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Abstract

We formulate the immersed-boundary method (IBM) as an inverse problem. A con-

trol variable is introduced on the boundary of a larger domain that encompasses the

target domain. The optimal control is the one that minimizes the mismatch between

the state and the desired boundary value along the immersed target-domain bound-

ary. We begin by investigating a naïve problem formulation that we show is ill-posed:

in the case of the Laplace equation, we prove that the solution is unique but it fails

to depend continuously on the data; for the linear advection equation, even solution

uniqueness fails to hold. These issues are addressed by two complimentary strate-

gies. The first strategy is to ensure that the enclosing domain tends to the true domain

as the mesh is refined. The second strategy is to include a specialized parameter-

free regularization that is based on penalizing the difference between the control

and the state on the boundary. The proposed inverse IBM is applied to the diffu-

sion, advection, and advection-diffusion equations using a high-order discontinuous

Galerkin discretization. The numerical experiments demonstrate that the regularized

scheme achieves optimal rates of convergence and that the reduced Hessian of the

optimization problem has a bounded condition number as the mesh is refined.
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1 INTRODUCTION

Mesh generation remains a significant bottleneck for many aerospace applications of computational fluid dynamics (CFD) [1]
and the numerical solution of partial differential equations (PDEs) more generally. This bottleneck is particularly acute during
the generation and adaptation of curved-element, anisotropic meshes around complex geometries, which has limited the adoption
of high-order methods in industry.

One way to address the meshing bottleneck is to develop a high-order discretization that does not require a conforming mesh.
The immersed boundary method (IBM) offers a potential framework for constructing such a discretization and forms the basis
for the method presented herein.

Before proceeding, we should distinguish the IBM from immersed-interface, or cut-cell, methods. IBMs [2] impose the
boundary conditions indirectly through a body force or modified boundary flux. Immersed-interface methods, on the other hand,
modify the cells, elements, or stencil near the boundary such that the boundary condition can be applied directly [3, 4, 5, 6, 7, 8,
9, 10, 11, 12]. The present work is more closely related to classical IBMs that introduce a body force, or penalty, that imposes
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the boundary conditions indirectly. The IBM framework encompasses a wide range of approaches, so a comprehensive review is
beyond the scope of this work. For reviews of the IBM in the context of finite-difference/volume methods see [13] and Sections
3 and 4.1 of [14]. A review of penalty-based IBMs used in finite-element methods can be found in Section 2.2 of [9].

IBMs are popular in some CFD applications, but they have not found widespread use for the steady, advection-dominated
problems common in the aerospace industry. We believe this is primarily due to their limited accuracy; most IBMs are first-order
accurate in practice. That said, some high-order IBMs have been proposed and we mention a few here.

Mayo [15] solved the Poisson’s and biharmonic equations on irregular domains by constructing a discontinuous extension of
the solution onto a regular (e.g. square) domain. The discontinuities in the solution and its derivatives could then be determined
by solving an integral equation, and these jumps could subsequently be introduced into the Poisson’s or biharmonic equations
to solve the PDEs on the regular domain using fast solvers. Mayo later extended this technique to 4th order in [16].

Marques et al. [17] and Marques [18] generalized the ghost-fluid method [19, 20, 21, 22] to high-order by defining a correction
function that smoothly extends the solution on either side of an interface or boundary. Once the correction function is determined,
it is included on the right-hand side of the discretized equations. The correction is independent of the solution for linear problems
with Dirichlet boundary conditions, so conditioning of the left-hand side is not affected in this case; however, more generally,
the correction function depends on the solution for nonlinear problems and problems with more general boundary conditions.

Finally, IBMs that impose boundary conditions using Nitsche’s method have shown considerable promise [23, 24]. The penalty
parameter in Nitsche-based methods must be chosen carefully to maintain coercivity and avoid ill-conditioning, and this choice
can be challenging since it depends on how the exact boundary intersects with the computational mesh. However, this challenge
can be alleviated with stabilization introduced by penalizing the jumps in the normal derivatives [25]. Although high-order
Nitsche-based IBMs have been applied to several different types of physics, their application to advection-dominated problems
is lacking, to the best of our knowledge.

In this paper we present the preliminary investigation of a novel, high-order immersed boundary method. Our approach is
similar in spirit to the fictitious domain method of Glowinski and He [26] and the optimization-based interface treatment in [27].
The key idea is to formulate the IBM as an inverse problem in which unknown boundary fluxes, defined on an approximate easy-
to-generate boundary, are used to satisfy the desired boundary conditions on the true boundary. One strength of this high-order
inverse-problem formulation of the IBM is that it is straightforward both conceptually and in its implementation.

