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Abstract

Let p be an odd prime and k a non-negative integer. Let N be a positive integer such
that p N and A a Dirichlet character modulo N. We obtain quantitative lower bounds
for the number of Dirichlet character x modulo F with the critical Dirichlet L-value
L(—k, Ax) being p-indivisible. Here F — oo with (N, F) = 1 and p { F¢(F). We
explore the indivisibility via an algebraic and a homological approach. The latter leads
to a bound of the form F!/2. The p-indivisibility yields results on the distribution of
the associated p-Selmer ranks. We also consider an Iwasawa variant. It leads to an
explicit upper bound on the lowest conductor of the characters factoring through the
Iwasawa Z;-extension of Q for an odd prime ¢ # p with the corresponding critical
L-value twists being p-indivisible.
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1 Introduction

For a motive M, a critical L-value is a fundamental arithmetic invariant. The vanish-
ing or non-vanishing of the L-value is conjecturally closely related to the associated
Bloch—Kato Selmer group. As the motive varies in a family, conjecturally the root
numbers govern the generic non-vanishing.

Suppose M is defined over Q. An instructive setup arises from the twists of M by
Dirichlet characters. Once the L-values are expected to be generically non-vanishing,
quantification of the non-vanishing twists is a natural question. The quantitative non-
vanishing has been explored in various situations, typically via an analytic or an ergodic
approach or a blend (for example, [2,10,18,22,23,31]). For a prime p, the L-values can
often be normalised to be p-integral. One can then ask for quantitative non-vanishing
modulo p. This is closely related to the distribution of the associated p-Selmer ranks.

Surprisingly, the mod p non-vanishing has only been explored in Iwasawa
situations: for ¢-power order twists of M with £ a fixed prime (for example,
[4,5,11,13,15,24,26,32—-34]). We are not aware of any horizontal instance: for g-power
conductor twists of M as g varies over the primes.

In this article, we hope to initiate a broader study of quantitative non-vanishing
modulo p. We consider the first case: when M itself arises from a Dirichlet character.

1.1 Setup

Fix an algebraic closure Q and a complex embedding Q <% C. Fix an odd prime p

— L —
and a p-adic embedding Q 4 p- Let Z denote the ring of algebraic integers, and p
the prime of Z determined via ¢ -

For an integer M > 1, let
Is = lex 2
M= p M)

For m > 2, let ju,, denote the group of m""-roots of unity in Z. _
For a prime ¢, let p be the set of £-power roots of unity in Z. We use the same
notation to denote! the image of {py, flm OF fLgeo under ¢ orin IFp,.

1 according to the context

@ Springer



Quantitative non-vanishing of Dirichlet L-values modulo p

For an abelian group G, let G denote the group of @X—valued characters of G. For
X € G, let Z[ x] be the ring generated over Z by the image of x and Q(y) its fraction
field. Let ¥ denote the conjugate character under the embedding ¢. For x with values
in F[,, we analogously define the Hecke field Fj, (x).

For x with modulus F, let G(x) be the Gauss sum:

F—1 .

2wir
E X (r) exp <_F >=G(x)- (L.1)
r=1

Let A and x be (not necessarily primitive) Dirichlet characters of moduli N and F,
respectively. Let k be a non-negative integer. We consider critical Dirichlet L-values
L(—k,Ax).If p+ FN, then L(—k, Ax) is p-integral. In the introduction, we often
only consider k = 0.

Let

X k(F) = {x € (Z/FL)*| L(~=k, »x) # 0 (mod p)}.
A quantitative non-vanishing modulo p:
to estimate #X, x (F) as a function of F. (QN)

We often let X, (-) denote X o(:).

The quantification (QN) is closely related to the distribution of the associated p-
Selmer ranks. For k = 0, the Selmer groups are a certain cyclotomic class groups.
Let ¢ = Ay, Ny the corresponding conductor and Oy = Z[v]. For the Euler totient
function ¢ and odd Dirichlet character ¥ with p { ¢(Ny), the p-indivisibility of
L(0, v) is equivalent to the p-indivisibility of

#(CLQEN,)) ® 0y

for CI(-) being the class group and (-)‘”_l the 1 ~!-component ([21,35]). For a general
k, the Selmer groups are the second p-adic etale cohomology groups of a certain
cyclotomic integers with the coefficients being a Tate twist (of Z,) dependent on k
([19, Thm. 3.3]).

1.2 Horizontal non-vanishing
We present main results towards (QN). Here we only consider Dirichlet twists with
prime moduli for simplicity.

Based on a homological approach, we prove

Theorem A Let A be a non-trivial Dirichlet character of modulus N and p an odd
prime. Let F be a prime. Suppose p t ¢(F)FN and (F, N) = 1.
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If F > N, then

#X)0(F) = {(iyJ
9N

for | -] the greatest integer function.

For a general k and composite moduli, we refer to Theorem 3.4.
Based on an algebraic approach, we prove

Theorem B Let A be a non-trivial Dirichlet character of modulus N and p an odd
prime. Let F be a prime. Suppose p t ¢(F)FN and (F,N) = 1.
If F > N, then

1

#X,(F) = V[F”('\’ &) Fp(mf :
N

For a general k and composite moduli, we refer to Theorem 5.2.

For a version of Theorem A and Theorem B with A being trivial, we refer to
Corollary 3.6 and 5.4.

Theorem B is evidently weaker than Theorem A. However, the approach is flexible
and amenable to generalisations (for example, Theorem C).

It is instructive to compare these mod p quantitative results with characteristic zero
quantitative non-vanishing (for example, [10,23,31]). It would be interesting to parlay
the results in the context of arithmetic statistics: the distribution of the associated
p-Selmer ranks. The Cohen—Lenstra heuristics is complementary to the setup. We
are not aware of any conjecture regarding the distribution of the associated p-Selmer
ranks. The recent Diophantine stability heuristics due to Mazur—Rubin seems relevant
([20D.

As for the asymptotic size of X, (+), the exponents in Theorem A and Theorem B are
non-optimal. In a special case, we prove mod p non-vanishing of Dirichlet L-values
for all the primitive characters with suitable parity (see Remark 5.2 and Corollary 5.5).
The optimal exponent seems to be at least 1 — ¢ for any given ¢ > 0.

1.3 lwasawa non-vanishing
In Iwasawa situations, mod p quantitative non-vanishing goes back to Ferrero—
Washington [11] and Washington [34]. We present an explicit quantitative variant.

Let ¢ be an odd prime such that £ # p. For a positive integer n, let

1+ 07
n 1407

n

Based on an algebraic approach, we prove

@ Springer



Quantitative non-vanishing of Dirichlet L-values modulo p

Theorem C Let A be a non-trivial Dirichlet character of modulus N and p an odd
prime. Let £ be an odd prime such that £ # p and w a Dirichlet character of modulus
L. Suppose hw(—1) = —1 and (pf, N) = 1. Let My be a non-negative integer such
that

Mgy = QA) N prgee.

Then,
#(x € G | L(0, Awy) # 0 (mod p)} > (N (£ — 1))~ 5€Eer
for
n— My 2
Epp=——"-2 _2
T 3e—1) 3

Theorem C is a companion to Washington’s foundational result ([34]).

Washington’s approach yields stronger? quantitative non-vanishing for characters
with sufficiently large conductor. For x € G, with sufficiently large n, the prime
p N Q(x) becomes inert in Q(uex). Accordingly, Galois conjugation spreads the
p-indivisibility. To approach the generic p-indivisibility, Washington builds on this
observation and a key equidistribution result. For an effective version of Washington’s
result in a certain cases, we refer to [12,26,27] and references therein. These studies
crucially build on Washington’s approach.

We have the following evident

Corollary D Let the notation and assumptions be as in Theorem C.

Then, there exists a Dirichlet character x of £-power order and £-power conductor
less than
such that

L0, Awy) # 0 (mod p).

As far as we know, the corollary is a first general result of its kind.
For a version of Theorem C with A being trivial, we refer to Theorem 6.5.

1.4 Sketch of horizontal non-vanishing

We now describe the strategy for Theorem A and B.

