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Abstract
Let p be an odd prime and k a non-negative integer. Let N be a positive integer such
that p � N and λ a Dirichlet character modulo N . We obtain quantitative lower bounds
for the number of Dirichlet character χ modulo F with the critical Dirichlet L-value
L(−k, λχ) being p-indivisible. Here F → ∞ with (N , F) = 1 and p � Fφ(F). We
explore the indivisibility via an algebraic and a homological approach. The latter leads
to a bound of the form F1/2. The p-indivisibility yields results on the distribution of
the associated p-Selmer ranks. We also consider an Iwasawa variant. It leads to an
explicit upper bound on the lowest conductor of the characters factoring through the
Iwasawa Z�-extension of Q for an odd prime � �= p with the corresponding critical
L-value twists being p-indivisible.
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1 Introduction

For a motiveM, a critical L-value is a fundamental arithmetic invariant. The vanish-
ing or non-vanishing of the L-value is conjecturally closely related to the associated
Bloch–Kato Selmer group. As the motive varies in a family, conjecturally the root
numbers govern the generic non-vanishing.

SupposeM is defined over Q. An instructive setup arises from the twists ofM by
Dirichlet characters. Once the L-values are expected to be generically non-vanishing,
quantification of the non-vanishing twists is a natural question. The quantitative non-
vanishing has been explored in various situations, typically via an analytic or an ergodic
approach or a blend (for example, [2,10,18,22,23,31]). For a prime p, the L-values can
often be normalised to be p-integral. One can then ask for quantitative non-vanishing
modulo p. This is closely related to the distribution of the associated p-Selmer ranks.

Surprisingly, the mod p non-vanishing has only been explored in Iwasawa
situations: for �-power order twists of M with � a fixed prime (for example,
[4,5,11,13,15,24,26,32–34]).We are not aware of any horizontal instance: for q-power
conductor twists of M as q varies over the primes.

In this article, we hope to initiate a broader study of quantitative non-vanishing
modulo p. We consider the first case: whenM itself arises from a Dirichlet character.

1.1 Setup

Fix an algebraic closure Q and a complex embedding Q
ι

↪→ C. Fix an odd prime p

and a p-adic embedding Q
ιp
↪→ Cp. Let Z denote the ring of algebraic integers, and p

the prime of Z determined via ιp.
For an integer M > 1, let

ζM = ι−1 exp

(
2π i

M

)
.

For m ≥ 2, let μm denote the group of mth-roots of unity in Z.
For a prime �, let μ�∞ be the set of �-power roots of unity in Z. We use the same

notation to denote1 the image of ζM , μm or μ�∞ under ιp or in Fp.

1 according to the context
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Quantitative non-vanishing of Dirichlet L-values modulo p

For an abelian group G, let Ĝ denote the group of Q
×
-valued characters of G. For

χ ∈ Ĝ, let Z[χ ] be the ring generated over Z by the image of χ and Q(χ) its fraction
field. Let χ denote the conjugate character under the embedding ι. For χ with values
in Fp, we analogously define the Hecke field Fp(χ).

For χ with modulus F , let G(χ) be the Gauss sum:

F−1∑
r=1

χ(r) exp

(
2π ir

F

)
= G(χ). (1.1)

Let λ and χ be (not necessarily primitive) Dirichlet characters of moduli N and F ,
respectively. Let k be a non-negative integer. We consider critical Dirichlet L-values
L(−k, λχ). If p � FN , then L(−k, λχ) is p-integral. In the introduction, we often
only consider k = 0.

Let

Xλ,k(F) = {χ ∈ ̂(Z/FZ)×| L(−k, λχ) �≡ 0 (mod p)
}
.

A quantitative non-vanishing modulo p:

to estimate #Xλ,k(F) as a function of F . (QN)

We often let Xλ(·) denote Xλ,0(·).
The quantification (QN) is closely related to the distribution of the associated p-

Selmer ranks. For k = 0, the Selmer groups are a certain cyclotomic class groups.
Let ψ = λχ , Nψ the corresponding conductor and Oψ = Z[ψ]. For the Euler totient
function φ and odd Dirichlet character ψ with p � φ(Nψ), the p-indivisibility of
L(0, ψ) is equivalent to the p-indivisibility of

#(Cl(Q(ζNψ )) ⊗ Oψ)ψ
−1

forCl(·) being the class group and (·)ψ−1
theψ−1-component ([21,35]). For a general

k, the Selmer groups are the second p-adic ètale cohomology groups of a certain
cyclotomic integers with the coefficients being a Tate twist (of Zp) dependent on k
([19, Thm. 3.3]).

1.2 Horizontal non-vanishing

We present main results towards (QN). Here we only consider Dirichlet twists with
prime moduli for simplicity.

Based on a homological approach, we prove

Theorem A Let λ be a non-trivial Dirichlet character of modulus N and p an odd
prime. Let F be a prime. Suppose p � φ(F)FN and (F, N ) = 1.
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If F > N, then

#Xλ(F) ≥
⌊(

F

9N

) 1
2
⌋

for 
·� the greatest integer function.

For a general k and composite moduli, we refer to Theorem 3.4.
Based on an algebraic approach, we prove

Theorem B Let λ be a non-trivial Dirichlet character of modulus N and p an odd
prime. Let F be a prime. Suppose p � φ(F)FN and (F, N ) = 1.

If F > N, then

#Xλ(F) ≥
⌊
2[Fp(λ, ζF ) : Fp(λ)]

N

⌋ 1
4

.

For a general k and composite moduli, we refer to Theorem 5.2.
For a version of Theorem A and Theorem B with λ being trivial, we refer to

Corollary 3.6 and 5.4.
Theorem B is evidently weaker than Theorem A. However, the approach is flexible

and amenable to generalisations (for example, Theorem C).
It is instructive to compare these mod p quantitative results with characteristic zero

quantitative non-vanishing (for example, [10,23,31]). It would be interesting to parlay
the results in the context of arithmetic statistics: the distribution of the associated
p-Selmer ranks. The Cohen–Lenstra heuristics is complementary to the setup. We
are not aware of any conjecture regarding the distribution of the associated p-Selmer
ranks. The recent Diophantine stability heuristics due to Mazur–Rubin seems relevant
([20]).

As for the asymptotic size ofXλ(·), the exponents in TheoremA and TheoremB are
non-optimal. In a special case, we prove mod p non-vanishing of Dirichlet L-values
for all the primitive characters with suitable parity (see Remark 5.2 and Corollary 5.5).
The optimal exponent seems to be at least 1 − ε for any given ε > 0.

1.3 Iwasawa non-vanishing

In Iwasawa situations, mod p quantitative non-vanishing goes back to Ferrero–
Washington [11] and Washington [34]. We present an explicit quantitative variant.

Let � be an odd prime such that � �= p. For a positive integer n, let

Gn = 1 + �Z�

1 + �nZ�

.

Based on an algebraic approach, we prove
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Quantitative non-vanishing of Dirichlet L-values modulo p

Theorem C Let λ be a non-trivial Dirichlet character of modulus N and p an odd
prime. Let � be an odd prime such that � �= p and ω a Dirichlet character of modulus
�. Suppose λω(−1) = −1 and (p�, N ) = 1. Let M0 be a non-negative integer such
that

μ�M0 = Q(λ) ∩ μ�∞ .

Then,

#{χ ∈ Ĝn | L(0, λωχ) �≡ 0 (mod p)} ≥ (N (� − 1))−
1
3 �E�,n

for

E�,n = n − M0

3φ(� − 1)
− 2

3
.

Theorem C is a companion to Washington’s foundational result ([34]).
Washington’s approach yields stronger2 quantitative non-vanishing for characters

with sufficiently large conductor. For χ ∈ Ĝn with sufficiently large n, the prime
p ∩ Q(χ) becomes inert in Q(μ�∞). Accordingly, Galois conjugation spreads the
p-indivisibility. To approach the generic p-indivisibility, Washington builds on this
observation and a key equidistribution result. For an effective version ofWashington’s
result in a certain cases, we refer to [12,26,27] and references therein. These studies
crucially build on Washington’s approach.

We have the following evident

Corollary D Let the notation and assumptions be as in Theorem C.
Then, there exists a Dirichlet character χ of �-power order and �-power conductor

less than

((� − 1)�2N )φ(�−1)�M0+1

such that

L(0, λωχ) �≡ 0 (mod p).

As far as we know, the corollary is a first general result of its kind.
For a version of Theorem C with λ being trivial, we refer to Theorem 6.5.

1.4 Sketch of horizontal non-vanishing

We now describe the strategy for Theorem A and B.

2 in fact, optimal
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We begin with an expression which involves the L-values:

Rλ(r; F) =
∑

χ∈ ̂(Z/FZ)
×

χ(r)c(χ)L(0, χλ) (1.2)

for r ∈ (Z/FZ)× and c(χ) ∈ Zp. Let

Xλ(F) = {χ1, · · · , χt }.

For an integer Q and r = (ri ), s = (s j ) ∈ (Z/FZ)×Q ,

Rλ(ri s j ; F) ≡
t∑

k=1

χk(−ri s j )c(χk)L(0, χkλ) mod p. (1.3)

Suppose t < Q. Then, the vectors (χ1(ri ), · · · , χt (ri )) ∈ F
t
p, i = 1, · · · , Q are

linearly dependent. From (1.3), we then note

det(Rλ(ri s j ; F)) ≡ 0 (mod p)

for any r, s ∈ (Z/FZ)×Q .
We deduce: if det(Rλ(ri s j ; F)) is non-zero modulo p for some r, s ∈ (Z/FZ)×Q ,

then

#Xλ(F) ≥ Q.

To find a Q, we consider dialectic expressions of the form (1.2): an algebraic and a
homological one. The study of det(Rλ(ri s j ; F)) is closely tied with the nature of the
expression.

Let 
λ(T ) be the rational function:


λ(T ) =
∑N−1

r=1 λ(r)T r

1 − T N
.

