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ON THE MEASURE OF MAXIMAL ENTROPY FOR FINITE
HORIZON SINAI BILLIARD MAPS

VIVIANE BALADI AND MARK F. DEMERS

The Sinai billiard map T on the two-torus, i.e., the periodic Lorentz gas, is
a discontinuous map. Assuming finite horizon, we propose a definition h, for the
topological entropy of T'. We prove that h, is not smaller than the value given by the
variational principle, and that it is equal to the definitions of Bowen using spanning
or separating sets. Under a mild condition of sparse recurrence to the singularities,
we get more: First, using a transfer operator acting on a space of anisotropic
distributions, we construct an invariant probability measure p. of maximal entropy
for T (i.e., hy,(T) = hs), we show that p, has full support and is Bernoulli, and
we prove that p, is the unique measure of maximal entropy and that it is different
from the smooth invariant measure except if all nongrazing periodic orbits have
multiplier equal to h,. Second, h. is equal to the Bowen—Pesin—Pitskel topological
entropy of the restriction of 7" to a noncompact domain of continuity. Last, applying
results of Lima and Matheus, as upgraded by Buzzi, the map T has at least Ce™"
periodic points of period n for all n € N.

1. INTRODUCTION

1.1. Bowen—Margulis measures and measures of maximal entropy. Half
a century ago,! Margulis [Mal] proved in his dissertation the following analogue
of the prime number theorem for the closed geodesics I' of a compact manifold of
strictly negative (not necessarily constant) curvature: Let h > 0 be the topological
entropy of the geodesic flow; then,

ehL

hL -

(Le., limy_, oo (hLe " #{T" such that |I'| < L}) = 1.) The main ingredient in the
proof is an invariant probability measure for the flow, the Margulis (or Bowen—
Margulis [Bo3]) measure piyop. This measure—which coincides with volume in con-
stant curvature, but not in general—is mixing (thus ergodic), and it can be written
as a local product of its stable and unstable conditionals, where these conditional
measures scale by e under the action of the flow. These properties were essential
to establish (1.1). The measure pop enjoys other remarkable properties, such as

(1.1) #{T such that |T'| < L} ~1 00
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equidistribution of closed geodesics. Finally, the measure fiop is the unique mea-
sure of maximal entropy of the flow, that is, the unique invariant measure with
Kolmogorov entropy equal to the topological entropy of the flow.

These results were extended to more general smooth uniformly hyperbolic flows
and diffeomorphisms, using the thermodynamic formalism of Bowen, Ruelle, and
Sinai. In particular Parry—Pollicott [PaP] obtained a different proof of (1.1) us-
ing a dynamical zeta function. Later, based on Dolgopyat’s [Dol] groundbreaking
thesis (proving exponential mixing for the measure and giving a pole-free verti-
cal strip for a zeta function), exponential error terms were obtained [PS1] for the
counting asymptotics (1.1) in the case of surfaces or 1/4-pinched manifolds. Using
[Dol,PS1], Stoyanov [St2] obtained exponential error terms for the closed orbits of
a class of open planar convex billiards, which are smooth hyperbolic flows on their
nonwandering set, a compact (fractal) invariant set. We refer to Sharp’s survey in
[Ma2] for more counting results in uniformly hyperbolic dynamics. We just mention
here that, for some Axiom A flows with slower (nonexponential) mixing rates, it
is possible [PS2] to get (weaker) error terms, of the form ehh—LL(l + O(L™9%)), for the
asymptotics (1.1), by exploiting relevant operator bounds from [Do2] (correspond-
ing to a resonance free domain for the transfer operator). This may be relevant
for the Sinai billiards considered in the present work, as we do not expect them
to mix exponentially fast for the measure of maximal entropy without additional
assumptions.

Entropy is a fundamental invariant in dynamics and the study of measures of
maximal entropy is a topic in its own right [Ka2]. Let us just mention here the
discrete-time analogue of the counting theorem (1.1) which has been established in
several situations (see also [Kal] for more general results): Let h > 0 be the topo-
logical entropy of uniformly hyperbolic (Axiom A) diffeomorphism T, set Fix T™ =
{z : T™(z) = z}; then Bowen showed [Bol] that lim, o  log #FixT™ = h. In
fact [Bo4], there is a constant C' > 0 so that

(1.2) Ceh™ < #FixT™ < C~teh™  vm >1.

Uniqueness of the measure of maximal entropy has been extended to some geo-
desic flows in nonpositive curvature (i.e., weakening the hyperbolicity requirement).
The breakthrough result of Knieper [Kn] for compact rank 1 manifolds has been
recently given a new dynamical proof [B-T] (using Bowen’s ideas as revisited by
Climenhaga and Thompson). This is currently a very active topic; see, e.g., [CKW].

The present paper is devoted to the study of the measure of maximal entropy in a
situation where uniform hyperbolicity holds, but the dynamics is not smooth: The
singular set Sy, i.e., those points where the map T (or the flow ®) or its inverse
are not C', is not empty. In this setting, the following integrability condition is
crucial:

(1.3) /|10g d(z,S+1)| dptgop < 0.

Following Lima—Matheus [LM], we shall say that a measure u satisfying the above
integrability condition for a map T is T-adapted.

Condition (1.3) is prevalent in the rich literature about measures of maximal
entropy for meromorphic maps of a compact Kéahler manifold (see the survey [Fr],
and, e.g., [DDG2] and the references therein) such as birational mappings. In this
work, we are concerned with a different class of dynamics with singularities: the
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dispersing billiards introduced by Sinai [S] on the two-torus. A Sinai billiard on the
torus is the periodic case of the planar Lorentz gas (1905) model for the motion of
a single dilute electron in a metal. The scatterers (corresponding to the atoms of
the metal) are assumed to be strictly convex, but they are not necessarily perfect
discs. Such billiards have become foundational models in mathematical physics.

The Sinai billiard flow is continuous, but? not differentiable: the “grazing” orbits
(those which are tangent to a scatterer) lead to singularities. Nevertheless, exis-
tence of a measure of maximal entropy for the billiard flow is granted, thanks to
hyperbolicity. The topological entropy has been studied for the billiard flow [BFK].
However, uniqueness of the measure of maximal entropy, as well as mixing and
the adapted condition (1.3) are not known. Since the transfer operator techniques
we use are simpler to implement in the discrete-time case, we study in this paper
the Sinai billiard map, which is the return map of the single point particle to the
scatterers.

Sinai billiard maps preserve a smooth invariant measure usgp which has been
studied extensively: With respect to ugsrp, the billiard is uniformly hyperbolic,
ergodic, K-mixing, and Bernoulli [S,GO,SC, ChH]. The measure puggp is T-adapted
[KS]. Moreover, this measure enjoys exponential decay of correlations [Y] and a
host of other limit theorems (see, e.g., [CM, Chapter 7] or [DZ1]). The billiard
has many periodic orbits and thus many other ergodic invariant measures pu, but
there are very few results regarding other invariant measures and they apply only
to perturbations of usgrp [CWZ,DRZ]. Since the billiard map is discontinuous, the
standard results [W] guaranteeing that the supremum of Kolmogorov entropy is
attained and coincides with the topological entropy do not hold. It is natural to
ask whether a measure of maximal entropy exists, and, in the affirmative, whether
it is unique, ergodic, and mixing.

Another natural goal is to establish (1.2). Chernov asked (see [Gu, Problems 5
and 6]) whether a slightly weaker property than (1.2), namely
lim % log #FixT™ = hyop ,

m— 00

holds. (Chernov [Chl] showed that liminf,, o - log #FixT™ > hyg.,. For a
related class of billiards, Stoyanov [Stl] found finite constants C' and H so that
#FixT™ < Cefl™ for all m > 1.)

A detailed knowledge of the measure of maximal entropy, and the techniques
developed to obtain this information, could potentially allow us not only to establish
(1.2) for the billiard map, but also eventually to prove a prime number asymptotic of
the form (1.1) for the billiard flow. Although lifting a measure of maximal entropy
for the map should not directly give a measure of maximal entropy for the flow, we
believe that the techniques and results of the present paper will be instrumental in
understanding the measure of maximal entropy of the billiard flow.

We list our results in Section 1.2. In a nutshell, for all finite horizon planar Sinai
billiards T' satisfying a (mild) condition of “sparse recurrence” to the singular set,
we construct a measure of maximal entropy, we show that it is unique, mixing (even
Bernoulli), that it has full support, and that it is T-adapted. Our results combined
with those of Lima—Matheus [LM] and a very recent preprint of Buzzi [Bu] give
C > 0 such that the lower bound in (1.2) holds.

2In contrast, open billiards in the plane which satisfy a noneclipsing condition do not have any
singularities on their nonwandering set, so that they fit in the Axiom A category [St2].
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Finally, we mention that our technique for constructing and studying the invari-
ant measure, which uses transfer operators but avoids coding, is reminiscent both
of the construction of Margulis [Ma2] and the techniques of “laminar currents”
introduced by Dujardin for birational mappings [Du] (see also [DDG2]).

1.2. Summary of main results. A Sinai billiard table @) on the two-torus T? is
aset Q = T?\ B, with B = Ui’;l B; for some finite number D > 1 of pairwise
disjoint closed domains B; with C® boundaries having strictly positive curvature
(in particular, the domains are strictly convex). The sets B; are called scatterers;
see Figure 2 for some common examples. The billiard flow is the motion of a
point particle traveling in @ at unit speed and undergoing elastic (i.e., specular)
reflections at the boundary of the scatterers. (By definition, at a tangential—
also called grazing—collision, the reflection does not change the direction of the
particle.) This is also called a periodic Lorentz gas. As mentioned above, a key
feature is that, although the billiard flow is continuous if one identifies outgoing and
incoming angles, the tangential collisions give rise to singularities in the derivative
[CM].

We shall be concerned with the associated billiard map 7', defined to be the first
collision map on the boundary of Q. Grazing collisions cause discontinuities in the
billiard map T : M — M. We assume, as in [Y], that the billiard table @ has
finite horizon in the sense that the billiard flow on @ does not have any trajectories
making only tangential collisions.

The first step is to find a suitable notion of topological entropy h, for the dis-
continuous map 7'.

Let M’ C M be the (T-invariant but not compact) set of points whose future
and past orbits are never grazing. By definition, T is continuous on M’. The
(Bowen—Pesin—Pitskel) topological entropy hiop(F|z) can be defined for a map F
on a noncompact set of continuity Z (see, e.g., [Bo2| and [Pes, §11 and App. IIJ).
Chernov [Ch1] studied the topological entropy for a class of billiard maps includ-
ing those of the present paper. In particular, he gave [Chl, Thm 2.2] a countable
symbolic dynamics description of two T-invariant subsets of M’ of full Lebesgue
measure in M’, expressing their topological entropy in terms of those of the as-
sociated Markov chains. The entropies found there are both bounded above by
hiop(T|a7), although Chernov does not prove their equality.

These existing results are not convenient for our purposes, however, since we
have no control a priori on the measure of M \ M’. This is why we introduce
(Definition 2.1) an ad hoc definition h, of the topological entropy for the billiard
map T on the compact set M.

Our first main result (Theorem 2.3) says that the topological entropies of T
defined by spanning sets and separating sets coincide with the topological entropy
h., that h, can also be obtained by using the refinements of partitions of M into
maximal connected components on which 7" and T~! are continuous, and that
hy > sup{h,(T) : v is a T-invariant Borel probability measure on M}.

To state our other main results, we need to quantify the recurrence to the singular
set: Fix an angle g close to /2 and ng € N. We say that a collision is pg-grazing
if its angle with the normal is larger than ¢( in absolute value. Let sq € (0,1] be
the smallest number such that

(1.4) any orbit of length ny has at most sgng collisions which are g-grazing.
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Our sparse recurrence condition is
(1.5) there exist ng and ¢qg such that h, > sglog2.

(Due to the finite horizon condition, we can choose o and ng such that so < 1.
We refer to Section 2.4 for further discussion of the condition.)

Assuming (1.5), our second main result (Theorem 2.4) is that 7" admits a unique
invariant Borel probability measure p, of maximal entropy h. = h, (T). In ad-
dition, p.(O) > 0 for any open set and ju, is® Bernoulli. Finally, the absolutely
continuous invariant measure pygrp may coincide with . only if all nongrazing peri-
odic orbits have the same Lyapunov exponent, equal to h.. (No dispersing billiards
which satisfy this condition are known. See also Remark 1.2.)

Our third result is (Theorem 2.5) that h. coincides with the Bowen—Pesin—Pitskel
entropy hyop(T|as+) (still assuming (1.5)).

Next, Theorem 2.6 contains a key technical* estimate on the measures of neigh-
bourhoods of singularity sets, (2.2), used to prove Theorems 2.4 and 2.5 under
the assumption (1.5). Theorem 2.6 also states that u, has no atoms, that it gives
zero mass to any stable or unstable manifold and any singularity set, that u, is
T-adapted (in the sense of (1.3)), and that u.-almost every x € M has stable and
unstable manifolds of positive length.

Finally, we obtain a lower bound #FixT™ > Ce*™ on the cardinality of the
set of periodic orbits (Corollary 2.7 and the comments thereafter) whenever (1.5)
holds.

1.3. The transfer operator—organisation of the paper. Our tool to con-

struct the measure of maximal entropy is a transfer operator £ = Ly, with
Lf = % analogous to the transfer operator Lsgrpf = (f/|Det DT|) o T—1

which has proved very successful [DZ1] to study the measure psrp. An important
difference is that our transfer operator, £f, is weighted by an unbounded® func-
tion (1/J°T, where the stable Jacobian J*T may tend to zero near grazing orbits).
Using “exact” stable leaves instead of admissible approximate stable leaves will
allow us to get rid of the Jacobian after a leafwise change of variables—the same
change of variables in [DZ1] for the transfer operator Lsrp associated with usrp
left them with J*T', allowing countable sums over homogeneity layers to control
distortion, and thus working with a Banach space giving a spectral gap and expo-
nential mixing. In the present work, we relinquish the homogeneity layers to avoid
unbounded sums (see, e.g., the logarithm needed to obtain the growth Lemma 5.1)
and obtain a bounded operator, with spectral radius e*. The price to pay is that
we do not have the distortion control needed for Holder-type moduli of continuity
in the Banach norms of our weak and strong spaces B C B,,. The weaker modulus
of continuity than in [DZ1] does not yield a spectral gap. We thus do not claim
exponential mixing properties for the measure of maximal entropy . constructed
(in the spirit of the work of Gouézel-Liverani [GL] for Axiom A diffeomorphisms)
by combining right and left maximal eigenvectors Lv = e*v and L*7 = ¥ of
the transfer operator.

3Recall that Bernoulli implies K-mixing, which implies strong mixing, which implies ergodic.
In practice, we first show K-mixing and then bootstrap to Bernoulli.

4This estimate implies that almost every point approaches the singularity sets more slowly
than any exponential rate (7.9); see, e.g., [LM] for an application of such rates of approach.

5The naive idea to introduce a bounded cutoff in the weight does not seem to work.
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The paper is organised as follows: In Section 2, we give formal statements of our
main results. Section 3 contains the proof of Theorem 2.3 about equivalent formu-
lations of h,. In Section 4, we define our Banach spaces B and B,, of anisotropic
distributions, and we state the “Lasota—Yorke”-type estimates on our transfer oper-
ator £. Section 5 contains key combinatorial growth lemmas, controlling the growth
in complexity of the iterates of a stable curve. It also contains the definition of Can-
tor rectangles (Section 5.3). We next prove the “Lasota—Yorke” Proposition 4.7,
the compact embedding of B in B,,, and show that the spectral radius of L is
equal to e+ in Section 6. The invariant probability measure p, is constructed in
Section 7.1 by combining a right and left eigenvector (v and ) of L. Section 7.1
contains the proof of Theorem 2.6 about the measure of singular sets. Section 7.3
contains a key result of absolute continuity of the unstable foliation with respect
to p. as well as the proof that ., has full support, exploiting v-almost everywhere
positive length of unstable manifolds from Section 7.2. We establish upper and
lower bounds on the p,-measure of dynamical Bowen balls in Section 7.4, deducing
from them a necessary condition for pugrp and p. to coincide. Using the absolute
continuity from Section 7.3, we show in Section 7.5 that p, is K-mixing. In this
section we also use the upper bounds on Bowen balls to see that p, is a measure
of maximal entropy and prove the Bowen—Pesin—Pitskel Theorem 2.5. We deduce
the Bernoulli property from K-mixing and hyperbolicity in Section 7.6, adapting®
[ChH]. Finally, we show uniqueness in Section 7.7.

Our Hopf-argument proof of K-mixing requires showing absolute continuity of
the unstable foliation for p., a new result of independent interest, which is the
content of Corollary 7.9. The “fragmentation” lemmas from Section 5, needed to
get the lower bound on the spectral radius of the transfer operator, are also new.
They imply, in particular, that the length |T~"W]| of every local stable manifold
W grows at the same exponential rate e"= (Corollary 5.10).

We conclude this introduction with two remarks on the finite horizon condition.

Remark 1.1 (Finite horizon and collision time 7). For z € M, let 7(x) denote the
distance from z to T'(z). If 7 is unbounded, i.e., if there is a collision-free trajectory
for the flow, then there must be a flow trajectory making only tangential collisions.
The reverse implication, however, is not true. Our” finite horizon assumption there-
fore implies that 7 is bounded on M. Assuming only that 7 is bounded is sometimes
also called finite horizon [CM]. (If the scatterers B; are viewed as open, then tan-
gential collisions simply do not occur and the two definitions of finite horizon are
reconciled.)

Remark 1.2 (Billiard with infinite horizon). Chernov [Chl, §3.4] proved that the
topological entropy of the Sinai billiard map T restricted to the noncompact set
M’ is infinite if the horizon is not finite, and together with Troubetskoy [CT] con-
structed invariant measures with infinite metric entropy for this map. Since the
entropy of the smooth measure pggrp is finite, the measure usgp does not maximise
entropy for infinite horizon billiards. Chernov conjectured [Chl, Remark 3.3] that
this property holds for more general billiards, in particular for Sinai billiards with
finite horizon.

6 As pointed out to us by Y. Lima, we could instead apply [Sal, Thm 3.1] to the lift of u. to
the symbolic space constructed in [LM].
"We shall need the slightly stronger version, e.g., in Lemmas 3.4 and 3.5.
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2. FULL STATEMENT OF MAIN RESULTS

In this section, we formulate definitions of topological entropy for the billiard
map that we shall prove are equivalent before stating formally all main results of
this paper.

2.1. Definitions of topological entropy &, of T on M. We first introduce
notation: Adopting the standard coordinates = (r, ), for T, where r denotes
arclength along 0B; and ¢ is the angle the post-collision trajectory makes with the
normal to 0B;, the phase space of the map is the compact metric space M given
by the disjoint union of cylinders,

im0 [55] = Yomx[5.3].

We denote each connected component of M by M; = 0B; x [-%,F]. In the co-
ordinates (r,¢), the billiard map T : M — M preserves [CM, §2.12] the smooth
invariant measure® defined by usrp = (2|0Q|) ™! cos ¢ drdep.

We discuss next the discontinuity set of T: Letting Sy = {(r,p) € M : ¢ =
+7/2} denote the set of tangential collisions, then for each nonzero n € N, the set

n
Sin = U TFS,
=0

is the singularity set for 74", In this notation, the T-invariant (noncompact) set
M’ of continuity of T'is M" = M \ |, ¢y, Sn-

For k,n > 0, let M”, denote the partition of M \ (S_x US,) into its maximal
connected components. Note that all elements of M™, are open sets. The cardi-
nality of the sets My will play a key role in the estimates on the transfer operator
in Section 4. We formulate the following definition with the idea that the growth
rate of elements in M”, should define the topological entropy of T', by analogy
with the definition using a generating open cover (for continuous maps on compact
spaces).

Definition 2.1. h, = h,(T) := limsup,,_, ., = log #M.

The fact that the limsup defining &, is a limit, as well as several equivalent char-
acterizations involving the cardinality of related dynamical partitions or a varia-
tional principle, are proved in Theorem 2.3 (see Lemma 3.3).

Remark 2.2 (hy(T) = h (T71)). If A € M3, then T"A € MY, since T"S,, = S_,,.
Thus #M5 = #M° | and so h.(T) = h(T71).

It will be convenient to express h, in terms of the rate of growth of the car-
dinality of the refinements of a fixed partition, i.e., \/ T~'P, for some fixed P.
Although M is not immediately of this form, we will show that in fact h, can
be expressed in this fashion, obtaining along the way subadditivity of log #M§.
For this, we introduce two sequences of partitions. Let P denote the partition
of M into maximal connected sets on which 7" and T~! are continuous. Define
P =Vi_, T~P. Then, n + log #P", is subadditive for any fixed k, in partic-
ular the limit lim,, %log #Py exists.

8 All measures in this work are finite Borel measures.
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00 000 O

FIGURE 1. (a) The billiard trajectory corresponding to the dotted line
has symbolic itinerary 123, but is an isolated point in Pj. Any open
set with symbolic itinerary 12 cannot land on scatterer 3 (unless it first
wraps around the torus). (b) The billiard trajectory corresponding to
the dotted line and having symbolic trajectory 1234 is not isolated since
it belongs to the boundary of an open set with the same symbolic se-
quence; however, the addition of scatterer 0 on the common tangency
forces the point with symbolic trajectory 01234 to be isolated.

The interior of each element of P corresponds to precisely one element of M!;
however, its refinements P”, may also contain some isolated points if three or
more scatterers have a common tangential trajectory. Figure 1 displays two such
examples (the pictures are local: we have not represented all discs needed to ensure
finite horizon).

Let now 752 . denote the collection of interiors of elements of P”,. Then P",
forms a finite partition of M, while P, forms a partition of M \ (S__1 U Sn41)

into open, connected sets. (We will show in Lemma 3.3 that ﬁﬁk =M"T1)

Finally, we recall the classical Bowen [W] definitions of topological entropy for
continuous maps using e-separated and e-spanning sets. Define the dynamical dis-
tance

— 7 (3
(2'1) dn(xvy) T Olgzagxn d(T J?,T y) )
where d(x, y) is the Euclidean metric on each M;, and d(x,y) = 10D-max; diam(M;)
if # and y belong to different M; (this definition ensures we get a compact set),
where D is the number of scatterers.

As usual, given € > 0, n € N, we call E an (n,€)-separated set if for all x,y € E
such that = # y, we have d,(x,y) > e. We call F' an (n,e)-spanning set if for all
x € M, there exists y € F such that d,(z,y) <e.

Let r,(e) denote the maximal cardinality of any (n,e¢)-separated set, and let
sn(€) denote the minimal cardinality of any (n,e)-spanning set. We recall two
related quantities:

hsep = lim lim sup 1 logry(e), hspan = lim lim sup 1 log s, (€) .
e=0 poo N €20 nosoco M

Although lim,, .., %log #PG, hsep, and hgpan are typically used for continuous
maps, our first main result is that these naively defined quantities for the discon-
tinuous billiard map T all agree with h,, and they give an upper bound for the
Kolmogorov entropy as follows.

