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Abstract. Stellar mass objects orbiting around supermassive black holes are primary targets
for future gravitational wave detectors like LISA. However, in theories beyond general rela-
tivity, the corresponding waveform templates are still relatively poorly known. We propose
a universal description for these systems which applies to any black hole with a non trivial
scalar profile, or scalar hair. To this aim, we use the effective field theory recently introduced
by Franciolini et al. to write the most general action for the perturbations of a spherically
symmetric solution up to some given order in derivatives and/or number of fields. At any
post-Newtonian order, the background metric and the relevant operators can be encoded
in a limited number of parameters which are readily calculated in some given scalar tensor
model, as we show with a couple of examples. In terms of such parameters, we obtain an
analytic expression for the dissipated power in the odd sector by solving perturbatively the
Regge-Wheeler equation in the presence of a point-particle source.
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1 Introduction

The direct detection of gravitational waves (GWs) offers a new and exciting opportunity for
testing General Relativity (GR). In particular, the future spatial interferometer LISA will be
able to monitor the inspiral of stellar-mass black holes around supermassive ones (105M�)
for up to one year [1, 2]. These systems, called Extreme Mass Ratio Inspirals (EMRI), will
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allow us to probe gravity in the strong-field and highly dynamical regime with unprecedented
precision.

In order to extract parameters from the signal of the inspiraling objects, one should
provide a very accurate template to describe the waveform of the emitted GWs. A simple
figure of merit to remember is that the instantaneous GW frequency for LISA should be
known with a fractional accuracy of approximately 10−8 [3]. In GR, the post-Newtonian (PN)
formalism allows to compute the waveform of a binary system in the inspiral phase as an
expansion in terms of the relative velocity v of the two objects [4]. In the extreme mass ratio
limit, such an expansion can be carried out within black hole perturbation theory [3, 5, 6].

Detecting a signal that is not compatible with GR would be an obvious observational
breakthrough, but it will be equally important to constrain the possible deviations even if all
data remain consistent with GR. One could do so for instance by allowing for independent
variations of the PN parameters [7], as was first done in the parametrized post-Newtonian
(PPN) formalism [8]. Along these lines, the parameterized post-Einsteinian formalism was
designed to analyze the leading-order deviations from GR by encoding them in a few co-
efficients in the GW amplitude and phase [9]. This kind of parametrized approaches are
useful to investigate the consistency of a GR signal a posteriori, but cannot replace the
search for a modeled signal beyond GR with an analytic template valid up to high orders in
perturbation theory.

At the opposite end of the spectrum, one could choose to study modifications of GR
on a model-by-model basis. This approach comes with its own downsides. In fact, it is
fair to say that presently there aren’t strong theoretical arguments (besides self-consistency
and phenomenological viability) to prefer some alternatives to GR over others. The lack of
preferred candidates in the landscape of possible gravitational theories makes this strategy
impractical and ultimately very inefficient.

A middle-of-the road approach consists in making some broad assumption about the
particle content and symmetries of the gravitational sector, and then use effective field theory
(EFT) techniques to constrain an entire class of theories. This is the strategy that we will
adopt in this paper, and that has been repeatedly used in particle physics as well. In partic-
ular, we will focus on theories in which the gravitational sector contains an additional scalar
field besides the usual spin-2 graviton — i.e. on so-called scalar-tensor theories. Moreover,
we will assume that the heavy component of the binary system has a scalar hair — i.e. a
non-trivial radial profile for the scalar field. Such a feature would represent a particularly
drastic departure from GR, and thus it is one of the first signatures that one should aim to
constrain [10–12].

One might be tempted to immediately invoke a number of no-hair theorems (e.g. [13–15])
to object that scalar charges are quite unusual for black holes. In particular, Hui and Nicolis
managed to prove for shift-symmetric scalar tensor theories that the associated Noether
current Jµ must vanish, or else the scalar JµJµ would diverge at the black hole horizon [15].
However, closer inspection shows that this is not an insurmountable obstacle for scalar field
configurations, because one can engineer theories where the current is null and yet black holes
admit a non-trivial scalar profile [16]. Also, in some theories such as in scalar Gauss-Bonnet
models, the unboundedness of the quantity JµJµ does not seem to lead to any pathology
for the solution [17]. The more recent ref. [18] further supports the possibility of healthy
black hole solutions with scalar hair. Finally, it is well-known that black holes embedded in
a scalar gradient can acquire a scalar charge [10, 11, 19], and that complex scalars [20] or
axionic-like particles [21] can circumvent the no-hair theorem. Emboldened by the existence
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of seemingly healthy asymptotically flat black hole solutions with scalar hair, we believe it
is time to go beyond the traditional no-hair paradigm and look for generic imprints that a
scalar hair may leave on gravitational wave spectra.

Analytic waveforms for black holes or neutron stars with a scalar hair are only partially
known for some specific theories. For instance, the waveform for “traditional” scalar-tensor
theories (generalizing the Brans-Dicke theory) is presently known up only to 1PN order [22]
(although the 2PN calculation is underway [23, 24]). This level of accuracy would need to
be further improved for a meaningful comparison with data, which generally requires the
energy flux to be known at least up to 3PN order [4]. In quadratic gravity (a class of theories
that includes among others a coupling to the Gauss-Bonnet term), only the leading PN
corrections to the energy flux are known [25]. The post-Einsteinian coefficients are instead
currently known for a wide class of modified gravity theories [26]. These few examples have
shown that studying the two-body dynamics in modified theories of gravity proves to be an
herculean task even in simplest of setups, as the metric and the putative supplementary fields
quickly get non-linearly coupled down the PN expansion.

In this paper, we will develop a general framework to calculate analytical waveforms for
EMRIs in scalar-tensor theories under the assumption that the heavy companion features a
scalar hair. To this end, we will adopt the EFT for perturbations in the presence of a scalar
hair that was first put forward in [12] to study departures from the black hole quasi-normal
frequencies predicted by GR. This same formalism was also used soon after to prove the
existence of stable wormhole configurations with scalar hair [27]. In section 2, we will review
this framework and extend it to include a point-like source.

The main idea behind this formalism is to take the hairy background solution for granted
and focus directly on the dynamics of perturbations. By exploiting the nontrivial background
of the scalar field, one can fix radial diffeomorphisms by working in the so-called unitary gauge
where the scalar perturbations vanish. Then, the most general Lagrangian for perturbations
is only going to be invariant under the residual diffeomorphisms. One major advantage
of this approach is that it doesn’t require as an input the microscopic Lagrangian of the
scalar-tensor theory. As a consequence, it bypasses potential ambiguities associated with
field redefinitions of the scalar and conformal (“frame”) transformations of the metric [28].
A similar formalism was initially applied to cosmological perturbations [29–31] to extract
model-independent constraints from observations.

Linear perturbations around spherically symmetric solutions can be classified into even
and odd parity modes. The even sector in particular is responsible for some of the most
interesting features of GW emission in scalar tensor theories. On the one hand, it is single-
handedly responsible for the leading quadrupole emission (this is the case also in pure GR).
Indeed, one byproduct of our computation is that the lowest order radiation in the odd sector
is of 1PN order. On the other hand, it contains fluctuations of the scalar field itself, and thus
the dipolar component of radiation. Despite all this, in this paper we will focus our attention
on the odd parity sector. This is mainly done for reasons of technical simplicity, since this
sector contains a single degree of freedom and is described by an effective Lagrangian that
includes only a handful of operators. The general formalism that we develop here will be
extended to the even parity sector in a future work.

The equations for perturbations of static black hole solutions can be cast into the stan-
dard Regge-Wheeler form [32, 33], characterized by an effective potential V (r) taking values
outside the event horizon of the black hole. While quasinormal modes are sensitive to the
entire shape of V , the PN approximation that we implement here only requires a limited
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number of terms in a 1/r expansion of the potential. In section 3 we define our background
metric and the EFT operators by means of such an expansion, and impose the constraints
arising from the tadpole equations to find relations among the coefficients. In section 4, we
illustrate our formalism by providing a few examples of covariant theories in the unitary
gauge and working out the coefficients of their PN expansion.

To describe EMRI systems we use a point-like source term representing the small mass
in circular orbit around the large black hole. We find that the relevant coupling with the
odd sector is of the conformal type, and that finite size (i.e. higher derivative) corrections are
negligible with respect to PN ones. This allows us in section 5 to write the Regge-Wheeler
equation in the presence of a source and express the effective potential V (r) in terms of the
PN parameters of the EFT Lagrangian.

Finally, section 6 contains the main results of this paper. Following [5, 6], we solve the
Regge-Wheeler equation in powers v. We will work with an accuracy of O(v5) beyond the
lowest order solution. Since, as emphasized before, the odd sector itself is suppressed by 1PN
order with respect to the usual quadrupole formula, by calculating the flux at infinity we will
obtain an analytic expression for the dissipated power up to 3.5PN order (i.e., up to O(v7)
beyond the leading GR quadrupole), which is the minimal required accuracy for waveform
templates.1

Conventions. We work in units such that c = 1 and, throughout most of the paper, we
also set G = 1. This implies that masses and length have the same dimensions. We adopt
the “mostly plus” metric signature.

2 Effective theory of black hole perturbations with scalar hair

In this section, we review the effective theory of perturbations of black holes with scalar
hair put forward in [12]. The main idea behind this approach is to assume the existence of
a spherically symmetric hairy black hole solution and study the most general dynamics of
perturbations that is allowed by symmetry.

A static black hole solution with a scalar hair features a scalar field with a non-trivial
radial profile Φ = Φ̄(r). For our purposes it will not matter whether this is a primary or
secondary hair, i.e. whether or not such profile is associated with an additional conserved
charge. Such a profile allows one to study the dynamics of perturbations by working in the
so-called unitary gauge, where the scalar perturbations vanish, i.e. δΦ = 0. This amounts
to choosing the radial coordinate r in such a way that hyper-surfaces of constant r coincide
with hyper-surfaces of constant Φ.

The unitary gauge requirement only fixes radial diffeomorphisms. The action in such a
gauge must still be invariant under the three residual diffeomorphisms, i.e. r-dependent redef-
initions of the time and angular coordinates. This can also be understood from a geometric
perspective: the scalar profile introduces a preferred foliation of space-time, and the residual
diffeomorphisms correspond to the freedom of specifying a different set of coordinates on
each slice of this foliation. We will be particularly interested in four-dimensional quantities
associated with this foliation: (1) the coordinate r labeling the various hyper-surfaces, (2) the
unit normal vector nµ = δrµ/

√
grr, (3) the induced inverse metric hµν = gµν − nµnν , and (4)

1Of course, the neglected mass ratio of the system, even if very small in EMRI (10−5), will need to be
taken into account for an accurate waveform template. Taking into account this mass ratio in a second-order
self-force calculation would be an interesting direction in which to extend this work.
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the extrinsic curvature tensor Kµν = hµ
λ∇λnν .

2 The effective action in unitary gauge can
depend on these four quantities, besides the usual Riemann tensor and covariant derivatives.

It is easy to convince oneself that this geometrical approach in equivalent to a more
“pedestrian” one, where the effective action is allowed to depend also on r, grr and Kµν , with
the understanding that upper r-indices do not need to be contracted. Therefore, our effective
action in unitary gauge can be written as [12]

S =

∫

d4x
√−gL

(

gµν , ε
µνλρ, Rµναβ , g

rr,Kµν ,∇µ, r
)

. (2.1)

The effective action (2.1) is not yet optimal to study the dynamics of perturbations. This
is because an infinite number of terms in (2.1) contribute at any given order in perturbations
and derivatives. What we are after, instead, is an effective action which makes it manifest that
only a finite number of terms are allowed by the symmetries at each order in perturbations
and derivatives. To this end, we should decompose the terms appearing in (2.1) in powers of
perturbations, starting with the tadpole terms that fix the background solution.

