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Abstract—Millimeter wave (mmWave) systems can enable high
data rates if the link between the transmitting and receiving
radios is configured properly. Fast configuration of mmWave
links, however, is challenging due to the use of large antenna
arrays and hardware constraints. For example, a large amount
of training overhead is incurred by exhaustive search-based beam
alignment in typical mmWave phased arrays. In this paper, we
present a framework called FALP for Fast beam Alignment
with Low-resolution Phase shifters. FALP uses an efficient set
of antenna weight vectors to acquire channel measurements, and
allows faster beam alignment when compared to exhaustive scan.
The antenna weight vectors in FALP can be realized in ultra-
low power phase shifters whose resolution can be as low as one-
bit. From a compressed sensing (CS) perspective, the CS matrix
designed in FALP satisfies the restricted isometry property and
allows CS algorithms to exploit the fast Fourier transform. The
proposed framework also establishes a new connection between
channel acquisition in phased arrays and magnetic resonance
imaging.

Index Terms—Perfect arrays, 2D sparse recovery, one-bit phase
shifters, magnetic resonance imaging, mm-Wave

I. INTRODUCTION

Millimeter wave (mmWave) communication, currently used
in the IEEE 802.11ad standard and 5G, can support Gbps data
rates by exploiting the large amount of bandwidth available
at mmWave frequencies [1]. MmWave systems typically use
large antenna arrays and directional beams to achieve such
high data rates. The process of beam alignment, i.e., finding
the best directional beam, can be challenging in mmWave
hardware architectures like the phased array [2]. As phased
arrays have fewer radio frequency (RF) chains than the anten-
nas, standard techniques like exhaustive search-based beam
alignment can result in a substantial training overhead when
applied to mmWave systems [2].

Compressed sensing (CS) is a technique that allows re-
constructing a sparse signal with fewer measurements when
compared to the dimension of the signal [3]. Due to the sparse
nature of mmWave channels in an appropriate dictionary, CS is
a promising solution for mmWave channel estimation or beam
alignment with sub-Nyquist channel measurements [2]. The
channel measurements in CS are obtained by projecting the

N. J. Myers (nitinjmyers@utexas.edu) and R. W. Heath Jr.
(rheath@utexas.edu) are with the Wireless Networking and Communications
Group, The University of Texas at Austin, Austin, TX 78712 USA. A.
Mezghani (Amine.Mezghani@umanitoba.ca) is with the Department of Elec-
trical and Computer Engineering, University of Manitoba, Winnipeg, MB,
R3T 5V6, Canada. This material is based upon work supported by the National
Science Foundation under Grant numbers NSF-CNS-1702800, NSF-CNS-
1731658, and NSF ECCS-1711702.

channel onto a lower dimensional subspace using a CS matrix
[3]. The channel is then recovered from the lower dimensional
projections using optimization techniques that exploit sparsity
of the channel [4], [5]. The guarantees on the recovery
of sparse signals and the complexity of the reconstruction
algorithms, depend on the choice of the CS matrix used
to obtain these projections. The restricted isometry property
(RIP) [6] is one metric that characterizes the efficiency of a
CS matrix in recovering sparse signals. Unfortunately, several
random CS matrices that are known to satisfy the RIP cannot
be realized in phased arrays due to hardware constraints [7].
To this end, prior work has used random IID phase shift-based
CS matrices for sub-Nyquist mmWave channel estimation and
beam alignment [4], [5]. CS techniques that use the random
phase shift design, however, cannot exploit fast transforms
and may result in a high complexity when applied to large
antenna systems. Structured CS algorithms are promising for
large antenna systems as they can perform sparse recovery
with a reduced computational complexity [8].

Convolutional compressed sensing (CCS) is one form of
structured CS in which the signal of interest is projected onto
fewer circulantly shifted versions of a base sequence [9]. The
convolutional structure of CS matrices in CCS allows sparse
recovery algorithms to exploit the fast Fourier transform. In
CCS of vectors, the choice of the base sequence is critical for
the successful recovery of the sparse signal [9]. Prior work
has shown that optimal base sequences of a certain length
exist when the size of the alphabet is sufficiently large [9],
[10]. For example, ideal base sequences of length 16 exist in
{1, j,−1,−j}16, where j =

√
−1. Base sequences of the same

length, however, do not exist in {1,−1}16 [10]. For CCS in
phased arrays, the size of the alphabet is determined by the
resolution of the phase shifters. As typical mmWave phased
arrays use low resolution phase shifters, applying CCS in
such systems can be challenging. The difficulty lies in finding
optimal base sequences that are compatible with the hardware.
In this paper, we construct efficient structured CS matrices that
satisfy the RIP, and can be realized in arbitrarily large phased
arrays whose resolution can be as low as one-bit.

We propose a novel 2D-CCS framework called FALP for
convolutional compressed sensing of mmWave channels with
planar phased arrays. The channel measurements in our 2D-
CCS framework are obtained by projecting the channel matrix
onto 2D-circulant shifts of a base matrix. Similar to standard
vector CCS [9], the performance of 2D-CCS depends on
the choice of the base matrix. As the number of hardware
compatible matrices in phased arrays is exponential in the
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array dimensions, a brute-force approach to find the best base
matrix is not practical for large arrays. In our prior work
called Swift-Link [7], we used Zadoff-Chu (ZC) sequences
for efficient CCS-based channel estimation in planar arrays.
For linear phased arrays, the efficiency of CCS-based channel
estimation with ZC sequences was studied in [11]. The 2D-
CCS equivalent of the sequences in [7] and [11], is a base
matrix that is an outer product of two ZC sequences. Realizing
base matrices using ZC-sequences, however, requires a phase
shift resolution that is logarithmic in the number of antennas
[11]. In large antenna arrays, it can be difficult to meet such
a requirement as the use of high resolution phase shifters
can result in a higher hardware cost and a higher power
consumption.

One-bit phased arrays are promising in terms of the hard-
ware complexity, cost and power consumption [12], [13]. The
hardware associated with a one-bit phase shifter can be as
simple as a combination of a switch and an inverter [14].
Both these components consume less power than a typical
high resolution phase shifter. For instance, a one-bit phase
shifter may require 10 mW while a four-bit phase shifter
may need 45 mW [14]. The binary phase control capability
in one-bit phased arrays, however, complicates the design of
efficient base matrices for 2D-CCS. In this paper, we arrive
at a surprising result that ideal base matrices for 2D-CCS
exist for infinite array dimensions even over a binary alphabet.
This result allows applying FALP to large phased arrays with
one-bit phase shifters, and makes it a candidate solution for
next generation wireless systems. We summarize our main
contributions as follows.

• We propose a compressive channel acquisition tech-
nique that acquires channel measurements with fewer
2D-circulant shifts of a base matrix. We determine the
properties of base matrices that result in efficient 2D-
CCS and are compatible with phased arrays.

• We show that perfect arrays [15], [16] can be used as
efficient base matrices in FALP. For a given resolution
of phase shifters, such arrays exist for a family of array
dimensions. For other cases, we derive the sub-optimality
gap of CS algorithms when non-ideal base matrices are
used in our framework.

• We establish an equivalence between CS-based beam
alignment with FALP and CS in magnetic resonance
imaging (MRI) [17]. The equivalence allows direct ap-
plication of k-space trajectories in MRI to the beam
alignment problem. For a random trajectory, we derive
the probability of successful beam alignment using zero
filling-based reconstruction in MRI. We use this equiva-
lence to show how low complexity beam alignment can
be performed using a single 2D-fast Fourier transform.

• Using simulations, we show that the use of perfect arrays
in 2D-CCS results in better beam alignment when com-
pared to 2D-CCS with a randomly chosen base matrix.
We also show that the proposed CS technique performs
slightly better than the common random phase shift-
based approach, for a significantly reduced computational
complexity.

We would like to highlight that Swift-Link [7] and FALP solve
two independent problems. On the one hand, FALP develops
efficient base matrices for 2D-CCS in low resolution phased
arrays. On the other hand, Swift-Link designs trajectories to
perform CS-based beam alignment that is robust to carrier fre-
quency offset (CFO). For simplicity of exposition, we assume
perfect frame timing and carrier synchronization. Nevertheless,
Swift-Link’s trajectory can be used in FALP for CFO robust
beam alignment in low-resolution phased arrays.

The rest of the paper is organized as follows. In Section II,
we describe the system and channel model in a planar phased
array-based system. Section III is the main technical section
of the paper, where we explain how channel measurements are
acquired in 2D-CCS and introduce the notion of base matrix.
We mathematically show that perfect arrays [15], [16] are
good candidates for ideal base matrices, and describe FALP
in Section III. In Section IV, we explain how compressive
beam alignment in FALP is analogous to CS in MRI. We use
the analogy to develop a beam alignment technique that does
not require any iterative optimization. Simulation results are
presented in Section V, before the conclusions and future work
in Section VI.

Notation: A is a matrix, a is a column vector and a,A
denote scalars. Using this notation AT ,Ac and A∗ represent
the transpose, conjugate and conjugate transpose of A. We
use diag (a) to denote a diagonal matrix with entries of a
on its diagonal. The scalar a [m] denotes the mth element of
a. The `2 norm of a is denoted by ‖a‖2. The kth row and
the `th column of A are denoted by A(k, :) and A(:, `). The
scalar A (k, `) or Ak,` denotes the entry of A in the kth row
and the `th column. The matrix |A| contains the element-
wise magnitude of A, i.e., |A|k,` = |Ak,`|. The `1 norm and
the Frobenius norm of A are denoted by ‖A‖1 and ‖A‖F.
The inner product of two matrices A and B is defined as
〈A,B〉 =

∑
k,`A (k, `)Bc (k, `). We use 1 to denote an all-

ones matrix and I to denote the identity matrix. The symbols
� and ~ are used for the Hadamard product and 2D circular
convolution [18].

II. SYSTEM AND CHANNEL MODEL

In this section, we describe a planar phased antenna array
system considered in FALP. To explain our framework, we
assume a narrowband mmWave system and focus on the
transmit beam alignment problem. We extend our algorithm
to the wideband setting in Section V.

A. System model

We consider an analog beamforming system in which the
transmitter (TX) is equipped with a uniform planar array
(UPA) of antennas as shown in Fig. 1. For ease of notation,
we consider an equal number of antennas, i.e., N , along each
of the azimuth and elevation dimensions of the UPA. Our
framework can also be extended to other rectangular arrays
by using array response vectors of appropriate dimensions in
the formulation. The beamforming architecture at the TX uses
a single radio frequency (RF) chain as shown in Fig. 1. Each
antenna element in the UPA is connected to the RF chain
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Fig. 1: Channel acquisition in a phased array system with a uniform
planar array of antennas at the transmitter (TX). The channel mea-
surements at the receiver are used to estimate the best phase shift
configuration at the TX.

through a digitally controlled phase shifter. By appropriately
configuring the phase shifters, the TX can perform directional
transmission [19]. We define the set IJ = {0, 1, 2, · · · , J−1}.
The resolution of each phase shifter is assumed to be q-
bits; the set of possible phase shifts is defined as Qq ={
ej2πk/2

q

/N : k ∈ I2q

}
. As each antenna in the UPA is con-

nected to a unique phase shifter, it is possible to configure
N2 phase shifters. Therefore, the phase shift matrix applied
to the phased array at the TX is constrained to be an element in
QN×Nq . The transmit beam alignment problem is to determine
a phase shift matrix at the TX that maximizes the SNR at the
receiver (RX).

A possible approach to perform beam alignment is to
estimate a reasonable approximation of the channel and use it
to configure the phased array. For simplicity of exposition, we
assume a single antenna at the RX and focus on the transmit
beam alignment problem. Our framework can be extended to
settings with UPAs at both the TX and the RX, by using fourth
order tensors to model the channel. We index the antenna
element in the ith row and the jth column of the transmit
array as (i, j). For an N ×N UPA, i ∈ IN and j ∈ IN . Let
H ∈ CN×N be the channel matrix between the UPA at the
TX and the receive antenna. Specifically, H(i, j) represents
the channel coefficient between the (i, j)th antenna in the
UPA and the antenna at the RX. The TX uses different phase
shift configurations across multiple training slots for the RX
to obtain channel measurements.

In the mth training slot, the TX applies the phase shift
matrix P[m] ∈ QN×Nq to its phased array, and the RX acquires
the channel measurement y[m]. We use M to denote the
total number of channel measurements acquired by the RX.
In this paper, we assume perfect frame timing and carrier
synchronization. Our assumption is valid in cellular scenarios
where synchronization is performed using separate control
channels. With the perfect synchronization assumption, the
mth channel measurement is

y[m] = 〈H,P[m]〉+ v[m], (1)

where v[m] ∼ Nc

(
0, σ2

)
is additive white Gaussian noise. As

the measurement in (1) is a scalar projection of H, estimating
a generic N × N channel matrix requires M = N2 channel
measurements. Exhaustive beam search is one such approach
that obtains the projections of H on all the N2 elements of
the 2D-discrete Fourier transform (2D-DFT) dictionary [2].
Such a solution, however, does not scale well with the array

dimensions. In this paper, we propose a novel set of phase shift
matrices, {P[m]}M−1

m=0 , for compressive channel acquisition.
We prove that a good approximation of mmWave channels
can be obtained from M = O(logN) channel measurements
that are acquired using the proposed set. We also show that
CS algorithms that use the proposed design have a lower
computational complexity than those that use the common
random phase shift-based design [4], [5].

B. Channel model

We consider a geometric-ray-based model for the channel
matrix H [19]. Let γk, θe,k and θa,k denote the complex
ray gain, elevation angle-of-departure and azimuth angle-of-
departure of the kth ray. We define the beamspace angles
ωa,k = π sin θe,ksin θa,k and ωe,k = π sin θe,kcos θa,k. We
define the Vandermonde vector a (ω) ∈ CN×1 as

a (ω) =
[
1 , ejω , ej2ω , · · · , ej(N−1)ω

]T
. (2)

The wireless channel for a half wavelength spaced UPA in the
baseband is given by

H =

K∑
k=1

γka (ωe,k)aT (ωa,k) . (3)

As large antenna arrays are used in typical mmWave set-
tings, the dimension of the channel, i.e., N2, can be large
in mmWave systems when compared to conventional lower
frequency systems.

Channel matrices at mmWave are sparse in a well chosen
dictionary, because of the propagation characteristics of the
environment [2]. For UPAs, the 2D-DFT basis is often chosen
for a sparse representation of H [20]. We use UN to denote the
standard unitary DFT matrix of size N ×N . Let X ∈ CN×N
denote the inverse 2D-DFT of H, such that

H = UNXUN . (4)

The unitary nature of the DFT implies that X = U∗NHU∗N .
The matrix X is called the beamspace channel as it contains
the received measurements when different directional 2D-DFT
beams are used at the TX [20]. The sparsity of the mmWave
channel in the angle domain translates to the sparsity of the
beamspace channel matrix X. As the beamspace angles-of-
departure (AoD) in the channel may not align exactly with
those corresponding to the DFT dictionary, there can be leak-
age effects in the 2D-DFT representation [2]. Therefore, the
matrix X is approximately sparse. In such a case, dictionaries
that use a finer AoD domain representation can be used for
a sparser representation of H [4]. Using such a dictionary,
however, increases the dimensionality of the CS problem. For
our analysis, we consider X to be perfectly sparse, while
our simulation results are for the realistic case where X is
approximately sparse.

