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A lattice Boltzmann (LB)–cellular automaton (CA) model is employed to study the dendrite growth of Al-4.0 wt%Cu–
1.0 wt%Mg alloy. The effects of melt convection, solute diffusion, interface curvature, and preferred growth orientation are
incorporated into the coupled model by coupling the LB–CA model and the CALPHAD-based phase equilibrium solver,
PanEngine. The dendrite growth with single and multiple initial seeds was numerically studied under the conditions of
pure diffusion and melt convection. Effects of initial seed number and melt convection strength were characterized by new-
defined solidification and concentration entropies. The numerical result shows that the growth behavior of dendrites, the
final microstructure, and the micro-segregation are significantly influenced by melt convection during solidification of the
ternary alloys. The proposed solidification and concentration entropies are useful characteristics bridging the solidification
behavior and the microstructure evolution of alloys.
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1. Introduction
Melt convection is known as an unavoidable phenomenon

in solidification of metals and alloys. It directly influences
heat and mass transfer during solidification and substantially
affects microstructure evolution including dendrite growth, so-
lute segregation, and morphological selection. Dendritic mor-
phology is the most commonly observed in solidification, and
it is closely associated with the final properties of metals and
alloys. Therefore, modeling of dendrite growth is a fundamen-
tal problem to reveal the underlying mechanism of microstruc-
ture evolution in solidification. Since most industrial metallic
materials are multi-component systems, it is more essential to
developing numerical models of dendrite growth for ternary
alloys than that for pure metals and binary alloys. Numerical
studies on dendrite growth of ternary alloys, especially that in
the condition of melt convection, are in great demand nowa-
days.

In the last few decades, the lattice Boltzmann (LB)
method has been rapidly emerging as a powerful and indis-
pensable method for modeling complex systems with fluid
flows.[1–5] For the numerical efficiency and parallel computa-
tional capability of the LB method, massive notable LB mod-
els were developed, and pioneers in computational materi-
als science attempted to model dendrite growth in solidifica-
tion of pure metals and alloys.[6] The phase-field method is

one of the most widely used numerical methods to study the
dendrite growth in two- and three-dimensional systems.[7,8]

Miller and co-workers[9–12] firstly proposed a single relax-
ation time (SRT)-based LB-phase field (PF) model to study the
anisotropic liquid–solid phase transition and the free dendrite
growth of pure metals with moderate buoyancy convection and
shear flows. Subsequently, Medvedev and Kassner[11,12] com-
bined the PF and LB models to simulate dendrite growth with
liquid flows from a supercooled melt. The PF model was
utilized to describe the liquid–solid phase, while the SRT–
LB model was accounting for melt convection during dendrite
growth. Selzer et al.[13] used the PF–LB coupled model and
studied the effect of melt convection on dendrite growth dur-
ing solidification of an Ni–Cu alloy. In these PF–LB coupled
models, the PF method was adopted to describe the liquid–
solid phase transition, while the LB method was employed to
describe the melt convection, heat, and mass transfer during
solidification.

The usage of the SRT–LB equation in these models de-
creases the computational cost in simulations of melt con-
vection and heat/mass transport, but solving the PF equation
was computationally expensive, which limited the promotion
of the numerical efficiency of the coupled models. Several
numerical models integrating the LB method and other tech-
niques were therefore proposed for the simulation of dendrite
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growth with melt convection. Chakraborty and Chatterjee[14]

developed an enthalpy-based hybrid LB model to simulate
the liquid–solid phase transition and convection-diffusion phe-
nomena. They stated that the hybrid model was fitting into a
thermodynamically consistent manner for non-isothermal sys-
tems. Sun et al. proposed an LB–CA coupled model to study
the dendrite growth with melt convection including forced
melt flows and natural convection driven by buoyancy.[15,16]

In the LB–CA model, the SRT–LB scheme was used to de-
scribe solute diffusion and melt convection, while the CA rule
was used to model the liquid–solid phase transition. Their
results demonstrated the LB–CA coupled model is numeri-
cally stable and computationally efficient with good quantita-
tive capability. After that, Felicelli et al. extended the LB–CA
coupled models to study dendrite growth in three-dimensional
space.[17,18] Jelinek et al. developed a large-scale parallel LB–
CA model incorporating solute diffusion, heat transfer, melt
convection, and phase change.[19] The model was then used to
numerically study the two-dimensional dendrite growth with
forced convection. In their simulation, the LB method showed
very good scalability.