The remainder of the paper is organized as follows. Section 2 describes the basic inverse IBM formulation for both the
Laplace and linear advection equations. This section also discusses the ill-posedness of the basic formulation. Section 3 presents
an investigation of a model problem, which we use to better understand the nature of ill-conditioning in the discrete setting.
Regularization of the inverse IBM is discussed in Section 4, including a parameter-free regularization based on penalizing the
control against the state. The proposed method is demonstrated in Section 5 using on a discontinuous Galerkin discretization.
A summary and discussion are provided in Section 6.

2 INVERSE IBM PROBLEM FORMULATION AND ILL-POSEDNESS

This section presents the basic formulation of the proposed IBM in the context of the Laplace and linear advection equations.
In both cases, we show that the basic formulation is ill-posed and requires regularization.

2.1 Application to the Laplace equation

Consider the Laplace equation on the open, bounded domain Ω ∈ ℝN , with Dirichlet boundary conditions applied on the
boundary Γ ≡ )Ω:

∇2u = 0, ∀x ∈ Ω, (1a)

u = u
Γ
, ∀x ∈ Γ. (1b)

Suppose Ω is a geometrically complex domain for which we do not want to generate a conforming mesh. Consequently, we
introduce a geometrically simpler, bounded domain Ω̃ ⊇ Ω, with boundary Γ̃ ≡ )Ω̃. Figure 1 depicts an example of the domain
Ω, an encompassing domain Ω̃, and their respective boundaries.

Having described this generic geometric setup, we now turn to the key question: how do we select the boundary conditions
on Γ̃ such that the conditions (1b) are satisfied, or at least approximately satisfied, on Γ? Our tentative answer to this question
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also a disc, but one with radiusR > 1; thus, Ω̃ = {(r, �) | r < R, � ∈ [0, 2�)}. It is easy to verify that the solution to the Laplace
equation on Ω̃ that satisfies u(1, �) = u

Γ,n(�) is given by

un(r, �) =
rn

n
sin(n�), ∀ (r, �) ∈ Ω̃.

Consequently, the corresponding (unique) boundary control that solves the inverse IBM problem (2) is the trace of un(r, �) on Γ̃:

cn(�) =
Rn

n
sin(n�), ∀ � ∈ [0, 2�).

Now, consider the solution of the inverse IBM as the mapping T ∶ H
1
2 (Γ) → H

1
2 (Γ̃) that transforms the boundary data u

Γ
into

c, that is T (u
Γ
) = c. Then, for the present example we find

‖T (u
Γ
)‖2
H

1
2 (Γ̃)

= ‖cn‖2
H

1
2 (Γ̃)

≥ CΓ̃‖cn‖2L2(Γ̃)
=
CΓ̃R

n

n

[
� −

sin(4�n)

4n

]
,

where CΓ̃ is a constant. Since the right-hand side of the above inequality is unbounded as n → ∞, while u
Γ

remains bounded, it
follows that T itself is not bounded, in general. We conclude that the solution does not depend continuously on the data and the
inverse IBM, at least in the form (2), is not well-posed for the Laplace equation.

2.2 Application to the linear advection equation

We now turn our attention to the linear advection equation, which is an important model problem for inviscid fluid flows and
hyperbolic PDEs more generally. As with the Laplace equation, we will see that the basic inverse IBM formulation is ill-posed
when applied to the advection equation.

The linear advection equation on an open, bounded domain Ω ⊂ ℝN , with smooth boundary Γ, is given by

∇ ⋅ (�u) = 0, ∀x ∈ Ω, (3a)

u = u
Γ
, ∀x ∈ Γ−, (3b)

where � ∈ [H1(Ω)]N is the vector-valued velocity field. Boundary conditions are imposed on the inflow boundary Γ− ≡ {x ∈

Γ | �n < 0}, where �n ≡ � ⋅ n̂ is the velocity component normal to the boundary and n̂ is the unit, outward-pointing normal
vector on Γ.

Remark 4. We will assume that (3) is well-posed for the given data and geometry. Furthermore, in order to apply the inverse
IBM formulation, we will assume that the velocity field can be extended to the larger computational domain Ω̃. That is, we
assume that there exists �̃ ∈ [H1(Ω̃)]N such that �̃(x) = �(x) for all x ∈ Ω̄.

