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We present a method based on the scattering T operator, and conservation of net real and reactive
power, to provide physical bounds on any electromagnetic design objective that can be framed as a
net radiative emission, scattering or absorption process. Application of this approach to planewave
scattering from an arbitrarily shaped, compact body of homogeneous electric susceptibility x is
found to predictively quantify and differentiate the relative performance of dielectric and metallic
materials across all optical length scales. When the size of a device is restricted to be much smaller
than the wavelength (a subwavelength cavity, antenna, nanoparticle, etc.), the maximum cross
section enhancement that may be achieved via material structuring is found to be much weaker
than prior predictions: the response of strong metals (Re [x] < 0) exhibits a diluted (homogenized)
effective medium scaling o |x|/Im [x]; below a threshold size inversely proportional to the index
of refraction (consistent with the half-wavelength resonance condition), the maximum cross section
enhancement possible with dielectrics (Re [x] > 0) shows the same material dependence as Rayleigh
scattering. In the limit of a bounding volume much larger than the wavelength in all dimensions,
achievable scattering interactions asymptote to the geometric area, as predicted by ray optics. For
representative metal and dielectric materials, geometries capable of scattering power from an incident
plane wave within an order of magnitude (typically a factor of two) of the bound are discovered by
inverse design. The basis of the method rests entirely on scattering theory, and can thus likely be

applied to acoustics, quantum mechanics, and other wave physics.

Much of the continuing appeal and challenge of linear
electromagnetics stems from the same root: given some
desired objective (enhancing radiation from a quantum
emitter [1-5], the field intensity in a photovoltaic [6-8],
the radiative cross section of an antenna [9-11], etc.)
subject to some practical constraints (material compat-
ibility [12-14], fabrication tolerances [15-17], or device
size [18-20]), there is currently no method for finding
uniquely best solutions. The associated difficulties are
well known [21-23]. From plasmonic resonators [24-26]
to periodic lattices [27-29], myriad combinations of ma-
terials and geometries can be used to manipulate elec-
tromagnetic characteristics (enhancing interactions with
matter [30-35]) in extraordinary ways, but net effects are
often similar [36, 37]. The wave nature of Maxwell’s equa-
tions and non-convexity of electromagnetic optimizations
with respect to material susceptibility makes discerning
optimal solutions challenging [38—40], often leading to
the consideration of designs that are sensitive to minute
structural alterations [41, 42]. In most situations of prac-
tical interest, quantitative relations between basic de-
sign characteristics (like available volume and material
response) and achievable performance are not known.

Nevertheless, despite these apparent challenges, com-
putational (inverse) design techniques based on local gra-
dients have proven to be impressively successful [43-45],
offering substantial improvements for applications such
as on-chip optical routing [45-47], meta-optics [48-50],
nonlinear frequency conversion [51, 52], and engineered
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FIG. 1. Schematic of investigation. To what extent does
the specification of an electric susceptibility (x) and a confin-
ing spatial domain for the design of a structured body (opti-
cal device), determine the maximum absorbed Paps, scattered
P.ct, and extinguished (total) Pext = Psct + Pabs power that
can be extracted from a known incident field?

bandgaps [53, 54]. The widespread success of these tech-
niques, and their increasing prevalence, begs a number of
questions. Namely, how far can this progress continue,
and, if salient limits do exist, can this information be
leveraged to either facilitate future inverse approaches or
define better computational objectives. Absent bench-
marks of what is possible, precise evaluation of the merits
of any design methodology or algorithm is difficult: fail-
ure to meet desired application metrics may be caused



by issues in the selected objectives, the range and type
of parameters investigated, or the formulation itself.

Building from similar pragmatic motivations, and ba-
sic curiosity, prior efforts to elucidate bounds on optical
interactions, surveyed briefly in Sec. II, have provided
insights into a diverse collection of topics, including an-
tennas [9, 10, 55], light trapping [6, 56-60], and opto-
electronic [61-64] devices, and have resulted in improved
design tools for a range of applications [39, 65-67]. Yet,
their domain of meaningful applicability remains frag-
mented. Barring recent computational bounds estab-
lished by Angeris, Vuckovié¢ and Boyd [39], which are
limits of a different sort, applicability is highly context
dependent. Relevant arguments largely shift with cir-
cumstance [68, 69], and even within any single setting,
attributes widely recognized to affect performance (e.g.,
differences between metallic and dielectric materials, the
necessity of conserved quantities, required boundaries,
minimum feature sizes) are frequently unaccounted for,
leading to unphysical asymptotics and/or bounds many
orders of magnitude larger than those achieved by state-
of-the-art photonic structures, Fig. 1.

In this article, we exploit the requirement of global
(net) power conservation as constructed from the defin-
ing relation of the scattering T operator, in conjunction
with Lagrange duality, to derive bounds on any electro-
magnetic objective equivalent to a net extinction, scatter-
ing, or absorption process. With minor modifications for
cases where one is interested in only a portion of the out-
put field [70], such phenomena encompass nearly every
application mentioned above. The scheme, capturing the
potential of any and all possible structures under the fun-
damental wave limitations contained in Maxwell’s equa-
tions, requires only three specified attributes: the mate-
rial the device will be made of, the volume it can occupy,
and the source (current or electromagnetic field) that
it will interact with. Directly, the conservation of real
power is seen to set an upper bound on the magnitude of
a system’s net polarization response, while the analog of
the optical theorem for reactive power, introducing the
polarization phase, is shown to severely restrict the con-
ditions under which resonant response is attainable, par-
ticularly in weak dielectrics (glasses), leading to signifi-
cantly tighter limits compared to related works [71, 72].

The utility of a more robust, methodic, approach for
treating electromagnetic performance limits has been rec-
ognized by several other researchers (especially in the
field of radio frequency antennas [70, 73, 74]), and in
particular, concurrent works by Kuang et al. [72] and
Gustafsson et al. [75] have converged on the same basic
optimization approach given in Sec. I. Although Ref. [72]
considers only the conservation of real power, and thus
overestimates achievable performance for certain param-
eter combinations (Figs. 2 and 3), the findings presented
in these articles are excellent complements to our results,
further highlighting the adaptability and utility of La-
grange duality and scattering theory for predicting pos-
sible performance in photonics. Moreover, during review

of this article, another program for calculating bounds
via the self-consistency of the total scattering field has
also been put forward by Trivedi et al. [76]. A brief de-
scription of this work, as well as those cited above, is
given in Sec. II.

Application of the technique to compute limits on far-
field scattering cross sections for any object of electric
susceptibility x that can be bounded by (contained in)
either a ball of radius R or a periodic film of thick-
ness t interacting with a plane wave of wavelength A,
codifies a substantial amount of intuition pertaining to
optical devices. As R/A — 0, the requirement of re-
active power conservation means that the energy trans-
ferred between a generated polarization current and its
exciting (incident) field, averaged over the confining vol-
ume, can never scale as the material enhancement factor
of Cmat = |x|?/Im [x] introduced and broadly discussed
in prior works [67-69, 71, 77-79]. Instead, for metals
(Re[x] < —3), with Re[x] = —3 corresponding to the
localized plasmon-polariton resonance [80] of a spheri-
cal nanoparticle, the relative strength of such interac-
tions cannot surpass, as compared to (mat, the reduced
form factor 3 |x|/Im[x], consistent with a “dilution” of
metallic response implied by homogenized or effective
medium perspectives [81-83]. When Re[x] > —3, even
this level of enhancement is not possible. For dielectrics
(Re[x] > 0), enhancement is limited by the same mate-
rial dependence that appears in Rayleigh scattering [84],
approximately 3 x|/ |x + 3|- (In either case, comparison
with cross section limits based on shape dependent cou-
pled mode or effective medium models [85, 86] reveals no-
table inexactness.) After surpassing a wavelength condi-
tion inversely proportional to the index of refraction, the
importance of reactive power is superseded by the con-
servation of real power, causing Re [x] to have less drastic
consequences on the magnitude of achievable cross sec-
tions; for R &~ \/2, limits for dielectrics meet or surpass
those of metals for realistic material loss values, Im [x]. In
the macroscopic limit of R > X or t 2 A/2, the selected
material plays almost no role in setting achievable scat-
tering cross sections, other than determining the level of
structuring that would be required, and the predictions
of ray optics (geometric cross sections) emerge. Addi-
tionally, beyond these asymptotic features, for represen-
tative metallic and dielectric material selections, geome-
tries discovered through topology optimization [43, 44]
are shown to come within an order of magnitude of the
bounds for domain sizes varying between R/\ = 1073
and R/A = 1, with connate agreement for periodic films,
providing supporting evidence that the bounds are nearly
tight and predictive.