III. CONVOLUTIONAL CS IN PLANAR ARRAYS

In this section, we explain the main motivation for 2D-
CCS, and describe the notions of the base matrix and the
sub-sampling set in 2D-CCS. Then, we identify the conditions
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Beamspace X<latexit sha1_base64="UbyZ6wKmQgv2DiMu6HX/UADe5wk=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdh1p0NqjW37s5BVolXkBoUaA6qX/1hzNKIK2SSGtPz3AT9jGoUTPJZpZ8anlA2oSPes1TRiBs/myeekTOrDEkYa/sUkrn6eyOjkTHTKLCTeUKz7OXif14vxfDaz4RKUuSKLT4KU0kwJvn5ZCg0ZyinllCmhc1K2JhqytCWVLEleMsnr5L2Rd1z6979Za1xU9RRhhM4hXPw4AoacAdNaAEDBc/wCm+OcV6cd+djMVpyip1j+APn8wfMmZD8</latexit><latexit sha1_base64="UbyZ6wKmQgv2DiMu6HX/UADe5wk=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdh1p0NqjW37s5BVolXkBoUaA6qX/1hzNKIK2SSGtPz3AT9jGoUTPJZpZ8anlA2oSPes1TRiBs/myeekTOrDEkYa/sUkrn6eyOjkTHTKLCTeUKz7OXif14vxfDaz4RKUuSKLT4KU0kwJvn5ZCg0ZyinllCmhc1K2JhqytCWVLEleMsnr5L2Rd1z6979Za1xU9RRhhM4hXPw4AoacAdNaAEDBc/wCm+OcV6cd+djMVpyip1j+APn8wfMmZD8</latexit><latexit sha1_base64="UbyZ6wKmQgv2DiMu6HX/UADe5wk=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdh1p0NqjW37s5BVolXkBoUaA6qX/1hzNKIK2SSGtPz3AT9jGoUTPJZpZ8anlA2oSPes1TRiBs/myeekTOrDEkYa/sUkrn6eyOjkTHTKLCTeUKz7OXif14vxfDaz4RKUuSKLT4KU0kwJvn5ZCg0ZyinllCmhc1K2JhqytCWVLEleMsnr5L2Rd1z6979Za1xU9RRhhM4hXPw4AoacAdNaAEDBc/wCm+OcV6cd+djMVpyip1j+APn8wfMmZD8</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="Vwcvg85O7uNpwjv52v15FC0o4iE=">AAAB5nicbVDLSgNBEOyNrxijRq9eBoPgKex60aPgxWME88AkhNlJbzJkdnaZ6RXCkr/w4kERP8mbf+NskoMmFgwUVd1MdYWpkpZ8/9srbW3v7O6V9ysH1cOj49pJtW2TzAhsiUQlphtyi0pqbJEkhd3UII9DhZ1welf4nWc0Vib6kWYpDmI+1jKSgpOTnvoxp0kY5d35sFb3G/4CbJMEK1KHFZrD2ld/lIgsRk1CcWt7gZ/SIOeGpFA4r/QziykXUz7GnqOax2gH+SLxnF04ZcSixLiniS3U3xs5j62dxaGbLBLada8Q//N6GUU3g1zqNCPUYvlRlClGCSvOZyNpUJCaOcKFkS4rExNuuCBXUsWVEKyfvEnaV43AbwQPPpThDM7hEgK4hlu4hya0QICGF3iDd896r97Hsq6St+rtFP7A+/wBjZGPoA==</latexit><latexit sha1_base64="Vwcvg85O7uNpwjv52v15FC0o4iE=">AAAB5nicbVDLSgNBEOyNrxijRq9eBoPgKex60aPgxWME88AkhNlJbzJkdnaZ6RXCkr/w4kERP8mbf+NskoMmFgwUVd1MdYWpkpZ8/9srbW3v7O6V9ysH1cOj49pJtW2TzAhsiUQlphtyi0pqbJEkhd3UII9DhZ1welf4nWc0Vib6kWYpDmI+1jKSgpOTnvoxp0kY5d35sFb3G/4CbJMEK1KHFZrD2ld/lIgsRk1CcWt7gZ/SIOeGpFA4r/QziykXUz7GnqOax2gH+SLxnF04ZcSixLiniS3U3xs5j62dxaGbLBLada8Q//N6GUU3g1zqNCPUYvlRlClGCSvOZyNpUJCaOcKFkS4rExNuuCBXUsWVEKyfvEnaV43AbwQPPpThDM7hEgK4hlu4hya0QICGF3iDd896r97Hsq6St+rtFP7A+/wBjZGPoA==</latexit><latexit sha1_base64="twgBz/Y7SI036qGaquMZsi0RWBA=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiRu7LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmljc2t7p7xb2ds/ODyqHp90TJxqxtsslrHuBdRwKRRvo0DJe4nmNAok7wbT29zvPnFtRKwecJZwP6JjJULBKFrpcRBRnARh1psPqzW37i5A1olXkBoUaA2rX4NRzNKIK2SSGtP33AT9jGoUTPJ5ZZAanlA2pWPet1TRiBs/WySekwurjEgYa/sUkoX6eyOjkTGzKLCTeUKz6uXif14/xbDhZ0IlKXLFlh+FqSQYk/x8MhKaM5QzSyjTwmYlbEI1ZWhLqtgSvNWT10nnqu65de/erTVvijrKcAbncAkeXEMT7qAFbWCg4Ble4c0xzovz7nwsR0tOsXMKf+B8/gDLWZD4</latexit><latexit sha1_base64="UbyZ6wKmQgv2DiMu6HX/UADe5wk=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdh1p0NqjW37s5BVolXkBoUaA6qX/1hzNKIK2SSGtPz3AT9jGoUTPJZpZ8anlA2oSPes1TRiBs/myeekTOrDEkYa/sUkrn6eyOjkTHTKLCTeUKz7OXif14vxfDaz4RKUuSKLT4KU0kwJvn5ZCg0ZyinllCmhc1K2JhqytCWVLEleMsnr5L2Rd1z6979Za1xU9RRhhM4hXPw4AoacAdNaAEDBc/wCm+OcV6cd+djMVpyip1j+APn8wfMmZD8</latexit><latexit sha1_base64="UbyZ6wKmQgv2DiMu6HX/UADe5wk=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdh1p0NqjW37s5BVolXkBoUaA6qX/1hzNKIK2SSGtPz3AT9jGoUTPJZpZ8anlA2oSPes1TRiBs/myeekTOrDEkYa/sUkrn6eyOjkTHTKLCTeUKz7OXif14vxfDaz4RKUuSKLT4KU0kwJvn5ZCg0ZyinllCmhc1K2JhqytCWVLEleMsnr5L2Rd1z6979Za1xU9RRhhM4hXPw4AoacAdNaAEDBc/wCm+OcV6cd+djMVpyip1j+APn8wfMmZD8</latexit><latexit sha1_base64="UbyZ6wKmQgv2DiMu6HX/UADe5wk=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdh1p0NqjW37s5BVolXkBoUaA6qX/1hzNKIK2SSGtPz3AT9jGoUTPJZpZ8anlA2oSPes1TRiBs/myeekTOrDEkYa/sUkrn6eyOjkTHTKLCTeUKz7OXif14vxfDaz4RKUuSKLT4KU0kwJvn5ZCg0ZyinllCmhc1K2JhqytCWVLEleMsnr5L2Rd1z6979Za1xU9RRhhM4hXPw4AoacAdNaAEDBc/wCm+OcV6cd+djMVpyip1j+APn8wfMmZD8</latexit><latexit sha1_base64="UbyZ6wKmQgv2DiMu6HX/UADe5wk=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdh1p0NqjW37s5BVolXkBoUaA6qX/1hzNKIK2SSGtPz3AT9jGoUTPJZpZ8anlA2oSPes1TRiBs/myeekTOrDEkYa/sUkrn6eyOjkTHTKLCTeUKz7OXif14vxfDaz4RKUuSKLT4KU0kwJvn5ZCg0ZyinllCmhc1K2JhqytCWVLEleMsnr5L2Rd1z6979Za1xU9RRhhM4hXPw4AoacAdNaAEDBc/wCm+OcV6cd+djMVpyip1j+APn8wfMmZD8</latexit><latexit sha1_base64="UbyZ6wKmQgv2DiMu6HX/UADe5wk=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdh1p0NqjW37s5BVolXkBoUaA6qX/1hzNKIK2SSGtPz3AT9jGoUTPJZpZ8anlA2oSPes1TRiBs/myeekTOrDEkYa/sUkrn6eyOjkTHTKLCTeUKz7OXif14vxfDaz4RKUuSKLT4KU0kwJvn5ZCg0ZyinllCmhc1K2JhqytCWVLEleMsnr5L2Rd1z6979Za1xU9RRhhM4hXPw4AoacAdNaAEDBc/wCm+OcV6cd+djMVpyip1j+APn8wfMmZD8</latexit><latexit sha1_base64="UbyZ6wKmQgv2DiMu6HX/UADe5wk=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdh1p0NqjW37s5BVolXkBoUaA6qX/1hzNKIK2SSGtPz3AT9jGoUTPJZpZ8anlA2oSPes1TRiBs/myeekTOrDEkYa/sUkrn6eyOjkTHTKLCTeUKz7OXif14vxfDaz4RKUuSKLT4KU0kwJvn5ZCg0ZyinllCmhc1K2JhqytCWVLEleMsnr5L2Rd1z6979Za1xU9RRhhM4hXPw4AoacAdNaAEDBc/wCm+OcV6cd+djMVpyip1j+APn8wfMmZD8</latexit>

Exploit sparsity
of 𝐗 = 𝐔*∗ 𝐇𝐔*∗
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<latexit sha1_base64="MESkEFRZIfvS+ahAdhkDoEczVss=">AAACBHicbZDLSsNAFIYnXmu9RV12M1gEV2Uigi6LblxW6A3aGCbTk3boZBJmJkIJXbjxVdy4UMStD+HOtzFpA2rrDwMf/zmHOef3Y8G1IeTLWlldW9/YLG2Vt3d29/btg8O2jhLFoMUiEamuTzUILqFluBHQjRXQ0BfQ8cfXeb1zD0rzSDbNJAY3pEPJA86oySzPrvRDakZ+kMLUIz981/RI2bOrpEZmwsvgFFBFhRqe/dkfRCwJQRomqNY9h8TGTakynAmYlvuJhpiyMR1CL0NJQ9BuOjtiik8yZ4CDSGVPGjxzf0+kNNR6EvpZZ76mXqzl5n+1XmKCSzflMk4MSDb/KEgENhHOE8EDroAZMcmAMsWzXTEbUUWZyXLLQ3AWT16G9lnNITXn9rxavyriKKEKOkanyEEXqI5uUAO1EEMP6Am9oFfr0Xq23qz3eeuKVcwcoT+yPr4BaTSX6Q==</latexit><latexit sha1_base64="MESkEFRZIfvS+ahAdhkDoEczVss=">AAACBHicbZDLSsNAFIYnXmu9RV12M1gEV2Uigi6LblxW6A3aGCbTk3boZBJmJkIJXbjxVdy4UMStD+HOtzFpA2rrDwMf/zmHOef3Y8G1IeTLWlldW9/YLG2Vt3d29/btg8O2jhLFoMUiEamuTzUILqFluBHQjRXQ0BfQ8cfXeb1zD0rzSDbNJAY3pEPJA86oySzPrvRDakZ+kMLUIz981/RI2bOrpEZmwsvgFFBFhRqe/dkfRCwJQRomqNY9h8TGTakynAmYlvuJhpiyMR1CL0NJQ9BuOjtiik8yZ4CDSGVPGjxzf0+kNNR6EvpZZ76mXqzl5n+1XmKCSzflMk4MSDb/KEgENhHOE8EDroAZMcmAMsWzXTEbUUWZyXLLQ3AWT16G9lnNITXn9rxavyriKKEKOkanyEEXqI5uUAO1EEMP6Am9oFfr0Xq23qz3eeuKVcwcoT+yPr4BaTSX6Q==</latexit><latexit sha1_base64="MESkEFRZIfvS+ahAdhkDoEczVss=">AAACBHicbZDLSsNAFIYnXmu9RV12M1gEV2Uigi6LblxW6A3aGCbTk3boZBJmJkIJXbjxVdy4UMStD+HOtzFpA2rrDwMf/zmHOef3Y8G1IeTLWlldW9/YLG2Vt3d29/btg8O2jhLFoMUiEamuTzUILqFluBHQjRXQ0BfQ8cfXeb1zD0rzSDbNJAY3pEPJA86oySzPrvRDakZ+kMLUIz981/RI2bOrpEZmwsvgFFBFhRqe/dkfRCwJQRomqNY9h8TGTakynAmYlvuJhpiyMR1CL0NJQ9BuOjtiik8yZ4CDSGVPGjxzf0+kNNR6EvpZZ76mXqzl5n+1XmKCSzflMk4MSDb/KEgENhHOE8EDroAZMcmAMsWzXTEbUUWZyXLLQ3AWT16G9lnNITXn9rxavyriKKEKOkanyEEXqI5uUAO1EEMP6Am9oFfr0Xq23qz3eeuKVcwcoT+yPr4BaTSX6Q==</latexit><latexit sha1_base64="MESkEFRZIfvS+ahAdhkDoEczVss=">AAACBHicbZDLSsNAFIYnXmu9RV12M1gEV2Uigi6LblxW6A3aGCbTk3boZBJmJkIJXbjxVdy4UMStD+HOtzFpA2rrDwMf/zmHOef3Y8G1IeTLWlldW9/YLG2Vt3d29/btg8O2jhLFoMUiEamuTzUILqFluBHQjRXQ0BfQ8cfXeb1zD0rzSDbNJAY3pEPJA86oySzPrvRDakZ+kMLUIz981/RI2bOrpEZmwsvgFFBFhRqe/dkfRCwJQRomqNY9h8TGTakynAmYlvuJhpiyMR1CL0NJQ9BuOjtiik8yZ4CDSGVPGjxzf0+kNNR6EvpZZ76mXqzl5n+1XmKCSzflMk4MSDb/KEgENhHOE8EDroAZMcmAMsWzXTEbUUWZyXLLQ3AWT16G9lnNITXn9rxavyriKKEKOkanyEEXqI5uUAO1EEMP6Am9oFfr0Xq23qz3eeuKVcwcoT+yPr4BaTSX6Q==</latexit>

e1e
T
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Partial 
2D-DFT CS 

Fig. 2: The matrices used to acquire channel projections in partial 2D-DFT CS are 2D-circulant shifts of e0e
T
0 . Here, the set of circulant

shifts is Ω = {(0, 0), (1, 2), (2, 1)}. The vector PΩ(H) is a subsampled version of H at the locations in Ω. Partial 2D-DFT CS estimates
the sparse matrix X from its subsampled 2D-DFT, i.e., PΩ(H).

on the base matrix that minimize the channel reconstruction
error with 2D-CCS. Finally, we show that perfect arrays over
small alphabets [15], [16] can be used as base matrices, for
efficient 2D-CCS in low resolution phased arrays.

A. Motivation for 2D-CCS

A possible approach to acquire measurements in CS is to
obtain fewer projections of the sparse signal in an appropriate
basis [3]. For example, CS can efficiently recover a sparse
matrix from its subsampled 2D-DFT [3]; the reconstruction
problem in this case is known as a partial 2D-DFT CS problem
[21]. Partial 2D-DFT CS has a lower complexity and may
achieve better signal reconstruction, when compared to other
CS techniques [22], [23]. In the context of mmWave channels,
partial 2D-DFT CS can estimate the sparse matrix X from
fewer samples of its 2D-DFT, i.e., H. An illustration of the
reconstruction is shown in Fig. 2. The direct application of
partial 2D-DFT CS in mmWave phased arrays, however, is
challenging. The difficulty arises because H cannot be directly
subsampled using phased arrays, as required by partial 2D-
DFT CS. For instance, acquiring H(0, 0) = 〈H, e0e

T
0 〉 in a

single training slot requires the application of e0e
T
0 to the

antenna array. The matrix e0e
T
0 , however, does not belong to

the feasible set, i.e., QN×Nq . Although introducing switches
after each phase shifter can help realize e0e

T
0 , the SNR in the

resulting channel measurement can be poor. This is because
e0e

T
0 uses a single transmit antenna and per-antenna power

constraints limit the power that can be transmitted from an
antenna. In this paper, we develop a novel 2D-CCS technique
that overcomes these practical challenges, and has all the
advantages of partial 2D-DFT CS.

The motivation for 2D-CCS comes from the observation
that the matrices used to obtain channel projections in partial
2D-DFT CS are 2D-circulant shifts of a particular matrix.
It can be noticed from Fig. 2 that the matrices used to
acquire channel projections, i.e., e0e

T
0 , e1e

T
2 , and e2e

T
1 , are

all 2D-circulant shifts of e0e
T
0 . The channel projections in

our framework are acquired by applying 2D-circulant shifts
of a matrix P ∈ QN×Nq , instead of e0e

T
0 , to the phased

array. We define P as the base matrix in 2D-CCS. Due to
the constant modulus nature of the matrices in QN×Nq , our
2D-CCS framework uses all the antennas in the phased array
for compressive channel acquisition.

Now, we explain how compressive channel measurements
are obtained in 2D-CCS. In the mth training slot, the TX

applies a (r[m], c[m]) 2D-circulant shift of P to its phased
array. The matrix P[m] is generated by circulantly shifting
P by r[m] units along the rows and c[m] units along the
columns. We define Ω as a set that contains the 2D-circulant
shifts used to acquire the M channel measurements, i.e.,
Ω = {(r[m], c[m])}M−1

m=0 . In this paper, the set of circulant
shifts, i.e., Ω, is constructed by sampling M distinct coordi-
nates at random from IN × IN . We define J ∈ RN×N as
a circulant delay matrix with its first row as (0, 1, 0, 0, .., 0).
The subsequent rows of J are generated by right circulantly
shifting the previous row by 1 unit. Using this notation, we
define the d circulant delay matrix as Jd = J·J · · ·J (d times).
In 2D-CCS, the matrix applied to the phased array in the mth

slot is
P[m] = JTr[m]PJc[m]. (5)

An illustration of the compressive channel acquisition proce-
dure using 2D-CCS, for a base matrix P and a subsampling
set Ω = {(0, 0), (1, 2), (2, 1)}, is shown in Fig. 3. The base
matrix determines the success of 2D-CCS-based recovery. As
an example, consider a 2D-CCS technique that uses P = 1/N .
Channel acquisition with such a matrix results in the same
measurement, i.e., mean of the entries in H, for any 2D-
circulant shift. As H cannot be estimated just from its mean,
2D-CCS with P = 1/N fails. In Sections III-B and III-C,
we use ideas from partial 2D-DFT CS to study how the choice
of P impacts the performance of 2D-CCS.

B. Transforming convolutional CS to partial 2D-DFT CS

We derive a compact representation of the channel measure-
ments in 2D-CCS. In the mth training slot, the TX applies
P[m] to its phased array and the RX receives

y[m] = 〈H,JTr[m]PJc[m]〉+ v[m]. (6)

We use kN to denote the modulo−N remainder of k. The mth

channel measurement is then

y[m] =
N−1∑
k=0

N−1∑
`=0

H(k, `)Pc ((k − r[m])N , (`− c[m])N )+v[m].