Next, we formulate an inverse IBM statement, analogous to (2), for the linear advection equation. Specifically, we replace the
variational Laplace equation with the variational advection equation in (2) and obtain the following problem:

inf
c,u

J (u, c) ≡ 1

2 ∫
Γ−

(u − u
Γ
)2 dΓ,

s.t. b(u, v) ≡ ∫̃
Ω

v∇ ⋅ (�̃u) dΩ = 0, ∀v ∈ L2(Ω̃),

c ∈ H
1
2 (Γ̃−), and u ∈ {v ∈ L2(Ω̃) | ∇ ⋅ (�̃v) ∈ L2(Ω̃), v|Γ̃− = c|Γ̃−},

(4)

where Γ̃− ≡ {x ∈ Γ̃ | �̃n < 0} and Γ̃+ ≡ Γ̃ ⧵ Γ̃−. Figure 2 provides an example of the domains and boundaries that appear in
problem (4). We will also refer to this figure when explaining the ill-posedness that affects the inverse IBM in the context of the
advection equation.

2.2.1 Ill-posedness in the context of the advection equation

Consider the point labeled x1 ∈ Γ̃− in Figure 2. A compact control perturbation centered at x1 determines the value of u along
the characteristics downstream of x1 via the boundary condition on Γ̃−. However, if the perturbation is sufficiently local, then the
corresponding characteristics will not pass through Γ and the perturbation will have no impact on the objective. Consequently,
such control perturbations are non-unique in the context of (4), i.e. the inverse IBM problem is ill-posed for linear advection.
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Regularized formulations are commonly used to ensure inverse problems are both well-posed and well-conditioned, so this
is an obvious strategy to examine for the inverse IBM. In this section, we briefly review two popular regularizations used for
inverse problems and argue why they are poorly suited for the inverse IBM. We then introduce a novel regularization for the
inverse IBM that is well suited for discretizations that use weakly imposed boundary conditions.

4.1 Review of regularization approaches for inverse problems

The popular regularizations that we review here are the Tikhonov and total variation (TV) diminishing regularizations. Both
methods modify the objective function J (u, c) by adding a (scaled) convex term, which we denote by S. Thus, the modified
objective is given by

Jreg(u, c) = J (u, c) + �S(u, c), (8)

where � > 0 is a regularization parameter.

Remark 6. The regularized optimization problem based on Jreg corresponds to a bi-objective problem in which � implicitly
determines a particular Pareto optimal solution. Relatively small values of � select solutions that emphasize the boundary-
condition accuracy at the cost of ill-conditioning, while large � produce better conditioned problems whose solutions may have
significant mismatch in the boundary condition.

In the case of Tikhonov regularization applied to the inverse IBM, we have

STik(c) ≡ 1

2 ∫̃
Γ

(c − c0)
2 dΓ, (9)

where c0 ∈ H
1
2 (Γ̃) is a constant function that can be used to reduce the detrimental effect that the regularization has on solution

accuracy. The TV-diminishing regularization takes the form

STV(c) ≡ ∫̃
Γ

√
∇Γ̃c ⋅ ∇Γ̃c + � dΓ,

where c ∈ H
3
2 (Γ̃) and ∇Γ̃c denotes the gradient of the control with respect to a parameterization of Γ̃. The constant � > 0 is a

small parameter that is included to ensure the regularization is differentiable at points where ∇Γ̃c = 0. TV-based regularization
was originally introduced in digital image processing for noise removal [29].

The Tikhonov term STik is quadratic, strongly convex, and it tends to produce smooth solutions. In contrast, the TV-
diminishing term tends to produce piecewise constant solutions that may arise, for example, in the presence of discontinuous
physical properties. Note that the TV regularization is not strongly convex — any constant c minimizes STV — so it may not
be sufficient to guarantee well-posedness, in general. Furthermore, the TV regularization is not quadratic, so iterative solution
methods are required even for linear state equations.

For both regularizations, choosing an appropriate value for the parameter � can be challenging: it should be sufficiently large
to stabilize the problem, but not too large to significantly impact solution accuracy; see [30] for an error estimation of the
solution with respect to �. Some common techniques to select � include the L-curve method [31] and the Morozov discrepancy
principle [32].

In the case of the inverse IBM, selecting the parameter � is further complicated by the requirements of solution convergence
as ℎ → 0. To explain this complication, we consider a conforming finite-element discretization of the Laplace inverse IBM
problem (2) with Tikhonov regularization: find cℎ ∈ Vℎ(Γ̃) and uℎ ∈ Vℎ(Ω̃) that satisfy

min
cℎ,uℎ

Jreg(uℎ, cℎ) ≡ 1

2 ∫
Γ

(uℎ − uΓ)
2 dΓ +

�

2 ∫̃
Γ

c2
ℎ
dΓ

s.t. bℎ
(
uℎ, vℎ

)
= ∫̃

Ω

∇uℎ ⋅ ∇vℎ dΩ = 0, ∀vℎ ∈ V ′
ℎ
(Ω̃),

(10)

where Vℎ(Γ̃), Vℎ(Ω̃) and V ′
ℎ
(Ω̃) are appropriate finite-element spaces.