1.4.1 Algebraic approach

We begin with an expression of the form (1.2):

Rλ(r; F) = −φ(F)λ(−1)
λ(ζ
r
F ) (1.4)

with c(χ) being the Gauss sum G(χ). Here we utilise

F−1∑
r=1

χ(r) exp

(
2π irs

F

)
= χ(s)G(χ)
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Quantitative non-vanishing of Dirichlet L-values modulo p

and a Fourier inversion formula (see Corollary 2.3 for details).
We try to find Q, r and s such that

det
λ(ζ
ri s j
F ) �≡ 0 (mod p).

Let �λ(T ) be the polynomial:

�λ(T ) = (1 − T N )
λ(T ) =
N−1∑
r=1

λ(r)T r .

For simplicity, let �λ(T ) also denote its mod p reduction. For r, s ∈ (Z/FZ)×Q , let

D(λ, r, s; T ) =
∑

σ∈SQ
sgn(σ )

Q∏
i=1

�λ(T
ri sσ(i) )

∏
j �=σ(i)

(
1 − T Nri s j

)
∈ Fp(λ)[T ]

and Q(λ, F; T ) the irreducible polynomial of ζF over Fp(λ).
Equivalently, we now seek Q, r and s such that

D(λ, r, s; T ) �≡ 0 (mod Q(λ, F; T )). (1.5)

If the polynomial is non-zero modulo p and it satisfies

degD(λ, r, s; T ) < [Fp(ζF , λ) : Fp(λ)],

then (1.5) evidently holds.
Via an elementary analysis, we show

degD(λ, r, s; T ) ≤ NQ4

2
,

(Proposition 3.3).
This concludes the proof of Theorem B.

1.4.2 Homological approach

We begin with an expression of the form (1.2):

Rλ(r; F) = (F − 1)λ(F)G(λ)

∫ r
F +i∞

r
F −i∞


λ(e
2π i z)dz

with c(χ) = χ(N ) (Corollary 4.3).
For x ∈ R \ 1

N Z modulo 1, let

I (λ; x) =
∫ x+i∞

x−i∞

λ(e

2π i z)dz.
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We try to find Q, r and s such that

det I
(
λ; ri s j

F

)
�≡ 0 (mod p).

We first note p-integrality of I (λ; x) (Corollary 4.3). A crucial property of the
integral: for an integer 1 ≤ m < N and m−1

N < x < m
N < y < m+1

N , we have

I (λ; x) − I (λ; y) = Res
( r
N

;
λ(e
2π i z)

) = G(λ)λ(m)

Nζ−m
N

(see (4.2)).
Suppose there exists an integer Q > 1 and integral vectors r = (ri ), s = (si ),

s′ = (s′
j ) satisfying: there exist integers 1 ≤ mi j < N with m j j relatively prime to N

for 1 ≤ i, j ≤ Q such that

(C1)
m j j − 1

N
<

r j s j (mod F)

F
<

m j j

N
<

r j s′
j (mod F)

F
<

m j j + 1

N
, 1 ≤ j ≤ Q,

(C2)
mi j

N
<

ri s j (mod F)

F
,
ri s′

j (mod F)

F
<

mi j + 1

N
, 1 ≤ j < i ≤ Q

(see (P) in Section 5).
Let

a j =
(
I
(
λ; r1s j

F

)
, · · · , I

(
λ; rQs j

F

))
, a′

j =
(
I

(
λ; r1s

′
j

F

)
, · · · , I

(
λ; rQs

′
j

F

))
.

Let S be the set of Q × Q matrices whose j-th row is either a j or a′
j .

We show at least one of the elements in S has non-zero determinant modulo p and
consequently

#Xλ(F) ≥ Q.

Indeed, from (C1) and (C2),

a j − a′
j =

(
0, 0, · · · , 0,G(λ)N−1λ(m j j )ζ

m j j
N , ∗, · · · , ∗

)
(1.6)

where the first non-zero component is at the j th-position. Based on (1.6), a linear
combination of a certain elements in S can be upper triangularised with the diagonal
entries being

G(λ)λ(m j j )N
−1ζ

m j j
N

for 1 ≤ j ≤ Q. Thus, at least one of the elements in S has non-zero determinant
modulo p (see Sect. 5 for details).

We now seek Q, r, s and s′ which satisfy (C1) and (C2).
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Quantitative non-vanishing of Dirichlet L-values modulo p

An elementary3 solution: for mii = 1 with 1 ≤ i ≤ Q and mi j = 0 with 1 ≤ j <

i ≤ Q, the conditions (C1) and (C2) hold from the inequalities:

ri s j < F for 1 ≤ i, j ≤ Q

and

1 = sQ <
F

NrQ
< sQ−1 = s′

Q <
F

NrQ−1
< · · · < si = s′

i+1 <
F

NQi

< si−1 = s′
i <

F

Nri−1
< · · · <

F

Nr2
< s1 = s′

2 <
F

Nr1
< s′

1 <
2F

NrQ
.

To find such si , s′
i , we let ri = 2Q + i − 1 and determine an estimate for range of

Q for which the inequalities

F

Nri−1
− F

Nri
> 1 and

2F

NrQ
− F

Nr1
> 1 (1.7)

hold. As

F

Nri−1
− F

Nri
≥ F

9Q2N

and 2r1 − rQ ≥ Q, the inequalities (1.7) evidently hold once

Q2 <
F

9N
.

In this range, F/NrQ > 1 as F > N and we let sQ = 1.
This concludes the proof of Theorem A.

1.5 Sketch of Iwasawa non-vanishing

We now describe the strategy for Theorem C.
The �-adic units Z×

� are decomposed as μ�−1 × (1 + �Z�). Let W be a set of
representatives of μ�−1/{±1}. For ζ ∈ μ�∞ , let


̃λ(ζ ) =
∑

η∈μ�−1

ω(η)
λ(ζ
η) = 2

∑
η∈W

ω(η)
λ(ζ
η).

For r ≡ 1 (mod �),


̃λ(ζ
r
�n ) =

∑
χ∈Ĝn

c(χ)χ(r)L(0, χωλ) (1.8)

3 yet non-optimal
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for a certain c(χ) ∈ Zp.
Suppose for an integer Q ≥ 1, we have

#{χ ∈ Ĝn | L(0, χωλ) �≡ 0 (mod p)} < Q.

Then as before,

det 
̃λ(ζ
ri s j
�n ) ≡ 0 (mod p) (1.9)

for any r, s ∈ (1 + �Z)Q .
For α ∈ Z�, the pseudo-monomial T α can be regarded4 as a function from μ�∞ to

Q or Fp via ζ �→ ζ α . Let �λ(T ) be the pseudo-polynomial:

�λ(T ) = det 
̃λ(T
ri s j )

∏
η∈W

Q∏
i, j=1

(1 − T Nsi r jη).

Then, from (1.9)

�λ(ζ�n ) ≡ 0 (mod p). (1.10)

We fix an embedding μ�−1 ↪→ C following [25] and let

r j = s j = �( j − 1) + 1, 1 ≤ j ≤ Q.

With these choices, we show �λ is non-trivial modulo p (Proposition 6.3).
Let M1 be the maximum of the p-adic valuation of the differences of the exponents

of pseudo-monomials which appear in �λ(T ). Via a variant of the arguments in [25],
we show

�M1 ≤ ((� − 1)N�2Q3)φ(�−1).

Based on Sinnott’s result, the zeros of mod p reduction of �λ lie in μ�M0+M1 (Propo-
sition 6.1).

In light of (1.10) and the preceeding paragraphs, we deduce

#{χ ∈ Ĝn | L(−k, χωλ) �≡ 0 (mod p)} ≥ Q

once Q satisfies

�n > �M0((� − 1)N�2Q3)φ(�−1).

This concludes the proof of Theorem C.

4 according to the context

123



Quantitative non-vanishing of Dirichlet L-values modulo p

1.6 Horizontal non-vanishing: general moduli

We include a few remarks on the horizontal non-vanishing of Dirichlet twists with
general moduli (Theorems 3.4 and 5.2).

Broadly, we still follow the approach for the prime moduli. A main technical issue
for the composite moduli: the expression (1.1) is no longer valid (see Remark 2.2)
and consequently the expression (1.2) for the L-values in terms of the Gauss sums is
not available. To get around, we formulate the approach in terms of a certain Fourier
transforms and periodic zeta functions instead of the Gauss sums and Dirichlet L-
functions. In particular, to represent the special L-value L(0, χ): we utilise the special
zeta-value L(0, χ1q) of periodic zeta functions for q > 1 an auxiliary integer and
1q a periodic function (see (3.8)), instead of L(0, χλ0) for λ0 the trivial character of
modulus q.

Another technical issue (only) for the algebraic approach: the expression (1.2) holds
only for the special zeta-values L(0, λχ̂) of periodic zeta functions with χ̂ the Fourier
transform:

χ̂(r) =
F∑

s=1

χ(s)ζ rsF .

We refer to (2.7) and Remark 2.3. While employing the algebraic approach, we thus
study

Yλ(F) = {χ ∈ ̂(Z/FZ)×| L(0, λχ̂) �≡ 0 (mod p)
}

instead ofXλ(F). For further discussion,we refer toRemark 2.2.Hereweonlymention
that the study turns out to be closely related to the non-triviality of critical L-values.

1.7 Miscellaneous remarks

The idea to use the Fourier inversion and the determinant goes back to Michel–
Venkatesh [23]. More recently, it was employed in Burungale–Hida [6] (also see [8]).
In fact, these articles initiated us to the current setup. The latter article considers the
case of self-dual Rankin–Selberg convolution of a fixedHecke eigenform over a totally
real field with theta series arising from a CM quadratic extension of the totally real
field with root number one. The authors show the characteristic zero non-vanishing
of the corresponding central L-values as the CM quadratic extension varies. The key
simple idea lies at the backdrop. As far as we know, the determinant approach has not
been used earlier in regards to mod p non-vanishing. For a followup, we refer to [9].

In Iwasawa situations, the algebraic approach is pioneered by Sinnott [26]; and
the homological one by Ferrero–Washington [11], Washington [34]. The homological
approach was interpreted in the way presented in the article by the second named
author [28].

