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Topology Optimization of
Multimaterial Thermoelectric
Structures
A large amount of energy from power plants, vehicles, oil refining, and steel or glass making
process is released to the atmosphere as waste heat. The thermoelectric generator (TEG)
provides a way to reutilize this portion of energy by converting temperature differences
into electricity using Seebeck phenomenon. Because the figures of merit zT of the thermo-
electric materials are temperature-dependent, it is not feasible to achieve high efficiency
of the thermoelectric conversion using only one single thermoelectric material in a wide
temperature range. To address this challenge, the authors propose a method based on
topology optimization to optimize the layouts of functional graded TEGs consisting of mul-
tiple materials. The multimaterial TEG is optimized using the solid isotropic material with
penalization (SIMP) method. Instead of dummy materials, both the P-type and N-type elec-
tric conductors are optimally distributed with two different practical thermoelectric mate-
rials. Specifically, Bi2Te3 and Zn4Sb3 are selected for the P-type element while Bi2Te3 and
CoSb3 are employed for the N-type element. Two optimization scenarios with relatively
regular domains are first considered with one optimizing on both the P-type and N-type ele-
ments simultaneously, and the other one only on single P-type element. The maximum con-
version efficiency could reach 9.61% and 12.34% respectively in the temperature range
from 25 °C to 400 °C. CAD models are reconstructed based on the optimization results
for numerical verification. A good agreement between the performance of the CAD
model and optimization result is achieved, which demonstrates the effectiveness of the pro-
posed method. [DOI: 10.1115/1.4047435]

Keywords: computer-aided engineering, conceptual design, design optimization,
thermoelectric generator

1 Introduction
The thermoelectric effect refers to the direct conversion of tem-

perature differences into the electric voltage and vice versa,
which has aroused a lot of attention since its discovery. One impor-
tant application of such effect is the thermoelectric generator (TEG),
which can transform waste heat into electricity from various sources
such as home heating, automotive exhaust, and industrial processes
[1]. A TEG usually contains two semiconductors, namely P-type
element (with positive charge carriers) and N-type element (with
negative charge carriers). Modern TEG devices occupy unique
advantages over traditional thermal power-generation devices. For
instance, it can be designed in flexible size showing great scalabil-
ity, operated without moving parts, and thus quite reliable and envi-
ronmentally friendly [2]. Owing to these appealing features, recent
years have witnessed a number of practical applications based on
TEG principle, ranging from electricity generation in harsh environ-
ments such as space exploration [3], waste heat recovery in automo-
biles [4,5], and micro-generation for sensors or microelectronics
[6,7]. However, one major weakness is that the efficiency of a
TEG has been somewhat low, which, to a large extent, impedes
the broader application of such technology into different fields [8].
Typically, besides the temperature difference between the hot and

cold ends, the efficiency of a TEG relies heavily on the figure of
merit of the thermoelectric material:

zT = α2T/ρκ (1)

where T is the absolute temperature, α is the Seebeck coefficient, ρ
is the electrical resistivity, and κ is the thermal conductivity, respec-
tively [9]. Several breakthroughs have been made at the nanoscale
in materials science to enhance the zT. Some examples include the
all-scale hierarchical architectures to reduce the thermal conductiv-
ity [10] and preparing thermoelectric materials such as Bi2Te3 in
quantum-well super-lattice structures [11] and band engineering
[12,13] to increase the power factor (α2/ρ). Due to these advances,
the figure of merit of the TE materials could reach 1.8 with the cor-
responding conversion efficiency increased to 11–15% [2].
Since the thermoelectric properties are highly temperature-

dependent, one thermoelectric material can only perform efficiently
in a narrow temperature interval. Naturally, it is desirable to
combine different thermoelectric materials together to fully
exploit their respective thermoelectric capability. One typical
example is the segmented thermoelectric generator [14–16], in
which the P-type and N-type elements are usually divided into
several segments. In each segment, a proper thermoelectric material
is employed to produce the highest efficiency in the temperature
interval of that segment. When designing such segmented struc-
tures, designers must ensure that the compatibility factors of differ-
ent thermoelectric materials are close enough to achieve an
enhanced efficiency [17]. For a segment with simple geometry, it
is convenient to determine the dimensions for each segment.
However, this becomes a difficult problem to treat with when it
comes to a TEG with complex and irregular geometry. Besides,
due to the high cost of thermoelectric materials, it is strongly
desired to find the optimal distribution of a given amount of thermo-
electric materials over a large domain to achieve the best perfor-
mance. Topology optimization is an efficient tool for solving such
materials distribution problems. Takezawa and Kitamura [18]
applied the topology optimization principle to the design of
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thermoelectric generators with a single material. Soprani et al. [19]
integrated a TE cooler into a robotic tool using a 3D topology opti-
mization and carried out the physical experiments to validate the
optimized designs. Mativo and Hallinan [20] developed a compliant
TEG, which can sustain mechanical loads besides performing ther-
moelectric functionality. Lundgaard et al. [21–24] systematically
investigated the thermoelectric energy conversion problem using
the SIMP method. In this paper, we aim to achieve the design of
thermoelectric generators with multiple practical thermoelectric
materials.
Topology optimization has emerged as a powerful conceptual