2 in fact, optimal
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We begin with an expression which involves the L-values:

Ri(r; F)=" Y x()cGOLO, x») (12)
xe@/FL)"

forr € (Z/FZ)* and c(x) € Z,,. Let

%)\.(F) = {Xl"" aXl}'

For an integer Q and v = (1), = (s;) € (Z)F7)*2,

t
Ry(risjs F) =Y xk(=risj)e(x) L0, xx2) mod p. (13)

k=1
Suppose t < Q. Then, the vectors (x1(ri), -+, x:(ri)) € sz’ i=1,---,0 are

linearly dependent. From (1.3), we then note
det(R; (risj; F)) = 0 (mod p)

forany t,s € (Z/FZ)*€.

We deduce: if det(R;,(r;5;; F)) is non-zero modulo p for some t, 5 € (Z/FZ)XQ,
then

#X.(F) = 0.

To find a Q, we consider dialectic expressions of the form (1.2): an algebraic and a

homological one. The study of det(R; (r;s;; F)) is closely tied with the nature of the

expression.
Let @, (T) be the rational function:

Y AT

P(T) = ==L

1.4.1 Algebraic approach

We begin with an expression of the form (1.2):

Ri(r; F) = =¢(F)A(=1)®;.(5p) (1.4)

with c(x) being the Gauss sum G (). Here we utilise
F—1 .
o 2mwirs _
> X(r)exp (T) = x()GX)
r=1
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Quantitative non-vanishing of Dirichlet L-values modulo p

and a Fourier inversion formula (see Corollary 2.3 for details).
We try to find Q, v and s such that
ris j

det @, (¢ ) # 0 (mod p).

Let W, (T) be the polynomial:
N-1
W(T) = (1= TN)®u(T) = ) AT
r=1
For simplicity, let W, (T') also denote its mod p reduction. For ¢, s € (Z/FZ)* Q et

0
D5 T) = Y sgn(o) [[wa(r o) [] (1 - TN"'SJ') e F,(VIT]
i=1

seSg j#o (@)

and Q(A, F; T) the irreducible polynomial of ¢ over IF, (1).
Equivalently, we now seek Q, t and s such that

D(A,t,5,T) 20 (mod Q1 F; T)). (1.5)
If the polynomial is non-zero modulo p and it satisfies

then (1.5) evidently holds.
Via an elementary analysis, we show

N 4
degD(r,v,5;T) < TQ

(Proposition 3.3).
This concludes the proof of Theorem B.

1.4.2 Homological approach

We begin with an expression of the form (1.2):
Fioo '
R)»(r; F) = (F — I)A.(F)G()\‘) . QX(eZTHZ)dZ

Fioo
with ¢(x) = X (V) (Corollary 4.3).
Forx e R\ %Z modulo 1, let
X+i00 )
I x) = f D5 (eP ) dz.
X—100
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We try to find Q, v and s such that
detl( L ) 0 (mod p).

We first note p-integrality of I(A; x) (Corollary 4.3). A crucial property of the

m 1 m m+1
integral: for an integer 1 <m < N and "~ < x < § <y < %5, we have

1()\4, X) - 1()\,, y) = Res(; ( 27[12)) %
N

(see (4.2)).
Suppose there exists an integer Q > 1 and integral vectors t = (r;), s = (s;),
= (s';) satisfying: there existintegers 1 < m;; < N with m j; relatively prime to N
forl <1 Jj < O such that

mjj—l <Vij(mOd F) @ rjs}(mOd F) mjj+1

Cl 71< .< 9
€D =5 F N * F ==y t=i=¢
(C2) M - ris; (mod F), ris; (mod F) < mij+1,1 <j<i=<Q

N F F N
(see (P) in Section 5).

Let

/ /
rys;j ros; ris; ros;
aj=<1<;l>"“”(k; Q]))va/: P =L),n(a22)).
F F I F F

Let S be the set of Q x Q matrices whose j-th row is either a; or a’;.
We show at least one of the elements in S has non-zero determinant modulo p and
consequently

#X,(F) = Q.
Indeed, from (C1) and (C2),

0 —d; = (o 0.+ .0, GRN " Am,)emi w, - | *) (1.6)
where the first non-zero component is at the jth-position. Based on (1.6), a linear
combination of a certain elements in S can be upper triangularised with the diagonal
entries being

m;
G()‘))‘(m//)N ; "
for 1 < j < Q. Thus, at least one of the elements in S has non-zero determinant

modulo p (see Sect. 5 for details).
We now seek Q, t, s and s" which satisfy (C1) and (C2).
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Quantitative non-vanishing of Dirichlet L-values modulo p

An elementary3 solution: for m;; = 1 with1 <7 < Qandm;; =0with1 < j <
i < Q, the conditions (C1) and (C2) hold from the inequalities:

risi<F forl<i,j<Q

and
1 < — < "< F < < < £
=S SO—_1 =35 S = S
2= Nr N S VP P S No;
/ U / 2F
<si_1=5] < < i< —— <5 =sHh<—— <s < .
Nri_ Nry Nry Nro

To find such s;, si’ ,weletr; =20 +1i — 1 and determine an estimate for range of
Q for which the inequalities

F F 2F F
——>1 and - — >1 (1.7)
Nri_ Nr; Nrg Nrq
hold. As
F F F
_—_— >
Nri_q Nr; — 902N

and 2ry — ro > Q, the inequalities (1.7) evidently hold once

Q2<L
ON’

In this range, F//Nrg > 1 as F > N and we let sg = 1.
This concludes the proof of Theorem A.

1.5 Sketch of lIwasawa non-vanishing

We now describe the strategy for Theorem C.
The ¢-adic units Z? are decomposed as pg—1 x (1 4+ €Z¢). Let W be a set of
representatives of py_1/{=£1}. For { € g, let

()= Y dPE) =2 BN

nepme—1 new

Forr = 1 (mod £),

&) = Y cOOX L. xwh) (1.8)

x€Gn

3 yet non-optimal
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for a certain c(x) € Zp.
Suppose for an integer Q > 1, we have

#{x € G, | L(0, xwi) £ 0 (mod p)} < Q.
Then as before,
det &, (¢,1") = 0 (mod p) (1.9)
forany t,s € (1 + ZZ)Q.

__ For a € Zy, the pseudo-monomial 7% can be regarded* as a function from juex to
QorlF, via¢ +— ¢ Let E;,(T) be the pseudo-polynomial:

0
B, (T) = det ®; (T71%7) ]_[ ]_[ (1 = TNsirimy,
new i, j=1
Then, from (1.9)
E(Zen) =0 (mod p). (1.10)
We fix an embedding p¢—; < C following [25] and let
ri=sj=L(-D+1,1=j=0.
With these choices, we show &) is non-trivial modulo p (Proposition 6.3).

Let M be the maximum of the p-adic valuation of the differences of the exponents
of pseudo-monomials which appear in E, (7). Via a variant of the arguments in [25],
we show

M < (@ = DNEQHPED.
Based on Sinnott’s result, the zeros of mod p reduction of Ej, lie in pt,my+um,; (Propo-
sition 6.1).
In light of (1.10) and the preceeding paragraphs, we deduce
#{x € Gu| L(—k, x)) # 0 (mod p)} > Q
once Q satisfies

" > (Mg — 1N QHPED,

This concludes the proof of Theorem C.

4 according to the context
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Quantitative non-vanishing of Dirichlet L-values modulo p

1.6 Horizontal non-vanishing: general moduli

We include a few remarks on the horizontal non-vanishing of Dirichlet twists with
general moduli (Theorems 3.4 and 5.2).

Broadly, we still follow the approach for the prime moduli. A main technical issue
for the composite moduli: the expression (1.1) is no longer valid (see Remark 2.2)
and consequently the expression (1.2) for the L-values in terms of the Gauss sums is
not available. To get around, we formulate the approach in terms of a certain Fourier
transforms and periodic zeta functions instead of the Gauss sums and Dirichlet L-
functions. In particular, to represent the special L-value L(0, x): we utilise the special
zeta-value L(0, x1,) of periodic zeta functions for ¢ > 1 an auxiliary integer and
1, a periodic function (see (3.8)), instead of L(0, x o) for Aq the trivial character of
modulus ¢.

Another technical issue (only) for the algebraic approach: the expression (1.2) holds
only for the special zeta-values L(0, 1) of periodic zeta functions with ¥ the Fourier
transform:

F
X)) =Y x&)f
s=1

We refer to (2.7) and Remark 2.3. While employing the algebraic approach, we thus
study

Vi(F) = {x € (ZJFZ)*| L0, 2%) # 0 (mod p)}

instead of X (F). For further discussion, we refer to Remark 2.2. Here we only mention
that the study turns out to be closely related to the non-triviality of critical L-values.