The above studies on dendrite growth by coupling the PF,
enthalpy-based, CA models, and the LB method have proved
that the LB method is an efficient numerical tool to reveal the
correlation between melt flows, heat transfer, and phase tran-
sition in solidification. They provide significantly improved
computational efficiency in the simulation of dendrite growth
of metals and alloys. However, all these studies were focused
on the growth of pure crystals and binary alloys. Very few
works were devoted to simulating dendrite growth with melt
convection in solidification of ternary alloys. Therefore, nu-
merical studies are in great demand for dendrite growth with
melt convection in solidification of ternary alloys. Historically,
the LB method is originated from the lattice gas automaton
which is an advanced CA technique. It is therefore natural to
combine the CA and LB models to simulate dendrite growth
with and without melt convection.

Recently, a multi-relaxation-time (MRT) LB model was
developed to study the three-dimensional dendrite growth and
bubble formation in solidification of alloys.[20] It provides an
evidence that the MRT–LB-based technique was an alternative
solution with good numerical stability to study the dendrite
growth of alloys. However, the MRT–LB model is more com-
putationally expensive than the SRT–LB model, and the con-
vective effect of melt on dendrite growth has not been studied
in that work. As the melt convection is unavoidable during so-
lidification of alloys, it is of great importance to have a deep
understanding of dendrite growth with melt convection.

In the present work, we are aiming to study the dendrite
growth of ternary alloys and analyzing the convective effect
on microstructure evolution during solidification. We attempt

to explain the influencing mechanism of several conditions on
morphological evolution by defining the solidification and so-
lute concentration entropies. Considering the CA models are
usually more computationally efficient than the PF models,
we combine the CA and the LB techniques into a convenient
and efficient scheme. The PanEngine, a CALPHAD-based
multiphase equilibrium solver, has been used to compute the
phase equilibrium in solidification. The melt convection is de-
scribed by the SRT–LB model for the model’s computational
efficiency. A scheme fitting into the CA framework is utilized
to track the advancement of the liquid/solid interface and de-
scribe the evolution of dendrite morphology. In this work, the
LB–CA coupled model is extended to study the solidification
of the Al-4.0 wt%Cu–1.0 wt%Mg alloy. The effects of initial
seed number and convection strength are subsequently investi-
gated in a systematic way. The influencing mechanism of melt
convection on micro-segregation is explored by comparing the
microstructure evolution, concentration distribution, and so-
lidification entropies during dendrite growth in the conditions
of pure diffusion and melt convection. Finally, a summary
closes this paper and gives an outlook for future works.

2. Mathematical modeling
2.1. Modeling of convective diffusion

In this work, the SRT–LB method[21,22] is applied to de-
scribe melt convection for its numerical efficiency in model-
ing complex fluid flows. The general formula of the SRT–LB
equations with discrete velocities 𝑒α on a D-dimensional lat-
tice can be expressed as

fα (𝑥+𝑒α ∆t, t +∆t)− fα(𝑥, t)

= −1
τ

[
fα(𝑥, t)− f eq

α (𝑥, t)
]
+Fα , (1)

where fα(𝑥, t) is the particle distribution function (PDF). It
represents the probability of finding a pseudo particle in the
α-th direction on the discrete lattice at position 𝑥 and time t,
𝑒α is the discrete particle velocity, ∆t is the time step, τ is the
relaxation time, and f eq

α (𝑥, t) is the equilibrium PDF. The last
term of the equation is the forcing term as a result of the inter-
nal interaction or external fields, which reflects the alteration
of PDF caused by the body force 𝐹 on fluids.

Considering the numerical stability and computational
accuracy, we adopt a very commonly used D2Q9 model with
the following discrete velocities 𝑒α ,

[𝑒α ,α = 0, ...,8] =
[

0 c 0− c 0 c− c− c c
0 0 c 0− c c c− c− c

]
, (2)

where the lattice speed c ≡ ∆x/∆t. Subsequently, the lattice
sound speed is cs = c/

√
3. For the D2Q9 model of the LB
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method, the weight coefficient wα is given as[22]

wα =

 4/9, α = 0,
1/9, α = 1,2,3,4,
1/36, α = 5,6,7,8.

(3)

The equilibrium PDF can be expressed as

f eq
α = wiρ

[
1+

𝑒α ·𝑢
c2

s
+

(𝑒α ·𝑢)2

2c4
s
− 𝑢2

2c2
s

]
, (4)

and the forcing term in Eq. (1) can be computed by[23]

Fα =

(
1− 1

2τ

)
wiρ

[
𝑒α −𝑢

c2
s

+
𝑒α ·𝑢

c4
s

𝑒

]
·𝐹∆t. (5)

The macroscopic variables such as density ρ , and velocity 𝑢

in Eqs. (4) and (5) can be calculated from the relevant PDF,
respectively:

ρ =
8

∑
α=0

fα , 𝑢=
8

∑
α=0

fα𝑒α/ρ +𝐹∆t. (6)