The result obtained via algebraic approach is significantly weaker than the one via
homological approach. Regardless of this, we believe that the algebraic approach has
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its own advantage andmuch room for improvement. As an example, for the cyclotomic
twists it currently gives a better bound than the homological approach: an upper bound
for the λ-invariant of Kubota–Leopoldt p-adic L-function in [11] is weaker than the
one in [1,25]. In our study, we seem to be able to show Theorem C only via the
algebraic approach.

It is perhaps instructive to mention that the previous results on the mod p non-
vanishing are based on various distribution results such as normality of p-adic integers,
Zariski density of CM points on a Shimura variety, or equidistribution of special
points ([33], [16, Ch. 1], [3,7]). The Iwasawa extension leads to a group action on the
underlying p-adic integers or special points. The action plays a key role in establishing
the distribution results. On the other hand, group action is perhaps missing in the
horizontal situations. Nevertheless, the mod p non-vanishing in Iwasawa and horizo
ntal situations seems to be mysteriously governed by closely related principles.

1.8 Layout of the article

The article is organised as follows. In Sects. 2 and 3, we present the algebraic approach.
We express the critical L-values as the Fourier transform of a rational function on
the one-dimensional torus Gm and analyse a determinant obtained from the inverse
Fourier transform to approach the quantitative non-vanishing. In particular, this leads
to the proof of Theorem B. In Sects. 4 and 5, we present the homological approach.
We discuss an expression for the critical L-values as the Fourier transform of period
integrals and analyse a determinant arising from the inverse Fourier transform. In
particular, this leads to the proof of Theorem A. In Sect. 6, we introduce a variant of
the algebraic approach so as to apply it to the Iwasawa setting. In particular, this leads
to the proof of Theorem C. In Sect. 7, we provide numerical examples regarding the
equidistribution which appears in the homological approach.

A notation. Let U and V be real-valued functions on an unbounded subset of R>0.
Suppose V is non-vanishing on the domain. We say ‘U � V ’ if there exists C ∈ R>0
such that

lim sup
x→∞

∣∣∣∣U (x)

V (x)

∣∣∣∣ ≤ C .

If such a C depends on a parameter ε, we say ‘U �ε V ’.

2 Algebraic expression for Dirichlet L-values

In this section, we express the critical values of L-functions of periodic functions as
Fourier transforms of rational functions.
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For a periodic function ϕ : Z/MZ → C with M > 1 and s ∈ C with �(s) > 1,
define a Dirichlet series

L(s, ϕ) =
∞∑
n=1

ϕ(n)

ns
.

Let us set rational functions


◦
ϕ(T ) :=

∑M
r=1 ϕ(r)T r

1 − T M
=

∞∑
m=1

ϕ(m)Tm

and


ϕ(T ) :=
∑M−1

r=0 ϕ(r)T r

1 − T M
= 
◦

ϕ(T ) + ϕ(0). (2.1)

Note that L(s, ϕ) can be meromorphically extended to C and satisfies the following
contour integral representation (see [14, Section 2.3])

(e2π is − 1)�(s)L(s, ϕ) =
∫
P(ε)


◦
ϕ(e−z)zs−1dz. (2.2)

Here P(ε) is a contour that consists of a path from +∞ to ε, a counter-clockwise
circle around 0 with the radius ε, and a path from ε to +∞.

Let us set the Fourier transform ϕ̂ as

ϕ̂(r) =
M∑

m=1

ϕ(r)ζ rmM .

For any r , we have

̂̂ϕ(r) = Mϕ(−r).

Assume that ϕ̂(0) = 0. Then, L(s, ϕ) is an analytic function on C and 
◦
ϕ(e−z) is

holomorphic at z = 0 and one can obtain that

L(−k, ϕ) =
(
T

d

dT

)k


◦
ϕ(T )

∣∣∣∣
T=1

(2.3)

using (2.2) and the formula

lim
s→−k

(e2π is − 1)�(s) = (−1)k2π i

k!
for integers k ≥ 0.
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If ϕ is a Dirichlet character, then it is well-known ([14, Section 4.2]) that for an
integer a relatively prime to the conductor of ϕ and for integers k ≥ 0, one has

(1 − ak+1ϕ(a))L(−k, ϕ) ∈ Z[ϕ].

Hence if p is relatively prime to the conductor of ϕ, then L(−k, ϕ) is p-integral. We
extend this to a general ϕ as follows.

Proposition 2.1 Let p � M. Suppose that

M∑
r=1

ϕ(r) = 0

and the values of ϕ are algebraic and p-integral.
Then, L(−k, ϕ) is also p-integral for any integer k ≥ 0.

Proof Observe that we have the following partial fraction decomposition of 
◦
ϕ(T ):


◦
ϕ(T ) = 1

M

M−1∑
s=1

ϕ̂(s)

1 − ζ−s
M T

.

From (2.3), we conclude the proof of the proposition. ��

In the remaining part of present paper, let us assume that the values of periodic
functions are algebraic integers. For a periodic function ϕ, let us set


k,ϕ(T ) :=
(
T

d

dT

)k


ϕ(T ) and 
◦
k,ϕ(T ) :=

(
T

d

dT

)k


◦
ϕ(T ).

Note that if k ≥ 1, then we have 
k,ϕ = 
◦
k,ϕ . Furthermore, for k ≥ 0 we also have


◦
k,ϕ(T−1) = (−1)k+1
k,ϕ◦−1(T ) (2.4)

where

ϕ ◦ m : r �→ ϕ(mr)

for an integer m.
Now we have the following.

Proposition 2.2 Letχ be aDirichlet character ofmodulus F andψ a periodic function
of a period N. Suppose (N , F) = 1.
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Then, we have

L(−k, χ̂ψ) =
F−1∑
r=1

χ(r)
◦
k,ψ (ζ rF ) (2.5)

= (−1)k+1
F−1∑
r=1

χ(−r)
k,ψ◦−1(ζ
r
F ). (2.6)

Proof For any character χ of modulus F , one obtains


◦̂
χψ(T ) =

∞∑
m=1

χ̂ψ(m)Tm =
F−1∑
r=1

χ(r)
∞∑

m=1

ψ(m)ζmr
F Tm .

Note also that since
∑F

r=1 χ̂ (r) = Fχ(−F) = 0, we have

FN∑
r=1

χ̂ψ(r) = 0.

Therefore from (2.3), we obtain (2.5). From (2.4), we then finish the proof of the
proposition. ��
Remark 2.1 In Proposition 2.2, we neither suppose ψ̂(0) = 0 nor ψ(0) = 0.

Remark 2.2 In general we have

χ̂ (r) = G(χ) ·
∑

d|(r , F
F∗ )

dχ∗ ( r
d

)
μ

(
F

dF∗

)

for χ∗ being the primitive character of conductor F∗ which induces χ (see [30, Lem.
3.2]) and μ the Möbius function. Let ψ be a periodic function of period N with
(N , F) = 1. If

ψ ◦ r = ψ(r)ψ

for (r , N ) = 1, we have

L(−k, χ̂ψ) = G(χ) ·
( ∑
d|F/F∗

dk+1μ(F/dF∗)ψ(d)
)

· L(−k, χ∗ψ).

In particular, the L-values L(−k, χ̂ψ) and G(χ)L(−k, χψ) are identical for a prim-
itive χ .

Applying the Fourier inversion to (2.6), we obtain the following
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Corollary 2.3 Suppose the same conditions for ψ and F as in Proposition 2.2. For
r ∈ (Z/FZ)× and an integer k ≥ 0, we have

φ(F)
k,ψ◦−1(ζ
r
F ) = (−1)k+1

∑
χ∈ ̂(Z/FZ)

×
χ(−r)L(−k, χ̂ψ) (2.7)

Remark 2.3 One may seek an inversion based on the following formula:

L(−k, χψ) = χ(−1)F
F∑

r=1

χ̂ (r)
◦
k,ψ (ζ rF ).

An issue: it seems there is no orthogonality relation for the functions χ̂ . For integers
r and s, we have

∑
χ∈ ̂(Z/FZ)

×
χ̂ (r)χ̂(s) =

∑
(m,F)=1

ζ
m(r−s)
F .

and this gives an orthogonality only when F is prime.

3 Non-vanishingmod p : algebraic setting

In this section, we prove the quantitative non-vanishing of Dirichlet L-values as in
Theorem B. Based on the inverse Fourier transform for the algebraic representation
of L-values (Sect. 2), we approach quantitative non-vanishing modulo p for an odd
prime p.

For a periodic function ψ of a period N > 1, let us set

�k,ψ (T ) = (1 − T N )k+1
k,ψ (T ) ∈ Z[T ].

It is easy to see that if ψ(N − 1) �= 0, then the degree of �k,ψ (T ) is (k + 1)N − 1
and that the leading coefficient is (−1)kψ(N − 1).

In this section, we often consider �k,ψ (T ) as a polynomial with coefficients in
characteristic p. For simplicity, we denote it by the same notation.

Let F be a positive integer. For an integer Q ≥ 1 (dependent on F), let ri , si
(i = 1, · · · , Q) be integers relatively prime to F such that

1 ≤ ri < ri+1 ≤ F and 1 ≤ si < si+1 ≤ F for each 1 ≤ i ≤ Q − 1.

For r = {ri }, s = {si }, let us set

Dp(ψ, k, r, s; T ) =
∑

σ∈SQ
sgn(σ )

Q∏
i=1

�k,ψ (Tri sσ(i) )
∏

j �=σ(i)

(
1 − T Nri s j

)k+1 ∈ Fp(ψ)[T ]

and Qp(ψ, F; T ) the irreducible polynomial of ζF over Fp(ψ).
We begin with a key preparatory.
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Proposition 3.1 Let ψ be a periodic function of a period N > 1. Let p � φ(F)FN be
an odd prime for F a positive integer with (N , F) = 1. Suppose that there exists a
positive integer Q as above such that

Dp(ψ ◦ −1, k, r, s; T ) �≡ 0 (mod Qp(ψ, F; T )). (3.1)

Then, we have

#{χ ∈ ̂(Z/FZ)
× | L(−k, χ̂ψ) �≡ 0 (mod p)} ≥ Q.