1.7 Miscellaneous remarks

The idea to use the Fourier inversion and the determinant goes back to Michel—-
Venkatesh [23]. More recently, it was employed in Burungale—Hida [6] (also see [8]).
In fact, these articles initiated us to the current setup. The latter article considers the
case of self-dual Rankin—Selberg convolution of a fixed Hecke eigenform over a totally
real field with theta series arising from a CM quadratic extension of the totally real
field with root number one. The authors show the characteristic zero non-vanishing
of the corresponding central L-values as the CM quadratic extension varies. The key
simple idea lies at the backdrop. As far as we know, the determinant approach has not
been used earlier in regards to mod p non-vanishing. For a followup, we refer to [9].

In Iwasawa situations, the algebraic approach is pioneered by Sinnott [26]; and
the homological one by Ferrero—Washington [11], Washington [34]. The homological
approach was interpreted in the way presented in the article by the second named
author [28].

The result obtained via algebraic approach is significantly weaker than the one via
homological approach. Regardless of this, we believe that the algebraic approach has
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its own advantage and much room for improvement. As an example, for the cyclotomic
twists it currently gives a better bound than the homological approach: an upper bound
for the A-invariant of Kubota—Leopoldt p-adic L-function in [11] is weaker than the
one in [1,25]. In our study, we seem to be able to show Theorem C only via the
algebraic approach.

It is perhaps instructive to mention that the previous results on the mod p non-
vanishing are based on various distribution results such as normality of p-adic integers,
Zariski density of CM points on a Shimura variety, or equidistribution of special
points ([33], [16, Ch. 1], [3,7]). The Iwasawa extension leads to a group action on the
underlying p-adic integers or special points. The action plays a key role in establishing
the distribution results. On the other hand, group action is perhaps missing in the
horizontal situations. Nevertheless, the mod p non-vanishing in Iwasawa and horizo
ntal situations seems to be mysteriously governed by closely related principles.

1.8 Layout of the article

The article is organised as follows. In Sects. 2 and 3, we present the algebraic approach.
We express the critical L-values as the Fourier transform of a rational function on
the one-dimensional torus (,, and analyse a determinant obtained from the inverse
Fourier transform to approach the quantitative non-vanishing. In particular, this leads
to the proof of Theorem B. In Sects. 4 and 5, we present the homological approach.
We discuss an expression for the critical L-values as the Fourier transform of period
integrals and analyse a determinant arising from the inverse Fourier transform. In
particular, this leads to the proof of Theorem A. In Sect. 6, we introduce a variant of
the algebraic approach so as to apply it to the Iwasawa setting. In particular, this leads
to the proof of Theorem C. In Sect. 7, we provide numerical examples regarding the
equidistribution which appears in the homological approach.

A notation. Let U and V be real-valued functions on an unbounded subset of R .
Suppose V is non-vanishing on the domain. We say ‘U < V’ if there exists C € R
such that

If such a C depends on a parameter ¢, we say ‘U <, V.

2 Algebraic expression for Dirichlet L-values

In this section, we express the critical values of L-functions of periodic functions as
Fourier transforms of rational functions.

@ Springer



Quantitative non-vanishing of Dirichlet L-values modulo p

For a periodic function ¢ : Z/M7Z — C with M > 1 and s € C with R(s) > 1,
define a Dirichlet series

Les.g)=Y" "’,E'f).
n=1

Let us set rational functions

M T &
o(T) = —Zrl—l_‘”T(jW) = 21 Qm)T"

and

Y e T

®,(T) := T _TM

= (1) + ¢(0). 2.1)

Note that L(s, ¢) can be meromorphically extended to C and satisfies the following
contour integral representation (see [14, Section 2.3])

(eZnis _ I)F(S)L(S, (p) — / @;(e—Z)ZS_le. (22)
P(e)

Here P(¢) is a contour that consists of a path from 400 to ¢, a counter-clockwise
circle around 0 with the radius ¢, and a path from ¢ to +o0c.
Let us set the Fourier transform ¢ as

M
) =" oG
m=1

For any r, we have
o(r) = Mo(—r).

Assume that ¢(0) = 0. Then, L(s, ¢) is an analytic function on C and dD; (e7%)is
holomorphic at z = 0 and one can obtain that

(2.3)

d k
L(—k,¢) = <Td_T) ®2(T)

T=1

using (2.2) and the formula

. ; (=Dk2xi
1 2mwis Dr —
Jm (e )T (s) k!

for integers k > 0.
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If ¢ is a Dirichlet character, then it is well-known ([14, Section 4.2]) that for an
integer a relatively prime to the conductor of ¢ and for integers k > 0, one has

(1 —d"g@)L(~k, ¢) € Z[gp].

Hence if p is relatively prime to the conductor of ¢, then L(—k, ¢) is p-integral. We
extend this to a general ¢ as follows.

Proposition 2.1 Let p { M. Suppose that

M
> o) =0
r=1
and the values of ¢ are algebraic and p-integral.
Then, L(—k, @) is also p-integral for any integer k > 0.

Proof Observe that we have the following partial fraction decomposition of @, (T):

SR SO
UM =g T

From (2.3), we conclude the proof of the proposition. O

In the remaining part of present paper, let us assume that the values of periodic
functions are algebraic integers. For a periodic function ¢, let us set

k

d k o d o
Dy o(T) == <Tﬁ> ®y(T) and @ ,(T):= <Tﬁ> 2 (T).

Note that if k > 1, then we have & , = @,2’ o Furthermore, for k > 0 we also have
L (T = (=) @y o1 (1) (2.4)
where
gom:r > @@mr)

for an integer m.
Now we have the following.

Proposition 2.2 Let x be a Dirichlet character of modulus F and r a periodic function
of a period N. Suppose (N, F) = 1.
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Quantitative non-vanishing of Dirichlet L-values modulo p

Then, we have

F—1
L=k, X¥) = Y x(N® , (¢F) (2.5)
r=1
F—1
= (DY X (=) Prgo 1 (ER) (2.6)

r=I1

Proof For any character x of modulus F', one obtains
fe's] F—1 oo
%, (T) =D XYmT" =Y x(r) Y Ym)ep T
m=1 r=1 m=1
Note also that since Zerl X(r) = Fx(—=F) =0, we have
FN
Y XY =0.
r=1
Therefore from (2.3), we obtain (2.5). From (2.4), we then finish the proof of the
proposition. O

Remark 2.1 In Proposition 2.2, we neither suppose 1//7 (0) =0 nor ¢ (0) =0.

Remark 2.2 In general we have

2 =Goo- Y dy*(g)u(d;)

di(r, )

for x* being the primitive character of conductor F* which induces yx (see [30, Lem.
3.2]) and p the Mobius function. Let v be a periodic function of period N with
(N, F)y=1.1f

Yor=ym)y

for (r, N) = 1, we have

Lk, 70 =G0 - (Y d u(F P @) - L=k ).

d|F/F*

In particular, the L-values L(—k, x¥) and G(x)L(—k, x ) are identical for a prim-
itive x.

Applying the Fourier inversion to (2.6), we obtain the following
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Corollary 2.3 Suppose the same conditions for ¥ and F as in Proposition 2.2. For
r € (Z/FZ)* and an integer k > 0, we have

$(F) Pk yo1(Cf) = (=D 3™ F(=r)L(~k, XY 2.7

XE(ZF\Z)X

Remark 2.3 One may seek an inversion based on the following formula:

F
L(—k, x¥) = x (=D F Y X} , (G}

r=1

An issue: it seems there is no orthogonality relation for the functions . For integers
r and s, we have

T ROF@= Y e,

Xe@FD)” =1

and this gives an orthogonality only when F is prime.

3 Non-vanishing mod p : algebraic setting

In this section, we prove the quantitative non-vanishing of Dirichlet L-values as in
Theorem B. Based on the inverse Fourier transform for the algebraic representation
of L-values (Sect. 2), we approach quantitative non-vanishing modulo p for an odd
prime p.

For a periodic function v of a period N > 1, let us set

Wy (T) = (1 — TNy o (T) € ZIT].

It is easy to see that if ¥ (N — 1) # 0, then the degree of Wy y (T') is (k + )N — 1
and that the leading coefficient is (— l)kl//(N —1).