The relaxation times τ is correlated with the kinematic viscos-
ity ν according to the Chapman–Enskog analysis.[24] We have

ν =

(
τ− 1

2

)
c2

s ∆t. (7)

The convective–diffusion model[25] with PDF gα(𝑥, t) is
used for the solute transfer in melt. The governing equation is

gα
σ (𝑥+𝑒α ∆t, t +∆t)−gα

σ (𝑥, t)

= − 1
τσ

D

[
gσ

α(𝑥, t)−gσ ,eq
α (𝑥, t)

]
+Sσ

α (𝑥, t), (8)

where gσ ,eq
α (𝑥, t) represents the equilibrium PDF at (𝑥, t), and

τσ
D is the relaxation times for solute transport. The source term

Sσ
α (𝑥, t) denotes the contribution on concentration of rejected

solute during dendrite growth. The macroscopic solute con-
centration in liquid, Cσ

l , can be calculated from Cσ
l = ∑α gσ

α .
The solute diffusivity in liquid Dσ

l is related to the relaxation
times τ and τσ

D by the Chapman–Enskog analysis[25] via

Dσ
l =

1
3

(
τ

σ
D −

1
2

)
c2

∆t. (9)

As there is no melt convection in a solid, the solute transfer
in solids is driven only by diffusion. Therefore, the governing
equation for solute transport in a solid is

∂Cσ
s

∂ t
= ∇ · (Dσ

s ∇Cσ
s ), (10)

where Dσ
s is the diffusion coefficient of the σ -component in a

solid.

2.2. Modeling of dendrite growth

Through the SRT–LB model for melt convection and so-
lute transport, we can obtain the local solute concentration in
liquid during dendrite growth. According to the concentration,
we can obtain the local equilibrium liquidus temperature and
compositions at the solid/liquid interface by the CALPHAD-
based solver PanEngine.[26] The growth kinetics of dendrites
can be described by the difference between the equilibrium
liquidus temperature and the local actual temperature at the
solid/liquid interface. The modified CA rule[27] is used to
model the increment of solid during dendrite growth. In the
model, the increment of solid phase at each interface cell is
computed by

∆ fs(𝑥, t) = µkGCA∆T (𝑥, t)/c, (11)

where ∆ fs(𝑥, t) represents the solid phase increment in posi-
tion 𝑥 at time t, µk is the interface kinetic coefficient, GCA is
the geometrical factor depending on the state of the current cell
and its neighbors, and ∆T (𝑥, t) denotes the total undercooling.
In the simulation, the source terms in Eq. (8) can be calculated
via Sσ

α (𝑥, t) = wα ∆ fs(𝑥, t)(C
σ ,∗
l −Cσ ,∗

s ) with the solid frac-
tion increment ∆ fs(𝑥, t). Here, Cσ ,∗

l and Cσ ,∗
s represent the

liquid and solid concentrations of the σ -th solute at the inter-
face, respectively. Through solving the convective–diffusion
equations, we can obtain the σ -th solute concentrations Cσ

l
and Cσ

s . Subsequently, the Cσ ,∗
l , Cσ ,∗

s and the interface equi-
librium temperature T ∗ can be computed by the CALPHAD-
based solver, PanEngine.

As the modified CA rule with GCA is simple and efficient,
we used the CA scheme to describe the growth kinetics in the
present work. In the modified CA scheme, the geometrical
factor is defined as

GCA = min

(
1,b0

8

∑
α=1

[wα,CAs(𝑥+𝑒α ∆t)]

)
, (12)

where b0 is an empirical coefficient and chosen as b0 = 2/5.
For the cubic lattice used in this work, the weight coefficient
wα,CA is given as suggested in reference[27]

wα,CA =

{
1, α = 1,2,3,4,

1/
√

2, α = 5,6,7,8.
(13)

The s(𝑥+ 𝑒α ∆t) is an indicator function that equals 1 on a
solid node and 0 on a liquid node. The mathematical expres-
sion of GCA is very simple, but it reflects the geometrical re-
lation between growing velocity and lattice spaces. The in-
fluence on the growth of a node from the nearest neighbors is
stronger than that from the next-nearest neighbors. The effects
of interface curvature and preferred orientations are incorpo-
rated into the model by defining the total undercooling

∆T = ∆Tt +∆Tc +∆Tr, (14)
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and the Gibbs–Thomson relationship

∆Tr =−γaK(1−15ε1 cos[4(θ −θp)]), (15)

where ∆Tt, ∆Tc, and ∆Tr are undercoolings accounting for the
thermal, solutal, and curvature effects, respectively. γa is the
average Gibbs–Thomson coefficient, K is the local curvature
of the liquid/solid interface, ε1 is the anisotropic degree of the
interfacial energy, θ is the angle between the normal vector of
the solid/liquid interface and the horizontal direction, and θp is
the preferred orientation of dendrite growth. The anisotropies
of interfacial kinetics and thermodynamics are both consid-
ered in the present model as that suggested in Ref. [27]. The
interfacial kinetic coefficient µk in Eq. (11) is assumed as

