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Abstract: In this paper lower bounds are obtained for quasi-local masses in terms of
charge, angular momentum, and horizon area. In particular we treat three quasi-local
masses based on a Hamiltonian approach, namely the Brown-York, Liu-Yau, and Wang-
Yau masses. The geometric inequalities are motivated by analogous results for the ADM
mass. They may be interpreted as localized versions of these inequalities, and are also
closely tied to the conjectured Bekenstein bounds for entropy of macroscopic bodies. In
addition, we give a new proof of the positivity property for the Wang-Yau mass which
is used to remove the spin condition in higher dimensions. Furthermore, we generalize
arecent result of Lu and Miao to obtain a localized version of the Penrose inequality for
the static Wang-Yau mass.
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1. Introduction

Based on heuristic arguments Bekenstein [6] proposed a universal upper bound on the
entropy S of macroscopic bodies in terms of the radius R of the smallest sphere enclosing
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the object and its total energy £. Generalizations including contributions from the angular
momentum J and charge Q of the body were later given in [7,32,33,64] yielding the

inequality
he
VER)? —2J? — = > S, (1.1)
271k

where c is the speed of light, & is the reduced Planck’s constant, and k; denotes Boltz-
mann’s constant. This inequality is difficult to establish rigorously, and so it is natural
to study a simpler estimate that is implied by (1.1) which can then serve as a test of
validity for the original. Such a reduced inequality may be obtained by using the fact
that entropy is always nonnegative, namely

o O AT
“aR2T R

Initial investigations of (1.2) were made by Dain [19], where the role of £ is played
by the ADM mass of an asymptotically flat spacetime containing the relativistic body;
further work in this direction may be found in [4,36]. In the present work we will
obtain versions of (1.2) in which £ is more appropriately represented by various quasi-
local masses, specifically those quasi-local masses arising from a Hamiltonian approach
including the Brown-York [9], Liu-Yau [41], and Wang-Yau [61] masses. Moreover, the
‘bodies’ that we consider will be allowed to contain black holes.

Another motivation of the present article is to prove localized versions of the Penrose
inequality, as well as other well-known geometric inequalities implied by the Penrose
inequality e.g. the mass-angular momentum-charge inequality, in which the role of ADM
mass is played by the Hamiltonian based quasi-local masses. It should be observed that
the Bekenstein bound applied to black holes implies the full Penrose inequality. Indeed
by setting

1.2)

kpA A
) ¢ R=.,=<, (1.3)
4112] 47

where A, is the event horizon area and [, = \/Gh/c3 is the Planck length, inequality
(1.1) with £ denoting ADM mass yields

Sl

in which A represents the minimum area required to enclose the horizon. The inequality is
sharp in the sense that equality should be achieved only for the Kerr-Newman spacetime.
The conventional derivation due to Penrose [50] shows that this inequality serves as a
necessary condition for the weak cosmic censorship conjecture. Furthermore, results
are typically stated within the framework of initial data sets for the Einstein equations
that satisfy the relevant energy condition, and the inclusion of angular momentum/charge
requires the absence of angular momentum/charge density outside the horizon in addition
to axisymmetry (which is only needed for angular momentum). The Penrose inequality
has been established in the case of maximal data by Bray [8] and Huisken-Ilmanen [34],
and charge was added in [40,44]. The inclusion of angular momentum is much more
difficult and has not yet been established, although see [3,38] for partial results. Here
we will establish Penrose-like inequalities involving angular momentum and charge for
quasi-local masses.
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The third purpose of the present work is to provide a new proof of positivity for
the Wang-Yau mass, and as a result remove the spin condition used for this result in
higher dimensions. The argument in [61] relies on the Bartnik-Shi-Tam exterior gluing
construction [56] applied to a Jang deformation [53] of the relativistic body, where it
is shown that Witten’s spinor proof of the positive mass theorem [62] is still valid and
yields the desired result, even though the gluing is not smooth. Here we show how to
smooth the gluing construction to allow for a conformal change to nonnegative scalar
curvature, and thus avoid having to use spinors to establish positive mass. Lastly, we
will also generalize a result of Lu-Miao [43] to obtain a localized version of the Penrose
inequality for the static Wang-Yau mass [15]. In the remainder of the paper geometrized
units will be used sothatc = G = 1.

2. Statement of Main Results

Let 2 denote an orientable connected spacelike hypersurface of a time-oriented space-
time (N1, g). On this hypersurface there is an induced positive definite metric g and
extrinsic curvature k, as well as induced electric and magnetic fields £ and B. These
quantities then satisfy the constraint equations

1671 = R+ (Trgh)* — k|2, 87J =divg(k — (Trgk)g),

. . (2.1
4mp, = divg E, 4mpp = divy B

where R is the scalar curvature, u and J represent energy and momentum density of
the matter fields, and p., pp, are the electric and magnetic charge density. Unless stated
otherwise, 2 will be absent of charged matter so that p, = p, = 0. Furthermore,
the dominant energy condition > |J|, will typically be assumed. In some cases a
revised energy condition for the nonelectromagnetic matter fields will be used, namely
wem = |Jemlg, Where

1
MEM_,u——(|E| +1B| ) Jem =+ —ExB. 2.2)

The boundary 92 of the spacelike hypersurfaces studied here will always have a smgle
component untrapped outer piece X, and a possibly empty inner piece Xj; = Ul 1z
consisting of apparent horizon components Z’. In addition, 2 may contain a finite
number J of asymptotically cylindrical ends and the union of the limiting cross-sections
of these ends will be given the notation X, = UJJ'=1 >Z.. The union =, = ;U o, will
be referred to as the generalized inner boundary. Recall that a 2-surface is untrapped if
both null expansions (defined below in (2.22)) are positive 6+ > 0, and it is referred to
as a future (+) or past (—) apparent horizon if 6, = 0 or §_ = 0. In the time-symmetric
case k = 0, apparent horizons are minimal surfaces so that H = 0, where the mean
curvature H is computed with respect to the unit normal v tangent to 2 and pointing
towards the outer boundary.

Brown and York [9] employed a Hamilton-Jacobi analysis to define the quasi-local
energy and momentum for a spacelike 2-surface ¥ that bounds a compact spacelike
hypersurface 2 in a time-oriented spacetime. Let o be the induced metric on ¥ then
using Eulerian observers, that is unit lapse and vanishing shift, the Brown-York mass is
defined by

1
mpy(X¥) = g/z (Hy — H)dA,, (2.3)
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where H is the mean curvature of ¥ <  and H is the mean curvature of an isometric
embedding of ¥ < R3. It is usually presumed that the Gauss curvature is positive
K, > 0 to obtain the existence of an isometric embedding into Euclidean 3-space,
which is guaranteed by the result of Nirenberg and Pogorelov [49,51]. Such an isomet-
ric embedding is unique up to rigid motions. Positivity of the Brown-York mass was
established by Shi and Tam [56]. Their result states the following, if (€2, g) is compact
and connected with nonnegative scalar curvature and mean convex boundary having
positive Gauss curvature, then mpy(X) > 0. Moreover, equality holds if and only if
(2, g) is isometric to a domain in Euclidean space R3. Recently they extend the proof
to nonnegative mean curvature and quasi positive Gauss curvature [58], this means that
K, is nonnegative and is positive somewhere. In [45, Proposition 3.1], McCormick and
Miao proved a Riemannian Penrose inequality for manifolds with corners which implies
a localized Riemannian Penrose inequality for the Brown-York mass. In particular, if &
satisfies the same assumptions above and has an inner boundary ¥, that is an outermost
minimal surface then
|2n]
mpy(X) =/ ——- 2.4)
167

Furthermore Shi, Wang, and Yu proved a restricted rigidity statement in [59, Theo-
rem 2.1] for the Rimannian Penrose inequality on manifolds with corners. More precisely
they show that if equality holds in (2.4), X, is strictly stable and strictly outerminimiz-
ing, for any point in €2 its minimal geodesic line to X, is contained in €2 and its distance
function to X is smooth, then €2 is a domain in the canonical slice of a Schwarzschild
spacetime.

We will now consider lower bounds for the Brown-York mass in terms of charge.
The total electric and magnetic charge contained within €2 is given by

1 1
0= / g(E,vdAg,  Qp= — / ¢(B, v)d Ay, 2.5)
TT b 47'[ b

and the total charge squared is Q% = Qg + Qi. The charges of individual boundary
components ;; and cylindrical end cross-sections X, are defined similarly, and denoted

by QZ and Q% respectively. In order to state the result we will need the weak inverse

mean curvature flow (IMCF) of Huisken and Ilmanen [34]. This flow { S,};O:O C Q of
2-surfaces emanates from an inner boundary component or cylindrical end, where #
indicates the leaf of greatest area contained within 2. It may be interpreted as a flow
by outermost minimal area enclosures, and as such it depends on the extension of €2 or
rather the ambient manifold in which 2 resides. However, for all extensions in which
the outer boundary X is outerminimizing, the flow is unique and hence well-defined
within © independent of such extensions. In this work only these type of extensions
will be relevant, and we will refer to the unique flow as the indigenous IMCF of Q.
Furthermore, the generalized inner boundary X, will be called outerminimizing if the
area of any enclosing surface in €2 is not less than |Zj | + | Xeo|-

Theorem 2.1. Let (2, g) be a Riemannian manifold with divergence free electric and
magnetic fields E and B satisfying R > 2(|E|§+|B |§). Suppose that Q2 is either compact
or possesses asymptotically cylindrical ends with limiting cross-sections X, that the
generalized inner boundary ¥, = Xy U X is strictly outerminimizing with X, the only
compact minimal surface, and the single component ¥ is mean convex with positive
Gauss curvature, then
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1
2

I J
1 i \2 i N2
mpy(2) = 5 E(QL) + _Z(Qéo) : (2.6)
i=1 j=l1
Moreover if X, has one component then
O] 2/ T 2
mpy(¥) > — +a o, 2.7)
2 [ 2]
where
S
o =1 150 (2.8)
|St()|

and {S; ;0:0 is the indigenous IMCF of Q.

Remark 2.2. The inequality (2.6) may be interpreted as a localized version of the pos-
itive mass theorem with charge [28], in which the ADM mass and total charge of an
asymptotically flat spacetime satisfy the inequality m > | Q|. The inequality (2.7) yields
a Bekenstein-like bound without angular momentum. To see this let R = /|X|/4nw
denote the area radius, then

052 |2| Q2 052 Q2
) — _ > — = 2.9
mpy (%) = TVim R ) (2.9)

where we have used the outerminimizing property to find | X| > | Z,|. The scale invariant
quantity o may be thought of as a type of measure for the size of 2. For large domains
o ~ 1 and for small domains o ~ 0.