Proof Suppose that

{χ ∈ ̂(Z/FZ)
× | L(−k, χ̂ψ) �≡ 0 (mod p)} = {χ1, χ2, · · · , χt } (3.2)

for t < Q. From (2.7), for all r ∈ (Z/FZ)×

φ(F)
k,ψ◦−1(ζ
r
F ) ≡ (−1)k+1

t∑
i=1

χ i (−r)L(−k, χ̂iψ) (mod p). (3.3)

Let si , r j be the integers given in the hypothesis. Since the vectors

(χ1(sir), · · · , χt (sir)), (1 ≤ i ≤ Q)

for a fixed r are linearly dependent over Fp, we have

det(
k,ψ◦−1(ζ
ri s j
F )) ≡ 0 (mod p). (3.4)

In other words

∑
σ∈SQ

sgn(σ )

Q∏
i=1


k,ψ◦−1(ζ
ri sσ(i)
F ) ≡ 0 (mod p). (3.5)

Multiplying (3.5) by the product

Q∏
i, j=1

(1 − ζ
Nsi r j
F )k+1,

we obtain the following expression.

∑
σ∈SQ

sgn(σ )

Q∏
i=1

�k,ψ◦−1(ζ
ri sσ(i)
F )

∏
j �=σ(i)

(
1 − ζ

Nri s j
F

)k+1 ≡ 0 (mod p) (3.6)

This is a contradiction to (3.1) and we conclude the proof of the proposition. ��
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In a special case, we are able to compute the degree ofDp(ψ, k; r, s; T ) explicitly.
To do so, we need the rearrangement inequality. For convenience of the reader, we
recall the following.

Lemma 3.2 Let Q be a positive integer. For 1 ≤ i, j ≤ Q, let ri , s j be real numbers
such that 0 < r1 < r2 < · · · < rQ and 0 < s1 < s2 < · · · < sQ.

Then, for σ ∈ SQ, the minimum of
∑Q

i=1 sirσ(i) is attained precisely when σ(i) =
Q − i + 1.

Now we have the expression for the degree as follows.

Proposition 3.3 Suppose ψ(N − 1) �= 0 in Fp(ψ).
Then, we have

degDp(ψ, k; r, s; T ) = (k + 1)N

⎛
⎝ Q∑

i=1

ri

⎞
⎠
⎛
⎝ Q∑

j=1

s j

⎞
⎠−

Q∑
i=1

ri sQ−i+1. (3.7)

Proof Note that the candidates of the degree of the polynomial in (3.6) are

Q∑
i=1

⎧⎨
⎩((k + 1)N − 1)ri sσ(i) +

∑
j �=σ(i)

(k + 1)Nri s j

⎫⎬
⎭

= (k + 1)N

⎛
⎝ Q∑

i=1

ri

⎞
⎠
⎛
⎝ Q∑

j=1

s j

⎞
⎠−

Q∑
i=1

ri sσ(i).

Hence by Lemma 3.2 the degree is

(k + 1)N

⎛
⎝ Q∑

i=1

ri

⎞
⎠
⎛
⎝ Q∑

j=1

s j

⎞
⎠−

Q∑
i=1

ri sQ−i+1

and the coefficient of the corresponding unique monomial is

sgn(σ0)ψ(N − 1)Q(−1)Q(Q−1) �= 0

where σ0(i) = Q − i + 1 for i = 1, 2, . . . , Q. This finishes the proof. ��
We are now ready to prove Theorem B and its generalisation.

Theorem 3.4 Let ψ be a periodic function of a period N > 1 with

N∑
r=1

ψ(r) = 0

and ψ(1) �= 0 in Fp(ψ). Suppose p � φ(F)FN and (N , F) = 1.
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(1) Let F be an odd prime.
Then,

#{χ ∈ ̂(Z/FZ)
× | L(−k, χ̂ψ) �≡ 0 (mod p)} ≥

⌊
2[Fp(ψ, ζF ) : Fp(ψ)]

N (k + 1)

⌋ 1
4

.

(2) For any ε > 0,

#{χ ∈ ̂(Z/FZ)
× | L(−k, χ̂ψ) �≡ 0 (mod p)} �ε,N ,k φ(F)

1
4−ε.

Proof We choose specific r and s such that the degree (3.7) is smaller than

[Fp(ψ, ζF ) : Fp(ψ)].

As the polynomial satisfies

degDp(ψ, k; r, s; T ) = degDp(ψ ◦ −1, k; r, s; T ),

the expression (3.1) would then evidently hold.
Let us consider the first part. Let Q > 1 be any integer satisfying

Q <

(
2[Fp(ψ, ζF ) : Fp]

N (k + 1)

)1/4

.

Setting si = ri = i , note that the degree in (3.7):

(k + 1)N
Q2(Q + 1)2

4
− Q(Q + 1)2

2
+ Q(Q + 1)(Q + 2)

6
<

(k + 1)NQ4

2

is less than [Fp(ψ, ζF ) : Fp].
In view of Proposition 3.1, this finishes the proof of the first part.
We now consider the second part. Let ω(F) be the number of prime divisors

of F . Let Q ≥ 1 be any integer. Among the first Q + ω(F) prime numbers
p1, p2, . . . , pQ+ω(F), there are at least Q prime numbers that are relatively prime
to F . Let us set such prime numbers as si = ri in the ascending order. Obviously, we
obtain

pi ≤ si = ri ≤ pi+ω(F).

Since

n < pn � n log n,
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we have

Q∑
i=1

si =
Q∑
j=1

r j �
Q+ω(F)∑
j=1+ω(F)

j log j ∼ 1

2
(Q + ω(F))2 log(Q + ω(F)).

Furthermore,

Q∑
i=1

sirQ−i+1 >

Q∑
i=1

i(Q − i + 1) = 1

6
Q(Q + 1)(Q + 2).

Note that from (3.7), the degree of Dp(ψ, k; r, s; T ) equals

(k + 1)N

⎛
⎝ Q∑

i=1

ri

⎞
⎠
⎛
⎝ Q∑

j=1

s j

⎞
⎠−

Q∑
i=1

ri sQ−i+1 < C
(k + 1)N

4
(Q + ω(F))4+ε

for any ε > 0 and a constant C > 0. Choose the largest integer Q that is less than or
equal to

(
4

(k + 1)NC
[Fp(ψ, ζF ) : Fp(ψ)]

) 1
4+ε − ω(F).

Then, Q and ri , s j satisfy the condition (3.1).
Note thatω(F) � Fo(1) and that [Fp(ψ, ζF ) : Fp(ψ)] � φ(F).Hence, we obtain

Q �ε,N ,k φ(F)
1
4−ε.

In view of Proposition 3.1, this finishes the proof of the second part. ��
We obtain a consequence of Theorem 3.4:

Corollary 3.5 Let λ, λ′ be non-trivial Dirichlet characters of moduli N , N ′ > 1,
respectively. Suppose u �≡ 1 (mod p) for u ∈ Z, p � φ(F)FNN ′ and (NN ′, F) = 1.

(1) Let F be an odd prime.
Then,

#{χ ∈ ̂(Z/FZ)
× | L(−k, χ̂λ) �≡ uL(−k, χ̂λ′) (mod p)}

≥
⌊
2[Fp(λ, λ′, ζF ) : Fp(λ, λ′)]

NN ′(k + 1)

⌋ 1
4

.

(2) For any ε > 0,

#{χ ∈ ̂(Z/FZ)
× | L(−k, χ̂λ) �≡ uL(−k, χ̂λ′) (mod p)} �ε,N ,k φ(F)

1
4−ε
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Proof For the periodic function

ψ = λ − uλ′

with period NN ′, we have ψ(1) �= 0 in Fp.
From the relation L(−k, χ̂ψ) = L(−k, χ̂λ) − uL(−k, χ̂λ′), we finish the proof.

��
Let q > 1 be a positive integer and 1q : Z/qZ → C a periodic function with period

q given by

1q(r) :=
{
1 if � r

1 − q otherwise
. (3.8)

Observe that if q is relatively prime to a modulus of χ , we have

L(s, χ̂1q) = (1 − q1−sχ(q))L(s, χ̂). (3.9)

We now obtain a consequence towards the non-vanishing mod p of Dirichlet L-values
from Theorem 3.4:

Corollary 3.6 Let λ be a non-trivial Dirichlet character of modulus N > 1. Suppose
(N , F) = 1 and p � φ(F)FN.

(1) Let F be an odd prime.
Then,

#{χ ∈ ̂(Z/FZ)
× | L(−k, λχ) �≡ 0 (mod p)} ≥

⌊
2[Fp(λ, ζF ) : Fp(λ)]

N (k + 1)

⌋ 1
4

.

Furthermore,

#{χ ∈ ̂(Z/FZ)
× | L(−k, χ) �≡ 0 (mod p)} ≥

⌊
F − 1

k + 1

⌋ 1
4

.

(2) For any ε > 0,

#{χ ∈ ̂(Z/FZ)
× | L(−k, λχ̂) �≡ 0 (mod p)} �ε,N ,k φ(F)

1
4−ε.

Furthermore, for any integer q > 1 with (pF, q) = 1 we also have

#{χ ∈ ̂(Z/FZ)
× | L(−k, χ̂) �≡ 0 (mod p)} �ε,k φ(F)

1
4−ε.

Proof The first assertion for L(−k, λχ) follows from Theorem 3.4, Remark 2.2, and
an observation that χ̂0 = 1F .

123



A. Burungale, H.-S. Sun

For the trivial χ0 we have

L(−k, 1Fλ) = 1 − Fk+1λ(F)

1 − Fkλ(F)
L(−k, χ0λ).

