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Approximating the Distance to Monotonicity of Boolean Functions*

Ramesh Krishnan S. Pallavoorf

Abstract

We design a nonadaptive algorithm that, given a Bool-
ean function f: {0,1}" — {0,1} which is a-far from
monotone, makes poly(n,1/a) queries and returns an
estimate that, with high probability, is an O(y/n)-
approximation to the distance of f to monotonicity.
Furthermore, we show that for any constant x > 0, ap-
proximating the distance to monotonicity up to n'/2—*-
factor requires 2" nonadaptive queries, thereby ruling
out a poly(n, 1/a)-query nonadaptive algorithm for such
approximations. This answers a question of Seshadhri
(Property Testing Review, 2014) for the case of non-
adaptive algorithms. Approximating the distance to a
property is closely related to tolerantly testing that pro-
perty. Our lower bound stands in contrast to standard
(non-tolerant) testing of monotonicity that can be done
nonadaptively with O(,/n/e?) queries.

We obtain our lower bound by proving an analo-
gous bound for erasure-resilient testers. An a-erasure-
resilient tester for a desired property gets oracle access
to a function that has at most an « fraction of values
erased. The tester has to accept (with probability at
least 2/3) if the erasures can be filled in to ensure that
the resulting function has the property and to reject
(with probability at least 2/3) if every completion of
erasures results in a function that is e-far from having
the property. Our method yields the same lower bounds
for unateness and being a k-junta. These lower bounds
improve exponentially on the existing lower bounds for
these properties.

1 Introduction

Property testing [54, 39] was introduced to provide a
formal model for studying algorithms for massive data-
sets. For such algorithms to achieve their full poten-
tial, they have to be robust to adversarial corruptions
in the input. Tolerant property testing [50] and, equiva-

" *This work was done in part while the authors were visiting
the Simons Institute for the Theory of Computing.

TDepartment of Computer Science, Boston University. Email:
rameshkp@bu.edu, sofya@bu.edu. The work of these authors was
partially supported by NSF award CCF-1909612.

tDepartment of Computer Science, Columbia University.
Email: eaw@cs.columbia.edu. This work is supported in part by
NSF Graduate Research Fellowship (Grant No. DGE-16-44869).

Sofya Raskhodnikoval

Erik Waingarten?

lently!, distance approximation, generalize the standard
property testing model to allow for errors in the input.

In this work, we study the problem of approxi-
mating the distance to several properties of Boolean
functions, with the focus on monotonicity. A function
f:{0,1}™ — {0,1} is monotone if f(z) < f(y) whe-
never x < y, ie., z; < y; for all ¢ € [n]. The (re-
lative) distance between two functions over {0,1}" is
the fraction of the domain points on which they differ.
Given a function f and a set P (of functions with the
desired property), the distance from f to P, denoted
dist(f,P), is the distance from f to the closest function
in P. Given a € (0,1/2), a function is a-far from P
if its distance from P is at least «; otherwise, it is a-
close. We study randomized algorithms which, given
oracle access to a Boolean function, output an approx-
imation of distance to monotonicity by making only a
small number of queries. Specifically, given an input
function f: {0,1}" — {0, 1} which is promised to be at
least a-far from monotone, an algorithm that achieves a
c-approximation for ¢ > 1 should output a real number
€ € (0,1) that satisfies, with probability at least 2/3,

dist(f, MoNO) < &€ < ¢- dist(f, MONO).

Our goal is to understand the best approximation ratio
c that can be achieved? in time polynomial in the
dimension n and 1/a.

Fattal and Ron [32] investigated a more general
problem of approximating the distance to monotoni-
city of functions on the hypergrid [¢]”. They gave se-
veral algorithms which achieved an approximation ratio
O(n) in time polynomial in n and 1/«; for better ap-
proximations, they designed an algorithm with approx-
imation ratio n/k, for every k, but with running time
exponential in k. For the special case of the hyper-
cube domain, an O(n)-approximation can be obtained

IThe query complexity of tolerant testing and distance approx-

imation are within a logarithmic factor of each other. See [50] for
a discussion of the relationship.

2 An equivalent way of stating this type of results is to express
the approximation guarantee in terms of both multiplicative and
additive error, but with no lower bound on the distance. Purely
multiplicative approximation would require correctly identifying
inputs with the property, which generally cannot be achieved in
time sublinear in the size of the input.
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by simply estimating the number of decreasing edges
of f, that is, edges (z,y) of the hypercube for which
x < y but f(z) > f(y). This follows from early
works on monotonicity testing [30, 51, 38, 36]. These
early works showed that the number of decreasing ed-
ges of a Boolean function f: {0,1}"™ — {0, 1} is between
dist(f, MoNoO) - 2™ and dist(f, MONO) - n2™. Thus, by
obtaining a constant-factor approximation to the num-
ber of violated edges, one gets an O(n)-approximation
to dist(f, MoNO). Prior to this work, no nontrivial
hardness results were known for this problem, other
than the corresponding lower bounds on (standard) pro-
perty testing.

Our Results All our results are on nonadaptive
algorithms. An algorithm is nonadaptive if it makes
all of its queries in advance, before receiving any ans-
wers; otherwise, it is adaptive. Nonadaptive algorithms
are especially straightforward to implement and achieve
maximal parallelism. Additionally, every nonadaptive
algorithm that approximates the distance to monotoni-
city of Boolean functions can be easily converted to an
algorithm for approximating the L,-distance to mono-
tonicity of real-valued functions [7].

We design a nonadaptive O(y/n)-approximation al-
gorithm for distance to monotonicity that runs in time
polynomial in the number of dimensions, n, and 1/a.
Our algorithm improves on the O(n)-approximation
obtained by Fattal and Ron [32].

THEOREM 1.1. (APPROXIMATION ALGORITHM)

There is a nonadaptive (randomized) algorithm that,
given a parameter « € (0,1/2) and oracle access to a
Boolean function f:{0,1}" — {0,1} which is a-far
from monotone, makes poly(n,1/a) queries and returns
an estimate that, with probability at least 2/3, is an

O(v/n)-approzimation to dist(f, MONO).

