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ABSTRACT: The concept of Mechanism-Enabled Population Balance Modeling (ME-PBM) is reported, illustrated by its
application to a prototype Ir(0), nanoparticle formation reaction. ME-PBM is defined herein as the use of now available,
experimentally established, disproof-based, deliberately minimalistic mechanisms of particle formation as the required input for
more rigorous Population Balance models, critically including an experimentally established nucleation mechanism. ME-PBM
achieves the long-sought goal of connecting such now available experimental minimum mechanisms to the understanding and
rational control of particles size and size distributions. Twelve pseudoelementary step, particle-formation mechanisms are
considered so that the approach to the ME-PBM is also extensively disproof-based. Resurrection of Smoluchowski’s 1918 full
Ordinary Differential Equation (ODE) approach to the PBM is another, critical aspect of our approach which, in turn, allows
unbiased fitting of the information-laden particle-size distribution (PSD) including its shape. The results provide one solution to
the “inverse problem” in which the PSD informs one as to the correct particle formation mechanism: A new, deliberately
minimalistic 3-step particle-formation mechanism has been uncovered that is a single-additional-step expansion of the now
broadly used Finke—Watzky (FW) 2-step mechanism, the new 3-step mechanism being: A — B (rate constant k;), A + B > C
(rate constant k,), and A + C — 1.5C (rate constant k;), where A represents the monomeric nanoparticle precursor, B
represents “small” nanoparticles, and C represents “larger” nanoparticles. The results strongly support three paradigm shifts for
nucleation and growth of particles, the most critical paradigm shift being that the “burst” nucleation assumption in LaMer’s
1950s model of particle formation is not required to produce narrow, near-monodisperse PSDs. Instead, narrow PSDs can be
and are achieved despite continuous nucleation because smaller particles grow faster than larger ones, k, > ks, thereby allowing the
smaller particles to catch up in size to the more slowly growing larger particles.

1. INTRODUCTION

The physical properties and applications of catalyst”” and
other particles’™” typically depend strongly on their size and
size distributions. Because of this, a long-standing goal, if not
“Holy Grail,” in nanoparticles and other particle science across
nature has been the rational, mechanism-guided synthesis of
nanoparticles and other particles with desired size and narrow
particle size distributions (PSDs). However, reliable chemical-
mechanism-based particle syntheses with size and size
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distribution control have to date proved extremely elusive.
This is because five required components were previously
unavailable and, therefore, previously unassembled into the
mathematical framework of population balance modeling
(PBM):*""* (i) an experimentally established mechanism of
the critical nucleation step to start off the particle synthesis
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correctly; (ii) the experimentally established minimum
mechanisms to test for the subsequent growth and any possible
agglomeration steps; (iii) a solution to the “forward” problem
of coupling of those mechanisms to the PSD in a way that not
only simulates the PSD and its shape without an assumption of
that PSD shape, but also (iv) grants the ability to fit the PSD
and take into account the kinetic information-rich shape of the
PSD. The key point to realize here is that the PSD is
information-laden; it is a convolution of all of the kinetic
information and events that led up to the observed PSD. Lastly
and most importantly, (v) the fit-derived kinetics from the
information-laden PSD then need, at least ideally, to be used to
refine the proposed mechanism, that is, to suggest a solution
for the always challenging “inverse” problem of using the
“effects” (here the PSD) to inform and revise the implied
“cause” (here the correct particle formation mechanism).

We have been able to achieve and assemble each of the
above five missing components; the result is what we define
herein as Mechanism-Enabled Population Balance Modeling
(ME-PBM). ME-PBM developed and employed herein yields
results that in turn strongly suggest three paradigm shifts in the
understanding of particle formation that are described as follows:
(1) Nucleation is hypothesized to more generally be
continuous, as first discovered in 1997,'* and not “instanta-
neous” or “burst” as the widely cited, but now disproven'
LaMer model from the 1950s'® asserts. (2) Nucleation is
hypothesized to more generally be low molecularity'”'® in
strongly bonding, higher energy monomer systems (e.g., 2—3
as in the termolecular, Ir; kinetically effective nucleus (KEN)'”
herein) and not the higher molecularity implied by classical
nucleation theory (CNT)'”~>* and its reversible assembly for
weakly bonding systems, nA 2 A, from more stable
monomers. (3) Critically and as detailed herein for the first
time, autocatalytic growth of smaller particles is faster than that of
larger particles. In this way the smaller particles therefore “catch
up” in size with the more slowly growing larger ones. This results
in surprisingly narrow PSDs from self-assembly syntheses
involving continuous nucleation and autocatalytic growth."*

The finding that smaller particles grow more quickly than
larger ones is especially timely and significant, as it answers the
previously perplexing question of “How can narrow size
distributions result from self-assembly synthesis in the absence
of the putative ‘instantaneous’ nucleation postulated by the
1950 LaMer model of particle formation?”.'> The assumption
of “instantaneous”, “burst” nucleation in the LaMer model, a
mathematically necessary assumption at the time for LaMer’s
growth model,"> has been cited more than 1953 times since
1950," often to justify how narrow PSDs can be formed. A
review of the literature citing the LaMer model reveals the
remarkable insight that there is very little, if any, convincing
experimental evidence for anything approaching “burst”
nucleation in the 69 years since the LaMer model of particle
growth first appeared.