For L(−k, χ), we put ψ = 12 in Theorem 3.4 and apply the same argument as
before. Note that from (3.9) we have

#{χ | L(−k, χ̂) �≡ 0 (mod p)} ≥ #{χ | L(−k, χ̂12) �≡ 0 (mod p)},

For the second part, we let ψ = λ and 1q in Theorem 3.4. ��
Remark 3.1 One can expect to obtain a better bound than the current one if appropriate
r and s can be found to determine Dp(λ, F, k; r, s) relatively explicitly without the
assumption that the degree (3.7) is less than [Fp(λ, ζF ) : Fp(λ)]. The latter seems to
be the main reason behind the exponent being 1

4 .

Remark 3.2 In Sect. 6, we consider the complementary case to part (1) (i.e. when F
has a high prime power conductor) based on a variant of the algebraic approach.

4 Integral expression of Dirichlet L-values

In this section, we express the critical Dirichlet L-values as a Fourier transform of
periods. This section is based on [29], which mainly concerns primitive Dirichlet
characters. Since we consider results for imprimitive characters as well, we include
the exposition with a general setting.

Let ϕ be a periodic function of period M . For a polynomial P(z), we have a
meromorphic function 
◦

ϕ(e2π i z)P(z) on C (Sect. 2) with poles z = r
M , r ∈ Z and

the residue is given by

Res
( r

M
;
◦

ϕ(e2π i z)P(z)
)

= ϕ̂(r)

M
P
( r

M

)
.

Here Res
(
z0; f (z)

)
is the residue of f (z) at z = z0.

Observe that if
∑M

s=1 ϕ(s) = 0, i.e., ϕ̂(M) = 0, then the function
ϕ̂(e2π i z)P(z) =

◦̂

ϕ(e2π i z)P(z) is exponentially decreasing as �(z) → ±∞. Therefore the contour
integral

∫ x+i∞

x−i∞

ϕ̂(e2π i z)P(z)dz (4.1)

is well-defined for x ∈ R − 1
M Z. Furthermore if x and y satisfy

r − 1

M
< x <

r

M
and

r

M
< y <

r + 1

M
,
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then we have

∫ x+i∞

x−i∞

ϕ̂(e2π i z)P(z)dz −

∫ y+i∞

y−i∞

ϕ̂(e2π i z)P(z)dz (4.2)

= Res
( r
M

;
ϕ̂(e2π i z)P(z)
) = ϕ(−r)P

( r

M

)
.

Note also that the integral (4.1) is well-defined even for x = 0 if ϕ(0) = 0.
When P(z) = zk , we obtain the integral representation of L-values. In the remain-

ing section, by p-integral we mean algebraic and p-integral.

Proposition 4.1 Let k ≥ 0 and ϕ be a periodic function with a period M such that
ϕ(M) = 0 and ϕ̂(M) = 0.

(1) We have

L(−k, ϕ) = −Mk
∫ i∞

−i∞

ϕ̂(e2π i z)zkdz. (4.3)

(2) Let p � M, x ∈ (0, 1) \ 1
M Z, and P(z) a polynomial with p-integral coefficients.

Then, the difference

∫ i∞

−i∞

ϕ̂(e2π i z)P(z)dz −

∫ x+i∞

x−i∞

ϕ̂(e2π i z)P(z)dz

is p-integral.
In particular, if L(−k, ϕ) is p-integral, then soare the integrals

∫ x+i∞
x−i∞ 
ϕ̂(e2π i z)zk

dz.

Remark 4.1 Even though the definition of ϕ̂ depends on a choice of period, it can be
easily seen that the R.H.S. of (4.3) does not depend on the choice (see [29, §3 3]).

Proof For the proof of the first assertion, see [29, Prop. 1].
For the second assertion, observe that from (4.2), we obtain

∫ x+i∞

x−i∞

ϕ̂(e2π i z)P(z)dz =

∫ i∞

−i∞

ϕ̂(e2π i z)P(z)dz +


Nx�∑
r=1

ϕ(−r)P
( r

M

)
. (4.4)

Hence we obtain the proposition. ��
In the homological setting, we have the following analogue of Proposition 2.2.

Proposition 4.2 Let ψ be a periodic function with a period N. Let χ be a Dirichlet
character of modulus F. Suppose ψ̂(N ) = 0 and (F, N ) = 1.

Then, we have

L(−k, χψ) = (FN )k
F−1∑
r=1

χ(Nr)
∫ r

F +i∞
r
F −i∞



̂ψ◦F (e2π i z)

(
z − r

F

)k
dz. (4.5)
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Proof Observe that

χ̂ψ = χ̂ ◦ N · ψ̂ ◦ F .

Hence we have χ̂ψ(NF) = χψ(NF) = 0. From the formula (4.3):

L(−k, χψ) = −(FN )k
∫ i∞

−i∞

χ̂ψ(e2π i z)zkdz.

Note also that


χ̂ψ(T ) =
∞∑

m=1

χ̂ ◦ N (m)ψ̂ ◦ F(m)Tm .

This is equal to

F∑
r=1

χ(Nr)
∞∑

m=1

ψ̂ ◦ F(m)ζ rmF Tm =
F∑

r=1

χ(Nr)

̂ψ◦F (T ζ rF )

and we deduce (4.5). ��
Remark 4.2 In the proposition, it is inessential to suppose ψ(N ) = 0.

For a periodic functionψ of a period N with ψ̂(N ) = 0, a polynomial P(z) ∈ Q[z]
with p-integral coefficients, and a real number x ∈ (0, 1) \ 1

N Z, let us set

I (ψ, P; x) =
∫ x+i∞

x−i∞

ψ̂(e2π i z)P(z)dz.

Applying the inversion to (4.5) we have:

Corollary 4.3 Let F > 1 be an integer and ψ a periodic function of a period N > 1
such that ψ̂(N ) = 0 and (N , F) = 1.

Then, we have

φ(F)(FN )k I

(
ψ ◦ F,

(
z − r

F

)k ; r

F

)
=

∑
χ∈ ̂(Z/FZ)

×
χ(Nr)L(−k, χψ) (4.6)

for 1 ≤ r < F with (r , F) = 1 and N the inverse of N modulo F.
Hence if p � φ(F)FN, then I

(
ψ ◦ F, (z − r

F )k; r
F

)
is p-integral.

Remark 4.3 Note that the function ψ ◦ −1 does not appear in (4.6). An explanation is
that as ψ̂(N ) = 0, we have 
ψ̂ = 
◦̂

ψ
. Thus, we need not resort to a conversion like

(2.6).
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5 Non-vanishingmod p: homological setting

In this section, we prove the quantitative non-vanishing of Dirichlet L-values as in
Theorem B. Based on the inverse Fourier transform for the integral expression of the
L-values, we approach quantitative non-vanishing modulo p.

As in Sect. 3, we first present conditions for a lower bound in regards to the quan-
titative non-vanishing.

Let N and F be positive integers. We consider an integer Q ≥ 1 (dependent on N
and F). For an integer r , let [r ] be the residue of r modulo F . Let us specify a certain
conditions on Q as follows.

(P) There exist integers 1 ≤ ri , s j , s′
j < F and 1 ≤ mi j ≤ N − 1 for 1 ≤ i, j ≤ Q

such that

• The integers r j , s j , s′
j are relatively prime to F .

• The integers mii are relatively prime to N .

• m j j − 1

N
<

[r j s j ]
F

<
m j j

N
<

[r j s′
j ]

F
<

m j j + 1

N
,

• mi j

N
<

[ri s j ]
F

,
[ri s′

j ]
F

<
mi j + 1

N
for all i > j .

(D) If k > 0, then [ri s j ], [ri s′
j ] ≡ 0 (mod p) for each i, j = 1, · · · , Q.

An intention of conditions (P) and (D) is to control the contours and values of the
integrations I (ψ, zk, x) in order to obtain suitable residues of 
ψ̂(e2π i z)zkdz based
on the expression (4.2).

We begin with a key preparatory.

Proposition 5.1 Let N, F be positive integers and p an odd prime. Letψ be a periodic
function of period N. Let Q ≥ 1 be an integer dependent on N, F such that there
exist integers 1 ≤ ri , s j , s′

j < F and 1 ≤ mi j ≤ N − 1 for 1 ≤ i, j ≤ Q satisfying
(P) and (D) as above. Suppose that

ψ̂(N ) = 0 and ψ(−Fmii ) �≡ 0 (mod p) for each i .

Further, suppose p � φ(F)FN and (F, N ) = 1.
Then, we have

#{χ ∈ ̂(Z/FZ)
× | L(−k, χψ) �≡ 0 (mod p)} ≥ Q.

Proof For convenience, let us omit the bracket for [r ] in the proof unless any confusion
arises and set ψF = ψ ◦ F .

Assume the contrary. In other words,

{χ ∈ ̂(Z/FZ)
× | L(−k, ψχ) �≡ 0 (mod p)} = {χ1, · · · , χt }

for t < Q.
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From (4.6),

φ(F)(FN )k I

(
ψF ,

(
z − r

F

)k ; r

F

)
≡

t∑
i=1

χi (Nr)L(−k, χiψ) (mod p).

Hence for any ui , v j ∈ (Z/FZ)× (1 ≤ i, j ≤ Q), we obtain the congruence

det

(
I

(
ψF ,

(
z − uiv j

F

)k ; uiv j

F

))
≡ 0 (mod p) (5.1)

in the same way as in the proof of Proposition 3.1. Recall that the congruence holds
due to the linear dependence over Fp of the vectors (χi (r))i , r ∈ (Z/FZ)×.

Now let us consider ri , si , s′
i satisfying the conditions (P) and (D). For each i and

j , let

ai j =

⎧⎪⎪⎨
⎪⎪⎩
I

(
ψF ,

(
z − ri s1

F

)k ; ri s1
F

)
if j = 1

I

(
ψF ,

(
z − riv j

F

)k ; riv j

F

)
if j ≥ 2

and

a′
i j =

⎧⎪⎨
⎪⎩
I

(
ψF ,

(
z − ri s′

1

F

)k

; ri s
′
1

F

)
if j = 1

ai j if j ≥ 2

.

Note here that v2, v3, . . ., vL are arbitrary.
Then, from (5.1) we note the congruence

det(ai j ) ≡ det(a′
i j ) ≡ 0 (mod p).