Our algorithm works by estimating the size of a
particular class of matchings parameterized by subsets
S C [n] and consisting of decreasing edges along the
directions in S. For every S, the size of the matching,
divided by 2", is a lower bound for dist(f, MONO),
because any monotone function g¢: {0,1}" — {0,1}
must disagree with f on at least one endpoint of
each decreasing edge. The important feature of this
class of matchings is that the membership of a given
edge in a specified matching can be verified locally
by querying f on the endpoints of the edge and their
neighbors. Finally, we use a slightly improved version of
the (robust) directed isoperimetric inequality by Khot et
al. [42]. Our improvements to isoperimetric inequalities
of [42] are stated in Theorems 2.1 and A.1 and proved
in Appendix A. We use Theorem 2.1 to show that if f is
e-far from monotone, then either the algorithm samples

some set S C [n] where the corresponding matching
has size at least Q(g//n) - 2", or there exist ey/n - 2"
decreasing edges (see Lemma 2.3). In the latter case, the
fact that the number of decreasing edges, divided by 2",
is an n-approximation to the distance to monotonicity
is sufficient to obtain an O(y/n)-approximation for this
quantity.

REMARK 1.1. Let function f: {0,1}" — {0,1} be e-
far from monotone. For all x € {0,1}", let I, (x) be
the number of decreasing edges incident on x. Khot et
al. [42] proved that

E [ If—(x)}zfz(e).

x~{0,1}"

(See, also, related statements in Theorems 2.1 and A.1).

Hence, an algorithm that evaluates /I, (x) on a uni-
formly random x € {0,1}™ would, in expectation, get at
least Q(s) on inputs f which are e-far from monotone.
The problem is in deducing an upper bound on this es-
timate for functions which are O(e/\/n)-close to mono-
tone. For example, consider the function f: {0,1}" —

{0,1} defined as follows:

1 ifx =0",
flz) =40 ifx =17,
Maj(xz) otherwise,

where Maj(-) s the majority function. Then,
dist(f, MoNO) = 2/2", yet

ooy VI @] 2 /27
The lower and the wupper bound differ by a fac-
tor of ©(n), precluding us from getting an O(y/n)-
approximation.

Chakrabarty and Seshadhri, in a personal communi-
cation, notified us of an alternative approach towards a
O(y/n)-approzimation via estimating the size of a maz-
imal matching of decreasing edges. Results in [42, 20]
imply that the size of a mazimal matching is an O(y/n)-
approximation to the distance to monotonicity, and
there are sublinear time algorithms for approximating
this quantity [60, 48]. However, these algorithms are
adaptive.

Next, we show that a slightly better approximation,
specifically, with a ratio of n'/2=% for an arbitrarily
small constant k > 0, requires exponentially many
queries in n" for every nonadaptive algorithm.

THEOREM 1.2. (APPROXIMATION LOWER BOUND)
Let k > 0 be any small constant. There exist
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a = poly(1/n) and € = poly(1/n) with £ = Q(n'/2=r),
for which every nonadaptive algorithm requires more
than 2" queries to f: {0,1}"* — {0,1} to distinguish
functions f that are a-close to monotone from those
that are e-far from monotone with probability at least

This result, in combination with Theorem 1.1, ans-
wers an open question on the problem of approxima-
ting the distance to monotonicity by Seshadhri [57] for
the case of nonadaptive algorithms. It is the first lower
bound for this problem, and it rules out nonadaptive al-
gorithms that achieve approximations substantially bet-
ter than y/n with poly(n,1/a) queries, demonstrating
that Theorem 1.1 is essentially tight. This bound is ex-
ponentially larger than the corresponding lower bound
in the standard property testing model and, in fact, than
the running time of known algorithms for testing mo-
notonicity. We elaborate on this point in the discussion
below on separation.

To obtain Theorem 1.2, we investigate a variant of
the property testing model, called erasure-resilient tes-
ting. This variant, proposed by Dixit et al. [29], is inten-
ded to study property testing in the presence of adver-
sarial erasures. An erased function value is denoted by
1. An a-erasure-resilient e-tester for a desired property
gets oracle access to a function f: {0,1}" — {0,1, L}
that has at most an « fraction of values erased. The
tester has to accept (with probability at least 2/3) if
the erasures can be filled in to ensure that the resulting
function has the property and to reject (with probability
at least 2/3) if every completion of erasures results in a
function that is e-far from having the property. As ob-
served in [29], the query complexity of problems in this
model lies between their complexity in the standard pro-
perty testing model and the tolerant testing model. Spe-
cifically, a (standard) e-tester that, given a parameter ¢,
accepts functions with the property and rejects functi-
ons that are e-far from the property (with probability
at least 2/3), is a special case of an a-erasure-resilient
e-tester with a set to 0. Importantly for us, a tolerant
tester that, given o,e € (0,1/2) with a < e, accepts
functions that are a-close and rejects functions that are
e-far (with probability at least 2/3) can be use to get an
a-erasure-resilient e-tester. The erasure-resilient tester
can be obtained by simply filling in erasures with arbi-
trary values and running the tolerant tester. We prove
a lower bound for erasure-resilient monotonicity testing.

Our method yields lower bounds for two other
properties of Boolean functions: unateness, a natural
generalization of monotonicity, and being a k-junta. A
Boolean function f: {0,1}" — {0,1} is unate if, for
every variable ¢ € [n], the function is nonincreasing or
nondecreasing in that variable. A function f: {0,1}" —

{0,1} is a k-junta if it depends on at most k (out of n)
variables.

We prove the following result on erasure-resilient
testing which implies Theorem 1.2.

THEOREM 1.3. (ERASURE-RESILIENT LOWER BOUND)
Let « > 0 be a small constant. There exist
a = poly(1/n) and £ = poly(1/n) with £ = Q(n'/?7%),
for which every nonadaptive a-erasure-resilient e-tester
requires more than 2" queries to test monotonicity of
functions f:{0,1}™ — {0,1}. The same bound holds
for testing unateness and the n/2-junta property.

Theorem 1.3 directly implies lower bounds analo-
gous to the one stated in Theorem 1.2 for unateness
and being an n/2-junta. Lower bounds for approxima-
ting the distance to unateness and to being a k-junta
have been investigated by Levi and Waingarten [46].
They showed that every algorithm approximating the
distance to unateness within a constant factor requi-
res Q(n) queries and strengthened their lower bound to
Q(n3/ 2) queries for nonadaptive algorithms. They also
showed that every nonadaptive algorithm that provides
a constant approximation to the distance to being a k-
junta must make Q(k?) queries. Our lower bounds are
exponentially larger than those obtained by Levi and
Waingarten [46] and hold for larger approximation fac-
tors.