Theorem 2.3 (Topological entropy of the billiard). The limsup in Definition 2.1
is a limit, and in fact the sequence log # My is subadditive. In addition, we have:

(1) hy =limy, o0 = log #Py';
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(2) the sequence %log #75{} also converges to h, as n — oo;
(3) hy = hsep and h, = hspan;
(4) hy > sup{h,(T) : p is a T-invariant Borel probability measure on M}.

The above theorem will follow from Lemmas 3.3, 3.4, 3.5, and 3.6.
(We shall obtain in Lemma 5.6 a superadditive property for log # M)

2.2. The measure pu, of maximal entropy. Our next main result, existence and
the Bernoulli property of a unique measure of maximal entropy, will be proved in
Section 7, using the transfer operator £ studied in Section 4.

Theorem 2.4 (Measure of maximal entropy for the billiard). If h. > sglog?2, then
hy = max{h,(T) : p is a T-invariant Borel probability measure on M} .

Moreover, there exists a unique T-invariant Borel probability measure p. such that
he = h, (T). In addition, p. is Bernoulli and p.(O) > 0 for all open sets
O. Finally, if there exists a nongrazing periodic point x of period p such that
%log | det(DTP|gs(x))| # hs then pi. # USRB-

The above theorem follows from Propositions 7.11, 7.13, and 7.19, Corollary 7.17,
and Proposition 7.21. (J. De Simoi has told us that [DKL, §4.4] the (possibly empty)
set of planar billiard tables satisfying a noneclipsing condition (i.e., open billiards)
for which % log | det(DTP|gs(x))] = hs for all p and all nongrazing p-periodic

points x has infinite codimension.)

The existence of p, with hy, (T') = h., together with item (1) of Theorem 2.3 ex-
pressing h. as a limit involving the refinements of a single partition, will allow us to
interpret h, as the Bowen—Pesin—Pitskel topological entropy of T'|ps in Section 7.5:

Theorem 2.5 (h, and Bowen—Pesin—Pitskel entropy). If hy > sglog2, then h, =
heon(Tlar).

2.3. A key estimate on neighbourhood of singularities. We call a smooth
curve in M a stable curve if its tangent vector at each point lies in the stable cone,
and define an unstable curve similarly. As mentioned in Section 1, the sets S,, are
the singularity sets for 7™, n € Z \ {0}. The set S,, \ Sp comprises [CM] a finite
union of stable curves for n > 0 and a finite union of unstable curves for n < 0.
For any € > 0 and any set A C M, we denote by N.(4) = {z € M | d(z,4) < €}
the e-neighbourhood of A.

The following key result gives information on the measure of neighbourhoods
of the singularity sets (it is used in the proofs of Theorem 2.4 and, indirectly,
Theorem 2.5).

Theorem 2.6 (Measure of neighbourhoods of singularity sets). Assume that h, >
solog2 and let p. be the ergodic measure of maximal entropy constructed in (7.1).
The measure p. has no atoms, and for any local stable or unstable manifold W we
have p (W) = 0. In addition, p.(Sp) =0 for any n € Z.

More precisely, for any v > 0 so that 2°°7 < e" and n € Z, there exist C and
C, < oo such that for all e > 0 and any smooth curve S uniformly transverse to
the stable cone,

C Ch

(2.2) s (Ne(S)) < ITog e’ e (Ne(8n)) < |logelr”
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Since hy, > sglog2 we may take v > 1, and we have
[ Nogda,20)] d. < oc.

(i.e., py is T-adapted [LM]), and p.-almost every x € M has stable and unstable
manifolds of positive length.

Theorem 2.6 follows from Lemma 7.3 and Corollary 7.4.

This theorem is especially of interest for v > 1, since in this case it implies
that p.-almost every point does not approach the singularity sets faster than some
exponential; see (7.9). In addition, it allows us to give a lower bound on the number
of periodic orbits: For m > 1, let FixT™ denote the set {z € M | T™(z) = z}.
By [BSC] and [Chl, Cor 2.4], there exist hg > hygps (T) > 0 and C > 0 with
#Fix T™ > Cehe™ for all m. Our result is that (possibly up to a period p) we can
take ho = hy if hye > sglog 2.

Corollary 2.7 (Counting periodic orbits). If h, > sglog2, then there exist C > 0
and p > 1 such that #Fix TP™ > Ceh«pm for allm > 1.

Proof. The corollary follows from the work of Lima-Matheus [LM], which in turn
relies on work of Gurevic [G1,G2] (see the proof of [Sa2, Thm 1.1]). We recall briefly
the setup of [LM, Theorem 1.3]: Under assumptions (A1)-(A6), the authors con-
struct for any T-adapted measure u with positive Lyapunov exponent, a countable
Markov partition that allows them to code a full y-measure set of points. Once this
partition has been constructed, [LM, Corollary 1.2] implies the above lower bound
on periodic orbits for T' with rate given by h,(T).

[LM, Theorem 1.3] applies to our measure of maximal entropy . since it is
T-adapted with positive Lyapunov exponent. In addition, conditions (A1)-(A4) of
[LM] are requirements on the smoothness of the exponential map on the manifold,
which are trivially satisfied in our setting since M is a finite union of cylinders and
S is a finite union of curves. Finally, conditions (A5) and (A6) are requirements
on the rate at which ||[DT|| and ||D?T|| grow as one approaches S;. These are
standard estimates for billiards and in the notation of [LM], if we choose a = 2,
then conditions (A5) and (A6) hold, choosing there 8 =1/4 and any b > 1. O

After the first version of our paper was submitted, J. Buzzi [Bu, v2| obtained
results allowing one to bootstrap from Corollary 2.7 by exploiting the fact that T'
is topologically mixing, to show that if h, > sglog?2, then there exists C' > 0 so
that #Fix T™ > Ce™ for all m > 1 [Bu, Theorem 1.5].

2.4. On condition (1.5) of sparse recurrence to singularities. We are not
aware of any dispersing billiard on the torus for which the bound h, > sglog2
from (1.5) fails. Let us start by mentioning that if there are no triple tangencies on
the table—a generic condition—then sy < 2/3. To discuss this condition further,
our starting point is claim (4) of Theorem 2.3, which implies by the Pesin entropy
formula [KS],

(23) h* > hHSRB (T) = /log JUT d,uSRB .

Thus it suffices to check X}t =~ > solog2 in order to verify (1.5), where x} = =
[log J“T dusgrg is the positive Lyapunov exponent of jispp.
First, we mention two numerical case studies from the literature.
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FIGURE 2. (a) The Sinai billiard on a triangular lattice studied in
[BG] with angle 7/3, scatterer of radius 1, and distance d between
the centers of adjacent scatterers. (b) The Sinai billiard on a square
lattice with scatterers of radii p < R studied in [Ga]. The boundary
of a single cell is indicated by dashed lines in both tables.

Baras and Gaspard [BG] studied the Sinai billiard corresponding to the periodic
Lorentz gas with discs of radius 1 centered in a triangular lattice (Figure 2(a)). The
distance d between points on the lattice is varied from d = 2 (when the scatterers
touch) to d = 4/+/3 (when the horizon becomes infinite). All computed values of the
Lyapunov exponent’ are greater than %10g2 [BG, Table 1]. (Notably x;\., does
not decay as the minimum free flight-time 7, tends to zero.) For these billiard
tables, since every segment with a double tangency is followed by two nontangential
collisions, one can choose g and ng so that (1.4) is satisfied with sp = 1/2. Thus
(1.5) holds for all computed values in this family of tables.

Garrido [Ga] studied the Sinai billiard corresponding to the periodic Lorentz
gas with two scatterers of radii p < R on the unit square lattice (Figure 2(b)).
Setting R = 0.4, [Ga, Figure 6] computed xf_ = numerically for about 20 values

of p ranging from p = 0.1 (when the scatterers touch) to p = 4 — 0.4 (when the

horizon becomes infinite). All computed values of X;sma are greater than 0.8 > log 2
so that (1.5) holds for all such tables. (For these tables as well, one can in fact
choose sg = 1/2.)

Secondly, for the family of tables studied by Garrido, we obtain an open set of
pairs of parameters (p, R) satisfying (1.5) as follows. To ensure finite horizon and
disjoint scatterers, the constraints are

V2 1 V2

1
§<p+R<7, p<R<§, and R>T

Since pusgrp is a probability measure, denoting by K, > 0 the minimum curva-
ture and using a well-known [CM, egs. (4.10) and (4.15)] bound for the unstable
hyperbolicity exponent (see also [CM, Remark 3.47]) for the relation to entropy),
we have,

X;JAFSRB Z log(l + 2Trninlcmin) .

9The reported values in [BG] are for the billiard flow. These can be converted to Lyapunov
exponents for the map via the well-known formula x{'{,ap = ’Fxgow, where T is the average free

flight-time. For this billiard table, 7 = d24\/§ — 5, using [CM, eq. (2.32)].
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We find that this is greater than (1/2)log2 whenever 7iinKimin > @ If R >

1-— @ + p, then Tmin = 1 — 2R, and Kpin = R, so that TminCmin = R~ — 2.

Thus if R < ﬁ, then (1.5) holds. On the other hand if R < 1 — @ + p, then
2 V2 p

Tmin = %5 — R — p so that 7inKmin = 35 — 1 — %. Thus (1.5) holds whenever

R < ‘f:\/%p The union of these two sets is defined by the inequalities

2 2 2—2 1
V2 g 2 g V2 iRt
4 3+V2 1442 2
We remark that this region intersects the line R+ \/ip = @ This line corresponds

to the set of tables which admit a period 8 orbit making 4 grazing collisions around
the disc of radius p and 4 collisions at angle 7/4 with the disc of radius R. For
these tables, sp = 1/2, and we see that (1.5) admits tables with grazing periodic
orbits.

Thirdly, it seems true that if there are no periodic orbits making at least one
grazing collision, then for any € > 0 the constants ng and ¢ can be chosen to ensure
sg < €. This has led P.-A. Guihéneuf to conjecture that there exists a natural
topology'® on the set of billiard tables so that for any € > 0 the set of tables for
which sy < € is generic (that is, open and dense). This would immediately imply
that our condition (1.5) is generically satisfied.

Finally, we mention that Diller, Dujardin, and Guedj [DDG1, Example 4.6] con-
struct a birational map F' having a measure of maximal entropy which is mixing
but not F-adapted, by showing that F' violates the Bedford-Diller [BD] recurrence
condition. The Bedford-Diller condition does not have a natural analogue in our
setting since double tangencies always occur. One could interpret our sparse re-
currence condition h, > sglog2 as its replacement. It would be interesting to
find billiards for which h, < sglog2 and which admit a non-T-adapted measure of
maximal entropy.

3. PROOF OF THEOREM 2.3 (EQUIVALENT FORMULATIONS OF h,)

In this section, we shall prove Theorem 2.3 through Lemmas 3.3, 3.4, 3.5, and 3.6.

We first recall some facts about the uniform hyperbolicity of T to introduce
notation which will be used throughout. It is well known [CM] that 7" is uniformly
hyperbolic in the following sense: First, the cones C* = {(dr,dy) € R? : Kpin <
do/dr < Kmax + 1/Tmin} and C® = {(dr,dp) € R? : —Kpin > do/dr > —Kpax —
1/Tmin}, are strictly invariant under DT and DT !, respectively, whenever these
derivatives exist. Here, K.x represent the maximum curvature of the scatterer
boundaries and Ty < 00 is the largest free flight-time between collisions. Second,
recalling that i, > 0, Tinin > 0 denote the minimum curvature and the minimum
free flight-time, and setting

A=1 + 2IcminTmin P
there exists Cy > 0 such that for all n > 0,
(3.1) |IDT™ (z)v|| > C1A™||v|| Yv € C*, || DT "(z)v|| > C1A™||v|| Yv € C?

10For a fixed number of scatterers, a candidate is given by the distance defined in [DZ2, §2.2,
§3.4, Remark 2.9(b)].
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for all « for which DT™(x), or, respectively, DT~ "(x), is defined, so that A is a
lower bound!! on the hyperbolicity constant of the map 7.

3.1. Preliminaries. The following lemma provides important information regard-
ing the structure of the partitions P”,, which we will use to make an explicit

connection between M", and 75f . in Lemma 3.3.
Lemma 3.1. The elements of P", are connected sets for all k > 0 and n > 0.

Proof. The statement is true by definition for P = PJ. We will prove the general
statement by induction on k and n using the fact that P} =P, \/ T~'P",, and
P, =P, \VTP",.

Fix k,n > 0, and assume the elements of P™, are connected sets. Let A, Ay €
P, If T7'A; N Ay is empty or is an isolated point, then it is connected. So
suppose T~'A; N A, has nonempty interior.

Clearly, T~ A; is connected since T~! is continuous on elements of P", for all
k,n > 0. Notice that the boundary of A; is comprised of finitely many smooth
stable and unstable curves in S_; U S,,, as well as possibly a subset of Sy ([CM,
Prop 4.45 and Exercise 4.46]; see also [CM, Fig 4.17]). We shall refer to these as
the stable and unstable parts of the boundary of Ay. Similar facts apply to the
boundaries of Ay and T'A;.

We consider whether a stable part of the boundary of T~1A; can cross a stable
part of the boundary of As, and create two or more connected components of
T—14; N A,. Call these two boundary components v; and 2 and notice that such
an occurrence would force y; and ~» to intersect in at least two points.

We claim the following fact: If a stable curve S; C T~!S, intersects S; C T-18,
for ¢ < j, then S; must terminate on S;. This is because T'S; C Sy, while TiSj C
T3S, is still a stable curve, terminating on Sy. A similar property holds for
unstable curves in S_;. and S_;.

The claim implies that «; and 72 both belong to T=7S for some 1 < j < n.
But when such curves intersect, again, one must terminate on the other (crossing
would violate injectivity of T—1).

A similar argument precludes the possibility that unstable parts of the bound-
ary cross one another multiple times. It follows that the only intersections al-
lowed are stable/unstable boundaries of T-!A; terminating on corresponding sta-
ble/unstable boundaries of Ag, or transverse intersections between stable compo-
nents of (T~ A;) and unstable components of Az, and vice versa. This last type
of intersection cannot produce multiple connected components due to the contin-
uation of singularities, which states that every stable curve in S_,, \ Sy is part of
a monotonic and piecewise smooth decreasing curve which terminates on Sy (see
[CM, Prop 4.47]). A similar fact holds for unstable curves in S, \ Sg. This implies
that T-1A; N A, is a connected set, and since A; and Ay were arbitrary, that ?ﬁ}gl
is comprised entirely of connected sets.

Similarly, considering T'A; N Ay proves that all elements of P, _; are connected.

|

HTherefore, hugpg (T) = [log J*T dusrs > log A and the bound log(1l + 2KminTmin) >
so log 2 implies (1.5), as in Section 2.4.
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From the proof of Lemma 3.1, we can see that, aside from isolated points, el-
ements of P", consist of connected cells which are roughly “convex” and have
boundaries comprised of stable and unstable curves.

Lemma 3.2. There exists CD> 0, depending on the table Q, such that for any
k,n €N, #Pr, < #Pr <#P" +C(n+k+1).

Proof. Tt is clear from the definition of ’ﬁf i and P, that

#P", = #ﬁfk + #{isolated points},

where the isolated points in P}} can be created by multiple tangencies aligning in
a particular manner, as described above (see Figure 1). Thus the first inequality is
trivial.

The set of isolated points created at each forward iterate is contained in Sy N
T8y, while the set of isolated points created at each backward iterate is contained
in So NTSy. We proceed to estimate the cardinality of these sets.

Let 7y be sufficiently small such that for any segment S C Sp of length ry,
the image T'S comprises at most Tiax/Tmin connected curves on which T is
smooth [CM, Sect. 5.10]. For each i, the number of points in 9B; NSy N TS,
is thus bounded by 2|0B;|Tmax/(TminT0), Where the factor 2 comes from the top
and bottom boundary of the cylinder. Summing over i, we have #(So N T~1Sp) <
2|0Q|Tmax/ (TminTo)- Due to reversibility, a similar estimate holds for #(Sy NTSp).

Since this bound holds at each iterate, the second inequality holds with C' =
2|10Q|Tmax O

TminT0

3.2. Formulations of h, involving P and P. The following lemma gives claims
(1) and (2) of Theorem 2.3.

Lemma 3.3. The following holds for every k > 0. We have 'ﬁfk = Mf'};l_l for
every n > 0. Moreover, the following limits exist and are equal to hy:

1 1 . 1
he = lim —log#M”, = lim —log#P", = lim —log#P",.
n—o00 N, n—oo N n—oo N
Finally, the sequence n — log #M?" . is subadditive.

Proof. First notice that by Lemma 3.1, the elements of pn , are open, connected
sets whose boundaries are curves in S_;_1 U S,41. Since the elements of M’f,il
are the maximal open, connected sets with this property, it must be that P k1S a
refinement of Mﬁ‘,’il. Now suppose that the union of 01,0y € P % is contained in
a single element A € Mf'};l_l. This is impossible since 001,002 C S_;—1 U Sp41,
and at least part of these boundaries must lie inside A, contradicting the definition
of A. So in fact, P", = M"! .

We next show that the limit in terms of #P”, exists and is independent of k.
It will follow that the limits in terms of #M"™, and #752 & exist and coincide using
the relation ﬁfk = MTlgil and Lemma 3.2.

Note that #P",; < #P", whenever 0 < j < k. For fixed k, we have #Pf}:m <

#Pfk-#( Vit, T_"_iP) , and since #(\/[2, T-""P) = #(\/~, T~"P) because T
is invertible, it follows that #Pffgm < HP-#P™.. Thus log #PT,. is subadditive
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as a function of n, and the limit in n converges for each k. Applying this to kK =0
implies that the limit defining h, in Definition 2.1 exists.

Similar considerations show that #P", < #ng - #PJ, and so

h, = lim 1 log #P) < lim 1 log #P",, < lim l(log #PC, +1log #Py) = he,
n—,oo N n—,oo N, n—oo N
so that the limit exists and is independent of k.

For the final claim, we shall see that log #752 & is subadditive for essentially the
same reason as log #P",: Take a (nonempty) element P of 73{”””. It is the interior
of an intersection of elements of the form 777 A; for some A; in P, for j = 1 to
n + m. This is equal to the intersection of the interiors of 77 A;. But, since P is
nonempty, none of the T77A; can have empty interior and so none of the A; can
have empty interior. Thus the interiors of A; are in P as well. Now, splitting the
intersection of the first n sets from the last m, we see that the intersection of the
first n sets form an element of 73{“ For the last m sets, we can factor out T~™ at
the price of making the set a bit bigger:

int (77" (An—j)) C T (int (T (An—j))),
where int(-) denotes the interior of a set. Doing this for j = 1 to m, we see
that this intersection is contained in 7'~™ of an element of P{*. It follows that
FPPT™ < HPP - #P so taking logs, the sequence is subadditive. And then so is
the sequence with M2 in place of Py~ ". O

3.3. Comparing h, with the Bowen definitions. We set diam®(M",) equal

to the maximum length of a stable curve in any element of M™,. Similarly,

diam"(M" ) denotes the maximum length of an unstable curve in any element

of M™, while diam(M" ) denotes the maximum diameter of any element of M"™ .
The following lemma gives the first claim of (3) in Theorem 2.3.

Lemma 3.4. h, = hgep.

Proof. Fix € > 0. Let A = 1 + 2K inTmin denote the lower bound on the hyper-
bolicity constant for T" as in (3.1). Choose k. large enough that diams(j\/lgks_l) <

CflA’kf < c1€, for some ¢; > 0 to be chosen below. It follows that
diam“(MT_LJ,gj_l) <CT'AT < e

for each n > k.. Using the uniform transversality of stable and unstable cones, we
may choose ¢; > 0 such that diam(MT,;:fl) < ¢ for all n > k..

Now for n > k., let E be an (n,¢)-separated set. Given z,y € E, we will show
that  and y cannot belong to the same set A € Pffk':"

Since z,y € E, there exists j € [0,n] such that d(T7(x),T?(y)) >e. f x € A €
Pﬁfk':", then z € ﬂfitzs int(T~¢P;) for some choice of P; € P. Then

ked+n—j ke
(32) Tiy € m T it+j C ﬂ T_iPi+j S ,Pﬁgks .
i=—k.—j —ke

Note that the element of Pffkg to which T7(z) belongs must have nonempty interior
since T~¢P; has nonempty interior for each i € [—k., k. +n]. If y € A, then Ty
would belong to the same element of Pffks, which is impossible since diam(ﬁﬁfkg) <e
and taking the closure of such sets does not change the diameter.
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Thus z,y € E implies that « and y cannot belong to the same element of Pk =tn

with nonempty interior. On the other hand, if = belongs to an element of ’Pk +n
with empty interior, then indeed the element containing z is an isolated point, and
y cannot belong to the same element. Thus #E < #P" 1‘"

Since this bound holds for every (n,)-separated set, we have r,(g) < #Pﬁi".
Thus,
1 1
lim —logr,(e) < lim —log #Pfilj” =h,.
n—oo N €

n—oo N
Since this bound holds for every € > 0, we conclude hgep, < hy.
To prove the reverse inequality, we claim that there exists ¢y > 0, independent
of n > 1 and depending only on the table @, such that

(3.3) if x,y lie in different elements of M, then d,(z,y) > &o.

To each point = in an element of M{, we can associate an itinerary (ig,i1,...,0n)
such that T% (z) € M;;. If x,y have different itineraries, then for some 0 < j < n,
the points 77 (z) and T7(y) lie in different components M;, and so by definition
(2.1) we have, d,(x,y) = 10D - max; diam(M;).

Now suppose z,y lie in different elements of Mg, but have the same itinerary.
By definition of Mg, the elements containing x and y are separated by curves in
S,.. Let j be the minimum index of such a curve. Then 77~1(z) and T771(y) lie
on different sides of a curve in &; \ Sp. Due to the finite horizon condition (our
slightly stronger version is needed here), there exists €9 > 0, depending only on
the structure of S, such that the two one-sided eg-neighbourhoods of each curve
in 81 \ S are mapped at least e apart. Thus either d(T7~1(x),T7~1(y)) > &g or
d(T (2), T (y)) > 2.

With the claim proved, fix n € N and € < gy, and define F to be a set com-
prising exactly one point from each element of M{. Then by the claim, E is
(n, e)-separated, so that #My < r,(e) for each ¢ < gg. Taking n — oo and € — 0
yields hy < hgep. O

The following lemma gives the second claim of (3) in Theorem 2.3.
Lemma 3.5. h, = hgpan-

Proof. Fix € > 0 and choose k. as in the proof of Lemma 3.4 so that
diam(./\/lﬁ‘};:_l) <e

for all n > k.. Choose one point x in each element of ?ﬁfk";”, and let F' denote the
collection of these points. We will show that F' is an (n,€)-spanning set for T'.