2. PROTOTYPE Ir(0), NANOPARTICLE FORMATION
SYSTEM EXAMINED

Scheme 1 shows the prototype Ir(0), formation system
examined herein which begins from the well-characterized
and atomically precise’”*” precursor and precatalyst {(1,5-
COD)Ir""POM}®*” (POM = the polyoxometalate,
P,W;sNb;O4,""). Reduction of this precursor under H, yields
average-size Ir(0).,; nanoparticles under the specific con-
ditions employed herein. The Ir(0).,;, nanoparticles were

Scheme 1. Experimentally Determined, Balanced Reaction
Stoichiometry for the Formation of Ir(0)_,;, Nanoparticles

730 [(1,5-COD)IrsP,W45Nb3Og,]% + 1825 Hy ———
Ir(0)750 + 730 cyclooctane + 730 H* + 730 [Po,W45NbgOgp]%

prepared from the {(1,5-COD)Ir"POM}*~ (POM =
P,W,{Nb,;0,°") precursor/precatalyst as in previous
works,'*%%°

Scheme 2 shows the molecular level nucleation mechanism
for the {(1,5-COD)Ir"POM}®*" to Ir(0), nanoparticle
formation system based on work reported in 2017.'% This
so-termed “alternative termolecular nucleation”'® mechanism
(i.e., alternative to a mechanism net-third-order in the {(1,5-
COD)Ir"POM}®~ precatalyst) has proven critical to finding a
mechanism-enabled PBModel that can quantitatively account
for the observed PSD, vide infra. This upfront need for an
experimentally determined nucleation mechanism makes
intuitive and chemical sense given that nucleation sets the
critical starting point and KEN'” for the rest of the particle
formation process.

In Scheme 2A, the Ir(0), nanoparticles are formed from the
molecular, well-characterized {(1,5-COD)Ir"POM}®” precur-
sor, while in Scheme 2B, the A-L nomenclature has been
applied where A-L = {[(1,5-COD)Ir*][POM’]}*".

Multiple different nucleation mechanisms were specifically
considered, and disproved, in a prior 2017 publication'® en
route to the alternative nucleation mechanism shown in
Scheme 2. The disproved nucleation mechanisms are (i)
bimolecular in Ir (i.e., Ir,); (ii) simple termolecular in Ir (Ir;);
and importantly (iii) all higher molecularity, n > 3, Ir,
nucleation mechanisms.

Such experimentally determined, molecular-level mecha-
nisms of nucleation are a rarely achieved but critical goal for
each and every one of the myriad of Gphase-change processes
across nature that involve nucleation.”* ™" Noteworthy here is
the paradigm shift away from CNT that typically has been used
(inappropriately; incorrectly!) in what are ultimately futile
attempts to try to underpin PBM of particle formation in high-
energy, low solubility, monomer systems that exhibit strong
monomer—monomer bonding.'*'”"**" The paradigm shift is
that instead low molecularir;y, n = 2-3, (monomer),
nucleation'®'”'®*" with a KEN'” of Ir,_; is what starts off at
least the Ir(0).,3 nanoparticle formation system examined
herein, as in Scheme 2. Without such knowledge of the true,
molecular mechanism of nucleation, one cannot possibly start
off the PBM correctly except by accident—and will likely reach
erroneous conclusions about the particle formation process as
resulted in an otherwise valuable 2014 PBM study.”

3. NEXT REQUIREMENT FOR ME-PBM:
EXPERIMENTALLY DETERMINED, MINIMALISTIC
NANOPARTICLE FORMATION MECHANISMS WITH
WHICH TO ENABLE PBM

The experimentally based, minimalistic nanoparticle-formation
mechanisms required to enable population balance modeling
. 14,33

in terms of pseudoelementary steps (that themselves are
just sums of true elementary steps),"*** have been developed
deliberately and painstakingly over the past 26

14,17,18,34,25,31,34—40 : T

years. These deliberately minimalistic, ex-
tensively disproof-based”""*> mechanisms are shown in Scheme
3. These mechanisms have primarily (albeit not exclu-

sively)*?%*® been worked out for the prototype Ir(0),
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Scheme 2. (A) Molecular-Level “Alternative Termolecular”'®

Mechanism of Nucleation of Ir(0), Nanoparticle Formation and

(B) Restatement of the Alternative Termolecular Mechanism in Terms of “A-L” Nomenclature

Part A:
KDiss

2 (COD)IrsPOMS- + 4 solv ——= 2 (COD)Ir(solv),* + 2 POM?

l(alt termol,

2 (COD)Ir(solv),* + (COD)IrePOM®- + 7.5 H, —=Ny - 311(0) = Ir(0) + POM-+ 3H* + 3 cyclooctane + 4 solv

Net: 3 (COD)IrsPOMS- +75H, —» 3 Ir(0) = Ir(0); + 3 POM®- + 3H* + 3 cyclooctane

Part B:

2{A°L + 2 solv ——= A(solv), +L}

2 A(solv), + As L. —» 3B(= B;3) + L+ 4 solv

Net: 3 AsL — 3B(=B;)+3L

Scheme 3. Five Total, Experimentally Established Pseudoelementary Steps That Are Now Available for Mechanistically

Enabling PB Models'***~*°
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nanoparticle formation system in Schemes 1 and 2 and are
utilized once again herein. Notably, a considerable collection of
literature exists citing and using the mechanisms in Scheme 3
(over 1240 total citations as of April 2019) to account for a
myriad of nucleating, growing, and agglomerating systems
across nature. This fact will become important in suggesting
the broader generality and importance of ME-PBM and its full
Ordinary Differential Equation (ODE) approach developed
and utilized in what follows.

Scheme 3 shows the classic FW 2-step'* (steps 1 and 2), 3-
step (steps 1-3), and two 4 pseudoelementary step
mechanisms (steps 1—4 or 1—3 and 4'). These are deliberately
minimalistic mechanisms for transition metal nanoparticle
formation and agglomeration.”**~*’ Dihydrogen (H,)
shown below the arrow where it is involved in the reaction.
Nucleation is illustrated as unimolecular for simplicity, as it is
in the FW 2-step mechanism,"* and for the sake of illustration
of the minimum mechanisms. It should be noted, however,
as well as net termolecular nucleation'®
have been demonstrated in recent work."”'® A new 3-step
mechanism has resulted from the present studies, vide infra.
This new mechanism consists of steps 2—3 added together to

that bimolecular'’
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become a single step (A + B — C), plus steps 1 and 4/, as will
be detailed in an upcoming section of this paper.

