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a b s t r a c t 

This paper presents a new unified model that allows the simulation of distillation columns with any in- 

teger number of phase divisions. Such columns have the potential for substantial savings in energy and 

capital costs. However, conventional simulators do not cover columns with phase divisions and previous 

simulations required a tailored algorithm for each type of column. The proposed model uses a unique set 

of MESH-equations for parastillation, metastillation, and conventional distillation. With small modifica- 

tions in the stage indexing, the model allows the simulation of conventional, top and bottom-DWCs. This 

generalization was possible by introducing two new variables: the number of liquid ( θ ) and vapor ( β) 

phase divisions. The positive impact of increasing the number of phase divisions was demonstrated in 

the bioethanol distillation, by analyzing parastillation and metastillation columns. These columns reduce 

the operational and total annual costs in 19% and 15%, when compared to conventional columns. 

© 2020 Elsevier Ltd. All rights reserved. 
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. Introduction 

Distillation operations consume a significant amount of energy.

he U.S. Energy Information Administration predicts an increase in

nergy consumption by U.S. industries from 26 quadrillion British

hermal units (Btu) to 36 quadrillion Btu between 2019 and 2050

 U. S. Energy Information Administration, 2020 ). The bulk chemical

nd refining industries are the most energy intensive, represent-

ng respectively 29% and 18% of total U.S. industrial energy con-

umption ( U. S. Energy Information Administration, 2020 ). In both

ectors, separation processes represent approximately 60% of the

nergy usage, and about 95% of these separation processes are dis-

illation operations ( U.S. Department of Energy, 2005 ). This sig-

ificant energy demand has made distillation the focus of many

tudies aiming to improve its energy efficiency. Among these stud-

es, the division of internal column streams has been shown to

e an efficient mechanism for energy improvement. This technique

s known as distillation with parallel streams, and it includes the
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arastillation, with division of the vapor phase; metastillation, with

iquid division, and the best-known dividing-wall column (DWC),

ith liquid and vapor divisions. 

The DWC integrates two conventional columns of the Petlyuk

ystem into a unique column shell. This configuration, in com-

arison to the conventional one, reduces the number of con-

ensers and reboilers, and thereby decreases the capital and op-

rational costs by up to 30% and 40%, respectively ( Kiss and

uszwalak, 2012 ). Reports point to 100 DWCs operating industrially

 Luyben, 2013 ). However, DWC configurations have been used for

pecific processes, where two conventional columns are replaced

y one DWC, mainly in the context of ternary mixture separations.

ingle distillation columns, as the ones used in binary separations,

an be replaced by parastillation and metastillation columns, with

nergy and capital savings. These are less-known techniques that

onsider the vapor (parastillation) or the liquid (metastillation) in-

ernal flow divisions, into two or more parallel streams. 

Two-liquid divisions, in metastillation, can decrease the stage

rea up to 30%, in comparison to a corresponding conventional

istillation column ( Mizsey et al., 1993 ). Additionally, metastilla-

ion columns may present Murphree efficiencies greater than those

eported for conventional columns ( Gouvêa, 1999 ). On the other

and, the two-vapor divisions, in parastillation columns, lead to
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List of symbols 

B n molar bottom product total flow leaving stage 

n [kmol/h] 

C total number of components in the mixture to 

be distilled 

Dj ( n, i ) discrepancy function j of stage n for compo- 

nent i 

D n molar distillate (top product) total flow leav- 

ing stage n [kmol/h] 

E MV n, i murphree efficiency, with respect to the vapor 

phase 

F n molar external feed flow into stage n of the 

column [kmol/h] 

f n, i molar external feed flow of component i into 

stage n [kmol/h] 

H 
L/V 
f n 

external feed enthalpy into stage n [kcal/h] 

H 
L 
n liquid enthalpy in stage n [kcal/h] 

H 
V 
n vapor enthalpy in stage n [kcal/h] 

k n, i equilibrium constant of component i in stage 

n 

L 1 molar bottom column product flow when re- 

boiler is in stage 1 [kmol/h] 

L n total molar liquid flow leaving stage n 

[kmol/h] 

L N reflux flow when condenser is stage N 

[kmol/h] 

l n, i molar liquid flow of component i from stage n 

[kmol/h] 

N total number of stages, including the con- 

denser and the reboiler 

N 

P/β
S 

number of stages in a parastillation column 

with β vapor divisions and same height as a 

conventional column with N 
D 
S 
stages 

N 
D 
S number of stages in a conventional distillation 

column of same height as a parastillation col- 

umn with N 

P/β
S 

stages 

na, nb, nc, nd stages of dividing-wall columns 

n generic stage of the column 

QR n heat added to the reboiler of stage n [kcal/h] 

QC n heat removed from the condenser of stage n 

[kcal/h] 

r n reflux ratio in the condenser at stage n 

rr n boil-up ratio in the reboiler at stage n 

rl fraction (ratio) of liquid that a stage receives 

in case of phase division 

rv fraction (ratio) of vapor that a stage receives 

in case of phase division 

S L n liquid side-stream withdrawn from stage n 

[kmol/h] 

S V n vapor side-stream withdrawn from stage n 

[kmol/h] 

T n temperature at stage n [ °C] 
V n total molar vapor flow leaving stage n 

[kmol/h] 

V N molar vapor distillate flow when condenser is 

stage N [kmol/h] 

v n, i molar vapor flow of component i from stage n 

[kmol/h] 

reductions in column height of up to 50%, when compared with

conventional distillation columns ( Biasi, 2016 ; Gouvêa et al., 20 0 0 ;

Heucke, 1987 ; Meirelles et al., 2017 ; Mizsey et al., 1993 ). Further-

more, replacing a conventional distillation column by a parastil-
ation column can lead to a decrease in energy consumption of

bout 30% ( Biasi, 2016 ; Canfield and Jenkins, 1986 ; Gouvêa, 1999 ;

eszaros and Fonyo, 1990 ; Moraes, 2006 ). 

The construction of lab-scale parastillation columns were re-

orted by Belincanta et al. (20 06 , 20 05 ). The authors investi-

ated the separation of the ethanol-water mixture and did not re-

ort operational issues related to the phase division. Even with

he important advantages presented by para- and metastillation,

here is only one report about the industrial installation of three

arastillation columns in England, ( Canfield and Jenkins, 1986 )

nd none about metastillation. The report by Canfield and Jenk-

ns (1986) mentions that one of the parastillation columns pre-

ented a reduction in the reflux ratio of 41%, over conventional dis-

illation. However, the authors do not provide further information,

tating proprietary issues. They concluded that industrial parastil-

ation columns were completely satisfactory, improving separa-

ion and reducing energy consumption over conventional distilla-

ion ( Canfield and Jenkins, 1986 ). There is no further report about

he industrial use of para- and metastillation columns. This can

e attributed to the lack of scientific and technological informa-

ion about these columns in comparison with conventional distil-

ation equipment, and the specific difficulties of simulating para-

nd metastillation processes. Most of the few academic works on

ara- and metastillation columns have investigated simplified pro-

esses, but did not consider potential industrial cases. Except for

he works of Meszaros and Fonyo (1990) and Mizsey et al. (1993) ,

hat consider hydrocarbon multicomponent mixtures, all other

orks consider simple binary separations. Furthermore, there is no

ork concerning the control structure for para- and metastillation

olumns. Some information about the hydrodynamics of parastilla-

ion columns is provided in Belincanta et al. (20 06 , 20 05 ). Given

he lack of information on these new types of columns, greater

ndustrial acceptance requires more robust research on the sub-

ect, since current distillation processes require equipment with

ptimized performance that is designed on the basis of well-

stablished methodologies. 

This paper presents a generic tool for simulation of any type

f distillation equipment, including conventional columns, para-

nd metastillation columns and the three different DWC configura-

ions. Up to now, Aspen Plus® and other commercial simulators do

ot cover para- and metastillation columns. Although studies have

hown that it is possible to simulate the DWC equipment using

ommercial simulators ( Kiss, 2013 ), this alternative is not straight-

orward to execute. A DWC is represented, in the simulators, by

he integration of more than one column. However, the resulting

ystem of equations is not solved as a fully coupled system using

 Newton-type method, but instead by a nonlinear Gauss-Seidel-

ype iteration which alternatingly solves the equations of one col-

mn given values for the other. This solution approach has poorer

onvergence properties than those based on the fully coupled sys-

em. 