Let y € M and let B, be the element of ’Pk =" containing y. If B, is an isolated
point, then y € F and there is nothing to prove Otherwise, let z, = F N B,.
For each j € [0,n], using the analogous calculation as in (3.2), we must have
T(y), T (x,) € B; € PEE,CE. Since diam(PfEkE) < g, this implies d(T7(y), T (z,)) <
¢ for all j € [0,n]. Thus F is an (n, 5)—spanning set. We have

lim 1 log sp(e) < lim — 1og #Pk =t — h,
n—oo N n—oo n
Since this is true for each € > 0, it follows that Agpan < hs.

To prove the reverse inequality, recall g from the proof of Lemma 3.4. For € < gg
and n € N, let F be an (n,¢)-spanning set. We claim #F > #M{. Suppose not.
Then there exists A € M{ which contains no elements of F'. Let y € A and let
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x € F. By the claim in the proof of Lemma 3.4, d,(x,y) > €¢ since z and y lie
in different elements of M{. Since this holds for all x € F', it contradicts the fact
that F is an (n,e)-spanning set.

Since this is true for each (n, )-spanning set for £ < &g, we conclude that s, (g) >
#M7, and taking appropriate limits, hspan > P O

3.4. Easy direction of the variational principle for h.. Recall that given a
T-invariant probability measure p and a finite measurable partition A of M, the
entropy of A with respect to u is defined by H,(A) = —>_ 4. 4 1(A) log u(A), and

the entropy of T' with respect to A is h, (T, A) = lim,,_, %H# (\/?;01 TfiA).
The following lemma gives the bound (4) in Theorem 2.3.

Lemma 3.6. h, > sup{h,(T) : p is a T-invariant Borel probability measure}.

Proof. Let p be a T-invariant probability measure on M. We note that P is a
generator for 1" since \/;o ___ T~“P separates points in M. Thus h,(T) = h, (T, P)

(see for example [W, Thm 4.17]). Then,

n—1
1 . 1 1
hu(T,P)= lim —H, (\/ T179> = lim ~—H,(Py )< lim ﬁlog(#Pg_l):h*.

n—o00 M n—o00 N,
1=0

Thus h,(T) < h, for every T-invariant probability measure p. O

4. THE BANACH SPACES B AND BB,, AND THE TRANSFER OPERATOR L

The measure of maximal entropy for the billiard map 7" will be constructed out
of left and right eigenvectors of a transfer operator £ associated with the billiard
map and acting on suitable spaces B and B, of anisotropic distributions. In this
section we define these objects, state and prove the main bound, Proposition 4.7, on
the transfer operator, and deduce from it Theorem 4.10, showing that the spectral
radius of £ on B is e"~.

Recalling that the stable Jacobian of T satisfies J°T ~ cos¢ [CM, eq. (4.20)],
the relevant transfer operator is defined on measurable functions f by

foT !
JsT oT-1"

In order to define the Banach spaces of distributions on which the operator £ will
act, we need preliminary notation: Let W?® denote the set of all nontrivial connected
subsets W of stable manifolds for T so that W has length at most §y > 0, where
dp < 1 will be chosen after (5.4), using the growth Lemma 5.1. Such curves have
curvature bounded above by a fixed constant [CM, Prop 4.29]. Thus, T~1W?* = W,
up to subdivision of curves.

For every W € W?, let C1(W) denote the space of C* functions on W and for
every a € (0,1) we let C*(W) denote the closure'? of C1(W) for the a-Holder
norm [¢|cewy = supyy, ¢ + Hyj (1), where

(4.1) Lf =

(4.2) Hy, (y) = sup 7|w(;()x_y1§)£y) :

12Working with the closure of C! will give injectivity of the inclusion of the strong space in
the weak.
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We write ¢p € C*(W?) if ¢ € C¥(W) for all W € W?, with uniformly bounded
Holder norm.

4.1. Definition of norms and of the spaces B and B,,. Since the stable cone
C? is bounded away from the vertical, we may view each stable curve W € W?
as the graph of a function oy (r) of the arclength coordinate r ranging over some
interval Iy, i.e.,

(4.3) W ={Gw(r) = (r,ew(r)) e M :r e Iy}.

Given two curves Wi, Ws € W?* we may use this representation to define a dis-
tance'® between them: Define

dyys(Wh, Wa) = |Iw, & Iw, | + [ewy — Pwalor (tw, nlwy)

if Iy, N I, # 0. Otherwise, set dyy= (W1, W) = .
Similarly, given two test functions 1 and 12 on Wi and W, respectively, we
define a distance between them by

d(Y1,2) = [th1 0 Gw, — Y2 0 Gwy ooy, niw,) +

whenever dyys (W1, Ws) < co. Otherwise, set d(¢1,12) = 0.

We are now ready to introduce the norms used to define the spaces B and B,.
Besides dp € (0,1), and a constant €9 > 0 to appear below, they will depend on
positive real numbers «, 3, 7, and ¢ so that, recalling so € (0,1) from'* (1.4),

(4.4) 0<f<a<l/3, 1<2%7<el 0<c<n.

(The condition « < 1/3 is used in Lemma 4.4 which is used to prove embedding
into distributions. The number 1/3 comes from the 1/k% decay in the width of
homogeneity strips (4.5). The upper bound on ~ arises from use of the growth
lemma from Section 5.1. See (5.4).)

For f € C'(M), define the weak norm of f by

|flw = sup sup / [ dmw .
wews ypeCc*(W) JW
[|cew)y<1

Here, dmyw denotes unnormalized Lebesgue (arclength) measure on W.
Define the strong stable norm of f by'®

1flls = sup sup / f o dmw,
wews YeCP (W) w
I'ﬁb‘cﬁ(w)SIlOgIWH‘y

13dyys is not a metric since it does not satisfy the triangle inequality; however, it is sufficient for
our purposes to produce a usable notion of distance between stable manifolds. See [DRZ, Footnote
4] for a modification of dyys which does satisfy the triangle inequality.

141f 4 > 1, we can get good bounds in Theorem 2.6. This is only possible if hs > so log 2.

15The logarithmic modulus of continuity in || f||s is used to obtain a finite spectral radius.
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(note that |f|, < max{l,]|logdo|~7}|flls). Finally, for ¢ € (0,7), define the strong
unstable norm!® of f by

Ifle=sup  sup sup  |logel* / f o1 dim, — / f s dm,
) Wl W2

e<eog Wiy,WoeW? wieca(wi
dyys (W1, W2)<e |[¢;|ca(w,;) <1

d(1,92)=0

Definition 4.1 (The Banach spaces). The space B,, is the completion of C*(M)
with respect to the weak norm | - |, while B is the completion of C'(M) with
respect to the strong norm, || - ||z = |- lls + || - llu-

In the next subsection, we shall prove the continuous embeddings B C B,, C
(CY(M))*, i.e., elements of our Banach spaces are distributions of order at most one
(see Proposition 4.2). Proposition 6.1 in Section 6.4 gives the compact embedding
of the unit ball of B in B,,.

4.2. Embeddings into distributions on M. In this section we describe elements
of our Banach spaces B C B,, as distributions of order at most one on M. (This
does not follow from the corresponding result in [DZ1], in particular since we use
exact stable leaves to define our norms.) We will actually show that they belong
to the dual of a space C*(Wy) containing C'*(M) that we define next: We did not
require elements of WW* to be homogeneous. Now, defining the usual homogeneity
strips

(4.5) Hy={(rnp)eMi:§ - m <0< 5—qgre) k=ko,

and analogously for £ < —kg, we define Wi C W? to denote those stable manifolds
W € W? such that T"W lies in a single homogeneity strip for all n > 0. We
write ¢ € C*(Wg) if v € C*(W) for all W € W§ with uniformly bounded Hélder
norm. Similarly, we define C& (W) to comprise the set of functions 4 such that
peosp € C*(Wjy). Clearly C*(Wg) C C&(Wg).

Due to the uniform hyperbolicity (3.1) of T' and the invariance of W* and Wy, if
Y € C*(W?) (resp., C*(W)), then ¢ o T € C*(W?) (resp., C*(W5)). Also, since
the stable Jacobian of T satisfies J*T & cos ¢ [CM, eq. (4.20)] and is 1/3 log-Hélder
continuous on elements of Wy [CM, Lemma 5.27], then f/;og € C& (W) for any
a<1/3.

We can now state our first embedding result. An embedding B, C (F)* (for
F = CYM) or F = C*(W)) is understood in the following sense: for f € B,
there exists C¢ < oo such that, letting f, € C*(M) be a sequence converging to f
in the B,, norm, for every ¢ € F the following limit exists:

(4.6) f) = nh_)ngo fnt dusre
and satisfies | f(¢)| < C¢l|¢| 7.

Proposition 4.2 (Embedding into distributions). The continuous embeddings

CYM) C BC B, C (C*Wg)*  (CH(M))*

16The logarithmic modulus of continuity appears in || f||. because of the logarithmic modulus
of continuity in || f||s. Its presence in ||f||. causes the loss of the spectral gap.
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hold, the first two embeddings'” being injective. Therefore, since C1(M) C B C By,
injectively and continuously, we have

(B,)* € B* € (CH(M))*.

Remark 4.3 (Radon measures). Proposition 4.2 has the following important con-
sequence: If f € B, is such that f(¢) defined by (4.6) is nonnegative for all
nonnegative 1 € F = C'(M), then, by Schwartz’s [Sch, §1.4] generalisation of the
Riesz representation theorem, it defines an element of the dual of C°(M), i.e., a
Radon measure on M. If, in addition, f(v) = 1 for ¢ the constant function 1, then
this measure is a probability measure.

The following lemma is important for the third inclusion in Proposition 4.2.
Recalling (4.2), we define H‘%HW) = supyy ey Hiy (¥).

Lemma 4.4. There exists C > 0 such that for any f € By and ¢ € C*(Wg),
recalling (4.6),

[F()] < Clflw ([0 + Hiye (1)) -

Proof. By density it suffices to prove the inequality for f € CY(M). Let ¢ €
C*(Wy;). Since by our convention, we identify f with the measure fdugsrp, we
must estimate,

F@) :/f¢d,USRB-

In order to bound this integral, we disintegrate the measure pusrp into conditional
probability measures MIS/‘%B on maximal homogeneous stable manifolds W € Wy
and a factor measure dfisgp (£) on the index set = of homogeneous stable manifolds;
thus Wi = {We}ees. According to the time reversal counterpart of [CM, Cor 5.30],
the conditional measures M‘S}II/DfB have smooth densities with respect to the arclength
measure on We, i.e., duIS/IgB = |W5|_1p£dmwg, where p¢ is log-Holder continuous
with exponent 1/3. Moreover, supgcz |pg|ca(w,) =: C' < oo since a < 1/3.
Using this disintegration, we estimate!'® the required integral:

(4.7) [f ()] =

/ / f b pe [We| ™ dmw, dﬂSRB(f)|

cez Jwe

§/§ | flwl ¥l co(we)lpel co(we) [We| ~ dfisrs (€)
€=

< Ol (1o + Hiy (1)) /5 Wl disnn().

This last integral is precisely that in [CM, Exercise 7.15] which measures the
relative frequency of short curves in a standard family. Due to [CM, Exercise 7.22],
the SRB measure decomposes into a proper family, and so this integral is finite. [

17We do not expect the third embedding to be injective, due to the logarithmic weight in the
norm.

18This is where we use fusrp: Replacing jispp by the factor measure with respect to Lebesgue,
this integral would be infinite. Using W¢ rather than YWy may produce a finite integral with respect
to Lebesgue, but the p¢ may not be uniformly Hélder continuous on the longer curves.
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Proof of Proposition 4.2. The continuity and injectivity of the embedding of C'* (M)
into B are clear from the definition. The inequality |- |, < || - ||s implies the conti-
nuity of B < B, while the injectivity follows from the definition of C#(WW) as the
closure of C1(W) in the C” norm, as described at the beginning of Section 4, so
that C*(W) is dense in C?(W).

Finally, since C*(M) C C*(Wjy), the continuity of the third and fourth inclusions
follow from Lemma 4.4. O

4.3. The transfer operator. We now move to the key bounds on the transfer
operator. First, we revisit the definition (4.1) in order to let £ act on B and B,,:
We may define the transfer operator £ : (CE (Wg))* — (C*(W?*))* by

L) =f(%F), el W),
When f € C1(M), we identify f with the measure!'®
(4.8) fdpsrs € (CosWa))" -

The measure above is (abusively) still denoted by f. For f € C'(M) the transfer
operator then indeed takes the form £f = (f/J*T)oT~! announced in (4.1) since,
due to our identification (4.8), we have Lf(¢)) = [ Lf 1 dusre = [ f 42k dusre.

Remark 4.5 (Viewing f € C! as a measure). If we viewed instead f as the measure
fdm, it is not clear whether the embedding Lemma 4.4 would still hold since the
weight cos W (crucial to [DZ1, Lemma 3.9]) is absent from the norms. Along these
lines, we do not claim that Lebesgue measure belongs to our Banach spaces.

Slightly modifying [DZ1] due to the lack of homogeneity strips, we could replace
|9 cawy < 1 by [thcos ¢|cawy < 1in our norms. Then it would be natural to view
f as fdm, and the embedding Lemma 4.4 would hold, but the transfer operator
would have the form

foT~!

Ecosf = (JSTOT71>(JTOT71) ’

where JT is the full Jacobian of the map (the ratio of cosines). We do not make
such a change since it would only complicate our estimates unnecessarily. Note that
the potentials of the operators £ and L., differ by a coboundary, giving the same
spectral radius.

It follows from submultiplicativity of #Mp that ™™ < #My for all n. In
Section 5.3, we shall prove the supermultiplicativity statement Lemma 5.6 from
which we deduce the following upper bound for #Mg.

Proposition 4.6 (Exact exponential growth). Let ¢; > 0 be given by Lemma 5.6.
Then for all n € N, we have ™ < # My < %e”h*.

The following proposition (proved in Section 6) gives the key norm estimates.

19To show the claimed inclusion just use that dusrp = (2|0Q|) ! cos ¢ drdeyp.
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Proposition 4.7. Let ¢; be as in Proposition 4.6. There exist dg, C > 0, and
w € (0,1) such that®® for all f € B,

(49) £l < e fly >0
6150
C

(4.10) L7 flls < —€™|Iflls ¥n>0;
(3150

(4.11) 1£7 fllu <

C
< —(Iflu +n=[f )™ ¥n>0.
€100

If hy > solog2 (where so < 1 is defined by (1.4)), then in addition there exist ¢ > 0
and C > 0 such that for all f € B
(412) 17l < (4 F )™ V>0

€100
Remark 4.8. Replacing | log €| by log |log €| in the definition of || f||.., we can replace
n® by a logarithm in (4.11).

In spite of compactness of the embedding B C B,, (Proposition 6.1), the above
bounds do not deserve to be called Lasota—Yorke estimates since (even replacing
- 1ls + 1l e by || - l|s + cull - || for small ¢, and using footnote 20) they do not lead
to bounds of the type ||(e ™" L)"flls < o™||fllz + Kn|f|w for some o < 1 and finite
constants K,,. We will nevertheless sometimes refer to them as “Lasota—Yorke”
estimates, in quotation marks.

Proposition 4.7 combined with the following lemma imply that £ is a bounded
operator on both B and B,,.

Lemma 4.9 (Image of a C! function). For any f € CY(M) the image Lf €
(C*(W*))* is the limit of a sequence of C functions in the strong norm || - ||5.

Proof. Since our norms are weaker than the norms of [DZ1] (modulo the use of
homogeneity layers there), the statement follows from replacing Lggp by £ in the
proofs of Lemmas 3.7 and 3.8 in [DZ1], and checking that the absence of homo-
geneity layers does not affect the computations. (I

Proposition 4.7 gives the upper bounds in the following result (the bounds (4.14)
and (4.15) are needed to construct a nontrivial maximal eigenvector in Proposi-
tion 7.1).

Theorem 4.10 (Spectral radius of £ on B). There exist w € (0,1), C < 0o such
that,

(4.13) |£™]|5 < CnZe™  ¥n>0.
There exists C' > 0 such that, letting 1 be the function f =1, we have,
(4.14) |£71]s > |£"1], > Ce™ ¥n>0.

Recalling (4.9), the spectral radius of L on B and By, is thus equal to exp(hy) > 1.
If he > solog2 (with sg < 1 defined by (1.4)), then, if ¢ > 0 and 9 > 0 are

small enough, there exists C' < oo such that,

(4.15) I£7|s < Ce™™  ¥n>0.

The above theorem is proved in Subection 6.3.

20In fact the strong stable norm satisfies a stronger inequality: |£"f]ls < 816(;0 (e™Iflls +

|flw)e™* for some o < 1. We omit the proof since we do not use this.
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5. GROWTH LEMMA AND FRAGMENTATION LEMMAS

This section contains combinatorial growth lemmas, controlling the growth in
complexity of the iterates of a stable curve. They will be used to prove the “Lasota—
Yorke” Proposition 4.7, to show Lemma 5.2, used in Section 6.3 to get the lower
bound (4.14) on the spectral radius, and to show absolute continuity in Section 7.3.

In view of the compact embedding Proposition 6.1, and also to get Lemma 5.4
from Lemma 5.2, we must work with a more general class of stable curves: We
define a set of cone-stable curves W* whose tangent vectors all lie in the stable
cone for the map, with length at most g and curvature bounded above so that
T C Ws, up to subdivision of curves. Obviously, W* C We. We define a set
of cone-unstable curves W similarly.

For W € W*, let Go(W) = W. For n > 1, define G, (W) = G (W) inductively
as the smooth components of T-1(W’) for W’ € G,,_1(W), where elements longer
than dg are subdivided to have length between d¢/2 and dy. Thus G, (W) C W* for
each n and Uyeg, vy U = T7"W. Moreover, if W € W*, then G, (W) C W*.

Denote by L, (W) those elements of G,(W) having length at least do/3, and
define Z,, (W) to comprise those elements U € G,,(W) for which T*U is not contained
in an element of L, _;(W) for 0 <i<n—1.

A fundamental fact [Ch2, Lemma 5.2] we will use is that the growth in complexity
for the billiard is at most linear:

34 K >0 such that V n > 0, the number of curves in S4,, that intersect

5.1 . o
(5-1) at a single point is at most Kn.

5.1. Growth lemma. Recall so € (0,1) from (1.4). We shall prove the following.

Lemma 5.1 (Growth lemma). For any m € N, there exists 69 = dp(m) € (0,1)
such that for alln > 1, all ¥ € [0,00), and all W € W?*, we have

log [W]| 7 ( 5
<2nso+1)'y K 17L/m .
) ¥ () < (s e
WL, (W) )
log [W]\"
b
) Z (IOgWi|

W;€G, (W)

< min{20y 200 TTHME, 22T S " 27T (KmA1)7 MM}
j=1
Moreover, if |[W| > 60/2, then both factors 2("*0TD7 can be replaced by 27.

Proof. First recall that if W € W is short, then
(5.2) |T7'W| < C|W|Y? for some constant C' > 1, independent of W € we,

[CM, Exercise 4.50]. The above bound can be iterated, giving |T—W| < C’|VV|27£7
where €’ < C?, for any number of consecutive “nearly tangential” collisions (colli-
sions with angle |¢| > o). Since in every nyg iterates, we have at most song nearly
tangential collisions and (1 — sg)ng iterates that expand at most by a constant
factor A; > 1 depending only on ¢g, we see that

[T < CIW R Ag e

_ —sgn —2sgn 1— 27s0m0 , (1—
‘T QnOW‘ < o1+27omo W|2 0 OAg s0)no Ag So)no_
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Iterating this inductively, we conclude
(5.3) T IW| < C"|W[> ™ forall j > 1,

where C” > 1 depends only on ng and A;. Therefore, if § is smaller than 1/C",
we have

log [W]\” log C" \\7 _ . ,
< [9son(1 = <9 nso+1)7 f -
(10g|Wi|> ( log\Wi|) - VWi € Gn(W),

since |W;| < &p. Note that if |W;| < |[W|, then fgggﬂv‘/[l//.” < 1, so that such curves do

not contribute large terms to the sums in parts (a) and (b) of the lemma.
(a) Using the above argument, for any W € W#  we may bound the ratio of logs
by 2("+1)s07 Moreover, if [W| > 8p/2, then since |W;| < § < 2, we have

log |[Wi| = logédy _log50_ '

log |W| < log(do/2) . log 2 .

Now, fixing m and using the linear bound on complexity, choose dg = dp(m) > 0
such that if [W] < &y, then T—“W comprises at most K¢+ 1 connected components
for 0 < ¢ < 2m. Such a choice is always possible by (5.2). Then for n = mj + ¢, we
split up the orbit into j — 1 increments of length m and the last increment of length
m+£. Part (a) then follows by a simple induction, since elements of Z,; (W) must
be formed from elements of Z,,(;_1)(W) which have been cut by singularity curves
in S_,,,. At the last step, this estimate also holds for elements of which have been
cut by singularity curves in S_,,,_¢ by choice of dp.

(b) The bound on the ratio of logs is the same as in part (a). The first bound
on the cardinality of the sum follows by noting that each element of G, (W) is
contained in one element of M. Moreover, due to subdivision of long pieces, there
can be no more than 25, " elements of G, (W) in a single element of M.

For the second bound in part (b), we may assume that |W| < d¢/2; otherwise,
we may bound the sum by 2'7“651#/\/18, which is optimal for what we need. For
|[W| < d0/2, let F1 (W) denote those V' € G1 (W) whose length is at least dy/2.
Inductively, define F;(W), for 2 < j < n — 1, to contain those V' € G;(W) whose
length is at least dp/2, and such that TV is not contained in an element of F;_ (W)
for any 1 < k < j — 1. Thus F;(W) contains elements of G;(1W) that are “long for
the first time” at time j.

We group W; € G,(W) by its “first long ancestor” as follows. We say W; has
first long ancestor®* V € F;(W) for 1 <j <n—1if T"77W,; C V. Note that such
a j and V are unique for each W; if they exist. If no such j and V exist, then W;
has been forever short and so must belong to Z,,(W). Denote by A, _;(V) the set

21Note that “ancestor” refers to the backwards dynamics mapping W to W;.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



MEASURE OF MAXIMAL ENTROPY FOR SINAI BILLIARD MAPS 405

of W; € G,(W) corresponding to one V' € F;(W). Now
Z (log W] >W
WieGn (W log [V
log |[W]\" log |W]\"
DIPIs (ogwr) +, 2 (i)
j= 1weF (W) Wi€An_;(Ve) ’ W, €T, (W) ¢

10gW|> (IOgIVe )"’ (nso+1)7
< +92 nso+1)% Km+1 n/m
Z Z (log|Vg| Z ) log |[W;] ( )

J=1 VieF; (W) Wi€An_;

< Z Z log ‘W| i 2ﬁ+1571#Mn*j 4 2(”50+1)7(Km_|_ 1)"/’"
= log |V ’ ’
J=1VyeF;(W)

n—1
<Y 02U Y (Ko 1)/ M2 5 M T 4 200 Y (Rom 1)/
j=1

n
< DTG Y TPV (Km - 1) M
j=1
where we have applied part (a) from time 1 to time j and the first estimate in part
(b) from time j to time n, since each |Vg| > do/2. O

With the growth lemma proved, we can choose m and the length scale d§y of
curves in W?. Recalling K from (5.1) and the condition on v from (4.4), we fix m
so large that

1
(5.4) . log(Km + 1) < hy — ysglog 2,

and we choose dy = dp(m) to be the corresponding length scale from Lemma 5.1.
If h. > solog2, then we take v > 1, so that in fact % log(Km + 1) < hy, — solog 2.