Hence, now available for use with the PBM approach are the
minimalistic, Ockham’s razor-obeying nanoparticle formation
mechanisms consisting of 2, 3 and 4 steps.35_38 Each
mechanism is extensively disproof-based; for example, over 21
alternative mechanisms have been ruled out in formulation of
the 4-step mechanisms as documented elsewhere.”” > The
kinetic models in Scheme 3 consist of the following
pseudoelementary steps: (i) slow continuous nucleation'* as
well as autocatalytic surface growth (the FW 2-step mecha-
nism);'* (i) two types of agglomeration (bimolecular and
autocatalytic agglomeration) ;7% and (iii) secondary autoca-
talytic surface growth.3'8 Additionally and importantly, a ligated
precursor'®** and ligated-particle product™ reversible (equi-
libria) steps have recently appeared'®*® that promise to be
crucial in accounting for ligand-based particle size and size
distribution control. The latter is due to important work from
the laboratories of Professor A. Karim and his students.”
Those additional (pseudoelementary) steps (not shown in
Scheme 3) are (iv) AL = A + L'®* and (v) ligated-particle
product BL = B + L.*
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An important but little recognized point is that such
disproof-obtained and deliberately minimalistic pseudoelemen-
tary step mechanisms are what one must strive for first in
studying the mechanisms of complex multistep reactions such
as nanoparticle formation and, for example, Noyes™ classic
work on oscillating reactions where the pseudoelementary step
concept was developed and popularized.”® Furthermore, the
correct pseudoelementary steps are composites of the true
underlying elementary steps' " which in favorable cases** can
then be uncovered and shown to add up to the curve-fit
pseudoelementary steps.”* The telling case history in ref 44 is
worth study as an illustration of the power and use of the
pseudoelementary step concept in deducing the underlying
mechanisms of complex systems. Put another way, pseudoele-
mentary steps and minimalistic mechanisms such as those in
Scheme 3 are required to eventually get to the more detailed,
more atomistic, and ideally closer to correct underlying
mechanism(s), as well as for ME-PBM,* vide infra.

4. EXPERIMENTAL SECTION

4.1. Cyclohexene Reporter Reaction Kinetics. The cyclo-
hexene hydrogenation catalytic reporter reaction (CHCRR) kinetic
data (as well as the PSD data, vide infra) examined herein by ME-
PBM were obtained for the {(1,5-COD)Ir"POM}*~ precursor and
precatalyst. The well-established, balanced stoichiometry for for-
mation of Ir(0), nanoparticles under H, leading to Ir(0), nano-
particles stabilized by coordinated POM®™ polyanions'***** is shown
back in Scheme 1. The kinetics of nanoparticle formation were
followed indirectly, but continuously and in real-time, by the catalytic
reporter reaction method, specifically the CHCRR method illustrated
in Scheme 4."**7* Part 1 of Scheme 4 displays the FW 2-step

Scheme 4. (1) Hlustration of the FW 2-Step Mechanism and
the Cyclohexene Hydrogenation Catalytic Reporter
Reaction (CHCRR) Method'***~*° and (II) Illustration of
the Pseudoelementary Step Method for Monitoring the
CHCRR
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mechanism, where A = {(1,5-COD)I"*.POM}*~ and B = the Ir(0),
product, and the CHCRR method for monitoring the formation of
Ir(0),. In Part II, the pseudoelementary step method for monitoring
the CHCRR is displayed. The resultant differential relationships from
Scheme 4 are expressed in eq 1:

—d[A] _( 1 ](—d[cyclohexene])

dt 1200 dt
(1 )(—dIH,]
- (%)( dt )
_ +d[B]
Tdt (1)

The indirect CHCRR kinetic monitoring method relies on having
an excess of cyclohexene and H, relative to the precursor
concentration [A] and on the cyclohexene hydrogenation (right-
most catalytic cycle) being fast compared to the rates of the
nucleation (k;) and autocatalytic growth (k,) steps shown to the left.
The required fast catalytic hydrogenation (and, hence, the general
validity of the CHCRR method, at least through the first ca. 1/2 of
the curve, vide infra) has been confirmed multiple times by
demonstrating a zero-order dependence on the initial [cyclohexene]
concentration.'***™** The CHCRR has also been checked by
following the loss of A = {(1,5-COD)I/*POM}*~ by monitoring
the formation of cyclooctane by GLC'* (see the balanced reaction
stoichiometry in Scheme 1). However, as the nanoparticle formation
reaction and concomitant catalytic hydrogenation and CHCRR
proceed, cyclohexene is consumed, and the zero-order [cyclohexene]’
condition eventually breaks down. Hence, only the first halves of
kinetic curves obtained by the CHCRR are typically used in the curve-
fitting.'***~>® The ME-PBM herein will turn out to serve as a further
check on the CHCRR kinetic methodology and will confirm that only
the first half (approximately) of a CHCRR kinetic curve is useful (as
has long been known from examining the assumptions and
approximations behind the CHCRR methodology).'* More specifi-
cally, we will see that the best fits of the PSDs can actually be used to
predict the deviations from the second half of the CHCRR curve.