These same findings also shed light on a range of funda-
mental questions, such as limitations for light extraction
and trapping efficiency, and the relative merits of differ-
ent materials for particular applications [64, 83, 87], and
provide a much more quantitative perspective on which
aspects of a design are most critical to device perfor-
mance than prior analyses. Shortly, we foresee extensions
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FIG. 2. Scattering cross section bounds for a planewave incident on a compact object. The four panels show
different aspects of scattering cross section bounds for any structure of electric susceptibility x that can be contained within a
spherical boundary of R/\ (e.g., cavities, nanoparticle, etc.). Dashed lines result from imposing the conservation of real power,
as in Ref. [72]. Full lines result from additionally requiring the conservation of reactive power, as in Ref. [75]. As R — 0,
Im[x]/|Re[x]] = 107 Dots in panels (a) and (b) mark
scattering cross sections achieved in actual geometries discovered by inverse design, for y = —1044 107! and x = 16 +i 10~¢,
respectively. For the metal structure in (a), vertically aligned cross-hatched dots result from enforcing binarized permittivity
profiles. (Binarization does not alter the dielectric results.) Two sample structures are shown as insets, with the planewave
incident from the more solid side of both designs, left side in (a), right side in (b), and aligned along the left-right symmetry axis.
with vanishing material loss, with the bounds exhibiting a
weak, sub-logarithmic, divergence as Im [x] — 0. More practically, cross section enhancements surpassing a2 200 should not be

limit values agree with (38) in all cases, and with (40) so long as

Unbounded cross sections are encountered only for fictitious metals

expected. Descriptions of other major features are given in the accompanying text.

of the framework to embedded sources and user defined
design (containing) volumes as providing a means of for-

malizing, comparing, and contrasting existing paradigms
within photonics, revealing limitations and trade offs in
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FIG. 3. Absorption cross section bounds for a planewave incident on a compact object. The four panels provide
analogous information as Fig. 2, but for absorbed rather than scattered power. Again, the dashed lines represent bounds
determined by insisting only that real power is conserved, the solid lines result from additionally requiring the conservation of
reactive power, and dots correspond to actual structures discovered by inverse design. For the example metal structure shown
in (a), the planewave is incident from the solid side of the half shell (from the left in the first view and from the back left in
the second). For the example dielectric structure, the planewave is incident from the left along the axis of symmetry of the
mushroom cap in the full view, and from the back left in the cross cut. Small radii features are found to be in good agreement
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with the asymptotic predictions of (38) and (40) for Im [x] / |Re[x]| = 10™*. When the confining volume is small, R/ < 1/20,

the ability of a structured object to absorb radiation is found to be substantially weaker than past predictions [68, 71, 77].
As R — oo, the geometric cross section limit predicted by ray optics is recovered regardless of the material considered. Like

scattering, these results indicate that absorption cross section enhancements larger than = 200 should not be expected.

a number of technologically prescient areas (e.g., the ra-
diative efficiency of quantum emitters [88-90], high qual-
ity factor cavities [91-93], optical forces [94], lumines-
cence [95, 96] and fluorescence [97, 98]).

The article is divided into four

main sections.

Sec-
tion I begins with an overview of the T operator relations
governing absorption, scattering and radiative processes,
followed by a statement of the wave constraints and re-



laxations that are explored in the rest of the manuscript.
From these preliminaries, the calculations of limits is
then cast in the language of optimization theory, and
a solution in terms of the Lagrangian dual is given. In
Sec. II, a brief examination of the similarities and differ-
ences of this approach with current art is supplied. Next,
in Sec. III, basic computational mechanics are examined,
and the quasistatic R/A — 0 scaling factors quoted else-
where are derived based on analytically tractable single-
channel asymptotics. Finally, Sec. IV provides sample
applications of the method as described above. This is
likely the section of the text of most relevance to the
majority of readers. Although only single frequency ex-
amples are given, broad bandwidth objectives should
present no major hurdles [99, 100]. Further technical de-
tails, necessary only for reproducing our results, appear
in Sec. VII. Because the approach relies exclusively on the
validity of scattering theory, it is likely that counterparts
of the presented findings exist in acoustics, quantum me-
chanics, and any other wave physics.

I. FORMALISM

The key to the approach of this article rests on the use
of partial relaxations [101]. Past electromagnetic limits,
including our own work, have been predominately for-
mulated by placing bounds on the individual physical
quantities entering an objective and then deducing a to-
tal bound by composing the component limits [102, 103].
We begin, alternatively, with the fundamental scatter-
ing relation that any physical system must satisfy, derive
algebraic consequences of this relations (e.g. energy con-
servation) and then suppose a subset of theses conclu-
sions as constraints on an otherwise abstract optimiza-
tion. This general procedure is detailed below. The for-
mulas given in the Power Objectives and Scattering Con-
straints subsections are exact. Relaxations (omissions of
certain physical requirements) begin only after the Re-
laxzation and Optimization heading.

A. Power Objectives

Considerations of power transfer in electromagnetics
typically belong to one of two categories: initial flux
problems, wherein power is drawn from an incident elec-
tromagnetic field, and initial source problems, wherein
power is drawn from a predefined current excitation. Ini-
tial flux problems are typical in scattering theory, and
as such, our nomenclature follows essentially from this
area [104]. That is, we will denote the initial (incident,
given, or bare) field with an ¢ superscript (either ‘EZ> or
|J1>) and the total (or dressed) field with a ¢ superscript.
For a pair of initial and total quantities referring to the
same underlying field, the scattered field, s superscript,
is defined as the difference |F°) = |Ft> — |F*). There is
a certain appeal to transforming one of these two classes

of problem into the other via equivalent fields. How-
ever, due to the additional back action that can occur
in initial source problems, in our experience a unified
framework promotes logical slips. For this reason, the
total polarization field of an initial flux problem (or to-
tal electromagnetic field of an initial source problem) will
be referred to as a generated field, g superscript. With
this notation, scattering theory for initial flux and source
problems consists of the following relations:

139) = —%V|Et>, |E') =V I'T|E"),

B = &)+ Zeopy, By = Lo, ()

. |
[B9) = =6°|31), 3%y =TV |37,

AT - o ik
3 = |3) - ZVIEY), 1) =-ZVIE). (2)

Here and throughout, G° marks the background or envi-
ronmental Green function, which may or may not be vac-
uum [80]. The V operator refers to the scattering poten-
tial (susceptibility) relative to this background (whatever
material was not included when G° was computed), and
’E1> and ‘J1> are similarly defined as initial fields (solu-
tions) in the background. The remaining quantities in (1)
and (2) are the impedance of free space Z, the wavenum-
ber k = 27 /) (with X\ the wavelength), and the T opera-
tor, defined by the formal equality I = (V=1 —G°)T [69].