5.2. Fragmentation lemmas. The results in this subsection will be used in Sec-
tions 5.3 and 7.3. For ¢ € (0,dp) and W € W*, define GJ(W) to be the smooth
components of T~"W, with long pieces subdivided to have length between /2
and §. (So G2 (W) is defined exactly like G, (W), but with &y replaced by 4.) Let
L% (W) denote the set of curves in G (W) that have length at least §/3 and let
SS(W) = GS(W)\ L2 (W). Define Z2 (W) to be those curves in G (W) that have
no ancestors®? of length at least §/3, as in the definition of Z, (W) above. The
following lemma and its corollary bootstrap from Lemma 5.1a) and will be crucial
to get the lower bound on the spectral radius.

Lemma 5.2. For each ¢ > 0, there exist 6 € (0,d89] and ny € N, such that for
n > ni,
HLO(W) _ 1—2¢ .
n > ll 5 with > .
0 V) = 1-¢ for all W € W?* with |[W| > 6/3
Proof. Fix e > 0 and choose n; so large that 3C; ' (Kny +1)A™™ < ¢ and A™ > e.

Next, choose § > 0 sufficiently small that if W € W* with |[W| < 6, then T"W
comprises at most Kn + 1 smooth pieces of length at most dy for all n < 2n;.

22For k < n, we say that U € G (W) is an ancestor of V € G&(W) if T"~*V C U.
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Let W € W* with |W| > /3. We shall prove the following equivalent inequality

for n > nq:

#S,(W) _ e

#GW) ~1—¢’
For n > nq, write n = kny + £ for some 0 < ¢ < ny. If k£ = 1, the above inequality
is clear since S;Sle(W) contains at most K (ny +¢) + 1 components by assumption
on § and ny, while |7~ +TOW| > C; A H|W| > C;A™ T45/3. Thus G3 (W) must
contain at least C;A™+¢/3 curves since each has length at most §. Thus,

5
#S, (W) g3C;1K(n1 +€2+1 §3Cf1Kn1+1 <.,
#3909, (W) At Am

where the second inequality holds for all £ > 0 as long as =~ < log A, which is true
by choice of ny.

For £k > 1, we split n into &k — 1 blocks of length n; and the last block of
length ny + ¢. We group elements W; € S,‘znl +¢(W) by most recent?? long ancestor
V; € L8, (W): ¢ is the greatest index in [0, k — 1] such that 7=+, C V; and

qni

V; € L3, (W). Note that since |V;| > §/3, then G? (k—qyny +¢(Vj) must contain at
least C; AF=9)™1 /3 curves since each has length at most §. Thus using Lemma 5.1a)

with 4 = 0, we estimate

(5.5)
#Shm (W) 2w, ezmﬁl(vv) 1 . Z ZV eanl(W) 2w, eI(k ) 1

< (Kny +1)* n et Z\/jeLgnl(W) (Kni + 1)k_q
- ClAknl /3 — ZV}ELgnl (W) ClA(k*q)”l /3

k k

q=1

The following corollary is used in Corollary 7.9 and in Lemma 7.7.

Corollary 5.3. There exists Co > 0 such that for any e, 6, andny as in Lemma 5.2,

#Ly (W) _ 1-3¢ s | log(IW1]/9)|
#gg(W) > 1_¢ YW e W VnzC’gnl ‘loggl .
Proof. The proof is essentially the same as that for Lemma 5.2, except that for
curves shorter than length 6/3 one must wait n ~ |log(|W|/d)| for at least one
component of G (W) to belong to L (W).

More precisely, fix € > 0 and the corresponding § and n; from Lemma 5.2. Let
W € W* with |W| < §/3 and take n > n;. Decomposing G2 (W) as in Lemma 5.2,
we estimate the second term of (5.5) as before.

23We only consider what happens at the beginning of a block of length n1. It does not affect
our argument if W; belongs to a long piece at an intermediate time, since we only consider the
cardinality of short pieces that can be created in each block of length n1 according to our choice
of §.
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For the first term of (5.5), #Z3(W)/#GS(W), for § sufficiently small, notice
that since the flow is continuous, either #G3(W) < K¢+ 1 by (5.1) or at least
one element of GJ(W) has length at least §/3. Let ny denote the first iterate ¢
at which GJ(W) contains at least one element of length more than §/3. By the
complexity estimate (5.1) and the fact that |[T-™2W| > C;A™2|W| by (3.1), there
exists Cy > 0, independent of W € W*, such that ny < Cy|log(|W|/5)].

Now for n > ng, and some W' € G5_(W),

#IL(W) < (Kno + DHT_,, (W) < (Knp +1)(Kny +1)H07m/md,
while
#Go(W) > C1A""2/3.

Putting these together, we have,

#L (W) _ (Kng +1)(Kny + 1)t/

#G,(W) — Ci1A™/3
Since ny < Collog(|W]/d)|, we may make this expression < ¢ by choosing n so
large that n/n; > C’g% for some Cy > 0. For such n, the estimate (5.5) is
bounded by ¢ + 7%= < 127557 which completes the proof of the corollary. O

S

A" < gln/nil (Kng +1)A" .

Choose ¢ = 1/4 and let §; < &g and n; be the corresponding ¢ and n; from
Lemma 5.2. With this choice, we have

(5.6) #L3(W) > 24G (W) for all W € W* with [W| > §,/3 and n > n,.

Notice that for W € W#, each element V € G*(W) is contained in one element
of M@ and its image TV C W is contained in one element of M, . Indeed, there
is a one-to-one correspondence between elements of M and elements of M2 .

The boundary of the partition formed by M, is comprised of unstable curves
belonging to S—, = Uj_, T7(Sp). Let L,(M?Y,) denote the elements of M, whose
unstable diameter?* is at least d;/3. Similarly, let Ls(M3) denote the elements of
MG whose stable diameter is at least d1/3.

The following lemma will be used to get both lower and upper bounds on the
spectral radius via Proposition 5.5.

Lemma 5.4. Let §; and ny be associated with e = 1/4 by Lemma 5.2. There exist
Cpn, > 0 and ny > ny such that for all n > na,

#Lu(Mgn) > Ch, (51#./\/1(1” and #Ls(Mg) > Cn151#Mg .
Proof. We prove the lower bound for L, (M9 ). The lower bound for Ls(M§) then
follows by time reversal.

Let I,(M?,,) denote the elements of MY, whose unstable diameter is less than
81/3. Clearly, I,(M°,)U L,(M°,) = M°, . Similarly, let I,(77Sy) denote the
set of unstable curves in 77(Sp) whose length is less than §1/3.

We first prove the following claim: #1I,,(M2,) < 237" | #1,(T7Sy) + Kan.
Recall that the boundaries of elements of MY, are comprised of elements of S_,, =
U, TSy, which are unstable curves for i > 1. We use the following property

established in Lemma, 3.1: If a smooth unstable curve U; C TSy intersects a smooth
curve U; C T?S, for i < j, then U; must terminate on U;. Thus if A € I,,(M?,),

24Recall from Section 3 that the unstable diameter of a set is the length of the longest unstable
curve contained in that set.
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then either the boundary of A contains a short curve in T7(Sy) for some 1 < j < n,
or DA contains an intersection point of two curves in T7(Sy) for some 1 < j < n (see
Figure 3). But such intersections of curves within 77 (Sy) are images of intersections
of curves within T'(Sp), and the cardinality of cells created by such intersections is
bounded by some uniform constant Ky > 0 depending only on T'(Sp). Then, since
each short curve in T7(Sy) belongs to the boundary of at most two A € I, (/\/l(in)
the claim follows.

T7(So)

FIGURE 3. A short cell 4 € I,,(M?,)) created by long elements of T7(Sp).

Next, subdivide Sy into ¢y horizontal segments U; such that TU; is an unstable
curve of length between 4;/3 and &; for each i. Analogous to stable curves, let
g?l (U) denote the decomposition of the union of unstable curves comprising 77U
at length scale d;. Then for j > ny using the time reversal of (5.6), we have

Lo
(5.7) I(T7Sp) Z#I (G4 (TU;)) < %Z Lu (G0, (TU)) .

Using the claim and (5.7) we split the sum over j into 2 parts,

ni—1
(5.8)  #I(M,) <Kon+2 Y #L.(TVS) + Z Z#L L (TUy).
Jj=1 j=n1 =1

The cardinality of the sum over the first n; terms is bounded by a fixed constant
depending on ny, but not on n; let us call it C,,,. We want to relate the sum over
the terms for j > ny to L,(M",)). To this end, we follow the proof of Lemma 5.2
and split n — j into blocks of length n;.

For each n1 < j < nm—nq, write n —j = kny + £ for some k£ > 1. If V €
Lu(gfil(TUi)), then |[T"=9V| > C;A"776; /3, while T" 77V can be cut into at most
(Kny +1)* pieces. Since we have chosen ¢ = 1/4 in the application of Lemma 5.2,
by choice of nq,

#Lo(Go 1 (TU;)) > 4" 4Ly (G311 (TU;)) for each ny <j<n —ny and k= V”TZ”J .

For n — ny; < j < n, we perform the same estimate, but relating j with j + nq,

#Lu(G2,, 1 (TU) > 44 L, (G511 (TU;)) for each n—ny +1 < j < n.
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Gathering these estimates together and using (5.8), we obtain,

(5.9)
n—mi n
< Kont Gy + D 47 OZDMIRL(TS0) + ) i #Lu(T77S))
j=n1 J=n—ni+1

<2Kon+ Cpy + OO ' m#L (M) + Y Co #Lu(M, ),
j=n—mi+1

where the second inequality uses #L,(T*Sy) < C6; 'L,(M°,) + Ko for £ > n,
which stems from the same noncrossing property used earlier: a curve in T*(Sy)
must terminate on a curve in T%(Sp) if the two intersect for i < .

To estimate the final sum in (5.9), note that if A € L,(M°, _;), then A C A’ €
L,(M",). Moreover, there exists a constant B > 0, independent of n, such that
each A’ € L,(M",) can contain at most B elements of L, (M%, ;). (Indeed by

Lemma 3.3, B is at most |P|, and depends only on S;.) Inductively then,

S #LuM, ) <3 BIHL(M,) < CBM#L,(ML,).
j=1

j=1
Putting this estimate together with (5.9) yields,
#1(MO,) < H#L(M2,)C8 (ny + B™) + Cpy + 2Kon.
Using #M° | = #L, (M) + #I,(M" ), this implies,
0 —C, —2K
$L MO, > T ZOn = 20n
14+ Cé; " (n1+ B™)

Since #M°  increases at an exponential rate and n; is fixed, there exists ny € N

such that #M% — Cp, — 2Kon > $# M for n > ngy. Thus there exists Cy,, > 0
such that for n > no, #L, (M%) > C,,, 61#M°,,, as required. O

—n»

5.3. Exact exponential growth of #M{—Cantor rectangles. It follows from
submultiplicativity of # M that e™ < #M?3 for all n. In this subsection, we shall
prove a supermultiplicativity statement (Lemma 5.6) from which we deduce the
upper bound for # M7 in Proposition 4.6 giving the upper bound in Proposition 4.7,
and ultimately the upper bound on the spectral radius of £ on B.

The following key estimate is a lower bound on the rate of growth of stable curves
having a certain length. The proof will crucially use the fact that the SRB measure
is mixing in order to bootstrap from Lemma 5.4.

Proposition 5.5. Let &1 be the value of § from Lemma 5.2 associated with e = 1/4

(see (5.6)). There exists co > 0 such that for all W € W* with |W| > 61/3 and
n > 1, we have #G, (W) > co#M{. The constant ¢y depends on 01.

This will be used for the lower bound in Section 6.3. It also has the following
important consequence.

Lemma 5.6 (Supermultiplicativity). There exists ¢c; > 0 such that ¥n,j € N, with
j <n, we have

HM > #MYTTHM]
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We next introduce Cantor rectangles. Let W#(x) and W"(x) denote the maximal
smooth components of the local stable and unstable manifolds of x € M.

Definition 5.7 ((Locally maximal) Cantor rectangles). A solid rectangle D in M
is a closed region whose boundary comprises precisely four nontrivial curves: two
stable manifolds and two unstable manifolds. Given a solid rectangle D, the locally
mazimal Cantor rectangle R in D is formed by taking the union of all points in D
whose local stable and unstable manifolds completely cross D. Locally maximal
Cantor rectangles have a natural product structure: for any z,y € R, W*(z) N
W*(y) € R, where W*/%(x) is the local stable/unstable manifold containing x. It
is proved in [CM, Section 7.11] that such rectangles are closed and as such contain
their outer boundaries, which coincide with the boundary of D. We shall refer to
this pair of stable and unstable manifolds as the stable and unstable boundaries of
R. In this case, we denote D by D(R) to emphasize that it is the smallest solid
rectangle containing R. We shall sometimes drop the words “locally maximal”
referring simply to Cantor rectangles R.

Definition 5.8 (Properly crossing a (locally maximal) Cantor rectangle). For a
(locally maximal) Cantor rectangle R such that
, mw«(W*(z) N R)
5.10 f
(5.10) e o (W (z) N D(R)

> 0.9,

we?® say a stable curve W € W properly crosses R if

a) W crosses both unstable sides of R;

b) for every z € R, the intersection W N W#(x) N D(R) = 0, i.e., W does not
cross any stable manifolds in R;

c) for all z € R, the point WNW*"(x) divides the curve W*(z) N D(R) in a ratio
between 0.1 and 0.9, i.e., W does not come too close to either unstable boundary
of R.

Remark 5.9. The (unstable analogue of) condition b) is not needed in its full
strength, even in the proof of [CM, Lemma 7.90]. What is used there is that
the fake unstable is trapped between two real unstable that it does not cross. Since
the real unstable intersect and fully cross the target rectangle, this forces the fake
unstable to do so as well. For us, we reverse time and consider stable manifolds. For
real stable manifolds, condition b) is not needed at all: If a real stable fully crosses
the initial rectangle, then, when it intersects the target rectangle under iteration by
T, it must intersect a real stable manifold, and it must fully cross. (Otherwise,
the preimage of a singularity would lie on a real stable manifold in the interior of
the target rectangle. But this cannot be since real stable manifolds are never cut
going forward and so do not intersect the preimages of singularity curves except
at their end points.) When discussing proper crossing for real stable manifolds, we
will drop condition b) and allow W € W? to be one of the stable manifolds defining
R.

Proof of Proposition 5.5. Using [CM, Lemma 7.87], we may cover M by Cantor
rectangles Ry, ..., Ry satisfying (5.10) whose stable and unstable boundaries have
length at most %61, with the property that any stable curve of length at least d1/3

25This is a version of Definition 7.85 of [CM] formulated with stable (instead of unstable)

curves crossing R. We have also dropped any mention of homogeneous components, which are
used in the construction in [CM].
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properly crosses at least one of them. The cardinality k is fixed, depending only on
1.

Recall that L, (M?,) denotes the elements of M?, whose unstable diameter is
longer than d1/3. We claim that for all n € N, at least one R; is fully crossed in
the unstable direction by at least $#L, (M) elements of M?, . Notice that if
A€ M° . then DA is comprised of unstable curves belonging to Ui, T"Sp, and
possibly Sg. By definition of unstable manifolds, TS, cannot intersect the unstable
boundaries of the R;; thus if AN R; # (), then either A terminates inside R; or A
fully crosses R;. Thus elements of L, (M) fully cross at least one R; and so at
least one R; must be fully crossed by 1/k of them, proving the claim.

For each n € N, denote by i, the index of a rectangle R; which is fully crossed
by at least +#Ly(M2,) elements of M%, . The main idea at this point will be to
force every stable curve to properly cross R; in a bounded number of iterates and
so to intersect all elements of M, that fully cross R;, .

To this end, fix §, € (0,6;/10) and fori = 1,..., k, choose a “high density” subset
R? C R; satistying the following conditions: R} has nonzero Lebesgue measure, and
for any unstable manifold W* such that W* N R # () and |W*| < 4., we have

% > 0.9. (Such a 6, and R} exist due to the fact that my «-almost
every y € R; is a Lebesgue density point of the set W"(y) N R; and the unstable
foliation is absolutely continuous with respect to ugrp or, equivalently, Lebesgue.)

Due to the mixing property of usgp and the finiteness of the number of rectangles
R;, there exist ¢ > 0 and n3 € N such that for all 1 < ¢,j < k and all n > ng,
USRB (Rf N T_"Rj) > e. If necessary, we increase ng so that the unstable diameter
of the set T~™R; is less than ¢, for each i, and n > ngs.

Now let W € W* with |[W| > 61/3 be arbitrary. Let R; be a Cantor rectangle
that is properly crossed by W. Let n € N and let i,, be as above. By mixing,
psre(R; NT~"R;) > e. By [CM, Lemma 7.90], there is a component of 7~"3 W
that fully crosses R} in the stable direction. Call this component V € G5 (W).

By choice of R;,, this implies that #G,, (V) > 1#L,(M,,), and thus

#Gniny (W) > LHL, (M) = #G, (W) > S HL,(M°,),

where C’ is a constant depending only on nj3 since at each refinement of ./\/l(lj to

M(lj,l, the cardinality of the partition increases by a factor which is at most |P|,
as noted in the proof of Lemma 5.4. The final estimate needed is #L,(M",) >
C’m51#./\/l(ln for n > ny from Lemma 5.4. Thus the proposition holds for n >
max{na,n3}. It extends to all n € N since #My < (#M})" and there are only

finitely many values of n to correct for. O

Proof of Lemma 5.6. Recall the singularity sets defined for n,k € N by S, =
Ui, TSy and S_j, = Uf:o T'Sy. Due to the relation, T7*(S_, US,) = Sy U
T=*S,, = Suix, we have a one-to-one correspondence between elements of M™ &
and MpTF,

Now fix n,j € N with j < n. Using the above relation, we have

#MG = H#M" T = H#(MgT VM)

In order to prove the lemma, it suffices to show that a positive fraction (indepen-
dent of n and j) of elements of M( 7 intersect a positive fraction of elements of
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MO ;- Note that 8Mgij is comprised of stable curves, while IM? ; is comprised
of unstable curves.
Recall that L,(M? ;) denotes the elements of M?; whose unstable diameter

is longer than d;/3. Similarly, Ls(M{7) denotes those elements of M{ 7/ whose
stable diameter is longer than ¢;/3. By Lemma 5.4,

HL (M) > Cp 81 #My™ forn—j >ny.

Let A € Ly(M{77) and let V € W* be a stable curve in A with length at
least 01/3. By Proposition 5.5, #G;(V) > co#/\/l%. Each component of G;(V)
corresponds to one component of V' '\ S_; (up to subdivision of long pieces in
G;(V)). Thus V intersects at least co# M} = co#M? ; elements of M ;. Since

this holds for all A € L,(Mj ™), we have
#My = # (MG VM) > HFLAMGT) - ot MY > Cr, S1c0# My H#M

proving the lemma with ¢; = ¢9Cp,01 when n — j > no. For n — j < ng, since
# My < (#M)"I, we obtain the lemma by decreasing c¢; since there are only
finitely many values to correct for. O

Proof of Proposition 4.6. Define 1)(n) = #Mp2e ™"+ and note that 1(n) > 1 for
all n. From Lemma 5.6 it follows that

(5.11) PY(n) > a(v(n—j) forallneNand 0<j<n.
Suppose there exists n; € N such that 1(n1) > 2/c;. Then using (5.11), we have

b@m) > erp(n)b(m) >

1
Iterating this bound, we have inductively for any k£ > 1,

V(2kna) 2 a1 (2m)y2(k = m) = o1 == = .

This implies that limg_, oo ﬁ log ¥ (2kny) > 1;514, which contradicts the definition

of ¥(n) (since lim, o = log)(n) = 0). We conclude that 1(n) < 2/c; for all
n>1. O

Our final result of this section demonstrates the uniform exponential rate of
growth enjoyed by all stable curves of length at least §;/3.

Corollary 5.10. For all stable curves W € W* with |[W| > 61/3 and all n > nq,
we have
201¢9 ehs <|T~"W| < ienh* _
9 C1

Proof. For W € W* with |[W| < 61/3, Lemma 5.1b) with 4% = 0 together with
Propositions 4.6 and 5.5 yield,

coe™ < CoH#MG < #G, (W) < 2561#M8 < A _enhe

- 6160

The upper bound of the corollary is completed by noting that

T"Wl= > [Wi| < 0#Ga(W).
W, €G, (W)
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The lower bound follows using (5.6) since #G (W) > #G,,(W),

0
(612) [T"W|= 3 Wil > SHLY (W) > 4G (W) > Hyenente
Wiegnt (W)
]

6. PROOF OF THE “LASOTA—-YORKE” PROPOSITION 4.7—SPECTRAL RADIUS

6.1. Weak norm and strong stable norm estimates. We start with the weak
norm estimate (4.9). Let f € C*(M), W € W, and ¢ € C%(W) be such that

[Y|cawy < 1. For n > 0 we use the definition of the weak norm on each W; €
Gn (W) to estimate
(6.1)
/W crfpdmw = 3 /W fooTrdmw < 3 [fluldo T|ceqw -
) %

W;€Gn (W WieGn (W)

Clearly, sup |t o T™|w, < supy, |¢|. For x,y € W;, we have,

[(T"z) = p(T"y)|  dw (T"z, T"y)*

6.2
( ) dW(Tnx,Tny)a dW(xay)a

< Olploan) I T |Gow,y
< CA™"|Yloawy

so that Hy, (YoT™) < CA™"Hy, () and thus [ oT"|ca(w,) < Clb|caw). Using
this estimate and Lemma 5.1b) with 4 = 0 in equation (6.1), we obtain

| ervdmy < ST Clflu < 08 la#M5).

Taking the supremum over W € W?® and ¢ € C*(W) with [¢|cem) < 1 yields
(4.9), using the upper bound on #M7j in Proposition 4.6.

We now prove the strong stable norm estimate (4.10). Recall that our choice of
m in (5.4) implies 2507 (Km + 1)1/™ < e+ where K is from (5.1). Define

n
(63) D= Dy(m,7) =276 3 23507 (Km + 1)/ My
j=1
We claim that it follows from Proposition 4.6 that
(6.4) D,, < Ce™ .
Indeed, by choice of v and m, setting 1 := h, — log(2°°7(Km + 1)/™) > 0, we

have

n n
Dy, = 2271651 Y 20 (Ko 4 1)/ My T < 2275y elhe=e1)i 2 n=s)h.

