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Abstract

We investigate connections between various rigidity and softness properties for discrete quan-
tum groups. After introducing a notion of residual finiteness, we show that it implies the Kirch-
berg factorization property for the discrete quantum group in question. We also prove the
analogue of Kirchberg’s theorem, to the effect that conversely, the factorization property and
property (T) jointly imply residual finiteness. We also apply these results to certain classes of
discrete quantum groups obtained by means of bicrossed product constructions and study the
preservation of the properties (factorization, residual finiteness, property (T)) under extensions
of discrete quantum groups.
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Introduction

The theory of compact quantum groups initiated by Woronowicz in [36] has proven very flexible and
amenable to treatment from multiple perspectives. The objects in loc. cit. are (particularly well-
behaved) Hopf algebras, usually regarded as function algebras on the non-commutative geometer’s
version of a compact group. On the other hand, by Pontryagin duality for quantum groups, the
same algebras are group algebras of their discrete quantum group duals [28, 3, 14, 33]. We adopt
the latter perspective herein, studying the interaction between the quantum versions of several
properties of interest in the representation theory of discrete groups and in geometric group theory.

The motivating classical result for the present note is the main result of Kirchberg in [20,
Theorem 1.1], stating that a discrete group with property (T) and property (F) (also known as the
factorization property) is residually finite. Our main result here is a quantum version thereof (see
Theorem 3.1).

Theorem 1 A discrete quantum group with property (T) and property (F) is residually finite.

This is accompanied by another analogue of a classical result (Theorem 2.1):

Theorem 2 Residually finite discrete quantum groups have property (F).

Theorem 2, together with the main theorem in Chirvasitu [10], implies the main results in
both Bhattacharya-Wang [5] and Brannan-Collins-Vergnioux [6], which state that, respectively, the
discrete duals of the universal unitary quantum groups U,I and orthogonal quantum groups O,
have Kirchberg’s property (F) and (therefore) the Connes embedding property when n # 3, though
it is believed that the same assertions hold for n = 3 as well.

We will now unpack the ingredients going into Kirchberg’s original result and its quantum
version in Theorem 1 and the related Theorem 2 above, with a more detailed exposition below.
First, the property (T) for locally compact groups was originally introduced in [17] and it has had far
reaching impact in group theory, ergodic theory and operator algebras. Some of these achievements
can be found in excellent references [13, 4, 38]. Property (T) is a representation-theoretic rigidity
property, to the effect that, for a discrete group, the trivial representation is isolated in the set of all
irreducible representations with respect to the topology of pointwise convergence for the associated
positive definite functions; it has several equivalent formulations (see the above-cited references and
the recollection in Section 1 below).

Property (T) was adapted to the setting of discrete quantum groups in [16] and its meaning in the
statement of Theorem 1 above is taken in this new context. We note that a discrete quantum group
with property (T) necessitates that its antipode be bounded, a condition which is equivalent to the
discrete quantum group being unimodular. Property (T) has been discussed in this context and the
more general locally compact quantum setting in a number of other works (e.g. [21, 22, 11,9, 12, 7]).

The second half of the hypothesis, property (F), of Theorem 1 is sometimes also referred to as
the factorization property (or indeed the Kirchberg factorization property). It was introduced for
locally compact groups by Kirchberg in [18] and further studied in [19, 20]. This property amounts,
for a discrete group I', to requiring that the representation

C*(I') @max C*(I")P

B(¢*(T))
resulting from the left and right translation actions of I' on itself factors as

CHD) @max C*T)P = B(AD))
—— (D) @min C*(T)



(where C*(I") denotes the full group C*-algebra). The property has several alternative charac-
terizations; among them is the requirement that the group admits a “sufficiently large” family of
unital completely positive (UCP) maps C*(I') — M,,(C) for increasing n that are “almost repre-
sentations” (see e.g. [20, Proposition 3.2], [8, Theorem 6.2.7], [26, Theorem 6.1] and the discussion
below, in Section 3).

This last reformulation of property (F) makes it possible to interpret the latter as a “softness”
property, ensuring that the discrete group is approximable by small (linear, roughly speaking)
quotients. Property (F) is considered in the wider context of discrete quantum groups in [5], which
provided another motivation for the present paper.

Finally, the conclusion of the above-cited theorem and the condition in Theorem 2 refer to
residual finiteness. For a discrete group I' this simply means that every non-trivial element v € T’
has non-trivial image in some finite quotient of I" (i.e. I" has “enough” finite quotients). Residual
finiteness is widely studied to the extent that we cannot do the literature justice here.

Several generalizations of the notion of residual finiteness can be defined for discrete quantum
groups. One of them is taking the fact that finitely generated linear groups are residually finite
[23] as a cue since our main interest in the quantum setting are noncommutative analogs of them;
in the presence of finite generation residual finiteness for the discrete group I' can be recast as
the requirement that the group #-algebra CI' have enough *-representations on finite-dimensional
Hilbert spaces. In this paper, we make the analogue of this requirement as the defining property
for residual finiteness in the quantum case (see Section 2 as well as [10] for a precursor to this).

The interpretation of property (F) given above, in terms of finite-dimensional almost represen-
tations, makes Kirchberg’s theorem very intuitive: in the presence of the rigidity property (T) the
almost representations become honest representations of I" on finite-dimensional Hilbert spaces.
The proof of [20, Theorem 1.1] captures this intuition, as does the proof of the analogous quantum
statement in Theorem 3.1 below.