Remark 2.3. Based on analogy with inequalities for the ADM mass, it might be expected
that saturation of (2.6) or (2.7) implies that (€2, g) arises from the time slice of a
Majumdar-Papapetrou or Reissner-Nordstrom spacetime. This, however, is not the case.
Indeed, observe that the Brown-York mass of a coordinate sphere S, in the Reissner-
Nordstrom black hole with mass m and charge Q is given by

2 2
mpysy=r 1= 1=+ 2 ) rsmeVmio 0L mzl0l
r

(2.10)
Since this expression is decreasing in r and converges to m as r — 00, it follows that
mpy(Sy) > | Q] so that equality in (2.6) is not possible for nonzero charge. This is valid
even in the extremal case m = | Q|, which coincides with a single Majumdar-Papapetrou
black hole. Furthermore, in the Reissner-Nordstrom setting | 2| > 47 Q% with equality
only for the extreme black hole. Therefore the right-hand side of (2.7) satisfies

m++/m? — Q2

@_sz LQZS 1Y
2r

- 2 —_ .
> = > (1+a)—IQ|<1

) <10, (2.11)

showing that saturation in (2.7) does not occur.
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Consider now the problem of obtaining quasi-local mass lower bounds in terms of
angular momentum. Angular momentum is best behaved in the setting of axisymmetry.
We will say that the spacelike hypersurface Q2 is axisymmetric if there exists a U (1)
subgroup within the isometry group of the Riemannian manifold (€2, g), and all relevant
quantities are invariant under the U (1) action. So in particular, if  denotes the generator
of the U (1) symmetry then

L8 = Lk = £,E = £,B =0, (2.12)

where £ represents Lie differentiation. A 2-surface within €2, in particular its boundary,
will be referred to as axisymmetric if the generator 7 is tangent to the surface at all
points. A similar limiting definition may be given for axisymmetric generalized boundary
components X,. In axisymmetric spacetimes all the angular momentum is contained
within matter fields, since gravitational waves do not carry angular momentum. The
momentum tensor p = k — (Trgk) g gives rise to the angular momentum density vector
p(n), which Brown and York [9] use to define the angular momentum contained within
2, namely

1
JBY(E)=—8 /p(n,V)dAa (2.13)
T Jxy

where v is the spacelike unit normal to X pointing outside of 2. An alternate definition
given by Chen-Wang-Yau [13] states that

J() = _i/ NV, n)dAg, (2.14)
8 b)

where n is the future-directed timelike unit normal to €2. These two definitions agree
in the axisymmetric setting, see Lemma 4.1. We will denote the angular momentum

of components for the generalized boundary X, by J,f and 7. Lastly, in the current
context it is typical to assume the maximal condition Trgk = 0, since unlike the time-
symmetric case this allows for nonzero angular momentum while at the same time giving
nonnegative scalar curvature through the dominant (or other) energy condition.

Theorem 2.4. Let (2, g, k) be a maximal axisymmetric spacelike hypersurface which
satisfies the dominant energy condition v > |J|g. Suppose that Q is either compact
or possesses asymptotically cylindrical ends with limiting cross-sections X, that the
generalized inner boundary ¥, = X5 UX  is strictly outerminimizing and axisymmetric
with Xy, the only compact minimal surface, and the single component X is mean convex
with positive Gauss curvature, then

mpy (%) = Zw +Z Tl (2.15)

i=1

Moreover if . has one component, and there is vanishing angular momentum density

J(n) = 0 then
2 2
mpy() > ‘/% ( M) |2* (2.16)

where C is the largest circumference of all n-orblts in Q and

S
2 [1%l 2.17)
[So
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with {S,}iozo denoting the indigenous IMCF of 2.

Remark 2.5. Inequality (2.15) is reminiscent of the mass-angular momentum inequality
established for the ADM mass in [18], whereas the second inequality (2.16) implies a
Bekenstein-like bound along the lines of (1.2). To see this later statement let R, = C/2x
denote the ‘circumference radius’, then utilizing the Penrose inequality (2.4) (which is
known to hold also for cylindrical ends [35]) and the outerminimizing property of the
generalized boundary produces

2 2 2 2
mar () 2 S0 \/é_nhﬁmmx) > BT g T 2.18)

c? 2C? 2 R2
Furthermore, as with Theorem 2.1, the naive guess that saturation of either of the inequal-

ities (2.15), (2.16) implies that €2 arises from a Kerr or extreme Kerr slice is not accurate.

The two previous results may be combined to produce a lower bound for quasi-local
mass involving both angular momentum and charge. Furthermore, the techniques yield
a Penrose-like inequality with angular momentum and charge with the same structure
as (1.4).

Theorem 2.6. Under the hypotheses of Theorem 2.4 with divergence free electric and
magnetic fields, and the dominant energy condition replaced by (vpy > |JEmlg, we
have

1 [ : — : .
may (D) = 5 | S0t 4R+ Yo Yohrt valr | . @
i=1 j=1

Moreover if X, has one component then

2
I 5, [T, B2 4w J?
D = : 2.20
mpy (%) _< 16n+a IE*IQ + RN (2.20)

where B = aR R, and Ry = /[=4] /4.
Remark 2.7. Observe that inequality (2.20) yields the Bekenstein-like bound

4 N4 2 72

at QY atJ

) I
mey ()= et R

2.21)

The definition of Brown-York mass depends on the spacelike hypersurface 2. Moti-
vated in part by a desire to remove this unwanted feature, Liu and Yau [41] proposed
an alternative definition of quasi-local energy and momentum. Let ¥ be a spacelike
2-surface in spacetime N> !. The structure group of the normal bundle is SO(1, 1), so £
admits two smooth non-vanishing future directed null normal vector fields [, and —I_
such that (I, /_) = 2 which are unique up to positive rescaling. In particular, when X
is the outer boundary of 2 we may write /1 = v &+ n where as before n and v are the
unit timelike and spacelike normal vectors to the surface ¥ with respect to €2. The null
mean curvatures then take the form

0. = divsle = H + Trsk, (2.22)
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and the mean curvature vector with norm squared is given by
.1 .
H =201 +04) = Hv—(Trskn, |H|?> = 6,60_ = H>—(Trsk)>. (2.23)

Assume that (X, o) is of positive Gauss curvature so that it admits an isometric embed-
ding into the Euclidean time slice of Minkowski space R 1f ﬁo = Hyvp denotes
the corresponding mean curvature vector of this embedding and the spacetime mean
curvature vector is non-timelike |I:I |2 > 0, then the Liu-Yau energy is defined as

1 - - 1
mLy (%) = E/z (1ol - 1H1) dA, = 5/2 (Ho—VH? = Trsh?) Ao,

(2.24)
In [41,42] they prove that in the setting above, with the dominant energy condition
n > |J|g valid on €2, the positivity property mpy(X) > 0 holds and if equality is
achieved then (€2, g, k) must arise from an embedding into Minkowski space.

The Liu-Yau angular momentum is obtained as a decomposition of the Brown-York
momentum surface density 1-form p(v)”, where the superscript 7' denotes projection
onto the tangent space of X. Since X is topologically a 2-sphere, by Hodge decomposition
there exist two functions v and @ on ¥ which are unique up to a constant, such that
p(W)T = dv + %, dw where %, is the Hodge star operator on X. Indeed, they may be
obtained by solving

Agv =8p(n)T, Agw = — x5 dp(v)7, (2.25)

where § is the codifferential. It may be checked that dp(v) is independent of the choice
of frame {v, n} for the normal bundle of ¥. Hence j = *,dw does not depend on
Q, in contrast to dv. If n” is the tangential part, to the embedding of ¥ in R3, of an
axisymmetric Killing field then the Liu-Yau angular momentum is

1
Ty (D) = / §nT)dA,. (226)
T Jx

In Lemma 4.1 below we show that if ¥ is axisymmetric then this definition agrees with
the previous one Jry(X) = J(X).

Theorem 2.8. Let (2, g, k) be an initial data set for the Einstein equations satisfying
the dominant energy condition @ > |J|g which is strict on horizons. Suppose that Q
is compact with boundary consisting of a disjoint union 02 = Xj, U X where X, is a
(nonempty) apparent horizon, no other closed apparent horizons are present, and the
single component X is untrapped with positive Gauss curvature, then there exists a
nonzero positive constant vy independent of horizon area such that

a2l
mry(¥) > ——,/—. 2.27)
1+yV 47
Moreover, if in addition the enhanced energy condition ugpy > |Jem|g holds, (2, g, k,
E, B) and X2 are axially symmetric, and Xy, is stable in the sense of apparent horizons
then

! }
Y i i
mry (%) > Ty (; (Q,,)4+4(jh)2) . (2.28)
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Remark 2.9. Inequality (2.27) is a Penrose-like inequality for the Liu-Yau energy, whereas
(2.28) is akin to a localized version of the ADM mass-angular momentum-charge
inequality which has so far only been established in the maximal case [16, 18,39,55]. Fur-
thermore, inequality (2.28) holds without the assumption of axisymmetry if the angular
momentum contribution from the right-hand side is dropped, while the stability hypoth-
esis can be removed if ¥, has only one component [2,22]. The constant y is invariant
under rescalings of the metric and hence independent of |Xj|. Defined in (6.24), it is
based on a Dirichlet energy and may be thought of as a type of capacity associated
with Q. Lastly the hypothesis of a strict dominant energy condition on horizons may
be removed in many circumstances by using the localized perturbations of Corvino and
Huang [17].

The above result can be improved in the case when the horizon has a single component
to obtain a localized Penrose-like inequality in the spirit of (1.4), since the square of the
n-orbit circumference C? has the units of area. We will make use of the condition

nAdn=0, (2.29)

which from Frobenius’ theorem guarantees that the Killing field n is hypersurface orthog-
onal.

Theorem 2.10. Let (2, g, k, E, B) be an axisymmetric initial data set for the Einstein-
Maxwell equations satisfying (2.29), J(n) = 0, and the energy condition wgy > |J |,
which is strict on horizons. Suppose that 2 is compact with axisymmetric boundary
consisting of a disjoint union 02 = X, U X where Xy, is a single component (nonempty)
apparent horizon, no other closed apparent horizons are present, and the single compo-
nent X is untrapped with positive Gauss curvature, then there exists a nonzero positive
constant ). independent of horizon area such that

2
y [zl T, ry 8m2J?
)2 > A , 2.30
my (%) —(1+yv aw TNE ) ey @ (230)

where y is as in Theorem 2.8. Moreover, the same inequality holds without the assumption
of axisymmetry if the contribution from angular momentum is removed.

Remark 2.11. The constant A given in (7.8) is invariant under rescalings of the metric,
and hence is independent of horizon area. It is defined via the largest area in an inverse
mean curvature flow within . Furthermore inequality (2.30) implies a Bekenstein-like
bound

4 2
20 g

2
T A L
:

2.31)

where R is the area radius of X, R, is the circumference radius of 2, and A, =

AVIX]/1En]

O’Murchadha, Szabados, and Tod [48] showed that there are examples of spacelike
2-surfaces ¥ C R3! with positive Gauss curvature and spacelike mean curvature vector,
butwithmy(X) > 0. This shows that the Liu- Yau mass/energy is ‘too positive’, because
an optimal quasi-local mass should vanish for surfaces in Minkowski space. In order to
rectify this issue, Wang and Yau introduced a new definition of quasi-local mass/energy in
[60,61] using Hamilton-Jacobi analysis and the notion of optimal isometric embeddings.
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Let ¥ < N>! be a compact spacelike 2-surface in spacetime with induced metric

o, and let {e3, e4} be an orthonormal frame for its normal bundle where e3 is spacelike

and ey is future-directed timelike. Then the connection 1-form of the normal bundle in
this gauge is given by

ooy () = (NV(yes, ea). (2.32)

The Wang-Yau data set consists of ¥ together with the triple (o, |1-7 |, ). Now let T be
a time function on ¥ satisfying the convexity condition

(1 + |V‘L’|2) K; = Kz + (1 + |Vr|2)_l det(V27) > 0, (2.33)

where K is the Gauss curvature of &6 = o +dt2. By the Nirenberg/Pogorelov theorem
there exists a unique (up to rigid motion) isometric embedding into R, and from this one
obtains an isometric embedding ¢ : £ < R3!. The time function on ((X) is then given
by t = —(Tp, t), where Ty is the designated future timelike unit Killing field on R31,
The projection of the embedding to the R which is orthogonal to Ty will be denoted by
(ﬁ), 6), and its mean curvature with respect to the outer normal will be labeled PAIO; the
mean curvature vector of ((X) will be denoted Ijlo.