µk = µk,0(1+ ε2 cos[4(θ −θp)]), (16)

where µk,0 is the kinetic coefficient without considering the
interfacial anisotropy, and ε2 is the anisotropic degree of inter-
facial kinetics. The local interface curvature, K and the growth
preferred angle θ can be calculated from[28]

K =−
(∂x fs)

2∂ 2
y fs−2∂x fs∂y fs∂

2
xy fs +(∂y fs)

2∂ 2
x fs

[(∂x fs)2 +(∂y fs)2]3/2 , (17)

θ = arctan(∂y fs/∂x fs) . (18)

Since the thermal diffusivity of alloys is about several or-
ders of magnitude larger than the solutal diffusivity, the tem-
perature field in the domain is considered to be uniform with a
given artificial thermal undercooling ∆Tt. Under the dilute so-
lution assumption, the solutal undercooling can be computed
on the local liquid concentration Cσ

l by ∆Tc = ∑σ mσ
l (C

σ
l −

Cσ
0 ). Here, Cσ

0 is the initial concentration and mσ
l is the liq-

uidus slope of the σ -th solute, respectively. In the present
work, we used the PanEngine to obtain the solutal undercool-
ing via ∆Tc = T ∗− Tloc, where Tloc represents the local tem-
perature.

2.3. Definition of solidification entropy

In order to quantitatively describe multiple dendrite
growths, the solidification entropy is defined as

Ss =−
n

∑
p=1

p(ap) log p(ap), (19)

where p(ap) is the function symbolizing probabilities of find-
ing the state ap, and n is the total number of states in the so-
lidification system. For the present problem, there are three
states, i.e., liquid, solid, and interface. Suppose the compu-
tational domain is divided into Mi×M j cells. The cell in the
discrete space can be marked as (i, j). Once the cell (i, j) is full
of solid phase, we have aS = 1, aL = 0, and aI = 0. Then, the
p(aS) can be computed through p(aS) = ∑i, j aS(i, j)/(MiM j).

After determining p(aS), p(aL), and p(aI), the Ss can be com-
puted according to Eq. (19). It should be announced that the
Ss is inspired by the Shannon entropy of an n-state system.[29]

Physically, the Ss indicates the disorder degree of a solidifi-
cation system, and the value of Ss depends on the complexity
of phases in the system. The Ss can be used to compare the
disorder degree of a given system under various conditions.
Similarly, the concentration entropy can be defined as

Sc =−
m

∑
q=1

p(aq) log p(aq), (20)

where p(aq) represents the probabilities of finding the con-
centration state aq, and m is the total number of concentra-
tion states aq of the system. Suppose the concentration range
[Cmin,Cmax] is divided into n segments with interval ∆C. The
state ac includes concentrations C ∈ [Cmin,Cmin +q∆C]. In the
present work, we set m = 50 for all the simulations and then
quantitatively compared the simulated phase and concentra-
tion fields by Ss and Sc.

The Al–Cu–Mg alloys are commonly used in academi-
cal and industrial experiments. Therefore, we take the Al-
4.0 wt%Cu–1.0 wt%Mg ternary alloy as a typical object of
ternary alloys in the present work. We considered a square do-
main of 500 µm×500 µm filled with the undercooled melt.
Initially, seven seeds were randomly placed in the domain.
The melt temperature in the domain was assumed to be uni-
form initially, and cooled down from the liquidus temperature
at a constant cooling rate of Rc. For the case of melt convec-
tion, the melt was supposed to be the incompressible New-
tonian fluid driven by a body force 𝐹 . The body force can
evoke an acceleration 𝑎. By varying the 𝑎, we can obtain dif-
ferent flow fields with various streaming strength. The four
sides of the domain were considered as the periodic boundary
condition for the flow and concentration fields. The solidified
dendrite was set to be rigid and stationary, and the solid/liquid
interface was set as the non-slip boundary condition. In the LB
model, the bounce-back rule was used to deal with the bound-
ary condition. The physical parameters used in this work are
listed in Table 1.