Theorem 1. Assume that the data and geometry in problem (2) are such that a unique solution exists, e.g., the model problem in
Section 3, and denote this unique solution by c ∈ H

1
2 (Γ̃) and u ∈ H1(Ω̃). Let cℎ ∈ Vℎ(Γ̃) and uℎ ∈ Vℎ(Ω̃) be the solution to (10),

and let ℎ denote the nominal element size. Suppose the L2 solution error on Γ satisfies ‖uℎ − u‖Γ = O(ℎp+1) for some integer
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p ≥ 1 and sufficiently small ℎ. Furthermore, suppose the discrete control is bounded below, ‖cℎ‖Γ̃ > B > 0, for sufficiently
small ℎ. Then there exists ℎ⋆ > 0 such that the regularization parameter satisfies

� ≤Mℎp+1, ∀ℎ ≤ ℎ⋆,

where M > 0 is independent of ℎ.

Proof. The first-order optimality conditions for (10) in the reduced space are

J ′
reg(dℎ) = ∫

Γ

(uℎ(cℎ) − uΓ)uℎ(dℎ) dΓ + � ∫̃
Γ

cℎdℎ dΓ = 0, ∀dℎ ∈ Vℎ(Γ̃),

where, as in the continuous case, the directional derivative (∇cℎ
uℎ) ⋅ dℎ = uℎ(dℎ) follows from the linear dependence of uℎ on

cℎ. In particular, for dℎ = cℎ, we have

J ′
reg(cℎ) = ∫

Γ

(uℎ(cℎ) − uΓ)uℎ(cℎ) dΓ + � ∫̃
Γ

c2
ℎ
dΓ = 0.

Rearranging the above equality and applying Cauchy-Schwarz, we find

�‖cℎ‖2Γ̃ ≤ ‖uℎ(cℎ) − uΓ‖Γ‖uℎ(cℎ)‖Γ.
The assumptions on the solution error and ‖cℎ‖2Γ̃ imply that there exists an ℎ⋆ > 0 such that both ‖cℎ‖2Γ̃ > B2 and ‖uℎ(cℎ) −
u
Γ
‖Γ‖uℎ(cℎ)‖Γ ≤ Λℎp+1‖u

Γ
‖Γ, for some Λ > 0 and all ℎ < ℎ⋆. Using these bounds in the above inequality we arrive at

� ≤ ‖uℎ(cℎ) − uΓ‖Γ‖uℎ(cℎ)‖Γ
‖cℎ‖2Γ̃

≤ Λℎp+1‖u
Γ
‖Γ

B2
, ∀ℎ < ℎ⋆.

The result follows with M = Λ‖u
Γ
‖Γ∕B2.

The implication of Theorem 1 is that, if we have optimal solution error, then the positive effect that Tikhonov regularization
has on conditioning must necessarily vanish as ℎ → 0. In other words, the ill-conditioning will return as the mesh is refined. A
similar conclusion can be drawn with TV-based regularization. This motivates our search for a regularization that is compatible
with high-order accuracy, but whose Hessian does not vanish with mesh refinement.

Remark 7. Theorem 1 gives a necessary but not sufficient condition on �. Indeed, our numerical experiments (not reported here)
indicate that in some cases optimal solution accuracy is achieved only if � = O(ℎ2p).

4.2 Regularization via boundary-condition penalization

Our proposed regularization for the inverse IBM is inspired by weakly imposed boundary conditions. To motivate the regular-
ization, recall our discussion of the linear advection problem in Section 2.2. If the boundary control is defined on all of Γ̃, we
explained why a variation in c on the downwind boundary Γ̃+ does not influence the state. While the control c is intended to
define the boundary value, we can reverse the causation on Γ̃+ and insist that u determines c. More generally, for weakly imposed
boundary conditions, we can seek a solution for which the difference between the discretized state and control is small on the

entire boundary Γ̃. That is, we consider a discrete regularization of the form

S(uℎ, cℎ) =
1

2 ∫̃
Γ

(uℎ − cℎ)
2 dΓ. (11)

Remark 8. The regularization (11) is not useful for the continuous inverse IBM problem, since c = u|Γ̃ in that case. However,
the term is nonzero when the problem is discretized with weakly imposed boundary conditions, because cℎ ≠ uℎ

||Γ̃, in general.

Remark 9. The regularization (11) is analogous to a Tikhonov regularization (9) with c0 = u.