4.2, Particle-Size Distribution Data. The PSDs for the {(1,5-
COD)Ir"POM}®" data were generated from experiments prepared by
Finney and from transmission electron microscopy (TEM) micro-
graphs taken at Clemson University.** Conditions for the TEM
sample preparations were 1.2 mM {(1,5-COD)Ir"POM}*" in
acetone.” The PSDs were created by measuring and organizing the
particle sizes into bins at +0.05 nm intervals (i.e.,, 0.1 nm total; 0.85—
0.94 nm were considered to be 0.90 nm, 0.95—1.04 were considered
to be 1.00 nm, etc.). The four distributions presented vide infra were
collected at 0.918, 1.170, 2.336, and 4.838 h (the original times were
measured in seconds, then converted to hours and the correct number
of significant figures indicated), with 246, 61, 150, and 213 particles
measured, respectively. The mean sizes and standard deviations are,
respectively, 2.0 + 0.4 nm, 2.4 + 0.6 nm, 2.5 + 0.4 nm, and 2.8 + 0.4
nm. The PSD data are, by design, the same data that an earlier PBM
attempted to treat,”” so the results of the present ME-PBM could be
compared to that prior, nonfully mechanism-enabled PBM effort
(which led to the aforementioned erroneous conclusion/assertion
that continuous nucleation had to be somehow suppressed).*

4.3. Measurement of Kpss and kq,.. The Ky, equilibrium
constant in Scheme 2 was obtained by 3'P NMR for the {(1,5-
COD)Ir"POM}®™ system, as detailed elsewhere, and originally in
propylene carbonate solvent at 22 °C and as Kpigpparent =
Kpi[Solvent]? = (6.4 + 1.4) x 1075 M,'® where [Solvent]? = [neat
propylene carbonate]? = (12.1 M)%. As a check, Kpiss(acetone)™~ S X
1077 M 22 °C was measured by *’P NMR in acetone following the
same published methods.'® Because the two K, values are within
experimental error, the somewhat more precise Kp;, & 3 X 1077 M™
value was used in the ME-PBM, along with [Solvent]* = (11.3 M)* for
acetone under the conditions employed that include the excess
cyclohexene for the CHCRR."’

The klalt (= kl,alt.termolecular = (64 + 16) X 104 M_Z h_l) rate
constant in Scheme 2 was determined in a prior report'® by CHCRR
kinetics experiments at a constant concentration of 1.2 mM {(1,5-
COD)Ir“POM}®™ in propylene carbonate with deliberately added,
varied amounts of [POM®™],44eq from 0.15—2.1 mM. Deconvolution
of that kinetic data to yield kj,, was performed by fitting to the
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alternative termolecular mechanism in Scheme 2, all as previously
reported.'®

4.4. Population Balance Modeling with PSD and CHCRR
Curve-Fitting: Resurrecting Smoluchowski’s Classic 1918 Full
ODE Approach to the PBM. We followed Smoluchowski’s classic
1918 article*** in which he created a discrete model (in that case for
particle agglomeration) for particle formation. This avoids using ODE
approximations to solve the population balance equation (PBE),
which is a partial differential equation that assumes particle size to be
a continuous variable.'" Instead, we more simply and more powerfully
use the full system of ODEs that corresponds to an approaching-
atomistic account of our Ir(0), formation system at the discrete
kinetic level. An important result of our Smoluchowski-type full ODE
PBM which follows is that it allows a rare direct computation of the
PSD shape from the ME-PBM as well as curve-fitting of that predicted
shape to the experimental PSD (i.e., rather than just a visual, “eyeball”
comparison of experimental data to moment-based averages). This
approach is possible since the data we work with in this paper involves
sufficiently small particle sizes (simulated particles consisting of
<2500 monomers), so the full, derived system of ODEs can be solved
numerically in a reasonable amount of computation time (typically <S
min) on a laptop computer.

The ODE system models of the mechanisms that follow were
coded in MATLAB. Details of the code beyond what are provided in
the main text, including the needed interpretation of the
pseudoelementary step mechanisms at the atomistic level, are
provided in Figure S3. Due to the inherent stiffness of the problem,
MATLAB’s odelSs function was chosen as the solver. Even using this
stiff ODE solver, the relative and absolute tolerances needed to be
made substantially smaller than the default values of 107> and 107 to
avoid unphysical oscillations. Both were chosen to be 107", but it was
noticed that larger values are possible without the creation of the
unphysical oscillations. These small tolerance values increase the
computation time, but that time remains under 5 min except in cases
where mechanisms include agglomeration (e.g., those which contain
step 3 or, especially, step S in Scheme 3). Hence, no large effort was
needed nor made to optimize computation time by maximizing the
tolerances. The simulations were primarily performed on a late 2013
MacBook Pro with a fourth-generation Intel Core i7 processor at 2.3
Ghz and 16 GB 1600 MHz DDR3 RAM. The (shortest) 2-step
mechanism takes around 30 s, while the (longest) 4-step alternative
termolecular nucleation mechanism takes around 2 min. The code is
freely available on github at the following link: https://github.com/
drhandwerk/pbm.

Fitting was done using MATLAB and the patternsearch algorithm,
usually to 150 iterations, unless the algorithm converged earlier. The
patternsearch algorithm is capable of minimizing a multivariable
objective function with constraints. This was helpful to constrain the
problem not only to positive, physically relevant rate constants but
also to any other known, experimentally determined constants (such
as the Kp;,, in Scheme 2 of the alternative termolecular nucleation
mechanism). Fittings were done to either the CHCRR curve or to the
histogram at the fourth time of 4.838 h. The objective function for the
CHCRR fit uses MATLAB’s norm function to take the L* norm of the
difference between the experimental and simulated curves. For the
histogram fit, the integral L' norm was used as the objective function
with the trapz function after interpolating the experimental data and
the simulated solution to be on the same domain via grid-
dedInterpolant. The best function value (BFV) is the last result of
the appropriate objective function and is reported in the figure
captions, with smaller BFVs indicating better fits. Further information
for a given fit is also provided in the appropriate figure caption.

4.5. Disproof-Based Approach to the PBM in the Present
Work. All of the ME-PBM work that follows was 4performed with
strict adherence to the preferred scientific method*"** of disproof of
multiple alternative hypotheses, as was the prior work leading to the
minimum mechanisms used to enable the PBM.'*'7'%*373% A Platt’s
classic paper notes, “..for exploring the unknown, there is no faster
method.”** The disproof-based nature of the PBM herein is an
important feature of our ME-PBM approach. More specifically, 12
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ME-PBMs were considered and 11 ME-PBMs were disproved en
route to the best-fitting ME-PBM, enabled by the finding of a new 3-
step mechanism that is highlighted in the following text.

