 be given. There exists eg with £¢/16 > g¢ > 0 satisfying the following
condition: In any C*-algebra, if 0 < x < 1 is an element in the C*-algebra and
lxg —gll <é&oand | gx —g| < & forany ||g|| <1 in the C*-algebra, then

||x1/2g — gx1/2|| < &/64. (e7.40)

Let us first assume that C is a single full hereditary sub-C*-algebra of a 1-dim-
ensional non-commutative CW complex. Fix gg > 0 as above and ¥ C C. Let
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G C Cu™(C) be as required by Property (R) associated with C for £¢/16 (in place
of ¢) and . Without loss of generality, we may assume that ¥ is contained in the
unit ball of A.

Recalling that C has stable rank one, as shown in [43], we may assume that G
consists of a finite subset » C Ko(C) and a finite subset

{[al] —ki[l4]. [a2] - kz[lé]’ ce ,km[lé]}

of the Cuntz semigroup of Cu™(C) such that [a;] can be represented by positive
elements 0 < a; < 1 in C ® K which are not Cuntz equivalent to a projection, and
k; are non-negative integers, i = 1,2,...,m. Write

P = {Zl — kgl z2 = k5[] ..o Zmg —k;no[lg]},

where the elements z; are represented by projections in C ® X. Note here we assume
that (7 (a;)) = k(1) and [7«(z;)] = k;[1], where 7: C — C is the quotient map,
i=1,2,....mand j =1,2,...,my.
Suppose that
(ai) + kj[lé] < <Clj) + ki[l@'].

For each of these pairs 7, j, put a;; = a; ® lej and a;; = a; ® lel_. Then,
since C ® X also has stable rank one, there are a number 1 /4> n(i,j) > 0andan
element 0 < ¢;; < 1in (C ® X)4 such that

(aij) < (fo; ;(ciy)) and  fo. . ia(cij) < fo ;/a(aji). (e7.41)
Since a;; is not Cuntz equivalent to a projection, we may choose 7(i, j) so that
f?’],',j/4(aji) - fn,"j/Z(ci,j) # 0.

Choose a finite subset #/; C C which contains non-zero positive elements b; ; such
that

bi,j < fuij1alazi) — fo; ;/2(ci,5)
for all possible pairs of i and j such that (a;;) < (a;;).
Let
8o = inf {A(Z) : g € H1}. (e7.42)
Choose a finite subset #} of (C ® X)) which contains Jni ;i (€ij)s SFoi i 2(ci ),
Jni_;7a(aji) for all possible i, j as described above.
Let the finite subset #, C Cs,. containing J¢; and §; > 0 be such that

[t(h7(g)) — t(h5(g))] < 8o/16 forall g € J#, U K, (€7.43)

and for all T € T(B)W, whenever 51, hy: g — B are homomorphisms with B any
C*-algebra with T(B) # @ and 0 ¢ T(B) such that

ltohi(f)—tohy(f) <8 forall f € H,andt € T(B) , (e7.44)

where A} C — B is the unital extension of hi,i =1,2.
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Put y = min{dy/16, §; /4}. Since 1-dimensional NCCW complexes are semipro-
jective ([12]), by Lemma 3.7, with suitable ¥ and §, there are homomorphisms
Yi:C > A ® K such that

(Wi)xole = lwille  and  [[¥i(g) — @i (g)ll < minfeo/16,y}, i = 1.2, (e7.45)

for all g € ¥ U H#; U J,, where ¢ and ¢, are §-§-multiplicative completely
positive contractive maps from C to a C*-algebra A satisfying the assumptions of
the theorem.

Since Ped(C) = C, ¢;(C) C Ped(4 ® X).

Assume that ¢1, ¢2: C — A have the described properties for the above defined
g, 8, e?j, g%l, ng, Y-

With ¢;: C — A ® K chosen satisfying (¢ 7.45),i = 1,2, then

(Y1)xole = (Y2)x0l2, (e7.46)
ToYi(g) > 60/2 for all g € #1, (e7.47)
|t o Y1(D) — T o Ya(b)| < 80/2 forall b € H#, (7.48)

forall T € T(A)w. In particular, if (a;;) < (aj;), then, by the choice of #;, H#5,
and y above,

de (V1 (aij)) < t(¥1 (s, (€i))) < 80/2 4 (Va2 (f; ; (i) (e7.49)
= T(l/fz(fn,:__,/4(aj)) - T(l/fz(fni.j (Ci,j)))) + T(Wz(fm._/ (Ci,j)))

(e7.50)

< d.(a;i) (e7.51)

forall T € mw. Therefore, if (a;;) < (aj;), then
(V1(aif)) < (Yalaji)). (e7.52)
Note also, if {(a;) + k;{15) < z; + ki (1), then
(Y1(a) + k[l 71 < Cu™ (Y1) (21 + ki(1g)) = Cu™ (W) (21 + ki{1 &)
Combining these with (e 7.46), we conclude that, using the terminology of [43],

Cu™(¥1(g)) = Cu™(Y2(g") and Cu™(Y2(g)) =Cu™(Y1(g)  (€7.53)

forall g, g’ € G and g < g’. Since A has the property (R) associated with C, by
the choice of G, there exists a unitary v € (A ® K)~ such that

v (F)v* — v (f)] < €0/16 forall f € F.

From this and (e 7.45), we obtain that

ez (/Hv™ = @1(f)ll < £0/16 4 &0/16 forall f € F.
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Choose 0 < e1,e2 < 1 in A such that

loi (fei —@i(S)Il <e0/32 and |leipi(f) —@i(f)] <e0/32 forall f € F.

(e7.54)

Put y = ejv*es and x = y*y = eyvejejv*es. Then
lo2(f)x = @2(N)l = v v(@2(f)x — 2N (e7.55)
< v vea(f)y v — v v@a (v v™|| + £0/32 (e7.56)

< g0/32 + [[v* (2 (f)v*)es — v vea(f)v*v| + €0/32 < 0/2  (€7.57)
for all f € . Similarly,

[x@2(f) = @2(f)l <eo/2 forall f € F. (e7.58)

Consider the polar decomposition y = W|y| = Wx'/2 of y in A**. Since A4 almost
has stable rank one, by Theorem 5 of [39], there exists a unitary u € A such that
ufg/lﬁ(xl/z) = ng/m(xl/z). By the choice of g, we have

lu*o2(fHu —@1(f)] <& forall f € F. (e7.59)

(Note that if C is a 1-dimensional non-commutative CW complex, then ¢; can be
chosen to map C into A, so that v can be chosen in A)

For the general case, given a finite subset ¥ C C, we may assume that ¥ C C,
for some C, which is a full hereditary sub-C*-algebra of a 1-dimensional non-
commutative CW complex. Then the above argument applies. O

Proposition 7.9. Let C € € and let A be a stably projectionless simple exact
C*-algebra with Ko(A) = {0}, with stable rank one, and with continuous scale.
Suppose that Cu(A) = LAffo+(T(A)w). Let ¢: C — A be a homomorphism. Then,
for any ¢ > 0, any finite subset ¥ C C, and any integer n > 1, there is another
homomorphism

0o:C - B=BR®ej1 CM,(B) CA,

where B is a hereditary sub-C*-algebra of A, such that
lo(x) —@po(x) @ 1,|| <& forallx € F. (e7.60)

Proof. Fix a strictly positive element ¢ € A4 with |le| = 1. We may assume
that A is infinite dimensional. There are mutually orthogonal non-zero elements
e1,€2,...,e, € Ay such that (e;) = (ey) in Cu(A) and (Y /_, e;) = (e) (see also
the proof of Theorem 5.3). Let B = e; Ae; C A. Then, with

n n

D= () a(Ye)

i=1 i=1
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we have D =~ M,,(B) C A. Note that Ko(A4) = {0}. So
Cu™(A) = LA (T(A))
(see Theorem 7.3 above and [43, 6.2.3]). Let j: LAff}(T(4)) — LAff;(T(A)) be
defined by j(f) = (1/n) f. Define A:Cu™(C) — Cu™(B) by A = j o (Cu™ (p).
By Theorem 1.0.1 of [43], there exists a homomorphism ¢;: C — B such that
Cu™(¢p) = A.
Define y: C — M, (B) by ¥(a) = ¢,(a) ® 1, foralla € C. Then
Cu™(y) = Cu™(9).

It follows from Theorem 1.0.1 of [43] that ¢ and i are approximately unitarily
equivalent, as desired. O

8. Tracially one-dimensional complexes

Definition 8.1. Let A be a simple C*-algebra with a strictly positive elementa € A
with |la|| = 1. Suppose that there exists 1 > f, > 0, for any & > 0, any finite subset
F C Aand any b € A4 \ {0}, there are F -e-multiplicative completely positive
contractive maps ¢: A — A and ¥: A — D, with ¢(4) L D, i.e., p(4)D = {0},
for some sub-C*-algebra D C A, such that:

lx — (p+¥) ()| < e forall x € ¥ U {a}, (e8.1)
Deed (orDe¥€), (e8.2)

¢(a) < b, (e8.3)
t(f1/a(¥(a))) = fo forallt € T(D). (e8.4)

Then we shall say A € Dy (or A € D).

Proposition 8.2. Let A be a o-unital simple C*-algebra in O (D). Then, in
Definition 8.1, we may further require that ||V (x)|| = (1 — &)||x]|| for all x € F
and that (a) be strictly positive in D (and so full in D). Moreover, (e 8.3) may be
replaced by ¢ < b for some strictly positive element ¢ of p(A)A@(A).

Proof. Fix a strictly positive element a € A with |la|| = 1. Lete > 0,1let ¥ C A be
a finite subset, and let by € A+ \ {0} be given. Without loss of generality, we may
assume that there is 1/16 > n > 0 such that

fola)x = xfy(a) =x forallx € F.
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By hypothesis, there exist a sequence of algebras D, € €; (or D, € Z?g/), and two
sequences of completely positive contractive maps ¢,: A — A, and ¥,: A — D,,
with D, L Img,, such that

Jim {lgn (xy) = @n(X)en (V)| = 0, (e8.5)
Tim [ () — ()Y ()] =0 forallx, y €A, (€86)
nli>r1010 lx — (gn(x) + ¥u(x))| =0 forall x € A, (€8.7)
¢n(a) < bo, (e8.8)

©(f174(Yn(a))) = fo forall r € T(D,). (8.9)

Put

Dy = fo/2(Un(@) Dn fr2(Yn(@), n=12,....

By (e 8.9) and Proposition 6.3, f1/4(¥x(a)) is full in D,. Therefore f/>(¥n(a)) is
also full in D,,. This implies that D}, € €} or D/, € €3'. Define ¥, o: A — D}, by

Yno() = (o2 (Wn(@) V(@) (fr2(Wn(@))'"* forall x € 4.
It follows that ¥, o(a) is full in D;,. Note that

J1/aWno0(@) = fi17a(¥n(a)).

Therefore,
t(f1/4Wn0(a))) = fa forall T € T(D)).

Replacing D by yr(a) Dy (a), we may add the condition that v (a) is a strictly positive
element of D.

By Proposition 2.10, ¢, (a) is strictly positive in ¢, (A)A@,(A). Therefore, one
can replace (e 8.3) by the condition that ¢ < b for any other strictly positive element
of ¢n(A) Apn(A).

To get the inequality ||y (x)] > (1 —¢)||x| forall x € &, we note that, by (e 8.7)
and (e 8.9)

lim |9, > fa. (8.10)
n—>oo
Then, by (e 8.6) and (e 8.10), since A is simple,

lim ||Yn(x)|| = ||x|| forall x € A. (e8.11)
n—o0

This implies that, choosing 1 = vy, with sufficiently large n, we may always assume
that ||y (x)]| = (1 —¢&)|x| forall x € ¥ O

Theorem 8.3. Let A be a o-unital simple C*-algebra in D (or in Dy). Then the
Jollowing statement holds. Fix a strictly positive element a € A with |a| = 1 and
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let 1 > §, > 0 be a positive number associated with a as in Definition 8.1. There is
amap T: A+ \ {0} > N xR (¢ = (N(c), M(c)) forallc € Ay \ {0}) with the
following property: For any finite subset o C Ay \ {0}, any ¢ > 0, any finite subset
F C A, and any b € Ay \ {0}, there are ¥ -e-multiplicative completely positive
contractive maps ¢: A — A and y: A — D for some sub-C*-algebra D C A with
D 1 ¢(A) such that:

lx — (@ +¥)x)| < e forall x € ¥ U{a}, (e8.12)
DeeY (or'€}), (e8.13)

p(a) < b, (e8.14)

lv(x)|| = (1 —¢)|x| forallxe ¥, (e8.15)

and  (a) is strictly positive in D. Moreover, Y may be chosen to be T-¥oU{ f1/4(a)}-
fullin DAD.
Furthermore, we may ensure that

t(f1/4(¥(@))) = fa

fa
and l(f1/4(\”(€))) = Finf{M(c)2 - N(c) : ¢ € Fo U Fa@})

forall c € ¥y and forallt € T(D).

Proof. Since A is simple, and f1/35(a) € Ped(A), forany b € A \ {0}, there exist
No(b) € N, My(b) > 0, and x1(b), x2(D), ..., XNy@)(D) € A such that

lx: (D) || = Mo (D),
and
No(b)
> xi(0)*bxi(b) = fi/32(a). (€8.16)
i=1
Choose an integer ng such that ngf, > 4. Set N(b) = noNy(b) and M(b) =
2My (D) for all b € A4 \ {0}. Let T: AL \ {0} - N x R4 \ {0} be defined by
T(b) = (N(b),M(b)) forb € A4 \ {0}.
Choose 8o > 0 and a finite subset §y C A such that

No
| 2 v @) i) — finr@)| < 1/2'° forallb € Fo, ©8.17)
i=1

whenever ¥ is a §-§p-multiplicative completely positive contractive map from A
into a C*-algebra.

Let ¢ > 0 and a finite subset ¥ C A be given. Set § = min{e/4,80/2} and
9 =F UG Ula, fi/a(a)}. Letn > 1 be an integer and let by € A4 \ {0}.
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By the assumption and by Proposition 8.2, there are §-§-multiplicative completely
positive contractive maps ¢: A — Aandy: A — D for some sub-C*-algebra D C 4
with ¢(A4) L D suchthat D € €y (or D € ‘68,), Y (a) is strictly positive in D, and

lx — (@ +¥)x)| < ¢ forallx € G, (e8.18)
De€y (or €p), (€8.19)

@(a) < bo, (€ 8.20)

v (x)| = (1 —¢)|x| forallx € ¥, (e8.21)
r(f1/4(1ﬁ(a))) > f4 for all T € T(D). (e8.22)

At this point, we can apply (the proof of) Theorem 5.7 and Remark 5.8 to conclude
that ¢ is T-Fo U { f1/4(ao)}-full. The last part of the conclusion then follows. [

Corollary 8.4. In Definition 8.1, for any integer k > 1, one may assume that every
irreducible representation of D has dimension at least k.