design tool since its introduction by Bendsøe and Kikuchi in
1988 [25], which aims to find the optimal layout of proper materials
in a prescribed design domain to obtain the best performance for a
certain purpose. One remarkable characteristic of topology optimi-
zation lies in the generation of conceptual designs without depend-
ing on the designer’s intuition, experience, and inspiration. Several
major topology optimization approaches have been proposed over
the years, including solid isotropic material penalization (SIMP)
method [26,27], level set method [28,29], geometry projection
method [30–33], Heaviside projection method [34] moving morph-
able component (MMC) method [35–37], phase field method [38],
and evolutionary approach [39]. Recently, the application of topol-
ogy optimization has been involved in different fields, such as the
design of heat sinks [40], origami [41], or metamaterials [42]. In
this paper, SIMP is employed due to its convenience in handling
design variables and constraints. In the SIMP method, the design
variables are usually the artificial density, based on the value of
which, one can determine whether there is material or which mate-
rial it is at a certain point thereby defining the topology. To imple-
ment SIMP, it is critical that the quantitative relations between the
density variables and the thermoelectric properties are properly
established. To be more accurate, the temperature dependence asso-
ciated with the thermoelectric materials properties are taken into
consideration and quantified using cubic spline interpolation func-
tions. The output power and conversion efficiency are treated as
the objectives to optimize. The sensitivity analysis is conducted
using the adjoint technique, and the design is updated based on
the method of moving asymptotes (MMA) algorithm [43]. In this
study, two scenarios with relatively regular domains are first inves-
tigated. The first case focuses on optimizing both the P-type and
N-type elements at the same time. In the other case, only the
P-type element is optimized. The performance of the achieved
designs are verified by implementing 2.5D FEA on recreated
CAD models. Then, the proposed methodology is extended to a
more practical and irregular fan-shaped TEG design. The optimized
fan-shaped TEG units are conformally mapped to a hot pipe surface
attempting to recover the waste heat. The performance of this con-
formal TEG device is also simulated and discussed.
This paper is organized as follows: in Sec. 2, the governing equa-

tions for thermoelectric phenomena are introduced. The topology
optimization formulation is given in Sec. 3, including computa-
tional model description, objective functions, and material interpo-
lation scheme. Section 4 details the numerical implementation,
followed by the topology optimization results and 2.5D numerical
verification in Sec. 5. A conformal TEG example intended for
waste heat recovery for hot pipes is provided in Sec. 6. Finally, in
Sec. 7, some concluding remarks are given.

2 Thermoelectric Governing Equations
A typical TEG, shown inFig. 1, usually consists of heat source, heat

sink, P-type and N-type thermoelectric elements, external load, and
electrodes (given by gray bars with arrows in the figure). It works
based on the Seebeck effect, where an electromotive force is generated
due to the movement of charge carriers in the presence of a tempera-
ture gradient between the hot and cold ends. When connected to an
external load to build a circuit, there will be a current flowing
through to produce electric power. For P-type, the current is carried

by holes, while for N-type, it is by electrons. Potentially, such a
TEG device can be applied wherever there is a temperature gradient.
This multi-physics optimization problem involves heat transfer in

solids, electron migration, and thermoelectric effect. For simplicity,
we only consider the steady-state and assume that the thermoelectric
materials are isotropic with regards to the thermoelectric properties
like Seebeck coefficient, electrical conductivity, and thermal con-
ductivity. Consulting Refs. [18,44], the governing equations for
electrical and thermal conductions can be given as follows:

∇ · J = 0 (2)

∇ · q = f (3)

Equations (2) and (3) are coupled with the following thermoelectric
constitutive equations:

J = σ(E − α∇T) (4)

q = βJ − κ∇T (5)

where J is the electric current density vector, A/m2; q is the heat flux
density vector, W/m2; f= J ·E is the heat generation rate per unit
volume, W/m3; σ is the electric conductivity, S/m; E = −∇V , elec-
tric field intensity vector, V/m; V is the electric potential, V; α is the
Seebeck coefficient, V/K; T is the absolute temperature field, K; and
β= T · α denotes the Peltier coefficient, V; and κ is the thermal con-
ductivity, W/(m ·K).
The boundary conditions are as follows:

V = V0, fixed electric potential (6a)

T = Tc, fixed temperature (6b)

T = Th, fixed temperature (6c)

n · J = 0, electrical insulation (6d)

n · q = 0, thermal insulation (6e)

By imposing the above boundary conditions, Eqs. (2) and (3) can be
solved with respect to the two state variables T and V, which will be
further used to compute the objective functions and constraints.

Fig. 1 The configuration of a typical TEG device
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3 Topology Optimization Formulation
Topology optimization has been a robust tool for finding the

optimal materials layout for a particular purpose. In this paper, dif-
ferent thermoelectric materials are to be optimally distributed in the
P-type and N-type thermoelectric elements, i.e., the design domain.
For simplicity, only 2D problem is considered in the topology opti-
mization stage.

3.1 Computational Model Description. As seen in Fig. 2, a
2D computational model is built. Unlike the conventional configu-
ration in Fig. 1, this model adopts a stack junction, which could
reduce the parasitic losses from the connection between the
P-type and N-type electrical conductors [8]. The thickness is
1 mm to make it a thin plate structure. The temperature for the
hot and cold end is set to be 400 °C and 25 °C, respectively. An
electrical potential V0 is assigned to the bottom surface. Copper
acts as electrodes. An external load R is connected to form an elec-
trical circuit and produce power. All other outer boundaries of the
whole domain are electrically insulated and adiabatic, correspond-
ing to the Neumann boundary conditions in Eqs. (6d ) and (6e).

3.2 Design Objective. In this topology optimization problem,
we have two objective functions to optimize, namely, output power
or conversion efficiency. When there are a large amount of heat
sources, maximum output power is preferably wanted. When the
heat source is limited, we prefer a maximum conversion efficiency,
which is defined as the ratio between output power and the total heat
flow from the source. For output power:

Pout =
∫
Ω1

J · EdΩ (7)

where J is the electric current density vector, E is the electrical field
intensity vector as mentioned in Sec. 2, and Ω1 is the external resis-
tor domain.

The conversion efficiency is defined as follows:

η =
Pout

Q
=

�
Ω1
J · EdΩ

∣
�
Ω2
q · n1dΩ ∣

(8)

where Q is the total heat flow from the source, q is the heat flux
density vector, Ω2 is the domain from which the heat flows in;
and n1 is the normal vector of Ω2.
Thus, the objective of the topology optimization problem is to

maximize either the output power or the conversion efficiency,
which can be formulated as follows:

maximize J1 = Pout (9)

or maximize J2 = η (10)

subject to:
∫
ΩPN

dx ≤ Vf · A (11)

In the above equations, ΩPN refers to regions occupied by thermo-
electric materials of the final design; Vf is the volume fraction,
which is set to be 0.8; and A is the initial area of the P-type and
N-type elements. In practice, a large number of TEG units would
be connected electrically in series and thermally in parallel to
produce massive power, requiring more thermoelectric materials
[6]. One potential application of this study is to harvest the waste
heat from exhaust pipes of vehicles. It is then desired to reduce
the mass for a single TEG unit to keep lightweight in the assembled
TEG system. Therefore, it is advisable to impose a volume con-
straint in the designing process of a TEG unit taking the total cost
and weight into consideration.