C
i=1 =1 !
2 n
S 22v+150—1_6nh* E efelg .
C1 °
Jj=1

To prove the strong stable bound, let W € W* and ¢ € C# (W) with [1)|cs ) <
|log [W||7. Using equation (6.1), and applying the strong stable norm on each
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W; € G, (W), we write
[, e =37 [ e dmy < 37U o W T s,

From the estimate analogous to (6.2), we have [¢) o T"[csw,) < ClY|csmwy) <

C|log|W||”. (Note that the contraction coming from the negative power of A in

(6.2) cannot be exploited; see footnote 20 and the comments after Remark 4.8.)
Thus,

log [W|\"”
/Wc”fwmwscnfus > (Og' ') < O||f)lsDa.

wicgnwy \Log Wil

where we have used Lemma 5.1b) with 5 = ~.
Taking the supremum over W and 1 and recalling (6.4) proves (4.10), since we
have shown that ||£" f||s < CD,||f|ls-

6.2. Unstable norm estimate. Fix e < ¢y and consider two curves Wi, W2 € W
with dyys (W1, W?) < e. For n > 1, we describe how to partition 7-"W* into
“matched” pieces Uf and “unmatched” pieces Vf , =12

Let w be a connected component of W'\ S_,,. To each point z € T "w, we
associate a vertical line segment ~, of length at most CA~"¢ such that its image
T"™,, if not cut by a singularity, will have length Ce. By [CM, §4.4], all the tangent
vectors to Ty, lie in the unstable cone C*(T"z) for each i > 1 so that they remain
uniformly transverse to the stable cone and enjoy the minimum expansion given by
A.

Doing this for each connected component of W\S_,,, we subdivide W\S_,, into
a countable collection of subintervals of points for which 7", intersects W2\ S_,,
and subintervals for which this is not the case. This in turn induces a corresponding
partition on W2\ S_,,.

We denote by Vf the pieces in T~"W* which are not matched up by this process
and note that the images T"Vf occur either at the endpoints of W* or because the
vertical segment 7, has been cut by a singularity. In both cases, the length of the
curves TV} can be at most Ce due to the uniform transversality of S_,, with the
stable cone and of C*(x) with C%(z).

In the remaining pieces the foliation {T™+,},er-»w1 provides a one-to-one cor-
respondence between points in W' and W?2. We further subdivide these pieces in
such a way that the lengths of their images under 7% are less than &, for each
0 < i < n and the pieces are pairwise matched by the foliation {v,}. We call
these matched pieces Uf . Since the stable cone is bounded away from the vertical
direction, we can adjust the elements of G,(W*) created by artificial subdivisions
due to length so that Uf ¢ Wf and V! € W/, for some W/, W/ € G,(W*) for all
j,k > 1and ¢ = 1,2, without changing the cardinality of the bound on G, (W*).
There is at most one Uf and two Vf per Wf € G, (WY).

In this way we write W* = (U; T"UL) U (U; T"V{). Note that the images TV
of the unmatched pieces must be short while the images of the matched pieces U, f
may be long or short.
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We have arranged a pairing of the pieces Uf = Gye(I;), £ = 1,2, with the
J
property:

(65) I U} ={(reu(r) :r € I}, then U? = {(r,pp2(r) - 7 € I}},

so that the point x = (r, 1 (1)) is associated with the point = (r, py2(r)) by
J J
the vertical segment 7, C {(r, s)}se[—r/2,x/2) for each r € I;.
Given 1y, on W* with [Ye|cewey < 1 and d(vp1,1h2) < &, we must estimate

(6.6)
‘/Wl L" f 1y dmw —/W2 ﬁnfl/fzdmw‘ < ;‘/foon”de|
+

J

We first estimate the differences of matched pieces Uf. The function ¢; =1 0T" o0
Gy o GE% is well-defined on Uj27 and we can estimate,
J J

(6.
/U}fwloT”—/Ufquj

/f¢1OT”dmw—/ f’l/)QOTnde|.
Uj1 UJ?

< +

6.7)
/U;f@ploT"_/U;f@yon"

We bound the first term in equation (6.7) using the strong unstable norm. As
before, (6.2) implies |1, OT”|C(¥(UJ1) < ClYi|awry < C. We have \GUJ; OG621|CI <

Cy for some C,; > 0 due to the fact that each curve U f has uniformly bounded
curvature and slopes bounded away from infinity. Thus

f(@j—t20T™)
v

(6.8) |95lce@z) < CCqlYrlcewry -
Moreover, d(i1 0 T™, ¢;) = |1 0T" 0 GU]_I —¢;o0 Gsz ot = 0 by the definition
of ¢;. ’

To complete the bound on the first term of (6.7), we need the following estimate
from [DZ1, Lemma 4.2]: There exists C' > 0, independent of W' and W2, such that

(6.9) dws (U}, U?) < CA "ne =: 3 Vi

In view of (6.8), we renormalize the test functions by CC,. Then we apply the
definition of the strong unstable norm with €; in place of €. Thus,

(6.10) >

J

< (CCy)C85  Noger| ™| fllu(#ME),

o™ — i
[ o /Uff%

where we used Lemma 5.1b) with 4 = 0 since there is at most one matched piece
Uj corresponding to each component W' € G, (W*) of T~"W.
It remains to estimate the second term in (6.7) using the strong stable norm

(6.11)

/U? f(&; — s 0T")

< N fllslog [UFI 7 165 = w2 0 T | ) -
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In order to estimate the C#-norm of the function in (6.11), we use that |G 2|c1 <
J
Cy and |GI_J;|01 < Cy to write
J

(612) |¢J — ’Lpz O Tn'Cﬁ(UJ?) S Cg‘wl [©] Tn o GU} - ¢2 [©] Tn o GU}‘C‘*(I]-) .
The difference can now be bounded by the following estimate from [DZ1, Lemma 4.4]:
(6.13) 10T 0 Gys — 4o 0 T" 0 Gz |cr,) < Ce* 7.

Indeed, using (6.13) together with (6.12) yields by (6.11)

S| [ =0T dmuy

6.14) 7

< Ollflls Y Nog [UF[|77 %% < Cllog 60| 77| fllse* 7285 (M)
J

where used (as in (6.10)) Lemma 5.1b) with 4 = 0 since there is at most one
matched piece U]2 corresponding to each component W2 € G,(W?) of T-"W?2.
Since dg < 1 is fixed, this completes the estimate on the second term of matched
pieces in (6.7).

We next estimate over the unmatched pieces V¥ in (6.6), using the strong stable
norm. Note that by (6.2), [the 0 T"|cs(vey < Clte|cawey < C. The relevant sum

for unmatched pieces in G, (W?) is
(6.15) > | Joro T dmy;
i i

with a similar sum for unmatched pieces in G, (W?).

We say an unmatched curve V;! is created at time j, 1 < j < n, if j is the first
time that 7"JV;! is not part of a matched element of G;(W1). Indeed, there may
be several curves V! (in principle exponentially many in n — j) such that 777V}
belongs to the same unmatched element of G;(W!). Define

Ajy = {i: V' is created at time j
and T" 7V} belongs to the unmatched curve W} ¢ T-9W*}.

Due to the uniform hyperbolicity of T', and, again, uniform transversality of S_,,
with the stable cone and of C*(z) with C*(z), we have |W}| < CA~7e.

Let 4, be the value of § < ¢y from Lemma 5.2 associated with ¢ = 1/4 (recall
(5.6)). For a certain time, the iterate 7-?W,' remains shorter than length ¢;. In
this case, by Lemma 5.1a) for 4 = 0, its complexity grows subexponentially,

(6.16) #G,(W}) < (Km + 1)/,

We would like to establish the maximal value of ¢ as a function of j.

More precisely, we want to find ¢(j) so that any ¢ < ¢(j) satisfies the conditions:

(a) T-?W remains shorter than length di;

(o Lo 711
|loge|~¢
For (a), we use (5.3) together with the fact that |[W}!| < CA~J¢ to estimate

<1

S04

IT=IWE <6 = C"|[WE? ™" <6 = C"A72 727 <4y
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Omitting the €2 ™°" factor and solving the last inequality for ¢ yields,

. log A

1 log(ezs7em1)

(6.17) g< —8)_ Ly where Cy = —1198G/ON1
s0log2 S0 log 2

For (b), we again use (5.3) to bound |T~9W}| < C"(A77e)? ™, so that

[log(A~92)* "]

6.18
(619 [log e[~

<1 = 279 loge|* < (|loge| + jlog A)Y

implies (b). In turn, (6.18) is implied by

(v —<)logj
6.19 < .
( ) 7= g log 2

Since the bound in (6.19) is smaller than that in (6.17) for j larger than some fixed
constant depending only on d1, sg, and C”, we will use (6.19) to define ¢(j).

Now we return to the estimate in (6.15). Grouping the unmatched pieces V;! by
their creation times j, we estimate, 26

Z/;Ml o T dmy

S|

J=1i€A; k

< Z Z Z (Ln=3740) ) 4y o T +a0)

T=LEVeeGy (v 7

<Y > e ) Cllog [ Vil |

=1k VieGyH (W)

(L7 f) o T = ZZ/ (L7 f) o T

n—jyl
Vv =1 k

<Cfls Z#M #Mn i qj)(Km+1)Q(J)/m|10g(A j )|2 bo(I(J)) ,

j=1

where we have used (6.16) to bound #G;)(W}!), the cardinality #M) to bound
the cardinality of the possible pieces W}! C T=7W1, the estimate | £r-i—al)f||, <
CHME 719 f|l,, and, again [T—9W}!| < C”(A~9)2 ™", We also have, by the
supermultiplicativity Lemma 5.6,

#M#M"JQ(])<Ceq #Mn

Thus using (b) in the definition of ¢(j) (or, more precisely, (6.18)), we estimate

n

(6.20) / firoT™ dmy: < C||f|ls|loge| ™~ #Mg Z(Km+ 1)4(@)/me=a(i)h-

Jj=1

26When we sum the integrals in the first line over the different T"*jVil, we find the integral
over Wk1 since the union of those pieces is precisely Wk1
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For the final sum over j, we let 2 = L log(Km + 1) and use (6.19),
S (Km 4 1)20)/me=t0he = 37 ema0)(he—22) < Zefwwm)(::;};;fij

j=1 j=1 j=1
n
:E G (e T Toes
=1

Then by (6.20), since the exponent of j in the above sum is strictly negative by
choice of m (see (5.4)), there exist C' < oo and w € [0, 1) such that the contribution
to || L™ f]]. of the unmatched pieces is bounded by

(6.21) Z/ Fibe o T dmw| < C|log e|~n=#ME| £]]s
‘/7',2

Now we use (6.21) together with (6.10) and (6.14) to estimate (6.6)

‘ £rF by dmyy — / c"fwzde’
wt w?2

< O | fllulloger | #MG + Cog ™ (n™||f ||| loge| = + || fllse*~7)# Mg .

Dividing through by |loge|~¢ and taking the appropriate suprema, we complete
the proof of (4.11), recalling Proposition 4.6.

Finally, we study the consequences of the additional assumption h, > sglog2
on the estimate over unmatched pieces. In this case, again recalling (5.4) and
following, we may choose ¢ > 0 small enough such that

1
g1 :=hy— —log(Km+1) — v splog2>0.
m — G

Then

n n
E j* h 52)»ysolog2 § —1- El’ysologZ < 00.
j=1 j=1

Thus, by (6.20), the contribution to ||£"f||, of the unmatched pieces is bounded
by
(6.22)

¢ o T" dmw | < Clloge| " #Mg||f]ls

if h. > splog2. So we find (4.12) for h, > sglog2 by replacing (6.21) with (6.22).

6.3. Upper and lower bounds on the spectral radius. We now deduce the
bounds of Theorem 4.10 from the inequalities of Proposition 4.7 and the rate of
growth of stable curves proved in Proposition 5.5.

Proof of Theorem 4.10. The upper bounds (4.13) and (4.15) are immediate conse-
quences of Proposition 4.7. To prove the lower bound on |£™1|,,, recall the choice of
01 = 9§ > 0 from Lemma 5.2 for ¢ = 1/4, giving (5.6). Let W € W* with |W| > 61/3
and set the test function ¢y = 1. For n > n,

(6.23) /W£ Ldmw = ) / Ldmw, = Y [Wi|> 71606 b

wiegltaw) " WGt (W)
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by (5.12). Thus,

26
(6.24) 1£71|s > |£71] > Vlcoe"h* :
Letting n tend to infinity, one obtains lim,, ||£"||;3/n > eh-. O

6.4. Compact embedding. The following compact embedding property is crucial
to exploit Proposition 4.7 in order to construct . in Section 7.1.

Proposition 6.1 (Compact embedding). The embedding of the unit ball of B in
B, is compact.

Proof. Consider the set W of (not necessarily homogeneous) cone-stable curves
with uniformly bounded curvature and the distance dyy- (-, -) between them defined
in Section 4.1. According to (4.3), each of these curves can be viewed as graphs of
C? functions of the position coordinate r with uniformly bounded second derivative,
W = {Gw (") }rer, = {(r, ow (1)) }rer, . Thus they are compact in the C* distance
dyys. Given ¢ > 0, we may choose finitely many V; € 17\/\5, i=1,..., N, such that
the balls of radius £/2 in the dyys metric centered at the curves {V;}s, form a
covering of Wwe.

Since W* C W* , we proceed as follows. In each ball B, 5(V;) centered at V; in
the space of C! graphs, if B, 2(Vi) N W? # (), then we choose one representative
Wi € B.j2(Vi) N W?. Otherwise, we discard B, /5(V;). The balls of radius ¢ in the
dyys metric centered at the curves {IW;} e, constructed in this way form a covering
of W*. (There may be fewer than N, such curves due to some balls having been
discarded, but we will continue to use the symbol N. in any case.)

We now argue one component of the phase space, My = 0By x [—7/2,7/2], at a
time. Define S} to be the circle of length |0B,| and let C,; be the graph constant
from (6.8). Since the ball of radius Cy in the C*(S}) norm is compactly embedded
in C?(S}), we may choose finitely many functions Ej € C*(S}) such that the balls
of radius ¢ in the C#(S}) metric centered at the functions {EJ }f;l form a covering
of the ball of radius Cy in C*(S}).

Now let W = Gw (Iw) € W*, and ¢ € C*(W) with [¢|cawy) < 1. Viewing Iy
as a subset of S}, we define the push down of ¢ to Iy by 1) =1poGy. We extend ¢
to S% by linearly interpolating between its two endpoint values on the complement
of Iy in S}. Since Iy, is much shorter than S%, this can be accomplished while
maintaining |E|CQ(S” < C,.

Choose W; = Gw,(Iw,) such that dy(W,W;) < e and 1, such that [i) —
Ej‘cﬁ(gé) < &. Define ¢; = Ej o G;[% and %— = Ej o G;Vl to be the lifts of Ej to W;

and W, respectively. Note that [¢;[csw,) < Cy, |7:/;j|Cﬁ(W) < Cy, while

d(v;,95) = ;0 Gw, — ;0 Gwlco(ry,nrw) =0 and [y — Jj‘cf*(W) < Cye.
Thus,

’ [ fodmy - /Wi fu dm,
< ‘/Wf(%b—{/;j)dmvv‘ + ’/Wfijdmw _/Wi Fj dmw,

< || flls1og [W|| ™t = sles wy + [log el ™[ flluCy < 2C|| ||| log |~
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We have proved that for each ¢ > 0, there exist finitely many bounded linear
functionals £; ;(-) = [} - ¥; dmw,, such that for all f € B,

< o -
|flw < e i j(f) +2C| flislloge| ™,

which implies the relative compactness of B in B,,. O

7. THE MEASURE 44

In this section, we assume throughout that h. > splog2 (with so < 1 defined by

(1.4)).

7.1. Construction of the measure u,—measure of singular sets (Theo-
rem 2.6). In this section, we construct a T-invariant probability measure p. on
M by combining in (7.1) a maximal eigenvector of £ on B and a maximal eigenvec-
tor of its dual obtained in Proposition 7.1. In addition, the information on these left
and right eigenvectors will give Lemma 7.3 and Corollary 7.4, which immediately
imply Theorem 2.6.

We first show that such maximal eigenvectors exist and are in fact nonnegative
Radon measures (i.e., elements of the dual of C°(M)).

Proposition 7.1. If h, > sglog2, then there exist v € B, and U € B}, such
that Lv = e v and LD = e . In addition®” v and ¥ take nonnegative values on

nonnegative C Junctions on M and are thus nonnegative Radon measures. Finally,
p(v) £ 0 and |v|, < C.

Remark 7.2. The norm of the space B depends on the parameter v and is used in
the proof of the proposition. However, this proof provides v and 7 which do not
depend on v (as soon as 2°°7 < e/*), and do not depend on the parameters 3 and
¢ of B.

It is easy to see that |folw < |@lor|flw (use |pt|cemy < [olor|¥loemw))-
Clearly, if f € C! and ¢ € C%, then fp € C'. Therefore, if h, > solog2, a
bounded linear map ., from C*(M) to C can be defined by taking v and & from
Proposition 7.1 and setting

(7.1) i) = 29

This map is nonnegative for all nonnegative ¢ and thus defines a nonnegative
measure p, € (C°)* with p.(1) = 1. Clearly, pu. is a T invariant probability
measure since for every ¢ € C! we have

(vp) = e M D(pL(v)) = e D(L(v(poT))) = o(v(poT)) = (w)upoT).

Proof of Proposition 7.1. Let 1 denote the constant function®® equal to one on M.
We will take this as a seed in our construction of a maximal eigenvector. From (4.14)
in Theorem 4.10 we see that ||[£"1||g > ||[£"1]|s > [£"1|,, > CHME > Ce™=. Now,
consider
(7.2) v lnilefkh*ﬁklel’j’ n>1
. n = , >1.
"i=o

27Recall Proposition 4.2 and Remark 4.3.
28We could replace the seed function 1 by any C! positive function f on M.
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By construction the v, are nonnegative, and thus Radon measures. By our as-
sumption on h, and (4.15) in Theorem 4.10 they satisfy ||v,||s < C, so using the
relative compactness of B in B,, (Proposition 6.1), we extract a subsequence (n;)
such that lim; v,, = v is a nonnegative measure, and the convergence is in B,,.
(Changing the value of v does not affect v since B,, does not depend on +.) Since
L is continuous on B,,, we may write,

1 n;j—1
Lv = lim — Z e M Lkt
—00 MN;
I o
eh " 1 1
= lim Z e ke gkl — e 4 Zem (i Dhe oy | — v,
j—o0 n; n; n;
k=0

where we used that the second and third terms go to 0 (in the B-norm). We thus
obtain a nonnegative measure v € B,, such that Lv = e"*v.

Although v is not a priori an element of 3, it does inherit bounds on the unstable
norm from the sequence v,,. The convergence of () to v in B, implies that

(7.3) lim  sup sup </ v dmyy —/ Vn, 1/’de> =0.
ITOWeWs peC™(W) W w
[Y|caw)y<1

Since |[vn, |l < C, it follows that [[v, < C, as claimed.
Next, recalling the bound | [ f dusrs| < C|f]w from Proposition 4.2, setting

dusrs € (Byw)* to be the functional defined on C'(M) C B, by dusrs(f) =
[ f dusrs and extended by density, we define?

n—1
(7.4) p=— Y e (L*)*(dpsrp) -

n
k=0

Then, we have |, (f)] < C|f|w for all n and all f € B,. So ¥, is bounded
in (By)* C B*. By compactness of this embedding (Proposition 6.1), we can
find a subsequence 75, converging to v € B*. By the argument above, we have
L*D = e"*. The nonnegativity claim on © follows by construction.?’

We next check that ©, which in principle lies in the dual of B, is in fact an
element of (B,,)*. For this, it suffices to find C' < oo so that for any f € B we have

(7.5) 7(f) < C|fluw-
Now, for f € B and any n > 1, we have

(N <@ =) (D + 1o (] < 1@ = 22) (D] + [ f -

Since 7, — ¥ in B*, we conclude |(f)| < |f|w for all f € B. Since B is dense in
B, by [RS, Thm 1.7] 7 extends uniquely to a bounded linear functional on B,,,
satisfying (7.5). It only remains to see that v(v) > 0.

29We could again replace the seed pusrp by fusrp for any C! positive function f on M.

30T check y-independence of ¥, note that if 4 > v, then, since the dual norms satisfy 77, —
Pll+,5 < |7; — Pll«,y, the subsequence converges to ¥ in the || - [|.,5-norm as well. If 4 <, then
a further subsequence of 72; must converge to some 75 in the || - ||4,5 norm. The domination then
implies 7 = 75.
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Let (n;) (rvesp., (7j)) denote the subsequence such that v = lim; v, (resp.,
U = lim, Dﬁj). Since 7 is continuous on B,,, we have on the one hand

n;—1 n;—1
~ . ~ . 1 X —khy ~( pk . 1 X ~ ~
(7.6) o(v) = lim 5(vn,) = hjmn_j kzzo e Fhep(Lk1) = lljrnn—j kz:;) 7(1) = (1),

where we have used that o is an eigenvector for £*. On the other hand,

nj—1
1 J
(7.7) v(1) = lim — Z e (L) dugrp (1) = hrn— Z —kh /E’“l dusgrB -
j—o0 n] =0 TL] P

Next, we disintegrate usrp as in the proof of Lemma 4.4 into conditional measures
ug[{)fB on maximal homogeneous stable manifolds W¢ € Wy and a factor measure

diisrp (&) on the index set = of stable manifolds. Recall that ;LIS/VPfB = |We| ™ pedmw,
where p; is uniformly log-Hélder continuous so that

(7.8) 0<ec, < irelgivrl}fpg < 2u£) |p5|ca(W€) <C,<o0.

Let =% denote those & € = such that |[W¢| > §1/3 and note that figrg(Z°) > 0.
Then, disintegrating as usual, we get by (6.23) for k > nq,

/‘Ckld,uSRB—// L5 pe|We| ™t dmyy, dfisrg (€)

2¢
/ / LF dm,c,36; Hdjisri(£) > ¢, 706 “AsrB(Z%).
We

Combining this with (7.6) and (7.7) yields 7(v) = (1) > % 0 igrp(29) > 0, as

required. O

We next study the measure of neighbourhoods of singularity sets and stable
manifolds, in order to establish (2.2) in Theorem 2.6.

Lemma 7.3. For any v > 0 such that 2°°7 < e and any k € 7Z, there exists
Cr > 0 such that

1 (N (Sk)) < Cilloge| ™ Ve > 0.
In particular, for any p > 1/ (one can choose p < 1 if v > 1), n >0, and k € Z,
for py-almost every x € M, there exists C' > 0 such that

(7.9) d(T"z,S) > Ce™™"  ¥n >0.

Proof. First, for each k& > 0, we claim that there exists Cy > 0 such that for all
e >0,

(7.10) [V(N=(S—k))| < Cl1g ev)w < Cklloge| ™7,

where 1y, . is the indicator function of the set Nz (S_j). To prove the first inequality
n (7.10), first note that since S_, comprises finitely many smooth curves, uniformly
transverse to the stable cone, this also holds for the boundary curves of the set
N(S_k). By [DZ3, Lemma 5.3], we have 1; . f € B for f € B; similarly (and by a
simpler approximation) if f € B,,, then 1 . f € B,,. So the first inequality in (7.10)
follows from Lemma 4.4.