To this end, we decompose the building blocks appearing in (2.1) as a sum of a back-
ground contribution and a perturbation around it, e.g. Kµν ≡ K̄µν+δKµν , and so on. Unlike
in the EFT of inflation [29] or dark energy [30, 31], this decomposition is not covariant with
respect to the residual diffeomorphisms. This subtlety arises because a spherically symmetric
background has fewer isometries than an FRW one. For all practical purposes this is however
not an issue, as we will discuss at the end of this section. After decomposing all operators
in this fashion, one can show that the only terms that contribute to the quadratic action for
metric perturbations up to second order in derivatives are:

S=

∫

d4x
√−g

[

1

2
M2

1 (r)R−Λ(r)−f(r)grr−α(r)K̄µ
νK

ν
µ

+M4
2 (r)(δg

rr)2+M3
3 (r)δg

rrδK+M2
4 (r)K̄

µ
νδK

ν
µδg

rr

+M2
5 (r)(∂rδg

rr)2+M2
6 (r)(∂rδg

rr)δK+M7(r)K̄
µ
νδK

ν
µ(∂rδg

rr)+M2
8 (r)(∂µδg

rr)2 (2.2)

+M2
9 (r)(δK)2+M2

10(r)δK
µ
νδK

ν
µ+M11(r)K̄

µ
νδK

ν
µδK+M12(r)K̄

µ
νδK

ν
ρδK

ρ
µ

+λ(r)K̄µ
νK̄

ν
ρδK

ρ
µδK+M2

13(r)δg
rr δ (3)R+M14(r)K̄

µ
ν δ

(3)Rν
µδg

rr+ . . .

]

,

where (3)R is the intrinsic curvature of the hyper-surfaces of constant r. Notice that this
action contains not only all quadratic terms, but also a subset of higher order terms whose
presence is enforced by symmetry considerations. In what follows, we will remain agnostic
about the strong coupling scale of this theory and assume that it is high enough that no-
linearities and higher derivative corrections can be neglected for our purposes. Notice that
the cut-off of the theory is hidden in the radius-dependent coefficients M1(r),Λ(r), etc. . . ,
which contain information about the particular scalar-tensor theory one is considering as well
as the hairy black hole solution. For this reason, our assumption can only be checked on a
case-by-case basis.

Some of the functions of r appearing in (2.2) are not arbitrary, but are instead fixed
by the requirement that the background metric be a solution to Einstein’s equations. More

2Following a widespread notation, we write the extrinsic curvature as a four dimensional tensor (i.e. with
greek indexes running from 0 to 3). As a geometrical object, however, Kµν is indeed three-dimensional, as
much as the induced metric hµν . In particular, Kµr = Krµ = 0.
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specifically, a spherically symmetric background metric of the form

ds2 = ḡµνdx
µdxν = −a2(r)dt2 + dr2

b2(r)
+ c2(r)

(

dθ2 + sin2 θdφ2
)

(2.3)

will satisfy Einstein’s equations only if the coefficients Λ(r), f(r) and α(r) appearing in the
first line of (2.2) obey the following tadpole conditions:

f(r) =

(

a′c′

ac
− b′c′

bc
− c′′

c

)

M2
1 +

1

2

(

a′

a
− b′

b

)

(M2
1 )

′ − 1

2
(M2

1 )
′′ (2.4)

−
(

a′2

2a2
− a′b′

2ab
− a′c′

ac
+
c′2

c2
− a′′

2a

)

α+
a′

2a
α′ ,

Λ(r) = −b2
(

c′′

c
+
a′c′

ac
+
b′c′

bc
+
c′2

c2
− 1

b2c2

)

M2
1 − b2

(

a′

2a
+
b′

2b
+

2c′

c

)

(M2
1 )

′ (2.5)

− b2

2
(M2

1 )
′′ − b2

(

a′2

2a2
− a′b′

2ab
− a′c′

ac
+
c′2

c2
− a′′

2a

)

α+
b2a′

2a
α′ ,

(

a′

a
− c′

c

)

(M2
1 + α)′ +

(

a′′

a
− c′′

c
+
a′b′

ab
+
a′c′

ac
− b′c′

bc
− c′2

c2

)

(M2
1 + α) +

M2
1

b2c2
= 0. (2.6)

Thus, one can think of Λ(r), f(r) and α(r) as being completely specified once the background
metric and the functionM1(r) are given. All other functions appearing in (2.2) are in principle
arbitrary and must be constrained by observations.3

At this point, we should stress an important difference between the effective action we
are using here and the one first derived in [12]: in eq. (2.2), K̄µ

ν and δKµ
ν always appear with

one upper and one lower index. This was not the case in the effective action used in [12].
In particular, the tadpole equations appearing in [12] imply the specific index structure
index structure K̄µνKµν for the tadpole term proportional to α(r). As a result our tadpole
conditions (2.4)–(2.6) differ from the ones quoted in [12]. From a conceptual viewpoint the
two effective actions are completely equivalent, as they correspond to choosing a different
basis of operators in the Lagrangian. From a technical viewpoint, however, the choice we are
making here turns out the be more convenient for two reasons. First, matching an explicit
scalar-tensor theory onto the effective action (2.2) is much simpler. This is in part due to the
fact that the perturbed and background induced metrics with mixed indices have identical
components. In appendix A, we discuss an explicit example to illustrate this point. Second,
the transformation properties of α(r) under conformal redefinitions of the metric are much
simpler when the third tadpole is defined as in eq. (2.2).

These two advantages amplify when combined with each other. This is because match-
ing calculations are usually easier in the “Jordan frame” (where M2

1 (r) is some non-trivial
function of the background scalar and the metric), but the dynamics of perturbations is sim-
pler in the “Einstein frame” (whereM2

1 (r) = constant). As is well known, the two frames are
connected by a conformal transformation of the metric. Thus, having EFT coefficients that
transform simply under conformal transformations allows us to match in the Jordan frame
and then calculate in the Einstein frame.

3Hairy black hole solutions are notoriously hard to generate, as evidenced by the existence of a variety of
“no-hair theorems”, e.g. [13–15]). Whether or not this difficulty is encoded by additional, hidden constraints
on these arbitrary functions — akin to a swampland conjecture for hairy black holes — remains an interesting
open question.
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Finally, let’s return to the issue of splitting the operators in (2.1) into background
and perturbations. Because this is not a covariant procedure, observational constraints are
only meaningful once the gauge has been completely fixed. Thus, some care needs to be
taken when comparing constraints derived in different gauges. Otherwise, though, the non-
covariant nature of the splitting does not pose any problem. In particular, it can be shown
that for any choice of coefficients there exists a Lagrangian of the form (2.1) that exactly
reproduces (2.2) up to quadratic order in perturbations [12]. Thus, all the terms in (2.2)
are actually compatible with the symmetries despite not being explicitly invariant under the
residual diffeomorphisms.

The effective action for perturbations in eq. (2.2) was used in [12] to constrain depar-
tures from the quasi-normal mode spectrum of Schwarzschild black holes in GR. This EFT
framework was also used in [27] to argue for the existence of stable wormhole solutions in
scalar-tensor theories. In remaining of this paper we will develop a third application of this
formalism by studying the modifications to the waveform produced by a binary inspiral with
extreme mass ratio.

3 Sourced odd sector in the PN limit

It is convenient to classify perturbations around a spherically symmetric background ac-
cording to their transformation properties under parity. Because the action (2.2) does not
contain parity violating terms, even and odd modes decouple from each other at linear level
and can be studied separately. In this paper we restrict our attention to the odd sector of
perturbations, which only includes one propagating degree of freedom. The general EFT
action (2.2) is considerably simplified by such a restriction, as only a small subset of op-
erators contributes. In this section, we will first review such a reduced action, and then
introduce a parametrization of the EFT coefficients that is appropriate for the PN regime
we are ultimately interested in.

3.1 Effective action for odd perturbations with a point-like source

Odd metric perturbations are parametrized by 3 functions h0, h1 and h2 as follows [32]:

δgoddµν =





0 0 εkj∇kh0
0 0 εkj∇kh1

εki∇kh0 εki∇kh1
1
2(εi

k∇k∇j + εj
k∇k∇i)h2



 , (3.1)

where

hn(t, r, θ, φ) =
∞
∑

`=2

∑̀

m=−`

h`mn (t, r)Y`m(θ, φ), n = 1, 2, 3, (3.2)

and εij and∇i are respectively the Levi-Civita tensor and covariant derivative on the 2-sphere
— see e.g. section 3 of [12] for their explicit expressions. Odd perturbations with angular
momentum number ` = 0, 1 have been omitted in eq. (3.2) because they do not propagate,
partly due to an enhanced gauge invariance. This can be easily checked by deriving the
quadratic action for such modes, and is consistent with the fact that the additional scalar
degree of freedom belongs to the even sector.
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The only operators in the effective action (2.2) that contribute to the odd sector are [12]:

S =

∫

d4x
√−g

[

1

2
M2

1 (r)R− Λ(r)− f(r)grr − α(r)K̄µ
νK

ν
µ

+M2
10(r)δK

µ
νδK

ν
µ +M12(r)K̄

µ
νδK

ν
ρδK

ρ
µ

]

. (3.3)

As shown in the next section, these terms contribute to the standard Regge-Wheeler equation
with two radial and two temporal derivatives. Terms with higher derivatives are not neces-
sarily negligible from the point of view of the PN expansion. However, as they can be naively
associated with ghost-like instabilities, they must represent small perturbative corrections
in the effective Lagrangian. We do not include them here because we assume that they are
suppressed by some high scale.

We now need to supplement this action with a term that describes the coupling with a
point-like source. The point-particle action should be invariant under the same symmetries
as the bulk action, and for our purposes it will be sufficient to consider only the leading term
in its derivative expansion, i.e.

Ssource = −
∫

dτ µ(r), dτ2 = −gµνdxµdxν . (3.4)

In fact, under very reasonable assumptions, higher derivative corrections to the point-particle
action above are more suppressed compared to the PN corrections we are interested in. We
will discuss this more explicitly in section (3.3) after introducing the PN parametrization of
our EFT coefficients.

In order to simplify the subsequent analysis, it is helpful to perform a conformal redefi-
nition of the metric to set M1(r) ≡MPl. This can always be achieved provided the arbitrary
functions of r appearing in eqs. (3.3) and (3.4) are appropriately redefined. We will also
extract an overall factor of (8π)−1 from all the bulk coefficients, so that out final action reads

Sodd =
1

8π

∫

d4x
√−g

[

R

2
− Λ(r)− f(r)grr − α(r)K̄µ

νK
ν
µ

+M2
10(r)δK

µ
νδK

ν
µ +M12(r)K̄

µ
νδK

ν
ρδK

ρ
µ + . . .

]

−
∫

dτµ(r) .

(3.5)

The last step will allow us to adopt units where G = 1 — which is particularly convenient
since we’ll be working in the PN regime — without introducing factors of 8π in our equations.
The fact that our EFT coefficients differ by a factor of 8π compared to those in [12] means
that our Einstein equations with G = 1 should agree with those in [12] with MPl = 1.

3.2 Parametrization of the EFT coefficients

Our next step is to parametrize the background metric components in eq. (2.3), as well as
the arbitrary functions of r appearing in the (Einstein-frame) EFT action (3.5). This action
(without the source term) was first used in [12] to study black hole quasi-normal modes.
In that case, the quasi-normal frequencies were found to depend on the values of the EFT
coefficients, the metric components, and their derivatives close to the horizon, i.e. at r ∼ 2M .
Here, in contrast, we will be interested in the PN regime where r � 2M .
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From now on we choose to work with a radial coordinate such that c(r) = r or, equiva-
lently, such that the surface area of the 2-spheres is 4πr2. Then, we can expand the remaining
components of the background metric in the PN regime as follows

a2(r) = 1− 2M

r
+ a2

(

2M

r

)2

+ a3

(

2M

r

)3

+O
(

M

r

)4

, (3.6a)

b2(r) = 1− 2M

r
+ b2

(

2M

r

)2

+ b3

(

2M

r

)3

+O
(

M

r

)4

. (3.6b)

Here, M is the ADM mass of the black hole, which is defined by the first term in the series
expansion of a(r). The coefficients ai and bi parametrize instead possible deviations from
GR. We will see later on that terms up to 1/r3 are needed to calculate the waveform at O(v5)
beyond leading order.