The three primary operator forms for energy transfer
in an initial flux problem are the extracted power,

Pt = %Re [(E'13%)] = % Tr[Sg Asym[T]],  (3)

the absorbed power,

PR = £ Re[(B9)] = o7 Tr [Si (T Asym [V-1] T)],
= o T[S (Asym[T) - T' Asym [°] )], (4
and the scattered power,
Pt = —% Re [(E*|J9)] = % Tr [SpT! Asym [G?] T]

L Tr [Sg (Asym [T] — TT Asym [V‘”] T)] ;

T 27
()
with Sgp = ’E’> <E’| denoting projection of the corre-
sponding operators onto the incident fields. Reciprocally,

the three principal forms characterizing power flow from
an initial current excitation are the extracted power,

1 .
Pod =~ Re[(T'E7)]

Z e [, (Asym [V11] + Asym [v-TV1])]

% Tr [Sy (Asym [G°] + Asym [G'TG’])]  (6)



the radiated power,

src

rad__} tRy
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and the material (loss) power,

1

Pst = ~Re[(3°|BY)

src

% Tr [Sy (GY'TT Asym [V~!T] TG?)]

= % Tr [S; (G T Asym [T] G°—
G'T" Asym [G°] TG?) |, (8)

with S; = ‘J7> <JZ‘ denoting projection of the corre-
sponding operators onto the initial current sources. The
naming of the final two forms, which appear less fre-
quently than the other four, follows from the observation
that once the total source ’Jt> is determined the cor-
responding electromagnetic field is generated exclusively
via the background Green’s function. Hence, the energy
transfer dynamics of a total source are exactly those of
a special “free” current distribution. Because the only
pathway for power to flow from a current source in free
space (or lossless background) is radiative emission, Prad
must be interpreted in this way—energy transfer into the
source free solutions of the background—and similarly,
P23t must be equated with loss into the scatterer. This
reversal of forms and physics (compared absorption and
scattering) is sensible from the perspective of field conver-
sion. Absorption is the conversion of an electromagnetic
field into a current, and radiative emission the conversion
of a current into an electromagnetic field. Scattering in
an initial flux setting is the creation of a new field of the
same type, as is material loss in an initial source setting.

Note, however, that there is a caveat to these interpre-
tations. G, as we have defined it, accounts for the entire
electromagnetic background. As such, in non vacuum
cases, any polarization current associated with a back-
ground solution will not appear in any |J) field, generally
comingling the corresponding physical interpretation of
the various power quantities. For instance, as Asym [GO]
describes power flow into the full homogeneous solutions
of Maxwell’s equations, if the environment for which G° is
determined contains absorptive material then Asym [GO]
does not represent radiation. Implied meaning can be re-
stored by appropriate alterations; but, as this point will
be treated in an upcoming work, for the moment we will
simply accept it as a limitation for our study.

Setting such possibilities aside, the equivalence of
(7) with radiative emission is also supported both
by the analogy between its operator form and that
of the scattered power, and by a direct calcula-
tion for thermal (randomly fluctuating) currents [105].
By the fluctuation—dissipation theorem <’Ji> <Ji’>th =
4kI (w, T) Asym [V] / (7 Z), and so

o Z TG
= % I [T [(|37) (3]} ther VT GOTV ]
= M Tr [Asym [Asym [V~H] TIGT]]
- % Tr [ (Asym [T] — T Asym [G°] TT) x
Asym [G7] ]. 9)

The final line above is precisely what we have derived in
Ref. [68] from the perspective of integrate absorption.

B. Scattering Constraints

As supported by the previous subsection, any quantity
in electromagnetics can be described by combinations of
G°, V, T, and projection operators. The basis of this
reality rest on the fact that a defining relation for T, sup-
posing G° and V are known, is abstractly equivalent to
complete knowledge of the electromagnetic system [104].
Thus, like Maxwell’s equations, any facet of classical elec-
tromagnetics, beyond the definitions of G° and V, must
be derivable from the definition of the T operator [68, 104]

L = (V' = GY,) Tss. (10)

(The s subscript explicitly marks the domain and
codomain of each operator as begin restricted to the scat-
tering object, as opposed to the background.) To derive
constraints, we will focus on the equivalent relation

Tss =TI, (VI;1 - GY) T, (11)

As both T, and its Hermitian conjugate TI, have sup-
port only within the volume of the scatterer, in this form,
the domain and codomains of VI~! and G° are unimpor-
tant. For any projection operator (Vn € N) P =P" and
so the geometric description of the scatterer contained
in Vi-! and GY% are unnecessary since T! VI;7IT,, =
TESVT_lTSS and TinglTss = TlSGOTTSS. This makes

Tes = Ti, (VI — GT) T, (12)
equivalent to (11), with the scattering potential V=1 and
Green’s function G°' filling whatever volume we would

like to consider. Taking

U=vi-1_GO, (13)



so that Asym [U] is positive definite, treating the sym-
metric (Hermitian) and anti-symmetric (skew Hermitian)
parts of (12) separately then gives

Sym [T,s] = T, Sym [U] Tss, (14)
Asym [Ty = Tls Asym [U] Ts,. (15)

The constraints used to generate the cross section bounds
shown in Sec. IV follow directly from (14) and (15) under
the relaxation described in the next section.

As recently noted in Refs. [68, 69, 75, 79] , (14) and (15)
contain a surprising amount of physics. Taken together,
these relations give a full algebraic characterization of
power conservation [75, 106], with (14) representing the
conservation of reactive power and (15) the conservation
of real power. (The TT Sym [U]Tss piece of (14) pro-
duces the difference of the magnetic and electric ener-
gies for any incident electric field [107].) Because both
real and imaginary response are captured, when these
two constraints are employed there are requirements that
must be satisfied on both the magnitude and phase of any
potential resonance.

C. Relaxations and Optimization

For the single source problems of concern to this ar-
ticle, it is simplest to work from the perspective of the
image field resulting from the action of Tss on a given

source ‘S(l)>7 Tss ’S(l)> — |T). A bound in this setting

amounts to a global maximization of one of the six power
transfer objectives, (3)—(8), taking |T) and a known lin-

ear functional <S(2) as arguments, subject to satisfac-

tion of (14) and (15) as applied to the source and its
image. So long as the known fields are not altered at pre-
viously included locations by expanding the domain, this

procedure leads to domain monotonic growth: if ‘S(l)>

and |T) satisfy all constraints on some sub-domain, then
these same vectors will also satisfy the constraints if they
are embedded (included without alteration) into a larger
domain. Because the value of any power objective is sim-
ilarly unaffected by inclusion, the global maximum of a
larger domain will thus always be larger than the global
maximum of a smaller domain.

The above view also underlies the central relaxation,
persisting throughout the remainder of the article, that
makes global optimization over all structuring alterna-
tives possible. For any true T operator, nonzero polariza-
tion currents can exist only at spatial points lying within
the scattering object. This fact will never be truly en-
forced on the image of the source resulting from the ac-
tion of T (|T)), alleviating the need for an explicit geo-
metric description of the scatterer. Rather, |T) will be
considered simply as an unknown vector field confined
to some predefined design domain. (For instance, in the
examples of Sec. III and Sec. IV the encompassing de-
sign domain is taken to be ball of radius R.) Therefore,

when a bound is found, it must necessarily apply to any
possible structure that can be contained in the given re-
gion, as the freedom of choosing different device geome-
tries is already explored by optimizing over the |T) field.
As illustration, through this relaxation of structural in-
formation and the monotonicity property, a bound for a
cuboid is both a bound for any device that could fit inside
the cuboid, no matter how exotic, and for any sub-design
region that could be included inside the cuboid, be it a
needle, bounded fractal, or a disconnected collection of
Mie scatterers.