We next prove the second inequality in (7.10). Let W € W?® and ¢ € C*(W)
with [¢|ca ) < 1. Due to the uniform transversality of the curves in S_j, with the
stable cone, the intersection W NN (S_x) can be expressed as a finite union with
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cardinality bounded by a constant Ay (depending only on S_j) of stable manifolds
W; € W#, of lengths at most Ce. Therefore, for any f € C*,

S Z /W f o dmw, < Z Floldleeary < CAlflu.

It follows that |1gcflw < Ag|flw for all f € B,. Similarly, we have |1gcf|w <
Ag|lfls|loge|~" for all f € B. Now recalling v,, from (7.2), we estimate,

|1k,5V‘w < |1k,e(V - Vn)|w + |1k,sl/n|'w < Ak‘V - V7L|w + O]/§| 10g5‘7W”Vn||B .

Since ||vn|lg < C for all n > 1, we take the limit as n — oo to conclude that
|1i.cv]w < Ck|loge| ™7, concluding the proof of (7.10).
Next, applying (7.5), we have

e (NVe(S_p)) = D(1pcv) < Cllgcv)w < CCy|loge|™ Yk >0.

To obtain the analogous bound for N;(Sy), for k > 0, we use the invariance of p,.
It follows from the time reversal of (5.2) that T'(N:(S1)) C Nge1/2(S—1). Thus,

e (N(81)) < e (Near/2(8-1)) < Crllog(CeV/?)[77 < Cf|loge| 7.

The estimate for N.(Sy), for k > 2, follows similarly since T*S), = S_j.
Finally, fix n > 0, k € Z and p > 1/. Since

(7.12) Zu* —anr (Sg)) < CCp™” Zn P < oo,

n>0 n>1

by the Borel-Cantelli lemma, p,-almost every xz € M visits N, —nnr (Si) only finitely
many times, and the last statement of the lemma follows. O

Lemma 7.3 will imply the following.

Corollary 7.4. a) For any v > 0 so that 2°°7 < e and any C* curve S uniformly
transverse to the stable cone, there exists C > 0 such that v(N(S)) < C|loge|™
and p«(N2(S)) < Clloge|™ for all € > 0.

b) The measures v and p. have no atoms, and (W) =0 for all W € W* and
W e Ww.

¢) [ |logd(z,S+1)| dps < .

d) ps-almost every point in M has a stable and unstable manifold of positive
length.

Proof. a) This follows immediately from the bounds in the proof of Lemma 7.3
since the only property required of S_ is that it comprises finitely many smooth
curves uniformly transverse to the stable cone.

b) That v and g, have no atoms follows from part a). If p. (W) = a > 0, then
by invariance, p.(T"W) = a for all n > 0. Since p. is a probability measure and
T™ is continuous on stable manifolds, (J,,~, 7™ W must be the union of only finitely
many smooth curves. Since [T"W| — 0 there is a subsequence (n;) such that
Nj>oT™W = {z}. Thus p.({z}) = a, which is impossible. A similar argument
applies to W € W*", using the fact that T~ is continuous on such manifolds.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



424 VIVIANE BALADI AND MARK F. DEMERS

¢) Choose v > 1 and p > 1/(y — 1). Then by Lemma 7.3,

[ ogdte. s =Y [
n>07No—np (SN —(nt1)p (S1)
<D A+ D Nenr (1) 1+ Y CinPE (14 1/n)P < o
n>0 n>1
A similar estimate holds for [ |logd(z,S_1)| dp..
d) The existence of stable and unstable manifolds for p.-almost every x follows
from the Borel-Cantelli estimate (7.12) by a standard argument if we choose v > 1,
p=1, and "7 < A (see, for example, [CM, Sect. 4.12]). ]

|log d(x,S1)| dpss

Lemma 7.3 and Corollary 7.4 prove all the items of Theorem 2.6.

7.2. v-almost everywhere positive length of unstable manifolds. We es-
tablish almost everywhere positive length of unstable manifolds in the sense of the
measure v (the maximal eigenvector of £). The proof of this fact, as well as some
arguments in subsequent sections, will require viewing elements of B,, as leafwise
distributions; see Definition 7.5 below. Indeed, to prove Lemma 7.6, we make in
Lemma 7.7 an explicit connection®! between the element v € B,, viewed as a mea-
sure on M, and the family of leafwise measures defined on the set of stable manifolds
We.

While v is not an invariant measure, the almost everywhere existence of positive
length unstable manifolds on every stable manifold W € W? follows from the
regularity inherited from the strong stable norm. This property may have some
independent interest as it has not been proved in previous uses of this type of norm
[DZ1,DZ3], and it will be important for proving the absolute continuity of the
unstable foliation for u, (Corollary 7.9), which relies on the analogous property for
the measure v (Proposition 7.8). Lemmas 7.6 and 7.7 will also be useful to obtain
that u. has full support (Proposition 7.11).

Definition 7.5 (Leafwise distributions and leafwise measures). For f € C(M)
and W € W?, the map defined on C*(W) by

weﬁjme

can be viewed as a distribution of order a on W. Since we have the bound
| [y fdmw| < |flw|t|caw), the map sending f € C' to this distribution of
order aw on W can be extended to f € B,,. We denote this extension by fW Y f or
Jy f ¥ dmy, and we call the corresponding family of distributions (indexed by W)
the leafwise distribution (f, W)wews associated with f € B,,. Note that if f € B,
is such that deJf > 0 for all ¢» > 0, then using again [Sch, §1.4], the leafwise
distribution on W extends to a bounded linear functional on CO(W), i.e., it is a
Radon measure. If this holds for all W € W?, the leafwise distribution is called a
leafwise measure.

Lemma 7.6 (Almost everywhere positive length of unstable manifolds for v). For
v-almost every x € M the stable and unstable manifolds have positive length. More-
over, viewing v as a leafwise measure, for every W € W?, v-almost every x € W
has an unstable manifold of positive length.

31This connection is used in Section 7.3.
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Recall the disintegration of ugrp into conditional measures /LS%B on maximal
homogeneous stable manifolds W, € Wy and a factor measure djigrg(§) on the
index set = of homogeneous stable manifolds, with dugf,fB = |We| =t pedmwy, where
pe is uniformly log-Hélder continuous as in (7.8).

Lemma 7.7. Let v and © denote the conditional measures and factor measure
obtained by disintegrating v on the set of homogeneous stable manifolds We € Wy,
& € 2. Then for any ¢ € C*(M),

S, bpev
d"e = ———— VEE€E and do(€) = |Wel™! dif .
ng/J p'Ve fwg pev E€EE and dp(§) = [We| (/Wspﬁ’/) fisrB(£)

Moreover, viewed as a leafwise measure, v(W) > 0 for all W € W*.

Proof. First, we we establish the following claim: For W € W?* we let ny <
Cs|log(|W1/61)| be the constant from the proof of Corollary 5.3. (This is the first
time £ such that Go(WW) has at least one element of length at least 1/3.) Then
there exists C' > 0 such that for all W € W9,

(7.13) / v > ClWw|C
w

Indeed, recalling (7.2) and using (6.23), we have for C = 2%5%7}“‘02,

n;j—1
1 J
v =lim — e_kh*/ LF1dmy
/W nj Z w

na
J k=0

n;—1
1 J
Sy D DRI DI Ayt
nj Wi

.
T k=nsy Wi€Gn, (W)
n;—1
> lim — E e_kh*%coeh*(k_w) > %coe_h*"z >C\w
n; le .

h*GQ

This proves the last statement of the lemma.

Next, for any f € C1(M), according to our convention, we view f as an element
of B,, by considering it as a measure integrated against usrp. Now suppose (Vy,)nen
is the sequence of functions from (7.2) such that |v,, —v|,, — 0. For any ¢ € C*(M),
we have

Vn(9) :/M Vn ¥ disrB :/r/w Vn ¥ pe dmyy, |[We| ™ dfisrs (€)
(7.14) S

_‘/fvyg VnwpﬁdeQ

d(fisrB),(§),
st Vn pe dmyy, 1B)n (€)

[1

where d(fisrp),, (§) = |[We|™* fWg Un pe dmw, diisrs(§). By definition of conver-

gence in B, (see for example (7.3)) since ¢, pe € C*(We), the ratio of integrals
converges (uniformly in &) to fWe Ypev/ st pe v, and the factor measure con-

verges to [We| ™! st pe dvdpisre(§). Note that since pe is uniformly log-Hélder,
and due to (7.13), we have fwg v pe dmw, > 0 with lower bound depending only on
the length of We.
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Finally, by Proposition 4.2 and Lemma 4.4, we have v, (1) converging to v(v).
Disintegrating v according to the statement of the lemma yields the claimed iden-
tifications. |

Proof of Lemma 7.6. The statement about stable manifolds of positive length fol-
lows from the characterization of  in Lemma 7.7, since the set of points with stable
manifolds of zero length has zero figgg-measure [CM].
We fix W € W? and prove the statement about v as a leafwise measure. This will
imply the statement regarding unstable manifolds for the measure v by Lemma 7.7.
Fix e > 0 and A € (A, 1), and define O = |, », Oy, where

O, = {r € W :n = minj such that d,,(T 7z, 8;) < eC. A7},

and d,, denotes distance restricted to the unstable cone. By [CM, Lemma 4.67],
any x € W\ O has unstable manifold of length at least 2e. We proceed to estimate
v(0) = >, ¥(0y), where equality holds since the O,, are disjoint. In addition,
since O,, is a finite union of open subcurves of W, we have

(7.15) / lo, v = lim / lo, v, = lim ;' Z e*kh*/ lo, £F1dmyy .
We estimate two cases.

Case 1 (k <n). Write meon LF1dmy = Wi eGr (W) meTfkon 1Ldmyy,.

If 2 € T7*0,, then y = T~""*z satisfies d,(y,S1) < £C.A™" and thus we
have d,(Ty,S_1) < Ce'/2A="/2. Due to the uniform transversality of stable and
unstable cones, as well as the fact that elements of S_; are uniformly transverse to
the stable cone, we have dg(Ty,S_1) < Cel/2A="/2 as well, with possibly a larger
constant C.

Let r* ;(z) denote the distance from T~/ to the nearest endpoint of W*(T 7 z),
where W*(T~Jx) is the maximal local stable manifold containing 7~7z. From the
above analysis, we see that W; N T*0, C{z e W;:r* . (z) < Cel/2A—1/2Y,
The time reversal of the growth lemma [CM, Thm 5.52] gives my, (%, (%) <
051/2]\_"/2) < O'eY/2A="/2 for a constant C” that is uniform in n and k. Thus,
using Proposition 4.6, we find

/ LE1Ldmy < #gk(W)c/glﬂj\—nﬂ < Cekh=gl/2j—n/2
wWno,,

Case 11 (k > n). Using the same observation as in Case 1, if z € T~""10,,, then
x satisfies dy(x,S_1) < Ce'/2A="/2. We change variables to estimate the integral
precisely at time —n + 1, again using Proposition 4.6,

/ LE dmy = / LE 1 dmyy,
WO, Wi€Gn_y (W) WinT =10,

< 3 leg[Win T O,

Wi€Gn_1(W)

< Z |log(cgl/ZAfn/Q)|7'YCe(kfn+1)h* < |10g(C€1/2/A\7n/2)‘7706kh* )
Wi€Gn_1(W)
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Using the estimates of Cases I and Il in (7.15) and using the weaker bound, we see
that,

/ Lo, ve, < C|log(Ce'/?A="7%)| 7.
w

Summing over n, we have, fW lovy, < loge|'~7, uniformly in j. Since vy,
converges to v in the weak norm, this bound carries over to v. Since v > 1 and
e > 0 was arbitrary, this implies v(O) = 0, completing the proof of the lemma. O

7.3. Absolute continuity of u.,—full support. In this subsection, we assume
throughout that v > 1 (this is possible since we assumed h, > sglog?2 to construct
i) -

Our proof of the Bernoulli property relies on showing first that p, is K-mixing
(Proposition 7.16). As a first step, we will prove that p, is ergodic (see the Hopf-
type Lemma 7.15). This will require establishing absolute continuity of the unstable
foliation for p. (Corollary 7.9), which will be deduced from the following absolute
continuity result for v.

Proposition 7.8. Let R be a Cantor rectangle. Fiz W° € W*(R) and for W €
W?(R), let Ow denote the holonomy map from WO N R to W N R along unstable
manifolds in W*(R). Then Oy is absolutely continuous with respect to the leafwise
measure v.

Proof. Since by Lemma 7.6 unstable manifolds comprise a set of full v-measure, it
suffices to fix a set £ C W°N R with v-measure zero, and prove that the v-measure
of Ow (E) C W is also zero.

Since v is a regular measure on W, for € > 0, there exists an open set O. C W9,
O. D E, such that v(O.) < e. Indeed, since W is compact, we may choose O, to
be a finite union of intervals. Let 1. be a smooth function which is 1 on O, and 0
outside of an e-neighbourhood of O.. We may choose 9. so that |[.|c1 oy < 2e1.

Using (6.2), we choose n = n(e) such that [ o T"|c1(p-nyoy < 1. Note this
implies in particular that A™™ < e. Following the procedure described at the
beginning of Section 6.2, we subdivide T~"W?° and T~"W into matched pieces U]Q7
U; and unmatched pieces VO, V;. With this construction, none of the unmatched
pieces T"V? intersect an unstable manifold in W*(R) since unstable manifolds are
not cut under 7'~".

Indeed, on matched pieces, we may choose a foliation I'; = {’Ya:}meUJ(? such that:

i) T"I'; contains all unstable manifolds in W*(R) that intersect T"U jo;

ii) between unstable manifolds in I'; N"T'~"(W"(R)), we interpolate via unstable
curves;

iii) the resulting holonomy ©; from T™ U]Q to T"U; has uniformly bounded Jaco-
bian®? with respect to arc-length, with bound depending on the unstable diameter
of D(R), by [BDL, Lemmas 6.6, 6.8];

iv) pushing forward I'; to T"T; in D(R), we interpolate in the gaps using un-
stable curves; call I’ the resulting foliation of D(R);

v) the associated holonomy map Oy extends Oy and has uniformly bounded
Jacobian, again by [BDL, Lemmas 6.6 and 6.8].

32Indeed, [BDL] shows the Jacobian is Holder continuous, but we shall not need this here.
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Using the map Oy, we define 1. = 9. o @;Vl, and note that \QZ€|01(W) <
Clve|cr (woy, where we write CY(W) for the set of Lipschitz functions on W, i.e.,
C* with a = 1. B

Next, we modify . and 1. as follows: We set them equal to 0 on the images of
unmatched pieces, T"V,? and T"V;, respectively. Since these curves do not intersect

unstable manifolds in W*(R), we still have ¢. = 1 on E and ¢. = 1 on Oy (E).

Moreover, the set of points on which ¥, > 0 (resp., 1. > 0) is a finite union of open
intervals that cover E (resp., Ow (E)).
Following Section 6.2, we estimate

(7.16)

— 0 — —nh. n.,, o n
Wowgu /Wweu e (Wowscu /W¢€L y>
:efnh*zj: Ujod)goTnl/—/Ujd)jV—F/‘((Zﬁj—iZgOTn)V,

UJ
where ¢; = . 0T" oG b9 © G,}jl, and G uo and Gy, represent the functions defining

U]Q and Uj, respectively, defined as in (6.5). Next, since d(ie o T™, ¢;) = 0 by
construction, and using (6.9) and the assumption that A= < ¢, we have by (6.10),

(7.17) e N eoTmy— / pjv| < Clloge| ™|V -
5 Uy U;
It remains to estimate the last term in (7.16). This we do using the weak norm,
(7.18) / () — e 0 T™) v < | — Whe 0 TG (ur;) Voo -
U

i
By (6.12), we have

|6; — e 0 T"|ca(u;) < Clhe o T 0 Gyo — Y0 T" 0 Gy, lco(z;) »
where I; is the common r-interval on which GU]o an Gy, are defined.

Fix r € I;, and let = = GU](_)(’T') € Uj and 7 = Gy, (r). Since UJQ and U; are
matched, there exists y € U ](-) and an unstable curve v, € I'; such that v, NU; = 7.
By definition of ., we have . o T"(Z) = . o T"(y). Thus,

[the 0T © GUJQ (r) — ,I:Z;E oT"o GUj ()]
< e o T™ () — e o T™(y)| + [the 0 T" (y) — {/;5 oT"(z)|
< [Ye o T"|cruoyd(z,y) < CA™" < Ce,

where we have used the fact that d(z,y) < CA™™ due to the uniform transversality
of stable and unstable curves.
Now given 7, s € I, we have on the one hand,

|1)e oTnOGUJ(_J(T) — 1. oT" oGy, (r) —the 0T OGU]Q(S) + e oT" oGy, (s)| <2C¢,
while on the other hand,
|$he 0 T" 0 GUJO(T) - {/;5 oT"o GUJ’(T) —te0T"o GU]O(S) + ,{/JVE oT™o GUj(s)|

< ([9e 0 T" 1oy + [0e 0 T"|cr1r,))Clr = 8],
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where we have used the fact that Ga% and G&jl have bounded derivatives since the

stable cone is bounded away from the vertical.
The difference is bounded by the minimum of these two expressions. This is
greatest when the two are equal, i.e., when |r — s| = Ce. Thus

H(tpe 0T o GU]@ - QZS oT"oGy,) < Cel=?,

and so |¢; — {/;5 oT"|caq;) < Ce'~. Putting this estimate together with (7.17)
and (7.18) in (7.16), we conclude,

(7.19) ‘ 1/)51/—/ Ve v| < Clloge| |||l + Ce' |y .
wo w
Now since [(;0 ¥ v < 2¢, we have
(7.20) / Yev < C'|loge| ™,
w

where C’ depends on v. Since ¥, = 1 on Ow (E) and ¥. > 0 on an open set
containing Oy (E) for every € > 0, we have v(Ow (EF)) = 0, as required. O

We next state our main absolute continuity result.

Corollary 7.9 (Absolute continuity of u, with respect to unstable foliations). Let
R be a Cantor rectangle with p.(R) > 0. Fiz W° € W*(R) and for W € W*(R),
let Oy denote the holonomy map from WON R to W N R along unstable manifolds
in W*(R). Then Ow is absolutely continuous with respect to the measure p.

To deduce the corollary from Proposition 7.8, we shall introduce a set M"Y of
regular points and a countable cover of this set by Cantor rectangles. The set M"Y
is defined by

M™ ={z e M :d(zx,0W?*(z)) >0, d(z,oW*(z)) > 0}.

At each x € M"Y, by [CM, Prop 7.81], we construct a (closed) locally maximal3
Cantor rectangle R, containing z, which is the direct product of local stable and

unstable manifolds (recall Section 5.3). By trimming the sides, we may arrange it
so that +diam®(R,) < diam"(R,) < 2diam®(R,).

Lemma 7.10 (Countable cover of M"9 by Cantor rectangles). There exists a
countable set {x;}jen C M7, such that Uj Ry, = M"™9 and each R; := Ry,
satisfies (5.10).

Proof. Let ns € N be such that 1/ns < §p. As already mentioned, in the proof of
Proposition 5.5, for each n > ng, by [CM, Lemma 7.87], there exists a finite number
of R, such that any stable manifold of length at least 1/n properly crosses one of
the R, (see Section 5.3 for the definition of proper crossing, recalling that each R,
must satisfy (5.10)). This fact follows from the compactness of the set of stable
curves in the Hausdorff metric. Call this finite set of rectangles { R, }c. -

Fix y € M"Y and define € = min{d(y, 0W*(y)), d(y, OW"(y)} > 0. Choose n >
ns such that 2/n < e. By construction, there exists i € I,, such that W (y) properly
crosses R, ;. Now diam®(R, ;) < 1/n, which implies diam"(R,, ;) < 2/n < e. Thus
W(y) crosses R, ; as well. By maximality, y € R, ;. (]

33Recall that, as in Section 5.3, by locally maximal we mean that y € R, if and only if
y € D(R;) and y has stable and unstable manifolds that completely cross D(R;).
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Let {Rp;:n > ns,i € fn} be the Cantor rectangles constructed in the proof
of Lemma 7.10. Since p.(M"®9) = 1, by discarding any R, ; of zero measure, we
obtain a countable collection of Cantor rectangles

(7.21) {Rj}jen == {Rni:n>ns,i € I}

such that . (R;) > 0 for all j and pu.(J; Rj) = 1. In the rest of the paper we shall
work with this countable collection of rectangles.

Given a Cantor rectangle R, define W*(R) to be the set of stable manifolds that
completely cross D(R), and similarly for W*(R).

Proof of Corollary 7.9. In order to prove absolute continuity of the unstable folia-
tion with respect to j., we will show that the conditional measures 'V of u, are
equivalent to v on p,-almost every W € W*(R).

Fix a Cantor rectangle R satisfying (5.10) with pu.(R) > 0, and W° as in the
statement of the corollary. Let E C W% N R satisfy v(E) = 0, for the leafwise
measure V.

For any W € W?*(R), we have the holonomy map Oy : W' N R — W N R as in
the proof of Proposition 7.8. For ¢ > 0, we approximate F, choose n, and construct
a foliation T' of the solid rectangle D(R) as before. Define ¢, and use the foliation
T to define {/;5 on D(R). We have {/;5 =lonE= U.cr 7o, where 7, is the element
of T’ containing . We extend @ZE to M by setting it equal to 0 on M \ D(R).

It follows from the proof of Proposition 7.8, in particular (7.20), that {EEV € By,
and |¢-v|, < C’|loge|~<. Now,

nj—1
o) = 2() = Jim —— 3 e (£ dpusmn (920)
J k=0

(7.22)

nj—l

Z e psrp (LF(Pr)) -

lim —
—00 M4
J J k=0

For each k, using the disintegration of usgrp as in the proof of Lemma 7.7 with the
same notation as there, we estimate,

ﬂSRB(Ek({/;sV)):// ﬁk({/;eV)P&de{\Wg\fldﬂSRB(ﬁ)
=Jwe

<c /_ L (G [Wel " disns (€)

< O ihov],y < CeP|loge| <,

where we have used (4.9) in the last line. Thus p, () < C|loge|™S, for each e > 0,
so that u.(E) = 0.

Disintegrating p, into conditional measures ,uZVg on We € W* and a factor
measure dji.(§) on the index set Eg of stable manifolds in W?*(R), it follows that
M*W£ (E) = 0 for ji.-almost every ¢ € Zg. Since E was arbitrary, the conditional
measures of p, on W#(R) are absolutely continuous with respect to the leafwise
measure .

