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A measurement of the Hubble
constant from angular diameter
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The local expansion rate of the Universe is parametrized by the Hubble constant, H0, the
ratio between recession velocity and distance. Different techniques lead to inconsistent
estimates of H0. Observations of Type Ia supernovae (SNe) can be used to measure H0,
but this requires an external calibrator to convert relative distances to absolute ones.
We use the angular diameter distance to strong gravitational lenses as a suitable
calibrator, which is only weakly sensitive to cosmological assumptions. We determine the
angular diameter distances to two gravitational lenses, 810þ160

�130 and 1230þ180
�150 megaparsec,

at redshifts z ¼ 0:295 and 0:6304. Using these absolute distances to calibrate 740
previously measured relative distances to SNe, we measure the Hubble constant to be
H0 ¼ 82:4þ8:4

�8:3 kilometers per second per megaparsec.

M
easurements of extragalactic distances
have revealed that the Universe is ex-
panding (1), and the expansion is ac-
celerating (2, 3). The distance-redshift
relation is normalized using the Hubble

constant H0. The value of H0 has been inferred
directly from the distance-redshift relation in the
local Universe [e.g., (4, 5)], and indirectly from
the cosmic microwave background (CMB) by
assuming a cosmological model (6, 7). Some
researchers claim that these two determinations
do not agree, differing by a formal statistical
significance of more than 3s (8, 9). Various
interpretations for this discrepancy have been
suggested: e.g., a modification in early Universe

physics (8, 10). Other researchers claim that the
tension is not statistically significant: e.g., that
the tension is only at the 2.5s level (11) or less
(12). H0 determinations using galaxy clusters
and ages of old galaxies at intermediate redshift
[e.g., (13)] are in agreement with the value from
the CMB. If confirmed by further measurements,
preferably using independent methods, this dis-
crepancy would call for a revision of the stan-
dard model of cosmology, L cold dark matter
(LCDM).
There are multiple ways tomeasure distances

in the Universe based on our knowledge of an
object whose distance is measured. One of them
is the “luminosity distance”DL, which is defined

on the basis of the relationship between the
measured flux F and the known luminosity L
of an object; DL ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

L=ð4pFÞp
. Another way to

obtain distance is by means of the “angular
diameter distance” D, where the measured an-
gular size q of an object is related to the known
physical size of the object r as D ¼ r=q. Lumi-
nosity distances to type Ia supernovae (SNe) can
be used to determineH0; however, they provide
only relative distances because of uncertainty in
their absolute brightness. SNe measurements
of H0 must adopt an external calibrator of the
absolute distance scale, which we refer to as an
anchor, to fix the overall normalization of the
distances to SNe. Existing local distance mea-
surements use Cepheid variable stars, parallaxes,
and/or masers as anchors (4), thereby construct-
ing a distance ladder.
We apply an independent method (14) to

measure angular diameter distances to strong
gravitational lenses. We apply it to two exam-
ples at redshift z ¼ 0:295 and 0:6304 with time-
varying source brightness. Our goal is to use the
two absolute distances to anchor the relative
distances of SNe, constraining H0. If we can
determine the absolute distances to z ¼ 0:295
and 0:6304, we can use them to calibrate SNe
data over a wider redshift range 0 < z < 1:4.
From this, we aim to determine the expansion
rate at z ¼ 0, i.e.,H0. This is an inverse distance
ladder method (15, 16).
Gravitational lensing occurs when photons

emitted from a background source are deflected
by the gravitational potential of a foreground
massive object, such as a galaxy. An observer
sees photons arriving from different directions
at different times in the case of strong lensing,
and these form multiple images on the sky. We
show images of the two lensing systems, CLASS
B1608+656 (17–19) (hereafter B1608+656) and
RXS J1131–1231 (20–22) (hereafter RXJ1131–1231)
in Fig. 1, A and B, and schematics of the system
configurations in Fig. 1C. The foreground galaxy
that dominates the deflection is defined as the
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Fig. 1. Images of B1608+656, RXJ1131–1231 and the lensing configuration. Hubble Space Telescope (HST) Advanced Camera for Surveys
(ACS) F814W and F606W color composite image of lens B1608+656 (A) and ACS F814W image of RXJ1131–1231 (B) (17, 18, 22). Labels A to D are
the quasar images, G1 and G2 are lens galaxies, and S is a satellite galaxy. (C) A schematic diagram of light paths from the source to the
observer, forming multiple images. Lensing observables and distances are labeled, where subscripts i and j are the image indices. Panel (A) is
reproduced from figure 1 of (28) with permission.
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main lens, and the deflections caused by any
other structure along the line of sight external
to the lens are parameterized by the external
convergence, kext.
When the source brightness is variable, the