The paper is organized as follows. Section 1 is devoted to recalling some of the necessary
background for the sequel, including more precise formulations for the properties referred to above.
In Section 2 we argue that residual finiteness implies property (F) for discrete quantum groups,
as expected. Theorem 3.1 of Section 3 is the main result of this note, proving that the analogue
of Kirchberg’s theorem holds in the quantum setting. Apart from whatever intrinsic interest this
might hold, it is perhaps a good indication that the notion of residual finiteness adopted here
for (finitely generated) discrete quantum groups is the “right one”, and well suited for further
exploration. Finally, in Section 4 we investigate the behavior of the various properties studied here
under extensions of discrete quantum groups (see Definition 4.7 for the notion of extension) and
give some applications of Theorems 1 and 2 for this setting. As is the case classically, property (T)
is preserved under extensions. We also prove a partial positive result in the same spirit for residual
finiteness of discrete quantum groups in Theorem 4.2 and for property (F) in Proposition 4.9.
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1 Preliminaries

For the basics on compact and discrete quantum groups and their duality, we refer the reader to
the standard references [31, 37, 28, 14, 33].



For a discrete quantum group I' with compact quantum dual G = T we typically denote its
group algebra CI" by A = A(G); this is the CQG algebra of representative functions on G. Irred(G)
denotes the set of irreducible (and hence finite-dimensional) representations of G; these are in one-
to-one correspondence with the simple comodules of A(G).

Throughout the paper we use the terms ‘representation of G’, ‘corepresentation of A(G)’ and
‘comodule of A(G)’ interchangeably.

For each = € Irred(G) representing an n-dimensional irreducible unitary representation V' of G
we have a matrix u® = (uj;)1<i j<n, unitary in M, (A), consisting of matrix counits spanning the
smallest subcoalgebra C' C A for which V' — V ® A factors through V ® C. We sometimes denote

C* = span{uj;}, u” = (uj;) € My (A),

and the underlying Hilbert space of the irreducible representation x by H.

In Section 3 below we will make use of property (T) for the discrete quantum group I' = G. For
background on this (some of which we recall below) we will be referring mainly to [16] (especially
Section 3 therein). As for the classical property (T) for discrete groups, the reader can consult [4]
for a rather comprehensive account.

1.1 Property (T)
Let us recall (see [16, Definition 3.1]) the following definition.

Definition 1.1 Let G be a compact quantum group with underlying CQG algebra A, X C
Irred(G) a subset, and 7 : A — B(H) a *representation on a Hilbert space H. For z € Irred(G),
put U* = (id ®@m)u® € B(H,) ® B(H).

1. For ¢ > 0 we say that the unit vector v € H is (X,¢)-invariant if for all z € X and all
non-zero 1 € H, we have
[UF(n @ v) = (n@v)| <elnll.

2. We say the representation m almost contains invariant vectors if there are (X, e)-invariant
vectors for all finite subsets X C Irred(G) and all € > 0. In that case we write 1 < 7.

3. Wesay I' = G has property (T) if whenever 1 < 7 the representation 7 contains the trivial
representation as a summand (i.e. 1 < ): there exists a unit vector v € H such that

Uhev)=n®uv

for all x € Irred(G) and all n € H,. ¢

Remark 1.2 The property 1 = 7 is sometimes also expressed by saying that m weakly contains
the trivial representation 1 of I'. It is easy to see that the condition 1 < 7 defined as above is
equivalent to the existence of a net (v,,), of unit vectors in H such that for every = € Irred(G) and
every unit vector n € H, we have

U(n®@uv,) — (n®@wv,) =0 in norm. ¢



Remark 1.3 We will need an ostensibly stronger but in fact equivalent formulation of property
(T).

First, [16, Proposition 3.4] shows that a single X and ¢ suffice: if the group has property (T)
as in Definition 1.1 then there exist a finite set X and £ > 0 such that every representation with
(X, e)-invariant vectors contains invariant vectors.

Secondly, we can then improve on this further so as to ensure invariant vectors are close to
almost invariant ones: given a § > 0 we can choose X and ¢ such that every (X,e)-invariant unit
vector is d-close to a unit invariant vector.

This latter version is sometimes referred to as ‘property (T) with continuity constants’ and
appears explicitly in [13, Proposition 1.16]. That proof (or that of [20, Lemma 2.1], applied to the
unitaries U*) can be adapted to the quantum setting to yield the equivalence of the two definitions
of property (T) (with and without continuity constants). See also [27] for an extended discussion
of the matter in the context of von Neumann algebras. ¢

Given that for a compact quantum group G we regard A(G) as the group algebra CI' of the
discrete quantum dual I' = G, the following concept is natural.

Definition 1.4 Let I' = G be a discrete quantum group. A subset X C I' generates I if the matrix
counits u;; generate A(G) as a x-algebra. We say that I is finitely generated if some finite subset
X C Irred(G) generates I ¢

On occasion, we refer to finitely generated CQG algebras as CMQG algebras.