3.3 Material Interpolation Scheme. The crux of the SIMP
method is that a proper relationship between the design variables
and corresponding physical properties must be established. In this
paper, both the P-type and N-type thermoelectric elements are to
be optimized. Since there could be three different phases, namely,
relatively high-temperature material, relatively low-temperature
material and void, two design variables are required to distinguish
them. Following Refs. [45,46], we employ the following material
interpolation scheme in this paper:

α(ρ1, ρ2) = ρ p
1 (ρ

p
2 α1 + (1 − ρ p

2 )α2)

κ(ρ1, ρ2) = ρ p
1 (ρ

p
2 κ1 + (1 − ρ p

2 )κ2)

σ(ρ1, ρ2) = ρ p
1 (ρ

p
2 σ1 + (1 − ρ p

2 )σ2)

(12)

where 0 < ρmin≤ ρ1≤ 1, 0 < ρmin≤ ρ2≤ 1; ρmin is a small positive
parameter to avoid singularity; and p is the penalty factor and is
set to be 3. The symbols αi, κi, σi, i= 1, 2 denote the Seebeck coef-
ficient, thermal conductivity, and electrical conductivity of the two
thermoelectric materials, respectively. At each point of the design
domain, there are two design variables, where ρ1 is used to deter-
mine whether it is material or void and ρ2 is used to indicate
which material it is. The penalty factor p is employed to enforce
the densities toward ρmin or 1. Nevertheless, only in ideal cases
will the final densities be either ρmin or 1. In practice, a transition
region with intermediate densities between material and void
domain would always exist. In this paper, a threshold is set to man-
ually separate three phases. This will be discussed in detail in Sec. 5.

4 Numerical Implementation
The procedures of the topology optimization process are shown

in Fig. 3. To perform the numerical implementation, the governing
equations must be solved correctly to obtain the state fields, i.e.,
temperature and electrical potential fields in this case and further
to compute the objective functions and constraints. If it is not con-
verged, sensitivity analysis needs to be conducted and later to

Fig. 2 Diagram of the computational model
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update the design variables using the method of moving asymptotes
(MMA) algorithm [43]. After convergence, post-processing steps,
like smoothing the boundary to facilitate the manufacturing
process, need to be included before the final design is presented.
The above procedures are realized with the COMSOL MULTIPHYSICS

FEA software.

4.1 Thermoelectric Material Properties. The thermal and
electronic properties of the copper electrodes are as follows:
α= 6.5 × 10−6 V/K, κ= 400 W/(m · K), and σ= 5.998 × 107 S/m.
Because the temperature ranges from Tc= 25 °C to Th= 400 °C,
two different thermoelectric materials are employed for each of
the P-type and N-type elements, as shown in Table 1 based on
the zT value from Ref. [47]. Such selection makes sure that there
are a low-temperature and high-temperature thermoelectric material
relatively for each type element, making it possible to make the
most of the thermoelectric capability of each material.
The temperature dependency of thermoelectric materials proper-

ties is taken into account and plotted based on the data from
Ref. [47] in Fig. 4. For a certain thermoelectric material, the thermo-
electric properties data are available in the narrow temperature
range where the figure of merit zT is high. Beyond that temperature
range, the thermoelectric properties are extrapolated using the
nearest function. As seen from Fig. 4(d ), a certain TE material
has a high zT in its working temperature interval and a much
smaller zT value by extrapolation (not shown) in other temperature
range. And the efficiency of a TEG relies strongly on the zT values.
Intuitively, we can imagine a design where the relatively high-
temperature materials, i.e., Zn4Sb3 and CoSb3 are distributed near
the hot end while the relatively low-temperature materials, i.e.,
Bi2Te3 near the cold end. In practical implementation, the thermo-
electric properties are interpolated using cubic spline functions.

4.2 Finite Element Formulation. The governing equations
are highly nonlinear due to the coupling of electrical and thermal
conductions as well as the strong temperature dependence of the
thermoelectric materials properties. They are solved in discretized

Table 1 Material selection

P-type Bi2Te3 Zn4Sb3
N-type Bi2Te3 CoSb3

Fig. 3 The flowchart for the topology optimization process

Fig. 4 Thermal and electronic properties of thermoelectric materials: (a) Seebeck coef-
ficient, (b) thermal conductivity, (c) electrical conductivity, and (d) figure of merit
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forms by standard finite element method [48].

KVT KVV

KTT 0

[ ]
Tn

Vn

{ }
=

0
QP +QE

{ }
(13)

KVT =
∑n
1

∫
Ωe
[B]Tασ[B]dΩe (14a)

KVV =
∑n
1

∫
Ωe
[B]Tσ[B]dΩe (14b)

KTT =
∑n
1

∫
Ωe
[B]Tλ[B]dΩe (14c)

QP =
∑n
1

∫
Ωe
[B]Tβ[J]dΩe (14d)

QE =
∑n
1

∫
Ωe
[N]T [J]T [E]TdΩe (14e)

where Tn, Vn represent the nodal temperature and nodal electrical
potential vector, respectively. N is the linear shape function and
B =∇N. The finite element analysis is performed using mapped
quadrilateral elements with a maximum element size 0.4 mm. The
total domain element number is 3850.
The above discretized system is obtained following the general

procedures: first multiply the original governing equations with
test functions, integrate over the whole domain by parts, and
utilize the 2D divergence theorem.