To show that in fact uV is equivalent to v, suppose now that £ C W9 has
v(E) > 0. For any € > 0 such that C'|loge|™ < v(E)/2, where C’ is from (7.20),
choose ¥. € C1(W?) such that v(|t). — 1g|) < &, where 1 is the indicator function
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of the set E. As above, we extend 1. to a function {EE on D(R) via the foliation T,
and then to M by setting . = 0 on M \ D(R).
We have ¢.v € B, and by (7.19)

(7.23) v(the Iw) = v(¥e 1yo) — C'|loge| =S for all W € W3(R).

Now following (7.22) and disintegrating usgp as usual, we obtain,

N . 1n—l B " )
) =l 2 et i £ pedm, s ©)
(7.24)

I " K .

=lim—3 e > | YepeoThy | djisan(€).
k=0 We i €Gk(We) &

To estimate this last expression, we estimate the cardinality of the curves W¢;

which properly cross the rectangle R.

By Corollary 5.3 and the choice of ¢; in (5.6), there exists kg, depending only
on the minimum length of W € W*(R), such that #L' (W) > $#G,(We) for all
k > ko.

By choice of our covering {R;} from (7.21), all W¢; € Lil(Wg) properly cross
one of finitely many R;. By the topological mixing property of 7', there exists
ng, depending only on the length scale 41, such that some smooth component of
T~ Wg ; properly crosses R. Thus, letting Ci(W¢) denote those We; € Gi(We)
which properly cross R, we have

#Cp,(We) > #L (We) = 2#Gh—n,(We) > %Ce(k_"o)h*

k*'no

o

for all k > kg + ng, where ¢ > 0 depends on ¢y from Proposition 5.5 as well as the
minimum length of W € W*(R).
Using this lower bound on the cardinality together with (7.23) yields,

u*(izg) > %ce‘"oh* (V(wg) - log£|_g) > C"(V(E) — | log 5\_§) )

Taking ¢ — 0, we have u.(E) > C"v(E), and so p!V(E) > 0 for almost every
W € W5(R). 0

A consequence of the proof of Corollary 7.9 is the positivity of u, on open sets.
Proposition 7.11 (Full support). We have p.(O) > 0 for any open set O.

Proof. Suppose R is a Cantor rectangle with index set of stable leaves Zr. We
call I C =g an interval if a,b € I implies that ¢ € I for all ¢ € =i such that
W, lies between W, and W;.3* It follows from the proof of Corollary 7.9 that for
any interval I C Zpg such that fisrp(l) > 0, then . (Uge; We) > 0. Indeed, by
Lemma 7.7, U is equivalent to jisgp (since v(W) > 0 for all W € W?, when v is
viewed as a leafwise measure), so that jisgp(l) > 0 implies 2(I) > 0. Then by
Lemma 7.6 there exists a Cantor rectangle R’ with D(R') C D(R) and Ep C I
such that v(R') > 0. Then we simply apply (7.24) and the argument following it
with {/;5 replaced by the characteristic function of UEEER/ We.

34Notice that if I C Z; is an interval such that gsrp(I) > 0, then Uger We N R; is a Cantor
rectangle which contains a subset satisfying the high density condition (5.10), so we can talk about
proper crossings.
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Then if O is an open set in M, it contains a Cantor rectangle R such that D(R) C
O and pgrp(R) > 0. It follows that fisrg(=g) > 0, and so /‘*(UseER We)>0. O

7.4. Bounds on dynamical Bowen balls—comparing u. and psgp. In this
section we show upper and lower bounds on the p.-measure of dynamical Bowen
balls, from which we establish a necessary condition for p, and pgrp to coincide.
(The lower bound will use results from Section 7.3.)

For € > 0 and x € M, we denote by B, (z,€) the dynamical (Bowen) ball at = of
length n > 1 for T, i.e.,

Bn(z,e) ={y e M | d(T 7 (y), T (x)) <e VO < j <n}.

For 1,6 > 0 and p € (1/7,1], let M"¢9(n,p, ) denote those x € M"9 such that
d(T~"z,8_1) > de~™" . Tt follows from Lemma 7.3 that s (Usso M9 (n,p,8)) =
1.

Proposition 7.12 (Topological entropy and measure of dynamical balls). Assume
that hy > sglog?2. There exists A < oo such that for all € > 0 sufficiently small,
x € M, and n > 1, the measure . constructed in (7.1) satisfies

(7.25) 12 (B2, €)) < piu (B, ) < Ae~"h.

Moreover, for alln,é > 0 and p € (1/v,1], for each x € M"9(n,p,d), and alle >0
sufficiently small, there exists C(x,e,n,p,0) > 0 such that for alln > 1,

(7.26) Cl(z,€,m,p,8) e ="1=C2n" < (B (2, ¢)),

where Co > 0 is the constant from the proof of Corollary 5.3.

Proof. Assume v > 1. Fix € > 0 such that ¢ < min{dp,eo}, where ¢ is from the
proof of Lemma 3.4. For z € M and n > 0, define 12 _ to be the indicator function
of the dynamical ball By, (z,€).

Since v is attained as the (averaged) limit of £"1 in the weak norm and since we
have fW (L™1) vYdmy > 0 whenever ¢ > 0, it follows that, viewing v as a leafwise
distribution,

(7.27) / Yrv >0 forally>0.
w

Then the inequality | [i,, ¥ v| < [}, [¢| v implies that the supremum in the weak
norm can be obtained by restricting to ¢ > 0.

Let W € W* be a curve intersecting B, (x,¢€), and let ¢ € C*(W) satisfy ) > 0
and [¢|cewy < 1. Then, since Lv = e v, we have

(7.28) / W18 v = / Ylpce Ly = e Y / $oT" 18 oT"v.
w w wieg, (w) Wi

We claim that 17 v € B,, (and indeed in B). To see this, note that

17 = H In.(r-igy 0T = H EéRB(lNE(T—jx))v

Jj=0 Jj=0

where, as in Section 1.3, Lgrp denotes the transfer operator with respect to usgs.
Since Lgrp preserves B and B, (|[DZ3, Lemma 3.6]), it suffices to show that
Lnr. (7-i2) satisfies the assumptions of [DZ3, Lemma 5.3]. This follows from the
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fact that ON.(T~7x) comprises a single circular arc, possibly together with a seg-
ment of Sy, which satisfies the weak transversality condition of that lemma with
to = 1/2. Then applying [DZ3, Lemma 5.3] successively for each j yields the claim.

In the proof of Lemma 3.4, it was shown that if x,y lie in different elements
of M}, then d,(z,y) > eg, where d,(-,-) is the dynamical distance defined in
(2.1). Since By (x,€) is defined with respect to T—!, we will use the time reversal
counterpart of this property. Thus since ¢ < &y, we conclude that B, (z,¢) is
contained in a single component of M°  i.e., B,(z,¢)NS_, =0, so that T"" is a
diffeomorphism of B, (x,€) onto its image. Note that 1576 oT" = lp—n(B, (z,)) and
that T~ (By(x,€)) is contained in a single component of M, denoted A, .

It follows that for each W; € G, (W) we have W; N A, . = W,. By (7.27), we
have

/ (¥ o T") 1r-n(B,(z.e) V S/ CENAS

Moreover, there can be at most two W; € G, (W) having nonempty intersection with
T~ "(Bp(z,€)). This follows from the facts that e < dp, and that, in the absence of
any cuts due to singularities, the only subdivisions occur when a curve has grown
to length longer than §p and is subdivided into two curves of length at least dg/2.

Using these facts together with (6.2), we sum over W/ € G,(W) such that
W!NT"(B,(x,¢€)) # 0, to obtain

[wivzem S [ vormy<ace ..
w ’ i Wi

This implies that |17 v, <2Ce™""|v|,. Applying (7.5), implies (7.25).

Next we prove (7.26). Fix 1,6 > 0 with €7 < A and p € (1/9,1], and let
x € M"™9(n,p,d). By [CM, Lemma 4.67] the length of the local stable manifold
containing z is at least 6Cy, where Cy is from (3.1). So by [CM, Lemma 7.87],
there exists a Cantor rectangle R, containing x such that usgrp(R,) > 0 and whose
diameter depends only on the length scale §C;. By the proof of Proposition 7.11,
we also have p.(R;) > 0. In particular, fi.(Eg,) = ¢, > 0, where Eg_ is the index
set of stable manifolds comprising R,. Let ¢’ > 0 denote the minimum length of
We N D(R,) for £ € Eg,, where D(R,) is the smallest solid rectangle containing
R,, as in Definition 5.7.

Choose € > 0 such that € < min{dp,e0,d’,d}. As above, we note that B, (z,¢€)
is contained in a single component of MY, and thus T~"(B,(z,¢)) is contained
in a single component of M{. Moreover, T~" is smooth on W*"(z) N D(R,). Now
suppose y € W¥(z) N R,. Then since x € M"%9(n, p, d),

AT "y, 8-1) > d(T™"x,8_1) — d(T "y, T~ "x) > de~ ™ — C1A™" > S~

for n sufficiently large. It follows that for each £ € Zg,, there exists W¢; €
Gn(We) such that W[, = We; N T "(By(z,€)) is a single curve and |[Wg,| >
min{Ze~"" e} > Se~"". Thus recalling (7.13) and following (7.28) with 1 = 1,

/ 1B v>emh / v > Ce ™
We w/

N

hyCo > C/efnh*fnh*égnp

)

We i

where C’ depends on e.
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Finally, using the fact from the proof of Corollary 7.9 that u"V is equivalent to
v on pus-a.e. W € W*, we estimate,

pix (B (2, €)) 2 ps(Bp(z,€) N D(Ry)) =/ pe < (Bu(x, €) djia(€)

ERw

> c/ (z,€) NWe) dji (€) > C"e~he—nhaCan” (= 1y
._.RJ_

O

Periodic points whose orbit do not have grazing collisions belong to M™Y. We
call them regular.

Proposition 7.13 (u. and usgp). Assume h, > sglog2. If there exists a reqular
periodic point x of period p such that A\, = %1og|det(DT*p s ()] # h., then

s 7 HSRB-

Although h, may not be known a priori, using Proposition 7.13 it suffices to find
two regular periodic points x, y such that A; # Ay, to conclude that p. # psrs.
(All known examples of dispersing billiard tables satisfy this condition.)

Proposition 7.13 relies on the following lemma.

Lemma 7.14. Let x € M"9 be a regular periodic point. There exists A > 0 such
that for all € > 0 sufficiently small, there exists C(x,€) > 0 such that for alln > 1,

C(x,e)e” ™ < usrp(Bn(r,€)) < Ae™ ™=

Proof. Let = be a regular periodic point for T of period p. For e sufficiently
small, T~*(N,(x)) belongs to a single homogeneity strip for i = 0,1,...,p. Thus if
y € By(z,€) N W?(x), then the stable Jacobians JT"(x) and J°T"(y) satisfy the
bounded distortion estimate, |log %' < Cqd(z,y)/3, for a uniform Cy > 0
[CM, Lemma 5.27]. It follows that the conditional measure on W#(x) satisfies
(7.29) Colee ™™ < 'LLSRB(””)(Bn(x,e)) < Cpee™ ™

T

for some C; > 1, depending on the homogeneity strips in which the orbit of z lies.
Next, using again [CM, Prop 7.81], we can find a Cantor rectangle R, C N (x)
with diameter at most ¢/(2C;) and psrp(Rz) > Cusrs(Ne())/(2C1)2, for a con-
stant C' > 0 depending on the distortion of the measure. Note that W*(x) N D(R,,)
is never cut by S_,, and lies in B, (z,€) by (3.1). Thus each W € W?*(R,) has a
component in By, (z,e) and this component has length satisfying the same bounds
s (7.29). Integrating over B, (z,€) as in the proof of Proposition 7.12 proves the
lemma. An inspection of the proof shows that the constant in the upper bound can
be chosen independently of x when € is sufficiently small, while the constant in the
lower bound cannot. |

Proof of Proposition 7.13. If x is a regular periodic point, then the upper and lower
bounds on i, (By(x,€)) from Proposition 7.12 hold with3® 5 = 0 for € sufficiently
small. If A\, # h., these do not match the exponential rate in the bounds on
psrp(Bn(x,€)) from Lemma 7.14. Thus for n sufficiently large, p.(Bn(x,¢€)) #
psrB (B (7, €)). 0

35Here, it is convenient to have the role of n explicit in (7.26).
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7.5. K-mixing and maximal entropy of p,—Bowen—Pesin—Pitskel Theo-
rem 2.5. In this section we use the absolute continuity results from Section 7.3 to
establish K-mixing of .. We also show that u. has maximal entropy, exploiting
the upper bound from Section 7.4. Finally, we show that h, coincides with the
Bowen—Pesin—-Pitskel entropy.

Lemma 7.15 (Single ergodic component). If R is a Cantor rectangle with p.(R) >
0, then the set of stable manifolds W?*(R) belongs to a single ergodic component of

s«

Proof. We follow the well-known Hopf strategy outlined in [CM, Section 6.4] of
smooth ergodic theory to show that u.-almost every stable and unstable manifold
has a full measure set of points belonging to a single ergodic component: Given a
continuous function ¢ on M, let ©,, »_ denote the forward and backward ergodic
averages of ¢, respectively. Let M, = {x € M"™9 : ,(x) = @_(x)}. When the
two functions agree, denote their common value by .

Now fix a Cantor rectangle R with u.(R) > 0. By Corollary 7.4, if v > 1, then
ps(M79) = 1. So, by the Birkhoff ergodic theorem, p.(M,) = 1. Thus for p,
almost every W € W*(R), the conditional measure u!V satisfies uV (M,) = 1. Due
to the fact that forward ergodic averages are the same for any two points in W,
it follows that @ is constant on W N M,. The analogous fact holds for unstable
manifolds in W*(R).

Let

G, ={x € M, : ¢ is constant on a full measure subset of W*(x) and W*(x)} .

Clearly, p«(G,) = 1, so the same facts apply to G, as M.,.

Let WO W € W#(R) be stable manifolds with u!"°(G,) = plV(G,) = 1. Let
Oy denote the holonomy map from W° N R to W N R. By absolute continuity,
Corollary 7.9, u!V (Ow (WY N G,)) > 0. Thus P is constant for almost every point
in O (W°N G,). Let y be one such point and let = Oy (y). Then since
z e W"(y) NGy,

P(x) =p_(2) =2_(y) =2(y),
so that the values of % on a positive measure set of points in W° and W agree.
Since @ is constant on G, the values of ¥ on a full measure set of points in W and
WO are equal. Since this applies to any W with pu!¥ (G,) = 1, we conclude that
© is constant almost everywhere on the set UWeWs( R) W. Finally, since ¢ was an
arbitrary continuous function, the set W*(R) belongs (mod 0) to a single ergodic
component of p.. O

We are now ready to prove the K-mixing property of p..
Proposition 7.16. (T, p.) is K-mixing.
Proof. We begin by showing that (7™, u.) is ergodic for all n > 1. Recall the

countable set of (locally maximal) Cantor rectangles {R;};eny with p.(R;) > 0,
such that J; R; = M"Y from (7.21).

We fix n and let Ry and Rs be two such Cantor rectangles. By Lemma 7.15,
W?(R;) belongs (mod 0) to a single ergodic component of .. Since T is topolog-
ically mixing, and using [CM, Lemma 7.90], there exists ng > 0 such that for any
k > ng, a smooth component of T=*(D(R;)) properly crosses D(R3). Let us call

Dy, the part of this smooth component lying in D(R3).
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Since the set of stable manifolds is invariant under 7%, by the maximality of
the set W?*(Ry), we have that T=*(W?*(R;)) N Dy 2 W?*(Ry) N Dy,. And since this
set of stable manifolds in R; has positive measure with respect to i, it follows
that . (T~*(W*(R1))NW?(R3)) > 0. Thus R; and R; belong to the same ergodic
component of 7. Indeed, since we may choose k = jn for some j € N, R; and
R5 belong to the same ergodic component of T™. Since this is true for each pair
of Cantor rectangles R;, R; in our countable collection, and u.(lJ; Ri) = 1, we
conclude that T™ is ergodic.

We shall use the Pinsker partition

w(T) = \/{f : € finite partition of M, h, (T,§) =0}.

Since T is an automorphism, the sigma-algebra generated by 7(7T') is T-invariant.

Given two measurable partitions £; and &5, the meet of the two partitions £ A&s
is defined as the finest measurable partition with the property that & A& < &; for
j =1,2. All definitions of measurable partitions and inequalities between them are
taken to be mod 0, with respect to the measure p,. It is a standard fact in ergodic
theory (see, e.g., [RoS]) that if ¢ is a partition of M such that (i) T¢ > ¢ and (ii)
Voo T"E = €, where € is the partition of M into points, then A > T "¢ > n(T)
(mod 0).

Define £° to be the partition of M into maximal local stable manifolds. If
x € M has no stable manifold or z is an endpoint of a stable manifold, then
define £%(z) = {z}. Similarly, define £“ to be the partition of M into maximal
local unstable manifolds. Note that £° is a measurable partition of M since it is
generated by the countable family of finite partitions given by the elements of Mg
and their closures. Similarly, M, provides a countable generator for £*.

It is a consequence of the uniform hyperbolicity of T' that £° satisfies (i) and (ii)
above. Also, £¥ satisfies these conditions with respect to 771, i.e., T71€% > €% and
Voo T7"6" =€ Thus \,—,T"E" > n(T).

Define 1o = A o(T™E" A T~"E€%), and notice that 7., > 7(T') by the above.
Then since £° A % > 7)o, we have €5 A Y > w(T) as well.

We will show that each Cantor rectangle in our countable family belongs to one
element of £€° A € (mod 0). This will follow from the product structure of each R;
coupled with the absolute continuity of the holonomy map given by Corollary 7.9.

For brevity, let us fix 7 and set R = R;. We index the curves W¢ € W*(R)

by ¢ € Z. Define ur = /i *(‘g). We disintegrate the measure pg into a family of

conditional probability measures /ﬂévs, W* € W#*(R), and a factor measure fip on
the set Z. Then

W
pr(A) =/ s
ez

The set R belongs to a single element of £% A& if a full measure set of points can
be connected by elements of £* and £* even after the removal of a set of y,-measure
0. Let N C M be such that p.(N) = 0. By the above disintegration, it follows

that for jig-almost every ¢ € Z, we have M}/{Vg (N) =0.

Let W7 and W3 be two elements of W*(R) such that MI}/QV;(N) =0 for j =1,2.
For all x € WiNR, £*(x) intersects W3, and vice versa. Let © denote the holonomy

map from W7 to W5. Then by Corollary 7.9, we have MEV;(G(WIS N N)) =0 and

(A)djig(¢) for all measurable sets A.
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ugf (@=L (W5NN)) = 0. Thus the set O(W;\ N) has full measure in W3 and vice
versa. It folllows that W} and W3 belong to one element of £° A £“. This proves
that R belongs to a single element of €% A £* (mod 0).

Since £° A £“ > w(T'), we have shown that each R; belongs to a single element
of m(T), mod 0. Since p.(R;) > 0 and u.(U;R;) = 1, the ergodicity of 7' and
the invariance of 7 (T') imply that 7(T) contains finitely many elements, all having
the same measure, whose union has full measure. The action of T' is simply a
permutation of these elements. Since (T™, u.) is ergodic for all n, it follows that
m(T) is trivial. Thus (T, ) is K-mixing. O

Now that we know that u. is ergodic, the upper bound in Proposition 7.12 will
easily®® imply that h,, (T) = h,.

Corollary 7.17 (Maximum entropy). For . defined as in (7.1), we have hy,, (T) =
hy.

Proof. Since [ |logd(x, S11)| dp. < oo by Theorem 2.6, and p, is ergodic, we may
apply [DWY, Prop 3.1]*7 to T~1, which states that for u.-almost every x € M,

lim lim inf — 1 log p1. (B, (2, €)) = lim lim sup — 2 log pu..(By (z,€)) = hy, (7).

e—0 n—oo e—=0 pnooo
Using (7.25) and (7.26) with p < 1, it follows that lim, . —< log pts(Bp(z,€)) =
h., for any € > 0 sufficiently small. Thus h,, (T) = h, (T"!) = h.. O

Corollary 7.17 next allows us to prove Theorem 2.5 about the Bowen—Pesin—
Pitskel entropy.

Proof of Theorem 2.5. To show h. < hop(T|ar), we first use Corollary 7.17 and
the fact that p.(M') =1 (since p.(S,) = 0 for every n by Theorem 2.6) to see that
he=h,, (T)= sup h,(T).

pp(M')=1
Then we apply the bound [Pes, (A.2.1)] or [PP, Thm 1] (by Remarks I and II there,
T need not be continuous on M) to get
sup  hu(T) < hiop(T'|m7) -
pp(M')=1

To show hiop(T|ar) < hs, we use that [Pes, (11.12)] implies®® hyop(T|a) <
Chpp (T), where Chyy(T) denotes the capacity topological entropy of the (invari-
ant) set M'. Now, for any § > 0, the elements of Pﬁk = Mﬁ;il form an open
cover of M’ of diameter < 4, if k is large enough (see the proof of Lemma 3.4). By

adding finitely many open sets, we obtain an open cover Us of M of diameter < 4.
Next [Pes, (11.13)] gives that

1
Chy(T) = lim lim —log A(M',Us,n) ,

d—0n—ocon

361t is not much harder to deduce this fact in the absence of ergodicity, using only (7.26) with
Theorem 2.3.

37This is a slight generalization of the Brin-Katok local theorem [BK], using [M, Lemma 2].
Continuity of the map is not used in the proof of the theorem, and so it applies to our setting.

38 Just like in [PP, T and II], it is essential that M is compact, but the fact that T is not
continuous on M is irrelevant. Note also that [Pes, (A.3’), p. 66] should be corrected, replacing
“any € > € > 0” by “any € > 1/m > 0”.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



438 VIVIANE BALADI AND MARK F. DEMERS

where A(M',Us,n) is the smallest cardinality of a cover of M’ by elements of
\/?:O T U;s. Since for any n > 1, the sets of \/;.l:0 T—IP*, form a cover of
M’, the second equality of Lemma 3.3 (i.e., lim, % log #’Pﬁ',g" = h.) implies that
Chap(T) < h. O

7.6. Bernoulli property of pu.. In this section, we prove that u, is Bernoulli
by bootstrapping from K-mixing. The key ingredients of the proof, in addition to
K-mixing, are Cantor rectangles with a product structure of stable and unstable
manifolds, the absolute continuity of the unstable foliation with respect to p., and
the bounds (2.2) on the neighbourhoods of the singularity sets. First, we recall
some definitions, following Chernov-Haskell [ChH] and the notion of very weak
Bernoulli partitions introduced by Ornstein [O].

Let (X, pux) and (Y, py) be two nonatomic Lebesgue probability spaces. A join-
ing A of the two spaces is a measure on X X Y whose marginals on X and Y
are ux and py, respectively. Given finite partitions® o = {A4;,...,Ax} of X
and 8 = {B1,...,Bi} of Y, let a(z) denote the element of o containing x € X
(and similarly for §). Moreover, if x € A; and y € B; for the same value of j
(which depends on the order in which the elements are listed), then we will write
ole) = Aly).