Proof. Let T be as in the statement of Theorem 8.3. Fix an integer k > 1. This
corollary can be seen by taking ¢ containing £ mutually orthogonal non-zero positive
elements ey, €3, ..., ex with ||e;|| = 1 in Theorem 8.3, as follows.

When ¥ is chosen. Set

_ Ja
" 4inf{M(c)2-N(c):c € FoU{fija@)}}

0o

There exists no > 0 such that, if 0 < by, b < 1 are in any C*-algebra with
|61 — b2l < no, then

I f1/4(b1) — fi/a(b2)|| < 00/2. (€8.23)

By 10.1.12 of [37], there exists §p > 0 satistying the following property: if 0 </h; <1
and ||h;h;|| < 80 (i # j : 1 <1i,j < k) are in a C*-algebra, then there are
mutually orthogonal A7, %%, ..., h} in that C*-algebra such that ||h; — h;| < no,
i=12,... k.

Choose any finite subset ¥ containing ¢ and § > 0 with § < §y. We apply
Theorem 8.3. Then

t(f1/4(1p(e,-))) >gp forallt €e T(D), i =1,2,...,k. (e8.24)

By the choice of 6y and applying 10.1.12 of [37], there are mutually orthogonal
non-zero elements dq, d», . ..,d; € D such that

ldi =¥ (el <mo. i=12,.... (e8.25)

It follows that

I f1/4(di) = frja(W (e < o0/2, i=1.2,... k.
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‘We then estimate that

to fija(di) > to fia(¥(e;)) —o9/2 > 0¢/2 forallt € T(D), i =1,2,...,k.

(e8.26)
Thus, 7(D) admits & mutually orthogonal non-zero elements in each irreducible
representation 77 which implies 7z (D) has dimension at least k. O

Note that, if D is in €0 or in €}, then My (D) is in €¢" or in €} for every integer
k > 1. Therefore, the following proposition follows immediately from the definition.
Proposition 8.5. Let A be a o-unital simple C*-algebra in the class D (or in Dy).
Then My (A) is in the class D (or in Dy) for every integer k > 1.

Proposition 8.6. Let A be a separable simple C*-algebra and let B C A be a
hereditary sub-C*-algebra. Then, if A is in D (or in Dy), so also is B. Moreover,
if A #£ {0}, then T(A) # 0.

Proof. Let 8 denote €} or € " We may assume neither A nor B is zero. Letb € A4
with ||| = 1and B = bAb. Lete € Ay be a strictly positive element with ||e|| = 1
and let §, be as given by Definition 8.1, as 4 is in O or in Dy. Fix by € B4 \ {0}.

By Theorem 8.3, there exists a sequence of sub-C*-algebras D, of A in § and
two sequences of completely positive contractive maps ¢,: A — A and ¥,: A — D,
with ¢, (A) L D, such that

Him len (xy) = ¢n(X)ea (M = 0, (e8.27)
Jm [y (xy) = Y ()Ya()| =0 forallx, y € 4, (e8.28)
lim ||x — (¢n + ¥n)(x)]| =0 forall x € A4, (e8.29)
n—o0
on(e) < by, (e8.30)
lim ||, (x)| = ||lx|| forall x € A4, (e8.31)
n—>oo

J17a(Yn (b)) is fullin D, and v/, (e) is a strictly positive elementof D,,,n = 1,2, .. ..
Moreover, we may also assume that

to fiya(¥n(e)) = fe. to fiya(¥n(b)) = ro (€8.32)
forallt e T(D,) and n, where ry is as previously defined (4inf{M(c)2~N(cf)e:c={b f1/4(e)}})’
By (e 8.31),
lim ([Yu]Bll = 1.
n—oo
We also have
lim |5 — fi/2;(6)"/?bf172;(b)/?| =0, (€8.33)
j—oo

whence lim |[x — fi/2) (b)l/zxfl/zj B2 =0 forall x € B. (e8.34)
J—>00
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Put L,(x) = @u(x) + ¥n(x) for all x € A. By (e8.29), applying Lemma 3.3,
for any j > 2, we obtain n(j) > j and a partial isometry v; € A** such that:

vV} 172 (Lny (D)) = f1/2j (La(jy(B))v;v] = fi72;(Lay()),  (€8.35)
vicv; € B forall ¢ € f1/2;(Ln(j)(0))Af1/2j (Lugjy(D)), (€8.36)

(sup {[[vjcv; —c:0<c <1
and ¢ € fi/2;(Laj) (D) Af1/2j(Lu(jy())}) = 0. (8.37)

Note that f1/2; (Vn(j)(D)) < f1/2j(Ln¢jy(0)), j = 1,2,.... It follows that

lim
j—o0

*

Vj

cvj €B

forall ¢ € f1/2j(¥n(j)(B)AS1/2; (Wn(j)(D)). Since fi/4(¥n(j) (b)) is full in Dy,
J172j Wn(y(b))is fullin D,y forall j > 2. Consider the hereditary sub-C*-algebra
of Du(j)

Eniy = J172j Wn(B) Dy fr72 Wa (D)), J =2,3,....
Then E,;(j) €d,j=2,3,....Put

Then Ej € Sand E; C B, j =3.,4,....
Define ®;: B — Bby ®;(a) = vign()(a)v;foralla € B,and¥;: B — E; by
Wi (x) = 07 f172 Un(iy O Vn() (%) f1/2) Wny D)) vj, j = 3,4,.... For j > 4,
J17a(f172; Wn()y DY) (B) f172; Wn(i) (P))) = Sr7a(Wn(py (b)) (e8.38)
= Jf1/2j (W (D) f1/a(Wn(iy (D)) f172; Wn(jy (D). (e8.39)

It follows that f1,4(W; (b)) is fullin E;, j = 4,5,.... We have

lim || ®;(xy) —®;j(x)®,;(y)| =0 forallx,y € B, (e 8.40)
j—>o0
lim |W;(xy) —V;(x)¥;(y)]| =0 forallx,y e B. (e8.41)
j—o00

Moreover, applying (e 8.29), (e 8.37), and (e 8.34), we have
lim ||x —(®, +¥,;)(x)| =0 for all x € B, (e8.42)
j—oo

lim ||W,(x)|| = ||x]| forall x € B. (e 8.43)
n—>o0

We also have
®;(b) < bo.
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Moreover, by (e 8.32) and (e 8.38),
1o fi/a(¥j(b)) = ro/2 forallt € T(Ey)). (e8.44)

The first part of the proposition follows on choosing a sufficiently large ;.

To see that, if A is non-zero, then T(A) is non-empty, in the preceding argument,
take B = A and choose 7; € T(E,(;) for all j large enough that E, ;) is non-
zero. Let ¢ be a weak* limit of (¢; o W;). Then, by (e 8.44), ¢ is a non-zero linear
functional on A. Moreover, since ; € T(E,j)), by (€8.41), r is a trace. This
implies T(A) # 0. O

Lemma 8.7. Let B = A(Fy, F>, 9o, ¢1). Suppose that g := (h,a) € By is such

that hj := hljo,1); has range projection P; satisfying the following condition: There

is a partition 0 = t;.) < t} < tjz <o < t;.” = 1 such that:

(1) on each open interval (tj., té“), Pj(t) is continuous and rank(P;(t)) = r;; is
a constant;

(2) foreach th,

Pi(tp*) = lim Pi() (ft;<1)

t—>(tj)+
and Pi(H7) = lim P@t) (it} >0)
=)~
exist;
(3) Pi(th) < Pj((tHY) and P;(th) < Pi((t)7):
4 7/ (go(p)) = P;(1]) = P;(0) = P;(07)
and 7/ (p1(p)) = Pi(1}7) = P;(1) = P;(17),
where p is the range projection of a € F1.
Then gBg € €.

Proof. For each closed interval [t]l- , lj“], since the limits

INFY T _ (A IN—) . )
PU) = Jm Py ad ())<= im0
J J
exist, we can extend P;| PaN to the closed interval [ZJI-,IJI-H], and denote
J"J
this projection by P!. Then we can identify P}C([t]’.,zj.“],M,j)P]l. with

J
C ([0, 1], M,_/J) by identifying t; with 0 and t;“ with 1, where rj; = rank(le.). Set

E{’l = Mrj,l and E{’l = Pj([j')Mrj Pj(l]l') = MRJ'J'



Abbreviated title of paper 51

Since P; (t ) < P; ((t )"), we may identify E 7 with a unital hereditary sub-
C*-algebra of E; /! Denote this identification by

Bl il Jil
o EVT — Ey.

Similarly since P; (t]l.) <P ((t]l.)_), we obtain a homomorphism
il jl-1
{7 EyT —> Ey

Jl— 1

which identifies E /1 Wwith a unital hereditary sub-C*-algebra of E;

Set
k n;j—1

Ev:=pFipe @ (D E)

j=1 I=1

(note we do not include E { L forl =0and ! = n j- Instead, we include pF; p) and

let
ko nj—1

E»=@P ( 16290 Eg’l).

j=1
Let o, ¥1: E;1 — E» be defined by

k
VolpFip = Qolprp: PF1P — @E"’O,

Jj=1
k
Jjnj—1
1;[’1|;1F1p—(;01|pF1p pF1P—>@E s
j=1
Y N S N Jsl Y N N Jsl—1
IpO|E{”— o tEy” — Ey” and 1ﬂ1|Elj,1— U EYT = Ey

‘We then check
A" = gBg = A(E1, E2, V0, V1) € €.

Namely, each element (f.a) = ((fi. f2...., fx).a) € gBg corresponds to an
element
(F,b) € {C([0,1], E2) ® E1 : F(0) = yo(b), F(1) = y1 (b))}
= A(E1, E2. Yo, Y1),

where

:(f10vf11v--- o lfz e o2 L fk fk,...,fnk 1)
and b= (a, fi(t]), AAD), ..., AT, L)), @D, LA, ...
L fi(gd), fk(r> ()
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and where fjl (t) Eg’l is defined by

1@ = fi(@F =i +45) forallr €0, 1],
jefl2,... k}L1€{0.1,....n; —1}. O

8.8. Let A = A(Fy, F>, pg, ¢1) € € be as in Definition 6.1. Let h = (f,a) € A+
with ||#]| = 1. Recall that we may write

k

C([0.1, ) =@ (0. 1];.M,,),

Jj=1

where [0, 1]; denotes the j-th interval. For each fixed j, consider fj = fl[o,1];-
By a simple application of Weyl’s theorem, one can write the eigenvalues of f;(¢) as
continuous functions of 7,

{0<21,(1) S Az (@) <R (1) <+ < Apy (1) < 1.

Letey,ez,. .., ey, be mutually orthogonal rank one projections and put

T
/
fl=2 " hijei.

i=1

Then, on each [0, 1];, fj and f 1', have exactly the same eigenvalues at each point
t € [0,1];. Let p € F; denote the range projection of a € (F;)4+. By using
a unitary in C([0,1];,M; ), it is easy to construct a set of mutually orthogonal
rank one projections pi1, p2,..., pi,..., pr; € C([0,1],M;,) such that g;(¢) =

Z:’zl A;(t) pi satisfies g;(0) = f;(0) and g;(1) = f;(1). In particular,

Y pi) =7/ (go(p) €My, and Y pi(1) =7/ (pi(p)) €M,
{i,A; (0)>0} {i,A; (1)>0}

where 7/: F, — F. J = M;; is the canonical quotient map to the jth summand.
Then, with gljo,11, = &, (g,a) € A4+. By a result of Thomsen (see [50, Theo-

rem 1.2]) (or [43]), for each j there is a sequence of unitaries uf, € C([0,1], M)
with u7(0) = uj(1) = 1,; (note that as g(0) = f(0) and g(1) = f(1), we can

choose u,’, 0) = u,];(l) = 1) such that

gj = Mim uj f;(u)".
Since uﬁ(O) = u{;(l) = 1,;, we can put uj € C([0,1], My, ) together to define
unitary u, € A and get
(g.a) = lim u,(fa)uy,.
n—>oo
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In other words, (g,a) ~4.u (f,a) in A. Note this, in particular, implies that

((f.@)) = ((g.a)).

Lemma 8.9. Let ¢ = (g,a) € A(Fy, Fa, ¢, 1)+ with ||(g,a)|| = 1 (see Defini-
tion 6.1). Suppose that

rj
gj = gloay, = Y Auj(Opij (),

i=1

where A;,j € C([0,1])4, and p;,j € C([0,1],M;,) are mutually orthogonal rank
one projections. Then, for any & > 0, there exists 0 < h < g such that |h — g| < &,
(h,a) € A(F1, F2, 00, ¢1), and hj := h|j,1], satisfies the condition described in
Lemma 8.7.

Proof. Fix g1 > 0and j. Let g; = gljo,11,- Let G;,; = {t € [0,1] : A; ;(t) = O}.
Since all G;,; are closed sets, there is 6o > 0 such that if 0 ¢ G; ; (or 1 ¢ G, ;,
respectively), then dist(0, G; ;) > 28 (or dist(1, G; ;) > 2Jo, respectively). Fix
d > 0 such that § < 8o. For each i, there is a closed set S; ; which is a union of
finitely many closed interval containing the set G;_; such that

dist(s, G;,j) < /4 foralls € S ;. (e8.45)
Hence, dist(0,S; ;) > § (and dist(1,S; ;) > §) if G;; does not contain them.
Choose f;,; € C([0, 1])+ such that f; j|s;, ; =0, 1> f,; ;(t) > 0,if t ¢ §;,; and
fi,j(t) = lif dist(z, S; ;) > 6/2. Put

’\:',j = fi,jAi,j-
Then 0 < )L;’j < 1;,;j. Define
rj
hj =) Al ,pij.
i=1
Then h; < g;. We can choose § sufficiently small to begin with so that
T
Iy = Aijpigll <e. (e 8.46)
i=1
Put & € C([0, 1], F>) such that h|[0,1]j =hj;,j =1,2,... k. Therefore,

lh—gll <e. (e 8.47)
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From the construction, we have /;(0) = g;(0) and A;(1) = g;(1) (note that if
0¢ G;,j(orl ¢ G ), then f; j(0) =1 (or f; ;(1) = 1)). It follows that

h(0) = g(0) and A(1) = g(1).