5. RESULTS AND DISCUSSION

5.1. Description of the 12 Specific Mechanisms and
ME-PBMs Tested. The 12 ME-PBMs built from 12 specific
mechanisms using various steps in Scheme 3 were tested. The
specific mechanisms that ME-PBMs were constructed from
include the following: (i) the 2-step mechanism (steps 1 and 2,
Scheme 3); (ii) a 4-step mechanism (steps 1—3 and 4’ in
Scheme 3); (iii) the classic 3-step mechanism given in Scheme
3 (ie, steps 1-3 in Scheme 3); (iv) a second 4-step
mechanism (steps 1—4 in Scheme 3); (v) a S-step mechanism
including all of the steps in Scheme 3; and (vi) a new 3-step
mechanism that resulted from the PBM analysis, vide infra. We
tested simple unimolecular, bimolecular, termolecular, and
fourth-order nucleation (as a check and control) with many,
albeit not all, of the 6 primary mechanisms cited above. In each
of the above 6 primary mechanisms the experimentally
determined alternative termolecular nucleation was tried along
with the alternative of simple termolecular nucleation in A (i.e.,
Iry). The best mechanism and associated ME-PBM of the 12
tested to try to fit the experimental PSD is presented in section
5.3.

5.2. Basic FW 2-Step Mechanism. The first mechanism
examined is the FW 2-step mechanism shown as the first two
steps (steps 1 and 2) in Scheme 3. The pseudoelementary
steps consisting of slow, continuous nucleation together with
autocatalytic (surface) growth'* are

kl
A —-B
k
A+ B 32B ()

5.2.1. Derivation of the 2-Step Mechanism-Enabled PBM.
First, some required notation: let the concentration (in mol/L)
of precursor monomers be denoted by m,. The concentration
of particles of size j, which consist of j monomers, is denoted
by n;. The collection of particles of size j therefore contains a
total of jn; monomers per unit volume. Initially, our differential
equations will be written in terms of this total concentration of
monomers that are contained in particles of a given size j,
denoted by m; = jn, (hence, m; = n,). The concentration of
binding sites on a particle of size j will be known as b;. The
relationship between the total concentration of monomers in
particles of size j and the concentration of those that are
available to bind is given by the relationship b; = r(j)m;, where
the (dimensionless) function r(j) can represent various effects
such as volume- or surface-area-dependent growth'* or ligand
capping.”® Indeed, if we define a new function 7(j) = kr(j),
then this new function represents all growth processes for a
particle of size j, and 7(j) is called the growth kernel. In what
follows, we keep the rate constants k; and the function r(j)
explicit.

Unlike the PBE which has no direct particle—particle
interactions,32 our model is based on atom-to-atom contact.
As such, the monomers on the particle surface should be
capable of binding, while those on the inside are unreactive.
Therefore, a surface area model is adapted by choosing the
function r(j) = 2.677;°7*/j. This is the number of surface
monomers divided by the total number of monomers where
the number of surface atoms is taken from Schmidt and
Smirnov,”’ and where the natural number j represents the
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Figure 1. Fit to the CHCRR curve (bottom, far right) using the classic FW 2-step mechanism and first-order nucleation. The rate constants
produced by the fit are k; = 6.70 x 107> h™! and k, = 2.52 X 10* M~ h™!, which are then used to produce the simulations (red dots) that are
compared to the four experimental TEM PSDs (blue histograms) shown (top three and bottom left). The BFV is 3.92 X 107*. In response to a
query from a referee, the right vertical axes for the PSDs and the vertical axis for the reporter reaction should be interpreted as written (e.g., with
the top number in the bottom right CHCRR figure being [A] = 1.2 X 107> M). This same convention applies for all subsequent figures.

particle size. Note that the #(j) function adapted from the work
of Schmidt and Smirnov is just their continuous, hence better,
number of surface atoms “scaling factor”'* than that provided
in the 1997 paper first detailing the FW 2-step mechanism."*

The following derivation of the 2-step ME-PBM can be
generalized to any order of nucleation, including first and
second. Let @ be the nucleation order. Using the law of mass
action, we obtain the system

dm, -
— = —wkm,” — k b
I wkym, 2y _Z )
j=w
dm
—2 = wkm,” — wk,mb
ar 1M 2M1%
dm.

i
— = jk,m(b_, — b,
ar jhomy( -1 ,) 3)
for the change in concentrations of the monomers in particles
of all sizes.

Using the above substitutions yields the ODE system

dn a, <N
d_tl = —wkpn" — kyny Z "(])]”;‘
j=o
dn
—= =k — wknr(w
ar 1" mr(w)n,
dr; . . s
= = k(G = DG = Dy = rG)n) "

We now have a system for the change in the number of
particles of all sizes. Note the similarity between the right-hand
side of the n; equation and the average flux across a “cell” (in

j
PBM language).
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The 2-step mechanism with first-order nucleation is capable
of closely matching the CHCRR curve when a fit is performed
to the CHCRR, as in Figure 1. However, the associated PSDs
are terrible to say the least. They are monotonically decreasing
functions instead of any kind of match to the experimental
shape. There are far too many small particles compared to
larger sized particles. This (first-)order nucleation mechanism
is incapable of accurately reproducing PSDs that are anything
close to the experimental PSD data.

Further evidence for the inability of the classic FW 2-step
reaction to account for the PSD comes from trying to fit to the
4.838 h histogram (i.e., instead of fitting the CHCRR kinetics
data). Significantly, first-order nucleation with a size-
independent growth rate is so incapable of producing the
correctly shaped PSD that an attempted fit to the 4.838 h
histogram yields a fit k, = 0, meaning that the only particles are
the nuclei which then never grow. This produces a PSD which
is zero everywhere except for the nucleus size. Since the
mechanism apparently cannot move the particles over to where
the experimental PSD is, the best fit comes from setting the
growth to zero which results in the simulation matching the
nonexistent ca. 0.0—2.0 nm particles.