With this easing of true physical requirements in mind,
scattering operator bounds for any of (3)—(8) are equated
with an optimization problem on |T):

max O = ZIm [<S§2)‘Tz>} — <Tz‘@e’T£>
such that K (16)
Cc=Y Im [<s§”‘n>] - <T4 Asym [U]] ’T@> —0,

¢

¢, =Y Re Ks@”‘nﬂ - <T4 Sym [Uy] ’Tg> ~0.
¢

(17)

The corresponding Lagrangian is given by
oS (52 - (xfor)-
4
({51 (x| o)
~ (Re ng”)nﬂ - <T4 Sym [Uy] ‘Tg>) . (18)

To help decompose later analysis, in (17) and (18) the
subscript ¢ has been introduced to stand for a family
of j indices coupled together by U (U, = Vz_l — (GST)
in some complete basis {|Gy ;)} for vector fields in do-
main, as would likely occur in any numerical solution ap-
proach. For the spherically bounded examples examined
in Sec. IIT and Sec. IV £ is the familiar angular the mo-
mentum number, for a periodic films £ is an in-plane wave
vector. (Generally, ¢ can be thought of as the ¢th block,
invariant subspace, in the representation (G ;| U|Gy,;),
and j is used as a subindex.) Due to the further equiva-
lence of the angular index and the radiation modes of a
spherical domain, as well as relations with existing liter-
ature [68, 102, 108, 109], we will also occasionally refer
to ¢ families as channels (as a shorthand for radiation
channels). The constraints C; and C, are determined
by applying (14) and (15) to {<S(1)‘ , ’S(l)>}, and for-
getting any information related to the geometry of the
scatterer. © is either Asym [G°], Asym [VI~1], or 0, de-
pending on whether the problem is absorption/material
loss, scattering/radiation or extracted power from a field.
As exemplified in Sec. III and illustrated in Sec. IV, the
necessity of conserving reactive power imparted by the
symmetric v constraint is crucial for accurately antici-
pating how a particular choice of material and domain



influences whether or not a family can achieve resonant
response.
For all cases except extracted and radiated power from

an external unpolarizable source, <S(2)‘ = <S(1)‘. In

these instances, although (6) and (7) show that the power
quantities of interest can be cast in a form similar to
the corresponding initial flux problems, the inclusion of
the second source image is necessary. If an unpolarizable
source is taken to lie outside the domain being optimized,
V~1 is defined only as a limit (tending to infinity). Once
this limit is taken, the G° based expressions (final forms)
for the extracted and radiated power result, which in-

clude the introduction of the field ’5(2)> = ng ‘Ji> to

the objective due to the Asym [G°TG°| term. (With
e denoting the external space of the emitter and d the
optimization domain.) These differences amount to the
introduction of cross terms describing the interference of
the fields generated by the bare and induced currents that
are no longer inherently accounted for by the scattered
currents at the location of the source (multiple scatter-
ing and back action). Still, the form of these problems
remains like (18) up to the addition of an unalterable
background contribution of Tr [S J Asym [GO]].

D. Solution via Duality

To solve (17), we make use of the following lemma,
commonly referred to as Lagrange duality [38]. (La-
grange duality is closely associated with the alternating
direction method of multipliers [110-112] often used for
solving multiply constrained optimization problems.)

Lagrange Duality. Take O, (Vj € J) &; and (Vk € K) I,
to be differentiable real valued functions on subsets of
R"™ defining a well-posed optimization problem

max O (x) (x€R")
such that (Vke K) I, (x) > 0 & (Vj € J) & (x) =0.

Let m, be the corresponding maximum value and let D
be the domain on which all functions are simultaneously
defined, which includes the subset D, on which all con-
straints are satisfied. Take £ = O (x) +3_;c; ;€ (x) +
> ke YeIk (x) to be the Lagrangian of the optimization.
For any collection of values of {);} ; and {v} > 0},

m. <maxp L (x,{\}; {vw}k) -

Additionally, the function maxp L is convex, and, if a
set {{\j}; . {w}tx} (with (Vk € K)vp > 0) minimiz-
ing maxp L is found such that (Vj € J) & (%) = 0,
(Vk € K) I () > 0 and ), j vk Zp (X) = 0, where X is
the maximum of £ in D for {{)\j}J , {I/k}K}, then x is
a solution of the original optimization problem.

Proof. Vx, € D,, points satisfying the constraints of the

original (primal) optimization, (Vk € K)Zy (x.) > 0,
and (Vj € J)&; (x.) = 0. Therefore,
my, = maxp, O < maxp, £ < maxp L.
maxp L is convex as it is a sum of compositions of con-
vex functions, max and affine functions of {);}; and
{ve}x- If a collection {{\;},,{vi}y} is found such
that (VjelJ) & (x) = 0, Vke K) I (%) > 0 and
> ke YeIr (X) = 0 then ¥ € D, and
O (x) = L(x) =maxp L. O

Whenever the operator appearing between a field and
its associated linear functional in a sesquilinear relation
is positive definite, the constraint describes a compact
manifold. This is always true of (15), and so, as both
constraints are closed sets, the domain of (17) is com-
pact. Moreover, by the validity of the |T) = 0 solution,
the domain is non-empty. As such, (17) is assured to
have a unique (non trivial) maximum value occurring at
some stationary point (or points), and it is meaningful
to consider the Lagrangian dual

G (¢, ) = maxr L, (19)

where the domain F is set by the criterion that max £ is
finite. Under this assumption, taking partial derivatives
over |Ty), a stationary point of £ requires (V/),

(C Asym [Uy] 4 v Sym [U] + @z> |Te) =

i | o(2) v+ ¢ | (1)
Q‘se >+—2 \se > (20)

A collection {¢, v} € F if and only if (@g—i—( Asym [Ug]+
~ Sym [Uy] ) is positive definite for all ¢, and so

-1
(V0) Ag=A] = <@e + ¢ Asym [U,] + v Sym [U€]>

(21)
is inherently both defined and positive definite. (If any
A, ' is not positive definite, there is then a field |T,)
such that G — oo.) Letting ‘Sé3)> = (¢ —1iv) ‘SEU> +
‘SE2)>, and ’S§4)> =Ay ‘S§3)>, it follows that the unique

stationary point of the dual occurs when |Ty) = S§4)>.

i
2
Hence, within F (using the above replacement),

G= i%:<s§3>‘m‘sg3>>. (22)

The gradients of (22) exactly reproduce the constraint
;! oG _ oG _ .
equations 7z = C¢ and o = C,, with

=Y % Re [(s{"[s{V)] - i (s("| Asym U] [s{"),
£

=3 % m [(s{"[s{")] - i (s{"|sym Ui [s{”).

J4
(23)



Therefore, if a stationary point within the feasibility re-
gion is found, strong duality holds. The function is con-
vex, and thus has a single stationary point, either on
the boundary or within the domain of feasibility. If the
point is within the domain of feasibility, then by (23) the
corresponding field satisfies the constraints, and by the
lemma, the corresponding point is strongly dual. In this
case, the solution of (17) is

0= Ty me[(s7s)] 5 (7o i), e

with {¢, 7} set by the simultaneous zero point of (23). If
no such point exists in F, then the unique minimum value
of G in the domain of feasibility, attained on the boundary
of some A, becoming semi-definite, remains a bound on

O in (17). That is, O < 2£<s§3>‘m ‘s§3)>/4 in all

cases. Comments on solving (23) are given in Sec. III.

II. RELATIONS TO PRIOR ART

Previous work in the area of electromagnetic perfor-
mance limits can be loosely classified into three overar-
ching strategies: modal limits, shape-independent con-
servations limits, and scattering operator limits. Each
approach presents its own relative strengths and weak-
nesses. Below, we provide a rough sketch of these contri-
butions as they relate to this work, particularly the use
and interpretation of constraints (14) and (15).