Remark 1.5 Definition 1.4 is equivalent to the notion of finite generation in [16, §2.3] and [34,
Theorem 2.5]. ¢

The relevance of Definition 1.4 to the present paper is that the finite generation property is
implied by property (T) (see the quantum analogue [16, Proposition 3.3] of the classical result to
the same effect, e.g. [4, Theorem 1.3.1)):

Proposition 1.6 A discrete quantum group with property (T) is finitely generated. |

Remark 1.7 Any discrete quantum group I' with property (T) is also known to be of Kac type
(or unimodular) [16]. The latter means that the left and right Haar weights on I' are equal and
tracial. It has two other equivalent forms, the compact dual quantum group G has tracial Haar
state and the antipode on A(G) is bounded for the universal C*-norm. ¢

1.2 Property (F)

We now briefly review the Kirchberg factorization property for discrete quantum groups, which was
introduced and studied in [5].

Let A be a unital C*-algebra and 7 : A — C a tracial state with GNS triple (7, H;, A, (1)),
where A; : A — H, is the canonical morphism from A to the GNS Hilbert space H,. Denote by
¥ the representation of the opposite C*-algebra A° of A on H, defined by

7P(aP)A, (b) = A, (ba)  (a,b € A).

Since 7, and 77 are commuting representations of A and A°, respectively, we obtain a represen-
tation of the mazimal C*-algebra tensor product

(Tr - TP )max : A @max A® = B(H,);  a®@b% — m(a)r?(b%)  (a,b € A).

In the following, the normalized trace on the k x k matrix algebra My = M (C) is denoted by
trg.



Theorem 1.8 (See [20, Proposition 3.2], [26, Theorem 6.1] and [8, Theorem 6.2.7]) For a trace T
on a C*-algebra A C B(H), the following are equivalent.

1. 7 extends to an A-central state ¢ € B(H)*. Le., Y(uzu*) = ¢(x) for each x € B(H) and
each unitary u € A.

2. There is a net of unital and completely positive (abbreviated UCP) maps @i, : A — M,
such that tr,, opr(a) — 7(a) and ||px(a*b) — ¢r(a)*¢r(b)||2n, — 0 for each a,b € A, where
llz||2n = trn(:n*:n)% for x € M,.

3. The representation (mr - T2 Jmax : A Qmax AP — B(H,) factors through the quotient
A Rmax AP — A Rmin A°P,

Note that property 1 in the above does not depend on the choice of embedding A C B(H).

Definition 1.9 Any tracial state 7 : A — C satisfying the hypotheses of the above theorem is
called amenable. ¢

Remark 1.10 Note that for 7 : A — C to be amenable, it suffices to check condition 2 on any
norm-dense *-subalgebra A4 C A. In particular, if G is a compact quantum group and C*(G) =
C*(A(G)) denotes the universal enveloping C*-algebra of the CQG-algebra A(G), we shall call a
tracial state 7 : A(G) — C amenable if its unique extension to C*(G) is amenable. ¢

Definition 1.11 Let I' = G be a discrete quantum group of Kac type. We say that I' has the
Kirchberg factorization property (or is FP, or has property (F)) if the Haar trace on A(G) is
amenable. ¢

Remark 1.12 This notion is precisely as in [5, Definition 2.10], whose authors are investigating
extensions of this property to non-unimodular discrete quantum groups where the Tomita-Takesaki
theory is essential. ¢

1.3 Residual finiteness

The notion of residual finiteness for discrete groups has several possible generalizations to discrete
quantum groups. In this paper, we will use the following definition.

Definition 1.13 A discrete quantum group I' = G is called RFD if its underlying CQG algebra
A = A(G) embeds as a *-algebra into a product of matrix algebras. Le., if for any 0 # a € A there
is some *-representation 7w of A on a finite dimensional Hilbert space such that m(a) # 0 (we then
also say that A itself is RFD). If in addition T is finitely generated in the sense of Definition 1.4,
then we say that it is residually finite (or RF for short). ¢

We note that any RFD discrete quantum group I is automatically of Kac type. See for example
[29, Remark A.2].

Remark 1.14 The above definition specializes to the classical notion of residual finiteness when
the discrete quantum group in question is a finitely generated discrete group (since finitely generated
maximally almost periodic groups are well-known to be residually finite). Each of the following
five (a priori stronger) conditions on a CQG algebra A also restricts to the usual notion of residual
finiteness for classical discrete groups. Therefore each would deserve a name reflecting “residual
finiteness” for genuine quantum groups.



1. The first condition is demanding more than in Definition 1.13, reflecting the original notion
of residual finiteness in group theory which requires there to be sufficiently many finite group
quotients: there is a faithful family of Hopf *-algebra morphisms m, : A — H,, from the CQG
algebra A onto (not necessarily co-commutative) finite-dimensional Hopf x-algebras H,,.

2. In addition to the condition (1), for each finite family of irreducible corepresentations u®, ..., u®*
of A, there exists a m,, (from among the m,’s) such that the corepresentation (id @y, )(u*"),
.o, (id @7y ) (u*) of the Hopf algebras H,, are irreducible. (This condition extends [8,
Lemma 3.7.9] for residually finite discrete groups.)

3. In addition to the condition (1), require 7, there to be co-normal morphisms. (Recall that
according to [35, Theorem 2.7, when A = A(G) and H,, = A(N), the surjection 7, : A — H,
being co-normal [25] is equivalent to N being a compact normal quantum subgroup.)