Unlike Tikhonov and TV-diminishing regularizations, the discretized version of (11) tends to zero as ℎ → 0. Consequently,
any (constant) choice of the parameter � in (8) is compatible with an optimal solution convergence rate. For example, consider
the Laplace equation under the assumptions in Theorem 1 and suppose the optimal convergence rate is O(ℎp+1). Using the
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regularization (11), the first-order optimality conditions in the reduced space imply (see the proof of Theorem 1 for further
details)

∫
Γ

(uℎ(cℎ) − uΓ)uℎ(dℎ) dΓ + � ∫̃
Γ

(uℎ(cℎ) − cℎ)(uℎ(dℎ) − dℎ) dΓ = 0, ∀dℎ ∈ Vℎ(Γ̃).

Previously, with Tikhonov regularization, it was necessary (but not sufficient) to have � = O(ℎp+1) in order to satisfy the first-
order optimality conditions as ℎ → 0. In contrast, the proposed regularization is consistent with the above, since both terms in
the condition asymptotically approach zero. In particular, assuming optimal convergence of the state to the boundary value on
Γ̃, we have | ∫

Γ̃
(uℎ − cℎ)

2 dΓ| = O(ℎ2p+2).

Remark 10. Based on the above discussion, any constant choice for � is consistent with optimal solution convergence. We adopt
� = 1 for all subsequent numerical experiments.

The results, presented in the following section, confirm that the regularization (11) improves the conditioning of the discretized
inverse IBM problem; however, this regularization does not prevent ill-posedness as ℎ → 0. To ensure a well-posed problem
our hypothesis remains as before: the ratio ℎ∕dH (Γ, Γ̃) must be bounded as the mesh is refined. Thus, the regularization should
be used in conjunction with a computational domain Ω̃ that converges to Ω.

5 A NUMERICAL INVESTIGATION OF ACCURACY AND CONDITIONING

The purpose of the following numerical experiments is investigate i) the conditioning and ii) solution accuracy of the inverse
IBM. For these studies we consider the steady, constant-coefficient, advection-diffusion equation:

∇ ⋅ (�u − �∇u) = f, ∀x ∈ Ω,

u = u
Γ
, ∀x ∈ Γ′,

(12)

where � ∈ ℝ2 is the advection velocity and � ∈ ℝ is the non-negative diffusion coefficient.
In the numerical experiments, three sets of coefficients are chosen to model different physics. These sets are as follows:

• � = [1, 1]T and � = 0 for a pure advection problem;

• � = [0, 0]T , � = 1 for a Poisson-type diffusion problem;

• � = [1, 1]T , � = 10−2 for an advection-diffusion problem.

The boundary conditions are imposed on Γ′ ≡ Γ for pure diffusion and advection-diffusion, and they are imposed on Γ′ ≡ Γ−

for pure advection.

5.1 Discretization of the inverse IBM formulation

5.1.1 Discretization of the advection-diffusion equation

We use a standard discontinuous Galerkin (DG) finite-element method to discretize the advection-diffusion equation (12). The
symmetric interior penalty Galerkin (SIPG) method [33, 34] is used to discretize the diffusion term while standard upwinding
is used for the advection part; see, for example, [35]. For completeness, a detailed description of the discretization is provided
in Appendix A.

Remark 11. While we have adopted a DG finite-element method here, we emphasize that the proposed inverse IBM formulation
is agnostic to the choice of discretization with the exception of the regularization (11), which requires weakly imposed boundary
conditions.

5.1.2 Discretization of the objective function

Let us first consider the discretization of J (u, c) = ∫
Γ′(u − u

Γ
)2 dΓ. We uniformly divide the boundary contour Γ into nΓ line

segments. On each line segment we introduce Gauss quadrature points, and we construct an interpolation to each quadrature
point based on the finite element that contains the point. We can then use the interpolated values to evaluate uℎ on Γ. The value
of u

Γ
at the quadrature points can be determined from the manufactured solution, which is given by either (16) or (17).
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(a) coarsest mesh, ℎ = H (b) next coarsest mesh, ℎ = H∕2

FIGURE 7 The coarsest two meshes for the unit disk domain used for the numerical experiments. The small black dots on circle
denote the quadrature locations where the boundary-condition mismatch term in the objective is evaluated.

For the following results, we employ a quadrature rule that is exact for polynomials of degree p for each segment on Γ, where p
is the degree of the Lagrange bases used in the discretization (A1). In addition, we consider different values of ℎΓ when studying
the condition number of the reduced Hessian; however, in the solution-convergence study, we choose nΓ such that ℎΓ∕ℎ ≈ 0.5.

Remark 12. The size of the line segments, ℎΓ, as well as the number of quadrature points on each line segment, can be varied
independently of the finite-element discretization; however, as we shall see, there is a limit to how large the ratio ℎΓ∕ℎ can be
made, for a given quadrature rule, before it impacts the conditioning of the discrete system.

Finally, the regularization term S(uℎ, cℎ) = ∫
Γ̃
(uℎ − cℎ)

2 dΓ is evaluated directly using the trace of uℎ and the value of cℎ on
the edges e ∈ Γ̃ℎ.