Let {e3, e4} be the unique orthonormal frame for the normal bundle of ¥ in N 3.1
such that e3 is spacelike, ey is future-directed timelike, and

—AT
J1+ VT2

The Wang-Yau energy with respect to the observer determined by the embedding and
time function is defined to be

(H,&3) > 0, (H, &) = (2.34)

1
Ewy(Z,1,7) = —/ (50 — 9H) dA,, (2.35)
87 b))
where the generalized mean curvature is

9§ =1+|Vt|2(H, &) —az (V) (2.36)

and if I—?o is spacelike then $p = /1 + |Vt|2ﬁo. If T = 0 it is clear that this definition
agrees with the Liu-Yau energy. Moreover if X lies in Minkowski space then £y = 9,
so that the Wang-Yau energy vanishes. This rectifies the issue found in [48] for the
Liu-Yau energy. It should be pointed out that the choice of gauge {e3, e4} for the normal
bundle minimizes the surface Hamiltonian [61, Section 2]. 1§Iamely, if {e3, e4} is any
other oriented orthonormal frame of the normal bundle, and H is spacelike then

/5(63,64)61140 2/5(53,54)61Aa- (2.37)
z z

The surface ¥ and time function t are said to be admissible if the convexity condi-
tion (2.33) is satisfied, ¥ arises as the untrapped boundary of a spacelike hypersurface
(22, g, k) = N>!, and the generalized mean curvature is positive $(e5, €)) > 0 for the
normal bundle frame {e}, ¢;} determined by the solution of Jang’s equation, see Defi-
nition 5.1 of [61]. For admissible sets it is proven in [60,61] that the energy is always
nonnegative Ewy (X, ¢, ) > 0. Furthermore, if the energy vanishes then the initial data
(€2, g, k) arises from an embedding into Minkowski space.
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In analogy with special relativity, the Wang-Yau mass is defined as the infimum of
energy over all admissible observers (¢, 7). To facilitate this the energy may be rewritten
as

1 .
Ewy(Z,0,7) = 8_71/ (0+0(,VT1))dA,, (2.38)
=
where
- (A1)? = (A1)2

_ , = oVt — Vsin S—— 57 )7

Y Jir Vel )=e |HollH | B “H
(2.39)

and ﬁo is the mean curvature vector associated with ¢(Z) c R3! which is assumed to
be spacelike. The Euler-Lagrange equation then becomes

divsj = 0, (2.40)
and when coupled with the isometric embedding equation
(de, di)gs1 = o, (2.41)

this becomes the optimal isometric embedding system. Thus, a critical point of the Wang-
Yau energy corresponds to an optimal isometric embedding. If the infimum is achieved
then the Wang-Yau mass is given by

1
myy(X) = g/EgdAg. (2.42)

In general the optimal isometric embedding may not be unique, but as shown in [12] it
is unique locally if ¢ > 0. Furthermore, nonnegativity of the energy as discussed above
implies nonnegativity of the mass, and the mass is zero for surfaces in Minkowski space.

The optimfll isometric embedding gives the ‘best match’ to the physical surface
data (X, o, |H|, «). This optimal reference surface can then be used to define other
conserved quantities such as quasi-local angular momentum [13]. Let n denote a Killing
field generating the axisymmetry in R>!, then the Chen-Wang-Yau angular momentum
[14] for an optimal isometric embedding is

1
Fewr(Z.0.0) = o [ (ot 7o) +i")) dAs. (243)
TJs

Asshownin [13, Proposition 6.1], if the spacetime N> and surface are axially symmetric
then

Jewy (X, 1, 1) = J(X). (2.44)

Moreover, it is shown in [12, Theorem 3] that if the surface ¥ has positive Gauss
curvature, and 7 = 0 is a solution of the optimal isometric embedding equation with
|Ho| > |I-} | > 0, then T = 0 minimizes the Wang-Yau energy among axisymmetric
time functions with Kz > 0. It is possible then in this situation that the Liu-Yau energy
is the minimizer of Wang-Yau energy, in which case Theorems 2.8 and 2.10 would also
hold for the Wang-Yau mass. With a different approach we are able to establish such
lower bounds for general admissible 7.
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Theorem 2.12. Let (%, o, |Ijll, o) be a Wang-Yau data set arising from a spacetime
N3 U with optimal isometric embedding (i, T). Assume that ¥ and t are admissible, and
let (2, g, k) — N> be the bounding spacelike hypersurface. Suppose that (2, g, k)
satisfies the dominant energy condition u > |J|g which is strict on horizons, is compact
with boundary consisting of a disjoint union 0Q2 = X, U X where X, is a (nonempty)
apparent horizon, and no other closed apparent horizons are present, then there exists
a nonzero positive constant y independent of horizon area such that

myy(5) = L 12
T 14+yV 4m

(2.45)

Moreover, if in addition the enhanced energy condition gy > |JEm|g holds, (2, g, k,
E, B) and X2 are axially symmetric, and Xy, is stable in the sense of apparent horizons
then

7
myy () = —(Z (Qh)4+4(Jh)2> : (2.46)

The constant y here, as well as that of A in the next result, are defined analogously
with those of Theorems 2.8 and 2.10. Furthermore, as with the Liu-Yau energy bounds
this can be improved in the case when the horizon has a single component to obtain a
localized Penrose-like inequality in the spirit of (1.4).

Theorem 2.13. Let (%, o, |P} |, @) be a Wang-Yau data set arising from a spacetime
N3’1, with optimal isometric embedding (i, T). Assume that ¥ and © are admissible,
and let (2, g, k, E, B) < N> be the bounding spacelike hypersurface. Suppose that
(2, g, k, E, B) is axisymmetric, satisfies (2.29) and J (n) = 0 along with the energy con-
dition gy > |J|g which is strict on horizons, is compact with axisymmetric boundary
consisting of a disjoint union 92 = X, U X where Xy, is a single component (nonempty)
apparent horizon, and no other closed apparent horizons are present, then there exists
a nonzero positive constant A independent of horizon area such that

2
IEh Ly 8n°J°
) > . 2.47
iy (2)* <1+ V4 |zh ) 1+y (47

Moreover, the same inequality holds without the assumption of axisymmetry if the con-
tribution from angular momentum is removed.

3. Review of the Proofs of Shi-Tam, Liu-Yau, and Wang-Yau

Various elements of the proofs of positivity for the three quasi-local masses will be
utilized to establish the results stated in the previous section. Here we outline the proofs
and discuss the primary tools that will be employed later.

The Shi-Tam Proof [56]. Let (€2, g) be a Riemannian manifold with nonnegative scalar
curvature and single component boundary 92 = X of positive Gauss K and mean
curvature H. The arguments below easily work for a boundary with several components,
however for simplicity of discussion we restrict to a single component. By the Weyl
embedding theorem ¥ isometrically embeds uniquely in R3. The image will be labeled
Yo with Gauss curvature Ky = K and mean curvature Hy > 0. Consider the unit
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normal flow {X,},¢[0,00) €manating outward from X, so that the Euclidean metric on
the exterior region My = [0, 00) X X is given by dr? + o,, where o, is the induced
metric on the leaf ¥,. Construct now a new (asymptotically flat) metric

g+ = u*dr? + o, (3.1

on My, in which the function u : My — R, satisfies the parabolic initial value problem

u(0, x) = up(x) (3.2)

{H,g—’r‘ =u?Au+K, (u—u®) on M,
Here A,, K,, and H, are the Laplacian, Gauss, and mean curvatures with respect to
o,. This equation guarantees that the scalar curvature of g, vanishes R,, = 0, and
if ugp = Hy/H then the mean curvature of d M, is H. Furthermore, since the Gauss
curvatures K, are positive the function of r given by

o . (1-u")da,, (3.3)

is nonincreasing. It also converges to the ADM mass m of g, as r — oo and agrees
with the Brown-York mass of ¥ at r = 0, hence

mpy(X) > m. (3.4)

It remains to show that the ADM mass is nonnegative. This, however, follows due to
the fact that there is a nonnegative scalar curvature fill-in for (M, g;), namely (€2, g).
More precisely, the positive mass theorem holds [46,56] for the composite manifold
(U M,, g U gy) as both sides are of nonnegative scalar curvature, and the induced
metrics as well as the mean curvatures agree along the gluing surface X.

The Liu-Yau Proof [41,42]. Consider a compact initial data set (2, g, k). Even when
this satisfies the dominant energy condition u > |J g, it may not have nonnegative scalar
curvature and this is an impediment to applying the techniques of Shi-Tam discussed
above. Thus, the idea is to deform to nonnegative scalar curvature while preserving the
induced metric on the boundary. This may be achieved, as in the case of the spacetime
positive mass theorem [53], through a two step procedure. The first step is the Jang
deformation g — g = g +df? where f : Q@ — R is a solution of the Jang equation

ij _ _fif Vij f —k:)=0 in©Q
(8 1+|v,f|§) < S Y e (3.5)
f=1 on 02

with f© = g' f;, the covariant derivative V is with respect to g, and T = 0. The
boundary condition guarantees that the induced metrics from g and the Jang metric g
agree. Moreover the equation implies that the scalar curvature of the Jang metric is
weakly nonnegative, that is

R=2(u—Jw))+|h—k|7+2|X|7 — 2divgX > 2|X|; — 2divg X, (3.6)
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where 4 is second fundamental form of the graph t = f(x) in the product manifold
QxR g+ dtz), and w, X are 1-forms given by

Vi_ffy wizL, Xi=—(hij—kij)-
[1+1V 712 [1+1V 712 m
3.7)

The Jang scalar curvature has a sufficient nonnegativity property that it allows for a
solution u > 0 of the zero scalar curvature equation

fj
hij =

Ag,u—%Ru:O in Q

. 3.8
{u =1 on €2 38
The conformal metric § = u*g then has zero scalar curvature and its induced boundary

metric agrees with that of g. The mean curvature of the boundary H = H + 49;u with
respect to the conformal metric may not be positive but it does satisfy

HdA, > / (H— X)) dAs, (3.9)
02 Q2

and a computation [63, Section 5] shows that
H-X®) > |H| >0, (3.10)

where H and v are the mean curvature and unit normal of the boundary with respect
to g. Thus, assuming that the boundary Gauss curvature is positive, one may construct
an asymptotically flat outer manifold (M, g;) of zero scalar curvature following the
Shi-Tam approach with mean curvature at d M, given by H, = H — X(). Although
the mean curvature H of the inner manifold (€2, §) does not necessarily agree with that
of the outer manifold, it is shown nevertheless that the ADM mass m of the composite
(QUM,, gUg,) is nonnegative using Witten’s spinor proof. Therefore, as in the Shi-Tam
proof

mry(¥) > é./ (Ho—(I:I—X(\_))))dA,, >m > 0. (3.11)

b

The Wang-Yau Proof [60,61]. The Wang-Yau proof is an extension of the Liu-Yau
method to the case when t is nontrivial, although it forgoes the second step of confor-
mal deformation. Let (X, o, |I;7 |, @) be a Wang-Yau data set. If the time function t is
admissible with ¥ then there is a compact spacelike hypersurface (2, g, k) < N3
such that 92 = X. Admissibility also guarantees that the projection (2,6) to R3, of
the isometric embedding ¢ : ¥ < R>!, has positive Gauss curvature K; > 0, and in
addition that the generalized mean curvature is positive

v(f)
JIevre

where f is a solution of the Jang-Dirichlet problem (3.5). Using the projection to
Euclidean 3-space one may then construct an asymptotically flat zero scalar curvature
outer manifold (M., g+) via the Shi-Tam procedure, with the mean curvature of d M,

(€5, €;) > 0, ey = cosh v +sinh yrn, sinhyy = (3.12)
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1 . . .
given by (1 + |Vt |2)_7f)(e’3, eﬁt). A computation shows that this agrees with the mean
curvature quantity from the Jang equation, namely

(e, ey)
V1+|Ve]?