Separation  Our lower bounds provide natural
properties for which erasure-resilient property testing
(and hence, distance approximation) is exponentially
harder than standard property testing with nonadap-
tive algorithms. Previously, such strong separation was
only known for artificially constructed properties based
on PCPs of proximity [34, 29]. For testing monotonicity
of Boolean function, the celebrated nonadaptive algo-
rithm of Khot, Minzer and Safra [42] makes O(y/n/c?)
queries. Unateness can be tested nonadaptively with
O(%log 2) queries [3] whereas the property of being
a k-junta can be tested nonadaptively with O(k3/2/¢)
queries [9]. Our lower bound shows that, for all three
properties, nonadaptive testers requires exponentially
many queries when the ratio €/« is substantially smaller
than y/n. This stands in contrast to examples of many
properties provided in [29], for which erasure-resilient
testers have essentially the same query complexity as
standard testers.

1.1 Previous Work Testing monotonicity and una-
teness (first studied in [38]), as well as k-juntas (first
studied in [35]), are among the most widely investigated
problems in property testing ([31, 30, 51, 45, 36, 1, 33,
A1, 4,50,2,8, 14, 11, 18, 19, 13, 17, 22, 21, 42, 5, 25, 49]
study mononicity testing, [43, 3, 25, 26, 24] study una-
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teness testing, and [27, 9, 10, 15, 56, 23, 55| study k-
junta testing). Nearly all the previous work on these
properties is in the standard testing model. The best
bounds on the query complexity of these problems are
an O(y/n)-query algorithm of [42] and lower bounds
of Q(y/n) (nonadaptive) and Q(n'/?) (adaptive) [25]
for monotonicity, and tight upper and lower bounds
of ©(n?/3) for unateness testing [24, 25, as well as
©(klogk) for k-junta testing [9, 55].

Beyond the (standard) property testing, the questi-
ons of erasure-resilient and tolerant testing have also
received some attention ([29, 52] study the erasure-
resilient model, and [40, 50, 34, 37, 2, 44, 47, 32, 16,
7, 6, 58, 12, 46, 28] study the tolerant testing model).
Specifically for monotonicity, in [29], an erasure-resilient
tester for functions on hypergrids is designed. For the
special case of the hypercube domain, it runs in time
O(n/e) and works when ¢/a = Q(n). Using the con-
nection between distance approximation and erasure-
resilient testing, our approximation algorithm implies
an erasure-resilient tester that has a less stringent re-
striction on €/, specifically, Q(y/n). For approximating
the distance to k-juntas [12, 28], the best algorithm with
additive error of ¢ makes 2* - poly(k, 1/¢) queries [28],
and the best lower bound was Q(k?) for nonadaptive
algorithms [46].

2 An Approximation Algorithm for Distance to
Monotonicity

This section is devoted to proving Theorem 1.1. We
provide a nonadaptive algorithm that gets a parameter
a > 0 and oracle access to a function f: {0,1}" —
{0,1} promised to be a-far from monotone, makes
poly(n,1/a) queries, and returns an estimate £ > 0 that
satisfies, with probability at least 2/3,

dist(f, MoNO) < & < O(v/n) - dist(f, MONO).

Our main algorithm, ApproxMono, whose perfor-
mance is summarized in Lemma 2.1, distinguishes
functions that are close to monotone from those that are
far. Note that the distance from any Boolean function
to monotonicity is at most 1/2, since the constant-0 and
constant-1 functions are monotone. As a result, Theo-
rem 1.1 follows directly from Lemma 2.1, by running
the algorithm ApproxMono with ¢ set to %, %, %, o
appropriate number of times. (See, for example, [2,
Section 3.3] for more details on how to get an approxi-
mation algorithm from a tolerant tester.).

LEMMA 2.1. There exists a mnonadaptive algorithm,
ApproxMono, that gets a parameter ¢ € (0,1/2) and
oracle access to a function f: {0,1}"™ — {0,1}, ma-
kes poly(n,1/e) queries and outputs “close” or “far” as
follows:

M £ : @ 2
1. Ifdist(f, MonNo) < Trpolyfiogmy it outputs close

with probability at least 2/3.

2. If dist(f, MONO) > ¢, it outputs “far” with proba-
bility at least 2/3.

Figure 1 shows the main algorithm, ApproxMono.
The algorithm uses subroutines Edge-Violations and
Matching-Estimation, described in Figures 2 and 4,
respectively. The Edge-Violations(d, f) subroutine
gets a parameter § > 0 and oracle access to a
function f: {0,1}" — {0,1}, and returns an es-
timate to the fraction of decreasing edges of f
up to an additive error 4. The second subrou-
tine, Matching-Estimation(S,d, f), gets a parame-
ter § > 0, a subset S C [n| and oracle access
to a function f:{0,1}" — {0,1}. The goal of
Matching-Estimation(S,Jd, f) is to estimate the pro-
bability, over & ~ {0,1}", of an event (which we
denote Capture and describe in Definition 2.1) defi-
ned with respect to «, S and f up to an additive
error . The high level intuition is that, as long
as the estimates of Matching-Estimation(S,d, f) and
Edge-Violations(d, f) are correct, we can certify a lo-
wer bound on the distance to monotonicity of f. We
then prove that if f is e-far from monotone, either the
number of decreasing edges of f is large, (and thus line
2 declares “far”), or the Matching-Estimation subrou-
tine can verify a lower bound on the distance to mono-
tonicity.

Recall that an edge (z,y) in a hypercube is a pair
of points z,y € {0,1}" with z; = 0 and y; = 1 for
some ¢ € [n], and z; = y; for all j € ([n] \ {i}).
For a function f: {0,1}" — {0,1}, an edge (z,y) is
decreasing if f(z) > f(y), i.e., f(x) =1 and f(y) = 0.
For a dimension ¢ € [n], a point z € {0,1}", and a bit
b € {0,1}, we use 207 to denote the point in {0,1}"
whose it coordinate is b and the remaining coordinates
are the same as in z. We use () to denote the point
2(20=21)) where z; is the i*" coordinate in .

We summarize the properties of the subroutine
Edge-Violations(d, f) in Fact 2.1. It can be easily
proved by an application of the Chernoff bound.