One might think that the first few coefficients in the expansion (3.6) are already tightly
constrained by solar system tests. However, the constraints that apply to the Sun do not
necessarily apply to other objects. This is particularly evident in theories where the scalar
charge is an independent parameter in addition to the mass — in which case the scalar hair
is usually called primary. Moreover, even in theories with only secondary hair, Birkhoff’s
theorem does not necessarily apply, and there might exist more than one branch of solutions
characterized by different scalar charge/mass ratios.

The reader might also have noticed that a and b are equal up to O(1/r2). Alternatively,
a more general expansion for b could be considered, of the type

b2(r) = 1− (1 + b1)
2M

r
+ . . . . (3.7)

In appendix B we show that b1 6= 0 inevitably leads to violations of the null energy condition
(NEC). Theories that violate the NEC are prone to developing instabilities in the scalar
sector, although counterexamples also exist (e.g. [27, 34, 35]). Allowing for b1 6= 0, while
considerably complicating the equations, does not seem to lead to any instability in the
present case. This is perhaps not surprising, since we are focusing on the odd sector, and
instabilities are usually associated with the scalar mode which belongs to the even one. It is
possible that also the even sector might remain stable for a suitable choice of operators in the
EFT, as was the case for the wormhole solutions studied in [27]. Nevertheless, establishing
this would require a detailed study of the even sector, which we leave for future work. Until
then, we will err on the side of caution and restrict ourselves to the case where b1 = 0, as
shown in eq. (3.6).

We now proceed with an analogous expansion for the background coefficients appearing
in the EFT action,

Λ(r) =
2M

r3

[

Λ3 + Λ4
2M

r
+ Λ5

(

2M

r

)2

+ . . .

]

, (3.8)

f(r) =
2M

r3

[

f3 + f4
2M

r
+ f5

(

2M

r

)2

+ . . .

]

, (3.9)

α(r) =
2M

r

[

α1 + α2
2M

r
+ α3

(

2M

r

)2

+ . . .

]

, (3.10)
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Upon use of the tadpole equations (2.4)–(2.6), the above coefficients can be calculated as
polynomials of the metric ones, up to an integration constant that we can choose to be the
parameter α1:

Λ3 =− α1 , Λ4 =
12a2 − 3α1

4
, (3.11)

Λ5 =
−13α1 + 20α1a2 + 24a2 + 30a3 − 4α1b2 − 8b2 + 6b3

8
(3.12)

f3 =− α1 , f4 =
−7α1 + 4a2 + 4b2

4
, (3.13)

f5 =
−27α1 + 20α1a2 + 4α1b2 + 24a2 + 6a3 + 8b2 + 14b3

8
, (3.14)

α2 =
6α1 − 8a2

4
, α3 =

α1(18− 4b2 − 12a2)− 28a2 − 18a3 + 4b2 − 2b3
8

. (3.15)

Up to second order in derivatives, the bulk part of the action (3.5) contains two unknown
functions of the radius: M10(r) and M12(r). We will expand also these functions in inverse
powers of the radius. A non-zero asymptotic value of M10(r) would induce a non-luminal
GW speed at large distances from the black hole. This can be easily seen from the fact
that the operator δKµν detunes the radial derivative of gµν from its temporal derivative (an
analogous phenomenon occurs in the EFT of dark energy [36]). Since the recent detection
of a nearly coincident GW and electromagnetic signal constrains deviations from an exactly
luminal speed of gravity to be smaller than O(10−15) [37, 38], we will assume thatM2

10 starts
at order 1/r in the PN expansion. It has been argued that the parameters of the EFT of
Dark Energy may not be constrained by this measurement [39], because the energy scale
at which such theory is defined is very different from the typical GW frequency of a LIGO
signal. However, our EFT is precisely designed to study GWs and this bound is particularly
relevant. A non-zero asymptotic value of M12, on the other hand, does not induce a different
speed of gravity in flat space. Therefore, we will parameterize our two EFT coefficients as
follows:

M2
10 = γ1

2M

r
+ γ2

(

2M

r

)2

+O
(

M

r

)3

, (3.16)

M12

M
= λ0 + λ1

2M

r
+O

(

M

r

)2

, (3.17)

where we have expanded each function at the desired order for our calculations as will be
clear in section 6. Note that, in units such that G = 1, M10 is dimensionless while M12 has
mass (or length) dimensions. We have normalized M12 by the mass of the central black hole
because this choice will simplify later equations. However, it should be kept in mind thatM12

can also depend on microscopic scales that enter the action of any given scalar-tensor theory
(scalar Gauss-Bonnet is an example of this, see section 4). Further observational constraints
on the size of the expansion coefficients γ1, λ0 etc. are discussed in appendix C.

Finally, there remains an unknown function in the matter sector introduced by the
conformal redefinition of the metric to go in the Einstein frame, µ(r). This conformal redef-
inition depends on the background scalar field which is itself expanded in a PN series. We
can therefore write an expansion of µ:

µ(r) = µ0

[

1 + µ1
2M

r
+ µ2

(

2M

r

)2

+ µ3

(

2M

r

)3

+O
(

M

r

)4
]

, (3.18)
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where µ0 is the asymptotic ADM mass of the point-particle. This is reminiscent of the
expansion of the mass of an object in terms of the so-called sensitivities in Brans-Dicke type
theories [40] (similar nonminimal point-particle couplings were also discussed more recently
in Einstein-Maxwell-dilaton theories [41] or in Einstein-scalar-Gauss-Bonnet gravity [42]).
Indeed, we will show in appendix D how the coefficients µi are related to the sensitivities in
Brans-Dicke type theories.

3.3 Finite-size corrections to the point-particle action

Let us now return to an issue we alluded to earlier, namely the possibility of including higher
derivative corrections in the point-particle action (3.4). As we already pointed out, the point-
particle action should be invariant under the same symmetries as the bulk part of the action.
This means that, in unitary gauge, all possible terms invariant under residual diffeomorphisms
are allowed. These terms will once again be organized in a derivative expansion, and encode
the fact that the object under consideration is not truly point-like.

For example, all the terms4 that could in principle contribute a linear coupling with at
most one derivative on the metric perturbations are

S =

∫

dτ
{

µ(r) + c1(r)δg
rr + c2(r)∂

rδgrr + c3(r)u
µ∇µδg

rr + c4(r)δK

+ c5(r)K̄
µ
νδK

ν
µ + c6(r)uµu

νδKµ
ν + · · ·

}

, (3.19)

where uµ = dxµ/dτ is the four-velocity of the point particle, and the dots stand for terms
that are further suppressed at large distances (for instance, because they involve additional
powers of K̄µ

ν). It turns out that only the very last term in this Lagrangian yields an
additional linear coupling with odd perturbations. Using the asymptotic expansions (3.6)
and (3.18), as well as the definition of the angular momentum L in (5.4), we find that for a
circular orbit of radius r0 this last term is schematically of the form

uµu
νδKµ

ν ∼ L

µ0r30
×
{

h0
h1

}

(3.20)

at leading order in a 1/r0 expansion. Thus, assuming that the dimensionless quantity c6(r0) ∼
O(1), as would expected on naturalness grounds, we find that this last term is suppressed
compared to the leading interaction (5.10) by a factor of (r0µ0)

−1. In turn, this correction
is negligible compared to the PN corrections we will consider below provided

1

r0µ0
� GM

r0
=⇒ GMµ0 � 1, (3.21)

which is certainly satisfied for “macroscopic” masses M and µ0. Thus, in what follows we
will neglect finite-size corrections to the point-particle action.

4 Examples

To see how the formalism described in the previous sections works in practice, we will now
discuss some covariant theories with scalar hair in unitary gauge and calculate the coupling
functions of the EFT for these specific examples.

4Notice that the Lagrangian (3.19) should in principle contain also powers of ur. However, ur = 0 for the
circular orbits we are interested in, and therefore we have omitted such dependence at the outset for simplicity.

– 11 –



J
C
A
P
0
8
(
2
0
2
0
)
0
2
3

4.1 Brans-Dicke type theories

Scalar-tensor theories à la Brans-Dicke are the simplest playground for modifications of grav-
ity. Black holes cannot display scalar charges in these theories as a consequence of a known
and early example no-hair theorem [43]. However, a neutron star is expected to develop a
nonzero scalar charge which can be further enhanced by spontaneous and dynamical scalar-
ization [44, 45]. Of course, we do not expect the waveforms that we will obtain by matching
our EFT to a Brans-Dicke type theory to be relevant in the case of a binary neutron star
inspiral, where the two components are approximately of the same mass; however, our re-
sults could provide a useful cross-check with the existing PN literature [22–24]. Indeed, our
waveform should be recovered in the extreme mass ratio limit of these references. Further-
more, as was pointed out in [46], a black hole will develop a nonzero scalar charge in realistic
astrophysical situations when it is surrounded by matter.

Incidentally, theories of the Brans-Dicke type provide a nice example of the power of the
formalism outlined in the previous sections. For historical reasons, they are often introduced
by means of the rather inconvenient action

S =
1

16π

∫

d4x
√−g

[

φR− ω(φ)

φ
gµν∂µφ∂νφ

]

+ Sm . (4.1)

However, the precise coefficient in front of the Ricci scalar and the functional form of ω(φ)
are not unambiguously defined, since they can be changed by conformal transformations of
the metric and scalar field redefinitions. On the contrary, by working in the Einstein frame
and in the unitary gauge, our EFT (3.5) is free from these ambiguities.

With an appropriate field redefinition of the metric (i.e. by going to the Einstein frame)
and of the scalar field, the action (4.1) takes the form (see appendix D for details and for
connection with more standard notation)

S =
1

16π

∫

d4x
√

−g̃
[

R̃− g̃µν∂µϕ∂νϕ
]

−
∑

A

∫

dt mA(ϕ)
√

−g̃µνvµAvνA , (4.2)

where the index A refers to the different point-particle objects, vµA = dxµA/dt is the velocity
of each object, and mA(ϕ) is a field-dependent mass. From now on we will drop the tildes
for notational convenience.

For a background field ϕ̄(r) around a single object of mass m(ϕ), the EFT coefficients
in the action (3.5) are easily identified. Only f and µ are nonzero and they read

f(r) =
ϕ̄′2(r)

2
,

µ(r) = m(ϕ̄(r)) .

(4.3)

In order to obtain a PN expansion of these functions, the only remaining task is to find the
background value ϕ̄. By varying the action with respect to gµν and ϕ one finds the following
equations of motion in vacuum

Rµν = ∂µϕ∂νϕ ,

∂µ
(√−ggµν∂νϕ

)

= 0 .
(4.4)

Although an exact solution to these equations is known in the so-called Just coordinates [47],
we find it more convenient to solve them perturbatively for large values of r in the standard
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coordinate system of eq. (2.3) with c(r) = r. Plugging in our spherically symmetric ansatz
for the metric (2.3) and the background field ϕ̄(r), we find the following system of equations
for the three unknown functions a, b and ϕ̄:

a′′a+
a′b′a

b
+

2

r
aa′ = 0 , (4.5a)

a′′

a
+
a′b′

ab
+

2b′

rb
= −ϕ̄′2 , (4.5b)

r

(

a′b2

a
+ bb′

)

+ b2 − 1 = 0 , (4.5c)

∂r
(

r2abϕ̄′
)

= 0 . (4.5d)

The last equation is immediately integrated to find

ϕ̄ = ϕ0 −
∫

dr
qM

r2ab
, (4.6)

where ϕ0 is the asymptotic value of the field, M = m(ϕ0) and q is called the scalar charge of
the object. For a test-mass, the scalar charge can be easily derived from the coupling function
ω(φ). For completeness, we include such a computation in appendix D. For a compact object
like a neutron star, instead, one should resort to a specific neutron star model encapsulating
short-distance physics. In this case, q can grow to appreciable values due to spontaneous
scalarization [44].