5.1.3 Definition of the expanded domain Ω̃

The domain Ω̃ is determined using the following process. We begin by generating a rectangular background mesh composed
of uniform triangles that is of sufficient size to cover the target domain Ω. Then Ω̃ is defined as the set of all elements that are
either interior to Ω or are intersected by Γ. To illustrate, Figure 7 shows the coarsest two meshes for a unit disk domain and the
corresponding Ω̃. The nominal element size ℎ is defined as the square root of the triangle areas.

Remark 13. The proposed construction for Ω̃ ensures that the ratio ℎ∕dH (Γ, Γ̃) remains bounded as ℎ → 0, which is what we
want in practice. On the other hand, the construction makes it impossible to vary the Hausdorff distance dH (Γ, Γ̃) independently
of ℎ, as we did for the model problem in Section 3; however, we can still investigate the impact of the ratio of dH (Γ, Γ̃) on the
spacing of the degrees of freedom by varying the finite-element polynomial degree p. We will present results of such a study in
Section 5.3.

Remark 14. Recall the ill-posedness that affects the inverse IBM applied to the linear advection equation, e.g. point x1 in
Figure 2. We hypothesize that the proposed construction of Ω̃ helps avoid ill-conditioning produced by such points, since any
element containing these points is necessarily coupled to elements interior to the domain Ω; however, further study is necessary
to confirm this claim.
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5.2 Solution of the discretized inverse IBM system

We now briefly discuss the solution of the discretized inverse IBM formulation, as well as the construction of the reduced
Hessian matrix used to study the conditioning of the system.

Let Ω̃ℎ be the triangularization of Ω̃, let {Φi}
n
i=1

denote the basis for the discrete state space Vℎ,p(Ω̃ℎ), and let {�i}
m
i=1

be the
basis for the discretized control space Vℎ,p(Γ̃ℎ); see Appendix A for definitions of Vℎ,p(Ω̃ℎ) and Vℎ,p(Γ̃ℎ). The finite-element state
and control can be represented as

uℎ(x) =

n∑
i=1

(ūℎ)iΦi(x), and cℎ(x) =

m∑
i=1

(c̄ℎ)i�i(x),

respectively, where ūℎ ∈ ℝn and c̄ℎ ∈ ℝm are the nodal coefficients. Substituting these expressions for uℎ and cℎ into the
advection-diffusion trilinear form (A1) and the discretized objective, the discretized inverse IBM problem can be expressed as
the following finite-dimensional optimization problem:

min
c̄ℎ,ūℎ

Jℎ(uℎ, cℎ) =
1

2
c̄T
ℎ
Hcc c̄ℎ − c̄

T
ℎ
Hcuūℎ +

1

2
ūT
ℎ
Huuūℎ − b̄

T
ℎ
ūℎ + J0,

s.t. bℎ(uℎ, cℎ, vℎ) = v̄T
ℎ

(
Auūℎ + Ac c̄ℎ − f̄ℎ

)
= 0, ∀v̄ℎ ∈ ℝn.

(13)

The optimization problem (13) is a quadratic program since it has a quadratic objective and a linear constraint. Furthermore,
one can show that the objective is convex in c̄ℎ and ūℎ. Consequently, the solution to (13) is equivalent to the solution to the
following saddle-point problem:

⎡
⎢⎢⎣

Huu −HT
cu

A
T
u

−Hcu Hcc A
T
c

Au Ac 0

⎤
⎥⎥⎦

⎡
⎢⎢⎣

ūℎ
c̄ℎ
 ̄ℎ

⎤
⎥⎥⎦
=

⎡⎢⎢⎣

b̄ℎ
0

f̄ℎ

⎤⎥⎥⎦
, (14)

where  ̄ℎ ∈ ℝn are the Lagrange multipliers associated with the constraint; in the present context, the multipliers are equivalent
to the nodal coefficients of the adjoint. We solve the linear system (14) using a sparse direct solver.

Remark 15. In practice, the efficient solution of (13) or (14) would require more sophisticated algorithms, such as sparse iterative
solvers with special-purpose preconditioners and Newton’s method for nonlinear PDEs. The application of such algorithms to
(13) is the subject of ongoing research — see, for example, the preliminary results in [36] — but is beyond the scope of the
current work.