4. In addition to the conditions in (2), require m, to be co-normal morphisms.

5. There is a family of cofinite dimensional normal Hopf x-subalgebras H,, of A(G) whose inter-
section is the trivial Hopf algebra (i.e. the scalar field). Here a normal Hopf -subalgebra is
called cofinite if the quotient A(G)/A(G)H,! is a finite dimensional Hopf algebra, where H,~
is the kernel of the counit of H,,.

More work needs to be done to investigate further examples beyond discrete groups regarding
the above properties as well as deeper results beyond these properties. For instance, it would
be interesting to determine if any of the known quantum groups (¢-deformed ones as well as the
universal or free ones) satisfy any of the conditions above.

2 Residual finiteness implies property (F)

The main results of this section is that the RFD property for a not necessarily finitely generated
discrete quantum group implies property (F):

Theorem 2.1 An RFD discrete quantum group has property (F).

Before going into the proof, we will make some preparations. First, we reduce the problem to
Pontryagin duals of compact matriz quantum groups in the sense of [36] (where they are referred
to as ‘compact matrix pseudogroups’). Recall that these are compact quantum groups G whose
discrete quantum duals are finitely generated in the sense of Definition 1.4. That is, the underlying
CQG algebra A(G) is finitely generated (as an algebra, or equivalently, as a x-algebra).

For every compact quantum group G, we can write the corresponding CQG algebra A(G) as
the union of its CMQG subalgebras A(G;) (for i ranging over some index set). For this reason, the
following result is relevant to our specialization to compact matrix quantum groups.

Proposition 2.2 Let G be a compact quantum group, and suppose A(G) can be written as thf
union hgz A(G;) of CQG subalgebras for a family of quantum group quotients G — G;. Then, G

has property (F) if and only if each /G\, has property (F).
This will be an immediate consequence of the following more general result.

Proposition 2.3 Let A be a C*-algebra expressible as a filtered inductive limit hi>n2 A; of C*-
algebras. Let also T be a trace on A. Then, T is amenable if and only if its restrictions 7, = T|a,
are all amenable.



Proof One direction is immediate: the amenability for the 7; follows from the fact that a net of
UCP maps ¢y, : A = M, witnessing amenability for 7 restrict to UCP maps A; — M, witnessing
the amenability of each ;.

Conversely, suppose all 7; are amenable. We will prove that 7 is amenable by means of char-
acterization (1) in Theorem 1.8: for an embedding A C B(H), 7 extends to an A-central state on
B(H). Note that since the amenability of a trace, a priori, is defined only in terms of the GNS
representation of the trace, the cited characterization goes through so long as A — B(H) is a
representation whose kernel is contained in that of the trace.

In conclusion, the amenability of the 7; implies the existence of A;-central states ¢; on B(H),
where the A; map into the latter via the compositions

A; - A— B(H).

Now let ¢ be a the state on B(H) obtained as the limit of some w*-convergent sub-net of (v;);. It
follows immediately from its construction that ¢ is an A-central extension of 7 to B(H), hence the
conclusion. [

Remark 2.4 Note that neither the structure maps 4; — A = hﬂz A; of the inductive limit nor
the connecting maps A; — A; are assumed to be one-to-one. ¢

Proof of Proposition 2.2 Simply apply Proposition 2.3 to the universal C*-algebra C"(G) =
C*(A(G)) associated to G, expressed as the filtered inductive limit of the universal C*-algebras
C; associated to the compact matrix quantum quotients G — G;. The trace 7 in question here is
the Haar state of C*(G), which indeed, as Proposition 2.3 requires, restricts to the Haar states of
Ti - CU(GZ) — C. |

In conclusion, we get

Corollary 2.5 If the statement of Theorem 2.1 holds for duals of compact matriz quantum groups,
then it holds in general.

Proof Let G be a compact quantum group with the property that A(G) is residually finite-
dimensional. As noted above, A(G) is the union of A(G;) as G; range over the compact matrix
quantum group quotients G — Gj. Residual finite-dimensionality is inherited by *-subalgebras, so
we know that all G; are RFD and hence, by assumption, have property (F). Proposition 2.2 now
finishes the proof. |

We are now ready for the proof of the main result announced above.

Proof of Theorem 2.1 AAccording to Corollary 2.5, it suffices to assume that the discrete quan-
tum group in question is G, where G is a compact matrix quantum group.

In this setup, the countable dimensionality of A = A(G) as a complex *-algebra, together with
the RFD property, ensure that we have an embedding

A%M::ﬁMnk (1)

k=1

into a countable product of matrix algebras. Here, the right hand side of (1) signifies the product
in the category of C*-algebras, i.e. the set of bounded sequences of elements in M,, as k ranges
over the positive integers.



Now consider a sequence oy > 0, k > 1 of positive reals adding up to 1, and let

o0
T = E Qg try,
k=1

be the corresponding faithful state on M (where tr,, denotes the normalized trace on M,). By
Proposition 2.3, 7 is an amenable trace on M.

We regard A as a *x-subalgebra of M via (1), and by a slight abuse of notation we regard 7 as
a state on A. The proof of [36, Proposition 4.1] shows that the Cesaro limit of the convolution
iterates 7*" is precisely the Haar state on A (note that although Woronowicz requires faithfulness
of 7 on a C* completion of A, the proof only requires this on .A).