In order to avoid these complications, we choose to treat q as an independent parameter.
The remaining task is now to solve perturbativel the first three equations in (4.5a). We
parametrize a and b as in eq. (3.6). It is easy to show that, to be consistent with the order
of expansion we are working at, one should expand the two first equations to O(1/r6) and
the third one to O(1/r4) (excluded). We obtain

a2 = 0, b2 =
q2

8
, b3 =

q2

16
, a3 =

q2

48
. (4.7)

The above equations also allow us to find the expansion of ϕ̄

ϕ̄ = ϕ0 +
Mq

r
+
M2q

r2
− M3q

(

q2 − 16
)

12r3
+ . . . . (4.8)

However this is not really needed because the coefficients of the effective action are now
given through the tadpole equations. In particular, by setting α1 = 0 we find by using (3.13)
and (3.14) that

f4 =
q2

8
, f5 =

q2

4
. (4.9)

As expected, the remaining background coefficients, Λ and α, vanish.
While referring to appendix D for more connections with the existing literature, here

we point out that the energy flux for brans-dicke type scalar-tensor theories is known up to
the 1PN order [22] (although the 2PN order is underway [23, 24]). As already mentioned,
when the symmetric mass ratio ν = m1m2/(m1 +m2)

2 is negligible, we should recover the
results of Lang [22]. However, since we are still missing the even part of the spectrum, we
are not able to do this comparison for the time being. We hope to come back to it in a near
future.
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4.2 Gauss-Bonnet

The linear Gauss-Bonnet (GB) scalar tensor model is defined by the following action

S =
M2

P

2

∫

d4x
√−g (R− ∂µφ∂µφ+ 2ᾱ φG) , (4.10)

where we have temporarily re-introduced the reduced Planck mass for later convenience and
G is the GB total derivative term,

G = RµνρσRµνρσ − 4RµνRµν +R2 . (4.11)

Following the conventions of [17], the scalar φ is dimensionless here, and the coupling of
the GB term has been denoted with a bar to distinguish it from the coefficient in the EFT
action (2.2). Note that EMRIs in the closely related Einstein-dilaton-Gauss-Bonnet and
Chern-Simons theories have been studied in [48] and [49] respectively.

Already from the form of the action (4.10) one can see that, if a black hole solution
exists for GB gravity, then the scalar field must acquire a non-trivial configuration because
it is sourced by a quantity, G, which itself will be a function of the radius.

In what follows, we describe the basic steps that one should take to recast the action
of this theory in the EFT form (2.2). First, it proves useful to exploit the equivalence of
GB gravity and a particular Horndeski theory [50]. More specifically, the GB term in (4.10)
turns out to be equivalent, up to boundary terms, to the Horndeski 5 action [51, 52]

2ᾱ φG = G5(X)Gµνφ
;µν +

1

3
G′

5(X)(�φ3 − 3�φφ;µνφ
;µν + 2φ;µνφ

;νρφ;µ;ρ) + b.t., (4.12)

with G5(X) = −4ᾱ ln(|X|). In the above, X ≡ ∂µφ∂
µφ and Gµν is the Einstein tensor. At

this point, we can try adapt the vocabulary of [36] to the present spherically symmetric case
in order to write the Horndeski 5 Lagrangian in the EFT form (4.10). To start with, let us
focus on the coefficient M2

1 multiplying the Einstein Hilbert term. For the theory at hands
it is relatively easy to obtain

M2
1 (r) = M2

P

[

1− 8ᾱb
(

bφ′
)′
]

. (4.13)

The authors of [17] have studied a spherically symmetric black hole solution of the
above theory and given the asymptotic behavior at large r of the metric coefficients and of
the scalar itself,

a2(r) = 1− 2M

r
+
MP 2

6r3
+
M2P 2 + 24ᾱMP

3r4
+O(r−5) , (4.14)

b2(r) = 1− 2M

r
+
P 2

2r2
+
MP 2

2r3
+

48ᾱMP + 2M2P 2

3r4
+O(r−5) , (4.15)

c2(r) = r2 (4.16)

φ(r) =
P

r
+
MP

r2
+

16M2P − P 3

12r3
+

6M3P − 12ᾱM2 −MP 3

3r4
+O(r−5) . (4.17)

While (4.16) is just our standard gauge fixing condition, in the above equations P is the
scalar charge of the black hole, which however is not independent of its mass [17],

P =
2ᾱ

M
. (4.18)
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The above expressions can now be used inside (2.6) in order to get an expansion for
α(r). Then, by using (2.4) and (2.5) we can solve for the remaining tadpole coefficients, f(r)
and Λ(r). In summary, the effective action coefficients read

M2
1 (r) = 1− 16ᾱP

r3
− 8ᾱMP

r4
− 4ᾱ(4M2P + P 3)

r5
+O(r−6) (4.19)

f(r) =
P 2

2r4
+

96ᾱP + 2MP 2

r5
+

240ᾱMP + 24M2P 2 − P 4

4r6
+O(r−7) , (4.20)

Λ(r) = −48ᾱP

r5
+

44ᾱMP

r6
+O(r−7) , (4.21)

α(r) =
24ᾱP

r3
+

8ᾱMP

r4
+O(r−5) . (4.22)

This is not the end of the story however, because all the quantities above are specified in
the “Jordan frame”. We can always perform a conformal transformation of the metric tensor
and bring the action to the form (3.5), with no radius-dependent coefficient multiplying

the Einstein Hilbert term. This is achieved by the field redefinition g
(J)
µν (x) → g

(E)
µν (x) =

g
(J)
µν (x)M2

1 (r), where J and E stand respectively for Jordan and Einstein frames. One can
check that equation (2.6) is covariant under such a conformal transformation, provided that
α transforms as α(J)(r) → α(E)(r) = α(J)(r)/M2

1 (r). Of course, the radial gauge choice
r2 ≡ gθθ = c(r) cannot hold after the conformal transformation. Once we conformally

transform to the Einstein frame, we can introduce an “Einstein frame radius” r2(E) = g
(E)
θθ so

that the radial gauge choice still holds in the new frame.
However, from the expansion (4.19), it is clear that the conformal factor M2

1 is different
from unity only at a relatively high order in the 1/r expansion, which makes the Einstein
and Jordan frame radii differ only at O(r−3). As a result, eqs. (4.20), (4.21) and (4.22) hold
also in the Einstein frame.

Finally, by explicitly translating the Horndeski 5 action into the EFT formalism we
obtain the two quadratic operators that are relevant for odd perturbations,

M2
10(r) = 8ᾱb2φ′

(

a′

2a
− b′

b
+
c′

c
− φ′′

φ′

)

(4.23)

= −24ᾱP

r3
− 12ᾱMP

r4
− 6ᾱ

(

4M2P + P 3
)

r5
+O(r−6) ,

M12(r) = −8ᾱbφ′ (4.24)

=
8ᾱP

r2
+

8ᾱMP

r3
+

12ᾱM2P

r4
+O(r−5) .

These, however, are too high PN order for the present calculation. In summary, using also
relation (4.18), we obtain for our basic coefficients the following values,

a2 = 0, a3 =
P 2

48M2
, b2 = b3 =

P 2

8M2
, µ3 =

P 2

2M2
,

α1 = γ1 = γ2 = λ0 = λ1 = µ1 = µ2 = 0,

(4.25)

5 Circular orbits and the sourced Regge-Wheeler equation

In the extreme mass ratio regime, GWs emitted during the inspiral phase can be thought of
as arising from perturbations of the heavy companion generated by a point-like source [5, 6].
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We can then constrain the presence of a scalar hair for the heavy companion by using the
effective theory introduced in the previous section. To this end, we will first discuss some
aspects of trajectories in a generic spherically symmetric background, and then derive the
Regge-Wheeler equation with a source term.

5.1 Background trajectories

Before turning our attention to the dynamics of linear perturbations, we will pause for a mo-
ment to discuss some features of circular orbits in generic spherically-symmetric backgrounds.
The results derived in this section will be used later on to simplify the linear coupling between
perturbations and point-like source. Since the metric (2.3) is symmetric around θ = π/2, we
will consider trajectories that are restricted to this plane. Remember that we are working
with a radial coordinate such that c(r) = r.

The equations of motion for the point-particle are found by varying the background
action,

S̄m = −
∫

dλ µ(r)

√

ḡµν
dxµ

dλ

dxν

dλ
, (5.1)

where we have reintroduced an affine parameter λ along the trajectory for convenience.
Denoting T ≡ µ(r)

√

ḡµν ẋµẋν and ẋµ ≡ dxµ/dλ, the equations of motion take the form

d

dλ

∂T

∂ẋµ
=

∂T

∂xµ
. (5.2)

Choosing now the affine parameter λ to be equal to the background proper time τ , and using
the fact that T does not depend explicitly on t nor on φ, we obtain the two equations

d

dτ

(

µ(r)a2(r)
dt

dτ

)

= 0
d

dτ

(

µ(r)r2
dφ

dτ

)

= 0 . (5.3)

The conserved quantities in parentheses are respectively the energy and the angular momen-
tum of the point-particle:

E = µ(r)a2(r)
dt

dτ
, L = µ(r)r2

dφ

dτ
. (5.4)

Using dτ2 = −ḡµνdxµdxν , one finds that the radial component of the equations of motion
can be written using the conserved quantities above as

(

dr

dτ

)2

= b2
[

E2

µ2a2
−
(

1 +
L2

µ2r2

)]

. (5.5)

Deriving now eq. (5.5) with respect to τ , we find the second order equation

2
d2r

dτ2
=

d

dr

[

E2b2

µ2a2
− b2

(

1 +
L2

µ2r2

)]

. (5.6)

In the particular case of a circular trajectory, for which dr/dτ = d2r/dτ2 = 0, we can
solve eqs. (5.5) and (5.6) to find the energy and the angular momentum of the particle as a
function of the background parameters evaluated at the radius of the orbit:

L = µr

√

r(aµ)′

µ(a− ra′)
, E = µa

√

µa+ raµ′

µ(a− ra′)
, (5.7)
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where ( )′ ≡ d/dr( ). It is easy to check that these results reduce to the usual expressions for
angular momentum and energy of a non-relativistic point particle when µ(r) = m, a(r)2 =
1 − 2M/r, and M/r = v2 � 1 . It is also interesting to notice that, generically, there will
be corrections to Kepler’s law (we will come back to this point in section 6.4). Indeed, from
eqs. (5.4) and the definition of the angular frequency Ω = dφ/dt we find the relation

Ω =
dφ

dt
=
La2

Er20
, (5.8)

with r0 the radius of the orbit. In GR, it is easily checked that Ω2r30 =M for a Schwarzschild
solution in coordinates such that 4πr2 is the area of the invariant 2-spheres. In general, this
will no longer be true in the presence of a scalar hair.

5.2 Sourced Regge-Wheeler equation

We are finally in a position to derive the linearized equation for odd metric perturbations
sourced by a test particle. In what follows, we will work in Regge-Wheeler gauge by setting
h2 = 0 (see eq. (3.1)). Perturbations with different values of ` and |m| decouple at linear level
due to rotational invariance. Therefore, we will focus on a single (`, |m|) sector and suppress
the angular momentum labels whenever possible to simplify the notation. By expanding the
bulk part of the effective action (3.5) up to quadratic order in perturbations we find

Sbulk =
1

8π

∫

dtdr
[

u1|h0|2 + u2|h1|2 + u3(|ḣ1|2 − 2ḣ∗1h
′
0 + |h′0|2 + 2u4ḣ

∗
1h0) + c.c.

]

, (5.9)

with the understanding that for m = 0 one should add an overall factor of 1/2 to avoid
overcounting. The real functions ui(r) were calculated in [12], and are reproduced here in
appendix E for completeness.

The bulk action should be supplemented with the point-particle action expanded up to
linear order in perturbations. Considering again a circular trajectory in the θ = π/2 plane
with radius r0 and angular frequency Ω, and choosing the affine parameter so that λ = t, we
find the following expression for the source action

Ssource = −s`mL
r20

∫

dt h0(t, r0)e
imΩt + c.c, (5.10)

where L is the angular momentum defined in eq. (5.4), and the coupling constant s`m is
given by

s`m =

√

2`+ 1

4π

(`−m)!

(`+m)!
Pm+1
` (0) , (5.11)

with Pm+1
` an associated Legendre polynomial.