Hence, our ME-PBM results match the finding of Kumar
and co-workers®” concluding that the simple 2-step mecha-
nism, while quite able to account for the CHCRR kinetics, is
incapable of reproducing the more information-rich PSD. The
previously unanswered, but critical, question becomes, “What
is minimally required, mechanistically, to be able to match the
observed PSD?”.

5.3. Winning ME-PBM: Alternative Termolecular
Nucleation Plus a New 3-Step Mechanism. After a
detailed examination of the 11 other ME-PBMs examined,
the winning ME-PBM from among the 12 mechanisms
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Figure 2. Fit of the CHCRR in the lower right using the new 3-step, alternative termolecular nucleation ME-PBM, while constraining k,p;,, = 3.60
x 1072 M2 h™" and k_py, = 7.27 X 10* M~ h™" as previously mentioned. The resulting parameters are k; = 5.58 X 10* M~ h™', k, = 5.04 X 10°
M h7! ky = 1.27 X 10* M~ h™’, and a B vs C particle-size cutoff M = 268. These were in turn used to generate the simulations shown for the four
histograms. The BFV is 9.64 X 107*.
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Figure 3. Fit of the final, 4.838 h histogram using the 3-step, alternative termolecular nucleation ME-PBM, with the experimentally established
constraints on Kp, (= kypiss/K_piss) implemented as previously mentioned as k,p;, = 3.60 X 107> M2 h™! and k_p;,= 7.27 X 10* M™' h™", and the
k; value constrained by its experimentally established upper and lower bounds of (6.4 + 1.6) X 10* M~ h™". The resultant fit-determined rate
constants are k; = 6.50 X 10* M~ h™, k, = 1.60 X 10* M™" h™', and ky = 5.79 X 10* M™" h™! and B vs C particle-size cutoff of M = 197. The
computed CHCRR curve using these parameters is shown at the bottom-right. The computed histograms for the first three, earlier time histograms
are shown in the top row. The BFV is 23.9 (the BFVs are larger when fitting the PSDs versus when fitting to the reporter reaction due to the use of
the L' norm for the PSDs and L* norm for the reporter reaction).

examined was discovered to be a new 3-step mechanism that is with simple unimolecular nucleation A — B, so the reader can
a simple, but critical, 1-step extension of the classic FW 2-step readily understand and visualize this new mechanism
model. The new 3-step mechanism, eq 5 below, is first shown compared to the mechanisms in Scheme 3. That said, the
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experimentally correct alternative termolecular nucleation
proved to be a key part of the winning ME-PBM that
provided the best fits to the PSD data out of all the
mechanisms examined (and while still adhering to a minimal-
istic, Ockham’s razor approach). Indeed, using the exper-
imentally correct alternative termolecular nucleation improved
all the ME-PBMs examined, including over the assumption of
simple termolecular nucleation.
The new 3-step mechanism is

ky
A —-B

kZ
A+ B —->C

k
A+ C 315C (s)

This new mechanism is a 1-step extension of the FW 2-step
mechanism. The critical part is that instead of having a
constant growth rate for particles of all sizes the small and large
particles are allowed to grow with different rates. That is, the
growth kernel is a step function as implemented in this
particular ME-PBM. The evidence that led to this mechanism
is that a fitted rate constant tending toward k; & 0 resulted for
ME-PBMs examined that included a B + B — C agglomeration
step (step 3, Scheme 3) with rate constant k5. This implies that
physical agglomeration is not kinetically important in at least
the particular Ir(0), formation system examined and under the
specific conditions used experimentally. The k; ~ 0 finding
from the ME-PBM (and hence lack of kinetically detectable
agglomeration) is pleasingly consistent with and supportive of
all of the prior curve-fitting and mechanistic work for the Ir(0)
system that led to the original FW 2-step mechanism,'****>
including the use of the indirect but precise data-generating
CHCRR kinetic methodology.'***** Due to the k; ~ 0
finding, the A + B — 2B and B + B — C steps in Scheme 3
were added to give a single replacement step A + B — C, and
in turn, the new 3-step minimum, pseudoelementary step
mechanism shown in eq 5 was obtained.

The atomistic interpretation of this mechanism, the
appropriate system of ODEs, and how they are implemented
in MATLAB, are provided in the Supporting Information. In
the implementation of the embedded alternative termolecular
nucleation, the known, experimentally determined Kp;, =
k,piss/k_piss in Scheme 2 was constrained to its known value
Kpiss = 4.95 X 1077 M ™" at 22 °C (implemented via the ratio of
Kpiss = kypiss/k_piss = (3.60 X 107> M2 h™')/(7.27 x 10* M™*
h™) = 495 x 107 M™!)* and k, was constrained to its
experimentally determined upper and lower bounds (8.0—4.8)
x 10* M2 h™").*" In short, this best-performing ME-PBM was
implemented using every available piece of experimental
information and every piece of available mechanism-enabling
data such as the experimentally established nucleation
mechanism.

A fit to the CHCRR using the 3-step ME-PBM is given in
Figure 2 along with the predicted PSDs formed using the
resultant rate constants. The PSDs are poorly fit using the
predicted rate constants from fitting the CHCRR. The
predicted PSD yields too many small particles.

However, if one instead fits the more information-rich, final
4.838 h PSD histogram, the model produces the most accurate
size distribution among the 12 total models tested, as seen in
Figure 3. The simulation matches well including the PSD shape
in the 4.838 h histogram; likewise, the earlier three PSDs are
pretty well matched. This model is the only simulation of the

12 tried that resulted in a decent fit to the first, early-time PSD
histogram. The good fit to the PSD is obtained with just three
primary, unconstrained fitting parameters, k,, k; and the small
vs large cut-off value, M.