Therefore (h,a) € A(F1, F2, o, ¢1). Moreover, (h,a) < (g, a).
Letgi,j(t) = pi,j(t)if A} ;(t) # Oand g;,;(t) = 0if A} ;(z) = 0. For each i,
there is a partition ' '

0= tl.(o.) < t.(l.) - < t(l /) =1

such that g, ; is continuous on (tl(l]), tl(l]H)) Namely, on each interval (tl(lj), UH))
qi,j(t) either constant zero projection or rank one projection p; ;(t) and therefore
both
lim ¢; ;(s) and lim  g; ;(s)
s—>tl-'j+ s—>t(l+l)

exist. Furthermore, if ¢; ; () is zero on the open interval (tl(lj), tl(ljﬂ)) then g; ; () is

also zero on the boundary (since A] j () is continuous). Hence we have

4ij (1)) = lim gs;(5) = i (1)

s—>tl.(!]). +

and qi,; (( (IH)) ) = lim ¢;;()>gq; ]( (l+1)).

s—)t(l+1)

Define P;(t) = 21—1%', j(t). Then P; satisfies the conditions described in
Lemma 8.7. 0

We shall need the following fact.

Corollary 8.10. Let A € € (or €y, or €J), let a € Ay be a full element, and set
B = aAa. Then, , for any ¢ > 0, there is 0 < b < a such that b is full in A,
la —b| < & and bBb = bAb € € (or €,, or‘C"O)

Proof. Let us first assume that a satisfies the condition on ¢ in Lemma 8.9. Then, by
Lemma 8.9 and by Lemma 8.7, there is 0 < b < a such that, for any & > 0,

la —b|| <e and bAb € €.

Write a = (f,d) € A = A(Fy, Fa, 09, 1)+, where f € C([0,1], F2) and d € F;.
Note that, if @ is full, then || f(z)|| # Oforallt € [0,1];, j = 1,2,...,k,and d is
full in Fy. Since f(¢) is also continuous on each [0, 1];,

inf {|| f(0)|| - # €[0,1];} > 0.

Therefore, b = (g,dy) € A(F1, Fa, ¢o, ¢1) can be chosen so that ||g(z)| # O for
allt € [0,1];, j = 1,2,....k, and also d; is full in F;. In other words, b (close
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enough to @) can also be chosen to be full, i.e., such that 7(b) > O for all T € T(A).
Since 0 € T(A) , it follows that

inf {z(b) : T € T(A)} > 0.

This implies that 0 & T(bAb) . Then C := bAb is stably isomorphic to A by
Brown’s theorem ([3]). It follows that

Ki(C) = Ki(4) and Ko(C)+ = Ko(4)+.

Thus, if A is in €y (or is in f’g), then C is in € (or is in ‘C’g).
In general, by 8.8, a is approximately unitarily equivalent to @’ € A which satisfies
the condition for ¢ in Lemma 8.9. Therefore there is an isomorphism

p:a’Aa’ — aAa.

Let b’ < a’ be as given by the first part of the proof. Choose b = ¢(b’). The
conclusion then holds for b. O

Remark 8.11. Let C € € (or E’gl), let e € C4 be such that 7(fi/2(e)) > f > 0
for all T € T(C), let ¥ be a finite subset in the unit ball of C, and let ¢ > 0. Put
g0 = min{f/4, e/4}. Choose n > 0 such that

I fi/2(a") = fr2()] < &0 (e8.48)

if0<a',b’ <1and ||a’ —b'|| < n. We may assume that § < g9. Letec € C be a
strictly positive element such that |lec|| = 1 and

lec fec — fll <n/4 forall f € F Ule, fi/2(e)}. (e8.49)

By Corollary 8.10, there exists b € C4+ with b < ec and ||b — ec|| < n/4 such that
B :=bCbh in € (orin €Q). Define : C — B by y(c) = bcb forall ¢ € C. Then,
forall f € ¥ U {e, fi/2(e)},

lv(f)— fll<n<e and t(fi2(¥(e)) >f/2 forallt € T(C). (¢8.50)

Consequently, as B is a hereditary sub-C*-algebra of C,

r(fl/z(lp(e))) > /2 forall t € T(B). (e8.51)

It follows that, in the definition of O and Dy, we may assume that D € €
(or D € €).

Corollary 8.12. Let A be a simple C*-algebra which is an inductive limit of
C*-algebras in €| (or in 88/ ). Then A can be also written as an inductive limit
of C*-algebras in € (or in ??8 ).
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Proof. Let C € €} (or C € €Y"). Then, by Corollary 8.10,

o0
C = U Cr,
k=1

where each Cy, € €y (or Cy, € ‘68), Cr C Cyy1 and Cy is ahereditary sub-C*-algebra
of C.k=1,2,....

Suppose that A =1im, o (A, ¢n), Where A, € € (or A€ ‘68/) and @,: Ay — Apt1
is a homomorphism,n = 1,2,....If m > n, put

Onm = Pm © Pm—1 o-ro@uiAp = A

and ¢, 0: Ay — A the homomorphism induced by the inductive system. Choose a
dense sequence {x,} in the unit ball of A such that

{x1,x2, .. .. Xn} C Pnoo(dn), n=12,....

Write
o0
An = U Cn,ka
k=1
where C, x € € (or Cp € EY), Cpk C Cpt1, k = 1,2,.... Without loss of
generality, we may assume that x; € ¢; o(Cj ), j =1,2,....Lety;; € Cj j such

that 9 0o (¥;i) =i, i =1,2,...,jand j =1,2,....

Let {z, x} be a dense sequence in A,. We may assume that y;; € {z; s} for
i =1,2,...,j,and j = 1,2,.... We may also assume ¢,(Zy %) C {Znt+1,k}>
n=12,....Put

Fn=Ayni15i<njU{zp;:1<i<n}, n=12,....

By the semiprojectivity of C*-algebras in € (see 6.4), one easily produces a sequence
of homomorphisms ¥,: Cy k,, = Cyt1,k,,,, for some k, = n such that

1¥n(a) — gn(a)|l < 1/2"

forallae ¥,,n=1,2,....

Let B = lim,—(Cy k,,» ¥»). Then B is an inductive limit of C*-algebras in €
(orin €). Let C = |UyZ; ¢n,00(Cn k). Then C is a sub-C*-algebra of 4. Since
{x,} CC,C = A. Let1,: Cy ,, — Cy ,, be the identity map. Then,

ll@n © 15 (@) — 11 © Yul(a)|| < 1/2" foralla € F,. (€8.52)

By the Elliott approximate intertwining argument, there is an isomorphism j: B — C,
which is induced by {z,,}. It follows that A is an inductive limit of C*-algebras in €y
(orin €. O
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9. Traces and comparison for C*-algebras in the class D

Proposition 9.1. Let A be a non-zero sep“c/zrable C*-algebra in the class D. Then
QT(A) = T(A) # @. Moreover, 0 € T(A) .

Proof. Letag € A be a strictly positive element of A with [|ag| =1. Let f4, >0 be
as in Definition 8.1. Fix any by € A4 \ {0}. Choose a sequence of positive elements
(bn)n>1 which has the following property: b,4+1 < by,1, where by 1,bp2, ..., bnn
are mutually orthogonal positive elements in b,, Ab, such that

bubui = buiby =bpi. i =12.....n and (bn;) = (bp1). i =12.....n.

One obtains (from Theorem 8.3) two sequences of sub-C*-algebras Ag ,, D, of A4,
where D,, € €, and two sequences of completely positive contractive maps

Yon:A— Aon and @10 A— Dy

with Ag , L D, with the following properties:

lim |¢in(ab) —@in(a)pin(b)| =0 foralla,b € A, (e9.1)
n—>oo
lim ||a — (@on + @10)(@)] =0 foralla € A, (€9.2)
n—oo
n < bn, (€9.3)
lim ||@1,(x)|| = |x| forallx € A4, (€9.4)
n—>oo
(f1/4(@1.0(a0))) = fao  forall T € T(Dy), (€9.5)

and @1, (ao) is a strictly positive element of D, where ¢, is a strictly positive element
of Ap . Since quasitraces are norm continuous ([2, Corollary II 2.5]), by (€9.2),

nlgrolo (sup {|r(a) — r(((po,n + (pl,n)(a))| 1T € QT(A)}) =0 foralla € A.

(€9.6)
Since @o,n(a)@1,n(a) = ¢1,n(a)po,n(a) = 0, for any T € QT(A),
t((pon + @1,0)(@) = t(@o,n(a)) + T(p1,n(a)) foralla € A. (€9.7)
Note that, by (¢9.3),
Jim (sup {t(po,n(a)) : T € QT(A)}) =0 foralla € A. (€9.8)

Therefore

nlggo (sup {|r(a) —tog@ia(a):te QT(A)}) =0 foralla € A. (€9.9)
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Since D, is exact, t|p, extends to a trace, say t,. Then, for any a,b € A,

togiu(a+b) =ty 0@ n(a+b)=t,0¢1n(a)~+tno@1u(b) (€9.10)
=to@iu(a)+top1,(0b) foralla,be A. (€9.11)

It follows from (e 9.9) that, for every v € QT(A),
t(a+b) =1t(a) + t(b) foralla,b € A.

Thus 7 extends to a trace on A. This proves QT(A) = T(A).

Choose s, € T(D,),n=1,2,....Consider a positive linear functional F,,;:A— C
defined by F,(a) =ty o g1n, 1 = 1,2,.... Let Fy be a weak*-limit of (Fy,)n>1.
Note that, by (e9.5),

Fn(8ao) = sn(8¢1,n(a0)) = sn(f1/4(¢1,n(a0)) > fq, foralln. (€9.12)

It follows that Fy # 0. By (e9.1), since s, is a trace on D, Fy is a non-zero trace
on A. Tt follows that T(A4) # @.
Now let 5 € T (A) such that, for some positive linear functional t,

lim tx(a) = t(a) foralla € A.
n—>oo
Then, for each k, by (€9.9),
lim |7[p, [l = 1.
n—>oo

Consider the restriction # , = (||Tk|D,, ||_1)‘E|Dn for large n. Then tx , € T(D,) for
all k. It follows from (e 9.5) that

ten(f1/4(@10(a0))) = fag, n=1,2,.... (€9.13)

By (€9.9) and (€9.1),
w(fi/a(@o)) = lim wen(f1/a(91(@0) = fap. k=1.2.....  (e9.14)
Therefore t # 0. This implies that 0 & T(A)W. O

Remark 9.2. Let A € D andleta € A be astrictly positive element with |la|| = 1.
In view of Proposition 9.1,

ro := inf {t(f1/4(a)) 1T E T(A)} > 0.

The proof above shows that we may choose f, = ro/2. In fact in the case that
A = Ped(A), one may choose f, arbitrarily close to

As(A) = inf {r(a) 1T € mw}

In the case that A has continuous scale, we may choose the strictly positive element
in such a way that ry is arbitrarily close to 1.
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Proposition 9.3. Every C*-algebra in D is stably projectionless.

Proof. Let A € D. Since, by Propositions 8.5 and 8.6, A € D if and only if
M, (A) € D foreachn, we only need to show that A4 itself has no non-zero projections.
Let p € A be a non-zero projection. By Proposition 9.1,

r:=inf{t(p): 7€ mw} > 0.
Choose /4 > ¢ > 0. Then, by Definition 8.1,
lp— (x1+x2)|| <e/2, (€9.15)

where x1 € (Ag)+ and x, € Dy, where A9 = bAb for some b € A, with
d;(b) < r/4forall t € T(A) , D € €, and Ag L D. If ¢ is chosen to be small
enough, there are projections p; € Ag and p, € D such that

lp—(p1+ p2)l <e.

Since D is projectionless, p» = 0. This implies that t(p) < t(p1) + & < r/2 for
all T € T(A), in contradiction with (e 9.15). O

Theorem 9.4. Let A € D. Suppose that A = Ped(A). Let a,b € (A Q K)+ be
such that d;(a) < d.(b) forall t € T(A) . Then

a=<bh.

Proof. Recall that, by Theorem 4.7 and Lemma 4.5 (or Proposition 9.1), 0 & mw.
Let us first prove the case thata, b € A4 and d;(a) < d.(b) forall T € mw.

Fix a strictly positive element ag € A with 0 < a9 < 1. We may assume that
lal|=]lb|l = 1. Let 1/2 > & > 0. By Proposition 9.3, A is projectionless, and
so zero is not an isolated point of sp(a). Therefore, there is a non-zero element
¢’ € aAa suchthat¢’c = cc¢’ = 0, where ¢ = fe/32(a). It follows that

ro := inf {d;(b) — d¢(c) : T € T(A)"} > 0.
(Note that d; (b) — d;(c) > d;(c’) and use 0 & T(A)W.)
Set ¢; = fg/16(a), so that cc; = c¢;. Then a compactness argument (cf. [34,
Lemma 5.4]) shows that there is 1 > §; > 0 such that
t(f3, (b)) > t(c) (> de(c1)) forall € T(A) .
Put by = f5,(b). Then

r ;= inf {‘E(bl) —d¢(c1) T € T(A)} > inf {'c(bl) —t(c):t€ T(A)} > 0.
(€9.16)
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Note that ||b|| = 1. Choosing a smaller §;, we may assume that there exist non-zero
elements e, e’ € frs5,(b)Afzs5,(b) with0 < e < ¢’ < 1ande’e = ee’ = e such that

t(e) <r/8 forallt € T(A) .
Setry = inf{t(e) : T € T(A)}. Note that, as above, since A is simple and 0 gZT(A)W,
r1 > 0. Setby = (1 —¢’)by(1 —e¢’). Thus (cf. above), there is 0 < 8, < §;/2 < 1/2

such that

7r/8 < inf {r(f(gz(bz)) —d¢(cy): T € T(A)} <r-—ri. (€9.17)

Since fs,(b2) f3/4(b2) = f3/4(b2) and since f3/4(b2)Af3/4(b2) is non-zero, there
ise; € Ay with |leq|| = 1 with e f5,(b2) = ey and d;(e1) < r/18 forall T € T(A).
Choose n < 1/4 and set ez = f;/4(e1) and e3 = f;(eq). Note that f5,(b2)es = e5.
Let 09 = inf{t(ez) : T € T(4)} > 0.