arrival time difference between photons from
different images (i.e., the time delay) can be
measured. Physically, two effects contribute to
the difference in photon arrival time: the pro-
jected gravitational potential of the enclosed mass,
and the difference in geometric path lengths be-
tween images, which are summarized as the
Fermat potential f. The time delay, Dt, between
two images is given by cDt ¼ DDtDf (23), where
DDt is the time-delay distance DDt ¼ ð1þ zdÞ
DdDs=Dds , c is the speed of light, Df is the
Fermat potential difference between the two
images, zd is the lens/deflector redshift, D is
the angular diameter distance, and subscripts
“d” and “s” stand for the deflector and the source,
respectively (thus, Dds is the angular diameter
distance between the deflector and the source).
The time-delay distance thus relates f to Dt.
The external convergence, kext, modifies the
relationship between the true DDt and the ob-
served Dt as cDt ¼ ð1� kextÞDDtDf, where Df is
the Fermat potential difference based on a model
that does not account for the external conver-
gence. Therefore, the trueDDt will be scaled by
1=ð1� kextÞ for an observed (fixed) Dt. Several
measurements ofH0 have been reported using
DDt alone, which scales inversely to H0 and
weakly depends on other cosmological param-
eters (20, 24). The latest determination yields
H0 ¼ 71:9þ2:4

�3:0 km s�1Mpc�1, which agrees with
H0 ¼ 73:48 T 1:66 km s�1Mpc�1 from the local
distance ladder method (25) but is higher than
the CMB result assuming a flat LCDM model,
H0 ¼ 67:4 T 0:5 km s�1Mpc�1 (26). All uncer-
tainties are at the 68% confidence level.
It is possible tomeasure the angular diameter

distance to the deflector, Dd, directly using a
simple spherical lens model that relates the
radial mass density profile rðrÞ to a radius-
independent velocity dispersion s2 following
rðrÞ ¼ s2=ð2pGr2Þ (27), where G is the grav-
itational constant. The time-delay difference
between two images in this model is given by
Dt ¼ DDtðq21 � q22Þ=ð2cÞ, where q1 and q2 are an-
gular positions of the two images (as illustrated in
Fig. 1 C). The image positions are related to the
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Fig. 2. Predicted velocity dispersion as a function of the aperture size, compared to the
observed value.The luminosity-weighted aperture-averaged velocity dispersion for the OM
(blue shaded) and TPE (red hatched) anisotropy models are shown, with normalization factors
(mass, angular diameter distance, and the Einstein radius) fixed to the best-fitting values.
The gray shaded region shows the observed velocity dispersion and the size of the aperture:
The vertical position and height of the box show the measurement of the velocity dispersion
(hs2i1=2ap ¼ 260 T 15 (19) and 323 ± 20 km s�1 (22) for each lens, respectively), whereas the horizontal

location and width of the box range from the shorter half-width to the longer half-width of the
aperture, normalized by the effective radius of the lens galaxy.We vary the slope of the mass profiles

g′ to 1, 2, and 3s of the posterior probability distribution (28, 29), shown as the densest to the least-
dense shaded areas (A) B1608+656 and (B) RXJ1131–1231. We use flat priors on the anisotropy
parameters rani = [0.5, 5] (OM) and bin;out ¼ ½�0:6;0:6� (TPE). Our models are compatible with the

measurements: The boxes overlap substantially with the 1s regions.
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Fig. 3. Normalized posterior probability distributions for the angular diameter distance to the
lens B1608+656. (A) and (C) include lensing and time-delay information, whereas (B) and
(D) include additionally the kinematics of the lens. The blue-hatched distribution shows the results
if the external convergence distribution is estimated by ray-tracing through the Millennium Simulation
(36) (fig. S4), whereas the red distribution is the result when the external convergence is set to zero.
By including the kinematic information, the angular diameter distance becomes insensitive to kext.
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velocity dispersion as s2 ¼ ½ðq1 þ q2Þc2=8p�Ds=
Dds. Combining the two, we obtainDd ¼ c3Dt=
½4ps2ð1þ zdÞDq� with Dq ≡ q1 � q2 (27). This ex-
pression allows us to determine Dd from mea-
surements of Dt , s, and Dq. Similar, but more
complex, relations hold for more generic lenses
with different density profile and velocity struc-
ture (14).
The scaling of Dd with Dt, s2, and Dq can be