Arguments for response bounds based on modal de-
compositions, exploiting quasi-normal, spectral, charac-
teristic, Fourier and/or multipole expansions [85, 113
126], have been widely considered for many decades. And
like the classical diffraction and blackbody limits of ray
optics, they have proven to be of great practical value for
describing possible interactions between large objects and
propagating waves [60, 127, 128]. Yet, in complement,
the need to enumerate and characterize what modes may
possibly participate has also long proved problematic.
Small sources, separations, and domains typically require
many elements to be properly represented in any basis
well suited to analysis of Maxwell’s equations, and so,
especially in the near-field and without knowledge of the
geometric characteristics of the scattering object, or in-
clusion of material considerations, there is no system-
atically effective approach to bound modal sums (with-
out introducing additional aspects as is done in scatter-
ing operator approaches). While a variety of considera-
tions (transparency, size, etc.) have been heuristically
employed in an attempt to introduce reasonable cut-
offs [58, 67, 108, 129-131], the values obtained by modal
methods in such settings are consistently orders of mag-
nitude too large [71, 79, 132]. Nevertheless, the idea that
modes often separate otherwise muddled aspects of pho-
tonics remains a key insight.

Shape-independent conservation limits, utilizing en-
ergy [59, 71, 78] and/or spectral sum rules [100, 102, 133

138] to set local limits based on physical laws, generally
display the opposite behavior, and are known to give
highly accurate estimates of maximal far-field scatter-
ing interactions in the limit of vanishingly small sizes
(quasi-statics) for certain (near resonant) metallic mate-
rials [9, 10, 71, 77, 137]. Notwithstanding, as we have
found in our work on bounds for radiative heat trans-
fer [69, 79] and angle-integrated radiative emission [68],
they are not sufficient in and of themselves to properly
capture various relevant, performance limiting, wave ef-
fects. Intuitively, without any geometric information, a
conservation argument must apply on a per volume basis,
which is at odds with the area scaling of ray optics.

As a relevant example, consider the fact that the global
power quantities given in Sec. I must be non-negative.
Two of these turn out to be unique and thus set physi-
cally motivated algebraic constraints on the T operator.
For any vector field |E), the non-negativity of scattering
(known as passivity [139]) imposes that

(E[ Asym [T] — T Asym [V~ ] T |E) > 0,
while the non-negativity of absorption imposes that
(E| Asym [T] — T Asym [G"] T |E) > 0.

Both conditions are concurrently captured in (15), which
is equivalent to the optical theorem [106]: physically,
the sum of the absorbed power and scattered power, (4)
and (5) Tf, (Asym [G°T + V~!]) T,,, must equal the ex-
tracted power, (3) Asym [Tss]. If no additional informa-
tion pertaining to possible geometries or the characteris-
tics of |E) is given, then the most that can be said from
(15) is that no singular value of T can be larger than the
inverse of the smallest singular value of Asym [V*”] . For
a single material with response characterized by a local
electric susceptibility x, this logic yields the material loss
figure of merit

”TH < Cmat = 7 (25)

originally derived in Ref. [71] directly using the implica-
tions of passivity for polarization fields. The universal
applicability of this largest possible response has pro-
found consequences for the design of many photonic de-
vices relying on weakly metallic response (—1 = Re[x] 2
—10) and small interaction volumes [67, 77]. In these
cases, it is often fair to assume that a resonance can be
created and that Asym [GO} ~ 0. Little structuring is
required to achieve a plasmonic resonance, and the maxi-
mum achievable polarization current is indeed dominated
by material losses. But, for single material devices where
light-matter interactions occur on length scales compa-
rable to (or greater than) the wavelength (= A/10), or
the real part of x is outside the range stated above (e.g.,
strong metals or dielectrics), such estimates are overly op-
timistic for single material devices, Sec. IV. Over a large
enough domain, the generation of polarization currents



capable of interacting with propagating fields leads to
radiative losses which have been neglected by supposing
Asym [G"] = 0. To create a bright (active) far-field res-
onance, it must be possible to couple to radiation modes
and then confine the resulting generated field within the
domain. This is not always possible for any prescribed
choice of material and device size.

Scattering operator approaches aim to eliminate the
weaknesses of modal and shape-independent conservation
arguments by combining their strengths [68, 69, 103, 108,
140-146]. Innately, the Green function of an encompass-
ing domain (through its link to Maxwell’s equations) pro-
vides both a modal basis for, and constraints on, modal
sums. In concert, restrictions on the possible characteris-
tics of the T operator can be used to ensure that physical
laws and scaling behavior are properly observed. A num-
ber of encouraging conclusions have been derived in this
manner. Drawing from our own work, in Ref. [69] it was
shown that imposing (25) on the operator expression for
angle-integrated absorption and thermal emission, (9), is
sufficient to generate bounds smoothly transitioning from
the absorption cross section limit of a resonant metallic
nanoparticles (the product of the volume and (pat) to
the macroscopic blackbody limits of ray optics. Similar
methods were used in Ref. [79] to prove that, for equal
values of (at, nanostructuring cannot appreciably im-
prove near-field thermal radiative heat transfer compared
to a resonant planar system.

Nevertheless, careful investigation of the previous sit-
uations where scattering operator amalgamations have
been successfully applied reveals a consistent use of nice-
ness properties that are not generally valid. In the ex-
amples given above, we were aided by the fact that ther-
mal sources are completely uncorrelated and, for thermal
emission and integrated absorption, that only propagat-
ing fields needed to be treated. Without these helpful as-
pects, there are situations where past scattering operator
approaches, which focused exclusively on conservation of
real power (15), would add complexity without tight-
ening the asymptotics provided by shape-independent
conservation arguments (dashed lines in the figures of
Sec. IV). Furthermore, using the currently practiced tech-
nique of translating established physical principles back
to implied operator properties and then using inequality
compositions to produce limits, it is difficult to see how
the interaction of more than one or two additional con-
straints could ever possibly be accounted for. The switch
to exploiting algebraic deductions beginning from (10)
in combination with standard optimization theory may
seem a subtle distinction; however, the flexibility offered
by Lagrange duality suggests that this view may be of
substantial benefit going forward.

A related shift towards systemization has been realized
in the recent report of computational bounds by Angeris,
Vuckovié, and Boyd [39], treating linear electromagnet-
ics as an optimization problem with respect to a target
field (or a collection of target fields). The result, also
making of use Lagrange duality, has immediate conse-
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quences for qualitatively understanding and improving
inverse design. Yet, it does not allow one to make con-
clusive statements about feasibility and relative merits,
as is true of traditional limits. More precisely, what is
found is a “computational certificate”: given a target
field and an evaluation metric, the algorithm returns a
number; any vector satisfying Maxwell’s equation will
have a metric disagreement with the target at least as
large as the number. That is, the algorithm does not
find physical limits, but instead a minimum bound on
distance, in a certain user determined measure, between
a particular field and the set of physically possible fields.
There may be situations where this difference is of little
consequence, or provably zero, but a priori there are no
guarantees. There need not be any relation between the
value taken by a function at a point and how near that
point is to some set.