By Lemma 3.4, there are xi, x2,..., X, € A such that
m
> xfesxi = fiji6(ao). (€9.18)
i=1

Choose a non-zero element eg € eAe 4 such that d(eg) < 09/16 for all T € T(A).
Let f4, > 0 be as in Definition 8.1. Set

0 = fg, - min {82/217(1’7’1 +1),82/8,r1/27(m + 1),00/16}.
By (€9.17),

t(fsz/zu(cl)) + t(e2) < ‘L'(f52/212(C1)) +r/18
< 1(f5,(b2)) forall T € T(A). (€9.19)

Then, by 7.5 of [9], there are z1, 25, ...,z € Aand b’ € A4 such that

|

and ” Js,(b2) — (b/ + ey + izjz;‘)” <o/4.
j=1

K
foppaen) = Y 23z, H <o/4 (€9.20)
j=1
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Since A € D, there exist sub-C*-algebras Ay, D C A, with D € €} and A9 L D,
such that:

||fg2/214(61) - (fe2/214(00,2) + f32/214(02))|| <o, (€9.21)

I f5,/2(b2) — (f5,/2(bo,3) + f5,/2(b3)|l < 0, (€9.22)

I f5,/4(b2) — (fs574(b0,3) + f5,/4(b3))|| < 0, (€9.23)

lei — (e +e1i)|| <o, i =1,2, and exje1,1 =e11 (e9.24)
co < ep, (€9.25)

lao — (ao,0 + ai,0)| <o, (€9.26)

t(fi/4(@1,0)) > fay forallz € T(D)", (€9.27)

where ¢ € Ao is a strictly positive element of A, and where a0, bo,3, Co,2, €0,1 €

(Ao)+ and ay,0,b3,c2,e1,1 € D4+. By (€9.20), we also obtain Z;,Z;,xl{ € D and
b"e€ Dy,i =1,2,...,mand j = 1,2,..., K, such that:
m
H Z(xz{)*el,lxz{ — fineslaio)|| <o, (€9.28)
i=1
K
‘ fojaualea) = Y ()7} <o, (€9.29)
j=1
K
and H f5,(b3) — ( Y (@) +ean + b”) <o. (9.30)
j=1
Note that, by (€ 9.28) and by Lemma 3.1,
m
(fi7a(arp)) < (Z(X£)*el,1x{> < mfer). (€9.31)
i=1
Then, by (€9.27),
t(ez,1) > di(e1,1) = fao/(m +1) > 20 forallt € T(D). (€9.32)

Therefore, by (€9.29), (€9.32), and (e 9.30),

K
A (fr2/213(c2) < 1(fr2pmalca)) <o+ Y 1((Z))*2))

j=1
K : K
=0+ Y ()" <tlean) —o + Y _1(z5(2})")
j=1 Jj=1
< t(fs,(b3)) < di(f5,/2(b3))
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for all ¢+ € T(D). It follows by Proposition 6.3 that

Je2/213(c2) < f5,/2(b3).

By (¢9.23) and by Lemma 3.1 (see [45, Lemma 2.2]) (note 0 < §2/8 and bg 3 L b3),

J5,/2(b3) < (f5,/4(b3) —20)+ < fs,/4(b2) < ba.

It then follows (also by Lemma 2.2 of [45]) that

Jer2(¢) < feajani(coz +¢2) < co® fr2/11(c2)
Se+by<b <b.

We also have
Je(a) £ fej2(fepr6(a)) < fes2(c) < b.

Since this holds for all 1 > ¢ > 0, by 2.4 of [45], we conclude that a < b.

If we only have d;(a) < d.(b) for all T € mw, then, since A is stably
projectionless as mentioned above, as shown at the beginning of the proof, for
any ¢ > 0,

t(fo/2(a)) < do(b) forallt € T(A)" .

From what has been proved, f.(a) < b for all ¢ > 0. Therefore, a < b. This
proves the case that a,b € A4. For a,b € M,(A)+ for some n > 1, one notes
that, by Proposition 8.5, M, (A) € D. Therefore this case is easily reduced to the
case that n = 1. In general, if a,b € (4 ® K)4, then, for any ¢ > 0, by the last
part of Lemma 3.2, we may assume that f;/16(a) is in M, (A) for some n > 1.
Hence 7 = ©(fs/16(a)) is bounded and continuous. Since TA)W is compact, one
concludes, as shown above, for some small §; > 0, that

t(fop16(@)) < T(f3,(b)) forallt € T(A) .

As mentioned above, we may also assume that fs(b) € M,(A) (with possibly
larger n). Thus, we conclude that fz(a) < fs(b) < b. It follows thata < b. O

Definition 9.5. Let us denote by My the class of (non-unital) simple C*-algebras
which are inductive limits of sequences of C*-algebras in €. We stipulate that the
maps in the sequence be injective and preserve strictly positive elements, i.e., each
map should send strictly positive elements to strictly positive elements. In fact, a
decomposition with such maps can always be chosen.

Every algebraically simple C*-algebra A in My is in Dy. To see this, write 4 =
limy,— 00 (Cy, @n), where each Cy, is in ‘C’g and ¢,: C, = C,4+1 is a homomorphism
which preserves strictly positive elements and is injective.
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Leta; € C beastrictly positive element with ||a; || = 1. Thena, =¢; ,(a1) € Cy
is a strictly positive element of C,, n = 1,2,.... Then a = @, «(ay) is a strictly

positive element with ||a|| = 1. For any n, since 0 & T(C,,)W (see Definition 6.1),
ry = inf {r(an) ‘T E T(Cn)w} > 0.

Since ¢y, , is ahomomorphism preserving strictly positive elements, f 0@y, n € T(Cpy)
for all t € T(Cy) and for all n > m. Thus, r, > ry, for all n > m.

Since A is algebraically simple and fi/4(a) # O, there are x1,x2,...,xx € A
such that

k
> X fia@)xi = a.
i=1

Set M =2k max{||x;| : 1 <i <k}. For some m > 1, there are yi, ya,..., Vk €Cn
such that

H Xk:J’;%,m(flM(al))yi —am H <r/2.
i=1

We may assume that ||y; || < 2||x;|l,i = 1,2,...,k. Since ry < ry,, this implies that

t(@1,m(f1/4(@1))) = (rm/2)/2M  for all T € T(Cyp).

Put
fo = inf {T(@1,m(f1/4(a1))) : T € T(Cm)}.
Note since t o ¢, , € T(Cy,) forallt € T(C,),

t((pm,n(fl/4(al))) > fq forallz € T(Cy).

From this, one concludes that A € Dy (with ¢ = 0 and ¥ = id4 in Defini-
tion 8.1).

Definition 9.6. Recall that ‘W is an inductive limit of C*-algebras as described
in (€6.2) (see [41,53], and [24]) which has Ko(W) = K;(W) = {0} and has a
unique tracial state. Moreover, W = U:o=1 C,, where C,, C C,41 and each Gy, is
in R, (in fact as in (e 6.2)) and inclusion preserves the strictly positive elements.

In particular, W € My and ‘W € Dy. Furthermore, we may also assume that (see
Definitions 6.1 and 4.9 for Ay)

As(Cy) = inf {r(ecn) ‘T € T(Cn)} — 1,

where ec, is a strictly positive element of C,, (for example, lim; 0 a;/(a; +1) =1
as shown in [24]). By [41], ‘W is unique with these properties.



64 G. A. Elliott, G. Gong, H. Lin and Z. Niu
10. Tracial approximate divisibility

Definition 10.1. Let A be a (non-unital) g-unital simple C*-algebra. Letus say that A
is (non-unital) tracially approximately divisible if the following property holds:

For any ¢ > 0, any finite subset ¥ C A, any b € A4 \ {0}, and any integer
n > 1, there are o-unital sub-C*-algebras Ag, A1 ® e1,1 C M, (A1) C A such that
AO 1M, (Al),

dist(x, Ao+ A1 ®1,) <e forallx € ¥,

and ag < b, where ay is a strictly positive element of Ay.

In the unital case, this definition is equivalent to 5.3 of [32]. (Note, as can be seen
in the proof of 5.4 of [32], the unit of the finite dimensional sub-C*-algebra should
be required to be 1 — g there.)

Lemma 10.2. Let D be a (non-unital) separable simple C*-algebra which can be
written as D = limy oo (Dy, ¢x ), where each Dy, € ‘(?8/. Let K > 1 be an integer,
let ¢ > 0, and let ¥ be a finite subset of Dy, for some n > 1. There exist an integer
m > n, a sub-C*-algebra D,, = Mg(D,) C D,,, where D, is a hereditary
sub-C*-algebra of Dy, and a finite subset ¥1 C D, such that

dist(pn.m(f), F1® 1) <& foral f € F. (e10.1)

If each Dy, is just assumed to belong to €|, then there exist an integer m > n, a
sub-C*-algebra D,, = Mk (D) C D,,, where D,, is a hereditary sub-C*-algebra
of Dy, and a finite subset ¥1 C D)), such that

l@nm(f) = (f)+gr @1l <& foral f e F, (e10.2)

wherer(f) € eDyeandgy € Fiforall f € F,e € (Dp)y, ande < eq, whereeg
is a strictly positive element of D).

Proof. We may assume that # is in the unit ball of D. Consider first the case D € €0 '
forall k. By Corollary 8.12, without loss of generality, we may assume that Dy € €.
One notes that Ko(D) = K (D) = {0}. One also notes that D ® Q is an inductive
limit of C*-algebras in 2‘?8 . Moreover, D and D ® Q have (in the natural sense) the
same (lower semicontinuous) traces and the same tracial states. It follows from 6.2.4
of [43] (see [24, Theorem 1.2], also [41] and [53]) that D =~ D ® Q. Fix n such
that # C D,. Without loss of generality, we may assume that ¥ C D}. Note that Q
is self-absorbing. Therefore, there exists a sub-C*-algebra C of D with C = D
and D = C ® Mg such that

l¢n.co(@a) —c(a) @ 1x|| < e/4 foralla € ¥, (e10.3)

forall @ € ¥ and for some c(a) € C C C ® Mg C D, where C is regarded as the
corner C ® ey ; of D.
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Foreach a € ¥, there exists ny > n and c(a)’ € D,, such that
ln1,00(c(@)) = c(a) ® enr|| < &/16K>.

Without loss of generality, we may assume that ||c(a)], |lc(a)’]| < 1. To simplify
notation, without loss of generality, let us assume that there is co € C4 with ||co|| = 1
such that coc(a) = c(a)co = c(a) for all a € . Consider the sub-C*-algebra

B=Co®Mg CC QMg =D,

where Cj is the sub-C*-algebra of C generated by co. Since C is stably
projectionless, sp(cg) = [0,1]. Then Co ® Mg = Cy((0, 1]) ® Mg. Fix a finite
subset ¥ C B which contains {co ® e;; : 1 <i,j < 1},and 0 < § < ¢/8. Since B
is semiprojective (see, for example, [12]), there is a homomorphism H: B — D,,,
for some m; > ny > n such that

@m0 0 H(g) —gll <8/K* forallg € §. (e10.4)

Set coo = H(co ® e11).

Fix m > mj. Define D), = @m,,m(c00) Dm®m, m(coo). Then the sub-C*-
algebra D, generated by D,, and ¢, m(H(B)) is isomorphic to D), ® Mx C D,y,.
Define

x1,j(a) = (oo ® €1)@ny,m, (c(@))(coo ® e1;) € H(B),
and  y1,;(a) = @m, m(coo @ €j1)@n; .m(c(@))om;m(coo ®e1,;) j =1,2,.... K,

(e10.5)
foralla € . Note y1,j = @m,,m(x1,;(a)). Moreover, one may write
le,j(fl) an(a) ®eii = x11(a) ® lk.
=1
By (e10.4), fora € ¥,
K K
Omioo( D2 ¥15(@) 5 Y (€0 ® 1), 00(c(@))co @ e1,)
j=1 J=1
K
Re/16 Z(Co ® ej1)(c(a) ® er1)(co ® e1y)
j=1
K K
=Y (coc@)co) ®eji = > cla)®ejj = c(a) ® lg.
j=1 j=1

(e 10.6)
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Define 1 = {y1,1(a) :a € ¥} C D), ® Mx C D,,. Then, by (e 10.3) and (e 10.6)
above, without loss of generality, choosing a larger m if necessary, we may assume
that

||§0m1,m((pn,m1 (a)) — §0m1,m(x11(a) ®1g)| <e/2 foralla € ¥. (e10.7)

It follows that
dist(pn,m(a), F1 ® 1x) <e foralla € ¥. (e10.8)

This proves the first part of the statement.
In the case D, € €, by [51], D ® Z = D. In Z (see the proof of Lemma 2.1
of [44], and also Lemma 4.2 of [48]), there are ey, e5,...,ex,d € Z4 such that

K
Zej +d= 1z,
j=1

e1,ea,...,eg are mutually orthogonal, d < e, and there exist wy, wa, ..., Wg € Z
such thate; = w; w; ande; g = w;‘ w;. Moreover, as in the proof of Lemma 4.2
of [48], since Z has stable rank one, there is a unitary v € Z such that v*dv < e;.

Without loss of generality, identifying D with D ® Z, we may assume that

Pnoo(X) =y ®1
for some y = y(x) € D for every element x € ¥ . Let

d' = co®d, v'=cé/2®v, e;=co®ej, w;~=cé/2®wj, j=12,....K.

Note that d’ + Zf=1 e, = co. With sufficiently large m and with a standard
perturbation, we may assume that d’,v’,e;,w} € Omoo(Dm), j = 1,2,....m,
and @, oo(x) commutes with d’, ¢’ and w’; for all x € ¥. With possibly even

larger m, without loss of generality, there are d”, v”, e;’ , w;./ € D,, such that

K
d// + Z — C(/), d// — v//(v//)*’ (U//)*v// < 6/1/7
j=1

ey, ey, ..., e are mutually orthogonal, (w7)(w)* = €, and €7, = (w7)* (W),

J+1
where ¢, € (Dp,)+ is such that

CoPn.m(X) = Qpm(x)cy = @nm(x) forallx € F

and
I @n.m(x), y]|| < e/16K* forall x € F (e10.9)

and
ye{d"?.d" v el wl j =12 K}
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Define
Dy, = ¢jDmef. r(f) =(d") 2 pnm(d")'?

and
¥ = {ei’gon,m(x)e’l’ ix € 37},

and identify d (e @n m(x)e]) with

K
Z e;./(pn,m(x)e}/ = MK(D;;) forall x € ¥.
j=1

The conclusion of the lemma follows. J

Theorem 10.3. Let A € D (or A €Dy) be a separable C*-algebra with A = Ped(A).
Then the following statement holds: Let ag be a strictly positive element of A
with ||ag|l = 1. There exists 1 > d4 > 0 satisfing the following condition: For
any € > 0, any finite subset ¥ C A, and any by € A4 \ {0}, there exist a separable
simple C*-algebra D = lim,_ o0 (Dy, Y¥n), where D, € €y (or D), € ‘88) and an
F -e-multiplicative completely positive contractive map ¢: A — Dy such that, for

any n > 1, there exist a completely positive contractive map ®,: A — A and an
embedding j,: D — A with ®,(A) L jn o (Y1,n00(A)) such that

X = (D + junoVinop)X)|| <e  forallx € ¥, (e 10.10)
cn < b, (e10.11)
t(f1/a(¥1,n 0 @(ao))) > da  forallt € T(Dp), (e10.12)

where ¢y, is a strictly positive element of ®,(A) AP, (A). Moreover, if Ko(A) = {0},
we may assume that (Y1,,|p,)+0 = 0.