A main physical finding is that in order to obtain the correct
shape distribution, the larger particles must grow more slowly
than the smaller particles; that is, k, > k;. That is the only, but
critical, update in the FW 2-step mechanism that is needed to
be able to account for the experimentally observed and
information-rich, relatively narrow PSD.

The rate constant parameters from fitting the 4.838 h
histogram in Figure 3 also resulted in the best match to the
CHCRR out of all of the histogram fits (Figure 3, lower right).
The reproduction of the CHCRR curve using the PSD-
determined rate constants k;, k,, and k; is not exact, so it
remains to be determined where the discrepancy originates
from (although as noted earlier, some disagreement is expected
given that the conditions and assumptions underlying the
CHCRR are known to fail once the concentrations of
cyclohexene and dissolved H, fall in especially the latter half
of the CHCRR curve)."”**™** The needed studies are in
progress using a second-generation 1r(0), nanoparticle
precursor (Bu,N),[(1,5-COD)Ir-HPO,], system,”’ one
where SAXS, XAFS, and GLC and 'H NMR monitoring of
the loss of precursor are all possible in addition to use of the
CHCRR as well as TEM-determination of the PSD versus
time. Those largely in-hand results are being readied for
publication and will be reported in due course. The more
general point here is that experimental methods to reliably
monitor nanoparticle formation reactions, especially multiple
methods that allow rare determinations of the nucleation
mechanism(s) and allow better deconvolution of (correlated)
nucleation and growth rate constants, continue to be a limiting
factor in nanoparticle science across nature. Put another way,
this is yet another reason why use of the kinetics information in
the PSDs via ME-PBM promises to be quite important in the
refinement of nanoparticle formation and subsequent agglom-
eration mechanisms.

5.3.1. Concept of Mechanism-Enabled Population Bal-
ance Modeling. Returning to the general concept of ME-PBM
as introduced herein, further powerful if not compelling
support for the concept of ME-PBM that is a central theme of
the present contribution comes from a look back at the one
prior attempt to use PBM with the 2-step mechanism (via a
method of moments (MoMs) approximation to solving the
PBM equation).”” That study, which examined the same Ir(0)
nanoparticle system and Ir(0), formation data utilized herein,
did not use the correct (alternative termolecular) nucleation
mechanism to mechanistically enable the (ME)-PBM. It
instead tried to use inapplicable’*'”'® CNT and thereby
reached a predicted (see footnotes 72 and 75 elsewhere)'”'*
erroneous conclusion that there must be a “... delayed onset of
nucleation” (basically a delay somehow in the k; step in
Scheme 3) “...and its suppression soon after...”*> (basically then
a subsequent suppression of k; in Scheme 3), rather deceiving
conclusions that are literally the opposite of the critical finding
in the present, ME-PBM work. Instead and in dramatic
contradistinction, nucleation is continuous as demonstrated in
1997."* 1t is differential growth (i.e., faster growth by smaller
and slower growth by larger particles) that is what can lead to
narrow PSDs despite the inherent PSD broadening effect of
continuous nucleation. Given that the cited incorrect
conclusion was reached by a high-level expert in PBM, the
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inescapable insight here is clear: Only true mechanism-enabling
of one’s PBM, plus a highly disproof-based scientific method as
part of PBM,*"** holds hope of leading one to correct, reliable
PBM-derived conclusions and associated mechanisms. Only by
starting out with the correct, experimentally determined
(alternative termolecular) nucleation mechanism'® were we
led by our ME-PBM analysis to the critical “smaller grow faster
than larger” insight.

5.3.2. Important, Noteworthy, and Relevant Literature.
Finally, it is important to tie the present work into some other,
noteworthy, relevant broader literature. First, a “Mathematical
Model for Crystal Growth by Aggregation of Precursor
Metastable Nanoparticles” has appeared,51 which in their
assumed mechanism I, is different from (but quite interesting
in comparison to) the new 3-step mechanism herein, results
that support both studies and hint at the greater generality of
the ME-PBM approach developed herein and its resultant new
3-step mechanism. A follow-up paper from those authors in
2006 is also noteworthy.”” Second, polymer chemists have
addressed polymer product distribution problems that are
different than the PSD problem addressed herein but that are
of considerable interest and hence recommended reading.”> >
Third, ligand effects*® are very likely one underlying,
physical component of the critical finding of “smaller
nanoparticles grow faster than larger nanoparticles”. The
studies of ligand effects on Pd, particle formation by Karim’s
group, especially their compelling evidence for a ligated-
particle product B-L = B + L, pseudoelementary step in their
informative Pd,/POct; system, are especially noteworthy in
this regard. Additionally, recent evidence for a slowing of k.,
with added POM®" ligand*® (i.e., in a FW 2-step analysis of
that kinetics data) provides direct kinetics evidence for a ligand
effect on growth in the identical {(1,5-COD)Ir""POM}*~
precursor and resultant Ir(0), nanoparticle system examined
in the present ME-PBM contribution.

6. SUMMARY AND CONCLUSIONS

The following is a summary of and the primary conclusions of
the present work.

The concept of Mechanism-Enabled PBM was introduced,
specifically, the notion of enabling one’s PBM, regardless of
where it occurs across nature, with the experimentally
determined nucleation mechanism and then with experimen-
tally determined growth or agglomeration mechanisms. By
mechanism, we mean what mechanism has always meant in
classical physical-organic chemistry where it was developed: an
Ockham’s razor-obeying (therefore deliberately and necessarily
minimalistic), disproof-based (and hence as rigorous as
possible), and, as needed, pseudoelementary step-based,
experimentally determined reaction mechanism well-sup-
ported, at a minimum, by a balanced reaction and experimental
kinetics studies.

The ME-PBM was implemented via a full ODE approach.
The full ODE approach is little used since its 1918 origins,***’
but is a powerful approach that allows direct computation of
the PSD, including its shape, and curve-fitting of the
experimental PSD.