In this section, we often consider Wy y (T) as a polynomial with coefficients in
characteristic p. For simplicity, we denote it by the same notation.

Let F be a positive integer. For an integer Q > 1 (dependent on F), let r;, s;
(i=1,---, Q) beintegers relatively prime to F such that

1<ri<riy1<Fandl <s; <sj41 < Fforeachl <i < Q- 1.

For v = {r;}, s = {s;}, let us set

0 k1
Dpiktsi Ty = Y sgn(@) [ Wiy @0y TT (1=1V)" eFpIT]
oeSo i=1 j#o (i)

and Q, (Y, F; T) the irreducible polynomial of {r over IF, ().
We begin with a key preparatory.
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Quantitative non-vanishing of Dirichlet L-values modulo p

Proposition 3.1 Let v be a periodic function of a period N > 1. Let p t ¢(F)F N be
an odd prime for F a positive integer with (N, F) = 1. Suppose that there exists a

positive integer Q as above such that
Dp(fro—1,k,v,5T)#0(mod Q,(, F; T)).
Then, we have
#(x € (Z/FL) " | L(~k, %) # 0 (mod p)} = 0.
Proof Suppose that

{x € Z/FZ)" | L(—k, %) # 0 (mod p)} = {x1. x2. - » i)

fort < Q. From (2.7), forall r € (Z/F7Z)*

t
G (F) Pk yo1(L5) = (=D D%, (=r)L(—k, %iv) (mod p).

i=1

Let s;, r; be the integers given in the hypothesis. Since the vectors
(Xl(sir)» ) Xl(sir))a (1 =< i < Q)
for a fixed r are linearly dependent over Fp, we have

det(Pg yo-1(¢; 7)) = 0 (mod p).
In other words
Q
TiSo (i
> sgn(@) [ [ ®ryo1(:") = 0(mod p).
o0€Sp i=1
Multiplying (3.5) by the product
9 Nsir;
1_[ - §F i J)k—H’
i,j=1
we obtain the following expression.

seSo j#o (i)

@3.1)

(3.2)

(3.3)

(34)

(3.5)

0
Y sen) [[Wepon @) TT (1-6") " =0(moa ) 36)
i=1

This is a contradiction to (3.1) and we conclude the proof of the proposition. O
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In a special case, we are able to compute the degree of D, (¥, k; v, s; T') explicitly.
To do so, we need the rearrangement inequality. For convenience of the reader, we
recall the following.

Lemma 3.2 Let Q be a positive integer. For 1 < i, j < Q, letr;, s; be real numbers
suchthat0 <ry <rp <---<rgand0 <s; <sy <--- < sg.

Then, for o € Sg, the minimum of ZIQ=1 Sirg (i) IS attained precisely when o (i) =
O—i+1

Now we have the expression for the degree as follows.

Proposition 3.3 Suppose (N — 1) #0inF,(y).
Then, we have

0 0 0
degD,(Y. kiv.s; T) = (k+ DN [ D ri | | D si | =D risg-iv1. B

i=1 j=1 i=1
Proof Note that the candidates of the degree of the polynomial in (3.6) are

0
> 3k + DN = Drisgiy + Y (k+ 1D)Nris;
i j#o(D)

0 0

0
=k+ DN i [ [Dosi ] =D risew-
j=1

i=1 i=1
Hence by Lemma 3.2 the degree is
0 0 0
k+ 1N Zl’i ZS]' _ZriSQ—i+l
i=1 j=1 i=1
and the coefficient of the corresponding unique monomial is

sgn(oo) Y (N — N2(=1)2@=D £

where op(i) = Q —i + 1fori =1,2,..., Q. This finishes the proof. m|
We are now ready to prove Theorem B and its generalisation.

Theorem 3.4 Let  be a periodic function of a period N > 1 with

N
Q=0
r=1

and (1) # 0inIF (). Suppose pteo(F)FN and (N, F) = 1.
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(1) Let F be an odd prime.
Then,

2F , (¥, £F) : Fp(y)] Ji

#{x € (Z/FL) |L(=k, X¥) # 0(mod p)} > { NG D

(2) Foranye > 0,

#x € ZIFD) | L(—k, Z9) # 0 (mod p)} e yx ¢ (F)1 %
Proof We choose specific v and s such that the degree (3.7) is smaller than
(Fp(b, &p) - Fp(¥)].
As the polynomial satisfies
deg D, (Y, k;v,5:T) =degDp (Yo —1,k; v, 5, T),

the expression (3.1) would then evidently hold.
Let us consider the first part. Let O > 1 be any integer satisfying

0- (2[F,,(w, ¢r) IF,J)”‘{
Nk+1)

Setting s; = r; = i, note that the degree in (3.7):

Q*(Q+1D? 0+ QQ@+DQ+D _ (k+DNQ!

k+1)N
k+1) 4 2 6 2

is less than [IF, (¥, ¢F) - Fpl.

In view of Proposition 3.1, this finishes the proof of the first part.

We now consider the second part. Let w(F) be the number of prime divisors
of F. Let Q > 1 be any integer. Among the first Q + w(F) prime numbers
D1, P2, - -, PO+w(F), there are at least Q prime numbers that are relatively prime
to F. Let us set such prime numbers as s; = r; in the ascending order. Obviously, we
obtain

Pi =8i =7Ti = Ditw(F)-
Since
n < p, Lnlogn,
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we have
Y 0 O+w(F)
Z Z < Y. jlogj~ —(Q + @ (F))*1og(Q + o (F)).
i=1 j=1 j=1+w(F)
Furthermore,

0 (0] 1
D osiro-iv1 > Y_i(Q =i+ )= 0(Q+ (2 +2).

i=l i=1
Note that from (3.7), the degree of D, (¥, k; ¢, 5; T') equals

Q Q Q
k+DN Y ri |2 —ZF;SQ—I'+1<C(]€+#(Q+Q)(F))4+8

i=1 j=1 i=1

for any ¢ > 0 and a constant C > 0. Choose the largest integer Q that is less than or
equal to

1
iy
(m[ﬂ‘“p(w, £F) Fp(tﬁ)]> — w(F).

Then, Q and r;, s; satisfy the condition (3.1).
Note thatw (F) <« F°D and that [F, (¥, ¢F) : F, ()] > ¢ (F). Hence, we obtain

1_
QO >Nk ¢(F)F°.
In view of Proposition 3.1, this finishes the proof of the second part. O
We obtain a consequence of Theorem 3.4:

Corollary 3.5 Let A, A" be non-trivial Dirichlet characters of moduli N, N" > 1,
respectively. Suppose u # 1 (mod p) foru € Z, pt $(F)FNN' and (NN', F) = 1.

(1) Let F be an odd prime.
Then,
— X ~ —~
#{x € (Z/FZL) |L(=k, x*) # uL(—k, x1") (mod p)}

| 2Fp G X, 2 Fp(h, )] 3
= NN'(k+ 1)

(2) Foranye > 0,

#{x € (Z/FZ) | L(—k, %) # uL(—k, 2") (mod p)} 3>, n 4 ¢(F)i~¢
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Proof For the periodic function
Yv=r—ul

with period NN’, we have ¢ (1) # 0 in F),.
From the relation L(—k, X)) = L(—k, xA) — uL(—k, x"), we finish the proof.
O

Letq > 1beapositive integer and 1, : Z/qZ — C a periodic function with period
q given by

1,(r) = {1 it tr (3.8)

1 —g otherwise
Observe that if ¢ is relatively prime to a modulus of x, we have

L(s,X1y) = (1 — ¢" 7))L, X). (3.9)

We now obtain a consequence towards the non-vanishing mod p of Dirichlet L-values
from Theorem 3.4:

Corollary 3.6 Let A be a non-trivial Dirichlet character of modulus N > 1. Suppose
(N,F)=1land pt¢(F)FN.

(1) Let F be an odd prime.
Then,

20F,(h. ) : Fp(0)] Ji

#{x € (Z/FZ) |L(—k,xx)¢0(modp>}ZL N(k+1)

Furthermore,

1
T ¥ F—1]*
#{x € Z/FZ) | L(~k, x) # 0 (mod p)}szJ .

(2) Foranye > 0,
——— X —~ 1_
#{x € (Z/FZ) |L(—k,1x) #0(mod p)} > Nk ¢(F)3~°.
Furthermore, for any integer g > 1 with (pF, q) = 1 we also have
—— X —~ 1_
#{x € (Z/FZ) |L(—k, X) #0(mod p)} >, ¢(F)3 "

Proof The first assertion for L(—k, Ax) follows from Theorem 3.4, Remark 2.2, and
an observation that yo = 1f.