(7)
We define PFC as a flipped and conjugated version of P, i.e.,

PFC(k, `) = Pc(−kN ,−`N ) ∀k, ` ∈ IN . (8)

By the definition of 2D-circular convolution [18], it can be
observed from (7) that

y[m] = (H~PFC)r[m],c[m] + v[m]. (9)
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<latexit sha1_base64="Syg2hS8CbsYX3wCSu7D2o5ZuZqw=">AAACCXicbVDLSsNAFJ34rPUVdelmsAh1UxIRdFl0oTsr2Ac0oUymk3bozCTMTIQSsnXjr7hxoYhb/8Cdf+MkzUJbD1w4nHMv994TxIwq7Tjf1tLyyuraemWjurm1vbNr7+13VJRITNo4YpHsBUgRRgVpa6oZ6cWSIB4w0g0mV7nffSBS0Ujc62lMfI5GgoYUI22kgQ09jvQYI5a2skHq3XIyQlm9EIMwvc5OBnbNaTgF4CJxS1IDJVoD+8sbRjjhRGjMkFJ914m1nyKpKWYkq3qJIjHCEzQifUMF4kT5afFJBo+NMoRhJE0JDQv190SKuFJTHpjO/EQ17+Xif14/0eGFn1IRJ5oIPFsUJgzqCOaxwCGVBGs2NQRhSc2tEI+RRFib8KomBHf+5UXSOW24TsO9O6s1L8s4KuAQHIE6cME5aIIb0AJtgMEjeAav4M16sl6sd+tj1rpklTMH4A+szx/SOJpj</latexit><latexit sha1_base64="Syg2hS8CbsYX3wCSu7D2o5ZuZqw=">AAACCXicbVDLSsNAFJ34rPUVdelmsAh1UxIRdFl0oTsr2Ac0oUymk3bozCTMTIQSsnXjr7hxoYhb/8Cdf+MkzUJbD1w4nHMv994TxIwq7Tjf1tLyyuraemWjurm1vbNr7+13VJRITNo4YpHsBUgRRgVpa6oZ6cWSIB4w0g0mV7nffSBS0Ujc62lMfI5GgoYUI22kgQ09jvQYI5a2skHq3XIyQlm9EIMwvc5OBnbNaTgF4CJxS1IDJVoD+8sbRjjhRGjMkFJ914m1nyKpKWYkq3qJIjHCEzQifUMF4kT5afFJBo+NMoRhJE0JDQv190SKuFJTHpjO/EQ17+Xif14/0eGFn1IRJ5oIPFsUJgzqCOaxwCGVBGs2NQRhSc2tEI+RRFib8KomBHf+5UXSOW24TsO9O6s1L8s4KuAQHIE6cME5aIIb0AJtgMEjeAav4M16sl6sd+tj1rpklTMH4A+szx/SOJpj</latexit><latexit sha1_base64="Syg2hS8CbsYX3wCSu7D2o5ZuZqw=">AAACCXicbVDLSsNAFJ34rPUVdelmsAh1UxIRdFl0oTsr2Ac0oUymk3bozCTMTIQSsnXjr7hxoYhb/8Cdf+MkzUJbD1w4nHMv994TxIwq7Tjf1tLyyuraemWjurm1vbNr7+13VJRITNo4YpHsBUgRRgVpa6oZ6cWSIB4w0g0mV7nffSBS0Ujc62lMfI5GgoYUI22kgQ09jvQYI5a2skHq3XIyQlm9EIMwvc5OBnbNaTgF4CJxS1IDJVoD+8sbRjjhRGjMkFJ914m1nyKpKWYkq3qJIjHCEzQifUMF4kT5afFJBo+NMoRhJE0JDQv190SKuFJTHpjO/EQ17+Xif14/0eGFn1IRJ5oIPFsUJgzqCOaxwCGVBGs2NQRhSc2tEI+RRFib8KomBHf+5UXSOW24TsO9O6s1L8s4KuAQHIE6cME5aIIb0AJtgMEjeAav4M16sl6sd+tj1rpklTMH4A+szx/SOJpj</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="26w8756I2VR1HK3efdoFEL8hoDM=">AAAB/nicbZBPS8MwGMbf+nfOqdWrl+AQ5mW0XvQoeNCbE9wfWEtJs3QLS9qSpMIovXrxq3jxoIgfw5vfxrTbQTcfCPx4noS87xOmnCntON/W2vrG5tZ2bae+29jbP7APGz2VZJLQLkl4IgchVpSzmHY105wOUkmxCDnth9PrMu8/UqlYEj/oWUp9gccxixjB2liBjTyB9YRgnneKIPfuBB3jolWZYZTfFGeB3XTaTiW0Cu4CmrBQJ7C/vFFCMkFjTThWaug6qfZzLDUjnBZ1L1M0xWSKx3RoMMaCKj+vNinQqXFGKEqkObFGlfv7RY6FUjMRmpvliGo5K83/smGmo0s/Z3GaaRqT+UdRxpFOUFkLGjFJieYzA5hIZmZFZIIlJtqUVzcluMsrr0LvvO06bffegRocwwm0wIULuIJb6EAXCDzBC7zBu/VsvVof87rWrEVvR/BH1ucPMBOY7w==</latexit><latexit sha1_base64="26w8756I2VR1HK3efdoFEL8hoDM=">AAAB/nicbZBPS8MwGMbf+nfOqdWrl+AQ5mW0XvQoeNCbE9wfWEtJs3QLS9qSpMIovXrxq3jxoIgfw5vfxrTbQTcfCPx4noS87xOmnCntON/W2vrG5tZ2bae+29jbP7APGz2VZJLQLkl4IgchVpSzmHY105wOUkmxCDnth9PrMu8/UqlYEj/oWUp9gccxixjB2liBjTyB9YRgnneKIPfuBB3jolWZYZTfFGeB3XTaTiW0Cu4CmrBQJ7C/vFFCMkFjTThWaug6qfZzLDUjnBZ1L1M0xWSKx3RoMMaCKj+vNinQqXFGKEqkObFGlfv7RY6FUjMRmpvliGo5K83/smGmo0s/Z3GaaRqT+UdRxpFOUFkLGjFJieYzA5hIZmZFZIIlJtqUVzcluMsrr0LvvO06bffegRocwwm0wIULuIJb6EAXCDzBC7zBu/VsvVof87rWrEVvR/BH1ucPMBOY7w==</latexit><latexit sha1_base64="/KhOoPteDSopSUCnMlF6McDk7sc=">AAACCXicbVC7TsMwFHXKq5RXgJHFokIqS5WwwFjBABtFog+piSrHdVqrthPZDlIVZWXhV1gYQIiVP2Djb3DSDNBypCsdnXOv7r0niBlV2nG+rcrK6tr6RnWztrW9s7tn7x90VZRITDo4YpHsB0gRRgXpaKoZ6ceSIB4w0gumV7nfeyBS0Ujc61lMfI7GgoYUI22koQ09jvQEI5a2s2Hq3XIyRlmjEIMwvc5Oh3bdaToF4DJxS1IHJdpD+8sbRTjhRGjMkFID14m1nyKpKWYkq3mJIjHCUzQmA0MF4kT5afFJBk+MMoJhJE0JDQv190SKuFIzHpjO/ES16OXif94g0eGFn1IRJ5oIPF8UJgzqCOaxwBGVBGs2MwRhSc2tEE+QRFib8GomBHfx5WXSPWu6TtO9c+qtyzKOKjgCx6ABXHAOWuAGtEEHYPAInsEreLOerBfr3fqYt1ascuYQ/IH1+QPQ+Jpf</latexit><latexit sha1_base64="Syg2hS8CbsYX3wCSu7D2o5ZuZqw=">AAACCXicbVDLSsNAFJ34rPUVdelmsAh1UxIRdFl0oTsr2Ac0oUymk3bozCTMTIQSsnXjr7hxoYhb/8Cdf+MkzUJbD1w4nHMv994TxIwq7Tjf1tLyyuraemWjurm1vbNr7+13VJRITNo4YpHsBUgRRgVpa6oZ6cWSIB4w0g0mV7nffSBS0Ujc62lMfI5GgoYUI22kgQ09jvQYI5a2skHq3XIyQlm9EIMwvc5OBnbNaTgF4CJxS1IDJVoD+8sbRjjhRGjMkFJ914m1nyKpKWYkq3qJIjHCEzQifUMF4kT5afFJBo+NMoRhJE0JDQv190SKuFJTHpjO/EQ17+Xif14/0eGFn1IRJ5oIPFsUJgzqCOaxwCGVBGs2NQRhSc2tEI+RRFib8KomBHf+5UXSOW24TsO9O6s1L8s4KuAQHIE6cME5aIIb0AJtgMEjeAav4M16sl6sd+tj1rpklTMH4A+szx/SOJpj</latexit><latexit sha1_base64="Syg2hS8CbsYX3wCSu7D2o5ZuZqw=">AAACCXicbVDLSsNAFJ34rPUVdelmsAh1UxIRdFl0oTsr2Ac0oUymk3bozCTMTIQSsnXjr7hxoYhb/8Cdf+MkzUJbD1w4nHMv994TxIwq7Tjf1tLyyuraemWjurm1vbNr7+13VJRITNo4YpHsBUgRRgVpa6oZ6cWSIB4w0g0mV7nffSBS0Ujc62lMfI5GgoYUI22kgQ09jvQYI5a2skHq3XIyQlm9EIMwvc5OBnbNaTgF4CJxS1IDJVoD+8sbRjjhRGjMkFJ914m1nyKpKWYkq3qJIjHCEzQifUMF4kT5afFJBo+NMoRhJE0JDQv190SKuFJTHpjO/EQ17+Xif14/0eGFn1IRJ5oIPFsUJgzqCOaxwCGVBGs2NQRhSc2tEI+RRFib8KomBHf+5UXSOW24TsO9O6s1L8s4KuAQHIE6cME5aIIb0AJtgMEjeAav4M16sl6sd+tj1rpklTMH4A+szx/SOJpj</latexit><latexit sha1_base64="Syg2hS8CbsYX3wCSu7D2o5ZuZqw=">AAACCXicbVDLSsNAFJ34rPUVdelmsAh1UxIRdFl0oTsr2Ac0oUymk3bozCTMTIQSsnXjr7hxoYhb/8Cdf+MkzUJbD1w4nHMv994TxIwq7Tjf1tLyyuraemWjurm1vbNr7+13VJRITNo4YpHsBUgRRgVpa6oZ6cWSIB4w0g0mV7nffSBS0Ujc62lMfI5GgoYUI22kgQ09jvQYI5a2skHq3XIyQlm9EIMwvc5OBnbNaTgF4CJxS1IDJVoD+8sbRjjhRGjMkFJ914m1nyKpKWYkq3qJIjHCEzQifUMF4kT5afFJBo+NMoRhJE0JDQv190SKuFJTHpjO/EQ17+Xif14/0eGFn1IRJ5oIPFsUJgzqCOaxwCGVBGs2NQRhSc2tEI+RRFib8KomBHf+5UXSOW24TsO9O6s1L8s4KuAQHIE6cME5aIIb0AJtgMEjeAav4M16sl6sd+tj1rpklTMH4A+szx/SOJpj</latexit><latexit sha1_base64="Syg2hS8CbsYX3wCSu7D2o5ZuZqw=">AAACCXicbVDLSsNAFJ34rPUVdelmsAh1UxIRdFl0oTsr2Ac0oUymk3bozCTMTIQSsnXjr7hxoYhb/8Cdf+MkzUJbD1w4nHMv994TxIwq7Tjf1tLyyuraemWjurm1vbNr7+13VJRITNo4YpHsBUgRRgVpa6oZ6cWSIB4w0g0mV7nffSBS0Ujc62lMfI5GgoYUI22kgQ09jvQYI5a2skHq3XIyQlm9EIMwvc5OBnbNaTgF4CJxS1IDJVoD+8sbRjjhRGjMkFJ914m1nyKpKWYkq3qJIjHCEzQifUMF4kT5afFJBo+NMoRhJE0JDQv190SKuFJTHpjO/EQ17+Xif14/0eGFn1IRJ5oIPFsUJgzqCOaxwCGVBGs2NQRhSc2tEI+RRFib8KomBHf+5UXSOW24TsO9O6s1L8s4KuAQHIE6cME5aIIb0AJtgMEjeAav4M16sl6sd+tj1rpklTMH4A+szx/SOJpj</latexit><latexit sha1_base64="Syg2hS8CbsYX3wCSu7D2o5ZuZqw=">AAACCXicbVDLSsNAFJ34rPUVdelmsAh1UxIRdFl0oTsr2Ac0oUymk3bozCTMTIQSsnXjr7hxoYhb/8Cdf+MkzUJbD1w4nHMv994TxIwq7Tjf1tLyyuraemWjurm1vbNr7+13VJRITNo4YpHsBUgRRgVpa6oZ6cWSIB4w0g0mV7nffSBS0Ujc62lMfI5GgoYUI22kgQ09jvQYI5a2skHq3XIyQlm9EIMwvc5OBnbNaTgF4CJxS1IDJVoD+8sbRjjhRGjMkFJ914m1nyKpKWYkq3qJIjHCEzQifUMF4kT5afFJBo+NMoRhJE0JDQv190SKuFJTHpjO/EQ17+Xif14/0eGFn1IRJ5oIPFsUJgzqCOaxwCGVBGs2NQRhSc2tEI+RRFib8KomBHf+5UXSOW24TsO9O6s1L8s4KuAQHIE6cME5aIIb0AJtgMEjeAav4M16sl6sd+tj1rpklTMH4A+szx/SOJpj</latexit><latexit sha1_base64="Syg2hS8CbsYX3wCSu7D2o5ZuZqw=">AAACCXicbVDLSsNAFJ34rPUVdelmsAh1UxIRdFl0oTsr2Ac0oUymk3bozCTMTIQSsnXjr7hxoYhb/8Cdf+MkzUJbD1w4nHMv994TxIwq7Tjf1tLyyuraemWjurm1vbNr7+13VJRITNo4YpHsBUgRRgVpa6oZ6cWSIB4w0g0mV7nffSBS0Ujc62lMfI5GgoYUI22kgQ09jvQYI5a2skHq3XIyQlm9EIMwvc5OBnbNaTgF4CJxS1IDJVoD+8sbRjjhRGjMkFJ914m1nyKpKWYkq3qJIjHCEzQifUMF4kT5afFJBo+NMoRhJE0JDQv190SKuFJTHpjO/EQ17+Xif14/0eGFn1IRJ5oIPFsUJgzqCOaxwCGVBGs2NQRhSc2tEI+RRFib8KomBHf+5UXSOW24TsO9O6s1L8s4KuAQHIE6cME5aIIb0AJtgMEjeAav4M16sl6sd+tj1rpklTMH4A+szx/SOJpj</latexit>

Matrices applied to the phased array Subsampled G
<latexit sha1_base64="ybYo1uBMQSZZva+SIxeYU1UTmhg=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiBz1WsLXYhrLZvrRLN5uwuxFK6L/w4kERr/4bb/4bN20O2jqwMMy8x86bIBFcG9f9dkorq2vrG+XNytb2zu5edf+greNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj69x/eEKleSzvzSRBP6JDyUPOqLHSYy+iZhSE2c20X625dXcGsky8gtSgQLNf/eoNYpZGKA0TVOuu5ybGz6gynAmcVnqpxoSyMR1i11JJI9R+Nks8JSdWGZAwVvZJQ2bq742MRlpPosBO5gn1opeL/3nd1ISXfsZlkhqUbP5RmApiYpKfTwZcITNiYgllitushI2ooszYkiq2BG/x5GXSPqt7bt27O681roo6ynAEx3AKHlxAA26hCS1gIOEZXuHN0c6L8+58zEdLTrFzCH/gfP4AssSQ6w==</latexit><latexit sha1_base64="ybYo1uBMQSZZva+SIxeYU1UTmhg=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiBz1WsLXYhrLZvrRLN5uwuxFK6L/w4kERr/4bb/4bN20O2jqwMMy8x86bIBFcG9f9dkorq2vrG+XNytb2zu5edf+greNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj69x/eEKleSzvzSRBP6JDyUPOqLHSYy+iZhSE2c20X625dXcGsky8gtSgQLNf/eoNYpZGKA0TVOuu5ybGz6gynAmcVnqpxoSyMR1i11JJI9R+Nks8JSdWGZAwVvZJQ2bq742MRlpPosBO5gn1opeL/3nd1ISXfsZlkhqUbP5RmApiYpKfTwZcITNiYgllitushI2ooszYkiq2BG/x5GXSPqt7bt27O681roo6ynAEx3AKHlxAA26hCS1gIOEZXuHN0c6L8+58zEdLTrFzCH/gfP4AssSQ6w==</latexit><latexit sha1_base64="ybYo1uBMQSZZva+SIxeYU1UTmhg=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiBz1WsLXYhrLZvrRLN5uwuxFK6L/w4kERr/4bb/4bN20O2jqwMMy8x86bIBFcG9f9dkorq2vrG+XNytb2zu5edf+greNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj69x/eEKleSzvzSRBP6JDyUPOqLHSYy+iZhSE2c20X625dXcGsky8gtSgQLNf/eoNYpZGKA0TVOuu5ybGz6gynAmcVnqpxoSyMR1i11JJI9R+Nks8JSdWGZAwVvZJQ2bq742MRlpPosBO5gn1opeL/3nd1ISXfsZlkhqUbP5RmApiYpKfTwZcITNiYgllitushI2ooszYkiq2BG/x5GXSPqt7bt27O681roo6ynAEx3AKHlxAA26hCS1gIOEZXuHN0c6L8+58zEdLTrFzCH/gfP4AssSQ6w==</latexit><latexit sha1_base64="ybYo1uBMQSZZva+SIxeYU1UTmhg=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiBz1WsLXYhrLZvrRLN5uwuxFK6L/w4kERr/4bb/4bN20O2jqwMMy8x86bIBFcG9f9dkorq2vrG+XNytb2zu5edf+greNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj69x/eEKleSzvzSRBP6JDyUPOqLHSYy+iZhSE2c20X625dXcGsky8gtSgQLNf/eoNYpZGKA0TVOuu5ybGz6gynAmcVnqpxoSyMR1i11JJI9R+Nks8JSdWGZAwVvZJQ2bq742MRlpPosBO5gn1opeL/3nd1ISXfsZlkhqUbP5RmApiYpKfTwZcITNiYgllitushI2ooszYkiq2BG/x5GXSPqt7bt27O681roo6ynAEx3AKHlxAA26hCS1gIOEZXuHN0c6L8+58zEdLTrFzCH/gfP4AssSQ6w==</latexit>
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S = X� Z