The conclusion now follows from the observations that (a) 7 is an amenable trace on A by [8,
Proposition 6.3.5.(a)] and (b) the collection of amenable traces is weak*-closed, and also closed
under convolution and convex combinations ([5, Propositions 2.12, 2.13]). [

Remark 2.6 Note that the factorization property implies hyperlinearity (or Connes’ embedding
property) for the respective discrete quantum group in the sense of [6, §3.2]: the weak-* closure of
A in the GNS representation of the Haar state is embeddable into an ultrapower of the hyperfinite
I1; factor. This follows, for instance, from [20, Proposition 3.2] (see also [8, Exercise 6.2.4] and the
discussion on [30, p. 198]). ¢

Remark 2.7 The third named author (A.C.) showed in [10] that the free discrete quantum groups
U,S and O;F are RFD when n # 3. Along with Theorem 2.1 above, this implies the main result in

[5] of the first (A.B.) and last (S.W.) named authors stating that U, and O, have factorization
property under the same condition. Therefore, as remarked in Remark 2.6 above, these discrete
quantum groups are hyperlinear (or have Connes’ embedding property), which is the main result
of the second named author and his collaborators in [6]. ¢

3 Properties (F) and (T) imply residual finiteness

Recall the notion of residual finiteness for quantum groups introduced in Definition 1.13 and prop-
erty (T), as recalled above in Definition 1.1. The main result of this section is the following theorem.

Theorem 3.1 A discrete quantum group with property (T) and the factorization property is resid-
ually finite.

Before going into the proof, let us fix our notation for a discrete quantum group I' = G as
above. We denote as usual by A = A(G) its CQG algebra, and by = : A — B(H) a universal
representation of the C*-envelope C*(G) of A on a Hilbert space H. Our choice of 7 is such that
every UCP map ¢ : A — M,, can be written as

() =T*n(-)T for an isometry T': C" — H.

For any two representations 7y, m of a Hopf *-algebra A on Hilbert spaces Hy, Hs, respectively,
one can form the the tensor product representation 73 ® mo : A — B(H; ® Hs), which is given (by
abuse of notation)

(m ® m2)(a) := (m1 ® m2)(Aa) (a € A),

where A : A - A® A is the coproduct.



Also, for a CQG algebra A associated to a unimodular discrete quantum group with an-
tipode S (which therefore extends to a #-anti-automorphism for the universal C*-norm), and a
x-representation 7 of the x-algebra A on a Hilbert space H, the dual representation 7* of 7 on the
conjugate Hilbert space H is defined by

7*(a) == Jn(S(a))*J L, ac A

where J : H — H is the conjugation operator, and the dual space H* is identified with H as usual
via Riesz representation. (Cf. the notion of contragradient representation in [36].)

We will also regard the space H @ H* = HS(H) of Hilbert-Schmidt operators on H as the
underlying Hilbert space of the tensor product representation m ® 7m* of the Hopf x-algebra A.
Under this identification, a vector w € H ® H* is fixed under m ® n* precisely when it is a m-
intertwiner.

We are now ready to address Theorem 3.1.

Proof of Theorem 3.1 We begin by using property (F) to select a net (@) of UCP maps
o A— My,
approximating the Haar state 7: A — C as in part (2) of Theorem 1.8:
lr(a™b) — or(a)" 0k (b)l2n, — 0 (2)
where ||z||2,, = trn(:n*x)% for x € M,, and
trp, opE — T (3)

pointwise.
As described above, our choice of 7 : A — B(H) gives rise to isometries T} with

Ty :C" — H, ¢(-) = Tpn(-)T}.

The almost-multiplicativity (2) of the net () can then be recast as follows.
Let H, be the n-dimensional carrier space of a unitary u = u* € M,(A) = B(H,) ® A as
explained in Section 1 and consider the inflated maps

Y =1id @ ¢ : B(Hy) ® A — My, xn

where My, xpn = B(Hy) ® M,, = M,(M,,). These are again UCPs and satisfy their own version
of (2), by simply inflating the latter:

1¥r(a*b) — Pr(a) i (b)[|2,n, xn — 0 (4)

for a,b € B(H,) ® A.
In particular, applying this to a = u* = b, we obtain

trpgxn (1 - ¢k(u)¢k(u)*) — 0. (5)
Let
e U denote the image of u € B(H,) ® A through

idon:B(H;) ® A— B(H,)® B(H).

10



T,T}

vz

so that 1 ® wy, is a rescaled finite-rank projection in B(H,) ® B(H) of Hilbert-Schmidt norm
V.

o g = 1Ty,

Wg =

Reprising the computation in [20, proof of Proposition 2.3] with Tr standing for un-normalized
traces, we obtain

e (1 — ()0 (1)) = ——Tr (1 — h () ()"

nnig

1
= —Tr (g — qUqrU™)
nnig

1

= (H%HHS — a6, UqiU*) ys)
1Hr1 |

== (g —UqU™)
2 HS

Since g = v/n(1 ® wy), this gives us
* 1 *
Ty xn (1 — g (w)hp(u)*) = o 11 ®wy, — U @we)U* s - (6)

(5) and (6) now imply that the right hand side of (6) converges to zero, or equivalently
1wy, —U(1Q@w,)U*—0 in H,® Hi® H® H". (7)
For each n € H, the map H, ® H} — H, defined by
H,® H* = B(H,)>T — Ty e H,
is continuous. Applying it to the H, ® H} tensorand in (7) we obtain
[n ® wy, — U”(id ® wy,)(U)*(n @ id)|| — 0, (8)

where the norm is taken in the Hilbert space H, ® H ® H* and we have written U” for U.