The perturbation h0 never appears with a time derivative in the total action S =
Sbulk + Ssource. Therefore, it can be integrated out by solving its equation of motion, which
is just a constraint equation. This equation is however a second-order ordinary differential
equation in the r variable. To overcome this difficulty, we will follow refs. [12, 53] and
introduce an auxiliary variable q(t, r) defined by

q = ḣ1 − h′0 + u4h0 . (5.12)
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This variable can be thought of as an extension of the Regge-Wheeler variable to black hole
solutions with a scalar hair. In fact, one can check explicitly that, up to an overall coefficient
specified below in eq. (5.18a), q reduces precisely to the standard Regge-Wheeler variable in
the absence of a scalar hair and for a Schwarzschild background metric. Using eq. (5.12), we
can now rewrite the total action as

S =
1

8π

∫

dtdr

{

(u1 − ∂r(u3u4)− u3u
2
4)|h0|2 + u2|h1|2 + u3q

∗
[

2(ḣ1 − h′0 + u4h0)− q
]

}

− s`mL

r20

∫

dt h0e
imΩt + c.c. . (5.13)

It is easy to show that the bulk part of the action is equivalent to the one in eq. (5.9)
after integrating out q. Varying instead with respect to h∗0 and h∗1 one obtains the algebraic
constraints

h0 =
∂r(u3q) + u3u4q

∂r(u3u4) + u24u3 − u1
+A(r)δ(r − r0)e

imΩt , h1 =
u3
u2
q̇ . (5.14)

Once again r0 is the radius of the circular orbit, whereas A(r) is defined by

A(r) =
8πs`mL

2r2(u1 − ∂r(u3u4)− u24u3)
. (5.15)

Plugging the solutions (5.14) for h0 and h1 into the action (5.13), we obtain (up to an
irrelevant divergent constant) the effective action

S =
1

8π

∫

dtdr
[

G00q̇
2 + Grrq

′2 + Gqqq
2
]

+
1

4π

∫

dtdr u3
[

(u4A−A′)δ(r − r0)−Aδ′(r − r0)
]

q eimΩt, (5.16)

where the explicit expressions of the G functions are given in appendix E. By varying the
quadratic action above with respect to q we obtain a second order equation for the only
propagating degree of freedom in the odd sector:

− Grr

G00
q′′−∂rGrr

G00
q′+

(

ω2+
Gqq

G00

)

q=− u3
G00

[

(u4A−A′)δ(r−r0)−Aδ′(r−r0)
]

2πδ(ω−mΩ), (5.17)

where we have transformed to Fourier space (in time) with the convention h(ω) =
∫

dt eiωth(t).
This equation can be recast in a Schrödinger-like form by rescaling Q and redefining the radial
coordinate as follows:

Ψ = (|GrrG00|)1/4q (5.18a)

d

dr̃
=

√

∣

∣

∣

∣

Grr

G00

∣

∣

∣

∣

d

dr
, (5.18b)

Then, eq. (5.17) reduces to the Regge-Wheeler equation

d2Ψ

dr̃2
+
[

ω2 − V (r̃)
]

Ψ = J(r̃) , (5.19)

with

J = 2πδ(ω −mΩ)u3
|GrrG00|1/4

G00

[

(A′ − u4A)δ(r − r0) +Aδ′(r − r0)
]

, (5.20)

V =
5G′

00
2Grr

2 − G00
2
(

16GqqGrr − G′
rr

2 + 4GrrG′′
rr

)

− 2G00Grr (G′
00G′

rr + 2G′′
00Grr)

16G00
3Grr

. (5.21)
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6 Power emitted in the PN regime

In this section we derive the main result of our paper: a PN expansion of the power emitted
in the odd sector by an extreme mass-ratio binary in the presence of a scalar hair. Our
approach will be similar to the one first developed in [5] and then used in [6, 54] to calculate
the power dissipated by a particle in circular orbit around a Schwarzschild black hole up to
the 4PN order. We organize our discussion in several steps: first, we show how the power
emitted is related to the form of Ψ far away from the source (section 6.1); second, we review
how the asymptotic form of Ψ is related to the homogeneous solution Ψin satisfying ingoing
boundary conditions at the horizon (section 6.2); third, we calculate Ψin in a PN expansion
(section 6.3); and finally, we assemble all our results to obtain a PN expansion of the power
emitted (section 6.4).

6.1 Dissipated power from asymptotic solution

We will start by expressing the energy flux leaving the binary system in terms of the variable
Ψ defined by eqs. (5.12) and (5.18a). To this end, we will make the simplifying assumption
that our quadratic action for perturbations reduces to the one we would derive from GR
at large distances. This assumption is certainly well supported by present observations —
e.g., by the current bounds on the luminal propagation of speed of GWs [38] — and it can
be translated into a bound on the asymptotic behavior of the coefficients in the effective
action (3.5): both M10(r) and M12(r)/r must vanish at large r. As we will see in section 4,
this assumption is also easily satisfied by known black hole solutions with scalar hair.

We can now combine the explicit expressions provided in appendix E together with the
PN expansions (3.6) to show that at large r

u4 →
2

r
, (|GrrG00|)1/4 →

√

`(`+ 1)

(`− 1)(`+ 2)

r

2
, (6.1)

and therefore that our variable Ψ reduces asymptotically to

Ψ → r

(`+ 2)(`− 1)
[ḣ1 − r2∂r(h0/r

2)] . (6.2)

Up to an overall multiplicative factor that only depends on `, this result is equal to the usual
Regge-Wheeler variable, see e.g. [55]. Thus, we can immediately borrow standard results to
relate the asymptotic form of Ψ to the usual + and × polarizations in flat space. Keeping
track of the aforementioned overall factor, we have [55]

h+ − ih× =
2i

r
−2Y`m(θ, φ)Ψ , (6.3)

where −2Y`m are the s = −2 spin-weighted spherical harmonics. Finally, because the asymp-
totic action for h+ and h× is the same as in GR, so will be the asymptotic form of the
stress-energy tensor of perturbations. Thus, the total instantaneous power emitted takes the
usual form in terms of h+,× [56]:

P = lim
r→∞

∫

dΩ
r2

16π
(ḣ2+ + ḣ2×) = lim

r→∞

1

4π

∑

`≥2

∑̀

m=−`

∣

∣

∣

∣

dΨ

dt

∣

∣

∣

∣

2

, (6.4)
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where in the last step we used the orthonormality of spin-weighted spherical harmonics and
assumed that h+ − ih× is a linear superposition of modes with all possible values of `,m.

We will use this result later in this section to calculate the total power emitted in the
odd sector in a PN expansion. For now, we just point out that the corresponding expression
in the even sector would be more complicated because it would need to include also the power
emitted by the additional scalar mode. We leave a full investigation of the even sector for
future work.

6.2 Asymptotic solution from homogenous solution

Equation (6.4) means that the power emitted is completely determined by the asymptotic
form of the solution Ψ to the inhomogeneous equation (5.19). Following [6], we will now show
how the latter can in turn be expressed in terms of one particular solution to the associated
homogeneous equation.

As long as the “potential” V (r̃) vanishes at the horizon (r̃ → −∞) and at spatial infinity
(r̃ → +∞), Ψ will asymptotically approach a linear combination of complex exponentials
e±iωr̃ (notice that J(r̃) vanishes at both ends). On physical grounds, we will impose ingoing
boundary conditions at the horizon — corresponding to the fact that no classical signal can
leave the horizon — and outgoing boundary conditions at spatial infinity — since we are not
interested in gravitational radiation produced by other, far-away sources. Using the Green’s
functions method, we can express such a solution as follows:

Ψ(r̃) =

∫ ∞

−∞

dr̃′G(r̃, r̃′)J(r̃′) . (6.5)

The Green’s function G with the correct boundary conditions is in turn equal to

G(r̃, r̃′) =
1

W

[

θ(r̃ − r̃′)Ψout(r̃)Ψin(r̃′) + θ(r̃′ − r̃)Ψout(r̃′)Ψin(r̃)
]

, (6.6)

with W = Ψin∂r̃Ψ
out − Ψout∂r̃Ψ

in the Wronskian, θ the Heaviside function, and Ψout and
Ψin solutions to the homogeneous Regge-Wheeler equation subject to ingoing and outgoing
boundary conditions respectively:

Ψin =

{

Ce−iωr̃, for r̃ → −∞
Aine−iωr̃ +Aouteiωr̃, for r̃ → +∞ (6.7a)

Ψout =

{

Bine−iωr̃ +Bouteiωr̃, for r̃ → −∞
eiωr̃, for r̃ → +∞ . (6.7b)

Notice that we have fixed the normalization of Ψout at r̃ → +∞, but have kept the normal-
ization of Ψin arbitrary for later convenience.

Since the Wronskian is constant by construction, we can evaluate it using the asymptotic
expressions (6.7), which at spatial infinity yield W = 2iωAin. Taking now the limit r̃ → +∞
of (6.5), we obtain an expression for Ψ far away from the emission region:

Ψ(r̃) → eiωr̃

2iωAin

[∫ ∞

−∞

dr̃′Ψin(r̃′)J(r̃′)

]

. (6.8)

Thus, we see that the amplitude of the emitted wave is completely determined by the ingoing-
wave solution of the homogeneous Regge-Wheeler equation and its related coefficient Ain. Of
course, Ψin and therefore Ain are determined up to an overall multiplicative constant, but
this ambiguity does not affect eq. (6.8), which only depends on the ratio Ψin/Ain.
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6.3 PN expansion of the homogeneous solution

Let us now calculate Ψin and Ain by solving the homogeneous Regge-Wheeler equation in
a PN scheme with the ingoing boundary conditions (6.7a). Given how we parametrized
the various functions entering the Regge-Wheeler equation in section 3.2, we will find it
more convenient to work in terms of the coordinate r rather than the tortoise coordinate r̃.
Even better, we will introduce a dimensionless coordinate z ≡ ωr, so that our homogeneous
equation becomes:

dz

dr̃

d

dz

(

dz

dr̃

dΨin

dz

)

+ (ω2 − V )Ψin = 0 . (6.9)

The advantage of working with a dimensionless coordinate is that the two scales entering this
equation, M and ω, can only appear in the dimensionless combination ε ≡ 2Mω (remember,
our units are such that G = 1). Moreover, the source J in (5.20) is non-zero only for ω = mΩ,
and in this regime we have

ε ∼ 2MΩ =
2M

r0
× r0Ω = v3 � 1, (6.10)

where r0 is once again the radius of the circular orbit. This suggests that we solve eq. (6.9) in
perturbation theory by expanding in powers of ε. More precisely, we will write our equation as

E0[Ψ
in] + εE1[Ψ

in] + ε2E2[Ψ
in] +O(ε3) = 0 , (6.11)

and look for a perturbative solution of the form

Ψin = Ψin
0 + εΨin

1 + ε2Ψin
2 +O(ε3) , (6.12)

satisfying ingoing boundary conditions at the horizon. Similarly, we expand Ain in powers of
ε as Ain = Ain

0 + εAin
1 + ε2Ain

2 +O(ε3). We will see later on that working up to O(ε2) included
is sufficient to calculate the waveform up to O(v5) beyond the leading order result.

In order to expand eq. (6.9) in powers of ε, we will use the following results, which can
be derived from those in appendix E:

dr̃

dr
= 1 + κ1

ε

z
+ κ2

ε2

z2
+O

(

ε3
)

, (6.13)

V (z) =
ω2

z2

(

`(`+ 1) + κ3
ε

z
+ κ4

ε2

z2
+O

(

ε3
)

)

, (6.14)

where

κ1=1+γ1+
λ0
2
, (6.15a)

κ2=
1

8(`−1)(`+2)

[

8a2−8b2−(2α1+4γ1+λ0)
2

+(`2+`−2)(8−4a2−4b2+8γ1+12γ21+8γ2+2λ0+12γ1λ0+3λ20+4λ1)
]

, (6.15b)

κ3=−6+4α1+5γ1−(`2+`−3)

(

1+
λ0
2

)

, (6.15c)
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κ4=
1

16(`−1)(`+2)

{

`(`+1)
[

`(`+1)
(

16a2−4λ0(−4+4γ1+λ0)−8λ1
)

−336a2−8α1λ0+76γ1λ0+11λ20+4
(

12+52b2+4(−4+α1)α1−62γ1

+24α1γ1+35γ21+36γ2−23λ0+16λ1
)]

+8
[

54a2−30b2+7α2
1+62γ1

+(γ1+λ0)(9γ1+2λ0)+α1(16+20γ1+13λ0)−3(4+12γ2−5λ0+4λ1)
]

}

. (6.15d)

In the GR limit, where all our EFT parameters are set to zero, we recover the usual tortoise
coordinate and Regge-Wheeler potential. Note that a similar PN parametrization of the
Regge-Wheeler potential was discussed in [57, 58]. However, here we are able to express the
parameters κi in terms of more fundamental ones.