The optimization statement (13) and linear system (14) are full-space formulations, since the control, state, and multipliers
are solved simultaneously; see, for example, [37, 38, 39]. Alternatively, we can eliminate the state and multipliers to arrive at
the following reduced-space optimization statement:

min
c̄ℎ

Jℎ(c̄ℎ) =
1

2
c̄T
ℎ
Hc̄ℎ + g

T
c
c̄ℎ + J0,c

where J0,c is a constant, gc ∈ ℝm is the reduced gradient and

H = A
T
c
A
−T
u

HuuA
−1
u
Ac − A

T
c
A
−T
u

H
T
cu
− HcuA

−1
u
Ac + Hcc (15)

is the reduced Hessian. We will study the conditioning of the reduced Hessian in the following sections, since this provides an
indication of the difficulty of solving (14) using iterative methods. Furthermore, we can useH to verify our conclusions regarding
the model problem from Section 3.

5.3 Conditioning of the reduced Hessian

This section investigates how the proposed regularization helps the conditioning of H on both convex and nonconvex geometries.
We also consider the impact of the ratio ℎ∕ℎΓ.

5.3.1 Poisson equation on the unit-disk domain

We begin our investigation of the conditioning ofH, defined by (15), with the Poisson-type diffusion case, that is, with � = [0, 0]T

and � = 1 in (12). The problem domain is the unit disk, Ω = {x ∈ ℝ2 | ‖x‖2 < 1}.
Recall that the immersed boundary is discretized into line nΓ segments of length ℎΓ, and that ℎΓ is independent of the volume

mesh size ℎ. However, if there are m control degrees of freedom, we expect that nΓ ⪆ m is necessary for the reduced Hessian
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(a) coarsest mesh, ℎ = H (b) next coarsest mesh, ℎ = H∕2

FIGURE 11 The coarsest two meshes for the star-shape domain used for the numerical experiments. The small black dots on
circle denote the quadrature locations where the boundary-condition mismatch term in the objective is evaluated.

experiments on a more complicated, star-shaped domain. See Figure 11 for the coarsest two meshes used for the star-shaped
domain.

Unlike for the unit-disk domain, the unregularized inverse IBM is singular for both the advection and diffusion problems. We
are not certain why the star-shaped domain causes issues for the unregularized formulation applied to the diffusion problem;
however, we have solved problems on square domains (geometric singularities) without difficulty, so we believe the non-convex
boundary is to blame. Regardless of the source of the problem, the regularized formulation successfully resolves it, and the
corresponding results are plotted in this section.

We begin with the Poisson equation on the star-shaped domain. Analogous to Figures 8 and 9(b), Figures 12(a) and 12(b) plot
the dependence of condition number of the reduced Hessian on the size ratio ℎΓ∕ℎ and the ratio ℎ∕(pdH (Γ, Γ̃)), respectively. We
can see from the figures that the condition number behaves similarly on the star-shaped and unit-disk domains, both in terms of
trend and value.

Results for linear-advection are also similar between the unit-disk and star-shaped domains; see Figure 13. One noticeable
difference from the results in Figure 10, is that the condition number on the mesh corresponding to ℎ = H∕8 is consistently
larger than on other meshes, and that oscillations in the condition number for this mesh occur around ℎΓ∕ℎ ≈ 0.5. The source
of this behavior for the ℎ = H∕8 mesh is unclear.

5.4 Convergence study

We conclude the numerical experiments with a study of solution accuracy and convergence rate. To this end, the method of
manufactured solutions [40] is employed, and both smooth and nonsmooth solutions are considered.

5.4.1 Smooth solution

First a smooth exact solution defined as

u(x, y) = ex+y sin(�x) sin(�y), (16)

is selected a priori and used to determine f and u
Γ

in (12). The two problem domains used in the condition-number study, the
unit-disk and the star-shaped domains, are again considered.
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(a) p = 1 (b) p = 4

FIGURE 14 Star domain: solution contours of the advection-diffusion problem on the coarsest mesh. Exact solution: thick gray
line, discrete solution: black line.

solution. Furthermore, as expected for a smooth solution, the higher-order approximation produces qualitatively better results
on the same mesh.

For a quantitative assessment of accuracy, it is common to use theL2 error to measure the accuracy of a finite-element solution
uℎ; however, evaluating the L2 norm exactly on Ω is not straightforward, because the standard quadrature rules do not apply on
the elements cut by the boundary. The approach adopted in this paper is to set the solution error to zero at all quadrature points
that lie in Ω̃ ⧵Ω.

Figure 15 and 16 plot the solution error versus element size ℎ for the specific advection, diffusion, and advection-diffusion
problems defined earlier. For all problems, the inverse IBM achieves the optimal convergence rate of p + 1.