<latexit sha1_base64="XMcKkHIdJ58MM1d+JWiCnm+8Pyo=">AAACDXicbVDLSgMxFM3UV62vUZduglVwVWZE0I1QdOOyon1gZyiZNNOGZpIhyQhlmB9w46+4caGIW/fu/Bsz7QjaeiBwcs693HtPEDOqtON8WaWFxaXllfJqZW19Y3PL3t5pKZFITJpYMCE7AVKEUU6ammpGOrEkKAoYaQejy9xv3xOpqOC3ehwTP0IDTkOKkTZSzz7wIqSHQZjeZOc/tJN5oi/0z/cu69lVp+ZMAOeJW5AqKNDo2Z9eX+AkIlxjhpTquk6s/RRJTTEjWcVLFIkRHqEB6RrKUUSUn06uyeChUfowFNI8ruFE/d2RokipcRSYynxDNevl4n9eN9HhmZ9SHieacDwdFCYMagHzaGCfSoI1GxuCsKRmV4iHSCKsTYAVE4I7e/I8aR3XXKfmXp9U6xdFHGWwB/bBEXDBKaiDK9AATYDBA3gCL+DVerSerTfrfVpasoqeXfAH1sc37MacuQ==</latexit><latexit sha1_base64="XMcKkHIdJ58MM1d+JWiCnm+8Pyo=">AAACDXicbVDLSgMxFM3UV62vUZduglVwVWZE0I1QdOOyon1gZyiZNNOGZpIhyQhlmB9w46+4caGIW/fu/Bsz7QjaeiBwcs693HtPEDOqtON8WaWFxaXllfJqZW19Y3PL3t5pKZFITJpYMCE7AVKEUU6ammpGOrEkKAoYaQejy9xv3xOpqOC3ehwTP0IDTkOKkTZSzz7wIqSHQZjeZOc/tJN5oi/0z/cu69lVp+ZMAOeJW5AqKNDo2Z9eX+AkIlxjhpTquk6s/RRJTTEjWcVLFIkRHqEB6RrKUUSUn06uyeChUfowFNI8ruFE/d2RokipcRSYynxDNevl4n9eN9HhmZ9SHieacDwdFCYMagHzaGCfSoI1GxuCsKRmV4iHSCKsTYAVE4I7e/I8aR3XXKfmXp9U6xdFHGWwB/bBEXDBKaiDK9AATYDBA3gCL+DVerSerTfrfVpasoqeXfAH1sc37MacuQ==</latexit><latexit sha1_base64="XMcKkHIdJ58MM1d+JWiCnm+8Pyo=">AAACDXicbVDLSgMxFM3UV62vUZduglVwVWZE0I1QdOOyon1gZyiZNNOGZpIhyQhlmB9w46+4caGIW/fu/Bsz7QjaeiBwcs693HtPEDOqtON8WaWFxaXllfJqZW19Y3PL3t5pKZFITJpYMCE7AVKEUU6ammpGOrEkKAoYaQejy9xv3xOpqOC3ehwTP0IDTkOKkTZSzz7wIqSHQZjeZOc/tJN5oi/0z/cu69lVp+ZMAOeJW5AqKNDo2Z9eX+AkIlxjhpTquk6s/RRJTTEjWcVLFIkRHqEB6RrKUUSUn06uyeChUfowFNI8ruFE/d2RokipcRSYynxDNevl4n9eN9HhmZ9SHieacDwdFCYMagHzaGCfSoI1GxuCsKRmV4iHSCKsTYAVE4I7e/I8aR3XXKfmXp9U6xdFHGWwB/bBEXDBKaiDK9AATYDBA3gCL+DVerSerTfrfVpasoqeXfAH1sc37MacuQ==</latexit><latexit sha1_base64="XMcKkHIdJ58MM1d+JWiCnm+8Pyo=">AAACDXicbVDLSgMxFM3UV62vUZduglVwVWZE0I1QdOOyon1gZyiZNNOGZpIhyQhlmB9w46+4caGIW/fu/Bsz7QjaeiBwcs693HtPEDOqtON8WaWFxaXllfJqZW19Y3PL3t5pKZFITJpYMCE7AVKEUU6ammpGOrEkKAoYaQejy9xv3xOpqOC3ehwTP0IDTkOKkTZSzz7wIqSHQZjeZOc/tJN5oi/0z/cu69lVp+ZMAOeJW5AqKNDo2Z9eX+AkIlxjhpTquk6s/RRJTTEjWcVLFIkRHqEB6RrKUUSUn06uyeChUfowFNI8ruFE/d2RokipcRSYynxDNevl4n9eN9HhmZ9SHieacDwdFCYMagHzaGCfSoI1GxuCsKRmV4iHSCKsTYAVE4I7e/I8aR3XXKfmXp9U6xdFHGWwB/bBEXDBKaiDK9AATYDBA3gCL+DVerSerTfrfVpasoqeXfAH1sc37MacuQ==</latexit>

Masked beamspace S
<latexit sha1_base64="a0vIHozkj3MebWDDSZECQ8FkwMY=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbS22oWy2L+3SzSbsboQS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSATXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6zhVDFssFrHqBFSj4BJbhhuBnUQhjQKBD8H4OvcfnlBpHst7M0nQj+hQ8pAzaqz02IuoGQVhdjftV2tu3Z2BLBOvIDUo0OxXv3qDmKURSsME1brruYnxM6oMZwKnlV6qMaFsTIfYtVTSCLWfzRJPyYlVBiSMlX3SkJn6eyOjkdaTKLCTeUK96OXif143NeGln3GZpAYlm38UpoKYmOTnkwFXyIyYWEKZ4jYrYSOqKDO2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYSHiGV3hztPPivDsf89GSU+wcwh84nz/FAJD3</latexit><latexit sha1_base64="a0vIHozkj3MebWDDSZECQ8FkwMY=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbS22oWy2L+3SzSbsboQS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSATXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6zhVDFssFrHqBFSj4BJbhhuBnUQhjQKBD8H4OvcfnlBpHst7M0nQj+hQ8pAzaqz02IuoGQVhdjftV2tu3Z2BLBOvIDUo0OxXv3qDmKURSsME1brruYnxM6oMZwKnlV6qMaFsTIfYtVTSCLWfzRJPyYlVBiSMlX3SkJn6eyOjkdaTKLCTeUK96OXif143NeGln3GZpAYlm38UpoKYmOTnkwFXyIyYWEKZ4jYrYSOqKDO2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYSHiGV3hztPPivDsf89GSU+wcwh84nz/FAJD3</latexit><latexit sha1_base64="a0vIHozkj3MebWDDSZECQ8FkwMY=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbS22oWy2L+3SzSbsboQS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSATXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6zhVDFssFrHqBFSj4BJbhhuBnUQhjQKBD8H4OvcfnlBpHst7M0nQj+hQ8pAzaqz02IuoGQVhdjftV2tu3Z2BLBOvIDUo0OxXv3qDmKURSsME1brruYnxM6oMZwKnlV6qMaFsTIfYtVTSCLWfzRJPyYlVBiSMlX3SkJn6eyOjkdaTKLCTeUK96OXif143NeGln3GZpAYlm38UpoKYmOTnkwFXyIyYWEKZ4jYrYSOqKDO2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYSHiGV3hztPPivDsf89GSU+wcwh84nz/FAJD3</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="Kj+lGMg+FS8jUCKwS77MKOYD1eA=">AAAB5nicbVA9TwJBFHyHX4ioaGuzkZhYkTsbLU1sLDEKGIGQveUdbNjbu+y+MyEX/oWNhcb4k+z8N+4BhYKTbDKZeS87b8JUSUu+/+2VNja3tnfKu5W96v7BYe2o2rZJZgS2RKIS8xhyi0pqbJEkhY+pQR6HCjvh5KbwO89orEz0A01T7Md8pGUkBScnPfViTuMwyu9ng1rdb/hzsHUSLEkdlmgOal+9YSKyGDUJxa3tBn5K/ZwbkkLhrNLLLKZcTPgIu45qHqPt5/PEM3bmlCGLEuOeJjZXf2/kPLZ2GoduskhoV71C/M/rZhRd9XOp04xQi8VHUaYYJaw4nw2lQUFq6ggXRrqsTIy54YJcSRVXQrB68jppXzQCvxHc+VCGEziFcwjgEq7hFprQAgEaXuAN3j3rvXofi7pK3rK3Y/gD7/MHhi+Pmw==</latexit><latexit sha1_base64="Kj+lGMg+FS8jUCKwS77MKOYD1eA=">AAAB5nicbVA9TwJBFHyHX4ioaGuzkZhYkTsbLU1sLDEKGIGQveUdbNjbu+y+MyEX/oWNhcb4k+z8N+4BhYKTbDKZeS87b8JUSUu+/+2VNja3tnfKu5W96v7BYe2o2rZJZgS2RKIS8xhyi0pqbJEkhY+pQR6HCjvh5KbwO89orEz0A01T7Md8pGUkBScnPfViTuMwyu9ng1rdb/hzsHUSLEkdlmgOal+9YSKyGDUJxa3tBn5K/ZwbkkLhrNLLLKZcTPgIu45qHqPt5/PEM3bmlCGLEuOeJjZXf2/kPLZ2GoduskhoV71C/M/rZhRd9XOp04xQi8VHUaYYJaw4nw2lQUFq6ggXRrqsTIy54YJcSRVXQrB68jppXzQCvxHc+VCGEziFcwjgEq7hFprQAgEaXuAN3j3rvXofi7pK3rK3Y/gD7/MHhi+Pmw==</latexit><latexit sha1_base64="u/jbJYwns5SDF6J9ss1ScxrN4Nk=">AAAB8XicbVC7TsMwFL0pr1JeBUYWiwqJqUpYYKxgYSyCPkQbVY7rtFYdJ7JvkKqof8HCAEKs/A0bf4PTZoCWI1k6Oude+dwTJFIYdN1vp7S2vrG5Vd6u7Ozu7R9UD4/aJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJTe53nrg2IlYPOE24H9GREqFgFK302I8ojoMwu58NqjW37s5BVolXkBoUaA6qX/1hzNKIK2SSGtPz3AT9jGoUTPJZpZ8anlA2oSPes1TRiBs/myeekTOrDEkYa/sUkrn6eyOjkTHTKLCTeUKz7OXif14vxfDKz4RKUuSKLT4KU0kwJvn5ZCg0ZyinllCmhc1K2JhqytCWVLEleMsnr5L2Rd1z696dW2tcF3WU4QRO4Rw8uIQG3EITWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHDwJDz</latexit><latexit sha1_base64="a0vIHozkj3MebWDDSZECQ8FkwMY=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbS22oWy2L+3SzSbsboQS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSATXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6zhVDFssFrHqBFSj4BJbhhuBnUQhjQKBD8H4OvcfnlBpHst7M0nQj+hQ8pAzaqz02IuoGQVhdjftV2tu3Z2BLBOvIDUo0OxXv3qDmKURSsME1brruYnxM6oMZwKnlV6qMaFsTIfYtVTSCLWfzRJPyYlVBiSMlX3SkJn6eyOjkdaTKLCTeUK96OXif143NeGln3GZpAYlm38UpoKYmOTnkwFXyIyYWEKZ4jYrYSOqKDO2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYSHiGV3hztPPivDsf89GSU+wcwh84nz/FAJD3</latexit><latexit sha1_base64="a0vIHozkj3MebWDDSZECQ8FkwMY=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbS22oWy2L+3SzSbsboQS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSATXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6zhVDFssFrHqBFSj4BJbhhuBnUQhjQKBD8H4OvcfnlBpHst7M0nQj+hQ8pAzaqz02IuoGQVhdjftV2tu3Z2BLBOvIDUo0OxXv3qDmKURSsME1brruYnxM6oMZwKnlV6qMaFsTIfYtVTSCLWfzRJPyYlVBiSMlX3SkJn6eyOjkdaTKLCTeUK96OXif143NeGln3GZpAYlm38UpoKYmOTnkwFXyIyYWEKZ4jYrYSOqKDO2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYSHiGV3hztPPivDsf89GSU+wcwh84nz/FAJD3</latexit><latexit sha1_base64="a0vIHozkj3MebWDDSZECQ8FkwMY=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbS22oWy2L+3SzSbsboQS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSATXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6zhVDFssFrHqBFSj4BJbhhuBnUQhjQKBD8H4OvcfnlBpHst7M0nQj+hQ8pAzaqz02IuoGQVhdjftV2tu3Z2BLBOvIDUo0OxXv3qDmKURSsME1brruYnxM6oMZwKnlV6qMaFsTIfYtVTSCLWfzRJPyYlVBiSMlX3SkJn6eyOjkdaTKLCTeUK96OXif143NeGln3GZpAYlm38UpoKYmOTnkwFXyIyYWEKZ4jYrYSOqKDO2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYSHiGV3hztPPivDsf89GSU+wcwh84nz/FAJD3</latexit><latexit sha1_base64="a0vIHozkj3MebWDDSZECQ8FkwMY=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbS22oWy2L+3SzSbsboQS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSATXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6zhVDFssFrHqBFSj4BJbhhuBnUQhjQKBD8H4OvcfnlBpHst7M0nQj+hQ8pAzaqz02IuoGQVhdjftV2tu3Z2BLBOvIDUo0OxXv3qDmKURSsME1brruYnxM6oMZwKnlV6qMaFsTIfYtVTSCLWfzRJPyYlVBiSMlX3SkJn6eyOjkdaTKLCTeUK96OXif143NeGln3GZpAYlm38UpoKYmOTnkwFXyIyYWEKZ4jYrYSOqKDO2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYSHiGV3hztPPivDsf89GSU+wcwh84nz/FAJD3</latexit><latexit sha1_base64="a0vIHozkj3MebWDDSZECQ8FkwMY=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbS22oWy2L+3SzSbsboQS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSATXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6zhVDFssFrHqBFSj4BJbhhuBnUQhjQKBD8H4OvcfnlBpHst7M0nQj+hQ8pAzaqz02IuoGQVhdjftV2tu3Z2BLBOvIDUo0OxXv3qDmKURSsME1brruYnxM6oMZwKnlV6qMaFsTIfYtVTSCLWfzRJPyYlVBiSMlX3SkJn6eyOjkdaTKLCTeUK96OXif143NeGln3GZpAYlm38UpoKYmOTnkwFXyIyYWEKZ4jYrYSOqKDO2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYSHiGV3hztPPivDsf89GSU+wcwh84nz/FAJD3</latexit><latexit sha1_base64="a0vIHozkj3MebWDDSZECQ8FkwMY=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbS22oWy2L+3SzSbsboQS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSATXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6zhVDFssFrHqBFSj4BJbhhuBnUQhjQKBD8H4OvcfnlBpHst7M0nQj+hQ8pAzaqz02IuoGQVhdjftV2tu3Z2BLBOvIDUo0OxXv3qDmKURSsME1brruYnxM6oMZwKnlV6qMaFsTIfYtVTSCLWfzRJPyYlVBiSMlX3SkJn6eyOjkdaTKLCTeUK96OXif143NeGln3GZpAYlm38UpoKYmOTnkwFXyIyYWEKZ4jYrYSOqKDO2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYSHiGV3hztPPivDsf89GSU+wcwh84nz/FAJD3</latexit>