In this work, we present a new unified model that allows

he simulation of distillation columns with any integer number of

hase divisions. Our model is based on the so-called MESH equa-

ions ( Seader et al., 2011a ) and avoids the simplifying assumptions

ade in short-cut methods for columns with divided streams in

he vapor or liquid phases ( Heucke, 1987 ; Meirelles et al., 2017 ).

he proposed model uses a unique set of MESH equations for all

olumns, including parastillation, metastillation, dividing-wall col-

mn (DWC), and conventional distillation. By small adjustments

f the indices of the MESH equations, it is also possible to adapt

he model for simulation of other DWC configurations, as the

ottom and top-DWC. The model is simply adjusted, to a spe-

ific column, by specifying few parameters and, therefore, can be

sed to analyze capital or operational cost savings that may be

btained by using columns with phase divisions, in comparison
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o conventional distillation columns. Newton’s method is used to

olve the model equations and does not suffer from the conver-

ence problems observed with previous approaches. Previous sim-

lations ( Biasi, 2016 ; Canfield, 1984 ; Canfield and Jenkins, 1986 ;

ouvêa, 1999 ; Meszaros and Fonyo, 1990 ; Mizsey et al., 1993 ) re-

uired a tailored algorithm for each type of column, which is time

onsuming and therefore costly. Using a unique set of equations,

ur approach reduces the implementation time and facilitates the

omparison of different column configurations. This procedure al-

ows systematic analyses and comparisons of such different con-

gurations and, therefore, supports the design of new, energy effi-

ient and capital cost reducing columns. 

We generalize the mathematical model of the MESH equations

y introducing two new variables: θ and β . These two variables

epresent the number of phase divisions in the liquid ( θ ) and va-
or ( β) phases. It enables the simulation of columns with mul-

iple phase divisions, using a unique set of equations. The sug-

ested mathematical model was implemented and validated. Con-

entional distillation and DWC were validated comparing our re-

ults with those from Aspen Plus® commercial simulator and

rom Luyben (2013) . The validation for metastillation and parastil-

ation was done by comparing with results from the literature

 Gouvêa, 1999 ; Gouvêa et al., 20 0 0 ). We also provide some details

bout the convergence and some tips used to decrease the compu-

ational time required by the simulation. 

A case study illustrates the use of para- and metastilla-

ion columns applied to the production of hydrous bioethanol

 Batista et al., 2012 ), which is a case of industrial interest. Results

emonstrate that para- and metastillation techniques lead to sav-

ngs in equipment and/or operational costs. It is possible to reduce

perational costs by about 19% through the replacement of con-

entional distillation by parastillation. Additionally, the height of

arastillation columns may be reduced by 33%, when compared

o the height of conventional columns. These reductions can de-

rease the total annual cost of distillation processes in 15%. These

esults, associated with the unified model for simulating columns

ith multiple phase divisions, may increase the industrial inter-

st in para- and metastillation columns. In addition, the unified

odel simplifies the simulation of the DWC equipment and allows

 faster comparison of the performance of different column config-

rations. 

. Simulation of distillation processes considering mesh 

quations 

The methodologies for simulating distillation columns can be

lassified as short-cut methods or rigorous simulation procedures.

he short-cut methodologies are based on simplified models, for

xample, models that assume constant molar overflow along the

olumn and/or constant relative volatility. One well known method

s the MacCabe-Thiele approach. Meirelles et al. (2017) presented a

eneral approach for the calculation of parastillation and metastil-

ation columns based on the adaptation of the original McCabe-

hiele methodology. The short-cut approaches are an important

ool for preliminary-design studies ( Seader et al., 2011a ). They can

e useful for a fast but rough calculation of the benefits of the al-

ernative column configurations in comparison to conventional dis-

illation processes. However, these methods are based on several

implifications, they do not adequately consider the simultaneous

eat and mass transfer occurring inside the distillation apparatus,

nd are not suitable for simulation of multicomponent processes.

n these cases, a rigorous method is necessary, such as the ap-

roach developed by Naphtali and Sandholm (1971) . 

The Naphtali and Sandholm (1971) methodology considers mul-

icomponent mixtures, non-ideal solutions and Murphree efficien-

ies, in multiple feed and multiple side-stream columns. This
ethodology is based on the MESH equations, which consist of

ass balances (M); equilibrium relationships (E); sums of the mo-

ar fractions of the components in the liquid and vapor phases

S); and enthalpy balances (E). The set of nonlinear MESH equa-

ions can be solved by any iterative method suitable for non-linear

ystems. Newton’s method was suggested by Naphtali and Sand-

olm (1971) and implemented by Fredenslund et al. (1977) . The

aphtali and Sandholm (1971) methodology was originally pro-

osed for the simulation of conventional distillation columns, but

t was subsequently extended to parastillation by Meszaros and

onyo (1990) and by Mizsey et al. (1993) and to para- and metastil-

ation by Gouvêa (1999) and by Biasi (2016) . All these works have

mplemented separate algorithms for each type of column, and

hey have been limited to only two partitions of the selected

hase. 

.1. Unified model for the simulation of columns with multiple phase 

ivisions 

We formulate a new set of MESH equations suitable for the

imulation of distillation columns with any integer number of di-

isions of the vapor or/and liquid internal streams. Such a model

s suitable for the simulation of conventional distillation, parastil-

ation, metastillation and dividing-wall (DWC) columns. The main

ovelty of our work is the possibility of simulating a variety of in-

ernal configurations of distillation columns using a single model,

nd the numerical implementation of this model that can be ad-

usted to different columns simply by setting input parameters. 

.1.1. MESH equations for parallel stream columns 

Our model for columns with multiple phase divisions is

n extension of the method proposed by Naphtali and Sand-

olm (1971) , which was originally developed for conventional dis-

illation columns. The Naphtali and Sandholm (1971) method com-

ines the S equations (sum of the molar fractions of components

n liquid or vapor phases equal to one) with other MESH equa-

ions to eliminate 2 N variables. It reduces the system to a to-

al of ( 2 C + 1 ) · N equations, where N and C are the total

umber of stages and components, respectively. In this approach

he total flow rates and component molar fractions are combined

o generate equations based on component flow rate variables

 Seader et al., 2011a ). In brief, the variables to be solved for are:

 ·C component vapor flow rates, N ·C component liquid flow rates

nd N temperatures. These equations can be solved by any nonlin-

ar solver. 

The main novelty of our model is the incorporation of the num-

er of phase divisions, into the MESH equations. This allows the

imulation of different parallel stream columns, without further

odel modification. Previous works have developed a new set of

quations for each process with parallel streams, without consid-

ring columns with more than two phase divisions ( Biasi, 2016 ;

ouvêa et al., 20 0 0 ; Meszaros and Fonyo, 1990 ; Mizsey et al.,

993 ). Traditionally, the MESH equations for conventional distilla-

ion considers that a generic stage n receives the vapor and liquid

ows from stages n − 1 and n + 1 , respectively, when counting the

tages from bottom to top ( Naphtali and Sandholm, 1971 ). Our ex-

ension considers that a stage n receives liquid from stage n + θ
nd vapor from n − β , where θ and β are the numbers of liquid

nd vapor phase divisions, respectively. 

The assumption of θ liquid phases and β vapor phases allows

he simulation of different configurations. For exam ple, a conven-

ional distillation column with one liquid and one vapor stream

an be simulated considering β = θ = 1 . This specification leads

o the original model proposed by Naphtali and Sandholm (1971) ,

n which a conventional generic stage n receives vapor from stage

 − 1 , and liquid from stage n + 1 . In parastillation, the vapor flow
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Fig. 1. Counting the stages from base to top in conventional distillation, metastillation, parastillation, and dividing-wall column with two liquid and/or vapor divisions. 
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T  
is divided into two or more ( β ≥2) ascending parallel streams,

which contact a single downward stream of liquid ( θ = 1 ). This

means that a generic stage n receives liquid from n + 1 , but the

inlet vapor is from n − β . Analogously, in the case of metastilla-

tion, the division occurs in the liquid stream. Two or more down-

ward liquid flows ( θ ≥2) contact a single upward vapor stream

( β = 1 ). For a DWC with two column divisions in the entire ap-

paratus, there are two liquid flows ( θ = 2 ) and two vapor flows

( β = 2 ), dividing the column into two parts by a wall. In a DWC

the phases from one side of the column do not contact the phases

from the other side of the wall. Prior to the simulations, one must

enter the internal number of phase divisions ( θ and β). This pro-

cedure will automatically select the column configuration. 