Finally, while concluding the writeup and peer review
of this article, we have become aware of contemporary
works by Gustafsson et al. [75], extending developed
methods for bounding the performance of radio frequency
antennas [9, 10, 70, 147], Kuang et al. [72], and Trivedi
et al. [76]. Independently and simultaneously developed,
the first two formulations are in many respects quite like
the method presented here. Working from the perspec-
tive of polarization currents, both articles bound the op-
timization of objectives equivalent to (4)—(8) subject to
power constraints via Lagrangian duality. Ref. [75] in-
corporates both (14) and (15) while Ref. [72] uses only
(15), leading to the discrepancies between the dashed and
solid lines depicted in Sec. IV. Taken together the two ar-
ticles present a rich collection of findings reinforcing some
of the observation of Sec. IV. Nonetheless, tangible dif-
ferences do exist. Although largely unexploited in this
initial investigation, there are many advantages offered
by working with operator as opposed to vector relations
for further generalizations. In contrast, the more recent
work of Trivedi et al. [76] focuses on how the physically
required self-consistency of scattering theory sets con-
straint on the possible properties of the scattered electric
field. Branching off from this alternative starting point,
the optimization problem and subsequent application of
Lagrange duality acquires characteristics quite different
from those encountered here. The closest comparison
would appear to be something akin to imposing only the
conservation of reactive power, as the approach described
in Ref. [76] appears to produce non-trivial bounds only
when resonant response is not possible.

III. COMPUTATIONAL MECHANICS AND
SINGLE CHANNEL ASYMPTOTICS

To elucidate the mechanics of (17), we now describe
the basics of our computational procedure for the specific
example of a spherical confining boundary. The discus-
sion is broken into two subsections. The first sketches an
outline of the approach by which the results of Sec. IV



for compact bodies were obtained. The second consid-
ers a simplified single-channel (family) version of (17)
that becomes exact as R — 0, predicting many of the
trends seen in Fig. 2 and Fig. 3 of Sec. IV. Namely, the
largest possible interaction enhancements are found to
obey either an effective medium “dilution” response, or
the material dependence encountered in Rayleigh scat-
tering [84]. For low-loss dielectrics (Re[x] > 0) and
strong metals (Re[x] < —1), this can lead to large dis-
crepancies with respect to previously established per vol-
ume bounds based on the material loss figure of merit
Cmat [67-69, 71, 77, 78].

A. Computational Mechanics

Recall that, once an origin has been specified, the
Green function can always be expanded in terms of
the regular (finite), RN and RM, and outgoing, N
and M, spherical wave solutions to Maxwell’s equations
as [104, 148]

o L
G%x,y):—/é(x—y)i@@—kiZ Z (—l)m/
Y

=1 m=—/ Y

M (x) RMg,_p, (y) + Ne (x) RNp _p, (y), 2>y
RM,m (x) M, —m (y) + RNgm (%) Ne—m (¥), @ <.
(26)

In (26), x and y are used to denote the wave vector
normalized radial vectors of the domain and codomain,
ie, x = (2nr/\, 0, ¢), with x and y used for the cor-
responding radial parts. The integral over Y is taken
to mean integration over the y coordinate. Note that
there is no complex conjugation in these integrals, and
that our notation for the Green function is unconven-
tional in that an additional factor of k% = (2w /\)? is
included as part of the definition, as opposed to a sep-
arate conversion factor, allowing all spatial distances to
be normalized in terms of the wavelength. So long as
the current source is not located within the domain in
question, any incident field can be expanded in term of
the regular waves [104, 148, 149]. As such, the spectral
basis of the asymmetric part of (26)

Asym [GO] = Z (_1)m / RMLm (X) RM@,—m (y) +
Y

Lm

RNy () RN, (y), (27)

the unit normalized Ri\/[z,m and RANAm waves, serves as
convenient choice for starting point for generating the ba-
sis vector families required to properly represent Uy.[150]
That is, given the form of the regular solutions

vIi+1 @ L 10WirW)
RNy, (y) = je(y) AP ¢ 2 TTIAR)
14 ( ) y Z( ) £, y ay £,
RMy,.,. (y) = jo (y) Ay, (28)
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the orthonormality of the vector spherical harmonics
(A(l) AP and AP | see Ref. [151] for details) means

Lomo “Hlmo l,m>
that the Green function (26) does not couple the ¢, m
or RN and RM labels. Hence, the individual radiation
channels act as an effective partitioning, and by taking
these vectors as the “seeds” or “family heads,” a complete
(simplifying) basis for (17) can be generated through the
Arnoldi (Krylov subspace) procedure [152]. Briefly, start-

ing with a given unit normalized regular wave, RNy ,,,
one generates U‘RANg7m> = (Vi1 —G) ’RANg,m>.
Projecting out the RANg,m component of this image

.. . (2
and normalizing, one obtains a new vector ‘PNZ,m>'

(2
‘PNEJ)n> then serves as the input for the next iteration,

and in this way the ¢ family (block), more properly the

RAN&m family, of the matrix representation of the U op-
erator (Uy) is computed, i.e., Uy is represented in the

basis {[RNG ), [PNEL)L [PNEL), ),

Technically the above process does not terminate, but
regardless, two practical consideration lead to workable
numerical characteristics.[153] First, due to the fact that
each vector is orthogonal to all others, the off-diagonal
coupling components of Uy in every family originate en-
tirely due to the volume integrals in (26). Therefore,
in the limit of vanishing volume, or high ¢, each U, is
effectively 2 x 2. Second, by the Arnoldi construction,
all upper diagonals beyond diag;, with diag, standing
for the main, are zero. Thus, because at each step the
generation of new basis components is driven entirely by
Sym [GO], and Sym [GO] = Sym [GO} T, the matrix repre-
sentation of every Uy is tridiagonal. Due to this banded
nature, each A;l gives a simple, conclusive, estimate of
the error for images generated by A,. All that is required
is to pad the current solution with zeros and calculate its
image under AZI in a basis augmented by three addi-
tional elements. The magnitude of the error of the image
compared to the source is exactly the same as would be
found in any larger (even infinite) basis, see Sec. VII for
additional details.

Coupled with (22), the determination of bounds for
any electromagnetic process in a compact body (an ob-
ject of bounded extent) that can be described as a to-
tal absorption, scattering or extinction process, is thus
mapped to the numerical determination of the minima
of a constrained convex function. Many efficient algo-
rithms exist to solve such problems [154?7 | 155], along
with a variety of nice introductions [38, 152, 156].



B. Single Channel Asymptotics

Consider the simplified optimization problem

max (T{"|Py [ T{") such that

e [(50 )] - (ot )

C, = Re [<S§1)’T4>} - <T4 Sym [Uy] ‘T@> —0, (29)

where it has been assumed that that (Vf; # £) (S| =0,
and Py represents the projection of |T) onto the £ = 1
“family head.” So stated, (29) represents the maximum
possible interaction that can occur between a generated
polarization current and an exciting field for a single radi-
ation channel, respecting the conservation of total power.
Based on the Taylor series representation of the spherical
Bessel functions,

. O (-1)? ER\?
R =3 et (7))

q=0

there are two situations in which this problem is fairly
simple to treat analytically. If either the radius kR < 1,
with k = 27/, or £ is large compared to kR, then both
the regular and outgoing waves appearing in the Green’s
function, (26), are well approximated by two-term expan-
sions. This feature causes the above Arnoldi procedure
for basis generation to effectively terminate after con-
structing a single image vector. As high ¢ contributions
(for propagating waves) occur only when large low ¢ con-
tributions are also present, no meaningful asymptotic be-
havior can be extracted from a single channel analysis of
the second possibility. Accordingly, we will focus on the
assumption that kR < 1. Symbolically carrying out the
required image generation and orthogonalization steps,
the representation of Uy, in this quasi-static (R — 0)
regime is

Uy, = VI~ — G} = Sym [Uy,] + i Asym [Uy,]

1 Re[x] _ 4(kR)* _ (kR)®
— |3 IxI? 15 514
- _ (kR)? Re[x] _ 2(kR)?

5V14 IxI? 45
Im[x] , 2(kR)>

) >+ == 0

| I . 9 Imm]' (30)
IxI?