Fact 2.1. The algorithm Edge-Violations is nona-
daptive. It gets a parameter 6 > 0 and oracle access
to a function f: {0,1}" — {0,1}, makes (10logn)/5>
queries, and outputs 4 € [0, 1] which, with probability at
least 1 — 1/n3, satisfies

Pr o [f(@79) > f@iD)] —4| <o
z~{0,1}"
i~ [n]
Copyright © 2020 by SIAM
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Subroutine ApproxMono (¢, f)

Input: A parameter ¢ € (0,1/2) and oracle access
to a function f: {0,1}" — {0,1}.
Output: Either “close” or “far”.

1. Let 4 + Edge-Violations(e/(2y/n), f) be an
estimate to the fraction of decreasing edges
up to an additive error £/(2y/n).

2. It 4 > 3¢/(24/n), output “far”.

3. For each d = 2", where h € {0,1,...,logy n},
repeat the following ¢ = y/n - poly(logn)/e
times:

(a) Sample S C [n] by including each i € [n]
independently with probability 1/d.
(b) Let

£ «+ Matching-Estimation(S,1/(4t), f)
be an estimate to

P t =1
IN{O{}}" [Capture(x, S, f) = 1]

up to an additive error 1/(4t).
(c) If € > 3/(4t), output “far”.

4. If the procedure has not yet produced an
output, output “close”.

Figure 1: Description of the ApproxMono subroutine.

DEFINITION 2.1. For a function f: {0,1}" — {0,1},
a subset S C [n], and a point x € {0,1}", let
Capture(z, S, f) € {0,1} be the indicator of the follo-
wing event (see Figure 3):

1. There exists an index i € S such that (z,y) is a
decreasing edge in f, where y = z(.

2. For all j € S\ {i}, the edge (y,y")) is a nondecre-
asing edge in f.

Given Definition 2.1, we summarize the proper-
ties of subroutine Matching-Estimation(S,d, f) in
Fact 2.2. As Fact 2.1, it can be easily proved by an
application of the Chernoff bound.

Fact 2.2. The algorithm Matching-Estimation is
nonadaptive. It gets a set S C [n], a parameter 6 > 0
and oracle access to a function f: {0,1}"* — {0,1}, ma-
kes O(|S|?log(n/e)/62) queries, and outputs € € [0,1]

Subroutine Edge-Violations (J, f)

Input: A parameter § > 0 and oracle access to a
function f: {0,1}" — {0, 1}.
Output: A real number 4 € [0, 1].

1. Initialize counter c < 0.
2. Set t + [10;#]
3. Repeat the following steps ¢ times:

(a) Sample & ~ {0,1}™ and i ~ [n], both
uniformly at random, and query
f(m(i—m)) and f(m(i_”)).

b) If f(x(79) > f(x(D), ie., the edge

(b) If f 4 g
(279 2(#=1) is decreasing, update
c+—c+ 1.

4. Output 4 = ¢/t.

Figure 2: Description of the Edge-Violations subrou-
tine.

which, with probability at least 1 — (¢/n)3, satisfies

P Capt —=1]— €| <.
ww{oﬂ}n{ apture(z, S, f) =1] - <0

Lemma 2.1 follows from Lemmas 2.2 and 2.3.

LEMMA 2.2. For a function f:{0,1}"™ — {0,1} and a
set S C[n],

Erl} [Capture(x, S, f) = 1] < 2 - dist(f, MONO).

Proof. Let X = {z € {0,1}" : Capture(z, S, f) = 1}.
For each z € X, let y, = (9 for a dimension i € S
be the point for which (z,y,) is decreasing and, for

all j € S\ {i}, the edge (yx,yg(f)) is nondecreasing.
Consider the set of decreasing edges of f given by
Ex ={{z,y.} : ® € X}. If 21,25 from X are distinct,
then y,, # ¥y,, because otherwise y,, would violate
Item 2 in Definition 2.1. Thus, EFx is a matching.
Each edge is added to Ex at most twice (once for each
endpoint), so |Ex| > |X|/2. Since we have a matching
of at least | X|/2 decreasing edges, at least | X|/2 values
of f must be changed to make it monotone. a

LeEMMA 2.3. Let f: {0,1}" — {0,1} be e-far from

monotone, with fewer than ev/n - 2" decreasing edges.
Then, for some d = 2" where h € {0, ...,logyn},
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f)=1 0 0 0 0 0

Figure 3: An illustration to Definition 2.1.

Subroutine Matching-Estimation (S, d, f)

Input: A set S C [n], a parameter § > 0, and
oracle access to a function f: {0,1}" — {0,1}.
Output: A real number £ € [0, 1].

1. Initialize counter ¢ < 0.
10log(n/e
2. Set t + [#—‘.
3. Repeat the following steps ¢ times:
(a) Sample = ~ {0,1}"™ and query f(z); for
alli € S, let y, = =¥ and query f(y,)
and f(y!?) for all j € S\ {i}.
(b) If, for some i € S, the edge (z,y;) is

decreasing and, for all j € S\ {i}, the

edge (y;, ygj)) is nondecreasing, update

c+—c+1.

4. Output & = ¢/t.

Figure 4: Description of the Matching-Estimation
subroutine.

E P Capt S, fi=1
SC[n] m~{0?1}ﬂ[ apture(x. 5. f) =1
€S w.p. 1/d

[

the invocation of Edge-Violations(e/(2v/n),f)
and at most t(logon + 1) < n/e invocations of
Matching-Estimation(S,1/(2t), f), we get that, with
probability at least 3/4, all outputs produced by these
subroutines satisfy the conclusions of Facts 2.1 and 2.2.
First, we prove the contrapositive of part 1 of
Lemma 2.1. Suppose that ApproxMono(e, f) outputs
“far”. Since the total number of edges in the hypercube
{0,1}™ is n2"~1, if the output was produced by line 2,
the number of decreasing edges in f is at least (¢//n) -
n2"~! = (ey/n/2) - 2". The number of decreasing edges
in f divided by n2" is a lower bound on the distance
to monotonicity®. Hence, dist(f, MONO) > &/(2v/n).
Otherwise, ApproxMono(e, f) outputs “far” in line 3(c),
but then Lemma 2.2 implies dist(f, MoNO) > 1/(4t) =
e/(yv/n - poly(logn)), completing the proof of part 1.
Next, we prove part 2 of the Lemma 2.1. Suppose
that f:{0,1}" — {0,1} is e-far from monotone. If the
number of decreasing edges in f is at least e4/n-2", then
line 2 outputs “far”. Otherwise, by Lemma 2.3, there
exists some d = 2" with h € {0,...,logyn} for which,