This observation leads to nonnegativity of the ADM mass m for the glued manifold
(QU My, g U g4), again by following Witten’s spinor argument. It then follows from
the Shi-Tam monotonicity that

=H—X®). (3.13)

Ewy(S,00) > - / fo— 259 Vg, =m=0, (14
wy(z, 1, 7)) =2 o— 0 —F/—7== 5 = m =0, .
87 Js Ji+ver) o °

where in the first inequality on the left (2.37) was used. It immediately follows that the
mass, as the infimum of energy, is also nonnegative.

4. Brown-York Mass, Angular Momentum, and Charge Inequalities

The four definitions, discussed in Sect. 2, of angular momentum of the 2-surface X all
agree in the axisymmetric regime, and correspond to the associated Komar integral

1
Jk () = _QL*N‘Z”' (4.1)

Most of the statements in the next lemma may be found in various places throughout the
literature, with assorted hypotheses. We combine them here in one result (with minimal
hypotheses) for convenience, and bring them into the setting of the current paper.

Lemma 4.1. Let 3 be an axially symmetric spacelike 2-surface in spacetime N>, and
denote the rotational Killing field by .

(1) If © arises as the boundary of a spacelike hypersurface (2, g, k) — N1, and
pWT is invariant under the action of n, then Jgy(2) = Jry(Z) = J(2). If in
addition the spacetime is axisymmetric, then these quantities agree with Jg (X).

(2) Let t © ¥ < R¥! be an axisymmetric optimal isometric embedding with time
function T = —(Ty, 0). If N> is axisymmetric then Jewy (2,1, 1) = J(X) =
Tk (2).

Proof. Since ¥ is axisymmetric, n7 = 7. Thus on ¥ we have
p(n,v) = k(n,v) = NV, v) = —(n, N V,v), (4.2)

and integrating produces Jpy (¥) = J (X). Furthermore, the invariance of p(v)T under
the action of n implies that n(v) = 0. Hence

i)y =im = pm,v), (4.3)

and integrating produces Jry(X) = Jpy(X). In order to compute the Komar integrand
let € be the volume form of N3-! and set €, = d A, . Then in local coordinates on ¥ we
have

Lo
(v, = €aped” V™ = 2 Guivean (V0" = V9"0") = (Y Vun ) (oan
(4.4)
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where i denotes interior product. Again the desired conclusion follows by integrating
over %, and this concludes the proof of (1).

The statement (2) is proven in [ 13, Proposition 6.1]. To summarize, since the isometric
embedding ¢ is axisymmetric, the time function 7 is axisymmetric which implies that n
is a symmetry of the projection T C R3. It follows that (n, To) = 0. Moreover the first
three terms of j(») vanish immediately according to the hypotheses. Lastly a5 (17) may
be expressed as (¥ V,e3, e4) for any oriented frame {e3, e4} of the normal bundle, since
n is a Killing field. This shows that Jewy(2,t, 7) = J(¥X). O

The goal of this section is to establish Theorems 2.1, 2.4, and 2.6. One ingredient of the
proof consists of an inequality relating horizon area to charge and angular momentum.
This class of inequalities is motivated in part by black hole thermodynamics, particularly
the desire for a nonnegative black hole temperature, and have been proven in generality
for stable apparent horizons [10,20,26,27]. Here we extend this result to the setting of
asymptotically cylindrical ends. Let us first recall the relevant definitions. An asymptot-
ically cylindrical end within an initial data set (€2, g, k, E, B) is a subset diffeomorphic
to [1, 00) x S such that

19V (g — 80) g + 10V (k — ko) | gy +| E — Eolgo + B — Bolgy = O (s_l) as s — 00

_ (4.5)
for£ =0,1,2and ¢ = 0, 1, where go = &(ds* +0p) in which & > 0, o are a function
and metric on S2, and the background data are invariant under radial translations

£y,80 = Loko = Ly, Eo = £y, Bo = 0. (4.6)

The presence of &y makes the background metric conformally cylindrical, and this gen-
eralized notion of asymptotically cylindrical ends is used to accommodate examples
such as the extreme Kerr-Newman geometry.

Consider normal variations, inside €2, of a future apparent horizon (X, o) with speed
@ € C%°(X). Then the variation of the future null expansion (see [1]) is given by

DO o]l = Lo := —Asp+2(V, V@) + (W +div, V — |V|(2,)go, 4.7

where

W=K,—8n(u+Jv)) — %|11|§, vV =pw, (4.8)

with K, denoting Gauss curvature and / I representing the null second fundamental form
associated with ;. Although £ is not necessarily self adjoint, the principal eigenvalue
A1 is real and simple. The future apparent horizon ¥ is referred to as stable if A1 > 0.
A similar statement holds for past apparent horizons. The limiting cross-section of an
asymptotically cylindrical end will be referred to as stable if the principal eigenvalue of
the limiting stability operator is nonnegative.

Proposition 4.2. Let (2, g, k, E, B) be an initial data set for the Einstein-Maxwell
equations satisfying the charged dominant energy condition wgpy > |JEm |-

(D) If ¥ C Q is a single component axisymmetric stable apparent horizon, or
(2) X is the axisymmetric stable limiting cross-section of an asymptotically cylindrical
end in Q,
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then
|Z| > 4y Q% +4T2, (4.9)

and equality is achieved if and only if (£, o, k(v)T, E, B) arises from an extreme Kerr-
Newman horizon. Furthermore, the same conclusion holds without the contribution from
J if the assumption of axisymmetry is dropped, and the same conclusion holds without
the contribution from Q if the energy condition is changed to ;v > |J |,.

Proof. Part (1) is established in [10,20,26,27]. Part (2) follows from a straightforward
generalization of the proof in (1). More precisely, by taking limits the functions k(n, v),
E(v), B(v), as well as the induced metric o are well-defined on the limiting cross-section
¥. From these, a map W : S — H% may be constructed with the complex hyperbolic
plane as target. The stability assumption implies (see [10, Section 3]) that

| > dre (4.10)

for a universal constant ¢, where Z (W) denotes the renormalized harmonic energy. The
functional Z (W) is then minimized among all maps with fixed angular momentum and
charge, and it is shown that the unique minimizer is the map Wy, arising from the
extreme Kerr-Newman black hole with the given angular momentum and charge [10,
Section 4]. The desired result now follows from (4.10) and a computation to determine
the value of Z(Wy,). The case of equality is treated in the same way as in [10], and
similar considerations hold for the situation when the assumption of axisymmetry is
dropped and the contribution from 7 is removed from (4.9). 0O

Proof of Theorem 2.1. Consider the composite manifold (M, g) = (Q U My, g U g4)
described in Section 3, in which the Bartnik-Shi-Tam extension is glued onto the given
initial data. On each asymptotically cylindrical end remove the tail piece for s > s,
where s is a large parameter, and denote the result (Mj,, g). Let x (s) be a smooth
cut-off function with y = 1 fors < sg —2 and x = 0 for s > 59 — 1, and consider
the metric g5, = xg+ (1 — x)go where g is the cylindrical model metric as in (4.5).
Then (M, g5,) is exactly cylindrical near the parts of its boundary arising from the
asymptotically cylindrical ends, d¢y;Mj,. Now double this manifold across its minimal
surface boundary, and note that the result is smooth across d.y;My,. Although the result-
ing doubled manifold is not smooth at ¥ = 9€2 and M\ 9.y M, the induced metrics
and mean curvatures from both sides agree so that the scalar curvature is nonnegative
in the distributional sense. This allows for a smoothing of the metric from [46], denoted
gfo, followed by a conformal deformation gﬁo = (uﬁo)“gfo to nonnegative scalar curva-
ture on the doubled manifold which preserves the asymptotically flat ends. We note that
although gfo does not necessarily have nonnegative scalar curvature, the negative part of

its scalar curvature can be made arbitrarily small in the L>/?-norm for sufficiently large
so and sufficiently small 8, and this is adequate for the existence of the conformal factor.
Furthermore, it can be shown from [35,46] that

wy —> 1, m) —>m, as (s.8) —> (c0,0), 4.11)
where m and m are the ADM masses of g gY and g. Moreover this construction can
be carrled out so that there is a reflection symmetry across the doubling surfaces and
therefore these are minimal surfaces (in fact totally geodesic) with respect to gSO Observe

that now (M, gfo) is asymptotically flat with nonnegative scalar curvature and minimal
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surface boundary. Let ih (50, 8) C My, denote the outermost minimal surface, then the
Penrose inequality [8] yields

s |2 (s0, Olg,
mg > T (4.12)

In light of (4.11), and the fact that gfo is €O close to g, there are positive constants
c(sg, 8) — 0 as (sp, 8) — (00, 0) such that

| (s0, g = (1= c(s0.8)) |Zh (50, 8)lg > (1 — (50, 8)) | Zulg- (4.13)

In the last inequality we have used the outerminimizing property of X, in (M, g), which
follows from the assumed outerminimizing nature of X, in (€2, g) together with the
positive mean curvature foliation of M. Since the masses converge we then have

|2*|g
mpy(X) >m > Tor 4.14)

This may be considered as a generalization of the Penrose inequality with corners,
established in [45,47], to the setting that includes asymptotically cylindrical ends. We
may now apply Proposition 4.2 to each component of X, to obtain the desired inequality
(2.6).

Consider now the setting of (2.7), where the generalized boundary X, has a single
component. It will be assumed that an asymptotically cylindrical end is present, that is
Y, = Yo, since the proof when X, = ¥, is similar and has fewer steps. Observe that
the outermost minimal surface X, (so) C (My,, g5,) must lie far down the cylindrical
end since there are no compact minimal surfaces in M. By [34, Lemma 4.1] the region
outside this surface is diffeomorphic to R3\ Ball. In particular €2 is simply connected.