Thus,

det(ai j ) − det(a′
i j ) = det

⎛
⎜⎜⎜⎝

a11 − a′
11 a12 · · · a1Q

a21 − a′
21 a22 · · · a2Q

...
...

. . .
...

aQ1 − a′
Q1 aQ2 · · · aQQ

⎞
⎟⎟⎟⎠ ≡ 0 (mod p). (5.2)

From the condition (P), we have

m11 − 1

N
<

r1s1
F

<
m11

N
<

r1s′
1

F
<

m11 + 1

N
.
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Quantitative non-vanishing of Dirichlet L-values modulo p

Note that from the condition (D) and Proposition 4.1(2),

ai1 = I

(
ψF ,

(
z − ri s1

F

)k ; ri s1
F

)
≡ I

(
ψF , zk; ri s1

F

)
(mod p)

and the same congruence for a′
i1 with s

′
1.

Hence from (4.2) we obtain

a11 − a′
11 ≡ I

(
ψF , zk; r1s1

F

)
− I

(
ψF , zk; r1s

′
1

F

)
(5.3)

= Res
(m11

N
,
ψ̂F

(e2π i z)zk
)

= ψ(−Fm11)

Nk−1 (mod p).

Similarly for each i ≥ 2,

ai1 − a′
i1 ≡ I

(
λ, zk; ri s1

F

)
− I

(
λ, zk; ri s

′
1

F

)
= 0 (mod p). (5.4)

In summary, the congruence (5.2) can be rephrased as

det

⎛
⎜⎜⎜⎝

ψ(−Fm11)

Nk−1 a12 · · · a1Q
0 a22 · · · a2Q
...

...
. . .

...

0 aQ2 · · · aQ�

⎞
⎟⎟⎟⎠ ≡ 0 (mod p) (5.5)

for any v2, v3, . . ., vQ .
We now apply the previous process with v2 = s2, v2 = s′

2, and arbitrary v3, . . .,
vQ to the remaining part

⎛
⎜⎝
a22 · · · a2Q
...

. . .
...

aQ2 · · · aQQ

⎞
⎟⎠ . (5.6)

Since r2s2, · · · , rQs2 and r2s′
2, · · · , rQs′

2 satisfies the condition (P), we obtain the same
result as (5.5) for the first column of (5.6).

Repeating this process, we obtain a congruence for a determinant of an upper
triangular matrix

det

⎛
⎜⎜⎜⎜⎝

ψ(−Fm11)

Nk−1 ∗ · · · ∗
0 ψ(−Fm22)

Nk−1 · · · ∗
...

...
. . .

...

0 0 · · · ψ(−FmQQ)

Nk−1

⎞
⎟⎟⎟⎟⎠

= N−Q(k−1)ψ(−Fm11) · · · ψ(−FmQQ) ≡ 0 (mod p).
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This contradiction finishes the proof. ��
Our approach to find a suitable Q involves the following.

Jacobthal function. For an integer F > 1, let H(F) > 0 be the Jacobthal function,
i.e., the smallest integer h such that for any a ∈ Z with [a, a + h) ⊂ [1, F), there is
an integer r ∈ [a, a + h) and (r , F) = 1.

Then, it is well-known (see [17]) that

H(F) � (ω(F) logω(F))2 � (log F)O(1). (5.7)

We are now ready to prove Theorem A and its generalisation.

Theorem 5.2 Let N, F be positive integers and p an odd prime. Let ψ be a periodic
function of period N. Suppose

ψ̂(N ) = 0 and ψ(−F) �≡ 0 (mod p).

Further, suppose p � φ(F)FN and (F, N ) = 1.

(1) For any ε > 0,

#{χ ∈ ̂(Z/FZ)
× | L(−k, χψ) �≡ 0 (mod p)} �ε,N ,k F

1
2−ε.

(2) Let F be an odd prime. Set ε = 1 if k > 0 and ε = 0 if k = 0.
If F > N/pε , then

#{χ ∈ ̂(Z/FZ)
× | L(−k, χψ) �≡ 0 (mod p)} ≥

⌊(
F

9Npε

) 1
2
⌋

.

Proof Choose any positive integer Q satisfying the inequality

Q <

(
F

9NpεH3

) 1
2

(5.8)

where H = H(F).
By the definition of H , there exists a positive integer r◦

i < F such that

2QH + (i − 1)H ≤ r◦
i < 2QH + i H (5.9)

and (r◦
i , F) = 1 for all i = 1, . . . , Q.

Let

ri = pεr◦
i .
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Quantitative non-vanishing of Dirichlet L-values modulo p

From (5.9), we note that ri is an increasing sequence satisfying

ri ≥ ri−1 + pε and 2r1 − rQ > QHpε > 0. (5.10)

From (5.8), we obtain

F

Nri−1
− F

Nri
>

F

9NpεQ2H2 ≥ H

for i > 2.
Furthermore, we have

2F

NrQ
− F

Nr1
>

F

3Npε(2Q + 1)H
≥ F

9NpεQ2H2 ≥ H .

The first inequality arises from (5.9), (5.10) and the second one is evident.
In light of the discussion: for a sufficiently large F there exist integers si and s′

j
such that

0 < sQ = 1 <
F

NrQ
< sQ−1 <

F

NrQ−1
< · · · <

F

Nr2
< s1 <

F

Nr1
<

2F

NrQ

and

F

NrQ
< s′

Q <
F

NrQ−1
< · · · <

F

Nr2
< s′

2 <
F

Nr1
< s′

1 <
2F

NrQ
.

Then, the sequences ri , si , s′
i satisfy the desired conditions (P) and (D) withmi j = 1

for all i ≥ j .
From Proposition 5.1, we thus deduce

#{χ ∈ ̂(Z/FZ)
× | L(−k, χψ) �≡ 0 (mod p)} ≥

⌊(
F

9NpεH3

) 1
2
⌋
. (5.11)

The bound (5.7) finally yields the first part.
If F > N/pε , then F > NrQ and we may accordingly choose sQ = 1. As

H(F) = 1, this conclude the proof of the second part. ��
Remark 5.1 In the proof, we choose a certain ri and s j such that

sir j � F and [ri s j ] = ri s j .

In particular, Q2 � F .

Remark 5.2 Let D be the decomposition group of prime p ∩ Q(ψχ) over Q(ψ).
Applying the element σ of D, we have

L(0, χψ)σ ≡ L(0, ψχσ ) (mod p).
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Therefore, if the lower bound in Theorem 5.2 is smaller than |D|, the theorem is
nothing but the existence of a character giving us the non-vanishing of L-values.

Remark 5.3 Unlike Theorem B, the lower bounds in Theorem 5.2 do not depend on k.
An explaination is that the quantifier Q in the conditions (P) and (D) turns out to be
independent of k.

As ψ is a general periodic function, we may set ψ as a difference of two Dirichlet
characters and obtain the following:

Corollary 5.3 Let λ, λ′ be non-trivial Dirichlet characters of moduli N , N ′ > 1,
respectively. Suppose p � φ(F)FNN ′, (F, NN ′) = 1 and

λ(−F) �≡ uλ′(−F) (mod p)

for u ∈ Z.

(1) For any ε > 0,

#{χ ∈ ̂(Z/FZ)
× | L(−k, λχ) �≡ uL(−k, λ′χ) (mod p)} �ε,N ,N ′,k F

1
2−ε.

(2) Let F be an odd prime. Set ε = 1 if k > 0 and ε = 0 if k = 0.
If F > NN ′/pε , then

#{χ ∈ ̂(Z/FZ)
× | L(−k, λχ) �≡ uL(−k, λ′χ) (mod p)} ≥

⌊(
F

9NN ′ pε

) 1
2
⌋

.

Recall that if q is relatively prime to a modulus of χ ,

L(s, χ1q) = (1 − q1−sχ(q))L(s, χ) (5.12)

Here is another consequence of Theorem 5.2.

Corollary 5.4 Let λ be a non-trivial Dirichlet characters of modulus N > 1. Suppose
p � φ(F)FN and (F, N ) = 1.

(1) For any ε > 0,

#{χ ∈ ̂(Z/FZ)
× | L(−k, λχ) �≡ 0 (mod p)} �ε,N ,k F

1
2−ε.

Moreover,

#{χ ∈ ̂(Z/FZ)
× | L(−k, χ) �≡ 0 (mod p)} �ε,k F

1
2−ε.
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Quantitative non-vanishing of Dirichlet L-values modulo p

(2) Let F be an odd prime.
If F > N/pε , then

#{χ ∈ ̂(Z/FZ)
× | L(−k, λχ) �≡ 0 (mod p)} ≥

⌊(
F

9Npε

) 1
2
⌋

.

If F > 2/pε , then

#{χ ∈ ̂(Z/FZ)
× | L(−k, χ) �≡ 0 (mod p)} �ε,k

⌊(
F

18pε

) 1
2
⌋

.

Proof Let q > 1 be an integer with (pF, q) = 1.
In regards to L(−k, χ), it suffices to observe that for an integer m with q � m, we

have

Res

(
m

q
,
1̂q (e

2π i z)zk
)

= − 1

qk−1 .

Note that

1̂q(r) =
{

0 if q | r ,
−q otherwise.

and 1̂q ◦ F = 1̂q .
Using (5.12) and (4.6), we deduce the result for L(−k, χ) with an odd prime F

and q = 2. ��
In a special case, we note the following stronger non-vanishing.

Corollary 5.5 Suppose p is inert in Q(ζφ(F)) for F a sufficiently large prime.
Then,

L(0, χ) �≡ 0 (mod p)

for all odd primitive character χ of conductor F.

Remark 5.4 The prime F is necessarily of the form 2pm + 1 for m ≥ 1.

The corollary seems to suggest that the exponents in our non-vanishing results are
non-optimal.

It would be an interesting problem to find the largest value of Q such that there
exist integers ri , s j , s′

j satisfying (P) and (D) for the case Q2 > F . In Sect. 7, a table
of numerical examples for k = 0 and prime F is presented. In the table, the integers
ri , s j , and s′

j are not the ones in the proof of Theorem 5.3 as they satisfy Q2 > F .
In light the numerical data, we raise the following:
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Question 5.6 Is it possible to show that Q can be chosen to be greater than a positive
proportion of F?