@ Springer



A.Burungale, H.-S. Sun

For the trivial xo we have

1 — FHIL(F)

L(—k, IF)\.) = Tlm

L(—k, xoh).

For L(—k, x), we put ¢ = 15 in Theorem 3.4 and apply the same argument as
before. Note that from (3.9) we have

#{x | L(—k, x) # 0(mod p)} > #{x | L(—k, x12) # 0 (mod p)},
For the second part, we let ¢ = A and 1, in Theorem 3.4. O

Remark 3.1 One can expect to obtain a better bound than the current one if appropriate
v and s can be found to determine D, (A, F, k; v, 5) relatively explicitly without the
assumption that the degree (3.7) is less than [F, (A, {F) : F(A)]. The latter seems to
be the main reason behind the exponent being %.

Remark 3.2 In Sect. 6, we consider the complementary case to part (1) (i.e. when F
has a high prime power conductor) based on a variant of the algebraic approach.

4 Integral expression of Dirichlet L-values

In this section, we express the critical Dirichlet L-values as a Fourier transform of
periods. This section is based on [29], which mainly concerns primitive Dirichlet
characters. Since we consider results for imprimitive characters as well, we include
the exposition with a general setting.

Let ¢ be a periodic function of period M. For a polynomial P(z), we have a
meromorphic function CD;(eZ” )P (z) on C (Sect. 2) with poles z = 47" € Z and
the residue is given by

Res (é @;(€2niZ)P(Z)) _ a}g)p (ﬁ) .

Here Res(zo: f(z)) is the residue of f(z) at z = z¢.

Observe thatif Zﬁwzl @(s) = 0,i.e.,p(M) = 0, then the function <I>¢(e2”iZ)P(z) =
<I>%(e2” 2)P(z) is exponentially decreasing as J(z) — =o00. Therefore the contour
integral

X+ioo .
/ Dy (e* ) P(2)dz @.1)

—i00
is well-defined for x € R — %Z. Furthermore if x and y satisfy

r—1 r r r+1
<x<— and — <y<
M M M M
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then we have

x+ioco ) y+ioo .
f - D) P()dz - / Dy(e*™) P(2)dz (4.2)
x—ioo y—ioo
r ; r
= Res(——: @p(e™™) P(2)) = (=) P ().

Note also that the integral (4.1) is well-defined even for x = 0 if ¢(0) = 0.
When P(z) = z¥, we obtain the integral representation of L-values. In the remain-
ing section, by p-integral we mean algebraic and p-integral.

Proposition 4.1 Let k > 0 and ¢ be a periodic function with a period M such that
o(M) =0and (M) = 0.

(1) We have
ioco .
Likg) = -m* [ opmiotaz, 43)
—i00
(2) Let pt M, x € (0, 1)\ %Z, and P (z) a polynomial with p-integral coefficients.
Then, the difference

ioo ) X+ioo )

/ Dy ) P(2)dz — / (™) P(2)dz
—i00 xX—i00

is p-integral. '

Inparticular, if L(—k, @) is p-integral, then so are the integrals fxxjil;o Cba(eZ”iz)zk

dz.

Remark 4.1 Even though the definition of ¢ depends on a choice of period, it can be
easily seen that the R.H.S. of (4.3) does not depend on the choice (see [29, §3 3]).

Proof For the proof of the first assertion, see [29, Prop. 1].
For the second assertion, observe that from (4.2), we obtain

X-+ioo . ico ) LNx] r
/ D7) P(2)dz = / PPz + Y (=P (7). (@44)
X—i00 —ioo =1 M
Hence we obtain the proposition. O

In the homological setting, we have the following analogue of Proposition 2.2.

Proposition 4.2 Let  be a periodic function with a period N. Let x be a Dirichlet
character of modulus F. Suppose W (N) =0 and (F, N) = 1.
Then, we have

F-1 %-H'oo i r\k
L(—k, x¥) = (FN)* Z} X(Nr)/L—ioo (¥ (z - F) dz. (45
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Proof Observe that
XU =xoN-¥oF.

Hence we have ﬁ(NF) = x¥(NF) = 0. From the formula (4.3):

Lkt ==FW* [~ ot

—i00

Note also that

o)=Y Y o N(m)¥ o F(m)T™.

m=1

This is equal to

F 00 F
Do XIND) Y Yo P T" =Y x(NP)®=(T¢h)
r=I1 m=1 r=1

and we deduce (4.5). O
Remark 4.2 In the proposition, it is inessential to suppose ¥ (N) = 0.

For a periodic function ¥ of a period N with @ (N) = 0, apolynomial P(z) € Q[z]
with p-integral coefficients, and a real number x € (0, 1) \ %Z, let us set

x+ioo

I(Y, P;x) = / D (e7%) P(2)dz.

XxX—i00
Applying the inversion to (4.5) we have:

Corollary 43 Let F > 1 be an integer and ' a periodic function of a period N > 1
such that y(N) =0and (N, F) = 1.
Then, we have

r\k r —
G (F)(FN)I (woF, (- %) ;f)= > x(NOL—kx¥)  (46)

Xe@FL)"

forl <r < Fwith(r,F)=1 and N the inverse of N modulo F.

Hence if pt ¢(F)FN, then I (1# oF,(z— %)k; %) is p-integral.

Remark 4.3 Note that the function ¥ o —1 does not appear in (4.6). An explanation is
that as ¥ (N) = 0, we have &5 = QD%. Thus, we need not resort to a conversion like
(2.6).

@ Springer



Quantitative non-vanishing of Dirichlet L-values modulo p

5 Non-vanishing mod p: homological setting

In this section, we prove the quantitative non-vanishing of Dirichlet L-values as in
Theorem B. Based on the inverse Fourier transform for the integral expression of the
L-values, we approach quantitative non-vanishing modulo p.

As in Sect. 3, we first present conditions for a lower bound in regards to the quan-
titative non-vanishing.

Let N and F be positive integers. We consider an integer Q > 1 (dependent on N
and F). For an integer r, let [r] be the residue of r modulo F. Let us specify a certain
conditions on Q as follows.

(P) There exist integers 1 < r,-,sj,s;. <Fandl <m;j <N-—-1forl <i,j<Q
such that

e The integers r;, s;, s} are relatively prime to F.

e The integers m;; are relatively prime to N.

/
mii — 1 [ris;] m;j; [rjs:]  mii+1
JJ < J°J < JJ < J < JJ

Y F ~N F N
B - [ris]']’ o)l _mij +1 foralli > j.
N F F
(D) If k > 0, then [r;s;], [ris;.] =0(mod p) foreachi,j=1,---, Q.

An intention of conditions (P) and (D) is to control the contours and values of the
integrations 7 (v, z¥, x) in order to obtain suitable residues of CDJ(eZ” i2y7%dz based
on the expression (4.2).

We begin with a key preparatory.

Proposition 5.1 Let N, F be positive integers and p an odd prime. Let  be a periodic

function of period N. Let Q > 1 be an integer dependent on N, F such that there
exist integers 1 < r,-,sj,s} < Fand1l <m;j; <N —1forl <i,j < Q satisfying
(P) and (D) as above. Suppose that

-~

Y (N) =0and Y (—Fm;;) £ 0(mod p) for each .

Further, suppose pt ¢(F)FN and (F,N) = 1.
Then, we have

#(x € Z/FZ) | L(~k, xy) # 0 (mod p)} > Q.

Proof For convenience, let us omit the bracket for [r] in the proof unless any confusion
arises and set yp = Y o F.
Assume the contrary. In other words,

(x € ZIFZ) | L~k ¥x) £ 0(mod p)} = {x1. -+ » xi)
fort < Q.
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From (4.6),

k R
() (FN)' 1 (w, (%) %) = 2 1i(NrL (ke i) (mod )

Hence for any u;, v; € (Z/FZ)* (1 <i, j < Q), we obtain the congruence

det (1 (w, (z - %)k ; %)) = 0 (mod p) (5.1)

in the same way as in the proof of Proposition 3.1. Recall that the congruence holds
due to the linear dependence over I, of the vectors (x; (r));, r € (Z/FZ)*.