Now note that the second term inside the norm in (8) is simply the action of u* on 7 ® wy
through 7 ® 7*. In conclusion, (8) translates to (wy) providing almost containment of invariant
vectors for 7 @ 7* in the sense of Definition 1.1.

Property (T) now ensures that for any ¢ > 0 we can find an index k and a Hilbert-Schmidt
operator w € H ® H*, fixed by A via m ® 7*, such that

|lw —wi| <ein H® H*.

Note that we are implicitly using the ‘continuity constants’ version of property (T) (Remark 1.3).

As noted above, being (7 ® 7*)-fixed implies that w, regarded as an operator on H, is a -
intertwiner. This means that we can further approximate it by finite-rank w-intertwiners arbitrarily
well: Indeed, decomposing the positive, compact operator wy as f[opo) E, d\ via its resolution of
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the identity provided by the spectral theorem, we can simply substitute for w; the finite-rank

operator
Wy = / FE) dA
[7:2)

for sufficiently large m. We abuse notation slightly and denote such finite-rank approximants by w
again. Finally, the faithfulness of the Haar state 7 on A and (3) imply that the finite-dimensional
representations

P,n(—)P, : A— B(wH) 9)
with

P,, := range projection of w

for finite-rank w € H ® H* as above separate the elements of A. Indeed (3) says that if Tr denotes
the standard (non-normalized) trace on B(H), then

(wg, m(a)wy) g = Tr(wgm(a)wy) = 7(a) (10)
for arbitrary a € A, where the HS (Hilbert-Schmidt) inner product is
{#,9) g = Tr(z"y).

In general, for two vectors &,7 in a Hilbert space acted upon by the bounded operator T', we
have

(€=nT& +n,TE—m) |-

= |
= |
The last term is dominated by

(€ =nTE [+ [{n,T(& —m) | < NTNCUEI + [ImlDIIE = nll

(a similar inequality is noted in [20, proof of Proposition 2.3] for unitary 7" and unit vectors &, 7).
Together with the fact that ||w — w||gs < € for small € and ||w||gs = ||wk|/zs = 1 this returns

[ (wm(a)w) yg = (W, T(@)w) g | < 2e.
It follows from (10) that 7(a) can be approximated arbitrarily well by
(w,7(@)u) s = Te(wr(a)u)

with finite-rank intertwiners w as above. In particular, for every a # 0 there is some such w for
which the operator P,m(a*a)P,, € B(wH) does not vanish, hence the claim that the representations
(9) form a separating family.

Since separability by finite-dimensional x-representations is precisely the residual finiteness re-
quirement of Definition 1.13, this concludes the proof. |
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4 Extensions and bicrossed products

In this section we prove residual finiteness for certain discrete quantum groups constructed in [15].
For background on bicrossed products we refer to [15, Section 3], and offer only a brief recollection
here.

Let G and I" be a compact and discrete group respectively, forming a matched pair in the sense
that they are realized as trivially-intersecting closed subgroups of a locally compact group H, with
the property that the product I'G has full Haar measure in H. This amounts to giving a left action
a of T' on G and a right action 8 of G on I satisfying certain compatibility conditions (e.g. [15,
Proposition 3.3]).

To each quadruple (I', G, «, 3) as above one can attach a compact quantum group G, as ex-
plained in [32] or [15, §3.2]; we denote it by G(T', G, «, ) when we wish to be explicit about the
matched pair structure, and reserve the present notation of I'; G, «, 8 and G throughout the
current section.

The quantum groups G (or rather their discrete duals) will provide, under certain circumstances,
examples possessing the properties we have been concerned with throughout this paper. Note
that according to the construction of bicrossed products (e.g. as in [15, §3.2]), the CQG algebra
A = A(G) is simply the crossed product A(G) x I' with respect to the action of I induced by «;
the coalgebra structure does not feature in any crucial capacity here.

We will need the following piece of terminology.

Definition 4.1 An action « of a discrete group I' on a compact Hausdorff topological space X has
enough finite orbits if the points of X with finite orbit under the action form a dense subset of X .4

We now have
Theorem 4.2 Let (I',G,«, 3) be a matched pair. The following conditions are equivalent:
(1) A(G) is RFD;
(2) the action o has enough finite orbits and the group algebra CT is RFD.

Let us first record the following immediate consequence.

Corollary 4.3 Under the hypotheses of Theorem 4.2, if T' is finitely generated and G is a Lie
group, then G is residually finite in the sense of Definition 1.13.

Proof Indeed, according to Definition 1.13 (and given Theorem 4.2) all that is missing is the finite
generation of the algebra A(G), which follows under the circumstances:

Our hypothesis ensures that both CI'" and the algebra A(G) of representative functions on G
are finitely generated, and the conclusion follows from A(G) = A(G) x T. |

Proof of Theorem 4.2 We prove the two implications separately.

(1) = (2) The RFD-ness of CT follows from that of A(G), since the former is a x-subalgebra
of the latter.