P[0] = JT
0 PJ0

<latexit sha1_base64="z0Z/S2LFUjhT3B90TkxzYa+2ZSM=">AAACG3icbVDLSsNAFJ34rPUVdekmWARXZVIE3QhFN+KqQl+QxjCZTtqhk0mYmQgl5D/c+CtuXCjiSnDh3zhpI9XWAwNnzrmXe+/xY0algvDLWFpeWV1bL22UN7e2d3bNvf22jBKBSQtHLBJdH0nCKCctRRUj3VgQFPqMdPzRVe537omQNOJNNY6JG6IBpwHFSGnJM2u9EKmhH6SNzIHuxc/vJrtrenDmzXQPemYFVuEE1iKxC1IBBRqe+dHrRzgJCVeYISkdG8bKTZFQFDOSlXuJJDHCIzQgjqYchUS66eS2zDrWSt8KIqEfV9ZE/d2RolDKcejrynxHOe/l4n+ek6jg3E0pjxNFOJ4OChJmqcjKg7L6VBCs2FgThAXVu1p4iATCSsdZ1iHY8ycvknatasOqfXtaqV8WcZTAITgCJ8AGZ6AOrkEDtAAGD+AJvIBX49F4Nt6M92npklH0HIA/MD6/Ac1NoeA=</latexit><latexit sha1_base64="z0Z/S2LFUjhT3B90TkxzYa+2ZSM=">AAACG3icbVDLSsNAFJ34rPUVdekmWARXZVIE3QhFN+KqQl+QxjCZTtqhk0mYmQgl5D/c+CtuXCjiSnDh3zhpI9XWAwNnzrmXe+/xY0algvDLWFpeWV1bL22UN7e2d3bNvf22jBKBSQtHLBJdH0nCKCctRRUj3VgQFPqMdPzRVe537omQNOJNNY6JG6IBpwHFSGnJM2u9EKmhH6SNzIHuxc/vJrtrenDmzXQPemYFVuEE1iKxC1IBBRqe+dHrRzgJCVeYISkdG8bKTZFQFDOSlXuJJDHCIzQgjqYchUS66eS2zDrWSt8KIqEfV9ZE/d2RolDKcejrynxHOe/l4n+ek6jg3E0pjxNFOJ4OChJmqcjKg7L6VBCs2FgThAXVu1p4iATCSsdZ1iHY8ycvknatasOqfXtaqV8WcZTAITgCJ8AGZ6AOrkEDtAAGD+AJvIBX49F4Nt6M92npklH0HIA/MD6/Ac1NoeA=</latexit><latexit sha1_base64="z0Z/S2LFUjhT3B90TkxzYa+2ZSM=">AAACG3icbVDLSsNAFJ34rPUVdekmWARXZVIE3QhFN+KqQl+QxjCZTtqhk0mYmQgl5D/c+CtuXCjiSnDh3zhpI9XWAwNnzrmXe+/xY0algvDLWFpeWV1bL22UN7e2d3bNvf22jBKBSQtHLBJdH0nCKCctRRUj3VgQFPqMdPzRVe537omQNOJNNY6JG6IBpwHFSGnJM2u9EKmhH6SNzIHuxc/vJrtrenDmzXQPemYFVuEE1iKxC1IBBRqe+dHrRzgJCVeYISkdG8bKTZFQFDOSlXuJJDHCIzQgjqYchUS66eS2zDrWSt8KIqEfV9ZE/d2RolDKcejrynxHOe/l4n+ek6jg3E0pjxNFOJ4OChJmqcjKg7L6VBCs2FgThAXVu1p4iATCSsdZ1iHY8ycvknatasOqfXtaqV8WcZTAITgCJ8AGZ6AOrkEDtAAGD+AJvIBX49F4Nt6M92npklH0HIA/MD6/Ac1NoeA=</latexit><latexit sha1_base64="z0Z/S2LFUjhT3B90TkxzYa+2ZSM=">AAACG3icbVDLSsNAFJ34rPUVdekmWARXZVIE3QhFN+KqQl+QxjCZTtqhk0mYmQgl5D/c+CtuXCjiSnDh3zhpI9XWAwNnzrmXe+/xY0algvDLWFpeWV1bL22UN7e2d3bNvf22jBKBSQtHLBJdH0nCKCctRRUj3VgQFPqMdPzRVe537omQNOJNNY6JG6IBpwHFSGnJM2u9EKmhH6SNzIHuxc/vJrtrenDmzXQPemYFVuEE1iKxC1IBBRqe+dHrRzgJCVeYISkdG8bKTZFQFDOSlXuJJDHCIzQgjqYchUS66eS2zDrWSt8KIqEfV9ZE/d2RolDKcejrynxHOe/l4n+ek6jg3E0pjxNFOJ4OChJmqcjKg7L6VBCs2FgThAXVu1p4iATCSsdZ1iHY8ycvknatasOqfXtaqV8WcZTAITgCJ8AGZ6AOrkEDtAAGD+AJvIBX49F4Nt6M92npklH0HIA/MD6/Ac1NoeA=</latexit>

P[1] = JT
1 PJ2

<latexit sha1_base64="mS8IeKq+N4ZY7ty/ume493CbVfQ=">AAACG3icbVDLSgMxFM34rPU16tJNsAiuyqQIuhGKbsRVhb5gOg6ZNNOGZh4kGaEM8x9u/BU3LhRxJbjwb8y0I9XWA4GTc+7l3nu8mDOpLOvLWFpeWV1bL22UN7e2d3bNvf22jBJBaItEPBJdD0vKWUhbiilOu7GgOPA47Xijq9zv3FMhWRQ21TimToAHIfMZwUpLrlnrBVgNPT9tZDZyLn5+N9ld00Uzb6a7NdesWFVrArhIUEEqoEDDNT96/YgkAQ0V4VhKG1mxclIsFCOcZuVeImmMyQgPqK1piAMqnXRyWwaPtdKHfiT0CxWcqL87UhxIOQ48XZnvKOe9XPzPsxPlnzspC+NE0ZBMB/kJhyqCeVCwzwQlio81wUQwvSskQywwUTrOsg4BzZ+8SNq1KrKq6Pa0Ur8s4iiBQ3AETgACZ6AOrkEDtAABD+AJvIBX49F4Nt6M92npklH0HIA/MD6/AdOZoeQ=</latexit><latexit sha1_base64="mS8IeKq+N4ZY7ty/ume493CbVfQ=">AAACG3icbVDLSgMxFM34rPU16tJNsAiuyqQIuhGKbsRVhb5gOg6ZNNOGZh4kGaEM8x9u/BU3LhRxJbjwb8y0I9XWA4GTc+7l3nu8mDOpLOvLWFpeWV1bL22UN7e2d3bNvf22jBJBaItEPBJdD0vKWUhbiilOu7GgOPA47Xijq9zv3FMhWRQ21TimToAHIfMZwUpLrlnrBVgNPT9tZDZyLn5+N9ld00Uzb6a7NdesWFVrArhIUEEqoEDDNT96/YgkAQ0V4VhKG1mxclIsFCOcZuVeImmMyQgPqK1piAMqnXRyWwaPtdKHfiT0CxWcqL87UhxIOQ48XZnvKOe9XPzPsxPlnzspC+NE0ZBMB/kJhyqCeVCwzwQlio81wUQwvSskQywwUTrOsg4BzZ+8SNq1KrKq6Pa0Ur8s4iiBQ3AETgACZ6AOrkEDtAABD+AJvIBX49F4Nt6M92npklH0HIA/MD6/AdOZoeQ=</latexit><latexit sha1_base64="mS8IeKq+N4ZY7ty/ume493CbVfQ=">AAACG3icbVDLSgMxFM34rPU16tJNsAiuyqQIuhGKbsRVhb5gOg6ZNNOGZh4kGaEM8x9u/BU3LhRxJbjwb8y0I9XWA4GTc+7l3nu8mDOpLOvLWFpeWV1bL22UN7e2d3bNvf22jBJBaItEPBJdD0vKWUhbiilOu7GgOPA47Xijq9zv3FMhWRQ21TimToAHIfMZwUpLrlnrBVgNPT9tZDZyLn5+N9ld00Uzb6a7NdesWFVrArhIUEEqoEDDNT96/YgkAQ0V4VhKG1mxclIsFCOcZuVeImmMyQgPqK1piAMqnXRyWwaPtdKHfiT0CxWcqL87UhxIOQ48XZnvKOe9XPzPsxPlnzspC+NE0ZBMB/kJhyqCeVCwzwQlio81wUQwvSskQywwUTrOsg4BzZ+8SNq1KrKq6Pa0Ur8s4iiBQ3AETgACZ6AOrkEDtAABD+AJvIBX49F4Nt6M92npklH0HIA/MD6/AdOZoeQ=</latexit><latexit sha1_base64="mS8IeKq+N4ZY7ty/ume493CbVfQ=">AAACG3icbVDLSgMxFM34rPU16tJNsAiuyqQIuhGKbsRVhb5gOg6ZNNOGZh4kGaEM8x9u/BU3LhRxJbjwb8y0I9XWA4GTc+7l3nu8mDOpLOvLWFpeWV1bL22UN7e2d3bNvf22jBJBaItEPBJdD0vKWUhbiilOu7GgOPA47Xijq9zv3FMhWRQ21TimToAHIfMZwUpLrlnrBVgNPT9tZDZyLn5+N9ld00Uzb6a7NdesWFVrArhIUEEqoEDDNT96/YgkAQ0V4VhKG1mxclIsFCOcZuVeImmMyQgPqK1piAMqnXRyWwaPtdKHfiT0CxWcqL87UhxIOQ48XZnvKOe9XPzPsxPlnzspC+NE0ZBMB/kJhyqCeVCwzwQlio81wUQwvSskQywwUTrOsg4BzZ+8SNq1KrKq6Pa0Ur8s4iiBQ3AETgACZ6AOrkEDtAABD+AJvIBX49F4Nt6M92npklH0HIA/MD6/AdOZoeQ=</latexit>

P[2] = JT
2 PJ1
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Partial 
2D-DFT CS 

Exploit sparsity
of 𝐒 = 𝐔*∗ 𝐆𝐔*∗

Fig. 3: Channel projections in 2D-CCS are acquired using 2D-circulant shifts of a base matrix P. The matrix PFC is a flipped and conjugated
version of P, and Z is the scaled inverse 2D-DFT of PFC. Partial 2D-DFT CS can be used to estimate the sparse masked beamspace matrix
S from a sub-sampled version of its 2D-DFT, i.e., PΩ(G).

In 2D-CCS, the RX acquires the (r[m], c[m]) entry of H ~
PFC, when the TX applies an (r[m], c[m]) 2D-circulant shift
of P to its phased array. In M training slots, the TX applies M
distinct 2D-circulant shifts of P according to the coordinates
in Ω. The vector of M channel measurements received at the
RX is then

y = PΩ(H~PFC) + v. (10)

The measurement vector in 2D-CCS is a subsampled convo-
lution of H and PFC.

Now, we show how channel measurements in 2D-CCS
can be interpreted as partial 2D-DFT measurements of a
transformed beamspace. We define the convolved channel G
as

G = H~PFC. (11)

The spectral mask corresponding to the base matrix P is
defined as

Z = NU∗NPFCU
∗
N . (12)

Similar to the definition of the beamspace X, we define the
masked beamspace as

S = U∗NGU∗N . (13)

An interesting property of the Fourier transform is that the
2D-DFT of H~PFC is a scaled element-wise product of the
2D-DFTs of H and PFC [18]. We use this property to rewrite
(13) as

S = (U∗NHU∗N )� (NU∗NPFCU
∗
N ) (14)

= X� Z. (15)

The transformations that relate the matrices H, X, G, and
S are shown in Fig. 4. The matrix S is called the masked
beamspace because it is an element-wise multiplication of the
beamspace X and the spectral mask Z. As the element-wise
multiplication of a sparse matrix with any other matrix is a
sparse matrix, S is sparse under the assumption that X is
sparse. The vector y can be expressed using (10), (11) and
(13) as

y = PΩ(UNSUN ) + v. (16)

The channel measurements in (16) can be interpreted as
the subsampled 2D-DFT of the masked beamspace S. In a
subsampling setting, i.e., M < N2, the masked beamspace
can be recovered from y, using partial 2D-DFT CS techniques
that exploit the sparsity of S.

S
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Fig. 4: A summary of the transformations relating the matrices H,
X, G, and S. In this paper, we develop a base matrix P such that H,
or equivalently X, can be efficiently estimated from 2D-CCS based
channel measurements.

C. Conditions on the base matrix for efficient CS

In this section, we derive guarantees on channel recovery for
partial 2D-DFT CS over the masked beamspace. Using these
guarantees, we identify the conditions on the base matrix for
efficient 2D-CCS-based recovery of the beamspace channel X.

The CS matrix that results from acquiring M = O(logN)
2D-DFT samples of the sparse matrix S in (16), is known to
satisfy the restricted isometry property with high probability
[8]. The masked beamspace S can be estimated from the chan-
nel measurements in (16) using an `1 optimization program
[3]

Ŝ = arg min ‖W‖1, s.t ‖y − PΩ(UNWUN )‖2 ≤
√
Mσ .

(17)
The optimization program in (17) encourages sparse masked
beamspace solutions that are consistent with the received chan-
nel measurements [3]. It is important to note that successful
recovery of S does not guarantee the reconstruction of the
beamspace channel, i.e., X. The recovery of the beamspace de-
pends on the spectral mask Z. For example, if Z(k, `) = 0 for
some k and `, the masked beamspace component S(k, `) = 0.
In such case, X(k, `) cannot be recovered from the spectral
mask equation, i.e., S = Z�X. To avoid such blanking effects
in the masked beamspace, well conditioned spectral masks
must be designed to estimate X from S.

We derive guarantees for compressive beamspace recon-
struction using masked beamspace recovery with (17). Let X̂
be a solution to the beamspace channel. As S = Z �X, the
estimate X̂ must satisfy Ŝ = Z� X̂. For the spectral mask Z,
we define Zmax = max

k,`
|Z(k, `)| and Zmin = min

k,`
|Z(k, `)|.

We use (A)k to denote the k sparse representation of A. The
matrix (A)k is obtained from A by retaining the k largest
entries in magnitude and setting the rest to 0.
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Theorem 1. For a fixed constant γ ∈ (0, 1), a solution X̂
such that Ŝ = X̂� Z satisfies∥∥X− X̂

∥∥
F
≤ C1

Zmax ‖X− (X)k‖1√
kZmin

+ C2
Nσ

Zmin
, (18)

with a probability of at least 1 − γ if M ≥
Ckmax

{
2log3(2k) log(N), log(γ−1)

}
. The constants C,C1

and C2 are independent of all the other parameters.

Proof. See Section VII-A.

For a given X, M , and σ, the result in (18) indicates
that upper bound on the channel reconstruction error, i.e.,∥∥X−X̂

∥∥
F

, is lower when Zmin is bounded away from 0. The
smallest entry in |Z| depends on the base matrix P. Note that
Z is the inverse 2D-DFT of PFC, the flipped and conjugated
version of P. As Zmin ≤ Zmax, a base matrix that achieves
the smallest upper bound in (18) is one that has Zmin = Zmax.

Now, we show that ideal base matrices in QN×Nq must have
a unimodular spectral mask, i.e., Zmax = 1 and Zmin = 1, for
efficient 2D-CCS in phased arrays. It can be observed from
(12) that the norm of the spectral mask is ‖Z‖F = N for any
P ∈ QN×Nq . The condition Zmin = Zmax is achieved under
the norm constraint only when all the entries of |Z| are equal to
1. Designing a base matrix P ∈ QN×Nq such that the spectral
mask in (12) is unimodular, however, is a difficult problem.
The main challenge in the design of P is due to the phase
shift constraint, i.e., P ∈ QN×Nq . The canonical basis element
e0e

T
0 is a good example that has a unimodular spectral mask,

but lies outside QN×Nq . A brute force approach to find a matrix
in QN×Nq with a unimodular spectral mask is not practical as
QN×Nq contains a large number of matrices, i.e., 2qN

2

. Prior
work has considered subsampled convolution using random
sequences [8]; the 2D extension of such a technique is 2D-CCS
using a P that is chosen at random from QN×Nq . A random
choice for P, however, may not result in a unimodular spectral
mask. In Sec. III-D, we show that ideal base matrices exist for
several combinations of q and N .

D. Perfect arrays as ideal base matrices

In this section, we establish the equivalence between uni-
modularity of the spectral mask and perfect periodic spatial
autocorrelation of the base matrix. Using this equivalence, we
show that perfect arrays [15], [16], a class of matrices that have
perfect periodic spatial autocorrelation, satisfy the properties
of an ideal base matrix for 2D-CCS-based channel recovery.

The duality between perfect periodic spatial autocorrelation
and unimodular 2D-DFT properties is explained in Theorem
2.

Theorem 2. A matrix P ∈ QN×Nq has a unimodular spectral
mask, i.e., Zmax = 1 and Zmin = 1, if and only if P has
perfect periodic spatial autocorrelation, i.e.,

〈P,JxPJTy 〉 = 0 ∀ (x, y) ∈ IN × IN \ (0, 0). (19)

Proof. See Section VII-B.

The problem of finding a perfect array in QN×Nq over small
alphabets, i.e., a small q, has been well investigated in [15]
and [16]. Although there are several hardware constrained 2D-
CS applications, perfect arrays over finite alphabets have not
been used in the context of CS, to the best of our knowledge.
The construction of perfect arrays over large alphabets, i.e., a
large q, can be trivial. For example, a matrix that is an outer
product of two Zadoff-Chu sequences satisfies the conditions
in Theorem 2, and is a perfect array. The ZC-based matrix,
however, may not be realizable in low resolution phased arrays
[7], [11]. An important step towards efficient 2D-CCS in q-
bit phased arrays, is to find matrices that are perfect arrays,
i.e., matrices that satisfy the perfect periodic autocorrelation
property in QN×Nq .

Perfect arrays over QN1×N2
q were constructed for binary and

quaternary alphabets, i.e., for q = log22 and q = log24 in [15]
and [16]. In this paper, we consider square arrays, i.e., arrays
of size N × N for simplicity. We also consider the extreme
case of perfect binary arrays, i.e., q = 1, as such arrays can be
implemented in phase shifters of any resolution. An example
of a perfect binary array for N = 2 is

P =
1

2

[
1 1
1 −1

]
. (20)

The matrix in (20) satisfies the perfect periodic autocorrelation
property in (19). The binary nature of P in (20) allows its
application to 2 × 2 phased arrays with a resolution of one-
bit. As typical mmWave systems have large antenna arrays,
it is useful to construct perfect arrays of large dimensions
for efficient 2D-CCS. An interesting result from [15] is that
perfect binary arrays in QN×N1 exist when N = 2k or
N = 3 · 2k, where k is any natural number. A recursive
method to generate perfect binary arrays was provided in
[15] for square arrays and other rectangular configurations.
An implementation of the construction in [15] is available
on our GitHub page [24]. For q = 2, several perfect arrays,
for which perfect binary arrays of the same dimension do
not exist, were proposed in [16]. The arrays in [16] can be
used for efficient 2D-CCS in 2-bit phased arrays. FALP uses
perfect binary arrays in 2D-CCS, and allows the CS algorithm
in (17) to achieve the smallest upper bound on the channel
reconstruction error in (18).