Now let us consider r;, s;, slf satisfying the conditions (P) and (D). For each i and
j,let

. k5
I w,(z—%);%)if1=1
ajj = ok .
I WF,(Z—%)i%)isz2

and

Note here that v», v3, ..., vy are arbitrary.
Then, from (5.1) we note the congruence

det(a;j) = det(afj) = 0 (mod p).
Thus,

aip —ay ap --- aiQ

) ay| —ay ax --- axQ

det(a;j) — det(aij) = det . . = 0(mod p). 5.2)
agl — a’Ql agp2 - agoQ

From the condition (P), we have

myp — 1 risy mii V[Si mip+ 1
—_— < < .
N F N F N
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Note that from the condition (D) and Proposition 4.1(2),

an =1 (w, (- oy %) =1 (r. 2 ) (mod p)

and the same congruence for a/, with s].
Hence from (4.2) we obtain

/
risi rys
an —dpy =1 (yr ) — 1 (w,zk; Tl) (5.3)
mi1 ; Y(—Fmyp)
= Res (T CD@F(eZ”'Z)zk> = N (mod p).

Similarly for each i > 2,
. .s/
ajp —aj; =1 ()», % %) -1 (?», 5 rlTl) =0 (mod p). (5.4)

In summary, the congruence (5.2) can be rephrased as

w(&f_ﬂfn) ap -+ aig
0 a» - ap
det , 22— 0(mod p) (5.5)

0 aQ2 GQZ
for any vz, v3, ..., Vg.

We now apply the previous process with vy = s, v2 = 55, and arbitrary vs, .. .,
v to the remaining part

ayp - a2Q
P (5.6)

aQ2 [N aQQ
Sinceras2, - -+, rps2 and rzsé, e rQsé satisfies the condition (P), we obtain the same

result as (5.5) for the first column of (5.6).
Repeating this process, we obtain a congruence for a determinant of an upper
triangular matrix

Y (=Fmp)
det O Taero
: ' Y(=Fmgg)
0 0 ... ‘”N#

— N_Q(k_l)w(—lel) e 'W(—FmQQ) = O(mod p)
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This contradiction finishes the proof. O

Our approach to find a suitable Q involves the following.

Jacobthal function. For an integer F > 1, let H(F) > 0 be the Jacobthal function,
i.e., the smallest integer & such that for any a € Z with [a,a + h) C [1, F), there is
an integerr € [a,a + h) and (r, F) = 1.

Then, it is well-known (see [17]) that

H(F) < (o(F)logw(F))* <« (log F)°W. (5.7)

We are now ready to prove Theorem A and its generalisation.

Theorem 5.2 Let N, F be positive integers and p an odd prime. Let v be a periodic
function of period N. Suppose

V(N) = 0and ¥ (—F) # 0 (mod p).

Further, suppose pt ¢ (F)FN and (F, N) = 1.

(1) Foranye > 0,

#{x € Z/FZ) | L(—k, x¥) # 0 (mod p)} e ns F27°.

(2) Let F be an odd prime. Set e = 1ifk > 0ande =0 ifk =0.
If F > N/p€, then

1
_— X F 2
#{x € Z/FZ) |L(—k, xy) #0(mod p)} > \;<9N e>2J'
p

Proof Choose any positive integer Q satisfying the inequality

P
0 < <—9Np€H3) (5.8)

where H = H(F).
By the definition of H, there exists a positive integer 77 < F' such that

20H + (i — )H <r® <2QH +iH (5.9)

and (7, F) = 1foralli =1,..., Q.
Let
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From (5.9), we note that r; is an increasing sequence satisfying
ri >ri—1+pSand2r; —rgo > QHp® > 0. (5.10)
From (5.8), we obtain

F F F
- >—>—>H
Nri_q Nr; 9NpEQ2H2

fori > 2.
Furthermore, we have

2F F F
- > > > H.
Nro Nri~ 3Np<QQ+1)H ~ 9Np<Q?H? ~

The first inequality arises from (5.9), (5.10) and the second one is evident.
In light of the discussion: for a sufficiently large F there exist integers s; and s}
such that

F F F 2F
O<sp=1<—<s0_1< < i< — <S5 < — <
Nro Nrg—1 Nry Nrq Nrg
and
F , F F , F , 2F
<sgp < < i< —— <§H<—— <8 < .
Nrg Nro—q Nry Nrq Nro

Then, the sequences r;, s;, slf satisfy the desired conditions (P) and (D) withm;; =1
foralli > j.
From Proposition 5.1, we thus deduce

— X F 2
#{x € (LZ/FZ) |L(—=k, x¥) # 0(mod p)} = {(9Np—€H3) J (.11

The bound (5.7) finally yields the first part.
If F > N/p¢, then F > Nro and we may accordingly choose sgo = 1. As
H(F) = 1, this conclude the proof of the second part. O

Remark 5.1 In the proof, we choose a certain r; and s; such that
sirj <K F and [r,'Sj] =risj.
In particular, Q2 < F.

Remark 5.2 Let D be the decomposition group of prime p N Qv x) over Q).
Applying the element o of D, we have

L0, x¥)° = L(0, ¥ x?) (mod p).
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Therefore, if the lower bound in Theorem 5.2 is smaller than |D|, the theorem is
nothing but the existence of a character giving us the non-vanishing of L-values.

Remark 5.3 Unlike Theorem B, the lower bounds in Theorem 5.2 do not depend on k.
An explaination is that the quantifier Q in the conditions (P) and (D) turns out to be

independent of k.

As 1 is a general periodic function, we may set i as a difference of two Dirichlet
characters and obtain the following:

Corollary 5.3 Let A, )\ be non-trivial Dirichlet characters of moduli N, N' > 1,
respectively. Suppose p 1 9(F)FNN', (F, NN') = 1 and

M—=F) # ud'(=F) (mod p)

foru € Z.

(1) Foranye > 0,

#x € @JFL)" | L(~k. hx) # uL(—k. A'x) (mod p)} ¢ vk F27°.

(2) Let F be an odd prime. Set e = 1 ifk > 0ande =0 ifk = 0.
IfF > NN'/p¢, then

—— X / F %
#{x € (Z/FZ) |L(=k, ) #uL(—k, A x)(mod p)} > MW) J .

Recall that if ¢ is relatively prime to a modulus of yx,
L(s, x1g) = (1 = ¢' 7 x(@)L(s. ) (5.12)

Here is another consequence of Theorem 5.2.

Corollary 5.4 Let A be a non-trivial Dirichlet characters of modulus N > 1. Suppose
p1od(F)FN and (F,N) = 1.

(1) Foranye > 0,
#lx € (Z/FL)" | L(—k.2x) £ 0(mod p)}) >eni FI7°.
Moreover,
#x € Z/FZD) | L(=k, ) # 0 (mod p)} >px F27°.
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(2) Let F be an odd prime.
If F > N/p¢, then

1
#{x € (ZJFZ) | L(~k, %)) #0(mod p)} > {( d )J
9N p¢

If F > 2/p€, then

1
— X F 2
#{x € Z/FZ) | L(=k, x) # 0 (mod p)} > L(—lgpe)zJ :

Proof Letg > 1 be an integer with (pF, q) = 1.
In regards to L(—k, x), it suffices to observe that for an integer m with g { m, we
have

m 2mizy k| _ 1
Res <;,<D’1‘q(€ Z)Z ) ——F.
Note that

f( ) 0 if g|r,
r) =
1 —q otherwise.

and m = 1/;.
Using (5.12) and (4.6), we deduce the result for L(—k, x) with an odd prime F
and g = 2. O

In a special case, we note the following stronger non-vanishing.

Corollary 5.5 Suppose p is inert in Q(¢y(r)) for F a sufficiently large prime.
Then,

L(0, x) # 0 (mod p)
for all odd primitive character x of conductor F.
Remark 5.4 The prime F is necessarily of the form 2p™ + 1 form > 1.

The corollary seems to suggest that the exponents in our non-vanishing results are
non-optimal.

It would be an interesting problem to find the largest value of Q such that there
exist integers r;, 5, s} satisfying (P) and (D) for the case 0% > F.In Sect. 7, a table
of numerical examples for k = 0 and prime F is presented. In the table, the integers
ri,sj,and s;. are not the ones in the proof of Theorem 5.3 as they satisfy Q% > F.