Experimentally knowing and inputting the experimentally
determined nucleation mechanism proved critical to obtaining
reliable results, that is, to correctly mechanistically enable the
PBM. First, the knowledge of the precise, molecular nucleation
mechanism enormously simplified the number of PBMs that
had to be considered; only those nucleations of molecularity

<3'7'% needed to be tested by ME-PBM (although, as a
control, nucleation with a molecularity of 4 was also examined
herein and proved inferior). The experimentally established,
alternative termolecular nucleation'® for the prototype Ir(0),
nanoparticle formation system (i) improved the simulated
PSDs in all of the histogram fits tried, and (ii) overall provided
the best fits to both the PSDs and to the CHCRR kinetics data.
Those results in turn provide considerable support for and
confidence in the prior work leading to the alternative
termolecular nucleation mechanism,'® the CHCRR kinetics
methodology'* employed to discover that nucleation mecha-
nism,'® and the resultant ME-PBM herein employing the
alternative termolecular nucleation mechanism.

A previously unknown 3-step mechanism was discovered
that is a simple, but critical, 1-step extension of the FW 2-step
mechanism. This discovery is an example of the power of ME-
PBM to offer one solution to the “inverse problem” in at least
the present example.

The newly discovered 3-step ME-PBM teaches that past
knowing the correct nucleation mechanism particle growth is
fundamentally monomer addition at least under conditions
where agglomeration is not kinetically competitive as is the
case for the present Ir(0), formation. The knowledge that
particle growth is fundamentally monomer addition, in at least
the present example, in turn yields the best evidence to date
that the A+ B— 2B autocatalytic pseudoelementary step of the
FW 2-step mechanism represents the summation of the
individual A + B~ Bj,, monomer addition steps. This is
physically as expected but previously was not experimentally
strongly supported. The evidence that particle growth is
fundamentally monomer addition also reinforces the use of a
full ODE approach to the PBM whenever possible, as the full
ODE takes into account the monomer addition steps possible
in the ME-PBM under consideration.

The evidence is now compelling that the classic FW 2-step
mechanism and the new 3-step minimum mechanisms with
their continuous nucleation,"* the opposite of the now
disfavored'® LaMer assumption'® of “instantaneous nuclea-
tion”, constitute a major paradigm shift in the understanding of
particle formation in the now 69 years since the LaMer model
was first introduced in 1950."° The literature application of the
FW 2-step mechanism, and by implication now the refined new
3-step mechanism, is across a wide variety of systems in nature
ranging from homogeneous catalyst formation,*”>”>* hetero-
geneous catalyst formation,*” ™" protein aggregation,éz_65
solid-state kinetics,®®¢” dye aggregation,68 and other areas of
nature showing “cooperative”, autocatalytic phenomena.”” The
FW 2-step mechanism and the new 3-step mechanism provide
slow, continuous nucleation and autocatalytic surface growth
to replace both CNT'>'” (ie., that is inapplicable to strong-
bonded systems)'>'” and to replace the often cited assumption
of “instantaneous” nucleation followed by “diffusion-con-
trolled” growth based on the LaMer model.

The second, seminal finding and associated paradigm shift in
the understanding of particle formation, which is supported by
all our ME-PBM efforts herein, answers the previously
perplexing question of “How can narrow particle-size
distributions result in the absence of the inapplicability of
CNT to strong-bonded systems'*'”'**" and the inapplicability
of LaMer’s model of “burst” nucleation?”."” The paradigm-
shifting insight is that narrow size distributions can and do
result when smaller particles grow faster than larger ones, i.e., k,
> k3, when using the 3-step mechanism. This allows the smaller
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particles from continuous nucleation'* to catch up in size with
the more slowly growing larger particles, leading to surprisingly
narrow, near-monodisperse PSDs. This “smaller grow faster than
larger” particles concept replaces the need for repeated claims
without evidence of “burst nucleation”,'® and explains how the
size broadening effects of continuous nucleation is overcome
by smaller particles growing faster than larger ones to yield

14
narrow PSDs.

7. ANTICIPATED IMPACT AND CAVEATS

One can anticipate a broader, more general application and
impact of the ME-PBM and the full ODE and PSD-shape-
fitting methods herein.”” The evidence supporting this
statement is as follows: (a) The underlying, deliberately
minimalistic particle formation mechanisms are more general
and already widely cited (>1240 total citations as of April
2019). (b) Population Balance Modeling is in principle general
and hence extendable to systems in nature as varied as “the size
and age distribution of fish in a lake, spatial distribution of cars
on a freeway, activity and area distribution of particles in a
catalysis bed, molecular distribution of polymer in a reactor,
and size distribution of droplets in an emulsion,”® among
many, many other countable entities that form as distributions
across nature. Additionally, a broader application of ME-PBM
can be anticipated (c) because the full ODE approach we have
employed for the PBM problem, and which allows fitting of the
PSD and its shape, is extendable and general depending upon
the computational power available, while noting that a
limitation of the full ODE approach is that the number of
computational steps grows steeply with the size of the particle,
especially if agglomeration steps need to be included in the
mechanisms tested. Other caveats and limitations of ME-PBM
and the full ODE approach exist and are worth noting, as
summarized below and as will be presented in a full version of
our ME-PBM studies.” Additionally, the underlying physical
reason(s) behind the “smaller particles grow faster than larger
particles” finding remain(s) to be elucidated, ligand effects™>*
having precedent as at least part of the probable answer.
However, the results herein, as well as the literature of
PBM,”™ " strongly suggest that henceforth no mechanism of
particle formation should be published without testing of and
input from the information-rich PSD via ME-PBM. Addition-
ally and most importantly, a new paradigm has been uncovered
for how narrow PSDs can be achieved despite continuous
nucleation'® (and in the absence of evidence for burst
nucleation'®), namely, the concept that “smaller particles
grow faster than larger particles” and thereby catch up in size
with those larger, final particles.
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