Table 1. Parameters used in this work.[27,30–33]

Parameters Dimension Value

Dl,Cu m/s2 1.05×10−7 exp(−2856/T )
Ds,Cu m/s2 2.90×10−5 exp(−15600/T )
Dl,Mg m/s2 9.90×10−5 exp(−8610/T )
Ds,Mg m/s2 3.70×10−5 exp(−14854/T )

δk 1 3.0×10−1

ε 1 2.0×10−2

γa mK 1.7×10−7

µk,0 m/sK 3.0×10−4
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3. Results and discussion
3.1. Single dendrite growth

To study the convective effect on growth, we firstly simu-
lated the single dendrite growth with and without melt con-
vection as described in the methods. A periodic boundary
condition was imposed on the domain sides for solute fields
in the present simulations. For the dendrite growth with melt
convection, an acceleration of 𝑎 = (0,0.01) m/s2 was exerted
on the melt. Initially, a crystal seed was placed in the center
of the square domain. The seed started to grow up driven by
the initial thermal undercooling, ∆Tt,0. Figure 1 displays the
comparison of the morphological evolution of dendrites in the
conditions of pure diffusion and melt convection. As shown
in Figs. 1(a)–1(d), the seed grew into four-fold symmetrical
dendrite without melt convection, and the solute field demon-
strated symmetrical characteristic under the same condition.
In Fig. 1, C represents the concentration of solute Cu. In the
condition of melt convection, the primary dendritic arms grew
up at the same growing rate. Both the simulated dendrite and
solute field were symmetric with respect to the x and y-axis.

However, the four-fold symmetrical feature of the single den-
drite was broken when melt convection was induced in the so-
lidification domain. As shown in Figs. 1(e)–1(h), the melt con-
vection was developed with the growth of dendrite, the melt
flowed from the bottom side to the top side of the domain, and
the primary dendritic arms grew up with different speed. It can
also be found that the primary dendritic arm in the upstream
region is a bit longer than that downstream. That is because the
solute was flushed away from the upstream to the downstream.
As the liquidus slope around the present alloy composition is
negative, the higher the solute concentration, the lower the so-
lute undercooling. Higher solute concentration in the down-
stream region results in lower solute undercoolings. It subse-
quently leads to a lower growing rate of the downstream arm.
While the solute concentration of liquid close to the horizon-
tal arms is lowest contrary to those near the arms parallel to
the flowing direction. The horizontal arms grew faster than
the others. The dendrite and solute field only displays a sym-
metrical feature with respect to the y-axis. Therefore, melt
convection can alter the dendrite pattern during solidification.
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Fig. 1. (color online) Morphologies of single dendrite growth [(a)–(d)] in pure diffusion condition and [(e)–(h)] in the presence of melt convection at
𝑎= (0,0.01) m/s2: (a) and (e) initial state: (b) and (f) Fs = 2.0%; (c) and (g) Fs = 5.0%; (d) and (h) Fs = 8.0%.

Figure 2 shows the characteristics of the simulated den-
drite growth in Fig. 1. As displayed in Fig. 2(a), the dendrite
grew at a relatively low rate at the initial solidification stage
for both the conditions of pure diffusion and melt convection.
After the initial solidification stage, the growing rate became
faster and faster (1.5 s < t < 2.5 s), and the dendrite entered
into a quickly developed stage (2.5 s < t < 3.5 s). Then, the
dendrite grew at another relatively low rate, and the solidifi-
cation went into its final solidification stage. It can be found
that the melt convection advanced the fast developing stage

of the dendrite, but it did not change the tendency of dendrite
growth. Figure 2(b) depicts solidification entropy Ss as a func-
tion of solid fraction Fs. It can be seen that the melt convection
slightly affects the solidification entropy. The Ss for the den-
drite under melt convection is a little lower than that without
melt convection. As the Ss is defined to characterize the dis-
order degree of a multiphases system, we can conclude that
the melt convection plays a less important role in affecting the
dendrite morphology under the present condition.

However, the melt convection can influence the solute
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fields significantly rather than the dendrite morphology. As
shown in Figs. 2(c) and 2(d), the profiles of concentration
entropy against solid fraction for melt convection display un-
dulance at the initial slowly growing and the fast developing
stages of dendrites, while the profiles for pure diffusion are
smoother at the same stages. It is interesting that the melt con-
vection changed the solute fields, broke the symmetric mor-
phology but hardly affected the disorder degree of the solidifi-
cation system. A possible reason is that the solidification only
occurs at the solid/liquid (S/L) interface but the melt streams
strongly in the liquid region away from the S/L interface. The
further from the S/L interface, the stronger of the melt convec-

tion. The flow velocity close to the S/L interface approximates

to zero. The solute concentration in the liquid far from the S/L

interface can be directly affected by melt convection, while

the solute concentration at the S/L interface is indirectly in-

fluenced by the convection. Because the solidification only

occurs at the S/L interface, the disorder of the system was

less changed by liquid flows. Therefore, the profiles of S1
c–Fs

and S2
c–Fs for the single dendrite growth with melt convection

are significantly different from that without melt convection,

while the profiles of Ss–Fs are almost the same as each other

under both conditions.