In our model, the inlet liquid comes from θ stages above, and

the vapor from β stages below, counting the stages from bottom

to top. For all configurations, the columns have a total number of

N stages, with stage n = 1 being the reboiler and stage n = N be-

ing the condenser. Fig. 1 illustrates the stages numbering scheme

for four different columns configurations: conventional distillation,

metastillation (with θ = 2 ), parastillation (with β = 2 ), and DWCs

with whole division of the column. For all the cases, a sequential

numbering scheme has been applied, counting from the bottom to

the top. This sequential scheme is often used to represent conven-

tional distillation columns, as seen in Seader et al. (2011a) . Some

authors also consider counting from top to bottom, as often used

in Aspen Plus®. The counting orientation do not affect the solu-

tions and the algorithm convergence. 

For conventional distillation ( Fig. 1 ), the reboiler is the first

stage ( n = 1 ); the second stage ( n = 2 ) is the first tray of the col-

umn; the second tray is the third stage ( n = 3 ), and so on un-

til it reaches the top of the column, where the condenser is the

last stage ( n = N). Metastillation columns have the same number-

ing scheme as the conventional distillation, in which the stages are

numbered consecutively from bottom to top. That is, stage ( n − 1 )

is located just below the stage n , while stage ( n + 1 ) is immedi-

ately above stage n . This counting scheme is valid for metastillation

columns with any number of phase divisions, although Fig. 1 only

illustrates a column with two liquid divisions. 

For parastillation with two vapor divisions and for DWC equip-

ment (with whole division of the column), one needs to consider

stages from different sides of the column as consecutive stages. It

e  
eans that the stages from one side have even numbers, while

he stages on the other side have odd numbers. With this proce-

ure, the first tray on the right side of these columns is assigned

tage n = 2 , while the second tray of this same column side is

tage n = 4 . On the left side, the first tray is assigned stage n = 3

nd the tray immediately above this one is stage n = 5 . Overall,

he right side contains stages n = 2 , 4 , . . . , n − 2 , n, n + 2 , . . .

nd the left side contains stages n = 3 , 5 , . . . , n − 1 , n + 1 , n +
 , . . . . Parastillation columns with more than two divisions ( β ≥2)

re not illustrated in Fig. 1 . However, the counting scheme for

hese columns is analogous to the column with two divisions ( β =
 ). For example, for three divisions ( β = 3 ), the first column par-

ition (side) contains stages n = 2 , 5 , 8 . . . , n, n + 3 , . . . . The sec-

nd partition contains stages n = 3 , 6 , 9 , . . . , n + 1 , n + 4 , . . . . The

nal third column partition contains stages n = 4 , 7 , 10 , . . . , n +
 , n + 5 , . . . . 

The assumption of θ liquid and β vapor phases and the count-

ng scheme illustrated in Fig. 1 permits us to represent a generic

tage n . This stage represents any arbitrary configuration receiving

iquid from n + θ and vapor from n − β , as shown in Fig. 2 . As in

he MESH equations, the total liquid and vapor molar flows are de-

oted by L n and V n , respectively. The component molar flows are

enoted by l n, i (for liquid phase) and v n, i (for vapor phase), where

 is the stage and i the component. The enthalpies of the liquid,

apor and feed flows are H 
L 
n , H 

V 
n and H 

L/V 
f n 

, respectively. The mo-

ar flow of each component i of the external feed is represented

y f n, i , and the liquid and vapor side-streams by S L n and S 
V 
n , re-

pectively. The separation efficiency at stage n for component i is

epresented by the Murphree efficiency E MV , n, i . The temperature at

tage n is denoted by T n . The MESH equations are still dependent

n the reflux ratio r n and the phase-equilibrium ratio or k -value

or each component i, k n, i . The k-values usually depend on stage

ressure, temperature and liquid/vapor molar fractions. 

The MESH equations are summarized in Table 1 . In addition to

hese equations, we need to add equations that express the total

iquid and vapor flows ( L n = 

C ∑ 

j=1 

l n, j and V n = 

C ∑ 

j=1 

v n, j ), the phase-

quilibrium ratios ( k n, i ) and the enthalpies ( H 
L 
n and H 

V 
n ) , in terms

f the component molar flows ( l n, i and v n, i ) and temperatures ( T n ).

hese equations are standard and similar to those found in refer-

nce books ( Kister, 1992 ; Seader et al., 2011b ; Treybal, 1981 ) and
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Table 1 

Discrepancies functions for distillation columns with parallel streams with any number of liquid ( θ ) or vapor ( β) phase division, valid for all stages (n from 

1 to N) and components (i from 1 to C). 

Valid for stage Discrepancy equation ( Dj ( n, i )) 

Component mass balance ( j = 1), for 

components 1 < i < C 

n = 1 D 1( 1 , i ) = ( 1 + S L 1 / L 1 ) l 1 ,i + ( 1 + S V 1 / V 1 ) v 1 ,i − ( 
∑ θ+1 

n =2 l n,i ) − f 1 ,i = 0 

2 ≤ n ≤ β + 1 D 1( n, i ) = ( 1 + S L n / L n ) l n,i + ( 1 + S V n / V n ) v n,i − l n + θ,i − ( v 1 ,i ) /β − f n,i = 0 

β + 2 ≤ n ≤ N − ( θ + 1 ) D 1( n, i ) = ( 1 + S L n / L n ) l n,i + ( 1 + S V n / V n ) v n,i − l n + θ,i − v n −β,i − f n,i = 0 

N − θ ≤ n ≤ N − 1 D 1( n, i ) = ( 1 + S L n / L n ) l n,i + ( 1 + S V n / V n ) v n,i − ( l N,i ) /θ − v n −β,i − f n,i = 0 

n = N D 1( N, i ) = ( 1 + S L N / L N ) l N,i + ( 1 + S V N / V N ) v N,i − ( 
∑ N−1 

n = N−β v n,i ) − f N,i = 0 

Equilibrium relations ( j = 2), for 

components 1 < i < C 

n = 1 D 2( 1 , i ) = E MV 1 ,i k 1 ,i V 1 ( l 1 ,i / L 1 ) − v 1 ,i = 0 

2 ≤ n ≤ β + 1 D 2( n, i ) = E MV n,i k n,i V n ( l n,i / L n ) − v n,i + ( 1 − E MV n,i ) v 1 ,i ( V n / V 1 ) = 0 

β + 2 ≤ n ≤ N − 1 D 2( n, i ) = E MV n,i k n,i V n ( l n,i / L n ) − v n,i + ( 1 − E MV n,i ) v n −β,i ( V n / V n −β ) = 0 

n = N D 2( N, i ) = E MV N,i k N,i V N ( l N,i / L N ) − v N,i + 

( 1 − E MV N,i )( 
∑ N−1 

n = N−β v n,i )[ V N / ( 
∑ N−1 

n = N−β V n ) ] = 0 

Enthalpy balance ( j = 3) n = 1 D 3(1) = 

∑ C 
i =1 l 1 ,i −

∑ N 
n =1 

∑ C 
i =1 f n,i + V N + 

∑ N 
n =1 ( S 

L 
n + S V n ) = 0 

2 ≤ n ≤ β + 1 D 3(n ) = ( 1 + S L n / L n ) H 
L 
n + ( 1 + S V n / V n ) H 

V 
n − H L 

n + θ − ( H V 1 ) /β − H L/V 
f n 

= 0 

β + 2 ≤ n ≤ N − ( θ + 1 ) D 3(n ) = ( 1 + S L n / L n ) H 
L 
n + ( 1 + S V n / V n ) H 

V 
n − H L 

n + θ − H V 
n −β

− H L/V 
f n 

= 0 

N − θ ≤ n ≤ N − 1 D 3(n ) = ( 1 + S L n / L n ) H 
L 
n + ( 1 + S V n / V n ) H 

V 
n − ( H L N ) /θ − H V 

n −β
− H L/V 

f n 
= 0 

n = N D 3(N) = 

∑ C 
i =1 l N,i − r N V N = 0 

Fig. 2. Illustration of the generic stage model. 
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sed in commercial simulators as Aspen Plus® ( Aspentech, 2001 ).

or each case study one must select the best equilibrium relations

nd enthalpy equations to represent the simulated mixture. For

ore details about the phase-equilibrium ratios k n, i , see Seader

t al. ( Seader et al., 2011c , pp. 35–84, Eq. 2.19) and Kister (1992 ,

p. 3–11, Eq. 1.1, 1.11). For details about enthalpy, see Treybal

 Treybal, 1981 , pp. 357–363) and Aspentech ( Aspentech, 2001 , Eq.

4, 39). 

