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Abstract—A design technique for free-standing planar meta-
surfaces comprising an array of subwavelength resonant inclu-
sions on an irregular grid is presented. The local E-field is
evaluated as a sum of discrete and continuous contributions
from neighboring and far-separated elements, respectively. The
dimension of each resonator is determined from the polarizability
relation. Free from the limitations associated with unit-cell
analysis and design under periodic boundary conditions, the
new design technique allows use of irregular grids for functional
electromagnetic surfaces.

I. INTRODUCTION

Periodic Green’s functions and periodic boundary condi-
tions (PBCs) in numerical analysis have enabled development
and maturation of functional periodic electromagnetic struc-
tures, such as photonic/electromagnetic bandgap materials,
metamaterials, and metasurfaces [1]. By relaxing the condition
of identical cells, position-dependent wave-matter interaction
can by synthesized for a variety of wave transformation
applications [2]. While efficient unit-cell analysis enabled by
PBCs allows accurate prediction of mutual coupling, it forces
the grid for cell placement to be regular and planar.

Depending on the application, a regular grid may not be
optimal or even possible, necessitating use of an irregular
grid. This is most evident in doubly-curved conformal sur-
faces. Efforts have been reported to address conformal grid
generation [3], element design for curved surfaces [4], as well
as irregular patterning and surface impedance retrieval [5].
However, to date, mutual coupling effect between elements
on irregular grids has not been properly taken into account in
element designs.

In this paper, a design technique for resonant inclusions on a
planar irregular grid for functional surfaces is presented. Each
resonator is designed from the polarizability definition and the
local E-field is computed as a sum of discrete and continuous
source contributions. As an example, a fully reflecting surface
in free space on an irregular grid is designed and numerically
tested.

II. POINT-DIPOLE ANALYSIS AND DESIGN

Electrically small resonant inclusions may be approximated
as point dipoles. The strength of the induced dipole moment
p is related to the exciting local E-field E'° via the electric
polarizability o as

p=a l;loc7 (1)
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Fig. 1. Individual resonator design approach. (a) The electric polarizability
of a planar end-loaded PEC dipole, normalized by the free-space permittivity
€0, with respect to the electrical dimension (A = free-space wavelength). The
strip width is w = a/5. (b) Partition of the metasurface plane into discrete
and continuous contribution regions and the respective E-field contributions
Edis¢ and Esheet at a dipole location (red dot).

where p and E'° refer to their respective component along
the dipole axis. As an example, Fig. 1(a) plots a of a
perfect electric conductor (PEC) strip dipole in terms of the
dimension a around resonance from FEKO simulation. The
dimension of a resonator can be determined once the desired
dipole moment and the local E-field are known. For a thin
planar metasurface in free space, synthesis of a particular
reflection (r) or transmission (t) coefficient under a plane-
wave illumination corresponds to realizing a specific average
surface current density Js. If a dipole moment p is in a
cell with an area S, we have J; = jwp/S in an eI«t time
convention.

Consider a metasurface comprising elements on an irregular
grid. Since element placement is not periodic, traditional
synthesis techniques using unit-cell analysis are not applicable.
We resort to (1), where the local E-field is a superposition of
external and interaction fields, written as El°¢ = Eext  Eint,
Furthermore, the interaction field is decomposed as Ent —
Esheet 1 Edisc ag illustrated in Fig. 1(b). At a dipole position
under consideration (red dot), fields from all other resonators
are split into contributions from neighboring and far-separated
elements inside and outside a disc of radius R centered at the
dipole, respectively.

This decomposition and analytical evaluation of Es"*! Jed to
efficient and accurate evaluation of the interaction constant for
planar regular arrays [6]. The same strategy can be employed
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Fig. 2. Design of an example irregular grid. (a) An irregular-grid supercell
containing 36 nodes including a pentagonal cell at node 9. Fixed nodes
during grid generation are indicated as red circles. (b) Element positions in
an infinite planar array. The supercell in (a) (red circles) is surrounded by
regular hexagonal grid points extending to infinity.

to find the location-dependent local E-fields for dipoles on
an irregular grid. The sheet contribution from the continuous,
homogeneous current J; is equal to [6]

sheet _ _3 M (7 1\, jkr
Eseet = J34 (1 ij)e , (2)
where k = 27/ and 5 = 377 ) are the free-space wavenum-
ber and intrinsic impedance, respectively. The E-field from the
neighboring elements inside the disc, E%, is evaluated as a
superposition of individual resonator contributions, assuming
that each resonator behaves as a point dipole.

III. NUMERICAL EXAMPLE

A planar irregular grid together with individual dipole
elements are designed and tested. Figure 2(a) shows a regular
hexagonal supercell with a side of 3A/8 that includes a
pentagonal cell with a side of pp = A/8 at the origin. For a
given metasurface response, the design objective is to find the
dimensions of the 36 dipoles to perform identically as a group
of identical dipoles on a regular hexagonal grid. The complete
node positions in the zy-plane are shown in Fig. 2(b), which
is a union of the irregular-grid supercell (red circles) and a
regular hexagonal grid (blue circles).

For a dipole with a = 0.045 m, unit-cell FEKO simulation
using a hexagonal cell of a side pp reveals that the infinite
periodic array fully reflects a normally incident plane wave at
f =790 MHz. It is now desired that the same full reflection
is reproduced using the grid in Fig. 2(b). As a reference, the
point-dipole analysis is performed on the periodic hexagonal
grid to find the dipole dimension a. It is found that the point-
dipole analysis overestimates the dipole dimension by 10.0%.

Proceeding to the grid in Fig. 2(b), E'* is calculated at
all grid points using R = 500pp and is observed to vary
appreciably with respect to position. The retrieved dipole
dimensions are indicated in Fig. 1(a) together with the asso-
ciated node numbers. After applying a 10% correction to the
retrieved dimensions, the irregular-grid supercell is modeled in
FEKO and scattering of a normally-incident plane wave with
E® = #¢/%2 V/m is simulated under PBCs (i.e., the supercell
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Fig. 3. Simulation of the reflecting metasurface using the supercell method.
(a) Magnitude of the induced surface current. (b) Reflection and transmission
magnitudes for three cases: the regular-grid supercell (red), the irregular-
grid supercell with all-identical unmodified dipole dimension (green), and
the irregular-grid supercell with individually tailored dipoles (blue).

method). The induced current density shown in Fig. 3(a)
exhibits dipole-to-dipole variations, as expected. Fig. 3(b)
compares FEKO results for |r|, |¢| for three configurations,
where the inset shows the directions of the seven propagating
Floquet modes in (u,v) = (sin @ cos ¢, sin # sin ¢). When the
dipoles are placed on the irregular grid without adjusting
their dimensions, significant undesired propagating modes
appear. In contrast, individually designed dipoles suppress all
propagating higher-order modes to low levels below —40 dB,
demonstrating the effectiveness of the point-dipole analysis
and design for irregular grids.

IV. CONCLUSION

A design approach for free-standing planar metasurfaces
comprising dipole resonators on an irregular grid has been
presented. For synthesizing a particular scattering response,
the fundamental polarizability definition is utilized, where the
exciting local E-field is efficiently evaluated as a sum of nearby
discrete and far-separated continuous source contributions.
An example planar metasurface design for full reflection
demonstrated the effectiveness of the proposed technique.
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