It seems tempting to say ‘Yes’.

6 Cyclotomic twists

In this section, we refine our algebraic approach so as to apply it to the Iwasawa setting
leading to the proof of Theorem C.

Based on the homological approach, we can also show a similar result to The-
orem 5.3 (2) for prime power conductors. However it does not seem to imply any
consequence along the lines of Washington’s theorem ([34]) in which the base char-
acter (of the prime modulus) is fixed. Instead, we present a complementary argument
to discuss a result in the context of Washington’s theorem.

Let p and � be distinct odd primes. We consider variation over the cyclotomic Z�-
extension of the rationals. Let v� be the �-adic valuation on Q� such that v�(�) = 1.

We commence with the following proposition on the zero set of a pseudo-
polynomial that is due to Sinnott:

Proposition 6.1 (Sinnott [26]) For 1 ≤ i ≤ m, let αi ∈ Z� be pairwise distinct and
ci ∈ Fp non-zero. Let M0 and M1 be the integers such that

Fp(c) ∩ μ�∞ = μ�M0 and M1 = maxi �= j (v�(αi − α j ))

for Fp(c) the extension of Fp generated by c′
i s.

Then, the solutions of the equation

c1T
α1 + c2T

α2 + · · · + cmT
αm = 0

in μ�∞ are all contained in μ�M0+M1 .
In particular, a non-trivial pseudo-polynomial is a non-trivial function on μ�∞ .

In this section, let χ be a Dirichlet character of �-power conductor and �-power
order. Let ω be a Dirichlet character of modulus �. Let μ�−1 be the torsion subgroup
of Z×

� and W a set of representatives of μ�−1/{±1}. The character ω can be regarded
as a character on μ�−1 in a canonical way.

For a periodic function ψ (Sect. 2), we define


̃◦
k,ψ (ω; T ) =

∑
η∈μ�−1

ω(η)
◦
k,ψ (T η)

with the complex conjugation ω as before. Let us also set


̃k,ψ (ω; T ) = 2
∑
η∈W

ω(η)
k,ψ (T η).
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Quantitative non-vanishing of Dirichlet L-values modulo p

For n ≥ 1, recall that

Gn = 1 + �Z

1 + �nZ
.

Wehave the followingmiscellaneous result on the expression forDirichlet L-values
in terms of rational functions:

Lemma 6.2 Let k ≥ 0 be an integer.

(1) Let χ ∈ Ĝn be non-trivial and ψ a periodic function with ψ̂(0) = 0.
Then,

L(−k, χ̂ωψ) =
∑
r∈Gn

χ(r)
̃◦
k,ψ (ω; ζ r�n ). (6.1)

(2) Let λ be a non-trivial Dirichlet character of modulus N.
Then,


̃◦
k,λ(ω; T ) =

{
0 if ωλ(−1) = (−1)k


̃k,λ(ω; T ) otherwise
.

(3) Let q ≥ 2 an integer with (q, �) = 1.
Then,


̃◦
k,1q (ω; T ) =

{
Lk,W (q) if ω(−1) = (−1)k


̃k,1q (ω; T ) + Lk,W (q) otherwise

where L0,W (q) = (q − 1)
∑

η∈W ω(η) and Lk,W (q) = 0 if k ≥ 1.

Proof The first assertion is a consequence of (2.5).
For the other assertions note that for k ≥ 1, we obtain from (2.4) and equality


◦
k,ψ = 
k,ψ that


̃k,ψ (ω; T ) =
∑
η∈W

ω(η)
(

k,ψ (T η) + ω(−1)(−1)k+1
k,ψ◦−1(T

η)
)
.

As 
◦
ψ = 
ψ − ψ(0), we have


̃0,ψ (ω; T ) =
∑
η∈W

ω(η)
(

ψ(T η) − ω(−1)
ψ◦−1(T

η) − ψ(0)
)
.

From these equalities, all the assertions follow. This finishes the proof. ��
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Let n be a positive integer. For a positive integer Q (dependent on �n), let ri , si
(i = 1, . . . , Q) be integers such that

1 ≤ ri < ri+1 ≤ �n, 1 ≤ si < si+1 ≤ �n, � � ri si for each 1 ≤ i ≤ Q − 1, and
(6.2)

sQ ≤ sQ−1 + s1. (6.3)

In this setting, for r = (ri ) and s = (s j ), let

�k,ψ (T ) = �k,ψ (r, s; T ) = det 
̃k,ψ (ω; T ri s j )
∏
η∈W

Q∏
i, j=1

(1 − T Nsi r jη)k+1.

Note that �k,ψ (T ) is a pseudo-polynomial, which can be regarded as a Zp-valued
function on μ�∞ .

Let λ be a non-trivial Dirichlet character of modulus N such that (p�, N ) = 1 and
q > 0 an integer such that (p�, q) = 1. To show �k,ψ is non-trivial modulo p for
ψ = λ or ψ = 1q , our approach is based on Rosenberg [25] and Anglés [1]. In other
words, we find a specific pseudo-monomial in the expansion of �k,ψ (T ), for which
the exponent is unique and the corresponding coefficient is non-zero modulo p.

In the remaining part of this section, let us fix the embedding ι� : C� → C and
choose W such that

�(ι�(η)) ≥ 0

for all η ∈ W , i.e., we have

ι�(W ) =
{
exp

(
2π ik

� − 1

) ∣∣∣∣ 0 ≤ k <
� − 1

2

}
.

Let us use the same symbol η for ι�(η). Then we obtain:

Proposition 6.3 Suppose the conditions (6.2) and (6.3).
Then, the pseudo-polynomials �k,λ(T ) and �k,1q (T ) are non-trivial modulo p.

Proof Let us consider 
̃k,λ first. Expanding the determinant via Lemma 6.2, we have

det 
̃k,λ(ω; T ri s j ) =
∑

σ∈SQ
sgn(σ )

Q∏
i=1


̃k,λ(ω; T ri sσ(i) ) (6.4)

and an expression of �k,λ(t) as follows:

�k,λ(T ) = 2Q
∑

σ∈SQ
sgn(σ )

∑
η∈WQ

ω(η)

Q∏
i=1

�k,λ(T
ri sσ(i)ηi )

∏
η∈W\{ηi }

∏
j �=σ(i)

(1 − T Nri s jη)k+1
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where η = (η1, · · · , ηQ) and ω(η) = ω(η1) · · · ω(ηQ).
Recall that

�k,λ(T ) =
D−1∑
v=0

c(v)T v

where D = (k+1)N and c((k + 1)N − 1) = λ(N −1) (Sect. 3). Thus, the exponents
of �k,λ(T ) are of the form

Q∑
i=1

{
vi ri sσ(i)ηi + Nri

∑
η∈W\{ηi }

∑
j �=σ(i)

s jηwη, j

}
(6.5)

where

(η1, · · · , ηQ) ∈ WQ , 1 ≤ vi < D and 0 ≤ wη, j ≤ k + 1.

The corresponding coefficient is

sgn(σ )

Q∏
i=1

c(vi )ω(ηi )
∏

η �=ηi , j �=σ(i)

(−1)wη, j

(
k + 1
wη, j

)
.

Then the imaginary part of (6.5) is at most

Q∑
i=1

{
(D − 1)ri sσ(i)�(ηi ) + D

∑
η∈W\{ηi }

∑
j �=σ(i)

ri s j�(η)

}
(6.6)

and the equality holds only when vi = D − 1 and wη, j = k + 1 for all i , η, j . Let us
set

R =∑i ri , S =∑ j s j , and Y =∑η∈W �(η).

Then (6.6) equals

DRSY + (2D − 1)
(∑

i

ri sσ(i)�(ηi )
)

(6.7)

− DY
(∑

i

ri sσ(i)

)
− DS

(∑
i

ri�(ηi )
)
.

From the condition (6.3), we have S ≥ 2si for each i . Observe that if σ ∈ SL is fixed,
then the following part of (6.7):

∑
i

ri

{
(2D − 1)sσ(i) − DS

}
�(ηi )
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attains the maximum only when ηi = 1 for all i . Hence the expression (6.7) with a
fixed σ and ηi = 1 attains the maximum

DRSY + (2D − 1 − Y D)
(∑

i

ri sσ(i)

)
− DSR. (6.8)

If 2D − 1 − Y D ≥ 0, then (6.8) attains the maximum only when σ = id. If
2D − 1 − Y D < 0, the maximum is attained only when σ(i) = Q − 1 − i by
Lemma 3.2. In this case the coefficient of the unique pseudo-monomial with the
exponent (6.8) is

sgn(σ )ωλ(−1)Q(−1)(k+1) p−3
2 (Q−1) = ±1.

The non-triviality of �k,λ(T ) thus follows.
The case for 
̃k,1q can be proven in the same way since �k,1q has the unique

pseudo-monomial with the same exponent (6.8) as 
̃k,λ with D = (k + 1)q, of which
coefficient is

sgn(σ )ω1q(−1)Q(−1)(k+1) p−3
2 (Q−1)

for σ as in the previous case.
Hence we conclude the proof. ��
In the Iwasawa theoretic setting, the non-standard L-values L(−k, χ̂ωψ) turn out

to be the Dirichlet ones. With the notation as in Remark 2.2, we have:

Lemma 6.4 For n ≥ 2, let �n and � f be modulus and conductor of χω, respectively.
Then, if χω is non-trivial

L(−k, χ̂ωψ) = G((χω)∗)�(n− f )(k+1)L(−k, χω · ψ ◦ �n− f ).

Furthermore, if χω is the trivial χ0 of modulus �n,

L(−k, χ̂0ψ) = �n(k+1)L(−k, ψ ◦ �n) − �(n−1)(k+1)L(−k, ψ ◦ �n−1).

In particular, if ψ = λ or 1q (as in §3), then

L(−k, χ̂ωψ) �≡ 0 (mod p) �⇒ L(−k, χωψ) �≡ 0 (mod p).