E. Perfect array-based compressive beam alignment in FALP
We show how channel matrices are estimated with FALP,

using Fig. 5. FALP uses a partial 2D-DFT CS algorithm to
estimate the masked beamspace matrix S, from 2D-CCS-based
channel measurements that are acquired with a perfect array.
It can be observed from Theorem 2 that the spectral mask |Z|
is unimodular for any perfect array, i.e., |Z(k, `)| = 1 ∀k, `.
In such a case, the transformation between the beamspace X
and the masked beamspace S in (15), can be inverted using
X(k, `) = S(k, `)Zc(k, `) ∀k, `. For a masked beamspace Ŝ
obtained from partial 2D-DFT CS, the beamspace matrix can
be estimated as

X̂ = Ŝ� Zc. (21)

The channel estimate Ĥ = UNX̂UN is then used for beam
alignment.
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y = P⌦(G) + v
<latexit sha1_base64="lp5lQ4vbbuYnrvZPWKkRt1F+qpM=">AAACH3icbZDLSsNAFIYnXmu9RV26CRahIpRERN0IRRe6s4K9QBPKZDpph84kYWZSCCFv4sZXceNCEXHXt3GSpqCtBwY+/v8c5pzfDSkR0jQn2tLyyuraemmjvLm1vbOr7+23RBBxhJsooAHvuFBgSnzclERS3Ak5hsyluO2ObjO/PcZckMB/knGIHQYHPvEIglJJPf3CZlAOXS+J0+scEaRJI+0l9gPDA5hWZ/5denI643Ha0ytmzczLWASrgAooqtHTv+1+gCKGfYkoFKJrmaF0EsglQRSnZTsSOIRoBAe4q9CHDAsnye9LjWOl9A0v4Or50sjV3xMJZELEzFWd2YZi3svE/7xuJL0rJyF+GEnso+lHXkQNGRhZWEafcIwkjRVAxIna1UBDyCGSKtKyCsGaP3kRWmc1y6xZj+eV+k0RRwkcgiNQBRa4BHVwDxqgCRB4Bq/gHXxoL9qb9ql9TVuXtGLmAPwpbfID9QSkIg==</latexit><latexit sha1_base64="lp5lQ4vbbuYnrvZPWKkRt1F+qpM=">AAACH3icbZDLSsNAFIYnXmu9RV26CRahIpRERN0IRRe6s4K9QBPKZDpph84kYWZSCCFv4sZXceNCEXHXt3GSpqCtBwY+/v8c5pzfDSkR0jQn2tLyyuraemmjvLm1vbOr7+23RBBxhJsooAHvuFBgSnzclERS3Ak5hsyluO2ObjO/PcZckMB/knGIHQYHPvEIglJJPf3CZlAOXS+J0+scEaRJI+0l9gPDA5hWZ/5denI643Ha0ytmzczLWASrgAooqtHTv+1+gCKGfYkoFKJrmaF0EsglQRSnZTsSOIRoBAe4q9CHDAsnye9LjWOl9A0v4Or50sjV3xMJZELEzFWd2YZi3svE/7xuJL0rJyF+GEnso+lHXkQNGRhZWEafcIwkjRVAxIna1UBDyCGSKtKyCsGaP3kRWmc1y6xZj+eV+k0RRwkcgiNQBRa4BHVwDxqgCRB4Bq/gHXxoL9qb9ql9TVuXtGLmAPwpbfID9QSkIg==</latexit><latexit sha1_base64="lp5lQ4vbbuYnrvZPWKkRt1F+qpM=">AAACH3icbZDLSsNAFIYnXmu9RV26CRahIpRERN0IRRe6s4K9QBPKZDpph84kYWZSCCFv4sZXceNCEXHXt3GSpqCtBwY+/v8c5pzfDSkR0jQn2tLyyuraemmjvLm1vbOr7+23RBBxhJsooAHvuFBgSnzclERS3Ak5hsyluO2ObjO/PcZckMB/knGIHQYHPvEIglJJPf3CZlAOXS+J0+scEaRJI+0l9gPDA5hWZ/5denI643Ha0ytmzczLWASrgAooqtHTv+1+gCKGfYkoFKJrmaF0EsglQRSnZTsSOIRoBAe4q9CHDAsnye9LjWOl9A0v4Or50sjV3xMJZELEzFWd2YZi3svE/7xuJL0rJyF+GEnso+lHXkQNGRhZWEafcIwkjRVAxIna1UBDyCGSKtKyCsGaP3kRWmc1y6xZj+eV+k0RRwkcgiNQBRa4BHVwDxqgCRB4Bq/gHXxoL9qb9ql9TVuXtGLmAPwpbfID9QSkIg==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="7uyMxFBJRBpFlB5d6KXvnszpKVs=">AAACFHicbZBLS8NAFIVv6qvWqtGtm6AIFaEkLtSNILjQnRXsA5oQJtNJO3TyYGZSCCH/xI1/xY0LRcSd/8ZJ2oK2Hhj4OGeGufd4MaNCmua3VllZXVvfqG7WturbO7v6Xr0jooRj0sYRi3jPQ4IwGpK2pJKRXswJCjxGut74psi7E8IFjcJHmcbECdAwpD7FSCrL1c/tAMmR52dpflUiRixr5W5m3wdkiPLGPL/NT07nPMld/chsmqWMZbBmcAQztVz9yx5EOAlIKDFDQvQtM5ZOhrikmJG8ZieCxAiP0ZD0FYYoIMLJyv1y41g5A8OPuDqhNEr394sMBUKkgaduFhOKxaww/8v6ifQvnYyGcSJJiKcf+QkzZGQUZRkDygmWLFWAMKdqVgOPEEdYqkprqgRrceVl6Jw1LbNpPZhQhQM4hAZYcAHXcActaAOGJ3iBN3jXnrVX7WNaV0Wb9bYPf6R9/gDrj6KY</latexit><latexit sha1_base64="7uyMxFBJRBpFlB5d6KXvnszpKVs=">AAACFHicbZBLS8NAFIVv6qvWqtGtm6AIFaEkLtSNILjQnRXsA5oQJtNJO3TyYGZSCCH/xI1/xY0LRcSd/8ZJ2oK2Hhj4OGeGufd4MaNCmua3VllZXVvfqG7WturbO7v6Xr0jooRj0sYRi3jPQ4IwGpK2pJKRXswJCjxGut74psi7E8IFjcJHmcbECdAwpD7FSCrL1c/tAMmR52dpflUiRixr5W5m3wdkiPLGPL/NT07nPMld/chsmqWMZbBmcAQztVz9yx5EOAlIKDFDQvQtM5ZOhrikmJG8ZieCxAiP0ZD0FYYoIMLJyv1y41g5A8OPuDqhNEr394sMBUKkgaduFhOKxaww/8v6ifQvnYyGcSJJiKcf+QkzZGQUZRkDygmWLFWAMKdqVgOPEEdYqkprqgRrceVl6Jw1LbNpPZhQhQM4hAZYcAHXcActaAOGJ3iBN3jXnrVX7WNaV0Wb9bYPf6R9/gDrj6KY</latexit><latexit sha1_base64="9IASuXDaH0EC5g3DmQanq1yUyKg=">AAACH3icbZDLSsNAFIYn9VbrLerSTbAIFaEkLtSNUHShOyvYCzShTKaTduhMEmYmhRDyJm58FTcuFBF3fRsnaQraemDg4//PYc753ZASIU1zqpVWVtfWN8qbla3tnd09ff+gLYKII9xCAQ1414UCU+LjliSS4m7IMWQuxR13fJv5nQnmggT+k4xD7DA49IlHEJRK6usXNoNy5HpJnF7niCBNmmk/sR8YHsK0Nvfv0tOzOU/Svl4162ZexjJYBVRBUc2+/m0PAhQx7EtEoRA9ywylk0AuCaI4rdiRwCFEYzjEPYU+ZFg4SX5fapwoZWB4AVfPl0au/p5IIBMiZq7qzDYUi14m/uf1IuldOQnxw0hiH80+8iJqyMDIwjIGhGMkaawAIk7UrgYaQQ6RVJFWVAjW4snL0D6vW2bdejSrjZsijjI4AsegBixwCRrgHjRBCyDwDF7BO/jQXrQ37VP7mrWWtGLmEPwpbfoD88SkHg==</latexit><latexit sha1_base64="lp5lQ4vbbuYnrvZPWKkRt1F+qpM=">AAACH3icbZDLSsNAFIYnXmu9RV26CRahIpRERN0IRRe6s4K9QBPKZDpph84kYWZSCCFv4sZXceNCEXHXt3GSpqCtBwY+/v8c5pzfDSkR0jQn2tLyyuraemmjvLm1vbOr7+23RBBxhJsooAHvuFBgSnzclERS3Ak5hsyluO2ObjO/PcZckMB/knGIHQYHPvEIglJJPf3CZlAOXS+J0+scEaRJI+0l9gPDA5hWZ/5denI643Ha0ytmzczLWASrgAooqtHTv+1+gCKGfYkoFKJrmaF0EsglQRSnZTsSOIRoBAe4q9CHDAsnye9LjWOl9A0v4Or50sjV3xMJZELEzFWd2YZi3svE/7xuJL0rJyF+GEnso+lHXkQNGRhZWEafcIwkjRVAxIna1UBDyCGSKtKyCsGaP3kRWmc1y6xZj+eV+k0RRwkcgiNQBRa4BHVwDxqgCRB4Bq/gHXxoL9qb9ql9TVuXtGLmAPwpbfID9QSkIg==</latexit><latexit sha1_base64="lp5lQ4vbbuYnrvZPWKkRt1F+qpM=">AAACH3icbZDLSsNAFIYnXmu9RV26CRahIpRERN0IRRe6s4K9QBPKZDpph84kYWZSCCFv4sZXceNCEXHXt3GSpqCtBwY+/v8c5pzfDSkR0jQn2tLyyuraemmjvLm1vbOr7+23RBBxhJsooAHvuFBgSnzclERS3Ak5hsyluO2ObjO/PcZckMB/knGIHQYHPvEIglJJPf3CZlAOXS+J0+scEaRJI+0l9gPDA5hWZ/5denI643Ha0ytmzczLWASrgAooqtHTv+1+gCKGfYkoFKJrmaF0EsglQRSnZTsSOIRoBAe4q9CHDAsnye9LjWOl9A0v4Or50sjV3xMJZELEzFWd2YZi3svE/7xuJL0rJyF+GEnso+lHXkQNGRhZWEafcIwkjRVAxIna1UBDyCGSKtKyCsGaP3kRWmc1y6xZj+eV+k0RRwkcgiNQBRa4BHVwDxqgCRB4Bq/gHXxoL9qb9ql9TVuXtGLmAPwpbfID9QSkIg==</latexit><latexit sha1_base64="lp5lQ4vbbuYnrvZPWKkRt1F+qpM=">AAACH3icbZDLSsNAFIYnXmu9RV26CRahIpRERN0IRRe6s4K9QBPKZDpph84kYWZSCCFv4sZXceNCEXHXt3GSpqCtBwY+/v8c5pzfDSkR0jQn2tLyyuraemmjvLm1vbOr7+23RBBxhJsooAHvuFBgSnzclERS3Ak5hsyluO2ObjO/PcZckMB/knGIHQYHPvEIglJJPf3CZlAOXS+J0+scEaRJI+0l9gPDA5hWZ/5denI643Ha0ytmzczLWASrgAooqtHTv+1+gCKGfYkoFKJrmaF0EsglQRSnZTsSOIRoBAe4q9CHDAsnye9LjWOl9A0v4Or50sjV3xMJZELEzFWd2YZi3svE/7xuJL0rJyF+GEnso+lHXkQNGRhZWEafcIwkjRVAxIna1UBDyCGSKtKyCsGaP3kRWmc1y6xZj+eV+k0RRwkcgiNQBRa4BHVwDxqgCRB4Bq/gHXxoL9qb9ql9TVuXtGLmAPwpbfID9QSkIg==</latexit><latexit sha1_base64="lp5lQ4vbbuYnrvZPWKkRt1F+qpM=">AAACH3icbZDLSsNAFIYnXmu9RV26CRahIpRERN0IRRe6s4K9QBPKZDpph84kYWZSCCFv4sZXceNCEXHXt3GSpqCtBwY+/v8c5pzfDSkR0jQn2tLyyuraemmjvLm1vbOr7+23RBBxhJsooAHvuFBgSnzclERS3Ak5hsyluO2ObjO/PcZckMB/knGIHQYHPvEIglJJPf3CZlAOXS+J0+scEaRJI+0l9gPDA5hWZ/5denI643Ha0ytmzczLWASrgAooqtHTv+1+gCKGfYkoFKJrmaF0EsglQRSnZTsSOIRoBAe4q9CHDAsnye9LjWOl9A0v4Or50sjV3xMJZELEzFWd2YZi3svE/7xuJL0rJyF+GEnso+lHXkQNGRhZWEafcIwkjRVAxIna1UBDyCGSKtKyCsGaP3kRWmc1y6xZj+eV+k0RRwkcgiNQBRa4BHVwDxqgCRB4Bq/gHXxoL9qb9ql9TVuXtGLmAPwpbfID9QSkIg==</latexit><latexit sha1_base64="lp5lQ4vbbuYnrvZPWKkRt1F+qpM=">AAACH3icbZDLSsNAFIYnXmu9RV26CRahIpRERN0IRRe6s4K9QBPKZDpph84kYWZSCCFv4sZXceNCEXHXt3GSpqCtBwY+/v8c5pzfDSkR0jQn2tLyyuraemmjvLm1vbOr7+23RBBxhJsooAHvuFBgSnzclERS3Ak5hsyluO2ObjO/PcZckMB/knGIHQYHPvEIglJJPf3CZlAOXS+J0+scEaRJI+0l9gPDA5hWZ/5denI643Ha0ytmzczLWASrgAooqtHTv+1+gCKGfYkoFKJrmaF0EsglQRSnZTsSOIRoBAe4q9CHDAsnye9LjWOl9A0v4Or50sjV3xMJZELEzFWd2YZi3svE/7xuJL0rJyF+GEnso+lHXkQNGRhZWEafcIwkjRVAxIna1UBDyCGSKtKyCsGaP3kRWmc1y6xZj+eV+k0RRwkcgiNQBRa4BHVwDxqgCRB4Bq/gHXxoL9qb9ql9TVuXtGLmAPwpbfID9QSkIg==</latexit><latexit sha1_base64="lp5lQ4vbbuYnrvZPWKkRt1F+qpM=">AAACH3icbZDLSsNAFIYnXmu9RV26CRahIpRERN0IRRe6s4K9QBPKZDpph84kYWZSCCFv4sZXceNCEXHXt3GSpqCtBwY+/v8c5pzfDSkR0jQn2tLyyuraemmjvLm1vbOr7+23RBBxhJsooAHvuFBgSnzclERS3Ak5hsyluO2ObjO/PcZckMB/knGIHQYHPvEIglJJPf3CZlAOXS+J0+scEaRJI+0l9gPDA5hWZ/5denI643Ha0ytmzczLWASrgAooqtHTv+1+gCKGfYkoFKJrmaF0EsglQRSnZTsSOIRoBAe4q9CHDAsnye9LjWOl9A0v4Or50sjV3xMJZELEzFWd2YZi3svE/7xuJL0rJyF+GEnso+lHXkQNGRhZWEafcIwkjRVAxIna1UBDyCGSKtKyCsGaP3kRWmc1y6xZj+eV+k0RRwkcgiNQBRa4BHVwDxqgCRB4Bq/gHXxoL9qb9ql9TVuXtGLmAPwpbfID9QSkIg==</latexit>

y
<latexit sha1_base64="w2SeowxjSmKQZ+WPP4dmP+ztLQA=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhNp0NqjW37s5BVolXkBoUaA6qX/1hzNKIK2SSGtPz3AT9jGoUTPJZpZ8anlA2oSPes1TRiBs/myeekTOrDEkYa/sUkrn6eyOjkTHTKLCTeUKz7OXif14vxfDaz4RKUuSKLT4KU0kwJvn5ZCg0ZyinllCmhc1K2JhqytCWVLEleMsnr5L2Rd1z6979Za1xU9RRhhM4hXPw4AoacAdNaAEDBc/wCm+OcV6cd+djMVpyip1j+APn8wf+vpEd</latexit><latexit sha1_base64="w2SeowxjSmKQZ+WPP4dmP+ztLQA=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhNp0NqjW37s5BVolXkBoUaA6qX/1hzNKIK2SSGtPz3AT9jGoUTPJZpZ8anlA2oSPes1TRiBs/myeekTOrDEkYa/sUkrn6eyOjkTHTKLCTeUKz7OXif14vxfDaz4RKUuSKLT4KU0kwJvn5ZCg0ZyinllCmhc1K2JhqytCWVLEleMsnr5L2Rd1z6979Za1xU9RRhhM4hXPw4AoacAdNaAEDBc/wCm+OcV6cd+djMVpyip1j+APn8wf+vpEd</latexit><latexit sha1_base64="w2SeowxjSmKQZ+WPP4dmP+ztLQA=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhNp0NqjW37s5BVolXkBoUaA6qX/1hzNKIK2SSGtPz3AT9jGoUTPJZpZ8anlA2oSPes1TRiBs/myeekTOrDEkYa/sUkrn6eyOjkTHTKLCTeUKz7OXif14vxfDaz4RKUuSKLT4KU0kwJvn5ZCg0ZyinllCmhc1K2JhqytCWVLEleMsnr5L2Rd1z6979Za1xU9RRhhM4hXPw4AoacAdNaAEDBc/wCm+OcV6cd+djMVpyip1j+APn8wf+vpEd</latexit><latexit sha1_base64="w2SeowxjSmKQZ+WPP4dmP+ztLQA=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhNp0NqjW37s5BVolXkBoUaA6qX/1hzNKIK2SSGtPz3AT9jGoUTPJZpZ8anlA2oSPes1TRiBs/myeekTOrDEkYa/sUkrn6eyOjkTHTKLCTeUKz7OXif14vxfDaz4RKUuSKLT4KU0kwJvn5ZCg0ZyinllCmhc1K2JhqytCWVLEleMsnr5L2Rd1z6979Za1xU9RRhhM4hXPw4AoacAdNaAEDBc/wCm+OcV6cd+djMVpyip1j+APn8wf+vpEd</latexit>
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Fig. 5: Compressive channel acquisition and recovery using FALP.
The channel measurements in FALP are acquired by applying 2D-
circulant shifts of a perfect array according to a random subsampling
set Ω.