We solve the set of MESH equations for the molar flows l n, i 
nd v n, i and temperatures T n . As in Fredenslund et al. (1977) and

eader et al. (2011a) , for a given set of variables, the residuals of

he equations in Table 1 are called discrepancies or errors and are

enoted by Dj ( n, i ), where j represents the type of function, n the

tage of the column, and i refers to the component of the mixture

f C components. 

In the MESH equations of Table 1 the total number of stages,

umber of phase divisions, the feed conditions (temperature, pres-

ure, component flow and position), the side streams conditions

flow and position), the Murphree efficiencies, the stage pressure,

he reflux ratio, and the distillate flow are specified parameters.

pecifying the reflux ratio and the distillate flow, it is possible to

void the specification of the heat flow added to the reboiler ( QR )
1 
nd removed from the condenser ( QC N ). This is done by replacing

he enthalpy balances from stages n = 1 and n = N by global mass

alances. In Table 1 , these mass balances represent columns with

artial condenser, with distillate flow as vapor. For a total con-

enser, discrepancy equations D 3(1) and D 3(N) must be replaced

y the correspondent global mass balances. With the solution of

he MESH equations, the heat flows can be calculated as indicated

y Eqs. (1) and (2) . 

 R 1 = 

(
1 + S L 1 / L 1 

)
H 

V 
1 + 

(
1 + S V 1 / V 1 

)
H 

L 
1 −

θ+1 ∑ 

n =2 

H 
L 
n − H 

L/V 

f, 1 
(1)

Q C N = 

(
1 + S L N / L N 

)
H 

L 
N + 

(
1 + S V N / V N 

)
H 

V 
N −

N−1 ∑ 

n = ( N−β) 

H 
V 
n − H 

L/V 

f,N 
(2)

.1.2. MESH equations applied to other DWC designs 

The equations shown in Table 1 are suitable for simulation of

WCs by dividing the whole column into two parts. This means

hat there is no contact between the liquid or vapor phase from

ifferent sides of the column, except in the condenser and in the

eboiler. This procedure does not represent the Petlyuk configura-

ion ( Luyben, 2013 ), in which the phase division occurs just in the

iddle of the column and the bottom and top stages are composed

y conventional distillation trays ( Fig. 3 ). Furthermore, the conven-

ional DWC can be adapted to bottom- and top-DWCs ( Fig. 3 ). The

ottom-DWC considers the division of the column at the bottom

nto two parts, while the top is composed by conventional distil-

ation trays. This type of column has two reboilers, with each one

eceiving the liquid flow from one side of the column. There is no

ixture of the outlet liquids from each side of the column. Anal-

gously, in the case of top-DWC, the phase division occurs only at

he top of the column. This column has two condensers that col-

ect the vapor flows from the two top column divisions. 

For simulations of DWC columns containing conventional distil-

ation stages on top and/or on its base, small changes in the in-

exes of the MESH equations must be considered. Additionally, the

xtra condensers and reboilers, present in top- and bottom-DWCs,

espectively, require extra equations. For these DWCs, we adopted a

ifferent counting system for the stages, than the one represented

n Fig. 1 . This system considers that different sides of the column

ay contain different numbers of stages. Fig. 3 shows the new

ounting scheme. Additionally, the new set of equations consid-

rs the internal phase division in proportions different than 50%.

he left side of the column receives rv % of the vapor phase and rl %
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Fig. 3. Dividing-wall column designs. 
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of the liquid phase. The other ( 100 − rv ) % and ( 100 − rl ) % of the

vapor and liquid phases, respectively, are introduced to the right

side of the column. Therefore, the vapor component flow ( v n, i ) and

the vapor enthalpy ( H 
V 
n ) entering into stages na and nb must be

multiplied by rv and ( 1 − rv ) , respectively. Analogously, the liquid
component flow ( l n, i ) and the liquid enthalpy ( H 

L 
n ), entering stages

( nb − 1 ) and ( nc − 1 ) must be multiplied by rl and ( rl − 1 ) , respec-

tively. 

The traditional DWC is divided into four sections, the bottom

and the top composed by conventional distillation stages, and two

intermediate sections, where the division occurs. The bottom and

top DWC are composed by three sections, two intermediate sec-

tions with the division, and one section containing the traditional

stages. The model considers as input the number of stages at each

section. These inputs are used to number the stages, according to

Eqs. (3) –(6) . 

nd = number of stages in bottom section + 1 (3)

na = nd + 1 (4)

nb = na + number of stages in the right side (5)

nc = nb + number of stages in the le f t side (6)

For bottom-DWC, the number of stages in the bottom section is

equal to zero and the first stage of the column is na with index 2.

For top-DWC the number of stages at the top is null, so the last

stage of the column is ( nc − 1 ) = ( N − 1 ) . For some numerical ex-

ample, let us consider a traditional DWC with 7 trays in the bottom

section, 10 trays in the top section, 15 trays in the right side, and

20 trays in the left side. The parameters, of Eqs. (3) –(6) , for this

column are: nd = ( 7 + 1 ) = 8 , na = ( 8 + 1 ) = 9 , nb = ( 9 + 15 ) = 24 ,

and nc = ( 24 + 20 ) = 44 . This column has a total of 54 stages, con-

sidering 52 trays plus one reboiler and one condenser. The same

parameters represent a top-DWC with 7 trays in the bottom sec-

tion, 15 trays in the right side, and 20 trays in the left side. The

last tray of this column is ( nc − 1 ) , which is equivalent to stage

43. This top-DWC has a total of 45 stages, considering 42 trays
lus one reboiler and two condensers. Considering a bottom-DWC

ith 10 trays in the top section, 15 trays in the right side, and

0 trays in the left side. The parameters, of Eqs. (3) –(6) , for this

olumn are: nd = ( 0 + 1 ) = 1 , na = ( 1 + 1 ) = 2 , nb = ( 2 + 15 ) = 17 ,

nd nc = ( 17 + 20 ) = 37 . Note, that for this column the nd param-

ter has no physical meaning once the stage 1 represents one of

he reboilers ( Fig. 3 ). This bottom-DWC has a total of 48 stages,

onsidering 45 trays plus two reboilers and one condenser. 

The DWC columns can be simulated considering the main

ESH equations, represented by Eqs. (7) –(9) . These equations are

alid for all components (1 < i < C ) and for all stages ( 0 < n < N +
 ). Eqs. (7) –(9) depends of the indexes for the liquid ( Index liquid )

nd vapor ( Index vapor ) phases, which represents the inlet flows,

nd of the multiplication factors ( MF liquid for the liquid phase and

F vapor for the vapor phase), which represent the percentage of in-

et flow that each stage receives. The indexes and multiplication

actors of these equations are represented in Table 2 . In Eq. (8) ,

R n and QC n represent the heat added to the reboilers and re-

oved from the condensers, respectively. The main reboilers are

n stages n = 0 and n = 1 , and the main condensers in stages n = N

and n = N + 1 . 

 1 ( n, i ) = 

(
1 + S L n / L n 

)
l n,i + 

(
1 + S V n / V n 

)
v n,i −

(
M F liquid 

)
l ( Inde x liquid ) ,i 

− ( M V v apor ) v ( Inde x v apor ) ,i − f n,i = 0 (7)

 3 ( n ) = Q C n − Q R n + 

(
1 + S L n / L n 

)
H 

L 
n + 

(
1 + S V n / V n 

)
H 

V 
n 

−
(
M F liquid 

)
H 

L 

( Inde x liquid ) 
− ( M F v apor ) H 

V 
( Inde x v apor ) 

− H 

L/V 

f n 
= 0 

(8)

 2 ( n, i ) = E MV n,i k n,i V n ( l n,i / L n ) − v n,i + ( 1 − E MV n,i ) 

v ( Inde x v apor ) ,i 
(
V n / V ( Inde x v apor ) 

)
= 0 (9)

The heat added to the reboilers and removed from the con-

ensers can be specified, or one can specify other properties, as

eflux and boil-up ratio and/or bottom and top flows. In this case,

he energy equations ( Eq. (8) ) must be replaced by global or lo-

al mass balances containing the new specified properties. Table 3
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Table 2 

Indices and multiplication factors (MF) for liquid and vapor phases to be used in the discrepancies functions of different dividing-wall column designs. 