6.3.1 Zeroth-order solution: Ψin

0

At lowest order in perturbation theory, the equation we need to solve is

E0[Ψ
in
0 ] ≡ Ψin

0
′′(z) +

(

1− `(`+ 1)

z2

)

Ψin
0 (z) = 0. (6.16)

The equation for Ψin
0 is the same as in GR and there is no dependence on modified gravity

parameters. This simple equation admits the two independent solutions zj`(z) and zy`(z),
where j` and y` are spherical Bessel functions. The ingoing boundary condition should be
imposed at the horizon z∗ ∼ Mω ∼ ε. At zeroth order in our perturbative expansion,
consistency requires that we set z∗ = 0. Our solutions scale like zj`(z) ∼ z`+1 and zy`(z) ∼
z−` for small z, and therefore regularity at the horizon singles out the solution

Ψin
0 (z) = zj`(z). (6.17)

We can now calculate the zeroth order contribution to the coefficient Ain using the well-known
asymptotic form of the spherical Bessel function j`, which gives:

Ψin
0 (z)

z→∞−→ i

2

(

e−izei`π/2 − eize−i`π/2
)

. (6.18)

Using the fact that z = ωr ' ω(r̃ + ϕ) asymptotically, with ϕ an arbitrary integration
constant, we conclude that Ain

0 = i`+1eiϕ/2. Thus, we find that Ain is determined up to
an arbitrary phase, in agreement with the remarks of ref. [6]. This phase has no physical
meaning, as evidenced by the fact that the power emitted ultimately depends on |Ain|2.

Notice that at lowest order the precise position of the horizon is irrelevant: our solution
is valid provided the horizon is at r∗ = O(1)M . In fact, the PN order at which the distinction
between z∗ = 0 and z∗ ∼ ε becomes important is determined by the size of Ψin

0 (ε)/A
in
0 ∼

ε`+1 ∼ v3`+3. For the lowest multipole, ` = 2, this yields a contribution to the power emitted
of order |J |2 ×O(v18), given that the power emitted scales like |Ψ|2. This is consistent with
the result derived by Sasaki in pure GR [6], and is beyond the PN order we will be considering
here — especially given that J itself scales like some positive powers of v. Incidentally, the
absence of outgoing modes at the horizon becomes relevant at the exact same order. Up until
that point, regularity determines our solution uniquely.
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6.3.2 First-order solution: Ψin

1

Let us know turn our attention to the first order correction to the solution above. We now
need to solve an inhomogeneous equation for Ψin

1 of the form E0(Ψ
in
1 ) = −E1(Ψ

in
0 ), where

the explicit form of the source term is

E1[Ψ
in
0 ] = −2

κ1
z
Ψin

0
′′(z) +

κ1
z2

Ψin
0
′(z)− κ3

z3
Ψin

0 (z) , (6.19)

where the κi’s are defined in eq. (6.15).

Once again, the first order solution can be found using the Green’s functions method,
which yields

Ψin
1 (z) = −

∫ ∞

0
dz′G0(z, z

′)E1(Ψ
in
0 (z

′)), (6.20)

with G0 a Green’s function of the differential equation E0 which satisfy the appropriate
boundary conditions. We want to make sure that lowest order solution Ψin

0 is regular at the
horizon, and we want to make sure not to spoil this. For this reason, we will choose G0 in
such a way that Ψin

1 (z = 0) = 0. This is accomplished by the Green function

G0(z, z
′) = θ(z − z′)

[

zy`(z)z
′j`(z

′)− zj`(z)z
′y`(z

′)
]

, (6.21)

where we used the fact that the Wronskian of E0 is W = zj`∂z(zy`) − zy`∂z(zj`) = 1. The
Green function G0 is the analog of a retarded Green’s function (with time replaced by the
radial coordinate z), unlike the one in eq. (6.6), which is closer in spirit to a Feynman’s Green
function.

Taking now the large-z limit of (6.20), we can read off the coefficient of the exponential
e−iωr̃ to extract the first order correction to Ain:5

Ain
1 =

i`+2eiϕ

4

[

λ0 + 4(α1 + γ1 − 1)

`(`+ 1)
− 1− λ0

2
+ (2 + 2γ1 + λ0)(1 + ψ` − ln(2))

]

, (6.22)

where ψ` is the digamma function defined by

ψ` =
`−1
∑

k=1

1

k
− γ , (6.23)

and γ = 0.577 . . . is Euler’s constant.

The careful reader may worry about the fact that our result (6.22) does not seem to
reduce to the GR result (see e.g. eq. (4.6) of ref. [6]) when all our EFT parameters vanish.
This discrepancy is however due to a different choice of normalization and phase for Ψ. As
stated in ref. [6], only the difference between the value of Ain

1 for different `’s is physically
meaningful, and indeed we have checked that such difference correctly reproduces the GR
result in the appropriate limit.

5The naive large-z limit of (6.20) diverges logarithmically. This divergence however cancels against a
subleading term in the asymptotic expansion of Ψin

0 (r) that arises when r is expressed in terms of r̃ up to
next-to-leading order in ε.
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6.3.3 Second-order solution: Ψin

2

Extending our first order analysis to higher orders is conceptually straightfoward. In partic-
ular, the equation for the second order correction Ψin

2 is of the form E0[Ψ
in
2 ] = −E1[Ψ

in
1 ] −

E2[Ψ
in
0 ], with

E2[Ψ
in
0 ] =

3κ21 − 2κ2
z2

Ψin
0
′′(z)− 3κ21 − 2κ2

z3
Ψin

0
′(z)− κ4

z4
Ψin

0 (z) , (6.24)

Following the same logic we adopted to derive the first order solution, we conclude immedi-
ately that

Ψin
2 (z) = −

∫ ∞

0
dz′G0(z, z

′)[E1(Ψ
in
1 (z

′)) + E2(Ψ
in
0 (z

′))]. (6.25)

As we will discuss in a moment, we will not need Ain
2 to calculate the power emitted at the

PN order we’ll be interested in — the small-z limit of Ψin
2 (z) will be sufficient.

6.4 PN expansion of the dissipated power

We are now finally in a position to calculate the power emitted by combining all the results
we have derived so far in this section. Combining the explicit expression (5.20) for the source
term J with the asymptotic form of Ψin in eq. (6.8), Fourier transforming back from frequency
to time, and then plugging the result into the formula (6.4) for the power emitted, we find

P =
1

16π

∑

`≥2

∑̀

m=−`

∣

∣

∣

∣

∣

(

A′

A
− u4 −

d

dr

)

(

Ψin

Ain
Au3

|GrrG00|1/4
G00

dr̃

dr

)∣

∣

∣

∣

∣

2

r=r0

. (6.26)

Thus, we see that the power emitted depends on Ψin, the background metric coefficients,
and all other EFT coefficients evaluated only at the radius r0 of the orbit. This means in
particular that we can expand all coefficients in powers of 2M/r0 ∼ v2, and Ψin(z0) (which
itself is an expansion in ε ∼ v3) in powers of z0 ≡ mΩr0 = mv. When taken all together,
these expansions will yield a PN approximation for the power P .

In order to carry out these expansions systematically, we need to take into account the
fact that Kepler’s law — and thus the relation between r0 and v — is modified in the presence
of a scalar hair. In fact, the velocity is equal to

v = Ωr0 =
La2

Er0
, (6.27)

where in the last step we used eq. (5.8), while the energy E and angular momentum L are
defined in eq. (5.7). Expanding E and L in inverse powers of r0, we can invert this equation
to express 2M/r0 in terms of v:

2M

r0
=

v2

1− 2µ1

[

1 +
4a2 − 6µ1 + 8µ2

(1− 2µ1)2
v2 +O(v4)

]

. (6.28)

This implies that the parameter ε = 2MmΩ = (2M/r0)mv also admits an expansion in
powers of v. Incidentally, the fact that the leading term on the righthand side depends on
the parameter µ1 can be viewed as a renormalization of Newton’s constant — a common
feature in scalar-tensor theories [47, 59].
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The results derived in this section are sufficient to calculate the dissipated power up to
O(v5) beyond the leading order result. The limiting factor is the expansion of Ψin in powers
of ε, which we have carried out only up to second order. Expanding simultaneously in powers
of ε and z0 yields an expression of the form

Ψin(z0)

z`+1
0

∼ [1+O(z20)]+ε

[

1

z0
+O(z0)

]

+ε2
[

1

z20
+O(1)

]

+ε3
[

1

z30
+O(1/z0)

]

+O(ε4) . (6.29)

Therefore, the contribution cubic in ε that we are neglecting would give a leading correction
that scales like (ε/z0)

3 ∼ v6. The second order correction to Ain would contribute at the
same order, which is why we have not calculated it.

Our PN expansion for the power emitted in the odd sector can be cast in the form

P = PNv
2
[

p0 + p2 v
2 + p4 v

4 +O(v6)
]

, (6.30)

where we have denoted by PN the standard quadrupole energy loss,

PN =
32

5

(µ0
M

)2
v10 , (6.31)

and the coefficients pi in eq. (6.30) are reported in appendix E.2. This is the main result
of our paper: our EFT approach provides a model-independent parametrization of how the
coefficients pi can differ from their GR value in the presence of a scalar hair. A departure
from GR would lead to changes in the phase of the waveform.

An interesting byproduct of our result is that we can turn off all our EFT coefficients
to obtain the power emitted in the odd sector in GR. To our knowledge, this is the first time
that the contribution of the odd sector to the luminosity formula for a circular orbit in GR
has been appeared in the literature (earlier work was based on the Teukolsky equation and
yielded results that included both even and odd sector). In particular, our result shows that
the odd sector contribution is already of 1PN order — i.e. suppressed by v2 compared to the
quadrupole expression, which comes from the even sector. Thus, we have determined the
total power emitted in the odd sector up to 3.5PN order.

One final comment we should make, related to our discussion about boundary conditions
at the horizon in section 6.3.1, is that eq. (6.4) only accounts for the power dissipated in
GWs at infinity. However, a fraction of the GWs emitted will also be absorbed by the black
hole horizon. Fortunately, this effect is again of higher PN order compared to the accuracy
considered in this paper. This can be seen from the near-horizon behavior of the full solution
Ψ in eq. (6.5),

Ψ(r̃) −−−−→
r̃→−∞

Ce−iωr̃

2iωAin

[∫ ∞

−∞

dr̃′Ψout(r̃′)J(r̃′)

]

. (6.32)

On the one hand, we have that C/Ain ∼ Ψin
0 (ε)/A

in
0 ∼ ε`+1; on the other hand, Ψout must

be (at lowest order) a combination of spherical Bessel functions zj`(z) and zy`(z) in order
to enforce purely outgoing boundary conditions at infinity. Thus, Ψout(z0) ∼ z−`

0 for z0 � 1,
and therefore the ratio of the solution to the Regge-Wheeler equation at the two boundaries is

Ψ(r̃ → −∞)

Ψ(r̃ → ∞)
∼ v`+2 . (6.33)

Since ` ≥ 2 and the power is proportional to |Ψ|2, this means that the power dissipated at
the horizon is suppressed by v8 compared to the power emitted at infinity. This is consistent
with the results derived by Poisson and Sasaki in pure GR [60].
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7 Conclusions

This new era of GW observations should not catch unprepared those looking for new physics.
Among other sources, extreme mass ratio inspiral systems (typically, a solar mass black hole
orbiting around a supermassive one) represent one of the main targets of the future space-
borne interferometer LISA and will provide some exquisite test of GR in the strong field
regime [1]. By describing the small companion as a test particle, these systems are suited
to efficient analytic treatment by using black hole perturbation theory in the presence of a
source [61].