Now, we explain a two step procedure for beam alignment
with the channel estimate Ĥ. The first step relaxes the q-bit
constraint to find an F ∈ QN×N∞ that maximizes |〈Ĥ,F〉|.
Note that the phased array implementation requires |Fk,`| =
1/N for every k and `. By the dual norm inequality [25],
we have |〈Ĥ,F〉| ≤ max(|F|)‖Ĥ‖1. Therefore, |〈Ĥ,F〉| ≤
‖Ĥ‖1/N . The upper bound in the dual norm inequality is
achieved by an Fopt(β) such that |Fopt

k,` (β)| = 1/N and
phase(Fopt

k,` (β)) = β + phase(Ĥk,`) for any β ∈ (−π, π].
The scalar β corresponds to the global phase in Fopt(β). As
the angles in Fopt(β) may not be integer multiples of 2π/2q ,
Fopt(β) may not be directly realized in q-bit phased arrays.
In such a case, a q-bit phase quantized version of Fopt(β)
can be used in the phased array, for an appropriate choice of
global phase β.

The second step of our beam alignment procedure finds the
best β that minimizes phase errors due to q-bit phase quan-
tization of Fopt(β). This step is important in low resolution
phased arrays [12], [26]. Let Qq(Fopt(β)) denote the q-bit
phase quantized version of Fopt(β). Note that Qq(·) performs
element-wise phase quantization. The global phase term βest

that minimizes the phase quantization error can be expressed
as

βest = argmin
β∈(0,2π/2q)

‖Qq(Fopt(β))− Fopt(β)‖F . (22)

To solve for the scalar βest in (22), we define a phase set
B that contains KB uniformly spaced values in (0, 2π/2q).
The optimization in (22) is performed using line search over
the elements in B for a sufficiently large KB. The phase shift
matrix used at the TX with CS-based beamforming is then
FCS = Qq(Fopt(βest)).

The partial 2D-DFT CS algorithm in FALP requires a
lower computational complexity when compared to other
standard CS techniques. Let ACS ∈ CM×N2

be the CS
matrix corresponding to the partial 2D-DFT CS problem in
(16). CS algorithms that solve (16) typically perform iterative
optimization over an N2 dimensional variable. For example,
each iteration in the orthogonal matching pursuit (OMP)
algorithm [27] requires computing matrix-vector products of
the form ACSw and A∗CSd. As ACS is a partial 2D-DFT
CS matrix for the model in (16), the matrix-vector products
in CS can be implemented using the 2D-FFT [22]. In the
subsampling regime where M = αN2 for some constant
α < 1, the 2D-FFT-based implementation has a complexity of
O(N2 logN) while the complexity of standard matrix-vector
product is O(N4) [22].

IV. AN MRI-INSPIRED APPROACH FOR ULTRA-LOW
COMPLEXITY BEAM ALIGNMENT

In this section, we use insights from zero filling recon-
struction in MRI [28], to develop a different sub-Nyquist
beam alignment technique based on FALP. The proposed
technique does not require any iterative optimization, unlike
standard CS or partial 2D-DFT CS. Specifically, the zero
filling-based approach uses the perfect array-based training,
and estimates a reasonable beamformer with just a single 2D-
FFT computation. We prove that our method can achieve a
beam alignment performance that is comparable to exhaustive
scan with the 2D-DFT dictionary.

A. Connection between CS in MRI and CS using FALP

The measurements in MRI are defined by a trajectory
that acquires samples from the Fourier transform of an MR
image, also known as the k-space [28]. Prior work on CS-
MRI has shown that MR images can be reconstructed using
subsampling k-space trajectories that acquire fewer samples
from the k-space [17]. For example, CS can reconstruct sparse
angiogram images from fewer samples of their 2D-DFT [3].
In this section, we explain the equivalent of k-space trajectory
in FALP.

The channel measurements in FALP, i.e., PΩ(G), are
samples from the 2D-DFT of the sparse masked beamspace
S. The subsampling pattern over G is determined by the
set Ω, as shown in Fig. 3. The masked beamspace S is
analogous to sparse angiogram image in MRI. The k-space,
which represents the Fourier transform of the MR image, is
equivalent to the matrix G as G = UNSUN . The analogue
of a k-space trajectory in FALP is a 2D-curve in IN × IN
that sequentially traverses through the coordinates in Ω. An
example of a trajectory for M = 9 and N = 5 is shown
in Fig. 6a. The trajectory in Fig. 6a sequentially acquires
the channel measurements {G01,G22,G04, · · · ,G32} for the
subsampling set Ω = {(0, 1), (2, 2), (0, 4), · · · , (3, 2)}. We
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(b) A realization of |Kbl|

Fig. 6: The CS matrix in FALP is determined by a trajectory in the
G-space. The kernel matrix Kbl is not a perfect point spread function
due to subsampling. The matrix Kbl shown in this example is for
N = 32 and ρ = 1/16.

would like to mention that k-space trajectories in MRI are
typically constrained to be continuous, i.e., random k-space
trajectories may not be realized. Random trajectories over the
matrix G, however, can be realized in FALP as any circulant
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shift of a base matrix can be applied to the phased array. In
this paper, we use ideas from CS-MRI to investigate how beam
alignment can be performed without any iterative optimization.

B. Zero filling-based reconstruction: From MRI to beam align-
ment

A traditional approach for MR imaging is to use a tra-
jectory that fully samples the k-space. The MR image is
then recovered by applying a 2D-Fourier transform over the
acquired samples. Zero filling-based technique is an approach
to estimate MR images using trajectories that subsample the
k-space. The idea in zero filling-based reconstruction is to
fill the unsampled entries in the k-space with zeros, and
invert the Fourier transform to estimate the MR image. In this
section, we show that zero filling-based recovery can also be
used to recover a reasonable one-sparse approximation of the
beamspace. To provide a better illustration and for a tractable
analysis, we ignore the measurement noise in the system, i.e.,
σ = 0. The simulation results in Section V include the impact
of measurement noise.

Now, we explain zero filling-based beamspace reconstruc-
tion using FALP. We define the subsampling ratio in FALP as
ρ = M/N2. The matrix GΩ ∈ CN×N is defined to contain
the entries of G at the locations in Ω, and zeros in the other
locations. Specifically, the entries of GΩ are given by

GΩ(r[m], c[m]) = G(r[m], c[m]) for 1 ≤ m ≤M, and
(23)

GΩ(k, `) = 0 ∀(k, `) /∈ Ω. (24)

The matrix GΩ can be constructed by populating the M
channel measurements in FALP at the locations in Ω. In a
subsampling setting, i.e., M < N2, the construction of GΩ

is equivalent to zero filling in MRI. The equivalence follows
from the observation that GΩ is 0 at the unsampled G-space
locations. In a full sampling setting, the beamspace X can
be estimated from the transformations S = U∗NGU∗N and
X = S� Zc. The zero filling-based reconstruction procedure
applies the same transformations over GΩ, when M < N2.
We define the zero filling-based estimates corresponding to S
and X as

Sbl = U∗NGΩU
∗
N and (25)

Xbl = Sbl � Zc. (26)

Note that Xbl = X, when M = N2. A natural question that
arises is how does subsampling impact the zero filling-based
estimate Xbl when compared to X.

Now, we show that subsampling the G-space results in a
blurred Xbl. For ease of notation, we investigate the impact of
blur on Sbl; our study is justified by the fact that Xbl in (26)
is just a phase modulated version of Sbl for a unimodular Z.
To characterize the impact of subsampling on Sbl, we define
a binary matrix NΩ ∈ CN×N such that

NΩ(r, c) =

{
1, if (r, c) ∈ Ω

0, if (r, c) /∈ Ω
. (27)

We define a kernel matrix Kbl as the scaled inverse 2D-DFT
of NΩ, i.e.,

Kbl =
N

M
U∗NNΩU

∗
N . (28)

It can be observed from (27) that GΩ = G � NΩ. As
element-wise multiplication of two matrices results in 2D-
circular convolution of their inverse 2D-DFTs [18], (25) can
be simplified to

Sbl = (U∗NGU∗N ) ~ (U∗NNΩU
∗
N )/N (29)

=
M

N2
S~Kbl. (30)

It can be observed from (30) that the matrices Sbl and S
differ by a convolutional distortion due to Kbl. The matrix
Kbl is similar to the point spread function (PSF) in MRI.
For the special case of M = N2, it can be observed that
Kbl = e0e

T
0 and Sbl = S. In the subsampling regime,

however, the PSF Kbl is not a perfect dirac matrix. Therefore,
Kbl induces distortion in Sbl for M < N2. For the masked
beamspace in Fig. 7a, an example of the distortion induced due
to subsampling is shown in Fig. 7b. The amount of distortion
in Sbl is a function of the subsampling ratio, i.e., ρ.
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(a) A two-sparse |S|
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(b) |S ~Kbl| for Kbl in Fig. 6b

Fig. 7: The distortion in S ~ Kbl depends on the subsampling set
Ω. From Fig. 7a and Fig. 7b, it can be observed that coordinate cor-
responding to the best direction remains unchanged after distortion.
Here, ρ = 1/16 and N = 32.

C. Beam alignment with the zero filling-based estimate

We define the zero filling-based beam alignment technique
(ZFB) as one that chooses the beamformer based on the
coordinate that maximizes |Sbl|, i.e., the zero filling-based
masked beamspace estimate. If |Sbl| achieves its maximum
at (r

ZFB
, c

ZFB
), the transmit beamformer in ZFB is defined as

F
ZFB

= Qq (UN (:, r
ZFB

)UN (c
ZFB

, :)) . (31)

It is important to note that exhaustive scan with the 2D-DFT
dictionary selects the coordinate that maximizes |X|, which
is same as the one that maximizes |S|, for a unimodular Z.
In an ideal setting, i.e., M = N2, Sbl = S and ZFB results
in the same beamformer as exhaustive scan with the 2D-DFT
dictionary. In this section, we identify the subsampling regime
for which ZFB results in the same beamformer as exhaustive
scan.
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Zero filling-based beam alignment is successful when the
coordinate that maximizes Sbl also maximizes S. As Sbl =
S~Kbl, it is important to characterize the entries of Kbl to
determine the success of ZFB. The matrix Kbl in (28) is a
function of the subsampling set Ω, that is chosen at random.
It can be observed from (27) that NΩ has M ones and N2−M
zeros. Therefore, Kbl(0, 0), the scaled DC-component of NΩ,
is 1. The other entries of Kbl explicitly depend on the elements
in the sampled set Ω unlike Kbl(0, 0). As Ω is sampled at
random, Kbl(r, c) can be modelled as a random variable for
any (r, c) 6= (0, 0) with a variance [17]

ξ2 =
1− ρ
ρN2

. (32)

Note that the variance of the PSF at the N2−1 locations other
than (0, 0) is exactly the same when Ω is chosen uniformly
at random. The magnitude of |Kbl|, is shown in Fig. 6b for a
particular realization of Ω.

We explain the setting used to investigate beam alignment
with the zero-filling based approach. For simplicity of analysis,
we consider a 2-path channel such that the beamspace angles
of departure of each path are aligned with those defined by
the 2D-DFT dictionary. Without loss of generality, we consider
S(0, 0) = 1 and S(ro, co) = a, such that |a| < 1 and (ro, co)
is some coordinate other than (0, 0). The remaining N2 − 2
entries of S are equal to 0 as seen in Fig. 7a. For such a setting,
beam alignment via ZFB is successful when |(S~Kbl)0,0| is
the largest entry in |S ~ Kbl|. The probability that ZFB is
successful can be expressed as

p = Pr( ∩
(r,c)6=(0,0)

|(S~Kbl)0,0| > |(S~Kbl)r,c|). (33)

The statistics of the PSF, i.e., Kbl, can be used to determine
the entries in S ~ Kbl. Prior work in MRI [17] and partial
2D-DFT CS [29] has modelled Kbl(r, c) as Nc(0, ξ2) for
any (r, c) 6= (0, 0). It is important to note that the random
variables Kbl(r1, c1) and Kbl(r2, c2) can be coupled for
(r1, c1) 6= (0, 0) and (r2, c2) 6= (0, 0). For instance, as
NΩ is a real matrix, its inverse 2D-DFT must be conjugate
symmetric [18], i.e., Kbl(N − r,N − c) = Kc

bl(r, c) for
any (r, c) ∈ IN × IN . In this paper, we account for such
dependencies to derive a lower bound on the probability of
success with ZFB.

Now, we describe the statistics of the entries in S ~
Kbl. For distinct coordinates (ro, co) and (r1, c1), we model
Kbl(ro, co), Kbl(r1, c1) and Kbl(r1 − ro, c1 − co) as IID
random variables x, b and w. To validate the independence
assumption, we conducted empirical studies on the total vari-
ation distance between the joint distribution of x, b and w,
and the product of their marginals. Our studies indicate that
the variables can be considered “independent” except for the
case when (r1, c1) = (2ro, 2co) or ((ro+co)/2, (ro+co)/2) or
(−ro,−co). We ignore these three scenarios to assume that x,
b and w are independent; such an assumption was also made in
[29]. Each of the random variables x, b and w is distributed as
Nc(0, ξ2). From the conjugate symmetry property, it follows

that Kbl(N − ro, N − co) = x∗. The (k, `)th entry in S~Kbl

can be expressed as

(S~Kbl)k,` =
N−1∑
r=0

N−1∑
c=0

S(r, c)Kbl ((k − r)N , (`− c)N ) .

(34)
For a 2-sparse S defined in this section, it can be shown from
(34) that (S~Kbl)0,0, (S~Kbl)ro,co and (S~Kbl)r1,c1 are
1 + ax∗, a+ x and b + aw.

We now derive a lower bound on the probability of suc-
cessful beam alignment for the 2− sparse channel. We define
Q1(α, β) as the first order Marcum-Q function with param-
eters α and β [30]. A lower bound on the beam alignment
probability in (33) is derived in Theorem 3.

Theorem 3. For a 2− sparse beamspace channel, the proba-
bility that zero filling-based beam alignment is successful can
be lower bounded as

p ≥ 1−Q1(0, N
√

2ρ/(1− ρ))

− (1 + |a|2)(N2 − 2)

1 + 2|a|2 exp

( −N2ρ

(1 + 2|a|2)(1− ρ)

)
. (35)

Proof. See Section VII-C.

We show that the phase transition region that follows from
our bound in (35) matches well with that observed from
simulations. We consider a setting with N = 32, and a 2−
sparse S with S(0, 0) = 1 and S(ro, co) = a for some |a| < 1.
In our simulations, (ro, co) was chosen uniformly at random,
and M entries of G were sampled at random by applying
M random circulant shifts of a 32 × 32 perfect binary array
at the TX. Beam alignment is declared successful if the zero
filling-based estimate, i.e., |S ~ Kbl|, achieves its maximum
at (0, 0). The phase transition regions corresponding to the
bound in (35) and the observed beam alignment probability
are shown in Fig. 8a and Fig. 8b. The plots indicate that
ZFB performs well with sub-Nyquist channel measurements.
The proposed zero filling-based technique estimates a good
one-sparse approximation of S that is consistent with the
channel measurements. CS algorithms can estimate better
sparse approximations of S, but require iterative optimization.
ZFB can provide a reasonable beamformer with a single 2D-
FFT, and is advantageous over CS-based beam alignment in
terms of computational complexity.

V. SIMULATIONS

In this section, we explain how beam alignment can be
performed in a wideband system. Then, we describe the system
and channel parameters used in our simulations. Finally, we
present numerical results that show the performance of CS-
based beam alignment and zero filling-based beam alignment
using FALP.

A. Beam alignment in a wideband system

We use a Golay sequence-based frame structure [31] and ex-
tend the beam alignment techniques in Sec. III-E and Sec. IV-C
to a wideband system. For an elaborate description of the
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(a) Phase transition region using (35).
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(b) Observed phase transition region

Fig. 8: For a 2-sparse channel, the plots show the beam alignment
probability as a function of the strength of second best path and the
number of channel measurements. Here, N = 32, ρ = M/1024 and
σ = 0. The strength of the second best path is 20 log10(|a|). In this
example, ZFB succeeds with a high probability for ρ ≥ 0.03.

wideband extension, we refer the reader to [23]. We consider
an L tap wideband channel {H[`]}L−1

`=0 , where H[`] ∈ CN×N .
For each phase shift configuration in {P[m]}Mn=1, the TX
transmits a Golay complementary sequence of length 2Ns

followed by a guard interval of L − 1 zeros. The use of
guard interval prevents inter-frame interference and allows
sufficient time to configure the phase shifters [5]. The RX uses
the perfect autocorrelation property of complementary Golay
sequences to obtain the channel impulse response (CIR) for
each phase shift configuration. The CIR obtained in the mth

training slot is a noisy version of {〈H[`],P[m]〉}L−1
`=0 . Using

several spatial channel projections, it is possible to reconstruct
the wideband channel. We define Yblk ∈ CM×L as a matrix
that contains noisy wideband channel projections. The noise
in Yblk is modelled using Vs ∈ CM×L; Yblk(m, `) is then

Yblk(m, `) = 〈H[`],P[m]〉+ Vs(m, `). (36)

As a spreading gain of 2Ns is achieved at the output of the
Golay correlator, it can be observed that the entries in Vs are
independent and identically distributed as Nc(0, σ2/(2Ns)).