5.4.2 Nonsmooth solution

It is well known that the solution accuracy of a (polynomial basis) finite-element method is limited by the smoothness of the
solution. Therefore, since we use a standard DG finite-element method to discretize the state equation, we do not claim or expect
the inverse IBM to be high-order accurate in the case of nonsmooth solutions. To show this, we consider the following exact
solution for the Laplace equation on an L-shaped domain as shown in Figure 17(a):

u = (x2 + y2)1∕3 sin

[
atan

(
2x

3y

)
+
�

3

]
. (17)

This exact solution results in a zero source, f = 0, in the Poisson equation and it has a singularity at the concave corner.
The L2 errors for degree p = 1, 2, 3, and 4 basis functions are plotted in Figure 17(b). The errors are obtained on the same

sequence of background meshes as in Section 5.4.1. For all degrees of approximation, we obtain an asymptotic error rate of
approximately 1.5 rather than the optimal rate of p + 1. Nevertheless, higher degree basis functions do give a smaller error on
the same mesh, which is probably due to the high resolution of the discretization in the smooth region.
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APPENDIX

A DISCRETIZATION OF THE ADVECTION-DIFFUSION EQUATION

We begin with introducing some additional notation. Let Ω̃ℎ be a shape-regular subdivision of Ω̃ into disjoint triangular elements
K ∈ Ω̃ℎ; the definition of Ω̃ is provided in Section 5.1.3. The space of discontinuous piecewise polynomials of total degree p
on Ω̃ℎ is

Vℎ,p(Ω̃ℎ) ≡ {vℎ ∈ L2(Ω̃)| vℎ||K ◦�K ∈ ℙp(K̂), K ∈ Ω̃ℎ},

where ℙp(K̂) is the space of polynomials of total degree p on the unit triangle K̂ , and �K denotes a push-forward operation from
K to K̂ . In this work we use nodal Lagrange bases of degree one to four.

To define the discrete space for the control, we introduce Γ̃ℎ as the subdivision of Γ̃ corresponding to the boundary faces of
the elements in Ω̃ℎ, i.e. Γ̃ℎ = {K̄ ∩ Γ̃ ≠ ∅, K ∈ Ω̃ℎ}. Then, the discrete control space is the set of discontinuous piecewise
polynomials of total degree p on Γ̃ℎ:

Vℎ,p(Γ̃ℎ) ≡ {dℎ ∈ L2(Γ̃)| dℎ||e ◦�e ∈ ℙp(ê), e ∈ Γ̃ℎ}.

Here, ℙp(e) is the space of polynomials of degree p on the reference interval ê = [−1, 1], and �e denotes push-forward operation
from edge e to ê.

Next, we define the standard jump and average operators on the set of interior faces, ΓI . For an interior face e ∈ ΓI , the jump
and average operators, applied to the scalar uℎ ∈ Vℎ,p(Ω̃ℎ) and vector qℎ ∈ [Vℎ,p(Ω̃ℎ)]

2, are given by

{{uℎ}} = (u+
ℎ
+ u−

ℎ
)∕2, {{qℎ}} = (q+

ℎ
+ q−

ℎ
)∕2,

[[uℎ]] = u+
ℎ
n+ + u−

ℎ
n−, [[qℎ]] = q+

ℎ
⋅ n+ + q−

ℎ
⋅ n−,

where n+ and n− are the outward unit normals with respect to )K+ and )K−, respectively, and u+
ℎ

and u−
ℎ

are the traces of uℎ
along the common face from the interior of K+ and K−, respectively. The traces q+

ℎ
and q−

ℎ
are defined similarly.

The trilinear weak form corresponding to the DG discretization of (12) is a mapping bℎ ∶ Vℎ,p(Ω̃ℎ)×Vℎ,p(Γ̃ℎ)×Vℎ,p(Ω̃ℎ) → ℝ

defined by

bℎ(uℎ, cℎ, vℎ) = ∫̃
Ωℎ

[
∇vℎ ⋅ (�uℎ − �∇uℎ) + vℎfℎ

]
dΩ

−∫
ΓI

[
[[vℎ]] ⋅ F̂ (u

+
ℎ
, u−
ℎ
)
]
dΓ − ∫̃

Γ

[
vℎF̂ (uℎ, cℎ) ⋅ n

]
dΓ

+∫
ΓI

[
[[vℎ]] ⋅ {{�∇uℎ}} + {{�∇vℎ}} ⋅ [[uℎ]] − �{{�}}[[uℎ]] ⋅ [[vℎ]]

]
dΓ

+ ∫̃
Γ

[
vℎ�∇uℎ ⋅ n + (�∇vℎ) ⋅ n(uℎ − cℎ) − ��vℎ(uℎ − cℎ)

]
dΓ,

(A1)

where F̂ denotes the standard upwind flux function, and � is the SIPG penalty parameter based on [34]. The discrete source, fℎ,
is obtained by projecting the exact source f , derived from the manufactured solution (16), onto Vℎ,p(Ω̃ℎ).
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