demonstrated by a qualitative argument. The
time delay constrains the projected gravitational
potential of the lens within some characteristic
size of the system r (e.g., the effective radius of
the lens galaxy, where half of the total light
emitted from the galaxy is contained) and mass
M, Dt ∼GM lnðrÞ, whereas the velocity disper-
sion of stars in the lens galaxy,s2, constrains the
gravitational potential of the lens,s2 ∼ GM=r. By
combining the two, r is constrained, and by
comparing r to the angular separation of lensed
images Dq, the lens effectively becomes a ruler,
allowing the angular diameter distance to the
lensDd ¼ r=Dq ∼ Dt=ðs2DqÞ to be obtained. The
physical interpretation of r depends on the lens
mass distribution. We adopt the modeling of
the lens mass distribution and source light for
both of these lensing systems (17, 20, 28); this
allows us to use Dt and s from observations but
model the full surface brightness distribution of
the lensed source (instead ofDq) in determining
Dd. The inference ofH0 fromDd is independent

of kext, in contrast to the H0 inference from DDt

that is scaled by 1=ð1� kextÞ (14, 29).
As Dd ∼ Dt=ðs2DqÞ, the uncertainty on Dd is

determined by those on Dt , s2 , and Dq; the un-
certainty in s2 dominates (14). GM=r is deter-
mined by the radial component of the stellar
velocity dispersion, which is not observable di-
rectly. We must assume a three-dimensional
structure for the velocity dispersion to relate the
observable line-of-sight s2 to just the radial com-
ponent. This velocity anisotropy is the dominant
source of uncertainty in this method (14).
Published observations of the lens galaxies

provide the velocity dispersion averaged over an
aperture of a fixed physical size, which we refer
to as the kinematics data. The velocity disper-
sion of RXJ1131–1231 is estimated by spectros-
copy with a rectangular aperture of area 0.81 arc
sec by 0.70 arc sec, where the center of the aper-
ture is placed at the center of the lens galaxy.
The effective radius of the lens galaxy is Reff =
1.85 arc sec; thus, the half-width of the aperture
is ∼20% of the effective radius. For B1608+656,
Reff = 0.58 arc sec, and Rap = 0.84 arc sec by 1 arc
sec, equivalent to ~72% of the effective radius.
In Fig. 2, we illustrate varying sizes of aper-

ture with fixed aspect ratio, to show how non-
spherically symmetric velocity dispersion changes
the predicted aperture-averaged line-of-sight ve-
locity dispersion, in a power-law mass model
where the mass density of the galaxy follows

rðrÞºr�g′ , where g′ is the slope of the mass
profile. We adopt two parameterized models of
the velocity anisotropy, Osipkov-Merritt (OM)
(30, 31) and a two-parameter extension (TPE) of
OM (32–34). If the aperture had infinite width,
the observed velocity dispersion would be the
virial limit where the total kinetic energy of a
systemcanbe estimated from its total gravitational
potential, thus the relation GM=R∼s2 holds. In
this limit, the uncertainty due to the anisotropy is
minimized and the difference due to the density
profile is the only factor determining the aperture-
averaged velocity dispersion (33). The real size of
the aperture is a fraction of the effective radius, so
the uncertainty due to the anisotropy is larger.
Figure 2 shows these uncertainties compared to
the measured velocity dispersion as a function
of the aperture size (normalized by the effective
radius of the galaxy), Rap=Reff . The TPE model
has larger uncertainty than the OM. With the
measured uncertainty for the observed velocity
dispersions, the difference between the medians
of these two anisotropymodels is smaller than the
statistical uncertainties (±15 kms−1 for B1608+656,
±20 km s−1 for RXJ1131–1231). Themeasured veloc-
ity dispersion is itself model dependent: e.g.,
sensitive to a choice of stellar spectral templates
(35). This leads to a systematic uncertainty in the
velocity dispersion measurement which, in turn,
affects the angular diameter distance through
Ddºs�2. This source of systematic uncertainty
is taken into account in the velocity dispersion
measurements of B1608+656 and RXJ1131–1231.
Figure 3 shows the posterior probability distri-