(2.1) E Pr

Capt S, f)=1
s& | aobhyyn (CoPEUTE(@, S, f) = 1]

3 def

> B — T ———
= Vn-poly(logn) ~ 1"

where S C [n] is sampled by including each i € [n]
independently with probability 1/d. TLet § € (0,1)
be the probability over the draw of S C [n] that
Pryf0,1}» [Capture(x, S, f) = 1] > p/2. Then,

(2.2)

( =1]| < 1—8)-
s& | oobhyyn (CoPtUre(@, S, f) =1]| < B+ (1 - F)

=

Using (2.1) and (2.2), we get 5 > p/2. Since t = y/n -
poly(logn)/e is high enough so that ¢ > (2/u)-log n, we
have that, with probability at least 1 —1/n, there exists
some S C [n] sampled in line 3(a) of ApproxMono(e, f)
such that Prg.;o1y» [Capture(z, S, f) =1] > p/2 >
1/t. When this occurs, line 3(c) outputs “far”. o

2.1 Proof of Lemma 2.3 To prove Lemma 2.3, we
use the main (robust) directed isoperimetric inequality
of [42] as the starting point. We use notation from [42].

> .
~ /1 - poly(logn)

The proof of Lemma 2.3 appears in Section 2.1.
We use Lemmas 2.2 and 2.3 to complete the proof of
Lemma 2.1.

Proof of Lemma 2.1. By a union bound over

3In order to see this, suppose that f has m decreasing edges.
Consider any monotone function g: {0,1}™ — {0,1}. Note that
each point in {0,1}" is incident on n edges of the hypercube.
Hence, if f and g differ on less than m/n points, then there are
less than m edges for which f and g differ on at least one endpoint.
Since f has m decreasing edges, there exists a decreasing edge
in f for which g and f agree on both endpoints of the edge,
contradicting the fact that g is monotone.
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For a function f: {0,1}" — {0,1}, let S} denote the set
of decreasing edges of f. Let the function I, : {0,1}" —
{0,1,...,n} map each point x € {0,1}" to the number
of decreasing edges of f incident on x. For an arbitrary
coloring of &, into red and blue edges, col: §; —
{red,blue}, let I 4,170t {01} — {0,....n} be
the functions given by:

0 if f(z) =0,
It ealz) = ){{x,y} €Sy icol(z,y) = red}‘
if f(z) =1;
’{{x,y} €Sy icol(z,y) = blue}’
I pe(®) = if f(z)=0,
0 if f(z) = 1.

We crucially rely on the main theorem of [42], which is
stated next, with a minor improvement in the bound.
We obtain the improvement in Appendix A.

THEOREM 2.1. (CLOSE TO THEOREM 1.9 FROM [42])
Let f:{0,1}" — {0,1} be e-far from monotone. Then,
for any coloring of Sf_ into red and blue,

(2.3)
B W@+ B[V e®)] 2906,

To prove Lemma 2.3, consider a function
f:{0,1}" — {0,1} which is e-far from monotone with
Sy | <eyn-2". Consider the coloring of S} given by:

red if f(z)=1and I; (z) > I; (v);
col(z, y) = { blue if f(z) =1 and Ij:_(a:) < ijc_(y)

In this coloring, each decreasing edge in f is counted in
(2.3) towards its endpoint adjacent to a higher number
of decreasing edges. For each d = 2", where h €
{0, ..., logs n]}, define the subsets of points

Hd,blue = {‘T € {07 1}n 1d < If_(m) < 2d and f(.’L‘) 0})
Hyrea = {z € {0,1}" : d < I () < 2d and f(z) = 1}.
The sets (Hg red, Haplue : d = 2",h € {0,...,|logyn]})
partition the endpoints of decreasing edges. By (2.3),

there exist d* = 2", for some h* € {0,..., |logyn|},
and a color b* € {red, blue} such that

e g F VReea()

TE€H g* p*

Fix such d* and b*. Let

H(Ii*’b* = {.%’ S Hd*,b* : [;b* (Z’) > 0}

be the subset of points in Hg« ;- which are endpoints
of decreasing edges colored b*. Note that (2.4) still
holds if the summation is changed to be over Hj. ;.
instead of Hg-p-. We further partition H}. ,. into
log, d* + 1 sets, (Hg«p+ s : s =2%,q € {0,...,log, d*}),
where Hg« p« s = {2 € Hgep» : s < I;b*(x) < 2s}.
By (2.4) and an argument similar to the one used in
deriving (2.4), there exists some s* = 29 for some
q* €{0,...,log, d*} satisfying

(2.5)
LI BV | (RS Y (-
2n logn - log d* log®n
where we used the fact that d* < n. Each x €

Hg- p+ s+ 1s an endpoint of at least d* decreasing edges
of f. Moreover, the sets of decreasing edges incident on
different points in Hg- p= ¢~ are disjoint. Consequently,
by the bound on the number of decreasing edges in the
statement of Lemma 2.3,

d*|Ha- p 5| < |S7| < ev/n -2,

implying |Hg« p+ 5| /2" < ey/n/d*. Together with (2.5),

this gives
VI e s Q< : >
d* log“n
(2.6) VS a1 ),
s = Vv -logn

Next, we show that for each * € Hg~ - o+, the
probability that Capture happens is sufficiently large.

CrLAmM 2.1. For each x € Hy- p~ 5=, the probability

S*

P Capt S, fl=1]=Q|—].

2 e =10 (%)
i€S w.p. 1/d*

Proof. Consider the case when d* = 1. Then s* = 1.

Fix an arbitrary x € Hg- p= ¢=. Then

I (z) = I;y.(2) = 1,

that is, the only edge incident on x is colored b*. Call
this edge {z,y}. Since col(x,y) = b*, by definition of
coloring, I, (y) < I; (z) = 1. Therefore, z and y are
not endpoints of any decreasing edges other than the
edge {z,y}. Note that § = [n], since each ¢ € [n]
is in S with probability 1/d* = 1. By Definition 2.1,
Capture(z, S, f) = 1 since {z,y} is a decreasing edge
along a dimension in S, and all other edges incident on
y are nondecreasing. Hence,

[n] 4

SP_’r [Capture(x, S, f)=1]=1=Q <S*> ;
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concluding the proof for the case d* = 1.