Valid 

for 

stage 

(n) 

Conventional DWC Top-DWC Bottom -DWC 

Liquid Phase Vapor Phase Liquid Phase Vapor Phase Liquid Phase Vapor Phase 

Multiplication 

factor Index 

Multiplication 

factor Index 

Multiplication 

factor Index 

Multiplication 

factor Index 

Multiplication 

factor Index 

Multiplication 

factor Index 

MF liquid Index liquid MF vapor Index vapor MF liquid Index liquid MF vapor Index vapor MF liquid Index liquid MF vapor Index vapor 

n = 0 N/A a N/A N/A N/A N/A N/A N/A N/A 1 nb 0 –

n = 1 1 n + 1 0 – 1 n + 1 0 – 1 na 0 –

2 ≤n ≤ nd-1 1 n + 1 1 n-1 1 n + 1 1 n-1 N/A N/A N/A N/A 

n = nd 1 na and nb c 1 n-1 1 na and nb c 1 n-1 N/A N/A N/A N/A 

n = na 1 n + 1 (rv) nd 1 n + 1 (rv) nd 1 n + 1 1 1 

na + 1 ≤ n ≤ nb-2 1 n + 1 1 n-1 1 n + 1 1 n-1 1 n + 1 1 n-1 

n = nb-1 (rl) nc 1 n-1 1 N 1 n-1 (rl) nc 1 n-1 

n = nb 1 n + 1 (1-rv) nd 1 n + 1 (1-rv) nd 1 n + 1 1 0 

nb + 1 ≤ n ≤ nc-2 1 n + 1 1 n-1 1 n + 1 1 n-1 1 n + 1 1 n-1 

n = nc-1 (1-rl) nc 1 n-1 1 N + 1 1 n-1 (1-rl) nc 1 n-1 

n = nc 1 n + 1 1 (nb-1) and 

(nc-1) c 
N/A N/A N/A N/A 1 n + 1 1 (nb-1) and 

(nc-1) c 

nc + 1 ≤n ≤N -1 1 n + 1 1 n-1 N/A N/A N/A N/A 1 n + 1 1 n-1 

n = N 0 - b 1 n-1 0 – 1 nb-1 0 – 1 n-1 

n = N + 1 N/A N/A N/A N/A 0 – 1 nc-1 N/A N/A N/A N/A 

a N/A = Does not apply, means that there is no equation for this stage. 
b Null index, means that ( l ( Inde x liquid ) ,i ) or ( v ( Inde x v apor ) ,i ) are equal to zero. 
c Equations with two induces means that there are two liquid ( l ( Index −1 liquid ) ,i 

+ l ( Index −2 liquid ) ,i 
) or vapor ( v ( Index −1 v apor ) ,i + v ( Index −2 v apor ) ,i ) inlet flows. 
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Table 3 

Alternative discrepancy equations to the energy balances. 

Specification Replacement for stages 0 and 1 Replacement for stages N and N + 1 

Reflux ( r n ) or boil-up ( rr n ) ratio 
∑ C 

i =1 v n,i − r r n 
∑ C 

i =1 l n,i = 0 
∑ C 

i =1 l n,i − r n 
∑ C 

i =1 v n,i = 0 

Distillate ( D n ) or bottom ( B n ) flow rate 
∑ C 

i =1 l n,i − B n = 0 
∑ C 

i =1 v n,i − D n = 0 
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is based on the equations presented by Seader et al. (2011a) , and

contains some replacement suggestions. These equations consider

partial condensers, with distillate product as vapor. 

3. Simulation and validation of the generic model 

3.1. General implementation of the generic model 

The mass balance (M), enthalpy balance (H) and equilibrium

relations (E) correspond to a total of ( 2 C + 1 ) · N equations

and ( 2 C + 1 ) · N variables ( Tables 1 and 2 ). The variables are

the molar liquid and vapor flows ( l n, i and v n, i ) and the temper-

atures ( T n ). The system of nonlinear equations can be solved by

any method suitable for nonlinear relations. For conventional dis-

tillation, Newton‘s method was suggested by Naphtali and Sand-

holm (1971) and described in detail by Seader et al. (2011a) and

Fredenslund et al. (1977) . We implemented a slightly modified

Newton’s method using MatLab®. We opted for a particular way of

implementing Newton’s method to have a better control through-

out the calculation process. Specifically, we organize iterates to en-

sure that variables are always within physically significant ranges.

For example, the calculation of component flows was organized in

such a way as to generate always non-negative values, as recom-

mended by Fredenslund et al. (1977) . See Section 3.3 for additional

details. 

Newton’s method uses the linearization of the equations, and

each iteration of the method requires the solution of a linear sys-

tem with the equations given by the Jacobian matrix. The Jacobian

matrix is composed of the derivatives of all discrepancy functions

( Tables 1 and 2 ) with respect to all variables ( l n, i , v n, i , T n ). We have

used finite difference approximations of the Jacobians. For prob-

lems with one and two phase divisions, we also used analytic Jaco-

bians, for comparison purposes. For these cases, we compared the

numerical results obtained with analytical Jacobians against those

with finite difference approximations and both gave essentially the

same convergence behavior and computed solutions. 

The Jacobian matrix is sparse since each discrepancy function

depends only on a few variables. For conventional distillation, the

Jacobian matrix has a simple sparsity pattern. Non-zero entries are

located at the three neighboring diagonals ( Seader et al., 2011a ),

since in conventional distillation stage n depends only on the

stages immediately above and below it. In the case of columns

with different β ’s and θ ’s the sparsity pattern for the Jacobian is a
bit more complicated. The discrepancy functions for stages n from

( β + 2 ) to ( N − ( θ + 1 ) ) are dependent only on output variables

of stages ( n + θ ), ( n ), and ( n − β). For stages from 2 to ( β + 1 ),

the discrepancy functions are also dependent on variables of stage

n = 1 , and for stages from ( N − θ ) to ( N − 1 ) they are dependent

on n = N. 

As mentioned before, Newton’s method is used to approxi-

mately solve the discrepancy equations Dj ( n, i ), which are repre-

sented in Table 1 and Eqs. (7) –(9) . Newton’s method is terminated

when the sum of the squares of the discrepancy functions is small:

∑ (
D j ( n,i ) 

2 
)

< ε (10)

where ε is the residual tolerance. Fredenslund et al. (1977) adopted

an ε value of 0.1. However, we observed that for ε = 10 −4 there is

still a substantial difference between the latest iterates. Therefore,
e suggest an ε value of 10 −6 or smaller. Note, however, that to

educe the residual from 0.1 to 10 −6 usually requires only a few

terations, due to the quadratic convergence of Newton’s method

lose to a solution of the MESH equations, when the Jacobian ma-

rix is nonsingular. 

The implementation of the MESH equation, as the design of Ja-

obian matrices, are reported in detail by Seader et al. (2011a, pp.

93–400 ). The authors illustrated a flowchart representing the al-

orithm of Newton–Raphson method applied to conventional dis-

illation columns ( Seader et al., 2011a , p. 397). The main differ-

nces between this flowchart and the procedure here presented is:

i) the replacement of the traditional MESH equations by the ones

resented in Tables 1 and 2 , and (ii) the introduction of the new

arameters β and θ , used to represent the number of phase divi-

ions. The β and θ parameters must be specified in the beginning

f the simulations, together with other process information, such

s the number of stages, the reflux ratio, the feed conditions, etc. 

Different types of distillation processes can be activated au-

omatically through the β and θ parameter assignment. For ex-

mple, the conventional column can be simulated specifying β =
= 1 . With this specification, the equations of Table 1 resume to

he MESH equations reported to conventional distillation columns

 Naphtali and Sandholm, 1971 ). To select the parastillation option,

ne must specify θ = 1 and β as any integer number bigger or

qual to 2 ( β ≥2). For metastillation, one must specify β = 1 and

≥2. The equations, of Table 1 , also represent a DWC column

hole divided into two parts. To simulate this column, the param-

ters are β = θ = 2 . However, Table 1 does not cover the DWC cor-

esponding to the Petlyuk configuration, and the bottom and top-

WCs processes. To simulate these configurations new discrepancy

quations must be implemented, considering the equations pre-

ented in Section 2.1.2 . These adaptations introduce more four vari-

bles ( na, nb, nc, nd ), that controls the location of the division wall

n the column. These variables can be assigned by specifying the

umber of stages in each column section (as seen in Eqs. (3) –( 6 )). 

.2. Validation of the generic model 

In order to validate our proposed model, we compared the re-

ults generated by our model with the literature and with re-

ults generated using Aspen Plus®. The first comparison con-

idered conventional distillation columns, which can be simu-

ated by the present model assigning the β and θ parameters

qual to the unit ( β = θ = 1 ). The initial iterate to start New-

on’s method were calculated based on the procedure described by

redenslund et al. (1977) . The simulations were carried out on an

ntel Core i7 processor running at 3.6 GHz. 