We now produce a weak inverse mean curvature flow (IMCF) emanating from the
asymptotlcally cylindrical end. Let Xj(s;, 6) denote the outermost minimal surface in
My, gs ) where s; — 00, and let w‘S be the locally Lipschitz level set function defining
the IMCF starting at Zn(si, 6). Theorem 3.1 of [34] provides a uniform (independent of
s;) C! bound for w . Due to the area outerminimizing property of the level sets, and the
fact that the smallest level is approximately | X/, it follows that on €2 the exponential of
these functions remain bounded within the interval (1 —§, | X|/| 2| +§) for i sufficiently
large. This sequence is then uniformly bounded and equicontinuous on compact subsets,
and there is then a subsequence converging locally uniformly to w?, which is a solution
of the weak IMCF [34, Theorem 2.1] on (M, g®). Similar arguments yield subsequential
convergence w® — w on €2, where w is a weak solution of IMCF. By subtracting a
constant if necessary we may assume that infg w = |X,].

Let {S; };020 denote the leaves of the flow (¢-level sets of w), with S;, denoting the leaf
with largest area in €2. Note that each leaf is connected since €2 is simply connected [34,
Lemma4.2]. Forany ¢, < tg the leaf S;, is outerminimizing in 2. Thus [57, Theorem 3.1]
implies that

St | 1 ’
mpy(X) > mg(S;,) = on 1 — 167 /s H*d A, 4.15)
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where m i is Hawking mass. Furthermore, monotonicity of the Hawking mass produces

124 1 b
mp(Sy,) — Tor EW/ / vV IS:|RdA:dt

T )3/2/ V18] / |E|*dA,dt

2 b :
> E -vdA, )| dt (4.16)
_(167T)3/2/0 NI (fs ' I)
B 2(47.[)2Q2 1y e—t/2

=6 Jo
—1)2
=g (=),

where we have used |S;| = |X.|e’ and are assuming without loss of generality that the
magnetic charge vanishes so that Q% = Q this may be accomplished by performing a
duality rotation of the electromagnetic field. It now follows from Proposition 4.2 that

1o,
mpy (%) = BN |Z*|Q IS,*IQ (4.17)

The desired inequality (2.7) is achieved by letting t,, — f9. O

Proof of Theorem 2.4. Inequality (2.15) follows from (4.14) and an application of Propo-
sition 4.2. Consider now the setting of (2.16), in which the generalized boundary X,
has a single component. Here we may apply (4.15) and a modified version of (4.16) to
obtain the desired result. Namely, let 1 be the rotational Killing field then the dominant
energy condition and Holder’s inequality imply

/ E
_(16 )3/2/ \/ISTf k> d A, dt
_(1671)3/2/ \/|ST/ k(Inl~"n, v)|*d A, dt

! " V18] 2 (4.18)
= (16]‘[)3/2 0 fS |T)|2 (/.;, k(ns v)dA[> dt
ﬁjz /t* o112 dz

>
max; |S| fS |77|

(2n)2j2 47 47 (2na)2 T g
|2y 18,1 C? IEI

where C = 27 maxgq || is the largest circumference of all n-orbits in 2. Proposition
4.2 can now be used together with #,, — 7 to obtain inequality (2.16). O
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Proof of Theorem 2.6. Inequality (2.19) follows from (4.14) and an application of Propo-
sition 4.2. Consider now the case when X, has a single component. By combining the
proofs of Theorems 2.1 and 2.4 we obtain

= > [7® ., Qra)? |4n _,
) > + + . 4.19
mpy(¥) = = Ol,/m*'Q o |E*|j (4.19)
Therefore

may (7 = (/2 12 | T 07 mpy ()
=\V16x 2]
=] P EQray [4
4.20
2(\/1671“" |z*|Q> View ¢ {mal @
2
_ |2y ] 2/ T 2 o’ J?
_<V or TV Y TR

where R, = C/2x is the circumference radius. The desired inequality (2.20) now
follows. 0O

5. Gluing for the Jang Surface and Wang-Yau Mass Positivity in Higher
Dimensions

Let (€2, g, k, E) be a compact spacelike hypersurface with induced electric field. The
magnetic field will be ignored here since a duality rotation may always be applied to
ensure that the total charge Q agrees with the electric charge Q, up to sign. If the
boundary ¥ = 92 is untrapped so that 61 (X) > 0, local barriers can be constructed to
obtain boundary gradient estimates for the boundary value problem (3.5), and this leads
to a solution f for any given regular Dirichlet data . The Jang deformation of the initial
data set is then defined to be (<2, g, E) where

- Ei+fifE,

gij=gij+ fifj, E;: .
JI+IVEE

Note that if the Jang graph blows-up at apparent horizons then the topology of Q may
differ from that of . It is shown in [21] that if E is divergence free then so is £ and an
inequality holds between the energy densities

|El, > |Elg, divzE = 0. (5.2)

(5.1)

Moreover if regular level sets of f are homologous to X then the total charge of the
deformation is equal to that of the original

o=0. (5.3)

To see this observe that on a level set having unit normals v, v with respect to g, g we

have .
. . v - . .
b= 1+ |VfI2 - I =  EV' =Ep, (5.4)
JI+IVEE
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so that (5.3) follows from the divergence theorem. In particular, this equality of total
charges occurs when the Jang surface blows-up at the outermost apparent horizon. Fur-
thermore the scalar curvature formula (3.6), the energy density relation of (5.2), and the
energy condition gy > |J|g imply

R —2IX|3 +2divg X = 2(u — J(w)) + |h — k| = 2|E[} + |k[3. (5.5)

where k = h — k. If only the dominant energy condition holds p > |J| ¢» then the same
inequality (5.5) holds without the electric field contribution on the right-hand side.

Let (M4, g+, ky =0, X, = 0, E, = 0) be a Bartnik-Shi-Tam extension of the Jang
initial data, with zero scalar curvature and boundary d M, = % having mean curvature

H,=H — X(), (5.6)

where H is mean curvature of ¥ with respect to g and the unit normal ¥ is pointing out
of Q2. By definition, if t is admissible with X then H. is positive so that the existence of
the extension is not inhibited; if ¢ = 0 then positivity of H, follows from the untrapped
condition [63]. We may now construct composite asymptotically flat data

(M, g, k. X.E) = (QUM,,gU g, kUky, XUX,, EUE,), (5.7)

which exhibits a corner at the hypersurface X. A key observation is that this corner may
be smoothed while preserving the stability type inequality (5.5) in a weak sense.

Lemma 5.1. There exists a smooth deformation (M, g5, ks, Xs, E5) which differs from
the original data (M, g, k, X, E) only on a é-tubular neighborhood of ¥, and satisfies

Rs — 2[X;[3, +2divg, X5 > 2[Es[3 +[kslg, + O(1)  as 86— 0, (5.8)

where Ry is the scalar curvature of gs.

Proof. For the metric we select the same deformation as in [46, Section 3]. Since a similar
mollification will be used for other quantities, we record here the basic set up. Fix ¢ > 0
and write the metric near the corner (—2¢, 2¢) x ¥ C M in Gaussian coordinates as

8 =dr’ +y;j(t, x)dx'dx, (5.9)
where y (¢) is a continuous curve of metricson X.Let0 < § < eand ¢ € C°((—1, 1))

be the standard mollifier with 0 < ¢ (s) < 1 and f_ll ¢ds = 1. Moreover, set o5(t) =
820 (1/8) where o € C°((—3, 1)) satisfies

= < 1

o(t) = U(Z) 00 | 'f' -4 (5.10)
o) <1 71 <ltl<3

For t € (—¢, ¢) the smoothed curve of metrics on X is given by

f]R y (s, x)gs(t)d)(gs(,))ds os(t) >0
() os(t) = 0’
(5.11)

ys(t,x) = /Rl/(f —os(t)s, x)P(s)ds = {

so that

(5.12)

_)dif+yst,x) (1,x) € (—g,8) x T
=1z (1, %) ¢ (=&, 8) x T
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is the desired smoothing of g. It is shown in [46] that the scalar curvature of the defor-
mation satisfies

_ 82 8
Rs = 0(1), (t,x) € {ﬁ < |t < E} x X, (5.13)
_ 100 (100t 82 82
R; = O(1) + (H-(x) = He(x)) <3¢ (8—2) (t.x) € [—5, %] x %,
(5.14)
where H_, H, are the mean curvatures of ¥ with respect to g and g.
Next, near the corner surface X write
X = X,dr + X;dx', (5.15)
and denote the smoothed 1-form by
X5 = Xpdt + Xs;dx'. (5.16)

The X;; are any smoothing of the tangential components which keeps tangential deriva-
tives bounded and agrees with X; outside the §-tubular neighborhood of X, and the
smoothed normal component is defined by

Xsr = /RXz(t — 205(1)s)¢(ss(1)s)ds, (5.17)

where ¢5(t) = 1 for |f|] > € and ¢5(t) = 2 for |f| < % with |¢’| < 2¢~L. Then for

2
[t] > g—o we have

0 Xy = /R [X7(t = 205(1)s) (1 = 205(1)s) ¢ (55(1)s) + Xy (1 = 205(1)$)¢' (55 (1)8)55(1) ] ds,

(5.18)
and for |f| < :ST since o5 (t) = % and ¢5(t) = 2 it follows that
2
X5 =0 /x t—25) ¢p(2s)ds
13 t t - ! ( 30 )
50 7 100¢—s)
=00 [ X530 (1062 ds

50 100(z — )

50 100
= (Xa () = X (@) 53 (8—2’)

0 50 . /100 o 50
(t—s) 100(1 —s)
+ / X959 (5—2V) ds +/0 0., (6) 559 (5—2Y) ds,

where X;+ = lim,_, o= X;. In particular we have

82 )
X5 =0(), (t,x)€ {% <1 < 5} x 3, (5.20)
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and

50 (100¢ 8% 52
0: X5 = (Xpr(x) — X;—(x)) 5_2¢ <8_2> + 0(1), (t,x) e I:—%, %j| XX
(5.21)

Consider now the divergence of the smoothed 1-form
1 = ab
\/:% <\/ det g5 g5 Xab)
o (VdetysXan ) + 0 (Vaetrsyy' Xy, )| 5.22
«/W [ i Vs Xs: VsYs Xsj (5.22)

1 .
=0;Xg + EX(;,B, logdet ys + 0; (\/ det yg)/gjxlsj) .

dng 5 X(s =

1
Jdet ys

Together with (5.20) and (5.21) this yields

52 F)
divg, Xs = O(1),  (t,x) € {5 <|t| < 5} x 3, (5.23)
and
, 100z 2 52
divg; Xs = Xi4(x) — X;—(x)) 32¢ +0(), (t,x)e ~35° 50
(5.24)
Therefore
_ ) , 82 8
Rs — 2[X;]3, +2divg,Xs = 0(1),  (1,x) € 5 < 1] < 31 z, (5.25)
and
D 2 100z
Rs — 2IXs3, +2divg, X5 = (H_(x) — X;— (x) + X1+ (x) — Ho () - 52 199, )+ o),
2 g (5.26)
(Z,X) S [—% %]
Since H, = H — X(¥), H_ = H, X;+ = 0, and X,_ = X (9) we find that
_ )
Rs — 2|X(;|§5 +2divg, Xs = O(1),  (t,x) € {|t| < 5} x %, (5.27)

The smoothings Es and ks may be achieved in a similar manner. Since derivatives
of these quantities do no appear in (5.8), We only require that they remain uniformly
bounded and agree with E and k for |¢]| > 5. The desired result (5.8) now follows from
(5.5) which holds on both sides of . O

Lemma 5.1 shows that Rg — 2|Xs |§5 + 2divg, X is nonnegative in a weak sense as
long as the dominant energy condition holds. More precisely, this quantity is nonnegative
except on a small set, where it remains uniformly bounded as § — 0. This ensures that
the smoothed Jang metric gs may be conformally deformed to zero scalar curvature as
in the Schoen-Yau proof of the positive mass theorem [53]. These arguments, as well
as Lemma 5.1, extend to higher dimensions and lead to a new proof of nonnegativity
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for the Wang-Yau mass that does not require spinors. The spin assumption needed for
previous versions of the result can then be removed.