The distance d defined below considers two partitions to be close if there is
a joining A such that most of the measure lies on the set of points (z,y) with
a(zr) = B(y): given two finite sequences of partitions {o;}?; of X and {5;}; of
Y, define

d{ash (5h) =inf [ hla)dx,
A Jxxy
where A is a joining of X and Y and h is defined by

hry) = i€ (L] ae) # Bily)}

We will adopt the following notation: If E C X, then «|F denotes the partition
a conditioned on E, i.e., the partition of E given by elements of the form AN E
for A € a. Similarly, ux(-|E) is the measure px conditioned on E. If a property
holds for all atoms of « except for a collection whose union has measure less than
€, then we say the property holds for e-almost every atom of «.

If f: X — X is an invertible, measure preserving transformation of (X, ux),
and « is a finite partition of X, then « is said to be very weak Bernoullian (vwB)
if for all € > 0, there exists N > 0 such that for every n > 0 and Ny, N; with
N < Ny < Np, and for e-almost every atom A of \/x; fo, we have

(7.30) d({f o}y {fTalAYL) <e.
The following theorem from [OW] provides the essential connection between the

Bernoulli property and vwB partitions. (See also Theorems 4.1 and 4.2 in [ChH].)

Theorem 7.18. If a partition a of X is vwB, then (X,\/;— . f "o, px, f) is
a Bernoulli shift. Moreover, if \/ 2 f ™« generates the whole o-algebra of X,

n=—oo

then (X, ux, f) is a Bernoulli shift.

We are ready to state and prove the main result of this section.

39 As we shall not need the norms of B and By, in this section, we are free to use the letters a
and 8 to denote partitions instead of real parameters.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



MEASURE OF MAXIMAL ENTROPY FOR SINAI BILLIARD MAPS 439

Proposition 7.19. The measure . is Bernoull.

Proof. First notice that since f is measure preserving in (7.30), then to prove that

a partition « is vwB, it suffices to show that for every ¢ > 0, there exist integers

m and N > 0 such that for every n, Ny, Ny with N < Ny < Ny, and for e-almost
N1 m pq

every atom A of \/\2~ " f'a

(7.31) d({f™" a}?iﬁma {fT el A, <e.

To prove Proposition 7.19, we will follow the arguments in Sections 5 and 6 of
[ChH], only indicating where modifications should be made.

First, we remark that [ChH] decomposes the measure psgp into conditional
measures on unstable manifolds and a factor measure on the set of unstable leaves.
Due to Corollary 7.9, we prefer to decompose p, into conditional measures on
stable manifolds and the factor measure ji,. For this reason, we exchange the roles
of stable and unstable manifolds throughout the proofs of [ChH].

To this end, we take f = T~! in the set-up presented above, and X = M.
Moreover, we set a = M, since this (mod 0) partition generates the full o-
algebra on M. We will follow the proof of [ChH] to show that « is vwB, and so by
Theorem 7.18, . will be Bernoulli with respect to T—!, and therefore with respect
to T. The proof in [ChH] proceeds in two steps.

Step 1 (Construction of d-regular coverings). Given ¢ > 0, the idea is to cover M,
up to a set of u.-measure at most &, by Cantor rectangles of stable and unstable
manifolds such that p. restricted to each rectangle is arbitrarily close to a product
measure. This is very similar to our covering {R;};en from (7.21); however, some
adjustments must be made in order to guarantee uniform properties for the Jacobian
of the relevant holonomy map.

On a Cantor rectangle R with p.(R) > 0, we can define a product measure
as follows.?® Fix a point z € R, and consider R as the product of RN W*(z)
with R N W*(z), where W*/%(2) are the local stable and unstable manifolds of z,
respectively. As usual, we disintegrate u, on R into conditional measures Mva on
W N R, where W € W?*(R), and a factor measure fi, on the index set Er of the
curves W?*(R).

Define i p = ,u}:/;(z)
on W*(z). Corollary 7.9 implies that ,uf; R is absolutely continuous with respect to
. The following definition is taken from [ChH] (as mentioned above, a d-regular
covering of M is a collection of rectangles which covers M up to a set of measure

5).

X fi, and note that we can view fi, as inducing a measure

Definition 7.20. For § > 0, a d-regular covering of M is a finite collection of
disjoint Cantor rectangles R for which,*!

a) M*(URGR ) >1-9.

b) Every R € R satisfies |“* B("R) — 1| < 6. Moreover, there exists G C R,

with p.(G) > (1 — §)us(R), such that | dise () — 1| < 6 for all z € G.

40We follow the definition in [ChH, Section 5.1], exchanging the roles of stable and unstable
manifolds.

41The corresponding definition in [ChH] has a third condition, but this is trivially satisfied
in our setting since our stable and unstable manifolds are one-dimensional and have uniformly
bounded curvature.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



440 VIVIANE BALADI AND MARK F. DEMERS

By [ChH, Lemma 5.1], such coverings exist for any § > 0. The proof essentially
uses the covering from (7.21), and then subdivides the rectangles into smaller ones
on which the Jacobian of the holonomy between stable manifolds is nearly 1, in
order to satisfy item b) above. This argument relies on Lusin’s theorem and goes
through in our setting with no changes. Indeed, the proof in our case is simpler
since the angles between stable and unstable subspaces are uniformly bounded away
from zero, and the hyperbolicity constants in (3.1) are uniform for all x € M.

Step 2 (Proof that @ = M, is vwB). Indeed, [ChH] prove that any o with piece-
wise smooth boundary is vwB, but due to Theorem 7.18, it suffices to prove it for
a single partition which generates the o-algebra on M. Moreover, using a = M1,
allows us to apply the bounds (2.2) directly since da = S; U S_;.
Fix € > 0, and define
5= 6_(5/(;/)2/(1*7) 7

where C’ > 0 is the constant from (7.33).

Let R = {R1, Ra, ..., R} be a d-regular cover of M such that the diameters of
the R; are less than 4. Define the partition m# = {Rg, R1, ..., R}, where Ry = M\
Ule R;. For each i > 1, let G; C R; denote the set identified in Definition 7.20b).

Since T~ ! is K-mixing, there exists an even integer N = 2m, such that for any
integers Ng, N1 such that N < Ny < Njp, §-almost every atom A of \/%;:Z T '«
satisfies,

«(R|A
(7.32) ‘M—l‘«s for all R € 7.
pi«(R)
Now let n, Ng, N; be given as above, and define w = %;:Z T~ 'a. [ChH]

proceeds to show that ce-almost every atom of w satisfies (7.31) with e replaced by
ce for some uniform constant ¢ > 0. The first set of estimates in the proof is to
bound the measure of bad sets which must be thrown out, and to show that these
add up to at most ce.

The first set is F}, which is the union of all atoms in w, which do not satisfy
(7.32). By choice of N, we have p, (F}) < 6.

The second set is Fy. Let Fy = Ule R; \ G;, and define F5 to be the union of
all atoms A € w, for which either p,(Fa|A) > §%/2, or

> §1/2

It follows as in [ChH, p. 38], with no changes, that p, (Fy) < ¢6'/2 for some ¢ > 0
independent of ¢ and k.

Define F5 to be the set of all points € M \ Ry such that W*(z) intersects the
boundary of the element w(z) before it fully crosses the rectangle 7(x). Thus if
x € F3, there exists a subcurve of W*(x) connecting z to the boundary of (T~!a)(x)
for some i € [Ng — m, Ny — m]. Then since 7(x) has diameter less than §, T%(x)
lies within a distance C;A~% of the boundary of a, where C is from (3.1). Using
(2.2), the total measure of such points must add up to at most

Ni—m
C
. - < 1=y
(7.33) E Toa(CLA—0)[ < C'|logd]|

i:Nofm
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for some C’ > 0. Letting F3 denote the union of atoms A € w such that p. (F3|A) >
\logé\l_Tw, it follows that p.(F3) < C’|log 5|1_51. This is at most € by choice of 4.

Define Fy (following [ChH, Section 6.1], and not [ChH, Section 6.2]) to be the
set of all x € M \ Ry for which there exists y € W*(x) N 7(z) such that h(z,y) >
0. This implies that W*(x) intersects the boundary of the element (T%«)(x) for
some i € [1 + m,n + m], remembering (7.31), and the definition of h. Using
again the uniform hyperbolicity (3.1), this implies that T~%(x) lies in a C;A~%6-
neighbourhood of the boundary of . Thus the same estimate as in (7.33) implies
p1+(Fy) < C'|log |'~7. Finally, letting Fy denote the union of all atoms A € w such
that p.(Fy|A) > |log (5|17777 it follows as before that ., (Fy) < C'|log (5|lfTW.

Finally, the bad set to be avoided in the construction of the joining A is Ry U
(U?=1 F}). Tts measure is less than ce by choice of 4. From this point, once the
measure of the bad set is controlled, the rest of the proof in Section 6.2 of [ChH]
can be repeated verbatim. This proves that (7.31) holds for ce-almost every atom
of w, and thus that a is vwB.

O

7.7. Uniqueness of the measure of maximal entropy. This subsection is de-
voted to the following proposition.

Proposition 7.21. The measure . is the unique measure of mazximal entropy.

The proof of uniqueness relies on exploiting the fact that while the lower bound
on Bowen balls (or elements of MY, ) cannot be improved for u.-almost every z,
yet if one fixes n, most elements of M should either have unstable diameter
of a fixed length, or have previously been contained in an element of M ; with
this property for some j < n. Such elements collectively satisfy stronger lower
bounds on their measure. Since we have established good control of the elements of
MO, and M} in the fragmentation lemmas of Section 5, we will work with these
partitions instead of Bowen balls.

Recalling (5.1), choose m; such that (Kmy +1)Y/™ < eh+/4. Now choose d; > 0

sufficiently small that for all n,k € N, if A € M¥_ is such that
max{diam"(A),diam®(A)} < 2,
then A\ Si,,, consists of no more than K'm; + 1 connected components.
For n > 1, define
B, ={AeM°,,:Vj0<j<n/2,

T7ACE¢ Mgnﬂ such that diam"“(E) < 2},

with the analogous definition for B3" C M2" replacing unstable diameter by stable
diameter. Next, set Bg, = {4 € MY, : either A€ B, or T-2"A € BZ" }.
Define G, = M%,, \ Bay,.

Our first lemma shows that the set B, is small relative to #M",, for large n.
Let ny > 2my be chosen so that for all A € M? | diam®(A) < CA~" < 4, for all
n>ni.

Lemma 7.22. There exists C > 0 such that for alln > nq,

#Bo, < Ce®™M/2(Kmy +1)m1 T < Ce™h=/1
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Proof. Fix n > ny and suppose A € B%, < M%, . For 0 < j < |n/2], define
Aj € Mgwn/ﬂ _; to be the element containing 7~ (l"/21=7) 4 (note that T7%A €
M]i2n+k for each k < 2n).

By definition of B%,, and choice of n;, we have max{diam"(4;),diam®(4;)} <
62. Thus the number of connected components of MTE%/?W in Ag is at most
Kmy + 1. Thus the number of connected components of 7™t Ay (one of which is
Ap,,) is at most Kmy + 1. Since the stable and unstable diameters of A,,, are
again both shorter than dy (since A € B%,,) and n > 2m;, we may apply this
estimate inductively. Thus writing [n/2] = ¢my + i for some i < m;, we have
that #{A’ € B, : T-1"/21A" ¢ Ag} < (Kmy + 1), Summing over all possible
Ay € M(i(sn/z] yields by Proposition 4.6 and choice of my,

#B%5, < HM 13, 1 (Kmy + 1) m™HE < Q™1

A similar estimate holds for #B2". Given the one-to-one correspondence between
elements of M%,, and M3, it follows that #Ba,, < 2#B°,, , proving the required
estimate. ]

Next, the following lemma establishes the importance of long pieces in providing
good lower bounds on the measure of partition elements.

Lemma 7.23. There ezists Cs, > 0, such that for all j > 1 and all A € ./\/l(lj such
that diam"(A) > 5 and diam®(T~7A) > 63, we have*?

e (A) > 05267jh* :

Proof. As in the proof of Proposition 5.5, by [Chl, Lemma 7.87], we may choose
finitely many (maximal) Cantor rectangles, Ry, Ra, ..., Ry, with u.(R;) > 0, and
having the property that every unstable curve of length at least do properly crosses
at least one of them in the unstable direction, and every stable curve of length at
least d2 properly crosses at least one of them in the stable direction. Let Rs, =
{Ri1,...,Ri}.

Now let j € N, and A € M‘lj with diam"(A) > do and diam®(T—7A) > .
Notice that T A € /\/lg. By construction, A properly crosses one rectangle R; €
Rs, and T~7 A properly crosses another rectangle Ry € Rs. Let Z; denote the index
set for the family of stable manifolds comprising R;. For £ € 5;, let W 4 = WeNA.
Since T—7 A properly crosses Ry in the stable direction and 77 is smooth on A,
it follows that 777 (Wg 4) is a single curve that contains a stable manifold in the
family comprising R;/.

Let /5, denote the length of the shortest stable manifold in the finite set of
rectangles comprising Rs,. Then using (7.28) and (7.13), we have for all £ € 5,

/ v = Ih / v> e_jh*C_'é?;CZ ;
We a T=3(We,a)

where C, Cy > 0 are independent of § and j.
Lastly, denoting by D(R;) the smallest solid rectangle containing R; (as in Defi-
nition 5.7) and using the fact from the proof of Corollary 7.9 that uV is equivalent

421t also follows from the proof of Proposition 7.12 that the upper bound p«(A) < Ce=Jh=

holds for all A € ./\/l(lj for some constant C' > 0 independent of j and d2, but we shall not need
this here.
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to v on p.-a.e. W € W?, we estimate,

1(A) > p(AND(R)) > / iV (4) djin(©)

=i

>C [ v(ANWe)din(€) > Che " ji.(Z,)

i

which proves the lemma since the family Rs, is finite. O
We may finally prove Proposition 7.21.

Proof. This follows from the previous two lemmas, adapting Bowen’s proof of
uniqueness of equilibrium states (see the use of [KH, Lemma 20.3.4] in [KH, Thm
20.3.7], as observed in the proof of [GL, Thm 6.4], noting that there is no need to
check that boundaries have zero measure).

Since p, is ergodic, it suffices by a standard argument (see, e.g., the beginning
of the proof of [KH, Thm 20.1.3]) to check that if p is a T-invariant probability
measure so that there exists a Borel set F C M with T71(F) = F and p.(F) =0
but p(F) =1 (that is, p is singular with respect to p), then h,(T) < hy,, (T).

Observe first that the billiard map T (as well as its inverse T~!) is expansive,
that is, there exists eg > 0 so that if d(T7(z),T7(y)) < &o for some z,y € M and
all j € Z, then x = y. (Indeed, if  # y, then there is n > 1 and an element of
either S,, or S_,, that separates them. So x and y get mapped to different sides of
a singularity line and by (3.3) are separated by a minimum distance ¢y, depending
on the table.)

For each n € N, we consider the partition Q,, of maximal connected components
of M on which T~™ is continuous. By Lemmas 3.2 and 3.3, Q,, is M? , plus isolated
points whose cardinality grows at most linearly with n. Thus G,, C Q,, for each
n. Define B, = Q,, \ Gy. The set B,, contains B, plus isolated points, and so its
cardinality is bounded by the expression in Lemma 7.22; by possibly adjusting the
constant C.

By the uniform hyperbolicity of T', the diameters of the elements of T~1"/21(Q,))
tend to zero as n — oco. This implies the following fact.

Sublemma 7.24. For each n > ny there exists a finite union C, of elements of
9, so that
Tim (p+ ) (T712C,) AF) = 0

Proof. See [Bo3, Lemma 2]: Let fi = i+ i, and Q,, = T~"/21(Q,,). For § > 0 pick
compact sets K1 C F and Ko C M\ F so that max{ga(F\ K1), a((M\F)\K2)} < 4.
We have n = 15 := d(K1,K3) > 0. If diam(@) < 1n/2, then either ONK, =0
or Q N Ky, = 0. Let n = ns be so that the diameter of Q,, is < Ns/2. Set
C, = U{Q € 0,:QNKkK; # 0}. Then K; C C, and C, N K> = 0. Hence,
W(CAF) <64 i(CoAKY) < 6+ (M \ (K, U K»)) < 36. Defining C, = TL"/2IC,
completes the proof. O

We remark that, since T-1(F) = F, it follows that
(14 ) (CuSF) = (n+ p) (T2, AF)

also tends to zero as n — oo.
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Since Qs,, is generating for T%", we have

h(T%") = hyy (T, Q2n) < H(Qan) = — Y p(Q)log p(Q) -
QEQan

By the proof of Sublemma 7.24, for each n, there exists a compact set K;(n)
that defines C,, = T~"/21¢C,,, and satisfying Ki(n ) S F asn — oo. Next, we group
elements () € Qa,, according to whether 77"¢) C Cn or T~"QNC, = 0. Note that if
Q is not an isolated point, and if T-"Q NC, # 0, then T-"Q € M" ", is contained

in an element of ./\/lm/zj that intersects Ki(n). Thus Q c T"C, = T"/?1¢C,.

[n/2]
Therefore,
2nh,,(T) = hy(T™) < — > 1(Q)log 1u(Q)
QEQan
<= Y p@logp@ - Y p(Q)logu(Q)
QcT"C, QEQ2,\(T"Cr)

< Z + ,u(T”én) log #(Q2, N Tnén) + p(M\ (T"én)) log #(Q2n \ (Tnén)) )

where we used in the last line that the convexity of zlogx implies that, for all
p; > 0 with Z;VZI pj < 1, we have (see, e.g., [KH, (20.3.5)])

N
—ijlogpj § —1— (log N) Z
Jj=1 Jj=1

Then, since —h,,, (T) = (u(T"Cy,) —I—u(M\(T”(fn))) loge™"* for n > ny, we write
(7.34)

2
2n(hu(T) - hu*(T)) T
<u(T"Co)log > e p(MN\(T"Co))log Y e
Q€Q2,:QCT"C, QEQ2,\(T"C,)
< ﬂ(cn) log Z 672nh* + Z 672nh*
Q€G2,:QCT"C, Q€EB2,:QCT"C,,

+ u(M\ Cp) log D S W e I

QEG2, \(T"Cy) QEBL, \(TC,)

where we have used the invariance of y in the last inequality. By Lemma 7.22, both
sums over elements in Bgn are bounded by Ce~"h+/4_ 1t remains to estimate the
sum over elements of Go,,.

First we provide the following characterization of elements of Gs,. Let @ €
Gan C M%,,. Since Q ¢ BY,,,, there exists 0 < j < |[n/2] such that T7/Q C
Ej € M%,, ., and diam"(E;) > d;. We claim that there exists k& < [n/2] and
EeM%,, ;. such that E; C E and diam®(T 2" HFE) > 4,.

The claim follows from the fact that T-2"Q ¢ B2". Thus there exists k < [n/2]
such that T-2"tkQ c E, € M%"*’“ with diamS(Ek) > 0. But notice that
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T-2nHithkE, € M%};jfk contains 7-2"%Q. Thus letting £ denote the unique ele-
ment of Mg"7~* containing both T-2"t7+F E; and Ej,, we define E = T2 1-kE ¢
M92n+j+k7 and E has the required property since T—2ntithkE Ej.

By construction, F satisfies the assumptions of Lemma 7.23 since E € M92n+j+k
with diam"(E) > o, and diam®(T~2"+/*kE) > §,. Thus,

(7.35) pix(E) > Cj,e72ntithh

We call (E,j,k) an admissible triple for Q € Gop if 0 < j k < |n/2] and
Ee M, i with T77Q C E and min{diam"(E), diam®(T>"*7/**E)} > §,.
Obviously, there may be many admissible triples associated to a given @ € Gap;
however, we define the unique mazximal triple for QQ by taking first the maximum j,
and then the maximum k over all admissible triples for Q.

Let &, be the set of maximal triples obtained in this way from elements of Ga,.
For (E, j, k) € Eap, let Ap(E, j, k) denote the set of Q € G, for which (E, j, k) is
the maximal triple. The importance of the set £, lies in the following property.

Sublemma 7.25. Suppose that (Ey,j1,k1), (B2, j2, ko) € Ean with jo > j1 and
(B, g1, k1) # (Ba, jo, ka). Then T=U2=1 Ey 0 By = 0.

Proof. Suppose, to the contrary, that there exist (E1, j1, k1), (E2, jo, k2) € Eop with
jo > j1 and T~-U2=7UE, N Ey # (. Note that T-2—7)E, ¢ Mi22_njjrj2+k1 while
By € MYy jiny

Thus if k; < kg, then T-U2=7)E, C Es, and so (Ey,j;, k1) is not a maximal
triple for all Q € A (E1, j1, k1), a contradiction.

If, on the other hand, k; > ko, then both T-U291) E; and FE, are contained in
a larger element E’ € M92n+j2+k1' Since £’ O Ey, we have diam"“(E’) > §5, and
since T-2ntizthipr o =2tttk By we have diam® (T 272tk ) > §,. Thus
neither (E1, 51, k1) nor (Es, jo, k2) is a maximal triple, also a contradiction. a

Note that by definition, if Q € T"C, N Ay (E, j, k), then T-"tE € Mr_l;ik
contains T-"Q. Also, since j,k < |n/2|, T-"*E is contained in the same element
of ML_nL/f/JQJ that contains 7-"Q and intersects K;(n). Thus T-"*/E C C, when-
ever T"C,,N A (E, j, k) # 0. This also implies that Ay (E, j, k) C T"C,, whenever
TC, N AM(E, j, k) # 0. B

Next, for a fixed (F,j,k) € &y, by submultiplicativity, since F € M€2n+j+k
and Ga, C MY, we have # Ay (E, j, k) < #M6+k. Now using Proposition 4.6
and (7.35), we estimate

Z e—2nh* < Z Z e—2nh*

QEG2,:QCT™C,, (E,j,k)€E2n: ECT™=1C,, QEAM(E,j,K)
< Z Ce(—2ntith)h < Z C' 11y (E)
(E,j,k)EE2n:ECT™3C,, (E,j,k)EE2n:ECT™iC,,
< Z C'pus (TﬁnJrjE) < C'pa (én) = C'u(Cn)

(E,j,k)EE2n:ECT™iC,,

where the constant Q’ depends on dz, but not on n. We have also used that
Tt gy N T2 Ey = () for all distinct triples (E1, j1, k1), (B2, j2, k2) € Ean,
by Sublemma 7.25, in order to sum over the elements of &£,. A similar bound
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holds for the sum over @ € Ga, \ (T"C,) since T-"*1E ¢ M \ C, whenever
T"C, N A(E,j,k) = 0. Putting these bounds together allows us to complete our
estimate of (7.34),

+ (M \ C,) log (c/ﬂ*(M \Co) + Ce—nh*/4) .

Since u(C,) tends to 1 as n — oo while . (C,) tends to 0 as n — oo the limit
of the right-hand side tends to —oo. This yields a contradiction unless h,(T) <
hy, (T). O
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