4.3 Sensitivity Analysis. The sensitivity information, i.e., the
total derivative of objective functions with respect to the design var-
iables, must be derived to update the design in each iteration. In this
paper, the adjoint method [49] is employed, which starts from the
discretized system as shown in Sec. 4.2. Equation (13) can be
rewritten in the following residual form:

R(ρ, U) =K(ρ, U) · U − F(ρ, U) (15)

where R is the residual vector, K is the global stiffness matrix, U is
the state variable vector, i.e., {T, V} in this case, and F is the global
load vector.
Then, the general Lagrangian function can be formulated as

follows:

L(ρ, U) = J(ρ, U) + λT · R(ρ, U) (16)

λT is the Lagrangian multiplier. The differentiation of the objective
function J in relation to design variable ρ is calculated by

dJ

dρ
=

dL
dρ

=
∂J
∂ρ

+
∂J
∂U

· dU
dρ

+ λT · ∂R
∂ρ

+
∂R
∂U

· dU
dρ

[ ]
(17)

The crucial point of the adjoint method in conducting sensitivity
analysis is to get rid of the derivative of the state variables with
respect to the design variables, which can be done by solving the
following adjoint equation for proper λT:

λT · ∂R
∂U

= −
∂J
∂U

(18)

Once λT is obtained, we can get the sensitivity information from
equation (17).

5 Preliminary Results
5.1 Topology Optimization Results. Usually, a working TEG

contains both P-type and N-type thermoelectric elements connected
electrically in series and thermally in parallel. But single-type TEGs
are also quite common and show great flexibility in practical appli-
cations. Thus, besides the P-type and N-type topology optimization
formulation as described in Sec. 3, a single P-type optimization sce-
nario is also considered. For one single P-type topology optimiza-
tion, a mapped quadrilateral mesh with a maximum element size
0.3 mm is used. The total domain element number is 3468. The
following topology optimization results in Figs. 5 and 6 are
obtained by setting the volume fraction Vf= 0.8 and the external
load R= 0.1 Ω. The initial design is given such that ρ1=Vf and
ρ2= 1. With reference to Fig. 4(d ), the results show that the rela-
tively high-temperature thermoelectric materials Zn4Sb3 and
CoSb3 are distributed near the hot end, while the relatively low-
temperature thermoelectric materials Bi2Te3 near the cold end.
In other words, each thermoelectric material is placed into its
optimal working temperature interval to fully exploit their thermo-
electric capability. Such materials distribution is not easy to obtain
using the parametric studies as in, e.g., Refs. [16,50]. The maximum
output power is 0.0589 W and 0.0198 W with the corresponding
maximum conversion efficiency reaching 9.61% and 12.34% for
these two scenarios, respectively. It is worth noticing that although
more materials are employed, the conversion efficiency when both
the P-type and N-type elements are optimized is quite smaller than
that of single P-type element optimization.
The convergence curves for conversion efficiency and output

power are displayed in Fig. 7 with the optimality tolerance set to
be 5e−3. As expected, both objectives improve significantly com-
pared with the initial designs. The clear boundary between different
thermoelectric materials is achieved by setting up a threshold for ρ1
and ρ2 to distinguish one thermoelectric material from the other.
However, one needs to be very careful applying this treatment,

Fig. 6 Topology optimization with only P-type materials

Fig. 5 Topology optimization with P-type and N-type materials
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since there might exist gray regions representing the transition from
one thermoelectric material to another. Such gray area are quite
common in SIMP-based topology optimization methods and actu-
ally correspond to no physical materials. One approach of getting
rid of these transition zones is the power-law as described in Sec.
3.3, in which a penalty factor is introduced in the interpolation
scheme to penalize the intermediate density variables and force
them to approach ρmin or 1.
As can be seen from Figs. 8 and 9, the actual distributions of the

design variables ρ1 and ρ2 are given. Consulting the interpolation
scheme in Sec. 3.3, the multiplication of ρ p

1 · ρ p
2 and ρ p

1 · (1 − ρ p
2 )

correspond to different thermoelectric materials when their values
equal to 1. Specifically, at a certain point, when ρ p

1 · (1 − ρ p
2 )

equals to 1, it is occupied by relatively high-temperature thermo-
electric materials Zn4Sb3 or CoSb3 depending on which type
element it is. When ρ p

1 · ρ p
2 equals to 1, it is filled with Bi2Te3.