Now, consider the case when d* > 2. For z €
{0,137, let Dy (x) = {i € [n] : {z, 2} € S}
denote the set of dimensions along which the edge
incident on z is decreasing in f, and let £ (z) = {i €
Di(z) : I;(z) > I;(x(i))} be the set of dimensions
along which the other endpoint is adjacent to no more
decreasing edges than x. For each x € Hg- p- o, we
have [D (z)| < 2d* and |E; (z)| > s*. If we sample
S C [n] by including each index ¢ € [n] independently
with probability 1/d*, then, for each x € Hg« p+ o+, the
probability that Capture(z,S,f) = 1 is at least the
probability that there exists a unique ¢ € S such that
y = a) satisfies {z,y} € S; with I} (z) > I} (y), and
all other decreasing edges of f incident on y are along
dimensions in [n]\ S. Hence, for each z € Hg- p~ s-, the
probability

P =1
ngn] [Capture(z, S, f) = 1]

> Y (plies] ]

i€E, () JED (x)U
Dy (& ))\{i}

Prlj ¢ S))

8*
= Q —_
where we used |E} (z)| > s* and

D} (D) < I} (&) = | D (2)] < 24"

to get the second inequality and (1 —1/d*)¢" > 1/4 for
all d* > 2 to get the final equality. a

This concludes the proof of Lemma 2.3, since

E P 1
SCln [mN{oﬂ}n (capture(x. 5. f) = 1]
€S w.p. 1/d”
1
Z on Z SE{n] [Capture(x, S, f) = 1]

2€Hax b* 5% je 8 wop. 1/d*

| H g b= | s*
AN L S Y B (R
2n d*

(5 )

log?n d*

st )
Vn-log®n

where we used Claim 2.1, (2.5) and (2.6) to get the
second, third and fourth inequalities, respectively.

v

3 A Lower Bound for Erasure-Resilient Testers

In this section, we prove Theorem 1.3 that gives
a lower bound on the query complexity of erasure-
resilient testers of monotonicity, unateness and the k-
junta property. We prove the lower bound by con-
structing two distributions D+ and D~ on input functi-
ons f:{0,1}"™ — {0,1, L} that are hard to distinguish
for any nonadaptive tester and then applying Yao’s Mi-
nimax principle [59].

Recall that L denotes an erased function value. We
say that a function f: {0,1}" — {0,1, L} is a-erased
if at most an « fraction of its values are erased. If
«a is not specified, we call such a function partially
erased. A completion of a partially erased function
f:{0,1}" — {0,1, L} is a function f’: {0,1}™ — {0,1}
that agrees with f on all nonerased values, that is,
for all z € {0,1}", if f(x) # L then f'(z) = f(z).
A partially erased function f is monotone (or, more
generally, has property P) if there exists a monotone
completion of f (respectively, a completion of f that has
P). A partially erased function is e-far from monotone
(or, more generally, from having property P) if every
completion of f is e-far from monotone (respectively,
from having property P).

Proof of Theorem 1.3. We start by defining distributi-
ons DT and D~ on a-erased functions. Later, we show
that DT is over monotone functions whereas D~ is over
functions that are e-far from monotone. Interestingly,
the same distributions work to prove our lower bounds
for unateness and k-juntas: all functions in the support
of DT are unate (because they are monotone) and also
n/2-juntas. We will also show that all functions in the
support of D~ are e-far from unate and e-far from n/2-
juntas. The core of the argument is demonstrating that
the two distributions are hard to distinguish for nona-
daptive testers that make too few queries.

For every = € {0,1}", let |z| denote the Hamming
weight of x, and let zg denote the vector z € {0,1}"
restricted to the dimensions in the set S C [n].

Let n be a multiple of 4. We first describe a
collection of random variables used for defining the
distributions Dt and D~.

e The set M of control dimensions. The set M
is a uniformly random subset of [n] of size n/2. We

use M to denote the set of remaining dimensions,
[n] \ M.

e The subcube partition set P, and action
subcubes. For a fixed set M C [n] of size
n/2, let {0,1} denote the restriction of {0,1}"
to the dimensions in M. Let the set ¥y, =
{p € {0,1}M : |zp| = 2} denote the set of all
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“prefixes” of x which lie in the middle layer of the
subcube {0, 1}M. The subcube partition set P is
a uniformly random subset of Wy of size |¥y/|/2.
Each z € ¥, corresponds to a subcube of the form
{0,1}™ with the vertex set comprised of points
with zp; = z. All such subcubes are called action
subcubes.

e The functions g¢p p,,. For a fixed setting of
M C [n] of size n/2 and a set of action subcu-
bes Py C W, the function garp,: {0,1}" —
{0,1, L,0%, 1%}

0 if |£EM| < %;
if |xpr] > %5

—

L if jzy| =% and

fexgl € [5— . +n%];
0* ifxpy € Py and

lexrl  [§ —n" % +n"];

1*  otherwise.

gm, Py (T) =

Functions from DT and D~ are sampled by first
letting M C [n] be a random set of control dimensions
and then letting Pps be a random subcube partition
set. A function f sampled from Dt and D~ will be
identical to gas,p,, on points x € {0,1}" for which
gm, P () € {0,1, L}, but differ on the remaining
values (see Figures 5 and 6). Specifically, for functions
in D*, the values 0* and 1* are replaced with 0 and 1,
respectively. That is, f ~ DV is defined by sampling
M and Ppy, and letting:

gm. P (@) if gar Py, (2) € {0,1, L}
if gar,pag () = 0%
1 if gvr py, (x) = 1%,

For functions in D~, the value 0* is replaced with the
majority function, denoted Maj(-), evaluated on the
bits indexed by M, whereas 1* is replaced with the
antimajority of those bits. That is, f ~ D~ is defined
by sampling M and P s, and letting:

gM7PM(I) if gM,PM(:E) € {0,1,J_};
Maj(zq7) if gar,pag () = 075
1-— Maj(ltﬁ) if 9M Py, (x) =1*.

flz) =

LEMMA 3.1. There is an o = O(1/n'=%), for which
every function in the support of the distributions DT
and D~ is a-erased.

Proof. A function f: {0,1}" — {0,1} in the support of
D+ (and D) defined with respect to control dimensions

M and subcube partition set Py is erased in the middle
2n" 41 layers of every action subcube {0, 1} whenever
x)y is in the middle layer of the subcube {0,1}™. Since
|M| = |[M| = n/2, the number of points we erase is at
most

(Z‘QJ ' (ZZ) (2" +1) =0 ( 27;//22>2n"~

Thus, the fraction of erasures in the constructed functi-
ons is O(1/n!="). O

LEMMA 3.2. Every f ~ D% is monotone, unate, and
n/2-junta whereas every f ~ D~ has distance at least

e =0 (ﬁ) from monotonicity, unateness, and being

an n/2-junta.