In theories other than GR though, the bank of templates to fit against GW signals is still
relatively restricted. In Brans-Dicke type theories — the simplest scalar-tensor alternatives
to GR — waveforms of binary neutron stars are only known to the 1PN order [22–24], which
is insufficient for data analysis. At the same time, when looking for alternatives to GR in
order to produce new templates, one should decide at which level of detail to work.

In this paper we have explored and endorsed an EFT formalism that can apply to any
scalar-tensor model allowing a non-trivial profile for the scalar around the black hole. The
dynamics of the perturbations is distilled in a certain number of coupling functions of the
radius that are unambiguous against possible field redefinitions, both in the scalar and in
the metric sectors. We have modeled the source with a point-particle action representing
the small BH perturbing the background spacetime. This allowed us to derive a modified
Regge-Wheeler equation ruling the evolution of gravitational perturbations. Solving this
equation in the PN regime gives access to the power emitted from the system. For simplicity,
we have focused on the odd sector of perturbations which is technically simpler. Extending
our formalism to the even sector should be straightforward, albeit computationally more
challenging than the odd one.

Our final and most important formula is the power dissipated in the odd modes up to
3.5PN order, eq. (6.30). It depends on a set of parameters which represent deviations of the
metric and of the action from GR in the PN regime. In this sense, our formalism could be
viewed as a parametrized PN framework applied to hairy BHs.

Given our final equation (6.30) for the dissipated power, one may be tempted to ask
what is the advantage of our formalism compared to e.g letting p0, p1 and p2 free in an
actual template, as this is done in the parametrized post-Einsteinian (ppE) formalism [9].
Our approach can be seen as a convenient bridge between theoretical models and observations,
analogous to what is normally called phenomenology in particle physics. In this paper we have
related the “observed” parameters p0, p1 and p2 to the expansion coefficients (a2, b2, α1, µ1
etc.) of a given theory (see appendix E.2 for the explicit formulae). Examples of how to derive
such expansion coefficients are given in section 4. So once a particular theory is chosen, say
with one free modified gravity parameter, then our EFT provides a one-parameter family of
templates which can be used to draw more conclusive tests of GR than the ppE formalism
can provide due to its inherent freedom of parametrization. We think that this method can
give rise to interesting and efficient modeled searches in a large class of modified gravity
theories.
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A Decomposition of KµνK
νρ
K

µ

ρ

In this appendix we provide an example to illustrate why it is convenient to use mixed
indices for the extrinsic curvature. In order to raise and lower the indices of the unperturbed
extrinsic curvature tensor K̄µ

ν , it would seem natural to use the background metric. However,
when dealing also with perturbations, this is far from being the most convenient option. A
quantity such as δKµ

ν = Kµ
ν − K̄µ

ν would end up transforming in some hybrid cumbersome
way. In practice, when trying to translate a general theory in the EFT language, one has
to expand in perturbations terms such as KµνK

νρK µ
ρ , and would like to be able to raise

and lower the indices in some definite standard way at any step of the process. In the case
of a spatially flat Friedmann-Robertson-Walker (FRW) universe [28], the extrinsic curvature
of the constant time hyper-surfaces evaluates K̄µ

ν = diag(0, H,H,H) = Hhµν , H being
the Hubble parameter and hµν the induced (full, i.e. containing the perturbations!) three-
dimensional metric. One can thus define the perturbations as the fully covariant tensor
δKµν ≡ Kµν −Hhµν and raise and lower the indices accordingly [29].

In the present less symmetric case, there is no natural way to define a covariant pertur-
bation tensor δKµ

ν . By looking at the metric in the form

ds2 = ḡµνdx
µdxν = −a2(r)dt2 + dr2

b2(r)
+ c2(r)

(

dθ2 + sin2 θdφ2
)

(A.1)

one finds

K̄µ
ν = b(r) · diag

(

a′(r)

a(r)
, 0,

c′(r)

c(r)
,
c′(r)

c(r)

)

. (A.2)

In the absence of a covariant perturbation tensor, it is misleading to manipulate terms
containing background and perturbation quantities. One solution is to just abstain to do
so, by always contracting extrinsic curvature tensors with an index up and an index down,
without the need of ever lowering and raising indices. For example, when expanding in per-
turbations, the cubic extrinsic curvature term previously mentioned should here be written as

Kµ
ν K

ν
ρK

ρ
µ = (K̄µ

ν + δKµ
ν) (K̄

ν
ρ + δKν

ρ) (K̄
ρ
µ + δKρ

µ) (A.3)

= −2K̄µ
ν K̄

ν
ρ K̄

ρ
µ + 3K̄µ

ν K̄
ν
ρK

ρ
µ + 3K̄µ

ν δK
ν
ρ δK

ρ
µ + δKµ

ν δK
ν
ρ δK

ρ
µ ,

i.e. with each term having one index up and one index down. A similar reasoning applies to
the induced intrinsic curvature, (3)R̄µ

ν = diag
(

0, 0, c−2(r), c−2(r)
)

. Contractions involving
more indices, such as those involving covariant derivatives of Kµ

ν , will require more care, but
they appear at higher order in the derivative expansion and can be overlooked at this time.

With the caution required by the issues just discussed, one can follow the construction
of [12] and show that the only terms that contribute to the quadratic action for metric
perturbations up to second order in derivatives are those appearing in (2.2)

B The null energy condition

Consider a spherically symmetric metric in the form

ds2 = −a2(r)dt2 + dr2

b2(r)
+ r2dΩ , (B.1)
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and let us expand the coefficients a and b in general powers of 1/r,

a2(r) = 1− 2M

r
+ a2

(

2M

r

)2

+ a3

(

2M

r

)3

+O
(

M

r

)4

, (B.2a)

b2(r) = 1− (1 + b1)
2M

r
+ b2

(

2M

r

)2

+ b3

(

2M

r

)3

+O
(

M

r

)4

. (B.2b)

We want to study under which conditions the null energy condition (NEC) is satisfied. The
NEC asserts that, for any null vector u,

Tµνu
µuν ≥ 0 . (B.3)

In the Einstein frame, the components of the energy momentum tensor can be calculated
simply by imposing the Einstein equations. For the metric (B.2) they read

Ttt = −a2b2
(

1

r2
+

2b′

rb
− 1

r2b2

)

, (B.4)

Trr =

(

1

r2
+

2a′

ra
− 1

r2b2

)

, (B.5)

Tθθ = r2b2
(

a′′

a
+
a′b′

ab
+
a′c′

ac
+
b′c′

bc

)

. (B.6)

By spherical symmetry, we can always point our null vector towards, say, a point of the
sphere of symmetry at φ = 0. Moreover, the null vector is defined up to an overall constant.
Finally, the condition of being null reduces the degree of freedom of such a vector to just one
independent parameter B, as follows,

uµ =

(

1

a
, bB,

√
1−B2

r
, 0

)

, (B.7)

where B goes from 0 (tangential direction) to 1 (pure radial direction).
We now calculate the quantity in (B.3) at each order in 1/r. The first non trivial order

is at 1/r3,

Tµνu
µuν =

2Mb1(1− 3B2)

r3
+ . . . . (B.8)

The above expression changes sign at B = 1/
√
3. The only way it can be non-negative is

b1 = 0. If we impose that, then at the next order we have

Tµνu
µuν =

8M2

r4
[

a2 +B2(b2 − 2a2)
]

+ . . . , (B.9)

which is always positive for b2 > a2 > 0. We have checked that at higher order one has to
deal with similar inequalities among the relevant coefficients ai, bi. It is just at 1/r3 order
that NEC implies a specific value of the parameter (i.e., b1 = 0).

C Observational constraints from time delays

From eq. (6.13) we could infer that there is an additional Shapiro time delay induced by the
parameters λ0 and γ1 on a GW as compared to a photon. As the recent GW170817 event has
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remarkably set a stringent bound on the speed of gravitons compared to photons [37, 38],
let us see the consequences of this measurement in our formalism (even if the GW170817
event concerns two neutrons stars of comparable mass where our perturbative treatment is
expected to break down, we are just concerned here by orders of magnitude). Such a violation
of the equivalence principle was already used in [62] to constrain the difference |γGW − γEM|
between the Eddington parameters of GW and photons respectively.

For an external observer, a photon traveling on a radial geodesic of the metric (2.3) has
an apparent “speed”6

dr

dt
= ab ' 1− 2

M

r
+O

(

M

r

)2

. (C.1)

If the photon starts its trajectory from near the horizon of the central black hole and ends it in
a detector on Earth, the Shapiro time delay (defined as the delay between the time of flight of
this photon and the time of an equivalent photon traveling in a Minkowski spacetime [63]) is

∆tphoton = −2M log

(

d

rs

)

. (C.2)

where d is the distance of the black hole to the Earth, and rs is its Schwarzschild radius. Note
that this time is finite while we would expect a true signal emitted near to the horizon to be
infinitely redshifted: this is due to the first-order approximation in 1/r which we are using.
On the other hand, a GW is a solution to the RW equation (5.19) and its wavelike properties
are associated to the coordinate r̃. From eq. (6.13) the delay for a graviton then reads

∆tgraviton = −(2 + λ0 + 2γ1)M log

(

d

rs

)

. (C.3)

For nonzero λ0, γ1 there is a difference in the time of arrival of photons and gravitons.
However, the order of magnitude of this time difference is (in natural units) the Schwarzschild
radius of the central object. This is way below the 1.7s time difference measured in the
GW170817 event for a solar mass object, even if log-enhanced by the ratio d/rs; however this
could become relevant for a supermassive black hole. We conclude that the current bound
on the GW speed is not currently constraining the parameters of our expansion.

D Matching to Brans-Dicke like theories

In this appendix, we will connect our results for Brans-Dicke type theories with the existing
PN literature [22–24]. In these references, the two fundamental quantities are the Brans-Dicke
coupling function ω(φ) and the field-dependent mass mA(φ), defined by the Brans-Dicke like
action (in the Jordan frame)

S =
1

16π

∫

d4x
√−g

[

φR− ω(φ)

φ
gµν∂µφ∂νφ

]

−
∑

A

∫

dt mA(φ)
√

−gµνvµAvνA , (D.1)

where the index A refers to the different point-particle objects, vµA = dxµA/dt is the velocity
of each object, and mA(φ) is a field-dependent mass. The field dependence of mA(φ) is

6The photon speed is unchanged by the conformal transformation in the matter sector of eq. (3.5). However,
one should be careful to the fact that the mass appearing in eq. (C.1) is not the physical mass that one would
measure with a gravitational experiment. As suggested by the form of Kepler’s law (6.28), this physical mass
is related to M via Mphys = M(1− 2µ1).
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expected since local physics now depends on the environment and so of the value of φ at the
object location [40]. For light objects, we do not expect any dependence of mA on φ, while
for strongly self-gravitating objects like neutron stars we cannot ignore this dependence.
This phenomenon is known as spontaneous scalarization [44]. Following [23, 64] the coupling
function ω(φ) is parameterized in a weak-field expansion as

ω(φ) =
1− 4ζ

2ζ
+ ω1

1− ζ

ζ2

(

φ

φ0
− 1

)

+
ω2

2

1− ζ

ζ3

(

φ

φ0
− 1

)2

+ . . . , (D.2)

where φ0 is the asymptotic value of the scalar, and the mass function mA(φ) as

logmA(φ) = logm
(0)
A + sA log

φ

φ0
+
s′A
2

(

log
φ

φ0

)2

+
s′′A
6

(

log
φ

φ0

)3

+ . . . (D.3)

We can express the Jordan frame action (D.1) in our formalism by making the conformal
field redefinition

g̃µν = φgµν , φ = eΦ, ϕ =

∫

dΦ

(

ω(eΦ) +
3

2

)1/2

, (D.4)

where the relation between ϕ and Φ depends on the exact form of the function ω(φ). It
brings the action in the following Einstein frame form already displayed in eq. (4.2),

S =
1

16π

∫

d4x
√

−g̃
[

R̃− g̃µν∂µϕ∂νϕ
]

−
∑

A

∫

dt mA(e
Φ(ϕ))

√

−e−Φ(ϕ)g̃µνv
µ
Av

ν
A .