In this paper, a single tap of the wideband channel is used
to determine the transmit beamformer. Nevertheless, CS-based
wideband channel estimation can also be performed at the ex-
pense of a higher complexity [4], [5]. The tap used to perform
beam alignment is given by `o = argmax`‖Yblk(:, `)‖2. The
channel measurements considered in FALP are compressive
spatial projections of H[`o], i.e., y = Yblk(:, `o). We use
H[`opt] to denote the channel tap that has the maximum
energy of the L taps. In practice, H[`o] can be different from
H[`opt] as `o is determined from lower-dimensional spatial
projections of the L channel taps. The matrix Ĥ[`o] obtained
using CS over y, can be considered as an equivalent narrow-
band channel estimate that is used for beam alignment. Note
that our approach ignores the correlation between channel
taps as it performs beam alignment based on a single tap.
Developing better beam alignment strategies that account for
such correlations is an interesting direction.

B. System and channel description

We consider an analog beamforming system in Fig. 1, where
the TX is equipped with a half-wavelength spaced UPA of size
32 × 32, i.e., N = 32. The resolution of phase shifters is set
to q = 1 bit. We consider a carrier frequency of 28 GHz and
an operating bandwidth of 100 MHz, which corresponds to
a symbol duration of 10 ns. The height of the TX and the
RX were 5 m and 2 m in our simulation setup. The separation
between the TX and the RX is set to 60 m. The transmit power
at the TX is assumed to be 20 dBm. The RX is equipped with
a single antenna element.

The mmWave channels in our simulations were derived
from the QuaDRiga channel simulator for the 3GPP 38.901
UMi-NLoS scenario [32]. For a TX-RX separation of 60 m,
the omnidirectional RMS delay spread was found to be less
than 176 ns in more than 90% of the channel realizations. Con-
sidering the leakage effects due to pulse shaping, the wideband
channel is modelled using L = 64 taps corresponding to a
duration of 640 ns. The channel measurements for CS-based
beam alignment are acquired using Golay complementary
sequences along the time dimension, where each sequence is
of length Ns = 64. For our simulation settings, it can be
observed that the duration of the guard interval that follows a
Golay pair is 630 ns. The guard interval is sufficient enough
to change the phase shift configuration at the TX, as phase
shifters with a settling time of about 30 ns at 28 GHz have been
reported in [33]. The standard 2D-DFT is used as a sparsifying
dictionary for the spatial channel, unless otherwise stated. The
simulation results we report are the averages over 100 channel
realizations.

C. Performance evaluation

The 2D-CCS-based technique in Sec. III-E estimates the
beamspace X, while ZFB in Sec. IV-C estimates a one-sparse
approximation of X. Therefore, we define different metrics
and benchmarks to evaluate the two techniques.

We describe the metrics and benchmarks used to evaluate
2D-CCS with FALP. In this paper, the error in the channel
estimate is defined for a single tap, as CS is performed over
the channel measurements corresponding to one tap. We use
the OMP algorithm for CS-based channel estimation [27]. The
stopping threshold and the maximum number of iterations
used in OMP were σ

√
M/2Ns and 50 [27]. The normalized

squared error in the channel estimate is defined as

NSE = 20 log10

(
‖H[`o]− Ĥ[`o]‖F
‖H[`o]‖F

)
. (37)

Using the channel estimate Ĥ[`o], the TX constructs the
beamformer FCS according to the method in Sec. III-E. The
number of elements in B was chosen as KB = 6. The
effective wideband single-input single-output (SISO) channel
after CS-based beam alignment is then {〈H[`],FCS〉}L−1

`=0 . The
achievable rate is computed for the effective channel using the
water filling algorithm.

We compare the proposed CS-based approach with the
perfect channel state information (CSI) scenario in which
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Fig. 9: ZFB with FALP’s training has a lower computational com-
plexity than single step matching pursuit (MP) with random IID phase
shift-based training [34]. Here, the number of measurements was set
to M = round(20 log10N

2). A similar complexity reduction can be
observed with CS, due to the use of structured training in FALP.

the beamformer is computed using H[`opt]. We also evaluate
random 2D-CCS, and standard CS with random IID phase
shift matrices [5]. In random 2D-CCS, the base matrix P
is chosen at random from the feasible set, i.e., QN×Nq [8].
It is important to note the transformation S = X � Z may
not be invertible for a random base matrix. As a result, the
approach in Fig. 5, that solves for the beamspace through
a partial 2D-DFT problem cannot be used for random 2D-
CCS. The complexity of random 2D-CCS, however, is lower
than standard CS. We use a low complexity version of OMP
that exploits the 2D-convolutional structure of the training in
random 2D-CCS.

Now, we define benchmarks for ZFB using FALP. As
a one-sparse approximation of X is estimated in ZFB, its
CS counterparts are those that estimate a single beamspace
component. We consider the single step matching pursuit (MP)
algorithm in [34] for two different training designs. The first
design uses fewer 2D-circulant shifts of a random base matrix,
while the second one is the common IID phase shift-based
design [5]. We would like to highlight the fact that both ZFB
and matching pursuit with 2D-circulant shifts of a random base
matrix, exploit the 2D-FFT for fast estimation. The complexity
of both these algorithms is lower than the one that uses the
IID phase shift-based design, as shown in Fig. 9.

We compare the achievable rate obtained using the proposed
techniques and the benchmarks. It can be observed from
Fig. 10 that CS using the perfect array-based training in FALP
achieves about 90% of the perfect CSI rate, with just 120 chan-
nel measurements. In contrast, exhaustive scan-based beam
alignment with the 2D-DFT dictionary requires 1024 channel
measurements. While both FALP and random 2D-CCS use
2D-convolutional channel acquisition, it can be observed that
the rate achieved with FALP is significantly larger than that
with random 2D-CCS. Similarly, ZFB performs better than
single step MP that uses 2D-circulant shifts of a random
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Fig. 10: Achievable rate with the number of CS measurements for a
TX-RX separation of 60 m. CS using FALP’s training achieves better
beam alignment than the random 2D-CCS-based training and the
IID phase shift-based training. Similarly, ZFB with FALP’s training
results in a higher rate than MP with standard CS designs [34].

base matrix. The difference in performance between the two
techniques is due to the choice of the base matrix, i.e., P.
FALP uses a carefully designed base matrix, i.e., a perfect
array, that satisfies the optimality conditions for efficient 2D-
CCS. The loss in achievable rate when compared to the perfect
CSI case is due to noise in the channel measurements and
leakage effects in the beamspace representation.
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Fig. 11: The plot shows the mean of the NSE in the channel estimate
with the number of channel measurements. A 2× resolution AoD
domain representation of the beamspace results in a lower NSE. The
complexity of CS algorithms that use such a representation, however,
is higher than those that use the standard 2D-DFT dictionary.

The plot in Fig. 10 indicates that partial 2D-DFT CS-
based beam alignment with FALP performs slightly better than
standard CS with the IID random phase shift-based design. It is
important to note, however, that the computational complexity
of the CS algorithm in FALP is significantly lower than the
standard approach that uses IID random phase shifts. As CS
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algorithms typically involve iterative optimization, it is useful
to reduce the complexity of computations in each iteration
without compromising the performance of the algorithm. The
random 2D-CCS-based approach has a lower complexity, but
results in a poor achievable rate. CS-based algorithms in FALP
achieve the best of both worlds, i.e., better beam alignment at
a reduced computational complexity.

In Fig. 11, we plot the channel estimation accuracy with
CS-based techniques. The metric used in Fig. 11 is the mean
of the normalized squared error in (37), i.e., E[NSE]. We
would like to point out that this metric is different from the
usual normalized mean squared error (NMSE). We use mean
of NSE, as the normalized mean squared error (NMSE) is
dominated by poor channel realizations that result in a low
received power. As the primary objective of our simulations
is to compare different training solutions, we propose to use
E[NSE], where the mean is taken over the NSE in dB. Such
a metric is robust to fluctuations in the norm of the channel.
The proposed CS-based beam alignment technique results in
a slightly lower mean NSE than the random phase shift-based
approach. Although the mean NSE approaches just −7 dB,
it can be observed from Fig. 10 that the achievable rate
with the proposed approach is reasonable for M = 200.
It is because beam alignment depends on how well the CS
algorithm reconstructs the phase of the channel instead of the
full channel. From Fig. 11, it can be observed that the use of an
oversampled 2D-DFT dictionary, by a factor of 2 along both
the azimuth and elevation dimensions, results in a lower mean
NSE. In such a case, CS algorithms have a higher complexity
as the dimensionality of the underlying optimization problem
is quadrupled.
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Fig. 12: Achievable rate as a function of the number of antennas per
dimension for ρ = 0.1. A per-antenna power constraint of −10 dBm
was used for this simulation. Here, N is chosen such that a perfect
binary array of size N × N exists. FALP allows the use of low
complexity CS algorithms, and is a promising solution for large
arrays.

The low complexity nature of CS algorithms in FALP makes
it a promising solution for beam alignment in massive and low
resolution phased arrays. In Fig. 12, we show that CS-based

beam alignment using FALP works well for a wide range of
antenna dimensions. We would like to mention that FALP can
be applied in one-bit phased arrays only when a perfect binary
array exists, i.e., when N = 2k or N = 3 · 2k, for a natural
number k. Designing perfect arrays for other combinations
of phase shift resolution and antenna configurations, is an
interesting research direction.

VI. CONCLUSIONS AND FUTURE WORK

In this paper, we have proposed FALP, a framework for
compressive beam alignment or channel estimation using a
perfect array-based codebook. The existence of perfect arrays
over small alphabets allows fast and efficient compressed
sensing in low resolution phased arrays through FALP. We
have derived guarantees on channel reconstruction from sub-
Nyquist sampling using FALP. In addition, we have shown
how zero filling-based reconstruction in MRI can be used for
rapid and low complexity beam alignment using a single 2D-
FFT.

FALP establishes a new platform to translate CS ideas from
MRI to channel estimation or beam alignment in mmWave
systems. As CS matrices in FALP can be parameterized by
trajectories, k-space trajectories in MRI can be used for beam
alignment or channel estimation. Furthermore, the trajectories
can be optimized so that the CS matrix is robust to hardware
non-idealities like CFO, phase noise, and frame synchroniza-
tion errors. Investigating the performance of existing MRI
trajectories in the beam alignment problem, and designing new
trajectories are interesting research directions.

VII. PROOF OF THEOREMS

A. Proof of Theorem 1

For the conditions in Theorem 1, the reconstruction error in
the masked beamspace obtained using the `1-norm optimiza-
tion program in (17) can be bounded as∥∥S− Ŝ

∥∥
F
≤ C1

‖S− (S)k‖1√
k

+ C2Nσ. (38)

The upper bound on the reconstruction error in (38) follows
from Theorems 1 and 3 of [8]. Using the spectral mask
equation, i.e., S = X�Z, and (38), we translate the guarantee
on Ŝ to the true beamspace estimate, i.e., X̂.

We first obtain an upper bound on the `1 approximation
error of the masked beamspace in (38). We define Γ ⊆ IN ×
IN and its complement as Γc. The cardinality of Γ is denoted
by |Γ|. With the definition of NΩ in (27), we express the
sparse approximation error ‖S− (S)k‖1 as

‖S− (S)k‖1 = min
Γ,|Γ|=k

‖S− (S�NΓ)‖1 (39)

= min
Γ,|Γ|=k

∑
(`,m)∈Γc

|S(`,m)|. (40)

From the spectral mask equation, we have S(`,m) =
X(`,m)Z(`,m). As a result, |S(`,m)| ≤ Zmax|X(`,m)|. The
`1 approximation error in (40) is upper bounded as

‖S− (S)k‖1 ≤ Zmax min
Γ,|Γ|=k

∑
(`,m)∈Γc

|X(`,m)|. (41)
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Using the definition of the `1 error in a k sparse approximation
of X in (41), we have ‖S− (S)k‖1 ≤ Zmax‖X− (X)k‖1.

Now, we derive a lower bound on the error in the
masked beamspace estimate in terms of the error in the
true beamspace estimate. The squared error in Ŝ is ‖S −
Ŝ‖2F =

∑
`,m |Z(`,m)(X(`,m) − X̂(`,m))|2. By definition,

|Z(`,m)| ≥ Zmin for every ` and m. Therefore, the er-
ror in the masked beamspace estimate is lower bounded as
‖S − Ŝ‖F ≥ Zmin‖X − X̂‖F . The result in Theorem 1
follows by using ‖S − (S)k‖1 ≤ Zmax‖X − (X)k‖1 and
‖S− Ŝ‖F ≥ Zmin‖X− X̂‖F in (38).

B. Proof of Theorem 2

The spectral mask Z is a scaled inverse 2D-DFT of PFC,
i.e., Z = NU∗NPFCU

∗
N . It can be observed that the unimodu-

larity of Z is equivalent to the unimodularity of ZFC, a flipped
and conjugated version of Z. Using the properties of the
Fourier transform, it can be shown that ZFC = NUNPUN

[18]. Now, we use the result that NUNPUN is unimodular if
and only if P has perfect periodic spatial autocorrelation [35,
Sec. III-A]. The result in Theorem 2 follows by putting these
observations together.

C. Proof of Theorem 3

From (33), the probability that |(S~Kbl)| achieves maxi-
mum at (0, 0) can be expressed as

p = 1−Pr

(
∪

(r,c) 6=(0,0)
|(S~Kbl)0,0| ≤ |(S~Kbl)r,c|

)
. (42)

Note that S is non-zero only at the locations (0, 0) and
(ro, co). In this section, we derive closed form expressions for
Pr(|(S~Kbl)0,0| ≤ |(S~Kbl)ro,co |) and Pr(|(S~Kbl)0,0| ≤
|(S~Kbl)r1,c1 |) for some (r1, c1) /∈ {(0, 0), (ro, co)}. We then
derive a lower bound on p in (42).

The matrix |S| is 1 at (0, 0), |a| at (ro, co), and 0 at the
remaining N2−2 locations. Although |S| is maximum at (0, 0)
for |a| < 1, it is possible that |(S~Kbl)| achieves maximum at
(ro, co). We define p1 = Pr(|(S~Kbl)0,0| ≤ |(S~Kbl)ro,co |).
Using (34), p1 can be expressed as

p1 = Pr(|1 + ax∗| ≤ |a+ x|). (43)

The inequality |1+ax∗| ≤ |a+x| is equivalent to 1+|a|2|x|2+
2Re{ax∗} ≤ |a|2 + |x|2 + 2Re{ax∗} and can be simplified to
(1− |a|2)|x|2 ≥ 1− |a|2. For any |a| < 1, p1 is given by

p1 = Pr(|x|2 ≥ 1) (44)

= Pr(2|x|2/ξ2 ≥ 2/ξ2). (45)

As x ∼ Nc(0, ξ2) for a large N , 2|x|2/ξ2 follows the central
χ2-distribution of order 2. Therefore, p1 in (45) can be
expressed in terms of the Marcum Q-function [30] as

p1 = Q1(0,
√

2/ξ). (46)

An interesting observation from (46) is that p1 is independent
of the strength of the second best path, i.e., |a|.

Now, we derive the probability that |(S~Kbl)0,0| ≤ |(S~
Kbl)r1,c1 | for some (r1, c1) such that S(r1, c1) = 0. We define

p2 = Pr(|(S ~ Kbl)0,0| ≤ |(S ~ Kbl)r1,c1 |). Using (34), p2

can be expressed as

p2 = Pr(|1 + ax∗| ≤ |b + aw|). (47)

We assume that the variables x, b and w are independent.
With this assumption, it can be observed that b + aw ∼
Nc(0, (1 + |a|2)ξ2) and 1 + ax∗ ∼ Nc(1, |a|2ξ2). We use
χ2

C
and χ2

NC
to denote the central and non-central chi-

squared random variables of degree 2 [30]. The non-centrality
parameter of χ2

NC
is set as λNC = 2/|a|2ξ2. Using these

definitions, it can be shown that |b+aw|2 ∼ ξ2(1+ |a|2)χ2
C
/2

and |1 + ax∗|2 ∼ |a|2ξ2χ2
NC
/2. We use f(t) to denote the

probability density of χ2
NC

at t. The probability in (47) is then

p2 = Pr

(
χ2

C
≥ |a|2

1 + |a|2χ
2
NC

)
(48)

=

∫ ∞
0

Pr

(
χ2

C
≥ |a|2

1 + |a|2 t
)
f(t)dt. (49)

We use the complementary cumulative distribution function of
χ2

C
to express (49) as

p2 =

∫ ∞
0

exp

( −|a|2t
2(1 + |a|2)

)
f(t)dt. (50)

It can be observed from (50) that p2 is the moment generating
function of χ2

NC
[30] evaluated at −|a|2/(2 + 2|a|2). The

probability in (50) is then

p2 =
1 + |a|2
1 + 2|a|2 exp

( −1

(1 + 2|a|2)ξ2

)
. (51)

As a sanity check, it can be observed that p2 = p1 for a = 0.
We use p1 and p2 in (46) and (51), to derive a lower bound

on (42). The probability that |S ~ Kbl| does not achieve its
maximum at (0, 0) can be upper bounded using a union bound
as

1− p ≤
∑

(r,c)6=(0,0)

Pr(|(S~Kbl)0,0| ≤ |(S~Kbl)r,c|).

(52)

The right hand side in (52) comprises of two distinct terms
that are p1 = Pr(|(S ~ Kbl)0,0| ≤ |(S ~ Kbl)ro,co |), and
p2 = Pr(|(S~Kbl)0,0| ≤ |(S~Kbl)r1,c1 |) for any (r1, c1) /∈
{(0, 0), (ro, co)}. As there are N2 − 2 terms of the second
kind, we can write

1− p ≤ p1 + (N2 − 2)p2. (53)

The result in Theorem 3 follows by substituting (46) and (51)
in (53).
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