Proof. Let 1 > f4, > 0 be as in Definition 8.1. Fix an integer ko > 1 such that
(Fap)? > 27K0.
Replacing ag by g(ag) for some g € Co((0, 1]) with 0 < g < 1, we may assume
that
t(agp) > fq, forallt € T(A) (e10.13)

(see Remark 9.2). Fix any by € A4 \ {0}. Choose a sequence of non-zero positive
elements (b,),>1 in A with the following property: by < bo and by 1 < by, 1, where
bn1,bna,... ,bn’2n+k0+5 are mutually orthogonal positive elements in b, Ab,, such
that

bnbn,i :bn,ibn :bn,i’ i :0,1,2,...,11
and
(bpi) = (bp1), i=1,2,.. . 2"Tkot3
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It should be noted that
o
Z sup{t(b;):t € mw} < (fap)?/2™ > forallm > 1. (e10.14)
Jj=m
One obtains (see also the end of Remark 8.11) two sequences of sub-C*-algebras
Ao, and D, of A, with Ay, L D, and D, € € (or D, € ‘6’8), and two sequences
of completely positive contractive maps gp,(,o): A — Ay, and (p,(,l) A — D, with

||<Pr(¢i) | =1 = 0,1) satisfying the following conditions:

lim [lo®(ab) — P (@)pP ()| =0 foralla,be A, i =0,1, (e10.15)
n—>oo

lim fa — (o 4+ ¢M)(@)| =0 foralla € A, (e10.16)
n—oo

cn < by, (€10.17)

2(f174(0" (@0))) > fa, forall T € T(Dy), (€10.18)

and (p,(,l) (ag) is a strictly positive element of D,,, where ¢, is a strictly positive element
of Ao, with |lc,|| = 1. To avoid confusion, since the sequence of subalgebras (D)
is not increasing, we shall denote the embedding of D,, in A by j,. As in the proof
of Proposition 9.1, it follows that

lim (sup{|t(a) —to@P(@)|: 7 € T(A)}) =0 forallaec A. (e10.19)
Consider the sequence (a,) defined inductively by

ap = (pfl)(ao), a, = (pél)(al), e Ay = (p,(ll)(an_l), n=12,....
For fixed n, by (e 10.17), (e 10.14), (e 10.15), and (e 10.16),

Jim (sup {z(fi/a(6," @7 D)) 1 T € TDW)}) = (a)*/2" (€1020)
for any 0 < b < 1. It follows that, for fixed n, and any fixed m > n,

Jim (sup {|7(f1/4 @i am — an)| - 7 € T(Ds)}) < (Gag)?/2"7".
(e10.21)
Without loss of generality, passing to a subsequence if necessary, by (e 10.16), we
may assume that, for all m > n,

lan — @9 + oMY (a,)|| < (fay)* (10.22)
n ¢m (pm n 2(n+4)2 ) .

2
1 fija(an) — fiya(@ + e @l < %) (10.23)

2(n+4)2’
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(fao)?
and s o+ 0 @2, (fiza(an)) = fija@nsm)ll < ZJT n=12,...,
(e10.24)
and by (¢ 10.21) whenever m + k > n + 1,
6 . (Fao)*
sup {|t(f1/a@p g (@nsr —an))| 1T € TDman)} < S0 (€1025)
Claim 1.
L . (1) (fﬂo)z
imint (inf \7(f1/4(®,, " (ar))) : T € m)andm > ng) > . (el0.
1 f (inf {z(f1/4(¢p’ (@n))) T(Dm) and )= 2 (€10.26)
n—oo

Claim 2. If we first take a subsequence (N (k)) and as above define

a = (p(lN(l))(ao), a, = wl(\;()z)(al), oAy = gol(\}()n)(an_l), n=0,1,...,
then Claim 1 still holds, when m is replaced by N(m).

Let us first explain that Claim 2 follows from Claim 1 since we may first pass to
another subsequence in the construction above and then apply Claim 1.

Proof of Claim 1. Assume Claim 1 is false. Then there exists n9 > 0 such that

2
%—n0>0and

linrggf(inf {T(f1/4(<ﬁ,511)(an))) 17 € T(Dm) and m > n}) < % — No.

(e10.27)
By (e 10.25), there is ng > 1 such that, forallm > n > ng and k > 1,

t(f1/a@h i (@m)) < T(fi/a@ly) @) +10/2 forall T € T(Dpoik).
(e10.28)
Hence there exists a subsequence (1) which has the following property: if k' > k,
then

tnge (f1/a( @0 (@ni ) < (Fag)?/8 = 10/2. (10.29)

Consider the positive linear functional 7z defined by t;(a) = tk((p,(,}c)(a)) for

alla € A,k =1,2,.... Let t be a weak™ limit of (7x)x>;. It follows (e 10.18) that
1 > ||z|| = fao. Moreover, by (e 10.15), 7 is a trace. On the other hand, by (e 10.29)
and (e 10.23),

t(fijalany)) < (fap)?/8 forall k. (e10.30)
It follows from (e 10.23), (e 10.14) and (e 10.17) that, if m > n > 1,

t(fiya(@P@n)) = (fijaan)) = Gag)2/2"5 = (5ap)2/27H7. (e10.31)
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Therefore, also using (e 10.13), for all k,

n+k
o(fisal@n)) = T(fi/a@0) = (X ((a0)/27 5 = (a0)2/297)) > (Fag)?/4-
=1
! (e10.32)
This contradicts with (e 10.30) and so Claim 1 is proved. ]

Since A = Ped(A), by Theorem 5.7, we obtainamap 7": A+ \ {0} > N xR\ {0},
which has the properties described by Theorem 5.7. Set T'(a) = (N(a), M(a)) and
Ala) = (N(a) + 1)(M(a) + 1) foreacha € A \ {0}.

Now fix a finite subset ¥ C Ay \ {0} and 1/16 > ¢ > 0. We may assume
that [la|| < 1 foralla € ¥, ap € F. Let e? be a strictly positive element
of D, with 0 < eD < 1. Let (¥;,) be an increasing sequence of finite subsets
of (Dy)+ such that the union of these subsets is dense in (Dg)+. We may assume
that (p(l)(T) - 37,(”1. By (e10.16) and (e 10.18), without loss of generality, by
choosing larger k, if necessary, we may also assume that the elements of gp,ﬁl) (F) are

non-zero, and therefore that those of F;  are non-zero. Choose 1/4 > 1o > 0 such
that

I fi7a(@’) = fija(@”)|| < min{e, 2 }/64 (€10.33)
whenever 0 < a’,a” < 1and ||a’ — a”|| < no. We may assume that
|x = (0@ + o) ()| < min{ro, £}/16> forall x € F. (e10.34)
Set
Fl, = {(a — ||cz||/2)+ ta e 3‘71’,,,} and F\", =F,UF/,. (e10.35)
Choose o1 > 0 such that
| for (€P)x fry (eP) — x|| < minfe, po}/16>  forall x € p{V(F),
(e 10.36)
1 for (e1)@” (x) fo, (c1) — {7 ()| < min{fag. 0. £}/16> forall x € F.
(e10.37)

Define ®1: 4 — A1 by ®1(x) = fo, (c1)9'” (x) f, (c1). Put
g0 = min{f; .£/16,10/16,01/2}.

Let #1,, be a finite subset which also contains 57", "Ular, eP, fo,(eP), fo,12(eP)}.
By Theorem 5.7, since D is assumed to be in the class €y, there exist an integer
ny > 2 and a homomorphism v1: D1 — Dy, such that

mi(a)

Z ¢y (x(@)i,)* o) (@) (x(@)i1) = fips(gl (@), (¢10.38)
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where x(a)i,1 € A, mi(a) < N(a) and |x(a)i1|| < M(a),i = 1,2,...,m(a),
and

1¥1(a) — o (@)]| < e0/4 - 16 (a) (€ 10.39)

foralla € ¥} ’ |- It follows that

my(a)

| X eh @) @y a), D = fie(ef) @) < e0/32 (€1040)

rVII

for all a € ¥{';. Therefore, applying Lemma 3.1, one obtains y(a); », € Dy, with
17 (@)i.n, S HX(a)u1H-+ (Fa0)?/16 such that

m2(a)

Y Y @F, 1(@y(@in, = frys(pl) (@) foralla e F'. (c10.41)
i=1

By (e 10.15), we may assume, choosing n, large, that
20lx = (@ + o) ()|l < £0/16*> forallx € F U {c1} U Fr1,  (€1042)

oS (fo1/2(e1) @S (foy j2(eP)) < £0/16, (e 10.43)
I for (o) (c1)) — i) (for (el < 20/16. 0’ € {01.01/2.01/4},  (e10.44)

I o1 72080 (c0)) 20 D (@1(x)) firy 12 (0D (1)) — @D (@1(x))]| < £0/16
(€10.45)

forallx € ¥. Putp;: A — D by
01(3) = for (001" () (for (1)
for x € A. Define <Pn2) by

o' () = for 200 (€0) 20D (@1(x)) for 120 (1) /2

for all x € A. Define ®,: A — Ay, by (note, below, the two sums are orthogonal
sums)

®5(x) = (1=91(fory 12PN (00 (@140 ") (0)) + 0 () (1=¥1 (S5, 12(eP)))

for all x € A. Note that ®, is a completely positive contractive map and ®,(A) L
J2(¥1 0 @1(A)). Also (note the sum is orthogonal)

V1 (for 12PN @0 (@1 + V) (x)) =0 forall x € A. (¢ 10.46)
By (e 10.39) and (e 10.43),

O VY1 (for2(eP)) meois 080 ()Y fioj2(eP) ~ppyi6 0. (€10.47)
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Thus, on ¥, by (e 10.45) and (e 10.37),

Dy (x) ~eess 9O (@1 + @) (1) + ¢ (x)
~eo/16 00 (@1 + 9() (1)) + (@1 (x))
o162~ 6@ + o)) + o (0 (x)). (¢ 10.48)

We then verify
[x = (P2(x) + jo(¥1 0 @1(X)))|| <e&/16 forallx € . (e 10.49)
Note that, by (e 10.42),

I(or? + @i)(en) = erll < eo0/16. (10.50)
(0) (1)
By Lemma 3.1, since &g < 01/2 and ¢p, (c1) L ¢n, (c1),

Jor2@0(€1)) S for 12((02 + i) (1) S . (€10.51)

Note, by the definition of ®,, forany x € A4,

(®2(x)) < {(#2((@1 + o) (x) + 0D (1))
< (eny) + (for 2@ (1))
< A(bn,) + (c1) = (b2) + (b1,2) < (b1,1 + b1,2).

It follows that, if ¢, is a strictly positive element of ®,(A)AD,(A) (see
Proposition 2.10), then
C; < b1’1 + bl,z. (e10.52)

To simplify notation, passing to a subsequence, if necessary, without loss of
generality, we may assume that n, = 2.
Put e}, = ¥ (eP). Set
a1 . Vrodd a " aq /! a1
Fon = {(a — ||a||/2)+ ‘a € fz,n} and F,, =%,,U%,

st

(e10.53)

n
Choose 05 > 0 such that:

| for (€)X for (€5) — x|l < 6/16> forall x € F5 5 UY1(F1,2) U 93" (),
(e10.54)

| firr () P2(X) fry () — Pa(x)|| < £/16% forall x € F. (€ 10.55)

Recall that Ko (D7) is finitely generated (see Remark 6.2), say by [p J] n;[1], where
pj € M,,(D;) is a projection with [ma(pj)] = n;[1], ng: M, (D1) = M, is the



Abbreviated title of paper 73

quotient map, j = 1,2,...,k;. We may write p; = q; + h;, where h; = (hi.i’k))
with hgi’k) € D1, where
nj

——

qj =diag(1,1,...,1,0,...,0).
If Ko (A) = {0}, without loss of generality, we may assume that there exists v;€ M, (A4)
such that

*

Vj

v; = p; and vjv;f =q;, j=12,... ki, (e 10.56)
where we identify ¢; with the matrix in M, (C - 1 7). Write
vj :/\j + 55,

where s; = (sﬁ-i’k)) with sgi’k) € Dy, Aj € My (C - 1) is a partial isometry and
sji €My, (D1),1 <j <k Put

£1 = min {80/(1’1’116)2, 02/(m16)2}.

Let 53, be a finite subset which also contains
T3 Uz, €h. for (€)). firyja(eb)} Ui (F12) Ugs? (F)

as well as hgi’k) and s}i’k). Applying Theorem 5.7, since D, € €y, as in the previous
step, we obtain a homomorphism ¥»: D> — D, such that

1¥2(a) — o{D (@)l < e1/4-16*A(a) foralla € 3, (e10.57)

and
m2(a)

| Y eV c@i va@el @12 — finslwD@)| < e1/16? (€1058)
i=1
forall a € 35, where my(a) < N(a) and | x(a);i 2|l < M(a) for alla € F,",. By
Lemma 3.1, there are y(a)iny € Dpy With || y(@)ins|l < Ix(@)izll + (Fo0)?/162
such that

m2(a)

Y (@)} ¥2(@)y(@iny = fis(@i)(@2) foralla € 7. (e10.59)

i=1
By (e 10.15), choosing n3 large, we may assume that:
x = (@© + oMWY (x)|| < £,/16% forallx € F U{c,} U F>,, (e 10.60)
n3 n3 2 5
1650 (for 2 ()OS for () < £1/16, (e10.61)
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I for (@D (c5)) = oD (for(H)l < £1/16%, 6’ € {02.02/2.02/4}.  (10.62)

1 £ 2 (@S0 () 20D (@2.(x)) fir 12 (0D () — S (@2(x)) || < £1/167
(e10.63)

for all x € ¥ . In particular (we continue to use cp,g) for (p,g) ® idag,, ).
1h) = (@3 () + ¢ )| < e1/16°
and s = (a2 (57) + 93 5D < £1/16°

(when Ko(4) = 0). By choosing smaller 1, we may assume that (for 1 < j < k1)
there is a partial isometry u ; € My, (Dp5) such that

wiuj =¥y (p;) and ujuj =gq;, (e 10.64)
where
I(¥2 (pj) + wf,g)(hj)) —pill <er, |l(u;+ wf,g)(sj)) — vl <e1,

where we identify M,,(C - 1 51) with M, (C - 1), and where v/ is the extension
of Y, on M, (D). In particular, (2)x0 = 0, when Ko(A4) = {0}. Define (p,(,13)/ by

O (x) = [ /2(@0 ()20 (@2(X)) firy 12 (082 (ch)) /2
for all x € A. Define ®3: 4 — A by
D3(x) = (1= Y2 for 2(€)) (00 (@2 + j2 0 Y1 0 01)(x)) + o) (x))
(1= V2(fipya(eh)))

for all x € A. Note @3 is a completely positive contractive map and ®3(A4) L
J2(Y1,2 0 ¢1(A4)), where Y1 = Y2 0 Y1 Also

V2 (forr 2 (€0 (@5 + jo o Y10 @1)(x) =0 forall x € A. (e 10.65)
By (¢ 10.57) and (e 10.61),
oS ()2 (for/2(€5) ~e, 162 085 (DO (fon/2(€5)) ey 12 0. (€10.66)
Thus, on F, by (e 10.63) and (e 10.49) (using also the orthogonality of the sum),
®3(x) + ¢V (j2 0 Y1 (g1 (x)))
N 27 O (@2 + j2 0 Y10 91) (%)) + ¢S (x) + 9 (j2 © Y1 (91 (x)))

N 28 O (@2 + j2 0 Y10 91) (X)) + ¢S (@2 + j2 0 Yr1)(x)
£/16 X (p,(l(;)(x) + §0,513)(x) Ngi /163 X-
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Therefore, since &1/27 + &1/28 + £1/16% + £,/16% < £/162, by (e 10.57),
|x = (@30x) + js(W1.2 0 91 (1)) | < &/16 +¢/16 (e10.67)
for all x € . Note that, by (¢ 10.42),
1@ + ¢D)(c5) — ¢ | < eo/16. (e 10.68)
By Lemma 3.1 (recall that (p,(,g) (ch) L go,(,? (c5)),

Jor2@S(ch)) < €5 < bri+bia. (¢ 10.69)

By the definition of ®3 above, for any x € A4,
(@3(x)) = (ens) + {for/2(043 (€2))) = (bus1) + (c3). (e 10.70)
Let ¢} be a strictly positive element of W Then, by (e 10.52),
(€3) = {busa) + (b1 + bio). (€10.71)

To simplify notation, by passing to a subsequence, if necessary, without loss of
generality, we may assume that n3 = 3.