Even though the filter technique [51] is not adopted to mitigate
the numerical instability like the so-called checkerboard problem,
we can observe that the final designs are free of checkerboard
pattern and there are only minor gray regions (circled area) in
Figs. 8(a) and 8(b), where the aforementioned multiplications
have the value between ρmin and 1. Such areas could have a negative

Fig. 7 Convergence history of the optimization process: (a) P-type and N-type optimization and (b) only P-type optimization

Fig. 8 The actual distribution of design variables of the P-type
and N-type optimization: (a) plot of ρp1 · ρp2 with the conversion
efficiency objective, (b) plot of ρp1 · (1− ρp2) with the conversion
efficiency objective, (c) plot of ρp1 · ρp2 with the output power objec-
tive, and (d ) plot of ρp1 · (1− ρp2) with the output power objective

Fig. 9 Actual distribution of design variables for only P-type
optimization: (a) plot of ρp1 · ρp2 when conversion efficiency is
the objective function, (b) plot of ρp1 · (1− ρp2) when conversion
efficiency is the objective function, (c) plot of ρp1 · ρp2 when
output power is the objective function, and (d ) plot of ρp1 · (1−
ρp2) when output power is the objective function
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influence on the actual performance of the optimized thermoelectric
structures. Further, 2.5D verification is conducted in Sec. 5.2 to
evaluate the effect. All remaining surfaces of ρ p

1 · ρ p
2 and

ρ p
1 · (1 − ρ p

2 ) are free of gray regions, with the dark red area in
the left and right part complementary to form what is present in
Figs. 5 and 6. Such naturally clear boundary is strongly desired
and we can expect good agreement between the topology optimiza-
tion results and the 2.5D numerical verification, which will be
covered in Sec. 5.2.

5.2 Numerical Verification. In this section, 2.5D models are
built and simulated based on the optimized TEG structures obtained
from the topology optimization algorithm proposed in this paper.
As shown in Figs. 10 and 11, four models are established
corresponding to the results for both output power and conver-
sion efficiency as the objective functions with the volume fraction
Vf= 0.8. The overall dimensions are 60 × 10 × 1 mm and 30 × 10 ×
1 mm for Figs. 10 and 11, respectively, which is consistent with
the 2D geometry with a thickness of 1 mm as described in

Sec. 3.1. The same boundary conditions are applied as in Fig. 2.
That is, for Fig. 10, the two end surfaces of copper are assigned
low temperature with Tc= 25 °C, and the middle plane of the
central copper electrode is treated as the hot end with Th=
400 °C. While for Fig. 11, the boundary conditions for only
P-type element apply. A zero electrical potential is placed on the
lower end copper surface. And all other surfaces of the domain
are prescribed as adiabatic and electrically insulated boundaries.
The external resistor is still set to be R= 0.1 Ω.

Fig. 10 2.5D model for P-type and N-type elements

Fig. 11 2.5D model for only P-type element

Table 2 Performance verification of the optimization results

FEA verification (topology
optimization) Output power (W)

Conversion
efficiency

P-type and N-type 0.0602 (0.0589) 9.58% (9.61%)
Only P-type 0.0209 (0.0198) 12.76% (12.34%)

Fig. 12 Temperature distribution for only P-type structure
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From Table 2, the comparisons between the results obtained from
topology optimization and 2.5D simulation show good agreement,
which demonstrates the validity of the proposed methodology. And
the effect of the above minor gray region on the actual performance
of the optimized TEG structures is acceptable. For conciseness, the
temperature and electrical potential distribution is only provided for
P-type element optimization results as shown in Figs. 12 and 13.