In light the numerical data, we raise the following:
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Question 5.6 Is it possible to show that Q can be chosen to be greater than a positive
proportion of F?

It seems tempting to say ‘Yes’.

6 Cyclotomic twists

In this section, we refine our algebraic approach so as to apply it to the Iwasawa setting
leading to the proof of Theorem C.

Based on the homological approach, we can also show a similar result to The-
orem 5.3 (2) for prime power conductors. However it does not seem to imply any
consequence along the lines of Washington’s theorem ([34]) in which the base char-
acter (of the prime modulus) is fixed. Instead, we present a complementary argument
to discuss a result in the context of Washington’s theorem.

Let p and ¢ be distinct odd primes. We consider variation over the cyclotomic Z-
extension of the rationals. Let v, be the £-adic valuation on Q; such that v, (£) = 1.

We commence with the following proposition on the zero set of a pseudo-
polynomial that is due to Sinnott:

Propgsition 6.1 (Sinnott [26]) For 1 < i < m, let «; € Zy be pairwise distinct and
¢; € IFp non-zero. Let My and M be the integers such that

Fp(c) N ppe = pypmy and My = max;»; (ve(a; — o))
for F,(c) the extension of F |, generated by cis.
Then, the solutions of the equation

1T + T + -+, T =0

in pueoo are all contained in W ypmy+m, .
In particular, a non-trivial pseudo-polynomial is a non-trivial function on [Lyc.

In this section, let x be a Dirichlet character of ¢-power conductor and £-power
order. Let w be a Dirichlet character of modulus £. Let u,— be the torsion subgroup
of Zz‘ and W a set of representatives of p¢—1/{=£1}. The character w can be regarded
as a character on pt¢—1 in a canonical way.

For a periodic function v (Sect. 2), we define

By (@:T)= > @md, (T

nepe—1

with the complex conjugation w as before. Let us also set

Dy oy (@; T) =2 @) Dsy (T7).
new
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For n > 1, recall that

L+ UZ
YA

n

We have the following miscellaneous result on the expression for Dirichlet L-values
in terms of rational functions:

Lemma 6.2 Let k > 0 be an integer.
(1) Let x € 6,1 be non-trivial and \r a periodic function with {[7(0) =0.
Then,

L(=k, xoy) = Y x (B} ;(@; &) (6.1)

reG,

(2) Let A be a non-trivial Dirichlet character of modulus N.
Then,

0 ifor(—1) = (=F

50 a);T =\~
k’k( ) {CIDk,;L(a); T) otherwise

(3) Let g > 2 an integer with (¢, £) = 1.
Then,

Liw(q) ifo(=1)= (=D

By (@0 T) =1~ . .
! @i 1, (03 T) + Li,w(q)  otherwise

where Lo,w(q) = (q — 1) }_,cw @(n) and Ly, w(q) =0 ifk > 1.

Proof The first assertion is a consequence of (2.5).
For the other assertions note that for k > 1, we obtain from (2.4) and equality
CDZ,I/I = &y y that

Bry (@ T) = Y 0 Sk (T + (D= Byt (17)).
new

As <I>:’/j = &y — ¥ (0), we have

Bo.y (@ T) = Y B (®4(T") = (= D@ yet(T7) = (0)).

new
From these equalities, all the assertions follow. This finishes the proof. O
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Let n be a positive integer. For a positive integer Q (dependent on €"), let r;, s;
(i =1,..., Q)beintegers such that

l<ri<rign <01 <s; <siy1 <", Ltrisiforeachl <i < Q—1, and

(6.2)
sQ < sp-1+ 1. (6.3)
In this setting, for v = (r;) and s = (s;), let
_ 0
Bty (T) = gy (.8 T) = det By (o; T7) [ ] (0 = TVorm*+t,
new i, j=1

Note that Ey (T') is a pseudo-polynomial, which can be regarded as a Zp-valued
function on pgee.

Let A be a non-trivial Dirichlet character of modulus N such that (p€, N) = 1 and
g > 0 an integer such that (p£, q) = 1. To show &y y is non-trivial modulo p for
Y = A or ¢ =1, our approach is based on Rosenberg [25] and Anglés [1]. In other
words, we find a specific pseudo-monomial in the expansion of & y (T'), for which
the exponent is unique and the corresponding coefficient is non-zero modulo p.

In the remaining part of this section, let us fix the embedding ¢, : C; — C and
choose W such that

S(te(m) =0

for all n € W, i.e., we have

2mik -1
(W) = { exp —1 0§k<T.

Let us use the same symbol 7 for ¢ (17). Then we obtain:

Proposition 6.3 Suppose the conditions (6.2) and (6.3).
Then, the pseudo-polynomials By ;(T) and Ek,1, (T) are non-trivial modulo p.

Proof Let us consider CTDk, » first. Expanding the determinant via Lemma 6.2, we have
~ Q ~
det Dy (w: T1) = Y sgn(o) [ [ Pua(e: T700) (6.4)
o€Sp i=1
and an expression of &y ; () as follows:

o
Eea(T) =22 " sgn(@)) @) [ [Wen o[ T ] @ —rNmms!

o€eSg new? i=l neW\{ni} j#o (i)
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where n = (11, -+, ng) and w(n) = @(n1) - - - ©(10).
Recall that

D—1

V(M) =Y c)T’

v=0

where D = (k+1)N and c((k + )N — 1) = A(N — 1) (Sect. 3). Thus, the exponents
of E¢ 1 (T) are of the form

Y
Z {v,-r,-sg(i)n,- + Nr; Z Z sjnw,],j} (6.5)

i=1 neW\{n;} j#o (i)

where
1, -~ ,nQ)eWQ,lfvi <Dand0 < w,; <k+1.

The corresponding coefficient is

0
sgn(o) Hc(vi)a(ni) l_[ (—1)n <k + 1) .

W
=1 nni.j#o () "
Then the imaginary part of (6.5) is at most
Q
> {(D — Driss¥m) +D Y Y ns,-%(n)} (6.6)
i=1 neW\{ni} j#o (i)

and the equality holds only when v; = D — 1 and w, ; =k + 1foralli, n, j. Letus
set

R = Zi ri, S = Zj sj,and Y = ZUEW ().
Then (6.6) equals

DRSY + (2D — l)(Zr,-sg(i)S(m)) (6.7)
- DY(Zrisg([)> - DS(ZriS(m)).

From the condition (6.3), we have S > 2s; for each i. Observe that if o € Sy, is fixed,
then the following part of (6.7):

Do {(213 — Do) — DS}S‘(m)

i

@ Springer



A.Burungale, H.-S. Sun

attains the maximum only when n; = 1 for all i. Hence the expression (6.7) with a
fixed o and n; = 1 attains the maximum

DRSY + 2D — 1 — YD)(Z;’[SG(,-)> _ DSR. (6.8)

1

If2D —1—-YD > 0, then (6.8) attains the maximum only when o = id. If
2D — 1 —YD < 0, the maximum is attained only when 6(i) = Q — 1 — i by
Lemma 3.2. In this case the coefficient of the unique pseudo-monomial with the
exponent (6.8) is

p—

sgn(@)wh(—1)2(—H*+DIE Q=D _ 11,

The non-triviality of E »(7) thus follows.
The case for @i 1, can be proven in the same way since Ei 1, has the unique

pseudo-monomial with the same exponent (6.8) as CT)k, » With D = (k + 1)g, of which
coefficient is

sgn(o)wly (—l)Q(_l)(k"‘l)pT*}(Q—l)

for o as in the previous case.
Hence we conclude the proof. O

In the Iwasawa theoretic setting, the non-standard L-values L(—k, @) turn out
to be the Dirichlet ones. With the notation as in Remark 2.2, we have:

Lemma 6.4 Forn > 2, let ¢" and ¢/ be modulus and conductor of xw, respectively.
Then, if x w is non-trivial

L(~k, xop) = G((x) W D VL(—k 3@ -y o 7).
Furthermore, if xw is the trivial xo of modulus £",
L(—k, x0v) = " DL (—k, o ") — ¢ DED Lk oy o 0",
In particular, if Y = A or 1, (as in §3), then
L(—k, xoy) # 0(mod p) = L(—k, xoy) # 0(mod p).
Proof For any integer m and non-trivial x w, we have

-1

xo(m) =Y (xo) (g

r=1
_ el G6yx@m) it m = eI’ and € m!
“ o otherwise '
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If xw = xo is trivial,

o=l et m

Xo(m) = § —¢"! if ¢ fm, 0"~ | m
0 otherwise
From these calculations, we conclude the proof. O

We are now ready to prove Theorem C.