0

15.0

30.0

45.0

60.0

75.0

0 1 2 3 4 5 6 7

no convection
with convection

0

0.50

1.00

1.50

2.00

2.50

3.00

0 10 20 30 40 50 60 70

no convection
with convection

0

0.50

1.00

1.50

2.00

2.50

3.00

0 10 20 30 40 50 60 70

no convection
with convection

0

0.20

0.40

0.60

0.80

1.00

1.20

0 10 20 30 40 50 60 70

no convection
with convection

Time t/s

Fraction of solid, Fs/% Fraction of solid, Fs/%

Fraction of solid, Fs/%

(a) (b)

(c) (d)

F
ra

c
ti
o
n
 o

f 
so

li
d
, 
F

s/
%

C
o
n
c
e
n
tr

a
ti
o
n
 e

n
tr

o
p
y
, 
S

c

C
o
n
c
e
n
tr

a
ti
o
n
 e

n
tr

o
p
y
, 
S

c
S
o
li
d
if
ic

a
ti
o
n
 e

n
tr

o
p
y
, 
S

s

1

2

Fig. 2. (color online) Characteristics of single dendrite growth under Rc = 5.0 K/s in the conditions of pure diffusion and melt
convection at 𝑎= (0,0.01) m/s2: (a) Time history of the solid fraction, and (b) solidification entropy Ss, (c) concentration entropy of
solute Cu, and (d) concentration entropy of solute Mg as functions of solid fraction Fs.

3.2. Multiple dendrite growth

To study the convective effect on the growth of multiple
dendrites, we randomly placed 20 seeds into the computational
domain. Both the conditions of pure diffusion and melt con-
vection were studied in the present simulations. Other con-
ditions were set the same as those in Fig. 1. Figure 3 shows
the morphological evolution of multiple dendrites without and
with melt convection. Figure 4 shows the profiles of charac-
teristics for the multiple dendrite growth. Initially, the seeds
freely grew up and the solutes were rejected from the S/L in-
terface into the liquid. The solute concentrations around the
S/L interface rose with the development of dendrites, as shown
in Figs. 3(a), 3(b), 3(e), and 3(f). As the liquid–solid phase
transition only occurs at the interface and the interface area is

small at the initial stage, the dendrites grew relatively slowly
at the initial slowly growing stage (t < 0.5 s), as shown in
Fig. 4(a). The solutes were then transferred from the region
near the S/L interface into the liquid farther away from the
interface. As the interface area expanded, the dendrites grew
faster and faster (0.5 s< t < 1.5 s). When the dendrites entered
the relatively fast developing stage (1.5 s < t < 2.5 s), the pri-
mary dendritic arms became longer and stronger, and the sec-
ondary dendritic arms started to generate with the growth of
dendrites, as shown in Figs. 3(c) and 3(g). After this stage,
the primary and secondary dendritic arms continued to grow
at a relatively low rate, and the solute concentration became
very high in the inter-dendrite region, as shown in Figs. 3(d)
and 3(h). Through the whole process of the multiple dendrite
growth without melt convection, the solute was transferred

088105-6



Chin. Phys. B Vol. 27, No. 8 (2018) 088105

only by diffusion, as shown in Figs. 3(a)–3(d). For the melt
convection, the solute atoms were transferred by both diffu-
sion and convection, as shown in Figs. 3(e)–3(h). When the
dendrites grew into a closed domain, the melt convection was
blocked by the solid phase. Despite the fact that the accel-

eration was still imposed on the liquid, the melt convection
became weaker and weaker with the solidification. As shown
in Figs. 3(g)–3(h), the arrows representing melt convection di-
rection and strength vanished. Therefore, the melt convection
can hardly affect the dendrite growth at this period.
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Fig. 3. (color online) Morphologies of multiple dendrite growth [(a)–(d)] without and [(e)–(h)] with melt convection at 𝑎 = (0,0.01) m/s2: (a) and (e)
Fs = 1.0%; (b) and (f) Fs = 5.0%; (c) and (g) Fs = 30.0%; and (d) and (h) Fs = 75.0%.
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Fig. 4. (color online) Characteristics of multiple dendrite growth without and with melt convection of 𝑎= (0,0.01) m/s2 at Rc = 5.0 K/s: (a) time
history of the solid fraction, and (b) solidification entropy Ss, (c) concentration entropy of solute Cu, (d) concentration entropy of solute Mg as
functions of solid fraction Fs.