In order to state the higher dimensional result, a revised definition of admissibility
will be given. Consider a codimension two closed spacelike submanifold (X, o) of a
d + 1-dimensional spacetime N¢'!. We will say that the surface ¥ and time function
T are generally admissible if (1) the metric & = o + dt? on ¥ has positive scalar
curvature and is isometric to a mean convex star-shaped hypersurface in R?, (2) &
arises as the untrapped boundary of a spacelike hypersurface (2, g, k) < N?!, and
(3) the generalized mean curvature is positive f)(e;, eé, +1) > 0 for the normal bundle
frame {e/;, ¢/, ,} determined by the solution of Jang’s equation. Note that condition
(1) guarantees an isometric embedding into Minkowski space ¢ : ¥ < R®! where
(fl, o) is the projection of ¢(X) onto a constant time slice. From this one may define the
Wang-Yau energy as in (2.35).

Theorem 5.2. Let (X, o) be a codimension two closed spacelike submanifold of a space-
time N1, 3 < d <7, satisfying the dominant energy condition. If T is a time function
that is generally admissible with ¥ and 1 : ¥ < R®is an associated isometric embed-
ding, then the Wang-Yau energy is nonnegative Ewy (X, t, T) > 0. Equality occurs if
and only if the spacelike hypersurface (2, g, k), whose boundary is (X, o), arises from
an embedding into Minkowski space. In particular, the Wang-Yau mass is nonnegative
mwyy (%) = 0.

Proof. As in the beginning of this section let (€2, g) be the Jang deformation of the initial
data (€2, g, k), where the solution of Jang’s equation satisfies the Dirichlet boundary
condition f = 7. The dimensional restriction 3 < d < 7 is used to obtain locally regular
solutions of the Jang equation [23], the theory of which parallels closely that of stable
minimal hypersurfaces. Observe that the induced metric on dQ is then & = o+d . Since
7 is generally admissible, (1) guarantees that there exists a generalized Bartnik-Shi-Tam
extension [25] denoted (M, g+, X+ = 0) with boundary mean curvature

573(6[/1, e:z’+1)

V1+|Vr|?

Note that this quantity is positive by property (3) of the generally admissible condition.
The composite manifold (M, g, X) has a corner at ¥ which may be smoothed according
to Lemma 5.1 to obtain (M, g5, Xs). The mass m of this smoothed manifold agrees with
that of the Bartnik-Shi-Tam extension and thus satisfies (see [25,61])

Ao— 2%\ ya. >, (5.29)
ST+ VTP

where Hj is the mean curvature of the projection (2,6)inRY.

It remains to show that the mass m is nonnegative. The inequality (5.8) implies that
one may follow the steps of the positive mass theorem [53] to derive this conclusion.
The generalization of this approach to dimensions d > 3 encounters some technical
difficulties, particularly with the conformal darning of the asymptotically cylindrical
ends produced by blow-up of the Jang equation. However these have been resolved
by Eichmair in [23] for 3 < d < 7. Ultimately one arrives at an asymptotically flat
manifold of nonnegative scalar curvature having mass m < m. Finally by appealing to
the Riemannian version of the positive mass theorem [54] we find that m > 0, from
which the desired result follows. The rigidity statement of the theorem is established in
the typical manner [23,53]. O

H.o=H-X®) = (5.28)

1
Ewy(%,1,7) > —/
87 Js

)
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6. Mass Lower Bound from the Conformal Factor

Let (2, g, k, E) be a compact initial data set with boundary 0Q2 = ¥, U X, where
¥y, is an outermost apparent horizon in that no other closed apparent horizons are
present, and the single component X is untrapped. There then exists [2,22,30] a solu-
tion of Jang’s equation (3.5) which admits asymptotically cylindrical blow-up at X
and satisfies f = 7 on X. Consider then the smoothed data (M, gs, ks, X5, Es) asso-
ciated with the Bartnik-Shi-Tam extension of the Jang deformation, as constructed in
Lemma 5.1. We seek a lower bound for its mass m, arising from a conformal trans-
formation, that encodes contributions from angular momentum, charge, and horizon
area.

In order to impose appropriate boundary conditions for the conformal factor, the vari-
ous components of ¥, = UI Ei will be divided into two groups. Recall that the portion

of (M, g5) associated with the Jang surface (Q g), may be viewed as a graph t = f(x)
lying inside the product manifold (R x €2, dt*+g).ForeachT > 0 letMT denote the parts
of M consisting of the extension M, outside ¥ and the portion of Q lying between the two
hyperplanes r = &T'. Due to the asymptotically cylindrical blow-up of the Jang surface
the intrinsic geometry of each boundary component 9;Mr,i = 1, ..., I approximates
that of X}, for T large. Let x7 denote the one parameter family of functions on a given
boundary component X ;, defined as the restriction of | X|z to 8;M7. The parametric esti-
mates for the Jang equation [53] guarantee that the sequence x7 is uniformly bounded and
equicontinuous. Therefore upon passing to a subsequence 7 — x as7 — oo, for some
continuous function x . There are two possibilities for each component, either x does not
vanish identically, or x vanishes identically. Boundary components for which y = 0 will
be labeled i =1, ..., iy, while those for which x # O will be labeled i =ip+1,...,1

Let (M\M7); be the asymptotically cylindrical end associated with X! and set
M7 = M\U2, (M\Mr);. Note that My is M minus the asymptotically cylindrical
ends corresponding to x = 0. Consider now the boundary value problem

1 /- _ _ -
Agous.r = 5 (Rs = 2Es ;= ksl Jus,r =0 on My,

ust — 1 as |x] = oo,

8uaT+1Hu5T—1 _Iom s en @My i=l....io o
4 |3MT|gaT

ust — 0 as x—>8i , i=ipg+1,...,1,

where 9;M denotes the limiting cross-section within the asymptotic end (M\Mr);
and g5 7 = ug‘ 785. The boundary condition above ensures that the mean curvature

of the boundary components ;Mr, i = 1,...,ip with respect to gs 7 is given by
H = /ﬁ, and the equation for ur guarantees that the scalar curvature of the
i Tga’T

conformal metric is

R = (21513, + ks, ) ur* = 218572, + IKs.r 12 (6.2)

&.1 8.1’
where E 5.7 = Ug TE and kg T =g, Tk5 The motivation for imposing different bound-

ary conditions on the two groups of boundary components is to facilitate contributions
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to the ADM mass from each component. In what follows we will establish the existence
of a regular positive solution to (6.1).

Proposition 6.1. Under the hypotheses of Theorems 2.8-2.13, if T is sufficiently large
and § is sufficiently small, there exists a smooth positive solution to the boundary value
problem (6.1).

Proof. The boundary value problem (6.1) corresponds to the Euler-Lagrange equations
of the following functional

1 2 1/ o2 Lo 12 2
P(”):E/MT <|Vv|g3+§(R8—2|E5|ga — K52, ) (14 0)? ) dV,
(6.3)

i0

1/ _ y ﬁ(
— — H( +v)dAr + —/

defined on the space of functions

N2
1+ v)4dAT) ,
iMT

W= {v e W2 (My) ‘ [/ "'Viv e LAMy), j=0,1, 1+ve W2 (MT\MTO)}.
_ (6.4)

Note that by the trace theorem v € L*(dMry). Existence of a global minimizer may

be achieved through direct methods in the calculus of variations. In particular, since

the functional is weakly lower semicontinuous we need only establish that it is coer-

cive. Regularity of the weak solution will follow from standard elliptic theory. Similar

problems have been treated in [31, Proposition 3.2] and [37, Theorem 2.1].

In order to show coercivity set

Ks =Rs — 2|Es|3, — [ks |3, — 2[Xs[3, + 2divg, X;, (6.5)

andletéy, € C °°_(1\7I) be a nonnegative cut-off function with its maximum value §7, = 1
achieved on M\Mpy, and &7, = 0 on Mz, _1. Then according to Lemma 5.1 and its proof

_1 2,1 2, 1 2 g 2\ v
P) =5 /Mr <|Vv|g5 + KoL)+ 5 (1Xs13, — divg, Xs) (1+ )% ) Vg

io ig
1 B} _ =
-3 7f_ A +v)2ddr+Y - /
8 Jo, My = 2\

172
1+ v)4d/5.7>
i=1 iMr

(6.6)
>/ (l\Vvl2 + (l(lLEM — lgér, + i X512 ) (1+0v)? - €1 Ks_(1 +v)2>dV‘
“hip \3 E A8 07 33708 16 8

o i ) L o e
‘;éfaiMT(H_X(V))(“”) dAT+;T /a

172
(1 +v)4dAT> ,
iMr

where K5 = K5 — Ks— with K5 and K;_ representing the nonnegative and nonpositive
parts of the function. Note that Ks_ = 0 except possibly on a set, denoted €25, of small
volume |25] = O(8) on which Ks_ = O(1). It then follows from Holder’s inequality
and the Sobolev inequality [52, Lemma 3.1] that for large T
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Ks—(1+v)*dVg, = / Ks— (1 +v)*d Vg,
Qs

23 1/3
< (/ 3/2dvg8) / (1+v)°d Vg,
Qs MTO

< 52/3c0/_ IVvlg,d Ve,
My,

My

6.7)

< 52/3C0/~ IVolg d Ve,
Mr

where the constant Cy is independent of § and 7. Next observe that Jensen’s inequality
gives

N2 1 B
) (1+v)4dAT) > —/ ~ (1+v)%dAr, (6.8)
</3,-MT vV ]0iMr| JoMr

and notice that for each boundary component with labeling i = 1, ..., io the expression
H — X (v) can be made arbitrarily small by choosing T appropriately large. Therefore
for small enough § and large enough T we have

P(v)>[ <—|Vv| ((uEM |T1g)ém, + |X3| )(1+U)2>dVg,;

1 — 97 )
1 A
< )Z\Ha, /aMT( rydAr,

where 9y — 0as 7T — oo.

Global weighted L> bounds may be derived from (6.9) as follows. On 1\7[T\1\7[T0 the
cut-off function 7, = 1, so that the strict energy condition on the horizon gy —|J]g >
¢ > 0 together with (6.9) gives an L? estimate for 1+ v. On MTO, let r be a smooth pos-
itive function which coincides with |x| in the asymptotically flat end, then the weighted
Poincaré inequality [5, Theorem 1.3]

(6.9)

2
v 2
/MT r—degs SC/_ IVvlg,dVg;. (6.10)
0

My,

together with (6.9) yield the desired weighted L? estimate for 1 + v. Altogether this
produces

P(v)zC”/M (|Vv|§3+sT0(1+v>2+( —tn) 2>dVg5, 6.11)
T

which is the coercivity bound that yields existence.