Continuing this process, one then obtains a sequence of homomorphisms
Yu: Dy — Dy such that

[¥a(a) — P (a)|| < eo/4-16"A(a) foralla € Fp, (e10.72)
and

my (a)

> Y @F 1 Vn@y@int1 = fis(@l)i(@n)) foralla € Fup. (€10.73)

i=1

where ¥, , contains

Flln U kan, €. fon(€h). fons2(€p)} U ¥n(Fazin—1) U oSV (F),
where (for m > n)

Fam=1{@a—al/2), acF, ,} and F =F  UF (€10.74)

n, n,m n,m n,m*

Moreover, my(a) < N(a), ||y(@)in+1ll < M(a) + 1 for all n. Furthermore,
there is a completely positive contractive map ®,: A — A such that ®,(A4) L

Jn(W1n 0 @1(A)),

|x = (Pn(x) + jn(Wrn o1 (x)| < D /16" <& forallx € F (e10.75)
k=1
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and
C;l$b1,1+b1,2+b2’1+--'+bn1Nb(), n=12,.... (e 10.76)

Consider the inductive limit C*-algebra D = lim,— o0 (Dy, ¥y). (Again, one
should note that we have passed to a subsequence to simplify notation.) Note that,
if A € Dy, then each D,, € ‘68. Note also that, while, by construction, D,, € A, for
eachn = 1,2,.. ., thisisnottrue for D. Letus verify that D is simple. Fix a non-zero
positive element dy € (D)4 with ||do|| = 1. Since each D,, is stably projectionless,
sois D. Fix 1/64 > & > 0. There is d € (D)4 such that d = Yy,00(d’)
ford" € (D,,)+ with ||d'|| = 1 and

ld — dol| < &1/32. (e10.77)
It follows from Lemma 3.1 that there is z € D such that
(d —&1/16)4 = z%dyz. (e10.78)
By construction, there is d” € F yn for some m’ > m + 16 such that
1Vmm ((d" —e1/16)1) —d"|| < e1/64. (e10.79)

There is y € D, such that

(@ = 61/8)+ = ¥ Ymm (d' —e1/4)4)y. (e 10.80)
Note that e, /2 < ||d"”||/8.
By (e 10.73), there are x1, X2, ..., X1, € Dpy41 such that
L
> x5 w1 (@ = &1/ )xi = fi/s(@m11). (e 10.81)

i=1
Claim 3. The element dgo := Vm/+1,00(@m’+1) is full in D. In fact, for any m” >
m’ + 1, it follows from (e 10.72), (e 10.24), and Claim 2 that
m// .
(Yt 1mr (Sr78(@m1) = T(050 00 00 5 (frssl@ms1)) = (Fag)*/167
j=m/+2
> 7(pg) 0+ 0 gty (fizalam+1))) = (Fag)?/16™ +!
(fao)? (Fag)® _ (ap)?

> t(frjalam)) — M/ +1+4)2  Jem+1 > 16
(10.82)

for all © € T(Dy~). By Proposition 6.3, we conclude that ¥,/ 41 m7 (@ +1) is full
in Dy,. Therefore agg is full in Y7 oo (D) for allm” > m’ + 1. Hence, the closed
two-sided ideal generated by ago contains | J 41 ¥m” 00(Dmr). This implies
that ago is full in D, which proves Claim 3.

m’'>m
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It follows from (e 10.81) that ¥, 0o ((d” — €1/2)4) is full in D. By (e 10.80),
the element ¥y, oo ((d’ — €1/4)4+) is full in D. Then, by (e 10.78), dj is full in D.
Since d is arbitrarily chosen in (D)4 \ {0} with ||dg|| = 1, this implies that D is
indeed simple.

By (e 10.33), and then as in the estimate of (e 10.82),

T(f1/4(‘ﬁ1,n (¢1 (ao))))

> 1(f17a(W1.0(0(@0)))) — fao/64
= (V1.0 (f1/4(@1))) = Fao /64

> (gD o @V (fr7a(@n) = D (ag)?/167 — 2, /64

j=2
> t(fizaan)) = Gao)2 /2097 = (5a0)2/167)(16/15) — 12, /64
> foo/8—Fa0/32 =12, /16 =:dg  forallT € T(D,).

We also note, since (¥2)xo = 0, that (¥1,,)«0 = O foralln > 2. O

Theorem 10.4. Let A be a separable C*-algebra in Dy. Then A is tracially
approximately divisible in the sense of Definition 10.1.

Proof. Let e > 0, ¥ C A be a finite subset, b € A4 \ {0}, and let K > 1 be
an integer. Let e4 € A be a strictly positive element with 0 < e4 < 1. Choose
1/2 > o > 0 such that

| fo(lea)afs(eqa) —al <e/4 foralla e F. (e10.83)

Set 1 = {fo(ea)afs(eq) : a € F}and A = fy(ea)Afs(eq). Then A’ is
algebraically simple (as A is), and so A’ = Ped(A’). Choose by € (A")+ \ {0} such
that (bo) < (b).

We apply Theorem 10.3to A’, 7, ¢/4 and by. Let D zli_n)l(D,,, Yn)s jn:Dn— A,
and ¢: A — D be as in Theorem 10.3. Put

Ck = Y1k (@(A) DYk (0(4)., k=12,...,

and
C = lim (Ce.Vklc,_,)-
k—o0

Then C is a hereditary sub-C*-algebra of D and Cy € € ' By Lemma 10.2, there
exist n > 1 and sub-C*-algebras D, = Mg(D;) C C, such that

dist (Wl,n op(a),F» ® lK) <eg/4 foralla € ¥, (e10.84)

where D) is a hereditary sub-C*-algebra of C, and ¥, C D), is a finite subset.
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Let ®,: A — A be as in Theorem 10.3. Then ®,(A) L j, (Y1, o ¢1(A4)) and
cn < bo, where ¢, is a strictly positive element of ®,(4)A®P,(A). Recall that, in
Theorem 10.3, D,, is embedded in A by means of j,. Define A9 = &,(4)AP,(A).
Then Ay L j,(Cy) and B = Ay & Mk (j(D))))] C A. Then

dist(®(x) + jn o Y1.a(p(x)), Ao+ D;, ® 1g) <e/4 forallx € 1. (e10.85)

However, as part of the conclusion of Theorem 10.3,

|x = (D(X) + jn o V1a(@(x)))| <e/4 forall x € F7. (e 10.86)

By (e 10.83),
dist(a, Ao + D,, ® 1x) <e foralla € ¥. (€10.87)
Note we also have ¢, < by < b. O

Remark 10.5. In fact, one can also prove the conclusion of Theorem 10.4 by replacing
the condition A € Dy by A € D and Ko(A) = 0, and applying Proposition 7.9,
since we will show that a C*-algebra in $ has stable rank one (which will be done
in Theorem 11.5). This will be carried out in Proposition 11.10 below.

Corollary 10.6. Let A be a separable C*-algebra in the class D. Then A has the
Jollowing property: For any ¢ > 0, any finite subset ¥ C A, any ag € A4 \ {0},
and any integer n > 1, there are mutually orthogonal elements ey, ego, €01 € A,
completely positive contractive maps ¢o: A — Eo, ¢p1: A = E1, and ¢5: A — E»,
where Eq, E1, E5 are sub-C*-algebras of A, Ey = eoAeq, epo € E1, €01 € E»,
Ey L Eq, Mn(Ez) C Eq, with E5 € €6 and E, C eg1Aegr, such that

[x — (9o + @) ()]l <&/2 (e10.88)
and lo1(x) — (r(x) + p2(a) ® 1) < &/2, (€10.89)
r(x) € eggAegy forallx € ¥, (10.90)

and

eo+epo Sag and egy < eo1-

Proof. The proof is almost the same as that of Theorem 10.4. One replaces E’g,
by €, and instead of applying the first part of Lemma 10.2, one applies the second
part of Lemma 10.2. We omit the repetition. O

Theorem 10.7. Let A be a separable C*-algebra in Dy. Let a € Ay with |a|| = 1
be a strictly positive element. Then the following statement is true.

There exists 1 > f, > 0 such that, for any ¢ > 0, any finite subset ¥ C A and any
b € A1\ {0} and any integer n > 1, there are ¥ -e-multiplicative completely positive
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contractive maps ¢: A — A and y: A — D for some sub-C*-algebra D € ‘68/ with
M, (D) C A and M,,(D) L ¢(A) such that || = 1,

lx —(p(x) + v (x)® 1) <& forallx € F U{a}, (€10.91)
¢ < b, (e10.92)
1(fia(¥ (@) = fa, 1 €T(D), (€10.93)

and (a) is strictly positive in D, where c is a strictly positive element of
Ao = ¢(a)Ap(a).

Proof. Fix a strictly positive element a € A4 with |la|| = 1. It follows from
w
Proposition 9.1 that 0 & T(A) . Let

ro = inf {z(fi/2(a)) : T € T(A)"} > 0. (e 10.94)

Let f4, = ro/6. Choose an integer ko > 1 such that ro/16 > 1/ k.

Let1 > &> 0and ¥ C A be a finite subset. Choose £; = min{e/16, ro/128}.
Let 1 D ¥ U{a, f1/4(a)} be afinite subset of A. Letb € A4 \ {0}, and any integer
n > 1 be given.

Choose by, b1, .. .,b;+2k0 € bAb such that by. by, ... ,b;+2k0 are mutually
orthogonal and mutually equivalent in the sense of Cuntz and there are non-zero
and mutually orthogonal elements bg, by, ..., b, 42k, € A4 such that b;by = b;,
i =O,1,...,n—|—2k0.

By Theorem 10.4, A has the property of tracial approximate divisibility. Therefore
there are sub-C*-algebras Ao, A; and M, (A;) of A such that Ay L M, (A,),

dist (x, Ao + A1 ® 1,) < &1/2 forallx € F,

and a9 < by, where ag is a strictly positive element of Ag. Moreover, there are
Yo € Ag and y; € A; such that

la—(o+y1®1.)) <e/2 (e10.95)

and I f174(a) — (f14(yo) + fi7a(y1) ® 1n)) || < &1/2. (e 10.96)
Note that

r(f1/4(y1) ® 1,,) >ro—1/(n 4+ 2ko) —&1/2 > ro/3 (€10.97)

for all T € T(A).
Let Ay = agAag and A} = y;Ay,. Note that 0 ¢ T(A’l)W by Proposition 4.10.
Moreover, if T € T(A), then ||t|4, || > ro/3. We also have

t(fi7a(y1)) = ro/3 forall T € T(A}). (€10.98)

Note, by Remark 9.2, in Definition 8.1 the constant f,, can be chosen to be r¢/6.
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Let ¥ C A be afinite subset such that the following holds:
dist (f: {(xo + x1 ® 1) 1 xo € Ag.x1 € §}) <g1/2 forall f € F; (¢10.99)

and y; € §.

Note that A is a hereditary sub-C*-algebra of A. By Proposition 8.6, 4| € Dy.
Thus, there exist two sub-C*-algebras By and D of A, where D € ‘68/ and
two §-¢-multiplicative completely positive contractive maps ¢o: A] — By and
Vo: A} — D such that

[x — (o + Yo)(X)|| < &1/2 forallx € §, (e 10.100)
@o(co) < b1, Yol =1, (€10.101)
to fi/a(Yo(y1)) = ro/6 forall € T(D), (10.102)

and ¥ (y1) is a strictly positive element in D, where ¢y is a strictly positive element
of A}.

Set Agp = Ao ® Ay ® 1, and let ¢ = ag + co ® 1,. Choose a function
g € Co((0, 1]), define @go: A — Ago by

®oo(x) = g(ao)xg(ao) + po(x) ® 1, forall x € A.
Then, with a choice of g, we have
lx — (poo(x) + Yo (x) ® 1)|| <& forallx € F. (e 10.103)

Moreover,

{c) = (bo) + (b1) + -+ + (bn) = (D).

Now let ¢ = @go. Then p(a) = @o(a) < ¢ < b. Put ¢y = . Note also (e 10.102)
holds. It follows that ¢, ¥, and D meet the requirements. O

The following corollary follows from the combination of Theorems 8.3 and 10.7.
Corollary 10.8. Let A be a separable algebraically simple C*-algebra in Dy
(cf. Remark 11.4). Then the following property holds. Fix a strictly positive element
a € Awith |la|| = 1 and let 1 > §f, > 0 be as in Definition 8.1 (see also Remark 9.2).
There is a map

TA+\{0} — N XR+\{O}
(a = (N(a), M(a)) for all a € Ay \ {0}) satisfying the following condition: For
any finite subset ¥y C Ay \ {0}. for any ¢ > 0, any finite subset ¥ C A and
any b € Ay \ {0} and any integer n > 1, there are ¥ -e-multiplicative completely
positive contractive maps ¢: A — Aand y: A — D = D ® ey for some sub-C*-
algebra M,,(D) C A with ¢(A) L M, (D) such that

lx —(p(x) + v (x)® 1) <&, xeF Uda}, (10.104)
D e€), (e 10.105)
ap<h, |y|=1, (e 10.106)
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and Y (a) is strictly positive in D, where ag € @(a)Ap(a) is a strictly positive
element. Moreover, Y is T-$o U { f1/4(a)}-full in D.
Furthermore, we may assume that

t(f174a(¥ (@) = fa (€10.107)
fa

wd RO e N e e R U @y

forall c € ¥y and for all t € T(D), and, we may also require that

p(a) < ¥(a). (€10.109)

Proof. Note that the existence of the map 7" and the fact that y can be required
to be T-Fo U { f1/4(a)}-full in D, and that (e 10.108) holds, are applications of
Theorem 5.7.