butions ofDd of B1608+656 estimated using OM
andTPEanisotropymodels (34), without andwith
the velocity dispersion information. Althoughkext
shifts the posterior probability distribution when
the velocity dispersion is not included, the mea-
surement ofDd becomes insensitive tokext when it
is included (14). This is because the velocity dis-
persion information (with assumed anisotropy)
provides additional constraints on the gravita-
tional potential, which normalizes the angular
diameter distance. Figure 4 shows the same pos-
terior probability distributions for RXJ1131–1231.
Our analysis constrains the angular diameter

distances to 12 to 20% precision per lens. We
marginalize over the uncertainties in anisotropy
models by merging two posterior probability
distributions of OM and TPE models (34). Our
final measurements of the angular diameter
distances are Ddðz ¼ 0:6304Þ ¼ ð1:23þ0:18

�0:15Þ�
103Mpc for B1608+656, andDdðz ¼ 0:295Þ ¼
ð8:1þ1:6

�1:2Þ � 102Mpc for RXJ1131–1231.
We apply these distances as anchors to the

740 SNe in the Joint Light-curve Analysis [JLA
(37)] dataset, allowing us to constrain H0 and
the SNe nuisance parameters (34) simulta-
neously. We use the MontePython code (38) to
perform a Markov chain Monte Carlo analysis.
Figure 5 shows the resulting Hubble diagram,
i.e., the absolute luminosity distances DL ¼
ð1þ zÞ2Dd as a function of redshifts for a flat
LCDMmodel. Figure 6 shows the inferred values
of H0 assuming various cosmological models:
LCDM with flat spatial geometry (fLCDM) and
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Fig. 4. Same as Fig. 3, but for RXJ1131–1231.
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nonflat spatial geometry (nfLCDM); a dynam-
ical dark-energy model with flat spatial geom-
etry (fwCDM) and nonflat spatial geometry
(nfwCDM), wherew is the dark-energy equation
of state that characterizes the time evolution of
dark-energy density, and w is a parameter in
thesemodels; and a dynamical dark-energymodel
with a time-varying equation of state ½wðzÞ ¼
w0 þ zwa=ð1þ zÞ� with flat spatial geometry
(fwaCDM) and nonflat spatial geometry (nfwaCDM),
where w0 and wa are parameters. By construc-
tion, the inverse distance ladder method is in-
sensitive to the assumed cosmological models,
which is reflected by the consistent values in
Fig. 6. Therefore, we adopt the value for flat
LCDM, H0 ¼ 82:4þ8:4

�8:3 km s�1Mpc�1 (68% con-
fidence limits) as our fiducial result. We examine
and marginalize over uncertainties in the kin-
ematics and mass profiles of the lens galaxies
(34). All values ofH0 that we obtain are consist-
ent withH0 from the distance laddermethod (4)
and from the time-delay distances (24, 39–41). It
is also consistent with, but more precise than,
H0 from the standard siren method (42, 43).
Although our measurement has a larger un-

certainty than other direct methods, this is dom-

inated by statistical uncertainty because we use
only two lenses to normalize the SNe distances.
The precision in ourH0 measurement is present-
ly limited by the number of strong lens systems
with measured time delays and ancillary data.
Systematic errors, although subdominant, are
mainly due to the determination of the velocity
structure of the lenses. The single aperture-
averaged kinematic measurement and modeling
present the main systematic error, which can
be overcome by, e.g., spatially resolved kine-
matic data.
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Fig. 5. Hubble diagram.
Derived Hubble diagram
(A) and its residuals
(B). The blue points
with error bars are
740 SNe from JLA
(37), normalized by
our two lensing
distances, shown as
an orange and red
point. The solid
line is the best-fitting
flat LCDM model.

Fig. 6. Constraints on the
Hubble constant for six
cosmological models. The
gray shaded area is the
constraint from the local
distance ladder (4),
whereas the green line is
from three time-delay
distances measured by the
H0LiCOW collaboration
(24). The thick and thin
solid lines denote the 68%
and 95% confidence inter-
vals of the joint fit to the
SNe and the Dd data. Dd and
DDt determined from the
same lens are not strongly
correlated in the case of our
two lenses, because the uncertainty in the former is dominated by the kinematics and the latter by
kext. Therefore, the corresponding constraints on H0 are nearly independent.
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