As for the finite-orbits condition, we can argue as follows. For any open subset U C G a contin-
uous function on G with support in U is not annihilated in some finite dimensional representation
of the full crossed product algebra 7w : C(G) x I' = M,,(C). It follows that some one-dimensional
representation x of C(G) supported in U is contained in 7. Since the entire a-orbit of x is then
contained in 7 by the I'-equivariance of the representation, that orbit must be finite.
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(2) = (1) Consider an a-invariant finite subset F' C G, and let N < T be the (finite-index)
kernel of the morphism I' — Sg into the symmetric group on the finite set F'.

Our assumption of residual finiteness for I' implies that its elements are separated by finite
quotients

Considering the resulting product morphisms I' — I'; x S instead, we may as well assume that
the kernels of I' — I'; are contained in N. But then the elements of the crossed product C(F) x I'
are separated by homomorphisms of the form

C(F)xI' - C(F)xT.

onto finite-dimensional C*-algebras. Indeed, since the underlying vector space of C'(F) x T is simply
the tensor product C(F) ® CI', a non-zero element z € C(F) x I' can be written uniquely as a
non-empty sum
Y g aj#0€C(F)
J
for distinct g; € I'. Now simply choose I' — I'; so that the images of g; are distinct.
Finally, the condition of having enough finite orbits ensures that homomorphisms of the form

A2 AG)xT = C(F)xT
separate the elements of A. This concludes the proof. |

Examples of actions of residually finite discrete groups on compact (Lie) groups that do not
meet the requirements of Theorem 4.2 are easily constructed:

Example 4.4 Let G be a unitary group U,, n > 2 and « the action of I' = Z via conjugation by
an element x € U, that is sufficiently generic, in the sense that its eigenvalues \; satisfy A" # AT
for all i # j and m € Z\ {0}.

The only elements of U,, with finite orbit under « are those that commute with some power ™,
m € Z \ {0}, and hence preserve all eigenspaces of z. Certainly, this is not a dense subset of U,,. 4

According to Theorem 2.1, we now also have

~

Corollary 4.5 If G is finite and I' is residually finite, then the discrete quantum group G =
G(T, G, a,B) has property (F). |

On the other hand, [15] also provides us with examples fitting into the setup of Section 3:

Corollary 4.6 Suppose G is finite and T' has properties (T) and (F). Then, G is residually finite
and has properties (T) and (F).

Proof [15, Theorem 4.3] ensures that G has property (T). On the other hand, [20, Theorem 1.1]
shows that I' is residually finite, and hence Theorem 4.2 above is applicable to prove that G is RF.
It then also has property (F) by Theorem 3.1. |

Theorem 4.2 fits into the general framework of proving that certain properties for discrete
quantum groups (in this case the RFD property) are preserved under taking eztensions:
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Definition 4.7 Let N and K be discrete quantum groups with underlying group algebras B =
A(N) and C = A(K). An extension of K by N is a discrete quantum group I' with underlying
group algebra A4 = A(I") fitting into an exact sequence

C>B—-A—-C—C (11)

of Hopf (*-)algebras in the sense of [1, Definition 1.2.0, Proposition 1.2.3]. ¢

See also [35, p. 523] for a discussion of exact sequences in the dual context of compact quantum
groups, which amounts to the same exactness condition imposed in Definition 4.7.

Remark 4.8 Definition 4.7 specializes to the usual notions of exactness and extension for ordinary
(i.e. non-quantum) discrete groups, and Theorem 4.2 provides sufficient conditions for a special
class of extension (arising as a bicrossed product) of RFD discrete quantum groups to retain the
RFD property. Example 4.4, however, shows that the RFD property is not inherited by crossed
products from their factors. This contrasts with the situation for discrete groups, where split ex-
tensions (i.e. those expressible as crossed products) of residually finite groups by finitely-generated
residually finite groups are again residually finite by [24]. ¢

As far as property (F) is concerned, we have the following positive result.

Proposition 4.9 A semidirect product of a discrete group with property (F) by a residually finite
and finitely generated discrete group again has property (F).

Proof According to [2, Theorem 1] it suffices to argue that
(a) fully residually property (F) groups retain the property, and
(b) semidirect extensions of property (F) groups by finite kernels have (F),

where we say that a group I fully residually has a given property P provided for every finite subset
F C I some morphism I' — K to a group with property P is one-to-one on F.

(a) To argue the first item, note first that property (F) is preserved under taking products.
Indeed, if ' = [[, I';, then in the language of [6] the compact quantum group T is topologically
generated by fi, and the conclusion follows from a simple adaptation of [5, Theorem 3.3] to more
than two compact quantum subgroups generating an ambient compact quantum group.

Next, it follows from the characterization of property (F) in terms of a net of almost-representations
¢k (see the proof of Theorem 3.1 above and [8, Theorem 6.2.7]) that property (F) is preserved by
passing to subgroups.

Finally, being fully residually (F) entails embeddability into a product of property-(F) groups,
hence the conclusion.