To see the last part of conclusion, i.e., (¢ 10.109), let 1/2 > n > 0 be such that
T(fy(a)) > fq/2 forall T € mw (see Remark 9.2) and choose b € A4 \ {0} such
that d; (D) < fo/4(n + 1) for all © € T(A). Then, with ¢ < n/4, (e 10.104) implies
that

(@) S ea) + ¥ (a) ® 1,. (€10.110)
It follows that d; (¥ (a)) > fa/2(n + 1) forall T € T(A) or

d:(¥(a)) > d(b) = d;(¢p(a)) forall T € T(A)w. (e10.111)
It follows by (1) of Theorems 5.3 and 9.4 that ¢(a) < ¥ (a). O

Remark 10.9. It is clear from the proof that, for n = 1, both Theorem 10.7 and
Corollary 10.8 hold if A € D (with now D in &’ or €y).

11. Stable rank one

The proof of the following result is very similar to that of Lemma 2.1 of [44].

Lemma 11.1. Let A be a separable, simple, and stably projectionless C*-algebra
such that every hereditary sub-C*-algebra B has comparison for positive elements
as formulated in the conclusion of Theorem 9.4, and satisfies the conclusion of
Corollary 10.6 (without even assuming that E, belongs to a specific class of
C*-algebras). Then A almost has stable rank one (see Definition 2.7), for any
hereditary sub-C*-algebra B of A,

B C GL(B).
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Proof. 1t is clearly sufficient to consider the case B = A.

Fix anelement x € A and e > 0. Lete € 4 with 0 < e < 1 be a strictly positive
element. Upon replacing x by f,(e)xf,(e) for some small 1/8 > n > 0, we may
assume that x € f,(e)Afy(e). Put By = f,(e)Afy(e).

By the assumption, we know that e is not a projection. We obtain a positive
element by € Bll \ {0}.

Note that

B} ={ae€A:ab=hba=0forallb c B}

is a non-zero hereditary sub-C*-algebra of A. Since we assume that A is infinite
dimensional, by Aby contains non-zero positive elements bg 1, by, |, bo,2, by , € BlL
such that

/ / / ! / /
bO,l < bo,zv b0=1b0,1 = bO,l’bO,Zbo,z = bo,, and b0,1b0,2 =0.

Since A has comparison for positive elements as described in the conclusion of
Theorem 9.4, we can choose a large integer n > 2 which has the following property:
ifay,as,...,a, € A+ are n mutually orthogonal and mutually equivalent positive
elements, then

ai+az < b

There is B] C B; which has the form
B =B11+D®1,,

where B ; is a hereditary sub-C*-algebra with a strictly positive element b1; < by 3
and there are xo € By,; and x; € D \ {0} such that

[x — (xo +x1 ® 1,)|| < g/16. (ell.1)

Let dp € D be a strictly positive elem=ent. By the choice of n, dy < bg,;1. Choose
0 < n1 < 1/4 such that

| fn1 (do)x1 fn, (do) — x1]| < &/16. (e11.2)
Put x| = f;,(do)x1 fy, (do). Note that
Si/8(do) S Do (e11.3)

There are w; € A such that:

i—1
e

w;w; = diag(0,0,...,0 , fy,/a(do).0....,0), i=12,....n, (ell.4)

1
— N —

wi*wi = diag(0,0,...,0, f,/4(do).0,...,0), i=12,....,.n—1, (ell.5)

w;: wy, € b/(),zAb/o,z. (C 11 6)










After (e.11), add:

We may assume that $b_{11}x_0=x_0=x_0b_{11}.$
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There is v € A such that
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v¥v o + diag(x},0,...,0) and wv* € (by, + by ) A(bg | +

Put

i—1
x/ = diag(0,0,...,0,x,0,...,0), i=12,...,n,
i—1

y! = diag(0,0,...,0, fp,/4(do),0,...,0), i=1,2,...,n,

n—1 n—1
z V¥, zp =, Z3=E wix;, and Z4=E yiw;.

i=1 i=1

Note that z3z, = 0 and z;z4 = 0. Therefore,

(z1 + 23)(22 + 24) = 2122 + 2324

* . / / /
= v*v + diag(0, x}, x7, ..., X7)
n
—— —
: / / / /
= xo +diag( x},x],....x] )=x0+x; ® 1,.

On the other hand,
22 =v**=0, z;z3=0.

We also compute that

n—1
2 * Mok * Ik 4
z3 = E w; X;wixG = E W; X; W1 X;_q.
iJ i=2

Inductively, we compute that
z53 = 0.

Thus, by (e 11.14),

k
(21 +23)F = Zzéz’f‘i for all k.

i=1

by 2)-

(e11.7)

(e11.8)

(e11.9)

(e11.10)

(e11.11)
(e11.12)

(e11.13)

(e11.14)

(e11.15)

(e11.16)

(e11.17)

Therefore, by (e 11.14), and (e 11.16), fork = n+1, (z; +23)" ! = 0. We also have
that z,z4 = 0 and Z% = 0. A similar computation shows that zjj = 0. Therefore, as

above, (22 + z4)" ! = 0. One has the estimate

lx = (z1 + 2z3) (22 + za) || < /4.




xxx

Please change this part to:

vv^*=b_{11}+diag(f_{\etaq_1/2}(d_0),0,…,0)

Right after Put:

z^0=v(x_0+diag(x_1’,0,…,0)v^*, 

z_1=v^*z^0,

zhuangniu
replace v^*v by v^*z^0(z^0)^*v
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Suppose that ||z;|| < M fori = 1,...,4. Consider the elements of A
zs=2z1+z3+¢e/l6(M +1) and zg =1zp+ z4 +&/16(M + 1).

Since (z1 + z3) and (z + z4) are nilpotent, both z5 and z¢ are invertible in A. We
also estimate that, by (e 11.1),

|x — z5z6|| < e. O

Corollary 11.2. Let A € D be a separable C*-algebra. Then, foreveryn = 1,2,...,
M,, (A) almost has stable rank one (see Definition 2.7).

Proof. This follows from Propositions 8.5, 8.6, 9.3, Corollary 10.6, and Lemma 11.1.
O

Corollary 11.3. Let A € D. Suppose that A is separable. Then A = Ped(A).

Proof. By Proposition 8.5, M, (A4) is in H. The corollary then follows from the
combination of Proposition 9.1, Corollary 11.2, Theorem 9.4, Lemma 4.8, and
Theorem 4.7. O

Remark 11.4. Note, by Corollary 11.3, the assumption that A = Ped(A) in
Theorem 10.3 can be removed.

Theorem 11.5. Let A be a separable C*-algebra in D. Then A has stable rank one.

Proof. Let x € A. We must show that x € GL(A). Applying 3.2 and 3.5 of [46],
without loss of generality, we may assume that there exists a non-zero positive element

ey € A with llegll = 1 such that xe, = eyx = 0. We may further assume that there
exists eg € A4 with ||eg]| = 1 such that ege; = epeq = eg. Define
o = inf {z(fi/4(e)) : T € T(A)" }. (e11.18)

Multiplying by a scalar multiple of the identity, without loss of generality, we
may assume that x = 1 4+ a, where a € A.

Let 0 < g9 < & be given and set &1 = min{eo/(||x| + 1),0}. Since 4 € D,
there exist a hereditary sub-C*-algebra By C A and a sub-C*-algebra D C A
with D € €, such that:

||Cl—(X0+X1)|| < 81/64, ”60—(60,04-60,1)” <81/64, (61119)
I £ (e0) — (fir(eo0) + fyr(eo )|l < e1/64, & €{1/2F:2 <k <6},
(e 11.20)

where X0, €0,0 € By and X1,€0,1 € D, BoD = DBy = {0},

d;(bg) < min{e,/64,0/64} forallt e T(A)w, (e11.21)
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where by is a strictly positive element of Bg. Let pp, denote the open projection
associated with Bg. Then, for §’ € {1/2k 12 <k <6},

(1 + x1) f5(€0,1)l

= [[(1 + x1)(1 — pg,) f5r(eo,1)l (e11.22)

= [[(1 + x1 + x0)(1 = pBy)(fs:(e0,0) + f5(e0,1))l (e11.23)

<1+ x1 +x0)(1 = pgy) fr (o) | + (llx[l + e1/64)e1/64 (e11.24)
= ||(1 = pBy)(1 + x1 + x0)) f5:(eo) || + €0/64 (e11.25)
< [|[(1 = pBy)xfs(eo)| + £1/64 + £0/64 (e11.26)

— £1/64 + £0/64 < £0/32. (€11.27)
Put

xi = (=2f1/6a(e0,1) + fij64(e0,1)?) + (1 = fisea(eo,1))x1(1 — fi/64(e0,1)).
(e 11.28)
Then x| € D. By the calculation above,

(1 — fi/6a(e0,))(1 + x1)(1 — fi64(e0,1)) =14 x] (e11.29)
and (14 x7) — (1 4+ x1)|| < 3e0/30. (e11.30)
Moreover,

(1 + x}) fi/ea(eo,1) = (1 = fijea(eo,1))(1 + x1)(1 = fi/64(e0,1)) f1/16(€0,1) = 0.
(e11.31)

We also have, by (e 11.20),
t(f1/4(€0,1)) = T(f1/a(€0)) —€1/64 = 0 —&9/64 > 0/2 forallT € T(A)W-
(e 11.32)
Therefore, by (e 11.21),
dr(bo) < (fia(e0,1)) forall € T(A) . (e11.33)

By Theorem 9.4, bo < f1/s(eo,1). Note that f1/16(e0,1) f1/8(€0,1) = f1/8(€0,1)-
To simplify notation, choosing sufficiently small ¢¢ and changing notations, we
may assume that

la — (xo + x1)|| <&/16 and |eo— (eo,0 + €0.1)| < €/16, (e11.34)
where x¢, eg,0 € Bo and x1,e9,1 € D, and also
eo,1(1 +x1) = (1 +x1)eg;1 =0 (e11.35)

and by < e; ,, where 0 < eg, <l and e, f5(eo,1) = ¢, forsome 0 < § < 1/4.
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We may also assume, without loss of generality, that there are bo1,b; , € By
with 0 < bg 1, by ; < 1 such that

bo,1x0 = xobo,1 = X0,  fi/16(bg,1)bo,1 = bo,1. (e 11.36)

Set A2 = (f5(e0,1) + by 1) A(fs(eo,1) + bg ;). Note that, and by Proposition 8.6,
Ay € D. Since b6,1 < by < 36,1’ and by Lemma 11.1, A, almost has stable rank

one, there is a unitary v/ € sz (see Lemma 3.3) such that

(u}) by, (u}) € fs(eo1)Afs(e0,1) (e 11.37)

Let go denote the open projection in A** corresponding to b{),lAb{)’l, and g be
the open projection in A** corresponding to the hereditary sub-C*-algebra A,. Then
qo < q. Note that

X040 = Xoqo = Xo (e11.38)
and qouqo = () ()™ (qou)qo = () ((u])*qou})go = 0. (e11.39)
Note also that

lx — (1 + x0 + x1)|| = |la — (xo + x1)|| < €/16. (e 11.40)

PutZ:1+x0+x1.Thenz€fT. Put

2o = zqo = (1 + x0)q0 = qo(1 + xo) (e11.41)
and z1 =z(1 —qo) = (1 —qo)z = (1 — qo) + x1. (e11.42)

Keep in mind that zo + z; = z.
Now write u} = Al i, Ty forsome y € A, and for some scalar A € C with

|A| = 1. Setu; = Ag + y. Multiplying by A and changing notation, we may assume
thatu;y = ¢+ y. Defineu =1+ y =u; + (1 —¢q). Since go < g = 17, we have

dou = qoqu = qoqui = qoqu'y = qou}. (e 11.43)
Then, by (e 11.39),
(zou) (zou) = (1 +x0)qouqo(l + xo)u = (14 x0)qouqo(1 +x¢) = 0. (e11.44)

In other words, zgu is a nilpotent in A**.
On the other hand, by (e 11.35),

z1 fs(eo,1) = (1 —qo)(1 + x1) f5(e0,1) = 0.
Therefore,

z1c = (1 —qo) + x1)c =cz; =0 forallc € As. (e 11.45)



Abbreviated title of paper 87

Thus, as y € A5,
zin=z1(1+y)=2z1+ 21y = z1. (e 11.46)

Put Dy = D + C - (1 —¢qp). Then D; € €. Let
Dy, ={d' € Dy :d’ fs(eo,1) = f5(eo,1)d’ = 0}. (e11.47)

Then, by (e 11.45), z; € D,. Note that D, is a hereditary sub-C*-algebra of D.
If D, is unital, say ¢’ is the unit, then ¢’ # 1 — go. Then (1 — g¢) — ¢’ is also a
non-zero projection. One of them must be in D. Since D is stably projectionless,
that one has to be zero. Since (1 — g¢) — e’ # 0, this leads a contradiction. So D,
is not unital. Since D has stable rank one (see, for example, 3.3 of [22]), so is D5.
Let ep, be a strictly positive element of D,. In A**, let pg = lim,_ oo (e Dz)l/ n
(converges in A**). In particular, pg < 1 —qo. So gopqs = 0. Moreover, since

ep, fs(eo,1) =0,
pa fs(eo1) = 0. (e 11.48)

We also have py By = Bopg = 0. It follows that p;q = 0. Therefore,
zou(1 — pg) = zouq(1 — pg) = zouq = zou. (e11.49)

Hence, zou € (1 — pg)A™™ (1 — py).
Since D, +C pg has stable rank one, there is an invertible element z; € D,+C py
such that
|z1 — 21| < &/16. (e11.50)

We may write z; = A1 pg + yqa, where A1 € C and y; € D,. We may also write
va = A2(1 —qo) + do, where A, € C and dy € D.
Set I = D N D,. Then we have the natural short exact sequence

0—>1—>D,+Cps ->"Ceo®C — 0. (e11.51)
Then ||7(zy — z}1)|| < &/16. Thus, [A;| < ¢/16 and |1 — 15| < £/16. Put
2 1= (1/A2)z1 = npa + (1 = qo) + dg.
where n = A1 /A2 and dj = dy/A, € D. Then || < &/8 and
lz1 — 27| < 3e/16. (e11.52)

Moreover, z{ is invertible in D, + C p;. Without loss of generality, we may require
that n # 0 (since elements near z/ are invertible). We may also write

i =z1+ () —z21) =z1 + (npa + (1 — qo) +dy — (1 —qo + x1)) (e 11.53)
= z1 + npa + dy — x1. (e11.54)
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Therefore,
npa +do—x1 =z{ —z1. (e 11.55)

Since zou is a nilpotent, zou + n(l — py) is invertible in (1 — pg)A** (1 — pg).
Let ¢; denote the inverse of zou + n(1 — pg) in (1 — pg)A**(1 — py) and ¢, the
inverse of z{ in D, + C - pg. Then

(zou +n(1 — pg) ® z)(C1 ® &2) = (1 — pa) + pa = 1. (e 11.56)

It follows that
73 := zou + (1 — pg) + z{ € GL(A™). (e11.57)

However, by (e 11.54) and (e 11.46),

25 = zou + (1 — pg) + z{

= zou + (1 = pa) + z1 + npa + (dg — x1) (e 11.58)
=zou+z1+(dy—x1)+n-1=(Zo+z)u+ (dy—x1)+n-1 (e11.59)
=zu+ (dj—x1)+n-1€A. (e 11.60)

It follows that z, € GL(A). We have (by (e 11.60), (e 11.55), and (e 11.52))

lzu — z2|| = |[(dg — x1) +n- 1] (el1.61)
< |ldg — x1 + npall + nll(1 — pa)|l (e11.62)
= |2/ —z1] + 1 < 38/16 + /8 = 5¢/16. (e 11.63)

Therefore (using also (e 11.40)),
lxu —z3]| <& or |x—zou™| <e. (e11.64)

Since z, is invertible so is zou™. However, u € A. One concludes that Zou™ is
in GL(A). ]

At this point, we would like to introduce the following definition:

Definition 11.6. Let A be a simple C*-algebra. Suppose that A is stably
projectionless. We shall say that A has generalized tracial rank at most one, and
write gTR(A) < 1, if for any a € Ped(A4),, aAa € D. (This extends the definition
of generalized tracial rank at most one in the unital case [22].)