6 A Conformal Thermoelectric Generator
The two topology optimization scenarios in Sec. 5 validated the

proposed methodology with agreement between the 2.5D verifica-
tion results and those obtained from topology optimization algo-
rithm. Nevertheless, the design domains are relatively simple and
regular. In practical applications, the geometry of the heat source
(hot end) can be complicated, requiring the TEG unit conformal
to that specific structure to achieve a better overall performance.
Therefore, we further extend the proposed algorithm to design a
TEG unit with a more irregular geometry as shown in Fig. 14.
The fan-shaped TEG unit is intended for heat recovery for hot
pipes, which usually have cylindrical shapes. Such TEG units can
be attached to the hot pipes surface conformally to perfectly fit
the heat source and facilitate the installation processes greatly as
well as enhance the overall performance compared with the conven-
tional planar TEG unit [52]. Similar to the computational model
as described in Fig. 2, the temperature also ranges from 25 °C to
400 °C. The external load (not shown) is still fixed at R= 0.1 Ω.
The thickness is set to be 1 mm, and an electrical potential V0 is
assigned to the outer surface. The volume fraction Vf is still 0.8.
For the fan-shaped TEG design, a mapped quadrilateral mesh
with a maximum element size 0.3 mm is used. And the total
domain element number is 4794.
The topology optimization results for the fan-shaped TEG are

shown in Fig. 15. The maximum output power and conversion effi-
ciency can reach 0.0228W and 12.36%, respectively. By extruding
the results in the thickness direction for 1 mm, the 2.5D TEG unit is
created as displayed in Fig. 16. In the 2.5D simulation, the two
objective functions for the fan-shaped TEG are 0.0231 W and
12.70%, respectively, which are very close to those obtained from
topology optimization. Then in Fig. 17, the recreated 2.5D fan-
shaped TEG unit is mapped to a hot pipe surface conformally and
connected electrically in series and thermally in parallel. The red
cylindrical shell represents the hot pipe with the temperature
400 °C. The black outer surface is 25 °C representing the

Fig. 13 Electrical potential distribution for only P-type structure

Fig. 14 Diagram for a fan-shaped TEG model

Fig. 15 Topology optimization results for fan-shaped TEG

Fig. 16 2.5D models for fan-shaped TEG
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atmosphere. For illustrative and conciseness purpose, there is only
one layer of the fan-shaped TEG units in the axial direction. In prac-
tical scene, we can employ more TEG units to extend along the axial
direction to produce more power. In the current architecture, there
are in total 18 fan-shaped TEG units for each pipe. The external
load is now changed to R1= 18*R= 1.8 Ω. The simulated output
power for the left pipe and conversion efficiency for the right
pipe in Fig. 17 are 0.4102 W and 12.71% respectively. The
output power is accumulation of 18 TEG units connected in
series while the conversion efficiency remains nearly the same as
a single TEG unit.

7 Conclusion and Future Work
In this paper, a SIMP-based topology optimization method is

applied to the thermoelectric problems with the aim of maximizing
the output power or conversion efficiency by optimizing the layouts
of different thermoelectric materials in a prescribed domain. Bi2Te3
and Zn4Sb3 are selected for P-type element while Bi2Te3 and CoSb3
for N-type element. The temperature varies from 25 °C at cold end
to 400 °C at hot end. Two optimization scenarios with relatively
regular domains are first considered with one case optimizing on
both P-type and N-type elements simultaneously, and the other
one only on single P-type element. The optimized output power
is 0.0589 W and 0.0198 W with the corresponding maximum con-
version efficiency reaching 9.61% and 12.34% for these two scenar-
ios, respectively, which is quite promising when compared with the
results from Ref. [14]. 2.5D simulation results match those obtained
from topology optimization quite well with only acceptable discrep-
ancies, which demonstrates the validity of the proposed
methodology.
Then, we extend the proposed topology optimization algorithm

to more irregular TEG design domains. A fan-shaped TEG unit con-
taining only P-type element is optimized. The optimized output
power and conversion efficiency could reach 0.0228W and
12.36%, respectively. Afterward, the optimized fan-shaped TEG
units are conformally mapped to a cylindrical hot pipe surface to
harvest the waste heat, and the simulated output power and conver-
sion efficiency are in consistence with those from single TEG unit
simulation.
However, there are still several aspects that can be improved.

Practical experiments should be carried out to further verify the pro-
posed method. Second, although the fan-shaped TEG is in relatively
irregular geometry, it is still developable. In practical applications,
the design domains can be undevelopable, e.g., free-form surfaces,
requiring the optimized TEG conformal to that specific structure. In
that sense, we need to resolve the topology optimization problems
of TEGs on free-form surfaces, which usually is not an easy task.
Conformal mapping theory has recently been integrated into the
field of topology optimization [53,54]. It shows a lot of potential
in solving such topology optimization problems on manifolds.
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