Let ur denote the solution of (6.1) produced above, and assume that u7 does not
vanish identically on 9M7. We will show that the solution is strictly positive. Suppose
that u is negative somewhere, and let D_ denote the domain on which u7 < 0. Since
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ur — 1as |x| = oo, the closure of D_ N M7 must be compact. Now multiply (6.1)
by ur, integrate by parts, and apply the same techniques used to derive (6.9) to find

/ 1| us,rl3,dV
Vus,rl5,d Vs
p_4 BoE

1, fo
< —/D_ glquwdvgS - Zf

D_QB‘MT

io
167 _
< | -Ks_u?, dVs § / — 2T (X ut, ) dA
_/D s—us rdVg — na,MT< M7, sr+(X(0) —H) ar) T

582/3C0/ |Vu5,T|§5dVg5.
D

| -
(ug,Taf,ug’T + ZX(U)L!%’T) dAT

(6.12)

Selecting § sufficiently small then produces the contradiction

/ |Vus,r13,d Vg, <0. (6.13)
D_
Therefore us r > 0, and the strict positivity follows from Hopf’s maximum principle.

It remains to show that us 7 does not identically vanish on 81\717. Following [31,
Proposition 3.2] consider the linear boundary value problem

1= - _ -
Apz—3 (R8 — 2[5, — Ikalés) z=0 on My,

z—0 as |x| — 00, (614)
dz=—1, on §Mp, i=1,... i,
z—>0 as x—>8i1\_/I, i=ip+1,...,1.

The methods used to establish (6.11) can be applied here to show that this boundary
value problem has no kernel, and hence a unique smooth solution exists. Furthermore,
in analogy with (6.13) it can be shown that z is strictly positive. In particular, expanding
in spherical harmonics in the asymptotically flat end yields z = a/r + Oy (r —2) for some
constant a > 0. Suppose that us 7 = 1 + vs,7 vanishes identically on 81\7[7, then

P(vs,r +ez) — P(vs,1)

1

= _f (|V(u§,T +e2)l3, — |vU5,T|§5) dVg, + 0(£?)
2 Jw,

1 _ _ _ ) )
1 iy (R = 20Bsly — g ) (w2 — (v ?) v
1 /- _ _
- /: e(l+ US’T) (_Agéz + 3 (RS - 2|E5|éé - |k5|§a) Z) dVgS
Mr 8
+/ e(1+v5.7)8,z + O(e%)
Soo

= —4mea + 0(82),
(6.15)
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where Sy, represents the limit of coordinate spheres in the asymptotic end as r — oo.
For ¢ small enough this yields P (vs, r+€z) < P(vs, 1), which contradicts the minimizing
property of vs 7. O

The solution us,T of (6.1) will be used to obtain lower bounds for the mass m of the
glued manifold (M, g). Expanding in spherical harmonics gives the expression

usr =1+ 4+0(x|7% as |x| = oo, (6.16)

As.T
x|

for some constant As 7. The mass of g5 7 = ug 785 is then given by

ms 7 =m+2A;s 7. (6.17)

Moreover 1
P(vs,T) = 5/ us, 7orus, T = —2m AT, (6.18)

so that lower bounds for m may be obtained from lower bounds for P (vs,7) and ms 7.
In order to facilitate this we note that the sequence of solutions to (6.1) subconverges to
a solution of

1 /- _ _ _
Agu—-(R—z|E|2—|k|2)u=0 on M,
8 g~ Mg (6.19)
u—>1 as |x|] — oo, u—>0 as x — oM, i=1,...,1.

Although the coefficients of this equation are not continuous, the divergence structure
present in the scalar curvature will help to mitigate the singular behavior of the solution.

Lemma 6.2. There exists a subsequence {us, 1,};2 of the solutions produced in Propo-
sition 6.1 which converges in C°(M) N C2(M\ X), and weakly in Wllo’c2 (M), to a positive
solution u € CO%(M) N COO(M\Z) of (6.19) for some a € (0, 1). Furthermore u is not
constant on Q.

Proof. First observe that ms 7 > 0. To see this note that gs 7 is of nonnegative scalar
curvature from (6.2), and according to the boundary condition of (6.1) each component
of M7 has zero Hawking mass. Furthermore, a strict energy condition at the apparent
horizon implies that us 7 decays exponentially along the asymptotically cylindrical ends
of M7 (see [53]). Therefore the asymptotically cylindrical ends are conformally closed,
and one could either start the inverse mean curvature flow at such a closed end or at a
boundary component of zero Hawking mass in order to find nonnegativity of the mass.

Equation (6.18) now yields the upper bound P (vs,r) < wm, which is independent
of § and 7. We may then use (6.11) to find

1—
/ <|w“|§ +EpR U3+ ﬁ(u” — 1)2) dVg < Cr, (6.20)
My ’ r

which yields a uniform W!?2 estimate on compact subsets. By taking an exhausting
sequence of domains and using a diagonal argument, a subsequence us,,7; is obtained

which converges weakly in Wllo’f (M) to u. Next, consider the divergence structure present
in (6.1), namely this equation may be rewritten as

. 1 1 1
divg, <WM + ngu3,7> — X5 Vusg — 2 (Ks = 2%, ) us,r =0. (621)
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Since the coefficients X;s and K are uniformly bounded, this allows for a notion of weak
solution in which the coefficients converge in LIZO .- The weak convergence us, 7, — u
then implies that u € Wllo’c2 (M) is a weak solution of (6.19). Standard elliptic regularity
guarantees thatu € C °(M\ ), and also that the convergence is in the C2-topology on
M\X.

Refined regularity for the limit can be obtained as follows. Let D C D’ be compact

in M. The divergence structure of (6.21) allows for an application of the De Giorgi-
Nash-Moser estimate [29, Theorem 8.24]

us.7 licowpy= C Il us,m lL2(pys (6.22)

where o € (0, 1) and C are independent of § and T'. Since the relevant subsequence of
us T converges weakly in W12, it converges strongly in L2, and hence (6.22) implies
that the limit u € QO’“. In particular u is uniformly bounded along the asymptotically
cylindrical ends of M, which implies exponential decay to zero and shows that it satisfies
the asymptotic boundary condition of (6.19).

Lastly it will be shown that u is strictly positive and nonconstant on 2. As the coeffi-
cients in the divergence structure (6.21) are uniformly bounded, the Harnack inequality
[29, Corollary 8.21] holds with a constant C independent of § and 7', that is

supus, T < C inf Us.T- (6.23)
D D

Since us 7 subconverges to u in CY, this same inequality holds for u. Thus if u van-
ishes somewhere it must vanish everywhere, which contradicts the fact that u — 1 as
|x| — o0, so that u is positive. Lastly if u is constant in 2 then it must be zero there in
light of the exponential decay along the asymptotically cylindrical ends, but this again
contradicts the behavior in the asymptotically flatend. O

Recall that in the setting of Theorems 2.8-2.13, the boundary of €2 consists of two
parts 02 = ¥ U X, an inner horizon piece and an outer untrapped piece. We are now
in a position to obtain a lower bound for the mass m in terms of the horizon area. To do
this we define the following constant that appears in the above mentioned theorems

I -1
y = (Z,Mmz;ﬂ) | Vu ”iz@z,g) . (6.24)
i=1

According to Lemma 6.2 this constant is nonzero and finite, and is invariant under
rescalings of the metric.

Proposition 6.3. Under the hypotheses of Theorems 2.8-2.13

1 i

_ L 4 |2
m > lim mg, 7, + —— —. (6.25)

=00 1+y P 4

Proof. From (6.17) and (6.18) we have

1
= fig 7 + — P (v5,7). (6.26)
V4
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Moreover (6.9) and [37, Lemma 2.2] imply that

I
1 1 — 97 7 .

P(vs,1) = —/ |Vus 7|2 d Vg, + (—) = f us +dAr. (6.27)
1 )y, g9 Ve 3 ;,/WMH vty T

Following [37, Section 3] then yields

1—»
P(v(g,T)_””( T)Z,/n|3Mr|gs, (6.28)

(1+ys.1)
where
2
fMTnQ [Vus,75,d Vg,
Vs, T = 7 - 5 —. (6.29)
2 (1 — 19T) Zizl \/ﬁfail\_’h Ua,TdAT
Suppose that
/, vs, ndAr, — |1, (6.30)
0; M,

1

where us, 7, is the subsequence that converges to u weakly in W2, Since the Hilbert
space norm is weakly lower semicontinuous, we then find that

lim y5.7, > v, (6.31)
[—00

where we have also used that |8-1\_/IT,|gsl — |Ei| Furthermore, since the function

Y = 1 +y is monotonically nondecreasing the desired result follows.
It remains to show that (6.30) is valid. Along the asymptotic ends (M\M7);, i =
ip+1,..., I thisisclear as us 7 — 0 along these ends. For the remaining ends, choose

To < T and perform the integration by parts, on 1\7[T\1\7[T0, that led to (6.12) to obtain

1 N2
/_ ) Z|Vu5,T|é8dVg5+</_ nu;TdAT)
(MT\MTO),- 0;Mr

1 _ _1 i, _ _
< / ) (u(;,Tavu(;,T + —X(u)ugj> dAr, + —/ ~ (H =X (@) u3 rdAr.
oy, 4 4 Jo v,

(6.32)
Since |H|+ |X(¥)] = 0as T — oo fori = 1, ..., io, Jensen’s inequality implies that
/ ulgdAr < C/ ) (ug,ﬂaaug,ﬂ + |X(D)|u§,T> dAg, (6.33)

My 9;Mp,

where C is independent of T'. Since us,, 7; — u smoothly on aiMTO, and u along with its
derivatives have exponential decay along the asymptotically cylindrical ends, the right-
hand side of (6.33) can be made arbitrarily small for the sequence us,, 7, by letting! — oo
and choosing Ty sufficiently large. The desired conclusion (6.30) now follows. O
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7. Penrose-Like Inequalities for the Liu-Yau and Wang-Yau Masses

Proof of Theorem 2.8. As explained in Sect. 3, the Liu-Yau mass is bounded below by
the mass of the glued manifold. Therefore Proposition 6.3 implies that

v o (15 oy 1zl
) >m> lim mg 7 + he > , 7.1
mLy (%) = = oo 0T 1+y; 47 T 1+yV 4xm -1

where we have used the fact that ms 7 > 0 as explained in the proof of Lemma 6.2; this
establishes (2.27). In order to show (2.28), use the above sequence of inequalities com-
bined with the area-angular momentum-charge inequality [10,26] which holds under
the state hypotheses for stable apparent horizons:

|5 > 47,/ (Q1)* +4(T)2. (7.2)

O

Proof of Theorem 2.10. We will estimate ms, 7; from below and apply (7.1) to achieve
(2.30). The estimate of the conformal mass will be via inverse mean curvature flow. First
observe that Q2 is simply connected. To see this, note that the assumption of no interior
apparent horizons (including no immersed MOTS) together with an untrapped outer
boundary ¥ (of spherical topology) allows for an application of Theorem 5.1 of [24,

Theorem 5.1] which yields the desired conclusion. Consider a weak IMCF {S’;s T =0,
within (1\7[T, gs.7). This manifold has either a single component inner boundary of
zero Hawking mass, or the ‘point at infinity’ in the conformally closed remnant of an
asymptotically cylindrical end, from which the IMCF will emanate. In the former case
0, = 0 while in the latter case 0, = —oo. By simple connectivity each leaf of the flow

is connected [34, Lemma 4.2]. Furthermore the leaf of largest area contained within €2,
and outside of the §-tubular neighborhood of & where s # g, will be denoted by S;Z T

Observe that the flow is smooth for a nonzero amount of time within €2, in other words it
does not instantaneously jump from the initial time to a surface intersecting X or lying
outside of €2. This is due to the fact that the flow is by outermost minimal area enclosures,

and the initial surface has area |§g;T g5 » Which can be made arbitrarily small compared

to | g, , when 0, = Oasaresultof (6.32),(6.33), while |S)" |, , = 0 when 0, = —oc.
According to Geroch monotonicity [34] and the scalar curvature formula (6.2) we have

i ! * \/”ST—~ -
MT = Aem)sr2 877 Ig,  Re,7dAdt
S (167)3/2 ,/(;* [§fT 1S g5, Ro, 7d Ar
> ; fo |§,s,T|~ (2|E |2 + |k |2 )d/i r
T (167)32 [y, Jgor t 18T 8.T 5, 1 5,73, , , .