Proof. Consider a partially erased function f in the
support of Dt. For all pairs z,y with o < y for
which the function values are not erased, f(z) <
f(y). Therefore, as shown in [36], f can be completed
to a monotone function. Thus, f is monotone and,
consequently, unate. Finally, we will show that f can
be completed to an n/2-junta. Let M and Pj; be the
set of control dimensions and the subcube partition set
used in defining f, respectively. Define a completion
f':{0,1}" — {0,1} of f as follows. For all z € {0,1}"
with f(z) =1,

o) = {0 if 737 € Par,

1 otherwise.

Then f’ only depends on coordinates in M. Hence, f
can be completed to an n/2-junta.

Now consider a partially erased function f in the
support of D~. Let M and Pj; be the set of control di-
mensions and the subcube partition set used in defining
f, respectively. By standard arguments (see, e.g., [36,
Lemma 22]), in each action subcube {0,1}* | there is a
perfect matching between points x on which f(z) =1
and points y on which f(y) = 0, where each pair (z,y)
in the matching has comparable x,y. Specifically, if
xpm € Py for this action subcube (that is, gar p,, () =
gm.py (y) = 0%), then y < x, and the function f is in-
creasing on the pair (x,y) in the subset of dimensions
of M on which = and y differ. If xj, ¢ Py for this
action subcube (that is, g, p,, () = ga,py, (y) = 1%),
then x < y, and the function f is decreasing on the pair
(z,y) in the dimensions on which z and y differ. This
matching contains all nonerased points of the action
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XMEPM XMEE

{0,13 '
Action subcubes

Figure 5: Functions f ~ DT defined with respect to control dimensions M and the subcube partition set Pyy.

XMEPM XMEm

{o,3™ '
Action subcubes

Figure 6: Functions f ~ D~ defined with respect to control dimensions M and the subcube partition set Pyy;.
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subcube, and in half of the action subcubes at least half
of the points in the matching need to be changed to
make the function monotone. Since ©(1/y/n) fraction
of points participates in the action subcubes, the dis-
tance to monotonicity is Q(1//n).

Moreover, we can pair up action subcubes in which
g got assigned 0* values with those in which g got as-
signed 1* values. Consider the corresponding matchings
for both action subcubes. Suppose (z,y) is a matched
pair in an action subcube with 0* values, and (z/,y’) is
the corresponding matched pair in the action subcube
with 1* values, that is z37 = 2% and yg7 = y5. Then
the function f has to change on at least one of the four
points z, 2, v, v’ to become unate, since a unate function
has to be consistently either nondecreasing or nonincre-
asing in each dimension. Therefore, a constant fraction
of all points participating in the action subcubes must
be changed to make f unate. So, the distance from f
to unateness is also Q(1/y/n).

Finally, we prove that all functions f in the support
of D~ are e-far from being n/2-juntas for ¢ = Q(ﬁ)

For a dimension i € [n], an edge (z,y) of a
hypercube {0,1}" is called an i-pair if  and y differ
in only their i-th bits, that is, x; # y;, but z; = y; for
all j € [n]\{i}. We say that a function f is independent
of a variable i € [n] if f(z) = f(y) for all i-pairs (x,y).
Observe that f is an n/2-junta iff it is independent of
n/2 variables.

Next, for each i € M, we show that f is e-far from
being independent of ¢. Fix ¢ € M. We construct a large
set M; of nonconstant i-edges (x,y), that is, i-edges
satisfying f(z) # f(y). At least one of f(z) and f(y)
for each such edge has to change to make f independent
of i. Since M; is a matching, |M;|/2" is a lower bound
on the distance from f to functions that do not depend
on variable 4.

Recall that the set ¥y, = {zpr € {0,1}M
|za| = G}, the set of all “prefixes” of = that lie in the
middle layer of the subcube {0,1}*. We define, for
every dimension i € M,

Mi = {(.%’,y) I (.I',y) is an i_edgev TMm € \I’M,
and f(z) = x;}.

Note that z; # y; and, by construction of functions
g in the definition of D~, we have f(y) = g(y) = v;.
Therefore, f(z) # f(y) for all i-edges (z,y) € M;. For
each xp; € Uy, more than 1/3 of the points = in the
corresponding action subcube are assigned f(z) = 0,
and the same holds for f(z) = 1. Since each action
subcube has 2™/2 points, the size of M; is at least
3oyl = 22 (M) = Q(25). That s,
the distance from f to being independent of variable 4

is at least e, where € = Q(ﬁ)

Thus, if we change less than an ¢ fraction of
values of f, we cannot eliminate the dependence on
any of the n/2 variables in M. The only remaining
possibility to make f an n/2-junta with fewer than
€-2™ modifications is to eliminate the dependence on all
variables in M. This can happen only if the modified
function becomes constant on all the action subcubes,
which again requires changing at least 3 - 27/2 | W |
values of f. Thus, f is e-far from the set of n/2-juntas,
whereazQ(ﬁ). d

Next, we show that the distributions DT and D~
are hard to distinguish for nonadaptive testers. For two
distributions Dy and D5 and a constant d, let Dy =45 Do
denote that the statistical distance between D; and Do
at most 4.

Consider a deterministic tester that makes ¢ que-
ries. Let ay...aq(f) be the answers to the queries
on input f. Define D*-view to be the distribution on
ai...aq(f) when f ~ DF. Similarly, define D~ -view.
We use the version of Yao’s principle stated in [53] that
asserts that to prove a lower bound ¢ on the worst-
case query complexity of a randomized algorithm, it is
enough to give two distributions D+ and D~, on positive
and negative instances, respectively, for which the sta-
tistical distance between DV-view and D~ -view is less
than 1/3.

LEMMA 3.3. For a deterministic tester making ¢ < 2"
queries, DY -view =y /7 D~ -view.

Proof. The key point is the following: the only way
a tester can distinguish the two distributions is by
querying a pair of points x,y € {0,1}" that fall in
the same action subcube, but in different nonerased
layers — one below erasures, the other above erasures.
If it queries no such pair, then its view (that is, the
distribution on the answers it receives) is identical for
the two cases: f ~ DT and f ~ D~. Observe that any
such z and y must have weights that differ by at least
2n" + 2. Consequently, z and y differ on at least 2n" + 2
bits.