Figure 4 suggests that the characteristics of dendrites and

solute field were changed by the melt convection. As shown

in Fig. 4(a), the time history of solid fraction displays the

same increasing trends for both the conditions of pure dif-

fusion and melt convection. The whole process of multi-

ple dendrite growth can be divided into three stages, namely
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the initial slowly growing stage, the relatively fast develop-
ing stage, and the final slowly solidifying stage at the lower
growth rate. The same trends can be found in Fig. 2(a). How-
ever, it seems that the melt convection inhibited the dendrite
growth at 1.5 s < t < 2.5 s in Fig. 4(a), while the melt con-
vection promoted the dendrite growth at 1.5 s < t < 2.5 s in
Fig. 2(a). The reason is that the seeds were randomly placed
in the domain and the randomicity resulted in such retarda-
tion of dendrite growth under the condition of melt convec-
tion. Through the whole process of multiple dendrite growth,
the solidification and concentration entropies demonstrate the
same increasing and decreasing trends under both the condi-
tions of pure diffusion and melt convection. At the final stage,
the solidification and concentration entropies for the dendrite
growth with melt convection are higher than the entropies for
the dendrite growth without convection, which implies that the
melt convection increased the disorder degrees of phases and
solute concentrations.

3.3. Effect of initial seed number

The grain refinement technique is usually used to enhance

the mechanical properties of alloys. By using the grain refine-

ment technique, we can get various numbers of initial seeds

during the solidification of alloys. To analyze the effect of

initial seed number on dendrite morphological evolution, we

carried out simulations of the solidification of Al-4.0 wt%Cu–

1.0 wt%Mg alloy in the presence of melt convection. Fig-

ure 5 shows the simulated morphologies of multiple dendrite

growths at Rc = 5.0 K/s and 𝑎= (0,0.02) m/s2 with the initial

seed numbers of 20, 40, 60, and 80, respectively. It can be seen

that the seeds formed into the dendrite pattern with their pre-

ferred orientations. The primary dendritic arms grew into long

and thick shapes, while secondary dendritic arms were short

and thin perpendicular to their affiliated primary arms. With

the increase of the initial seed number, the primary dendritic

arms became shorter and shorter, and the secondary dendritic

arms appeared less and less. To make a quantitative compari-

son, we also used the solid fraction, solidification entropy, and

solute concentration entropy as characteristics for the present

multiple dendrite growths. Figure 6 shows the profiles of char-

acteristics of the multiple dendrite growths platted in Fig. 5.

The history of Fs shows the same regularities at various ini-

tial seed numbers, as depicted in Fig. 6(a). However, the in-

crease of the initial seed number accelerates the appearance of

the fast developing stage of solidification. The reason is that

there is a competition between phase change domination and

diffusion domination in solidification. The interface area is

enlarged with the increase of initial seed number. The liquid–

solid phase transition occurs rapidly with the larger interface

area. Therefore, the increase of initial seed number can raise
the dendrite growth rate. Figures 6(b)–6(d) display that the so-
lidification and solute concentration entropies have the same
going up and down trends versus solid fraction despite differ-
ent initial seed numbers. With the increase of solid fraction,
the solidification entropies initially rise up rapidly, and then
reach their peak values around Fs = 55.0%. After the peaks,
the solidification entropies start to decrease. However, varying
the initial seed number can change the solidification and solute
concentration entropies. The larger the seed number, the lower
the entropies. That is because the dendrites were competing
for growing space during solidification. Given a solidification
domain, more seeds implies less space for dendrites to grow
into. The rejected solute atoms get less space to diffuse in the
condition of a larger initial seed number. Subsequently, the so-
lute concentrations are getting higher in the inter-dendrite re-
gion. The primary and secondary arms are thus inhibited from
developing. Therefore, the increase of initial seed number can
decrease the disorder degree of the multiphase and multicom-
ponent system.

3.4. Effect of convection strength

The convection strength is a key factor influencing the
growing process of dendrites. To make a quantitative study,
we carried out simulations of multiple dendrite growth with
the acceleration magnitude in the range |𝑎| ∈ [0.00,0.08] m/s2

with an interval of 0.01 m/s2. Initially, 20 seeds were placed in
the domain full of undercooling liquid. Other conditions were
set to be the same as those in Fig. 3. The averaged solidifica-
tion rate was measured by summarizing the rate dFs/dt with
the increase of solid fraction via Rs = ∑

75%
Fs=1%(dFs/dt)/75.