Proof For any integer m and non-trivial χω, we have

χ̂ω(m) =
�n−1∑
r=1

(χω)∗(r)ζ rm�n

=
{

�n− f G((χω)∗)χω(m) if m = �n− f m′ and � � m′

0 otherwise
.
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If χω = χ0 is trivial,

χ̂0(m) =

⎧⎪⎨
⎪⎩

�n − �n−1 if �n | m
−�n−1 if �n � m, �n−1 | m
0 otherwise

From these calculations, we conclude the proof. ��
We are now ready to prove Theorem C.

Theorem 6.5 Let p and � be distinct odd primes. Let ω be a Dirichlet character of
modulus �.

(1) Let k be a non-negative integer such that ωλ(−1) = (−1)k+1. Let M0 be the
non-negative integer such that

μ�M0 = Q(λ) ∩ μ�∞ .

Then,

#{χ ∈ Ĝn | L(−k, χωλ) �≡ 0 (mod p)} ≥ (N (k + 1)(� − 1))−
1
3 �E�,n − 1

where

E�,n = n − M0

3φ(� − 1)
− 2

3
.

(2) Suppose k ≥ 1 with ω(−1) = (−1)k+1.
Then,

#{χ ∈ Ĝn | L(−k, χω) �≡ 0 (mod p)} ≥ (2(k + 1)(� − 1))−
1
3 �

E ′
�,n − 1

where

E ′
�,n = n

3φ(� − 1)
− 2

3
.

(3) Suppose ω(−1) = −1.
Then,

#{χ ∈ Ĝn | L(0, χω) �≡ 0 (mod p)} ≥ (2(� − 1))−
1
3 �

E ′
�,n − 2.

Proof Let us first consider the case of L(−k, χωλ).
By Lemma 6.4, it suffices to consider the set of χ ∈ Ĝ such that L(−k, χ̂ωλ) �≡ 0

modulo p.
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Let Q ≥ 1 be an integer. Let us assume

#{χ ∈ Ĝn | L(−k, χ̂ωλ) �≡ 0 (mod p)} = {χ1, χ2, . . . , χt } (6.9)

and t < Q. Similarly as (2.7) using the inversion of (6.1), for all r ≡ 1 (mod �) we
have

�n−1
̃◦
k,λ(ζ

r
�n ) ≡

t∑
i=1

χi (r)L(−k, χ̂iωλ) (mod p). (6.10)

Note that 
̃◦
k,λ(T ) = 
̃k,λ(T ). An earlier argument (proof of Proposition 3.1) enables

us to conclude from (6.10) that

det(
̃k,λ(ζ
ri s j
�n )) ≡ 0 (mod p). (6.11)

for any ri , s j ≡ 1 (mod �). In other words,

�k,λ(ζ�n ) ≡ 0 (mod p) (6.12)

Let us set r j = s j = �( j − 1) + 1, j = 1, . . . , Q. Then the integers ri , s j
satisfy the conditions (6.2) and (6.3). Hence, �k,λ is non-trivial modulo p. In order to
apply Proposition 6.1, we need to find the maximum M1 of �-adic valuations of the
differences of two of the following exponents of �k,λ(T )

Q∑
i=1

{
vi ri sσ(i)ηi + Nri

∑
η∈W\{ηi }

∑
j �=σ(i)

s jηwη, j

}
=
∑
η∈W

c(η)η, say. (6.13)

Here we have (η1, . . . , ηQ) ∈ WQ , 1 ≤ vi < D and 0 ≤ wη, j ≤ k + 1 with
D = N (k + 1). Furthermore,

|c(η)| ≤ D�2Q3.

Let γ be a difference of two exponents (6.13). Under the previous embeddings ι

and ιp, the �-adic number γ can be regarded as an element in Q(μ�−1) and we have

|γ σ | ≤ (� − 1)D�2Q3

for all σ ∈ Gal(Q(μ�−1)/Q). Observe that if γ ≡ 0 (mod �M ) for M ≥ 1, then

�M | N
Q(μ�−1)/Q

(γ ).

Hence if M1 is the maximum of v�(γ ), then

�M1 ≤ ((� − 1)D�2Q3)φ(�−1). (6.14)
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Observe that

((� − 1)D�2Q3)φ(�−1)�M0 ≥ �n .

Otherwise from Proposition 6.1, (6.12), and (6.14), we are able to deduce that�k,λ(T )

is trivial modulo p, which is a contradiction. This finishes the proof of the first part.
For the second part, the proof goes in the same way as above, but with the values

L(−k, χ̂ω12) via the expression (5.12).
For the last part, i.e., when k = 0 and Q ≥ 2, let us set

{χ ∈ Ĝn | L(−k, χ̂ω12) �≡ 0 (mod p)} = {χ1, χ2, . . . , χt }
Similarly as before, by Lemma 6.2,

�n−1
̃0,12(ζ
r
�n ) ≡

t∑
i=1

χi (r)L(0, χ̂iω12) − �n−1L0(W ) (mod p).

This implies that for the ri , s j ∈ 1 + �Z with i, j = 1, · · · , Q and t + 1 < Q, we
obtain

det(
̃0,12(ζ
ri s j
�n )) ≡ 0 (mod p).

In the same way as the first part, we conclude the proof. ��
We obtain a non-vanishing result that is independent of the inertness as follows.

Corollary 6.6 Let the notation and conditions be in Theorem 6.5.

(1) There exists a character χ of �-power order and �-power conductor less than

(8(� − 1)�2N (k + 1))φ(�−1)�M0+1

such that

L(−k, χωλ) �≡ 0 (mod p).

(2) In this case, the lower bound is (16(� − 1)�2(k + 1))φ(�−1)�.
(3) In this case, the lower bound is (54(� − 1)�2))φ(�−1)�.

Proof Let us first consider the case of L(−k, χωλ).
Note that

(N (k + 1)(� − 1))−
1
3 �E�,n − 1 ≥ 1

if and only if

�n ≥ (8N (k + 1)�2(� − 1))φ(�−1)�M0 .

The computations for the other cases are similar. ��
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7 Numerical examples for r, s, and s′

In this section, we present a table of examples of r, s, and s′ that satisfy (P) for the
case of k = 0 and prime F .

F = 113, N = 4, Q = 16

ri 4, 2, 7, 39, 37, 44, 12, 20, 10, 22, 17, 15, 49, 5, 32, 54
s j1, 54, 36, 15, 7, 19, 24, 3, 6, 8, 4, 2, 9, 12, 10, 11
s′j5, 18, 80, 62, 82, 50, 103, 74, 40, 53, 83, 51, 28, 31, 35, 20
F = 113, N = 5, Q = 15

ri 2, 1, 18, 7, 56, 32, 31, 13, 12, 6, 37, 50, 38, 25, 44
s j1, 20, 39, 55, 98, 66, 105, 97, 6, 106, 68, 99, 88, 85, 34
s′j19, 38, 57, 37, 80, 48, 10, 2, 24, 11, 104, 4, 93, 44, 22
F = 113, N = 6, Q = 14

ri 5, 19, 34, 14, 6, 47, 46, 33, 27, 26, 13, 7, 53, 40
s j1, 53, 51, 30, 52, 13, 16, 4, 10, 15, 3, 8, 2, 6
s′j7, 98, 40, 12, 24, 21, 80, 5, 82, 57, 37, 17, 39, 35
F = 173, N = 5, Q = 21

ri 2, 1, 7, 24, 13, 55, 18, 19, 50, 56, 80, 25, 86, 43, 12, 6, 49, 74, 62, 31, 37
s j1, 75, 44, 85, 34, 64, 134, 37, 9, 10, 7, 13, 15, 16, 14, 11, 5, 8, 17, 18, 19
s′j6, 3, 2, 57, 68, 12, 4, 70, 113, 137, 169, 28, 78, 154, 96, 99, 135, 163, 69, 62, 29
F = 173, N = 6, Q = 19

ri 4, 2, 62, 21, 9, 69, 74, 44, 76, 67, 16, 37, 46, 23, 14, 53, 7, 83, 60
s j1, 83, 60, 45, 36, 15, 66, 24, 5, 10, 3, 9, 4, 8, 2, 6, 12, 11, 14
s′j7, 64, 20, 18, 95, 30, 166, 120, 29, 94, 160, 140, 76, 121, 73, 61, 147, 79, 77
F = 197, N = 5, Q = 23

ri 2, 1, 7, 56, 19, 18, 13, 50, 92, 25, 98, 61, 62, 24, 31, 86, 12, 6, 68, 49, 43, 74, 37
s j1, 168, 50, 19, 90, 78, 27, 58, 11, 14, 15, 21, 25, 3, 5, 7, 8, 10, 13, 17, 4, 9, 20
s′j6, 194, 2, 12, 193, 37, 173, 105, 67, 167, 23, 81, 108, 151, 109, 174, 138, 16, 73, 56, 159, 39, 46
F = 197, N = 6, Q = 21

ri 5, 33, 6, 74, 21, 13, 81, 47, 20, 48, 75, 82, 88, 41, 14, 7, 54, 95, 27, 61, 68
s j1, 102, 68, 51, 38, 17, 106, 73, 42, 20, 11, 8, 9, 4, 10, 6, 12, 3, 5, 13, 2
s′j7, 124, 154, 178, 71, 34, 136, 98, 81, 195, 179, 44, 28, 128, 151, 63, 26, 75, 67, 119, 139
F = 229, N = 6, Q = 24

ri 4, 2, 46, 9, 90, 53, 16, 58, 14, 97, 23, 95, 88, 44, 51, 21, 7, 67, 60, 81, 30, 104, 111, 74
s j1, 196, 195, 64, 162, 130, 50, 82, 215, 16, 214, 10, 23, 105, 125, 46, 191, 86, 210, 172, 51, 141, 168, 43
s′j131, 97, 65, 163, 32, 31, 180, 181, 85, 146, 115, 109, 153, 6, 26, 176, 92, 117, 142, 73, 20, 5, 112, 185
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