(b) Consider a semidirect product I' = N x K with N finite and K having property (F).
Consider the subgroup K’ C K consisting of elements that fix N pointwise. The product

NK'cT

is direct and hence (F), and moreover K’ C K has finite index. To verify the latter assertion,
observe that K’ is the kernel of morphism K — Sy into the symmetric group on N induced by the
permutation of N by K-conjugation.
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In conclusion, it suffices to argue that property (F) lifts from finite-index subgroups
Qcrl

(ie. if [I": Q] < oo and 2 has (F) then so does I'). This follows for instance from the characterization
of property-(F) groups by the requirement that the linear functional

p:CroCr —C

defined by (v,n) — J,,, be continuous with respect to the minimal tensor product norm (e.g. [8,
Theorem 6.2.7 (3)]) on C*(I') @ C*(T"). Given that this condition holds for the finite-index subgroup
Q of T, it holds for I:

When equipped with the minimal tensor product norm from above, the topological vector space
CI' ® CT is a direct sum of finitely many subspaces isomorphic to CQ ® C) (translates by (v,7)
with « and 7 ranging over a finite system of representatives for the cosets of Q in I'). Since the
restriction of u to all of these subspaces is continuous by assumption, the conclusion follows. W

Remark 4.10 Note that the bicrossed product discrete quantum group ([A}(F, G, a, ) in Example 4.4
has property (F). The reason is that the underlying C*-algebra C'(U,,) x Z is nuclear (because Z is
amenable; see e.g. [8, Theorem 4.2.6]) and hence there is no distinction between the maximal and
minimal tensor products appearing in the original definition of the factorization property. There-
fore, by Theorems 3.1 and 4.2, the quantum group @(F,G,a, B) in Example 4.4 does not have
property (T). ¢

We end the present section with a discussion of the preservation of property (T) under extensions
of discrete quantum groups in the sense of Definition 4.7. This is a natural question to pose, given
the classical version (e.g. [38, Lemma 7.4.1] or [4, Proposition 1.7.6]). The result we prove,
analogous to its classical version, involves the following notion (cf. [4, Definition 1.4.3]).

Definition 4.11 Let N < T be an inclusion of discrete quantum groups in the sense that we have
an embedding B = A(N) — A(T") = A of CQG algebras. The pair (I', N) has property (T) if every
A-representation that almost contains invariant vectors admits a non-zero vector invariant under

B. ¢

Remark 4.12 Definition 4.11 agrees with [15, Definition 4.1] once one accounts for the fact that
the latter is formulated in terms of the compact Pontryagin duals to the discrete quantum groups
of interest here. ¢

Proposition 4.13 Consider an exact sequence of discrete quantum groups as in Definition 4.7.
Then, T' has property (T) if and only if K and the pair (T', N) do.

Note that property (T) for I' is equivalent to property (T) for the pair (I',T'), and (T) for N
entails the property for the pair (I', N).

Proof The direct implication is immediate, so we argue the converse. Suppose, in other words,
that K and (I', N) both have property (T), and consider a representation = : A — B(H) with
almost invariant vectors.

Property (T) for the pair then implies that the Hilbert subspace Hy C H consisting of N-
invariant vectors is non-zero. H is moreover I'-invariant because IV < I' is normal in the sense of
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[35, Theorem 2.7]. To see this, recall first that the normality implies in particular that the kernel
of the surjection A — C is the (left and right) ideal (cf. [35, Lemma 3.3])

Aker(e|g) = ker(e|g).A.
This equality then implies that we have
w(ker(e|g)A)Hy = m(Aker(g|g))Hy = 0,

because Hp being N-invariant means that B acts on Hy via e. This means that ker(e|g)m(A)Hy = 0,
and hence the space 7(A)Hj is contained in the space Hy of N-fixed vectors in H; i.e. Hp is I'-
invariant. Denote the representation of A (i.e. T') on Hy by 7.

Next, we claim that the I'-representation my on Hy almost contains invariant vectors in the sense
of Definition 1.1. To verify this, choose an (X, ¢)-invariant unit vector v, € H for each n = (X, ¢)
where X is a finite set of irreducible A-comodules and € > 0. These vectors form a net as X
exhausts Irred(f) and € — 0.

Now suppose there is a subnet v, whose projections v;: := Pv,, on Hy have norms bounded
below by some C' > 0. According to Definition 1.1 and remark 1.2, for every element x € X and
unit vector n € H, we have

U*(n®@wvy) — (n®wvy,) — 0. (12)

HOL is invariant under A via w, and hence the projection P with range HOL commutes with A.
Because u” belongs to B(H,) ® A, applying

id ® (projection onto Hol)

to (12) yields
U(n@uvyr) — (n@ ) — 0.

Restricting to the subnet (v, ), and using ||v:|| > C we obtain

Uz< ®—U7l” >—< ®—U#L >—>O
T2kl T ol '

In conclusion, the normalized projections ”Z—i” attest to the existence of almost invariant vectors
for the representation of I' on Hy . Property (T) for the pair (I', N) then entails the existence of N-
invariant vectors in HOL. This, however, contradicts the choice of Hy as the space of all N-invariant
vectors in H.

The contradiction we have just obtained shows that the norms of the projections v], of v,
on Hj converge to 1 along the net. The same argument (projecting onto Hj instead of HOL) then
shows that these projections witness the fact that the I'-representation 7y almost contains invariant
vectors.

As observed before, the trivial action of N means that B acts on Hy via the counit €. On the
other hand, the exact sequence (11) implies that the kernel of A — C is the ideal of A generated
by ker(e|g) (cf. [35, Lemma 3.3]) which is annihilated by 7y as noted above, and hence the repre-
sentation my : A — B(Hj) factors through C = A(K). The existence of almost invariant vectors
and property (T) for K then implies that Hy contains non-zero K-fixed vectors; these would then
also be fixed by T', finishing the proof that the latter has property (T). |
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