The solidification and solute concentration entropies were
measured when Fs = 75.0% for all the simulations. Figure 7
shows the characteristics of multiple dendrite growth as func-
tions of the acceleration magnitude |𝑎|. The scattered dots
depict the actual data while the solid lines show the smoothed
data series. As shown in Figs. 7(a) and 7(b), both the solidifi-
cation rate and the solidification entropy decrease with the ac-
celeration increase, which implies that strengthening melt con-
vection would inhibit the solidification process and decrease
the disorder degree of the multiphase system. It seems that
the present simulations overturn the conventional understand-
ing of the convective effect on dendrite growth. In the con-
ventional understanding, melt convection promotes dendrite
growth and thus the solidification rate will be promoted with
the acceleration increase. However, the acceleration increase
retarded the solidification processes in the present simulations.
The possible reason is that the melt convection promotes den-
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drite growth at the initial slow-solidifying stage. The den-
dritic arms in the condition of larger accelerations would grow
rapidly with the mediation of convection. The convection pro-
motes the dendrite growth at this stage. When the dendrites
become longer, stronger, and approaching each other, the con-
vection will be blocked. As the present simulation is carried
out in two-dimensional space, and the dendrite is supposed to
be fixed in the domain, therefore, three-dimensional numeri-
cal simulations are required to examine the promotion of den-
drite arms by melt flows in future. After the initial stage, the
convection becomes weaker and weaker, it can hardly affect
the dendrite growth. As the solute field was changed at the
initial stage, the dendrites keep growing in the influenced so-
lute fields after the initial stage. Figures 7(c) and 7(d) show
that the solute concentration entropies appear with increasing
trends and then show decreasing trends when raising the flow
field. The solidification and concentration entropies are syn-

chronously changed with the strengthening of melt convection.
It suggests that the melt convection changed the solute distri-
butions in liquid and subsequently affected the solute segre-
gation during dendrite growth. Generally, the solute transfer
driven by convection is stronger than that driven by diffusion.
Therefore, in a lower strength flow field, i.e., at a smaller |𝑎|,
the melt convection can accelerate the rejected solute atoms
to transfer from the liquid region near the S/L interface to the
liquid region far from the S/L interface. While in a higher
strength flow field, i.e., at a larger |𝑎|, the melt convection pro-
motes dendrite growth, and primary dendritic arms can grow
more rapidly than in a lower strength flow field. The devel-
oped arms block melt convection in the solidification domain
and subsequently decrease the solute transfer. There exists a
competition between the convective effect on growth and the
block effect on convection. It is the competition that domi-
nates the trends of the entropies against the flow field strength.
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Fig. 5. (color online) Morphologies of multiple dendrite growth in the presence of melt convection at Rc = 5 K/s and 𝑎 = (0,0.02) m/s2: (a) 20 seeds,
Fs = 75.0%, (b) 40 seeds, Fs = 75.0%, (c) 60 seeds, Fs = 75.0%, and (d) 80 seeds, Fs = 75.0%.
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Fig. 6. (color online) Characteristics of multiple dendrite growth in the presence of melt convection of 𝑎 = (0,0.02) m/s2 at Rc = 5.0 K/s and initial seed
numbers of 20, 40, 60, 80: (a) time history of the solid fraction, and (b) solidification entropy Ss, (c) concentration entropy of solute Cu, (d) concentration
entropy of solute Mg as functions of solid fraction Fs.
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Fig. 7. Characteristics of multiple dendrite growth in the presence of melt convection at |𝑎| ∈ [0.00,0.08] m/s2 with an interval of 0.01 m/s2:
(a) time history of the solid fraction, and (b) solidification entropy Ss, (c) concentration entropy of solute Cu, and (d) concentration entropy of
solute Mg as functions of acceleration magnitude |𝑎|.

4. Conclusion
The LB–CA coupled model was used to study dendrite

growth of ternary alloys in the presence of melt convection.
The CA rule is utilized to describe the advancement of the liq-
uid/solid interface, coupling with the SRT–LB equations for
the melt convection and the solute transport in solidification.
The solidification and concentration entropies were defined
to describe dendritic morphologies and solute distributions.
The present study shows that the entropies can quantitatively
characterize the complexities of ternary solidification systems.
Simulations of dendrite growth were carried out in the condi-
tions of pure diffusion and melt convection under various ini-
tial seed numbers and convection strengths. The melt convec-
tion obviously changes the solute fields and breaks the mor-
phological symmetry at the initial stage of solidification. The
increase of initial seed number can inhibit the generation of
dendritic arms and decrease the disorder degree of phases and
components in the solidification system. With the increase of
seed numbers, the melt convection plays a less and less impor-
tant role in affecting dendrite growth. The developed dendritic
arms can evoke a block effect on melt convection, and sub-
sequently decrease solute transfer in solidification. The com-
petition between convective and block effects leads to solute
distribution changes with the increase of convective strength.

The present work provides a potential solution to the pre-
diction for dendritic morphology and solute distribution in
the solidification of ternary alloys. The present model al-
lows numerical studies of solidification features like solute

micro-segregation, grain-refinement, and precipitation of solid
phases. It would be extended to perform further investigations
for three dimensional dendrite growth of multi-component al-
loys.
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