Let T = {i € [n] | ; # yi} denote the set of all
coordinates on which the points z and y differ. Then
|T| > 2n" + 2. Observe that zpr = yar iff TN M = 0.
Since M is a uniformly random subset of [n] of size n/2,
the probability

("2

(/)

(n—|T])!
_ Gt

n!
(n/2)!-(n/2)!

Pr[TNM =] =
M
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(n/2)!  (n=|T])
(n/2 —|T)! n!
_n/2-(n/2-1)---(n/2-|T|+1)
o n=T) - (n— [T+ 1)
§2—|T|.

Let BAD be the event that one of the (g) pairs of
points the tester queries ends up in the same action
subcube, on different sides of erasures, as discussed
above. Then, by a union bound, Pr[BAD] < % 21T <
1, 22n" . 2—2n"—2 — %

By the discussion above, conditioned on BAD not
occurring, the view of the tester is the same for both
distributions:

D+—V16W |W = D™ -view |W

Conditioning on BAD does not significantly change the
view distributions. We use the following claim [53,
Claim 4] to formalize this statement.

Cram 3.1. ([63]) Let E be an event that happens with
probability at least § = 1 —1/a under the distribution D
and let B denote distribution D|g. Then B =5 D where
y=1/(a—1).

Applying Claim 3.1 twice, we get

+ view A +_vi
DT -view ~1 /7 DT-view|gap

= D -view|gapg ~1/7 D™ -view.

This completes the proof of Lemma 3.3. 0
Theorem 1.3 follows by Yao’s Principle. a
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A Removing the Logarithmic Dependence
from Isoperimetric Inequalities in [42]

In this section, we give a sketch of the proof of slightly
improved versions of the isoperimetric inequalities of
Khot et al. [42, Theorems 1.6 and 1.9]. The improved
version of [42, Theorem 1.9] is Theorem 2.1 and the
improved version of [42, Theorem 1.6] is stated next.

THEOREM A.l. (CLOSE TO THEOREM 1.6 FROM [42])
Let f:{0,1}" — {0,1} be e-far from monotone. Then,

(A1) EL [ Ig(m)} > Q(e).

The statements of Theorems 1.6 and 1.9 in [42] show
that the left hand sides of (2.3) and (A.1) are at least
Q(m). We slightly modify the proof of [42] to
get a stronger lower bound of 2(¢). Using the original,
weaker inequality for our algorithm would result in an
approximation to the distance to monotonicity within
a multiplicative factor of /n - poly(logn,log(1l/e)).
This would mean that our algorithm is an O(y/n)-
approximation only if ¢ > 1/2pely(los(n)),

To prove Theorems 2.1 and A.1, we first set up some
notation. For a function f : {0,1}" — {0,1}, a set
S C [n], and a string z € {0,1}°, let f(-,2): {0,1}° —
{0,1} denote the function f restricted to the subcube
{0,1}° and obtained from f by setting the input bits
in {0,1}° to z. For a real number p € (0, 1], let S(p)
denote the distribution on subsets S C [n], where each
i € [n] is included in S with probability p independently
at random.

In the following proposition, used in the proof of [42,
Theorem 1.6], we consider the following experiment: We
sample a subset S ~ S(p) and a uniformly random
z ~ {0,1}°.
restriction of f.

Then we consider f(-,z), a random

PRrROPOSITION A.1. For a function f:{0,1}" — {0,1}
and a parameter p € [0,1],

E E [ I < E [ - }
S~S(p) LN{OJ}S f(-,z)(w) ] = anf01}n f (z)
zw{O,l}§

In other words, we consider the restricted function
f(-,2z), and count the decreasing edges only along
dimensions in S. We improve Proposition A.1 to the
following.

PROPOSITION A.2. For a function f:{0,1}" — {0,1}
and a parameter p € [0, 1],

E E I
S~S(p) LUN{O,I}S[ f(nZ)(w) ]

z~{0,1}%
< . N .
SV, . V@)
Proof. Recall that for € {0,1}", the set D (z)

denotes the subset of dimensions along which the edges
incident on z are decreasing in f. Note that [D} (z)| =
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I, (z) for all z € {0,1}". Hence, we have

E E I=
B Lo s [Vl

z~{0,1}°
- E D (z)NS
o VIpr@ns]
x~{0,1}"
- > E_[/IDy@ns|
2" S~S(p) f
ze{0,1}m
D ek
< — \D ()N S|
2 vef0a}n S~S(p) }
1 -
= on Z \/ If (z)-p
926{0,1}"

- \/ﬁ.m~{I(Ej:,1}n [ I;(a:)} ’

where we used Jensen’s inequality and the fact that
the transformation ¢(t) = v/t is concave to derive the
inequality. a

Similarly, we have the analogous proposition for the
proof of the robust version of the Talagrand objective
(Theorem 1.9 of [42]).

PROPOSITION A.3. For a function f: {0,1}" — {0,1}
and a parameter p € [0, 1],

5~S(p) | w~{0,1}5 f(-,z),red(w)
z~{0,1}°
* ’U.N{Ig,]_}s |: If(',z),blue(u):|‘|
< . E { I- :|
a \/]3 x~{0,1}" f,red(m)

- E I |
+vp (D1} Fblue (Y)
Now we are ready to complete the proof of Theo-
rems 2.1 and A.1. Let ¥;(p) denote the expected dis-
tance between f’ and f where f’: {0,1}" — {0,1} is
constructed from f by the following random process:

1. Initialize f’ to f.

2. Sample a subset S ~ S(p), then order the elements
in S according to a uniformly random permutation.

3. For each dimension ¢ € S according to the ordering,
modify f’ by switching the function values on the
endpoints of all decreasing i-edges (from (1,0) to

(0,1)).

Using Proposition A.2 and the following the argu-
ment from Section 4.2.2 of [42], we conclude that every
p € [0,1] satisfies, for a constant C,

Us(p) — Ws(p/2) < C- /b E[\/I; ()]

It follows from the analysis of Dodis et al. [30] that
Us(1) > €. Also note that W¢(0) = 0. Therefore, by
1

the telescoping argument for p =1, %, %

<C iri/? 15[ If—(sc)}
=0
<4c-1£:[ If—(m)},

completing the proof of Theorem A.1. Similarly, Pro-
position A.3 implies Theorem 2.1.
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