Theorem 6.5 Let p and € be distinct odd primes. Let w be a Dirichlet character of
modulus .

(1) Let k be a non-negative integer such that wi(—1) = (=D 1. Let My be the
non-negative integer such that

MMy = Q) N pgeo.
Then,
#(x € G| L(—k, xwr) # 0 (mod p)} = (N(k + 1)(£ — 1)) 3¢Een — 1

where

n— My 2

Ell‘l:—__'
T 3p—1) 3

(2) Suppose k > 1 with w(—1) = (=DK1,
Then,

#(x € Gn | L(=k, xo) # 0 (mod p)} > 2k + 1)(€ — 1)) 35 — 1

where

B n 2
En T3 —1) 3

) Suppose w(—1) = —1.
Then,

#{x € Gn | L(O, xo) 2 0 (mod p)} > (2(£ — 1))~ 3 ¢Etn — 2.

Proof Let us first consider the case of L(—k, xwA). R
By Lemma 6.4, it suffices to consider the set of x € G such that L(—k, xw)) # 0
modulo p.
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Let Q > 1 be an integer. Let us assume

#(x € Gy | L(—k, xor) # 0 (mod p)} = {x1, X2+ -- - X1} (6.9)

and r < Q. Similarly as (2.7) using the inversion of (6.1), for all » = 1 (mod £) we
have

t
1By, (¢p) = Y xi(r)L(—k, 3gon) (mod p). (6.10)

i=1

Note that 515; (T = %k, 2 (T). An earlier argument (proof of Proposition 3.1) enables
us to conclude from (6.10) that

det(P 5. (¢, ")) = 0 (mod p). 6.11)

for any r;, s; = 1 (mod £). In other words,
Bk, (&gn) = 0 (mod p) (6.12)
Letussetr; =s; = £(j— 1D +1,j =1,..., Q. Then the integers r;, s;
satisfy the conditions (6.2) and (6.3). Hence, E ; is non-trivial modulo p. In order to

apply Proposition 6.1, we need to find the maximum M of £-adic valuations of the
differences of two of the following exponents of Ey ; (T)

0
> {Uirisa(i)m' +Nr Y > Sjﬂwn,j} = Y c(nn. say. (6.13)

i=1 neW\{ni} j#o (i) new

Here we have (1,...,1n¢9) € W 1 <v < Dand0 < wy,; < k+ 1 with
D = N(k + 1). Furthermore,

lc(n)| < DE*Q3.

Let y be a difference of two exponents (6.13). Under the previous embeddings ¢
and ¢, the £-adic number y can be regarded as an element in Q(u¢—1) and we have

y°| < (¢ — 1)De*Q?
for all o € Gal(Q(u¢—1)/Q). Observe that if y = 0 (mod ¢M) for M > 1, then
M
7 Noue-n/Q)-
Hence if M is the maximum of v¢(y), then

Mo< (0= 1)De? 0P, (6.14)
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Observe that
(¢ = D Q)P =DM > ¢n,

Otherwise from Proposition 6.1, (6.12), and (6.14), we are able to deduce that Ex 5 (T")
is trivial modulo p, which is a contradiction. This finishes the proof of the first part.
For the second part, the proof goes in the same way as above, but with the values
L(—k, xwl,) via the expression (5.12).
For the last part, i.e., when k = 0 and Q > 2, let us set

{x € G| L(—k, x&l2) # 0 (mod p)} = {x1, X2, -- -, Xt}

Similarly as before, by Lemma 6.2,

t
1 D1, () = Y xi (L0, Xi@12) — £ Lo(W) (mod p).

i=1

This implies that for the r;, s; € 1 +£Z withi,j=1,---,Qandt+1 < Q, we
obtain

det(Pg.1,(¢,n")) = 0 (mod p).

In the same way as the first part, we conclude the proof. O
We obtain a non-vanishing result that is independent of the inertness as follows.

Corollary 6.6 Let the notation and conditions be in Theorem 6.5.

(1) There exists a character x of £-power order and £-power conductor less than
(8(¢ — DN (k + 1))?E=D Mot
such that
L(—k, xwX) # 0(mod p).

(2) In this case, the lower bound is (16(¢ — 1)£2(k + 1))?¢—Dy.
(3) In this case, the lower bound is (54(€ — 1)62))‘»([’])6.

Proof Let us first consider the case of L(—k, xw)).

Note that
NGk + D¢ = D)3 eFer — 1> 1
if and only if
€' = BN (k + 1)e*(€ — 1)? DM,
The computations for the other cases are similar. O
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7 Numerical examples for t, s, and s’

In this section, we present a table of examples of t, 5, and &’ that satisfy (P) for the
case of k = 0 and prime F.

F=113,N=4,0=16

ri4,2,7,39,37,44,12, 20, 10,22, 17, 15, 49, 5, 32, 54
sj1,54,36,15,7,19,24,3,6,8,4,2,9,12,10, 11
}5, 18, 80, 62, 82, 50, 103, 74, 40, 53, 83, 51, 28, 31, 35, 20

S .
F=113,N=50=15

ri2,1,18,7,56,32,31, 13,12, 6,37, 50, 38, 25, 44
571,20, 39, 55,98, 66, 105, 97, 6, 106, 63, 99, 88, 85, 34
3319, 38,57,37, 80,48, 10, 2,24, 11, 104, 4, 93, 44, 22

F=113,N=6,0=14

r; 5,19,34,14,6,47, 46,33, 27,26, 13,7, 53, 40
s;1,53,51,30,52,13,16,4,10,15,3,8,2,6
s}.7, 98,40, 12, 24,21, 80, 5, 82, 57,37, 17, 39, 35

F=173,N=5,0=21

ri2,1,7,24,13,55,18, 19, 50, 56, 80, 25, 86, 43, 12, 6, 49, 74, 62, 31, 37
s;1,75,44, 85,34, 64, 134,37,9, 10,7, 13, 15, 16, 14,11, 5, 8, 17, 18, 19
s;.6, 3,2,57,68,12,4,70, 113, 137, 169, 28, 78, 154, 96, 99, 135, 163, 69, 62, 29

F=173,N=6,0=19

ri4,2,62,21,9,69, 74, 44, 76, 67, 16, 37, 46, 23, 14, 53,7, 83, 60
51,83, 60,45,36, 15, 66, 24,5, 10, 3,9,4,8,2,6,12, 11, 14
S;-7, 64, 20, 18, 95, 30, 166, 120, 29, 94, 160, 140, 76, 121,73, 61, 147,79, 77

F=197,N=5,0 =23

ri2,1,7,56,19, 18, 13,50, 92, 25, 98, 61, 62, 24, 31, 86, 12, 6, 68, 49, 43, 74, 37
s;1,168,50, 19,90, 78, 27, 58, 11, 14, 15, 21, 25, 3, 5,7, 8, 10, 13, 17, 4, 9, 20
3}6, 194,2, 12, 193, 37, 173, 105, 67, 167, 23, 81, 108, 151, 109, 174, 138, 16, 73, 56, 159, 39, 46

F=197,N =6, Q0 =21

ri 5,33,6,74,21, 13, 81, 47, 20, 48, 75, 82, 88, 41, 14,7, 54, 95, 27, 61, 68
51,102, 68,51, 38, 17, 106, 73, 42, 20, 11, 8,9, 4, 10, 6, 12, 3, 5, 13, 2
s}7, 124, 154,178, 71, 34, 136, 98, 81, 195, 179, 44, 28, 128, 151, 63, 26, 75, 67, 119, 139

F=229,N=60=24

ri4,2,46,9,90,53, 16, 58, 14,97, 23, 95, 88, 44, 51, 21, 7, 67, 60, 81, 30, 104, 111, 74
571,196, 195, 64, 162, 130, 50, 82, 215, 16, 214, 10, 23, 105, 125, 46, 191, 86, 210, 172, 51, 141, 168, 43
s}131, 97, 65, 163, 32, 31, 180, 181, 85, 146, 115, 109, 153, 6, 26, 176, 92, 117, 142, 73, 20, 5, 112, 185
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