Newton’s method applied to 150 equations (30 conventional

istillation stages, reflux ratio of 5.04) converged in 7 iterations,

onsidering a methanol (50 mol%) + ethanol (50 mol%) mixture, the

eng-Robinson thermodynamic package, and 100% of Murphree ef-

ciency. It required a run time of approximately 5 s. Applied to

500 equations (300 conventional distillation stages and reflux ra-

io of 5.04) Newton’s method converged in 15 iterations, and re-

uired a run time of 70 s. Note that, the construction of conven-

ional distillation columns with 300 stages is impractical. How-

ver, this example was used to verify the method’s convergence

nder extreme cases. It is important to highlight that columns
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ith phase divisions require more stages than conventional ones,

ithout a necessary increase in the column height, justifying this

ind of analysis. For example, a parastillation column, with six va-

or divisions ( β = 6 ) and 300 stages, has the same height as a

onventional column with 53 stages. Conventional columns with

ore than 40 stages are common in ethanol distilleries plants

 Batista et al., 2013 , 2012 ) and in other processes. 

In addition to the two-component conventional distillation

 β = θ = 1 ), we also considered a multicomponent distillation

or validation purposes. Specifically, the feed was composed of

ater (518.04 kmol/h), ethanol (14.36 kmol/h), isoamyl alcohol

1.62.10 −2 kmol/h), ethyl acetate (8.73.10 −4 kmol/h), and glycerol

4.74.10 −2 kmol/h). For this example, the NRTL model was adopted

o determine the non-ideality of the liquid phase. The vapor phase

nd the enthalpies were considered ideal. The total number of

tages, including the condenser and reboiler, was 36. The reflux ra-

io was set at 4.5, the distillate flow at 17 kmol/h. The side-stream

f 0.3 kmol/h was located three stages above the feed stage. The

ass fraction of ethanol in the distillate was 93%. 

Considering the multicomponent distillation, Newton’s method

olved the 396 equations (36 conventional distillation stages and

ve components) in 115 iterations. The larger number of iterations

s due to the isoamyl alcohol, which accumulates in the middle of

he column hampering the convergence. Without this component,

ewton’s method converges in 27 iterations. The results obtained

ith the conventional distillation were used as the initial guess for

he simulation of parastillation and metastillation columns. Keep-

ng constant the number of equations (396), Newton’s method re-

uired 75 and 79 iterations to solve the equations for meta- and

arastillation columns, respectively. 

The conventional distillation results were compared with re-

ults generated by Aspen Plus®. For all components and stages the

olar fraction and temperature profiles computed using our new

pproach agreed with those computed by Aspen Plus®. The con-

enser and reboiler duties were also in accordance (the difference

rom the two simulations was within 2%). The correlation coeffi-

ient was 0.99 for ethanol, water and glycerol, and 0.98 for isoamyl

lcohol and ethyl acetate. The differences may be associated to the

act that even though both methods used the NRTL thermodynamic

ackage, the enthalpy calculations are different for both simulators.

his work considers ideal enthalpy, while Aspen Plus® also con-

iders excess enthalpy. Nevertheless, the observed differences were

ery small, occurring mainly in stages where the concentration of

he minor components tended to zero. 

There are few works about meta- and parastillation

ith two divisions in the literature, and no work concern-

ng rigorous distillation with more than two divisions. The

ethanol + water distillation was simulated in parastillation

olumns by Gouvêa et al. (20 0 0) , and in metastillation columns by

ouvêa (1999) . The columns had an inlet feed flow of 100 kmol/h,

omposed by 60 mol% of methanol and 40 mol% of water, and a

istillate flow of 40 kmol/h. The reflux ratio was 2.0 for parastil-

ation and conventional distillation and 1.1 for metastillation.

he authors used the UNIQUAC model to determine the activity

oefficient, in this work we used NRTL. In both works vapor phase

nd enthalpies were considered ideal. Parastillation columns with

wo vapor divisions can be simulated considering θ = 1 and β = 2 ,

n the model here presented ( Section 2.1.1 ). For metastillation with

wo liquid divisions the assign parameters are θ = 2 and β = 1 .

he molar fraction profiles generated by our methodology were in

reat agreement with those reported by Gouvêa et al. (20 0 0) and

ouvêa (1999) . The correlation coefficient was 0.999 for both

rocesses. The reboiler and condenser temperatures were equal to

hose reported by Gouvêa et al. (20 0 0) and Gouvêa (1999) . In the

ork of Gouvêa et al. (20 0 0) , the heat flows in the reboiler and

ondenser were inverted; this was confirmed by simulations in
spen Plus® for corresponding conventional columns. Considering

his inversion, the heat flows obtained with our simulations were

qual to those reported by Gouvêa et al. (20 0 0) for parastillation.

ote that the MESH equations of Table 2 , with the correct substi-

ution of the number of phase divisions ( β or θ equal to 2), are

dentical to the equations reported by Gouvêa et al. (20 0 0) and

ouvêa (1999) . 

Finally, we validated the DWC simulations by comparing our re-

ults to those reported by Luyben (2013, pp. 355–369) for a con-

entional DWC with division just in the middle part of the col-

mn. For this example, the conventional DWC was simulated con-

idering the adaptations in the MESH equations, suggested in the

ection 2.1.2 . The column was fed with 3600 kmol/h (at 358 K) of

 mixture containing: 30 mol% of benzene, 30 mol% of toluene,

nd 40 mol% of o-xylene. Product purities were 99 mol%, in the

hree flows of the column (bottom, side and top product). Chao–

eader physical properties were used by Luyben (2013) . Our simu-

ations used the Peng-Robinson thermodynamic property package.

or a fair comparison of the results, the configurations proposed

y Luyben (2013) were also simulated in Aspen Plus® considering

he Peng-Robinson thermodynamic property package. The columns

ere simulated in Aspen Plus® considering two configurations: the

ombination of four Radfrac columns, and one MultiFrac column

ith the Petlyuk configuration. 

For the DWC validation, we used a column with 12 and 8 stages

n the bottom and top sections, respectively, and 24 stages in each

ide of the middle section, plus one condenser and one reboiler.

his configuration was accessed in the algorithm by assigning

he parameters of Eqs. (3) –(6) . Considering the number of stages

n each section of the DWC, the input parameters were: nd =
( 12 + 1 ) = 13 , na = ( 13 + 1 ) = 14 , nb = ( 14 + 24 ) = 38 , and nc =
( 38 + 24 ) = 62 . The results generated by the new unified model

ere slightly different from those we obtained with Aspen Plus®

sing the column configurations reported by Luyben (2013) and

he Peng-Robinson thermodynamic package. However, the molar

raction and temperature profiles were very similar in our Mat-

ab® and Aspen Plus® simulations. The differences are associated

ith the adopted considerations, and with the fact that the As-

en Plus® simulation, based on the work of Luyben (2013) , con-

iders the combination of more than one column for simulating

he DWC equipment, while in our new unified model we consider

ne unique column, as the real equipment should be. The differ-

nces between our MatLab® and Aspen Plus® results with each

ther and with Luyben’s results were of the same magnitude as

hose between the two different Aspen Plus® procedures adopted

y Luyben (2013) : the combination of four Radfrac columns or the

etlyuk setting. This means that the slight differences observed

n the results should be attributed to the different configurations

sed for representing DWC equipment and to the differences in the

hermodynamic packages used. In this way, we concluded that the

ew unified model was also validated for simulating dividing-wall

olumns. 

.3. Simulation tips 

For all configurations mentioned above, Newton’s method con-

erged. However, columns with larger number of stages and/or

ivisions required more iterations. This may be due to inade-

uate initial guesses. Additionally, the convergence is slower for

roblems with a larger number of variables. Since columns with

arallel streams can accommodate more stages per equipment

eight, these columns usually have more stages than conventional

olumns. This means that having appropriate procedures to gen-

rate initial estimates for the simulation of columns with parallel

treams is very important. 
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Fig. 4. Required number of stages as functions of the reflux ratio. 
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Procedures to generate initial estimates of the variables in the

case of conventional distillation columns are also useful for simu-

lating alternative columns. These procedures include the linear in-

terpolation indicated by Fredenslund et al. (1977) and the Bubble-

Point method reported by Seader et al. (2011a) . The short-cut

method presented by Meirelles et al. (2017) is also a good alter-

native for estimating initial values in the case of binary mixtures.

This method can be used to estimate the internal flows, while the

temperatures are assumed to be the bubble temperature of each

stage. However, the converged traditional distillation ( β = θ = 1 )

seems to be a better initial guess for the alternative columns. 