Within its regime of validity, (30) has two key features.
First, due to the identity portion of the Green’s func-
tion, the (1,1) element has a constant positive piece in
addition to the Re[x]/|x|? contribution made by Vi~1.
Second, all off-diagonal elements are small. The first fea-
ture sets a critical material response value for which it is
possible that the (1,1) element of Sym [U;] may be nega-
tive: Re[x] < —3. The second feature allows off-diagonal
terms to be neglected in comparison to diagonal terms for
most (|Re[x]| sufficiently large) susceptibility values.
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Denoting the symmetric and anti symmetric compo-
nents of the representation of Uy as ug) and u((l"'), solv-
ing (17) amounts to determining the {t1,%2} component

pair producing the largest magnitude ¢; such that

sin (6) 1ty — uf) - ul?) =,

cos (0) s1t1 — tulY — 3ul*? + 2cos (¢) trtaul? = 0.
(31)

Here, the t; and t5 variables are the (positive) magnitude
coefficients of |'T1) in the first and second Arnoldi vectors
of the ¢ = 1 family, s; is the coefficient of the source, 6
is the relative phase difference between the source and
first coefficient of |T4), and ¢ is the relative phase differ-
ence within the two coefficients of |T1). As a response
operator, Asym [T] must be positive semi-definite and so
0 € [0, 7] [157]. Using the symmetric constraint to solve
for t9 in terms of t;, forgetting off-diagonal terms when
they appear as sums against diagonal terms in the result-
ing quadratic equation, the asymmetric constraint deter-
mines that the maximum polarization current that can
couple to the source is

t1  cos(f) ul®? — sin (0) ul?

C H = — = 5
e 1 uff’Q)ugl’l) B ufll’l)qu’?)

(32)

subject to the condition, resulting from the requirement
that t; and to are real, that

(sin (0) ultV — cos (0) ugl’1)> X

s

(cos (0) ul>? —sin (0) uEQ’z)) > 0.

Neglecting all higher order corrections but the radiative
efficacy p$N = Asym [GO](l’l), the relative magnitude
t1/s1 = Cegr is therefore limited by

x| 1 [Re[x]]

Re[x]] pFN T35 Tl /TRex]] o <08
Cott = L Re[x] >0
V(35N +Relx]/[x12)+(po+Imlx]/IxI%) -
(33)

where §{™ is the domain dependent, material indepen-
dent, portion of ul"? — u{*? [158, 159]. In (33), the
selected symbols are motivated by three factors: (1)
analogs to the analysis given above likely exist whenever
all dimension of the design domain are small compared
to the wavelength, (2) J5™ is the delta function portion of
(26) for the regular RNy ,,, wave of a spherically bounded

domain, 6N = 1/3, and (3) we have previously used
PN = 2 (@)3 to denote “radiative efficacy” in study-

ing the existence of bounds on radiative thermal power
transfer [69, 79]. Utilizing |T) = (e |S1) in the power
forms provided in Sec. I produces the single channel cross
section limits seen in Sec. IV, (38) and (40).

Full solutions of (17) for an incident planewave are
found to be accurately predicted by (33) as R — 0, Fig. 2

)



and Fig. 3, outside the —3 < Re[x] < —1 region where
the assumption that the ugl’Z) terms can be neglected
does not hold. While the monotonicity property of these
bounds means that (properly scaled) they are accurate
for any compact domain geometry, and one may reason-
ably guess that the characteristics of the Arnoldi pro-
cess on which the above arguments rest are similar in
any small volume limit, it should be kept in mind that
other domain geometries (e.g. ellipsoids [71, 137]) may
well display stronger per volume response, if the reso-
nance condition shifts to more negative values of Re [x]
(6FN > 1/3). Still, while the generated polarization cur-
rent and exciting planewave may exhibit a larger average
interaction within the volume of a structured body, the
net enhancement will be weaker than (.g once the ratio
of its volume to an encompassing ball is accounted for.

Given the revealing nature of this simple symbolic
analysis for spherically bounded domains, it is reasonable
to ask why we have not included corresponding results for
periodic films. Briefly, the reason for this omission has
to do with the altered proprieties of G° that occur in the
presence of two periodic boundary conditions. Unlike the
case of the compact domain, in the limit of vanishing film
thickness ¢ — 0, important § function contributions of
G° are simultaneously spread across many in-plane wave
vectors, with no one channel containing all key charac-
teristics. The only case where single channel asymptotics
reproduce observed behavior is for extremely thin (non
resonant) dielectric films.

IV. APPLICATIONS

In this section, the program developed above is exem-
plified for two canonical scattering processes: limits on
absorbed and scattered power for a planewave incident
on any structure that could be confined within a ball of
radius R, characterizing the maximum cross section en-
hancement a body may exhibit [104] subject to the con-
straints that net real and reactive power are conserved;
and limits on the absorptivity of a periodic film for a nor-
mally incident plane wave as function of the film thick-
ness, t. Because of the complete exploration of structural
possibilities conducted in calculating these bounds, and
the domain monotonicity property explained in Sec. I, all
results are equally applicable to any subdomain, or dis-
connected collection of subdomains, that fit inside any
given ball or periodic film; therefore, in addition to any
possible connected structures, the bounds pertain to ge-
ometries like arrays of Mie scatterers [146, 160] or plas-
monic building blocks [161, 162]. Throughout the sec-
tion, R and ¢ are unnormalized unless otherwise stated,
and ¢ stands for the angular momentum number (spher-

ical harmonics AI(;)), originating from representing (17)
using the Arnoldi construction described in Sec. III.

For both spherically bounded examples, the distribu-
tion of the power density within the domain between dif-
ferent angular momentum numbers is strongly tethered
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to the radius of the boundary. Specifically, the coeffi-
cients of the electric field, for a unit normalized electric
field amplitude, in terms of the regular (finite at the ori-
gin) RMy ,,, and RNy ,,, solutions of Maxwell’s equations
in spherical coordinates, (28), are

Ei _ Z ZieJrl\/m RMy 11 (r,0,0) £

(=1 %
20+ ) RNy 41 (r,0,9), (34)

with r standing for the wave vector normalized radius
(the product of the true radius and k = 27/X). Through
Asym [U] (34) establishes a link between the magnitude
of the radiative efficacy of each channel [69], or ¢ num-
ber, and its potential for enhancing scattering cross sec-
tions: if the planewave expansion coefficient of a given
channel is large, then so is Asym [Gg], tightening the
constraint that real power must be conserved. This
leads to a complementary action of the power constraints.
For any given combination of material and radius, save
Re[x] = —3 in the R — 0 limit, either real or reactive
power conservation limits induced polarization currents
in the medium more severely than what would be ex-
pected based solely on the material loss figure of merit

Cmat = I 1 (35)

widely considered in past work on electromagnetic
bounds for arbitrary materials and structures [67, 69,
71, 77). (An explanation of the origin and usefulness
of this quantity is given in Sec. IL.) In Fig. 2 and Fig. 3,
dashed curves depict cross section limits attained when
only the conservation of real power, (15), is imposed, as in
Ref. [72], and solid curves result when reactive power con-
servation is additionally included. All results are found
using the Lagrange duality approach described in Sec. I
and are strongly dual [38].

Conversely, the example bounds for periodic films
shown in Fig. 4 are strongly dual only when absorption
is near zero. Outside this regime, and the associated
sharp transition to resonant response, all major features,
including the half absorption plateaus, are seen to be
accounted for by the conservation of real power, and are
thus described by the growth of the radiative efficacies
(singular values of Asym [G°]) of the two channels with
zero in-plane wave vector [68, 72].