(167'[)3/2 0, S,?T t g5 3lgs 51, '
=Zg@, T)+Z7(5,T).

In what follows we will estimate each of the integrals Zy(8, T) and Z 7 (5, T) sep-
arately. Note that in the domain associated with these two integrals gs = g, Es = E,
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ks = k, and 8.7 = 8.7 = ud 578 Consider first the electric field term. Using the
divergence free property (5.2) and equality of charges (5.3) produces

1ol = (6 )3/2/ /W(/ |EL2 dA)dt
1507 2
(1671)3/2/ 5 </ E(v)dA) dt

|SST

(7.4)
2(47'[ Q)Z‘/ SS T|g5 T / (1— ’(J) dr
"l Jo.

(167)3/2 supy, <y |50

0 \/”|S* |g5r 0x—7p)
= 1—e 2 .

a8, T
SUPg, <¢<iy [S;

>

|z

Due to the convergence of Lemma 6.2, in analogy with the proof of Theorem 2.1 a

subsequence of {S; §or-Tiy He

{St}tzfoo within (2, g = u4g). Note that as in [34, Lemma 8.1], an appropriate transla-
tion downwards of the sequence of level set functions defining the weak flows is needed
to obtain convergence. Moreover since

(denoted with the same notation) converges to a weak IMCF

o611y _ =ty adnTr
IS0 Ngs., =€ 1S3 Nas,z (7.5)

and
oo, T; SO Ty T -
1S, |§s,,rl — 0, |St~0 |gs,.r, — |S[0|g #0 as [ — oo, (7.6)

it follows that 7o = #o(I) — oo. Therefore

lim Zo (8, 7)) = & [ ——0Q°. (7.7)
=00 |E |

where

NIONFN

A=—" (7.8)

SUP_so<r<iy Stz

Consider now the angular momentum contribution. In this setting axisymmetry is
assumed with n denoting the rotational Killing field. The hypothesis (2.29) combined
with [36, Appendix] shows that 2(n, v) = 0 on any axisymmetric surface S € (2, g)
with unit normal v, in particular for the leaves of an IMCF emanating from an axisym-
metric surface; this implies that Iz(r;, V) = k(n, v). In addition, observe that the relation
between area elements and surface normals with respect to the two metrics g and g are
given by

_ ; 1+ |Vf]2
dA = 141V flsRdA, 7= i | LNV g
G e, VTFIVTISE
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It follows that

2
(8ﬂj) =</kjvz77]dA>
s
= (/ Ko, 1+|Vf|s|2d
s L+[Vf]?

ke, n>|dA) 710,

2
( kW, n) —h(, n)ldA)

2
Ik h|g|77|dA)

L/|k hldAu/|anA
S
We then have

1 e 2z
Z70,T) = W /(‘)* 157" |gs.r (/Sf” lk — hlédA’ dt
= o8, T
_ ®rg? 0 VIS s

— 62 Jo, fesr [nPdA;

(7.11)

(87‘[..7)2 / |Sa T|gar

~ (167)3/2 maxq [n|? 1557

.7
2(87.7)% VIS, |§a,r ©Os—ip)
= l—e 2 ,
|

B (1677)3/2 maxg |77|2 SUPo, </ <iy |§,5T Z

and hence
47 | 4w,

im /(5. T}) > T
Jim L7 @ 1) 2 1=l

(7.12)
Lastly, combining (7.1), (7.3), (7.7), and (7.12) produces

472 | 4n
[ 2]

IZh

2, 2
mpy(2) > 1+y Eh o+ J”. (7.13)

The desired inequality (2.30) is then achieved by squaring both sides and rearranging
terms. O

Proof of Theorems 2.12 and 2.13. This is a straightforward combination of the Wang-
Yau proof [61], and the proof of Theorems 2.8 and 2.10. O
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8. Penrose-Like Inequality for Quasi-Local Mass with a Static Reference

Here we show that the inequalities established in previous sections can be extended
to quasi-local masses having a static reference spacetime other than Minkowski space.
Recall that a 4-dimensional static spacetime is a warped product (R x M, —V?2dt* +g),
in which V e C*®(M?) is positive except on the (possibly empty) boundary dM? where
it vanishes, and g is a Riemannian metric on M?>. The triple (M?>, g, V) is referred to
as a static manifold. If the static spacetime is vacuum then the potential V satisfies the
static equations

(AgV) g — Hessg V + VRicg = 0. (8.1)

The unique static vacuum black hole is the Schwarzschild solution, whose time slice is
the static manifold (M3, = R*\ {|x| < %}, gm, Vin) with

m O\ 1_21

Ix]
gm = 1+—> s, Vin = , (8.2)
" ( 2|x| " L+ 57

where m is the ADM mass parameter.

In [15] Chen, Wang, Wang, and Yau defined a version of the Wang-Yau quasi-local
energy with respect to a general static spacetime. In particular, let (X, o, |ITI [, o) be a
Wang-Yau data set and assume that there is an isometric embedding ¢ : £ < M so
that the time function T = 0, then the static Liu-Yau mass is given by

1 -
miy () = sz 14 (Hs - IHI) dAg, (8.3)

where H; is the mean curvature of the isometric embedding ¢(X). If the data bound
a spacelike hypersurface (€2, g, k) with vanishing extrinsic curvature k = 0, then the
static Brown-York mass takes the form

1
myy (%) = Q/z V (Hy — H)dA,, (8.4)

where H is the mean curvature of the embedding ¥ < 2. Recently, Lu and Miao
[43] have proven a Penrose type inequality for the static Brown-York mass in which the
reference static spacetime is the Schwarzschild solution. Here we give an extension of
their result to the static Liu-Yau mass setting.

Theorem 8.1. Let (2, g, k) be an initial data set for the Einstein equations satisfying
the dominant energy condition (v > |J|g which is strict on horizons. Suppose that
is compact with boundary consisting of a disjoint union 02 = Xj, U X where X, is a
(nonempty) apparent horizon, no other closed apparent horizons are present, and the
single component ¥ is untrapped. If ¥ isometrically embeds into a Schwarzschild man-
ifold (an, Em, Vin) as a star-shaped 2-convex surface on which Ricg, (v, v) < 0, then
there exists a nonzero positive constant y independent of horizon area such that

1 5 a2l
m+— | Viu(Hp —|H)dAg = ——/ ——, (8.5)
87 Jx 1+yV 47
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where H,, is the mean curvature of the embedding into Mi Moreover, if in addition the
enhanced energy condition ugpy > |JEmlg holds, (2, g, k, E, B) and 92 are axially
symmetric, and Xy, is stable in the sense of apparent horizons then

1 R y I .~ — 3
m+g‘/;: Vi (Hy — |H|)dAU > 1+)/ (; (Qh) +4(‘7h) . (8.6)

Proof. This result follows by combining the proof of Theorem 2.8 above, and the proof
of Theorem 1.11in [43]. Here we provide an outline. Let (€2, g, k, X, E) be the Jang defor-
mation of the initial data with the solution of Jang’s equation blowing-up at the horizon
and satisfying the Dirichlet boundary condition f = 0. A Bartnik-Shi-Tam extension
(A_L, g4, ky =0,Xy =0,E, = 0) of the Jang initial data may be constructed in the
following way with zero scalar curvature and boundary 0 M, = ¥ having mean curvature

H.=H - X(®). (8.7)

The 2-convex condition means that the two elementary symmetric polynomials of the
principal curvatures k1, k2 of the embedding ¥ — M;jl are positive, and this together
with Ricg,, (v, v) < 0 implies via the Gauss equations that X has positive Gauss curva-
ture and is thus topologically a sphere. These hypotheses together with the star-shaped
assumption lead to smooth long time existence of the flow inside an defined by

L,
3 = kv, K= (Kl i ‘), (8.8)

with leaves denoted by {X,}7° ) and X9 = X. The region of the Schwarzschild manifold
foliated by this flow is (M4, «2dr? + o,), where o, is the induced metric on the leaves
¥,. The extension metric then takes the form g, = u’dr? + o, for an appropriately

chosen function u : M, — R,, withug = (H — X(\")))_1 k H,, in order to ensure (8.7).
As shown in [43] the function

1
m+ Vin(Hyr — Hur)dAg, (8.9)
87 o

is monotonically nonincreasing in r, where H,, , and H, , are the mean curvatures of X,
with respect to the Schwarzschild metric and g respectively. Furthermore this function
converges to the mass m of the extension metric g, as r — oo. It then follows from
(7.1) that

1 _ >
m+miy(2)2m+g/ Vi [H — (H — X(#))]dAy = 0 > 1/%.
5

1+y
(8.10)
This establishes (8.5). As in the proof of Theorem 2.8, inequality (8.6) is then obtained
by applying the area-angular momentum-charge inequality [10,26]. O

In a similar manner, by combining the proofs of Theorem 2.10 above and Theorem
1.1 in [43] we obtain the following result.
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Theorem 8.2. Let (2, g, k, E, B) be an axisymmetric initial data set for the Einstein-
Maxwell equations satisfying (2.29), J(n) = 0, and the energy condition gy > |J|g
which is strict on horizons. Suppose that 2 is compact with axisymmetric bound-
ary consisting of a disjoint union 0Q2 = X, U X where Xy is a single component
(nonempty) apparent horizon, no other closed apparent horizons are present, and the
single component ¥ is untrapped. If ¥ isometrically embeds into a Schwarzschild man-
ifold (Mi, Zm, Vin) as a star-shaped 2-convex surface on which Ricg, (v, v) < 0, then
there exists a nonzero positive constant A independent of horizon area such that

2
2 >l T A 8n2j2
K Y |Zn 2 )4
+ E) > + A + _ 8.11
(’" My ) = ATV 2 TN 2 1+y C? @-11)

where y is as in Theorem 8.1. Moreover, the same inequality holds without the assump-
tion of axisymmetry if the contribution from angular momentum is removed.

Remark 8.3. As in Sect. 7 this proof may be parlayed into versions of Theorems 2.12
and 2.13 for the static Wang-Yau mass. In addition, we note that the same methods can
be used to generalize the result of Chen [11], concerning Brown-York mass with general
spherically symmetric static reference, to the setting of static Liu-Yau mass.
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