(D.5)

From now on we will drop the tildes for simplicity. The equations of motion for such an action
are given in eq. (4.5a). However, in the main text the scalar charge defined in eq. (4.6) was a
free parameter related to the short-distance physics coupling the scalar to the neutron star.
In the PN literature, this charge can be related to the functions ω and mA in the weak-field
approximation. This can be done by taking into account the point-particle source term in
the scalar EOM. Thus, the field equation for ϕ becomes

1√−g∂µ
(√−ggµν∂νϕ

)

= 8π
√−g00

dΦ

dϕ

d

dΦ

(

mA(e
Φ)e−Φ/2

)

δ3(x) , (D.6)

where we recall that Φ is defined by eq. (D.4), and we have taken the point-particle to sit at
the origin of the coordinates. In spherical coordinates, this is rewritten as

∂r
(

r2abϕ̄′
)

= 2
a

√

ω(eΦ) + 3/2

d

dΦ

(

mA(e
Φ)e−Φ/2

)

δ(r) . (D.7)

The left-hand side contains the scalar charge of the body, while the right-hand side depends
on the fields a and Φ evaluated at the location of the point-particle (formally divergent in our
approach where the cutoff scale corresponding to the inverse size of the neutron star is sent
to infinity). We use a weak-field expansion in which Φ = Φ0 +O(m/r), a = 1 +O(m/r) at
the location of the point-particle (note that such expansion is not accurate for neutron stars
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where m/r ∼ O(1): this is why we chose to consider the scalar charge as a free parameter in
the main text). Integrating eq. (D.7), this yields

ϕ̄ = ϕ0 −
∫

dr
Q

r2ab
, (D.8)

where

Q =

√

2ζ

1− ζ
m

(0)
A e−Φ0/2(1− 2sA) , (D.9)

where ζ is related to the asymptotic value of ω through eq. (D.2), and the sensitivity sA is
defined in eq. (D.3). This is in agreement with the conventional PN literature [44, 47]. In

the main text, we have made use of the reduced scalar charge q = Q/m
(0)
A .

Since the tadpole function f was already given in eq. (4.9), the only remaining task of
this appendix is to find the expansion of the mass function µ(r), defined in eq. (3.18). From
eq. (D.5), µ(r) is given by

µ(r) = mA

(

eΦ(r)
)

e−Φ(r)/2 (D.10)

Thus, we have to find the expansion of the function Φ. By using that, from the very definition
of Φ in eq. (D.4),

dΦ

dr
=

1
√

ω(eΦ) + 3/2

dϕ

dr
, (D.11)

one can parametrically solve for Φ in a 1/r expansion using the expansion of ϕ given in
eq. (4.8). This finally translates into the coefficients of µ(r),

µ0=m
(0)
A e−Φ0/2 ,

µ1= q̃

(

sA− 1

2

)

,

µ2=
q̃

8ζ

(

ζ(4sA−2+ q̃(1−4sA+4s2A+4s′A))+2q̃ω1(1−2sA)
)

,

µ3=
q̃

48ζ2
[

8ζ2(2sA−1)+6ζq̃
(

2ω1+ζ
(

4s2A−4sA+4s′A+1
)

−4ω1sA
)

+ q̃2
{

−ζ
(

2ω1+24ω1s
2
A−16ω1sA+2sA+24ω1s

′
A−1

)

+ 2ζ2
(

4s3A−6s2A+12sAs
′
A+4sA−6s′A+4s′′A−1

)

+4(2sA−1)
(

4ω2
1−ω2

)}]

,

(D.12)

where q̃ = q
√

ζ
2−2ζ .
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E Various functions and coefficients

E.1 Coefficients in the Lagrangian of odd modes

In this appendix we give the expressions of the functions ui and Gi respectively defined in
the main text by eq. (5.9) and eq. (5.16)

u1 = −`(`+ 1)

4a4c3

[

ac
(

a
(

b
(

αc2a′′ − 3aα+ abM ′
12 − a(α+ 2)cc′′ − acα′ − 2a

)

− a(α+ 2)cb′
)

+aca′
(

αcb′ + b
(

5α+ 2bM ′
12 + cα′ + 2

))

+ bc2
(

a′
)2 (

bM ′
12 − 2α

)

)

+ 2acM2
10

(

c
(

a
(

bca′′ + ab′ + abc′′
)

+ aa′
(

cb′ + 3b
)

− 2bc
(

a′
)2
)

− a2b
)

+ bM12

(

ca′ + a
)

(

c
(

2a
(

bca′′ + ab′ + abc′′
)

+ aa′
(

2cb′ + 3b
)

− 3bc
(

a′
)2
)

− 2a2b
)

+ 4a2bc2M10M
′
10

(

ca′ + a
)

− a3c

b
(`− 1)(`+ 2)

]

(E.1a)

u2 =
`(`+ 1)(`− 1)(`+ 2)ab

4c3
[

2bc′M12 − c
(

1− 2M2
10

)]

, (E.1b)

u3 = −`(`+ 1)b

4a2c

[

∂r(ac)bM12 − ac
(

1− 2M2
10

)]

, (E.1c)

u4 =
1

abc
[

∂r(ac)bM12 − ac
(

1− 2M2
10

)]

[

c2
(

ba′
(

bM12a
′ + a

(

α+ 2M2
10 − 2

))

+ 2a2b′
)

+ abcc′
(

2bM12a
′ − a

(

α− 2M2
10 + 2

))

+ a2b2M12c
′2

]

. (E.1d)

The functions G00,Grr and Gqq that appear in the action (5.16) are defined in terms of the
above functions as follows [12]:

G00 =− u23
u2
, (E.2a)

Grr =
u23

u4u′3 + u3
(

u′4 + u24
)

− u1
, (E.2b)

Gqq =
(Grr)

2

u33

[

u′3
(

2u′3u
′
4 − u′1

)

+ u3
(

−u4u′1 − u′′3u
′
4 + u′3u

′′
4 + u4u

′
3u

′
4

)

+ u1u
′′
3 (E.2c)

+2u4u1u
′
3 + u1u3

(

3u′4 + u24
)

− u21 + u23
(

u4u
′′
4 − 2u′24

)]

.

E.2 Power emitted

Here we report the expressions of the coefficients appearing in our main result, eq. (6.30):

p0 =
1

36(1− 2µ1)2
, (E.3)

p2 =
1

504(1− 2µ1)4
(

23 + 112a2 − 140γ1 − 35λ0 − 260µ1 + 280γ1µ1 + 70λ0µ1 + 92µ21

+ 28α1(2µ1 − 1) + 224µ2
)

, (E.4)

p4 =
1

181440(1− 2µ1)6

(

− 33817 + 47040α2
1µ

2
1 − 47040α2

1µ1 + 11760α2
1

− 389760α1γ1µ1 + 97440α1γ1 + 97440α1λ0µ
2
1 − 97440α1λ0µ1 + 24360α1λ0
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+ 43200α1µ
3
1 − 427680α1µ

2
1 + 483840α1µ1µ2 + 213840α1µ1 − 241920α1µ2

− 5400α1 − 80640a22 + 1440a2
(

84α1(2µ1 − 1) + 420γ1(2µ1 − 1) + 210λ0µ1 − 105λ0

+ 184µ21 + 40µ1 − 224µ2 + 18
)

+ 60480a3(2µ1 − 1) + 80640b2µ
2
1 − 80640b2µ1

+ 20160b2 + 772800γ21µ
2
1 − 772800γ21µ1 + 193200γ21 + 386400γ1λ0µ

2
1 − 386400γ1λ0µ1

+ 96600γ1λ0 + 1066560γ1µ
3
1 − 3414240γ1µ

2
1 + 2419200γ1µ1µ2 + 1707120γ1µ1

− 1209600γ1µ2 − 133320γ1 − 161280γ2µ
2
1 + 161280γ2µ1 − 40320γ2 + 48300λ20µ

2
1

− 48300λ20µ1 + 12075λ20 + 283440λ0µ
3
1 − 878760λ0µ

2
1 + 604800λ0µ1µ2 + 439380λ0µ1

− 302400λ0µ2 − 35430λ0 − 40320λ1µ
2
1 + 40320λ1µ1 − 10080λ1 + 117488µ41

− 182176µ31 + 449280µ21µ2 − 222648µ21 − 167040µ1µ2 + 241920µ1µ3 + 119096µ1

− 322560µ22 + 213120µ2 − 120960µ3 + 389760α1γ1µ
2
1

)

. (E.5)

In the simple case of a linear Gauss-Bonnet coupling discussed in section 4, these expressions
simplify however considerably. Using eqs. (4.25)–(4.18), we get that only p4 deviates from
its GR value,

p0 =
1

36
,

p2 =
23

504
,

p4 =
33817 + 236880 ᾱ2

M4

181440
,

(E.6)

where we recall that ᾱ has been introduced in eq. (4.10).

References

[1] P. Amaro-Seoane et al., eLISA/NGO: Astrophysics and cosmology in the gravitational-wave
millihertz regime, GW Notes 6 (2013) 4 [arXiv:1201.3621] [INSPIRE].

[2] S. Babak, J. Gair, A. Sesana, E. Barausse, C.F. Sopuerta, C.P.L. Berry et al., Science with the
space-based interferometer LISA. V: Extreme mass-ratio inspirals, Phys. Rev. D 95 (2017)
103012 [arXiv:1703.09722] [INSPIRE].

[3] J. Thornburg, The Capra research program for modelling extreme mass ratio inspirals, GW
Notes 5 (2011) 3 [arXiv:1102.2857] [INSPIRE].

[4] L. Blanchet, Gravitational radiation from post-Newtonian sources and inspiralling compact
binaries, Living Rev. Rel. 17 (2014) 2 [arXiv:1310.1528] [INSPIRE].

[5] E. Poisson, Gravitational radiation from a particle in circular orbit around a black hole. 1:
Analytical results for the nonrotating case, Phys. Rev. D 47 (1993) 1497 [INSPIRE].

[6] M. Sasaki, PostNewtonian expansion of the ingoing wave Regge-Wheeler function, Prog. Theor.
Phys. 92 (1994) 17 [gr-qc/9402042] [INSPIRE].

[7] LIGO Scientific, Virgo collaboration, Tests of general relativity with the binary black hole
signals from the LIGO-Virgo Catalog GWTC-1, Phys. Rev. D 100 (2019) 104036
[arXiv:1903.04467] [INSPIRE].

[8] C.M. Will, Theory and experiment in gravitational physics, Cambridge University Press (1981).

– 33 –



J
C
A
P
0
8
(
2
0
2
0
)
0
2
3

[9] N. Yunes and F. Pretorius, Fundamental theoretical bias in gravitational wave astrophysics and
the parameterized post-Einsteinian framework, Phys. Rev. D 80 (2009) 122003
[arXiv:0909.3328] [INSPIRE].

[10] M.W. Horbatsch and C.P. Burgess, Cosmic black-hole hair growth and quasar OJ287, JCAP
05 (2012) 010 [arXiv:1111.4009] [INSPIRE].

[11] E. Berti, V. Cardoso, L. Gualtieri, M. Horbatsch and U. Sperhake, Numerical simulations of
single and binary black holes in scalar-tensor theories: circumventing the no-hair theorem,
Phys. Rev. D 87 (2013) 124020 [arXiv:1304.2836] [INSPIRE].

[12] G. Franciolini, L. Hui, R. Penco, L. Santoni and E. Trincherini, Effective field theory of black
hole quasinormal modes in scalar-tensor theories, JHEP 02 (2019) 127 [arXiv:1810.07706]
[INSPIRE].

[13] J.D. Bekenstein, Nonexistence of baryon number for static black holes, Phys. Rev. D 5 (1972)
1239 [INSPIRE].

[14] J.D. Bekenstein, Novel “no-scalar-hair” theorem for black holes, Phys. Rev. D 51 (1995) 6608
[INSPIRE].

[15] L. Hui and A. Nicolis, No-hair theorem for the galileon, Phys. Rev. Lett. 110 (2013) 241104
[arXiv:1202.1296] [INSPIRE].
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