In the case of distillation with multiple internal streams we ob-

served that a small number of internal divisions has no effect on

the convergence of Newton’s method. However, the equations be-

come more difficult to solve when the number of partitions be-

comes larger. For columns with more than four divisions a careful

selection of initial values was important for the practical conver-

gence of Newton’s method. We used the results from rigorous con-

ventional distillation simulations as initial estimates for the alter-

native columns. The total number of stages in the conventional col-

umn should be equal to the total number of stages in the alterna-

tive columns, such that the total number of molar liquid and vapor

flows and temperatures is the same in both columns. The mapping

between stage numbers follows the one indicated in Fig. 1 . Other

specifications, such as reflux ratio and distillate flow, are the same

for both columns. The conventional distillation temperature profile

can be directly used in the alternative columns as initial estima-

tive. The component molar flow must be previously divided by the

number of phase divisions. More details of this procedure are given

in Section 3.4 . 

For some column configurations Newton’s method converges

more slowly than for others. In these cases it may be necessary

to use a sequence of simulations using configurations that are eas-

ier to converge to generate starting values for simulating a more

difficult configuration. For example, simulations with larger reflux

ratios exhibit better convergence properties. Therefore, one can

perform a sequence of simulations, each one using a smaller re-

flux ratio than the previous one, and use the converged solution

from the previous calculation as the initial estimate for the next.

We also observed that simulations with smaller values of Mur-

phree efficiency have better convergence properties, and a series

of simulations with sequential Murphree efficiency values can also

be used. Furthermore, simulations of columns with fewer com-

ponents or fewer stages have better convergence properties than

those for columns with larger number of components or stages.

e  
gain, the corresponding results can be used as starting point

or a next simulation, provided values for the additional variables

re incorporated in the initial estimate file. For instance, in the

ase of a higher number of stages the replication of the values of

he variables near the condenser and/or reboiler generate a good

et of estimate values. In addition, it is important that variables

ike temperatures and molar flows obey given physical restrictions.

or instance, component molar flows and temperatures must re-

ain non-negative ( Fredenslund et al., 1977 ; Naphtali and Sand-

olm, 1971 ). In this case, if a computed molar flow or temperature

s negative, it is reset to a small positive number. 

.4. Influence of the initial estimate 

For conventional columns and for para- and metastillation with

wo divisions we always obtained the same solution, even when

ewton’s method was started with different initial iterates. Specif-

cally, we simulated different configurations, with θ and β less

han or equal to 3, considering binary and multicomponent mix-

ures. Independent of the initial iterate, Newton’s method always

onverged to the same solution for these columns. However, for

olumns with more than four streams, we observed that different

rocedures to generate initial iterates for Newton’s method may

ead to different solutions, given the same column specification.

his is due to the high degree of non-linearity of the equations.

ome of the computed solutions may have no physical meaning.

owever, it is possible that a system has more than one physi-

al solution, i.e. multiple steady states ( Chavez et al., 1986 ). In this

ase, the processes may have more than one stationary point. This

eans that two equal-size columns operating under the same con-

itions – same feed conditions, same reflux ratio and same dis-

illate flow – may operate at different temperature and composi-

ion profiles. Columns with multiple stationary points have already

een observed in practice ( Gaubert et al., 2001 ; Güttinger et al.,

997 ). 

To illustrate the effect of different initial estimates in the sys-

em solution, we simulated parastillation columns with 2–8 phase

ivisions. The saturated liquid feed was composed by methanol

50 mol%) and ethanol (50 mol%) at a flow rate of 450 kmol/h.

he vapor distillate flow was 225 kmol/h. The columns height

as fixed in 11.22 m and the number of stages were adjusted, for

ach number of phase divisions. The Murphree efficiency and the

olumn pressure were 100% and 1 atm, respectively, for all stages.

he Peng–Robinson thermodynamic package was adopted, for

quilibrium and enthalpy calculus. The columns were configurated
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Fig. 5. Required number of stages in conventional distillation and parastillation 

columns, with two vapor divisions, for the same separation. 
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o obtain a top and bottom product with 95 mol% of methanol

nd ethanol, respectively. 

Considering the above column specifications, the temperature

n the condenser and in the reboiler should be around 65 °C
dew point) and 77 °C (bubble point), respectively. Using these
emperatures to generate the initial estimate for the temper-

ture profile based on a linear interpolation, as suggested by

redenslund et al. (1977) , we obtained results consistent with

onventional distillation, for all the divisions. However, using a

inear interpolation between 80 and 100 °C as an initial iterate for
ewton’s method - an example of a poorly guessed initial profile

stimate - the computed solution is not physically meaningful

or 5 and 7 divisions, and the system did not converge for 4, 6

nd 8 divisions. For 5 and 7 divisions, some stage temperatures

ere around 110 °C, which is higher than the reboiler temperature

 ∼77 °C). These solutions also presented stages with vapor flow

ending to zero. A complete set of results are reported in the

upplementary Material, for a parastillation column with 7 vapor

ivisions. 

Poor initial estimates seem to slow down the convergence of

onventional distillations, but do not affect its final solution. Once

he temperature profile is similar in conventional distillation and

n parastillation columns, converged profiles of conventional dis-

illation can be used as initial estimate for parastillation columns.

e simulated the parastillation columns using as initial estimate

he temperature profiles obtained from the simulation of the

onventional distillation. For all cases, the results presented phys-

cal meaning and were equivalent to those obtained using linear

nterpolation between 65 °C and 77 °C as in the initial estimate.

he use of converged profiles from conventional distillation as

nitial estimative for parastillation and metastillation is highly

ncouraged, especially in cases where one does not have a good

nitial estimate of the temperature profile. It is important to

ighlight that this example considers a simple and ideal distilla-

ions process. However, industrial cases often involve separation

ystems that are highly non-ideal. For these systems, a good initial

stimative is even more important. 

. Case study: the influence of vapor (parastillation) or liquid 

metastillation) phase divisions 

We illustrate the use of our proposed model via the simu-

ation of parastillation and metastillation of alcoholic mixtures.

his case study illustrates the use of the mathematical model

resented here, but it also expands understanding of the para-

nd metastillation processes. The first example considers the bi-

ary ethanol/water mixture. Although we selected this system as a

eneric case study, it should be noted that this mixture is a sim-

lified version of the system involved in the production of hydrous

thanol, which can be used in flexible fuel or ethanol-powered

ars. In a second example, a multicomponent mixture is consid-

red. This second approach is based on a real industrial case. 

.1. Binary distillation 

We first evaluated the minimum number of stages and

inimum reflux ratio by the rigorous procedure described by

ister (1992) and Treybal (1981) . The simulated columns were

aintained at a constant pressure of 1 atm and the Murphree

fficiency was considered 70% for all stages, except for the re-

oiler, where the Murphree efficiency was 100%. The feed flow,

t the temperature of 94 °C, was composed of 518.04 kmol wa-

er/h (9332.65 kg water/h) and 14.35 kmol ethanol/h (661.50 kg

thanol/h). The top ethanol concentration was fixed at 0.9300 (kg

thanol/kg total) at a rate of 17.00 kmol total/h. A partial condenser
ith distillate as vapor was considered. The thermodynamic prop-

rties were calculated by the NRTL model, with the parameters ad-

usted by Batista et al. (2012) . 

In the case of metastillation columns, the feed was introduced

t θ consecutive trays. Each tray received 1/ θ of the total feed flow,

here θ is the number of liquid phase partitions. This procedure

istributes the effects of the liquid feed to all internal flows, once

he introduction of the feed in just one tray is equivalent to the

ddition of the entire feed amount in just one liquid internal flow.

his division avoids the imbalance that can be induced by the ex-

ernal feed stream ( Biasi, 2016 ). The same reasoning can be ex-

ended to vapor feed streams in the case of parastillation columns,

ut in the present case study only liquid feeds were tested. 

Fig. 4 represents the minimum number of stages and minimum

eflux ratio. The minimum number of stages to obtain an ethanolic

oncentration of 93.00 mass% in distillate was 15 stages in con-

entional distillation, 20 for metastillation with two phase divi-

ions, and 23 and 33 for parastillation with two and three vapor

ivisions, respectively. The required number of stages to perform

 specific separation, fixing the reflux ratio, increases with the in-

rease of the number of phase partitions. However, the minimum

eflux ratio, of 2.1, was the same for all processes. This result is in

ccordance with Meirelles et al. (2017) , who demonstrated that the

inimum reflux ratio does not depend on the number of phase di-

isions. 