Proposition 11.7. A separable stably projectionless simple C*-algebra A has
generalized tracial rank at most one, i.e., gTR(A) < 1, if, and only if, for some
a € Ped(A4), \ {0}, ada € D.

Proof. Let A be a separable stably projectionless simple C*-algebra. Suppose that
there is a € Ped(A), \ {0} such that ada € ©O. We must show that, for any
b € Ped(A), \ {0}, bAb € D.
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There are by, b;,...,br € A4 and g; € Co((0, 00) 4+ such that

k
b<d:= Zgi(bi)-
i=1

By repeated application of Lemma 3.4, one obtains x1, X3, ..., X, € A such that
n
> xtaxi=d. (e 11.65)
i=1
Let Z = (x}a'/2,x3a'/?,... x*a'/?) be considered as an 7 x n matrix in M, (A)

with zero rows except for the first row. Then

n—1
——

Z7Z* = diag(d, 0,0,...,0) and Z*Z € My(aAa). (e 11.66)
Let Z* = U(ZZ*)"/? denote the polar decomposition of Z* in M,,(4)**. Then
UZZ*U* = Z*7 € M, (aAa).

It follows that the map x > UxU* from

dAd ® e11 = ZZ*M(A)ZZ* to Z*ZM,(A)Z*Z = Z*ZM,(aAa)Z*Z

is an isomorphism. Thus,

dAd =~ ZZ*M,(aAa)ZZ*. (e11.67)

It follows from Proposition 8.5 that M,,(a Aa) € D. Then, by Proposition 8.6,

Z7Z*M,(aAa)ZZ* € D.

By (e11.67), dAd € . Since b € dAd, by Proposition 8.6, bAb € D, as
desired. L]

Proposition 11.8. Let A € D. Suppose that A = Ped(A) (see Corollary 11.3).
Then the map Cu(A) — LAy (T(A) ) is an isomorphism of ordered semigroups.

Proof. First, note that by Corollary 11.3 and Theorem 9.4, the map (taking a
positive element and a given trace into the trace of the range projection) is an order
isomorphism onto its image (with the pointwise order on affine functions).

So it remains to prove surjectivity. (The argument is similar to existing arguments
in the unital case; see [5, 5.3] and [22, 10.5]. One can also just use the somewhat
different proof of 6.2.1 of [43] using 10.6 instead of (D). In the present setting, we
use Proposition 6.4(4).)
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Since the map preserves suprema of increasing sequences (constructed point-
wise in LAff, (T(A))), to establish surjectivity it is enough by the definition
of LAff4 (T(A)) to show the image of the map contains the subset Aff; (:f(A))
of continuous, finite-valued, affine (i.e., linear) functions on T(A), strictly positive
except at 0. Indeed, by the preceding paragraph, an increasing sequence of functions
in Aff; (T(A)) is the image of an increasing sequence of elements of Cu(A4), and
then the supremum of the former is the image of the supremum of the latter.

In fact, it is enough to approximate the functions in Aff (T(A)) umformly by
functions in the image when restricted to the compact subset K = T(A)

To see that this is enough, recall that by Corollary 11.3 every trace in T(A)
is bounded, so K generates the cone T(A). To obtain a given function, say f,
in Aff (T"(A)) as the supremum of an increasing sequence of elements of
LAff (T(A)) in the image, consider the restrictions of all functions to K. Recall
(Proposition 9.1) that 0 does not belong to K. Choose a strictly increasing sequence
of scalars A(n) converging to 1, and note that the functions A(n) f = f, increase
strictly to f on the compact set K. Approximating f, sufficiently well uniformly
on K by a function g, in the image for each n, we find that the sequence (gn) increases
to f, at each point of K and therefore at each point of of T (A), as desired.

Finally, the desired uniform approximation on T(A) (oron Ty (A)) follows almost
immediately from Proposition 6.4(4) with large k, applied to a subalgebra B of A in
the class € arising from Definition 8.1, as modified in Corollary 8.4 to ensure k is
large. This is seen as follows.

By Corollary 6.4 of [9], there exists a positive element & of A giving rise to the
affine (linear) function f on the cone :l:(A) (generating the Banach space of traces).
Second, as A is in the class O there exists a subalgebra B of A in the class €, and
two mutually orthogonal positive elements @ and b of A with b in B such thata + b
is arbitrarily close to (the fixed element) &, and such that all traces of norm one
on A are arbitrarily small on b. This of course implies that traces of norm one
on A are (uniformly) approximately the same on @ and on /. By Proposition 6.4(4)
and Corollary 8.4, there is a positive element k of B such that d; (k) is (uniformly)
close to d;(a) (which is always positive) for all traces on B of norm at most one.
In particular, this includes the restriction to B of traces on A of at most one, i.e.,
in T1(A), and so (since such traces are small on b) traces in T (A) are (uniformly)
approximately equal on h and on a. Hence, d (k) is close to t(h) = f(t) uniformly
for v in T1(A), as desired. O

Corollary 11.9. Let A € D. Then there exists an element a € Ay \ {0} such that
aAa has continuous scale.

Proof. By Theorem 11.5, A has stable rank one. Hence by Proposition 11.8 (see [7D),
there exists an element a € A4 \ {0} such that d;(a) is continuous on T(A) Again
by Proposition 11.8, and Proposition 5.4, one concludes that a Aa has continuous
scale. O
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Proposition 11.10. Let A € D be a separable C*-algebra with Ko(A) = {0}.
Then A has the properties described in Theorem 10.7 (and Corollary 10.8) but
replacing ‘68/ (and €Q) by C,.

Proof. By Proposition 11.8, the map Cu(4) — LAff(H_(TA)W) is surjective. By

Theorem 11.5, A has stable rank one. Then, by Proposition 7.9 and by Definition 8.1,

A is tracially approximately divisible. The proof of Theorem 10.7 then applies to A

with ‘C’g ' replaced by €y. One then also obtains the conclusion of Corollary 10.8

with € replaced by €. O
Let us summarize some of the facts we have established.

Proposition 11.11. Let A be a separable simple C*-algebra. Suppose that A is
stably projectionless and gTR(A) < 1. Then the following statements hold. (See
Theorem 11.5, Propositions 9.1, 11.8, 11.7, and 8.6.)

(1) A has stable rank one;

(2) Every quasitrace of A is a trace;

(3) Cu(4) = LAft(T(4));

(4) If A = Ped(A), then A € D;

(5) If B C A is a hereditary sub-C*-algebra, then gTR(B) < 1;

(6) My, (A) is stably projectionless and gTR(M,, (A)) < 1 for every integer n > 1.

12. The C*-algebras ‘W and the class Dy

Definition 12.1. Recall (see Definition 9.6) that ‘W is a unital separable simple
C*-algebra with K; (W) = 0,i = 0, 1, which is in both M and Dy.

Let A be a non-unital separable C*-algebra, and let t € T(A). Let us say
that t is a ‘W-trace if there exists a sequence of completely positive contractive maps
¢n: A — W such that

lim ||@,(ab) — gn(a)p,(b)|| =0 foralla, b € A,
n—oo

(a) = nll)ngo Tw(¢n(a)) foralla € A, (e12.1)

where T is the unique tracial state on ‘W.

Theorem 12.2. Let A be a separable simple C*-algebra with A = Ped(A). If every
tracial state T € T(A) is a W-trace, then Ko(A) = ker p4 (see Definition 4.12 for
the definition of p ).
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Proof. Suppose that there are two projections p, g € M (A) suchthatx = [p]—[q] €
Ko(4) and p4(x) # 0. In other words, 7(p) # t(q) for some T € T(A), where t
denotes still the canonical extension of T to A and also to My(A). Recall that
[p] — [¢] € Ko(A) means that 7 (p) and 7 (g) have the same rank in My (C), where
7: Mg (A) = Mg (C) is the quotient map.

Setd = |t(p) —t(q)|. If T were a W-trace, then there would be a sequence (¢;,)
of completely positive contractive maps from My (A) into Mg (‘W) such that

nlgrolo ll@n (@) @n (b) — @u(ab)|| =0 foralla,b € Mg(A),
(a) = lim tw o ¢,(a) for all a € Mg (A). (e12.2)
n—>o0

Denote by ¢,: My, (fT) — Mk(W) the canonical unital extension of the completely
positive contractive map ¢,. Then

lim [|@ ()@ (b) — F(ab)|| =0 forall a,b € My(A).

Let ty also denote the canonical extension of ty to Mk(W). Then we also have
t(a) = lim ty 0@y(a) foralla € Mg(A).
Passing to a subsequence, we may assume that
|[tw o @n(p) — tw o @u(q)| > d/2 foralln. (e12.3)
There are projections py, g, € My (W) such that
Jim [@n(p) = pal =0 and  lim [[@n(g) —gnl = 0. (e12.4)

Since 7(p) and 7(g) have the same rank, there exists v € My (}f) such that
7 (v*v) = n(p) and w(vv*) = 7(q). Denote by mwy: Mg (W) — My the quotient
map. Then

lim ||y 0 ¢, (v*v) — ww(pa)| =0
n—>00

and lim ||y o @, (Vv™*) — Tw(gn)|| = 0. (e12.5)
n—>oo

It follows that 7w (p,) and ww(g,) are equivalent projections in My for all large .
Since Ko(W) = 0, it follows that [p] — [gn] = 0 in Ko('W), which means that py,
and ¢, are equivalent in My (‘W) since W has stable rank one. In particular,

Tw(pn) = Tw(qn)

for all sufficiently large n, in contradiction with (e 12.3) and (e 12.4). ]
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Proposition 12.3. Let A be a separable simple C*-algebra witha 'W-trace t € T(A).
Let 0 < ag < 1 be a strictly positive element of A. Then there exists a sequence
of completely positive contractive maps ¢,: A — W such that ¢,(ag) is a strictly
positive element, and

lim_[[¢n(a)gn(b) —¢n(ab)|| =0 foralla, b e A

t(a) = lim 1y o @, (a) foralla € A. (e12.6)

n—>oo

Proof. We may assume that
(@)™ >1-1/2n, n=12,.... (e12.7)

Since t is a W-trace (12.1), there exists a sequence of completely positive contractive
maps ¥,,: A — W such that

lim ||Y, (@)Y, (b)) — Yu(ab)|| =0 foralla,b e A
n—>oo
t(a) = lim Ty o ¥y, (a) foralla € A. (e12.8)
n—>o0
Put b, = ¥, (aé/”). By (e 12.7) and (e 12.8), passing to a subsequence of (1),

we may assume
tw(by) >1—-1/n, n=12,.... (e12.9)

Consider the non-zero hereditary sub-C*-algebra

Bn = ym (A) Wi (A)
Since a(l)/ " is a strictly positive element, by Proposition 2.10, by, is a strictly positive
element of B,. By [3], By, is stably isomorphic to 'W. (In fact, B, =~ W, as will be
shown in [17].) Therefore (see Theorem 7.3),

Cu™(B,) = Cu™ (W) = R U {+o00}.

Letr, = (b,) € Ry C RU{+o0},n = 1,2,.... Consider the map r + r;, - r
(for r € R) and 400 +— +o00. By Theorem 1.0.1 of [43] (see also [43, 6.2.4], [24,
Theorem 1.2], or [41, Theorem 1.1], and Corollary 8.12), there is a homomorphism
hy: B, — W such that h, (b,) is strictly positive. Since B, has a unique trace, there
is a; > 0 such that

antw(b) = twohy(b) forallbe B,, n=1,2,... (e12.10)
Since hy, (by) is strictly positive,

lim Ty o (b)) = 1. (e12.11)
k—o00
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Since B, C ‘W, and by (e 12.10), a,tw|B, = tw o hy, (e 12.11) implies that o, > 1.
On the other hand, by (e 12.9), together with (e 12.10), we have that
h, (b
1—1/n <tw(by) = Ln(n) <1l/ay,, n=12,....
o

n

Therefore,

1
l<ap<—"\ n=102,...,
=@ =" "

from which it follows that lim, oo ¢, = 1. Set ¢, = h, o ¥,. Since Ty o ¢, =
0 T © Yy, (e 12.6) holds. Since gpn(aé/") = hn(wn(a(l)/")) = hy,(by) is strictly

positive (in Bj,), by Proposition 2.10 for each n the element ¢, (ag) is strictly positive,
and so the sequence (¢,) meets the requirements. O

The following two statements will be established in [17].

Theorem 12.4. Let A be a separable simple C*-algebra with finite nuclear dimension
andwith A = Ped(A) such that T(A) # @, Ko(A) = ker p4, and every tracial state is
a ‘W-trace. Suppose also that every hereditary sub-C*-algebra of A with continuous
scale is tracially approximately divisible. Then A € Dy.

Theorem 12.5. Let A be a separable simple C*-algebra with finite nuclear dimension
and with A = Ped(A). Suppose that T(A) # @. Then A @ ‘W € Dy.
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