Parastillation columns require more stages than conventional

istillation to complete the same separation, although it is pos-

ible to allocate more stages per column height, as reported by

enkins (1985) for two phase divisions. In fact, when one keeps

he same tray spacing, it is possible to allocate approximately β
dditional parastillation stages per column height than in conven-

ional distillation. The total number of stages (including the re-

oiler and the condenser) in parastillation columns ( N 

P/β
S 

) with the

ame height as the conventional ones can be calculated using the

ollowing Eq. (11) , 

 

P/β
S 

= β · N 
D 
S − [ 3 · ( β − 1 ) ] , (11) 

here β is the number of vapor divisions and N 
D 
S 
is the total num-

er of stages of the corresponding conventional distillation (includ-

ng the condenser and the reboiler). A similar equation was re-

orted by Meirelles et al. (2017) for parastillation columns with a

istillation tray in the feed stage. In the present case, all trays are

arastillation stages. 

Fig. 5 shows the relation between the number of stages re-

uired for conventional distillation and for parastillation (with

= 2) to obtain the same overall separation with ethanol con-

entration in the distillate equal to 93.00 mass%. The solid line
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Table 4 

Multicomponent conventional distillation and parastillation. 

Conventional distillation Parastillation 

Same number of stages Same reflux ratio Same column height a 

Reflux Ratio 4.5 4.5 4.5 3.4 

Number of stages 36 36 49 69 

Feed stage 17 12 18 30 

Side-stream stage 20 15 21 33 

Ethanol mass percentage in distillate 93.12 92.38 93.11 93.17 

Ethanol mass percentage in bottom product 9.20.10 −4 1.30.10 −1 1.61.10 −2 1.77.10 −2 

Steam consumption (kg steam / kg distillated) 2.55 2.57 2.55 2.06 

Column height [m] 22.44 11.55 15.84 22.44 

Column diameter b [m] 0.43 0.43 0.43 0.38 

Capital costs [$] 2.52.10 5 1.83.10 5 2.12.10 5 2.20.10 5 

Operational costs [$/year] 6.73.10 4 6.72.10 4 6.73.10 4 5.44.10 4 

Total annual costs [$/year] 1.51.10 5 1.28.10 5 1.38.10 5 1.28.10 5 

Heat added to the reboiler [MW] 1.11 1.11 1.11 0.89 

a The number of parastillation stages corresponding to the number of distillation stages for columns with the same height were calculated by Eq. (11) . 
b The column diameter corresponds to the diameter of the enriching section, slightly larger than the corresponding stripping section diameter. 
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represents parastillation columns with the same height of the

corresponding conventional distillation ones. On the other hand,

fixing the same reflux ratios of the corresponding conventional

distillation, parastillation columns require lower numbers of stages

than that indicated by the prior continuous line ( Fig. 5 ) and

these columns also have a lower height than conventional ones.

Canfield (1984) , evaluating a binary system under total reflux,

concluded that parastillation columns requires 33% more stages

than conventional ones. Similarly, Gouvêa (1999) , also working

with binary systems, but with partial reflux ratios, observed an

increase of 55% in the number of parastillation stages in com-

parison to conventional columns. These results indicate that it is

always possible to obtain the same degree of separation by using a

parastillation column with a smaller height than the conventional

one, without any increase of the reflux ratio. Another possibility

is to use a parastillation column with the same height as the

conventional one, but operating with a lower reflux ratio. The

first option leads to a reduction in the capital costs, while the

second one reduces the operational costs. A combination of both

alternatives is also possible. 

4.2. Multicomponent distillation 

The conclusions, obtained with the simplified binary distilla-

tion, can be extended to the multicomponent industrial plants

for bioethanol distillation. This second case study is based on

the column configurations studied by Batista et al. (2012) . The

columns were maintained at a constant pressure of 1 atm

and 70% Murphree efficiency was considered for all stages, ex-

cept for the reboiler, where the efficiency was 100%. The feed

flow of 532.46 kmol/h (9997.14 kg/h), at a temperature of 94 °C,
was composed of 518.04 kmol water/h (9329.92 kg water/h),

14.36 kmol ethanol/h (661.37 kg ethanol/h), 1.62.10 −2 kmol isoamyl

alcohol/h (1.42 kg isoamyl alcohol/h), 8.73.10 −4 kmol ethyl ac-

etate/h (7.69.10 −2 kg ethyl acetate/h), and 4.72.10 −2 kmol glycerol/h

(4.35 kg glycerol/h). The top ethanol concentration was fixed in

0.9300, in mass fraction, at a rate of 17.00 kmol total/h ( ∼707 kg/h).

A partial condenser with distillate as a vapor stream was consid-

ered. The liquid side stream, rich in isoamyl alcohol, was set at

0.30 kmol/h ( ∼6 kg/h), located three stages above the feed tray.

The thermodynamic properties were calculated by the NRTL model

with the parameters adjusted by Batista et al. (2012) . 

The investigation included simplified estimations associated

with the column construction, involving equipment dimension-

ing and costs. The column diameter was calculated based on the

methodology described in Treybal (1981) . The capital cost included

heat exchangers, column shell and trays values and was calculated
ased on equations reported by Douglas (1988) and Kiss (2013) ,

onsidering a M&S index of 1468.6. It was adopted a heat-transfer

oefficient of 0.852 and 0.568 kW/(K .m 
2 ) for the condenser and re-

oiler, respectively. The column height was calculated considering

he tray spacing of 0.6 m, with a 10% of tolerance. For all columns,

he material of construction was stainless steel (Fc = 3.67). The en-

rgy cost considered a steam price of $8.22/GJ. The total annual

ost (TAC) considers the sum of the capital and operational costs,

ormalizing the capital costs by a payback period of 3 years and

he operational costs by 8760 operating hours per year. The results

f this investigation are presented in Table 4 . 

A conventional distillation column with 36 stages requires a

eflux ratio of 4.5 to achieve a distillate with at least 93 mass%

f ethanol. The same operation conducted in a parastillation col-

mn, with the same number of stages and same reflux ratio, pro-

uces a distillate with ethanol concentration below the specifica-

ion ( < 93 mass%). For the same reflux ratio, 49 parastillation stages

re required to achieve the same degree of separation obtained

n the conventional distillation with 36 stages. This parastillation

olumn presents 36% more stages than the conventional one, al-

hough it has a height 33% smaller than the conventional column,

ontributing to a reduction of the capital costs and TAC of 16% and

%, respectively. The capital costs are reduced using columns with

maller heights compared to the conventional ones, while the op-

rational costs can be reduced by fixing the column height and

ecreasing the reflux ratio. According to Eq. (11) , a distillation col-

mn with 36 stages is comparable in height to a parastillation col-

mn ( β= 2) with 69 stages. This parastillation column still repre-

ents a reduction of capital costs due to the smaller column diam-

ter caused by the lower reflux ratio. Furthermore, the alternative

arastillation column (with β= 2) allowed a reduction of the re-

ux ratio equal to 24%, corresponding to a decrease of 19% in op-

rational costs, when compared with the conventional distillation

olumn ( Table 4 ). The total annual cost (TAC) can be decreased by

5% by substitution of the conventional distillation column with a

arastillation column of the same height. 

. Conclusion 

In this work, we propose a generic mathematical model for

imulation of columns with parallel streams, including parastilla-

ion, metastillation and divided-wall columns. The initial challenge

as the formulation of a unique set of MESH equations able to de-

cribe, with no further implementation, those different distillation

rocesses. The model was implemented and validated considering

ifferent processes reported in the literature. Results showed good

onvergence and were in great agreement with previous literature
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esults. The proposed approach displays several advantages com-

ared to conventional methods. For instance: (i) the use of the tra-

itional MESH equations avoids the simplifying assumptions made

n short-cut methods; (ii) the possibility of simulating a compre-

ensive set of processes with a unique mathematical model, that is

imply adjusted to the chosen column configuration by specifying

 few parameters; (iii) fast simulation and convergence for differ-

nt processes; (iv) the possibility of simulating column configura-

ions not covered by conventional simulators; and (v) the possibil-

ty of investigating and comparing different column configurations

n order to support the design of new, energy efficient and capital

ost reducing columns. 

Additionally, we applied the proposed model to the distilla-

ion of alcoholic mixtures of industrial interests. The case study

iscussed in the article indicates that alternative columns, espe-

ially the parastillation equipment, allows substantial reductions in

he reflux ratio or in the equipment cost by decreasing its height,

hen compared with conventional distillation. 
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