Quasi-Static Regime (R/A — 0, t/A — 0) Re-
calling the conclusions of Sec. III B., the simultaneous
conservation of real and reactive power has far-reaching
implications for electromagnetic power transfer when all
dimensions of the confining domain are small. The ana-
log of the optical theorem for reactive power, (14), adds
phase information on top of the maximum polarization
magnitude set by the conservation of real power, (15);
and so, when both constraints are taken into account,
(17) captures the fact it is not always possible to



14

1x=13.6+15107 (b)'x=-87+i 10

ZA

A) &
< o o -
N IoN ) =)
1 1 1

e
NS}
1

e
=)

Absorption Cross Section (Gabs /

A=N2

10"

—— T T —
107 10" 10 10°
Film Thickness (#/\) Film Thickness (#/\)
FIG. 4. Absorption cross section bounds for a planewave incident on a periodic film. Absorption cross section
bounds for any periodic structure (e.g. grating, metasurface) of period A and electric susceptibility (a) x = 13.6 +4 5 - 1072
(silicon at 0.8um) and (b) x = —87 + 4 10 (gold at 1.5um) that can be contained within a planar boundary of thickness t/\.
Dots correspond to actual absorption cross section values discovered using inverse design following the algorithm described
in Ref. [163]. A number of visualizations of the associated structures, along with a schematic of the absorption process
investigated, are included as insets. All discovered designs with ¢/X < 1072 consist of a single layer, uniform in the normal
direction. For larger thickness, optimization of three equally thick uniform layers is needed to achieve the reported absorption
cross sections (eventually reaching absorption saturation). Like prior figures, solid lines are found by solving (17) under
the constraint that total power is conserved, while dashed lines, coinciding with the solid line in (b), are found by only
imposing the constraint of real power conservation. As shown in (a), total power conservation bounds for dielectric media
depend on the square period supposed. Moving from left to right, the periods used in the inverse design optimizations are
A = {BX, 5A, BA, BA, 4A, 2\, 3)A/2, 3\/2, A, A\}. Results for metals (Re[x] < 0) do not depend on the periodicity of the
system. Discussion of additional bound features relating solely to imposing the conservation of real can be found in Ref. [68]
and Ref. [72].
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produce a resonant structure given any single material,
of electric susceptibility x, and a maximal characteristic
size, R. In fact, there are rather strict requirements that (Ray =

must be met for resonant response to be achievable. \/ ( 1y Re[X])2 n ( on Im[X])z
Crucially, it must be possible to effectively confine 3 IxI? P IxI?
the scattered electromagnetic field, resulting from the (36)
polarization currents created in the structure by the
incident (source) wave, within the spherical volume.
As validated by the cross section bounds of Fig. 2 and 9 /9mR\?

Fig. 3, the only mechanism by which such confinement PN == () (37)
can be achieved while also allowing interactions with 9 A

propagating waves as R/A — 0, is the excitation of
localized plasmon-polaritons, occurring for Re[x] = —3
if the domain is completely filled with material [80].

dent field and the polarization current it excites is

(Re[x] > 0).

with

denoting the radiative efficacy of the £ =1, m = £1, 0
N polarized channel. Employing the power forms given
in Sec. I, the scattering cross section of any structure,
under the above assumptions, must obey the relations

Osca < § (,O%N)Z < A )2
. . . Ogeo 2 (1 + Re[x] ) + (5N 4 mfy)? \27R
If Re[x] is larger than this value, excluding small de- 3T X P1 Ix|?

viations that appear for weak metals between —2 >
Re[x] > —3, then, as confirmed by the tiny achievable
cross section values, resonant response with a propagat- 3
ing wave is not possible. Therefore, the largest allowed < B}
power transfer happens when the material simply fills

o (1m ] / x[?) AN
(%+ Re[X])2+ (p?“ n Im[x]>2 (277R> :

Ix|?

the entire domain, and as such, maximal scattering cross
sections exhibit the same susceptibility dependence en-
countered in Rayleigh scattering [104]. Applying (33),
the maximal magnitude of the interaction that can occur
in a dielectric structure between the (normalized) inci-

(38)

In stark contrast to (mat, (Ray decreases for increasing
Re[x] and has a negligible dependence on material ab-
sorption, Im [x]. Comparing the dashed and full lines of



Fig. 2 and Fig. 3, particularly Fig. 2 (b) and Fig. 3 (b),
the resonance gap between these two forms can be quite
extreme for realistic dielectrics. For example, Cmas ~ 107
for silicon at A = 1.5um, with y ~ 11+ 107> [164].
As Re [x] shifts to increasingly negative values, geome-
tries supporting localized plasmon—polariton resonances
become possible, and past Re [x] = —3 cross section lim-
its display resonant response characteristics. The power
exchange between the incident field and the generated
polarization currents is then, asymptotically, restricted
to be smaller than the “diluted” material figure of merit

x| 1

G Im[x]
Re [X] plN + W?(X“

Cdil =

(Re[x] <-=3), (39)

leading to cross section limits of

Taeo ; (IRIeX[|x1|>2 (PN —&-Im(fi]N/)T?) Re [x]])? (2?3)2

<3 _Ix pi™ (Im [x] /|3 Re [x]]|
oo~ 2Re I\ (™ + Im [x] / [3Re [x]])”

)2 (Xl / Re ][ - 1) )( A )2.
(PN +Im[x]/[3Re([x]))* ) \27R

)
|

(40)

The “dilution” modifier is chosen as the form of (39), dis-
regarding the radiative efficacy p{™, is equivalent to the
material loss figure of merit (.4 if a “dilution factor”
is introduced to shift Re[x] to —3. That is, consider-
ing the low-loss limit Im [x] < |/, if it is supposed that
the magnitude of Re[x] is rescaled to match the local-
ized resonance condition of a spherical nanoparticle, then
Cmat — 31x|/Im [x], which is equal to the expression for
Cap in the limit p$N — 0. (Due to its connection with
the localized plasmon resonance of a spherical nanopar-
ticle, the ratio |x|/Im[x] is commonly encountered in
discussing the potential of different material options for
plasmonic applications [165, 166].)

The validity of (39) internally rests on the assumption
that the wavelength is much larger than any structural
feature. Since this is also the central criterion for most
homogenization descriptions of electromagnetic response
to be applicable [167], it is sensible that material struc-
turing limited to tiny domains can, at best, alter effective
medium parameters [81-83]. Equation (39) proves that
the implications of this picture are universally valid for
both scattering and absorption in strong metals. How-
ever, many commonly stated effective medium models
also predict that there are structures capable of creating
effective susceptibility responses more negative than ei-
ther of the constituent materials [168-172]. For example,
the Maxwell-Garnett formula for mono-dispersed spher-
ical vacuum inclusions in a background host is

1—2fxn/ (34 2xn)

Xeff = (14 xn) -1, (41)
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where f is the volume filling fraction of the inclusions
and xy, is electric susceptibility of the host [86]. Based
on (41), using the iterative argument given in Ref. [86],
it should be anticipated that low-loss resonant response
would be achievable shortly after Re [x] drops below —1.
While cross sections do begin to grow before Re [x] = —3,
it is clear that this Maxwell-Garnett condition is not suffi-
cient. Dilution via (41) also yields a different dependence
on material loss-values than that predicted by (39), with
(41) consistently giving slightly larger effective losses.

It is also interesting to compare (38) and (40) with
coupled mode descriptions of scattering phenomena in
the single channel limit [85],

Osca -6 fyrQad ( A )2
Ogeo (w — wres)2 + ('Yrad + ’Yabs)z 2rR

2
Tabs “Yrad Yabs A
T geo (W — Wres)® + (Yead + Yabs)? \27R

where Va9 and vaps are the geometry-specific radiative
and absorptive decay rates associated with a given res-
onant mode of frequency wyes. Up to a missing factor
of 4, which is accounted for by the facts that (38) and
(40) represent maximum quantities [117, 143] and that
scattering cannot occur without absorption [71], there
is a clear symmetry of form between (38) and (40) and
(42), provided Im [x] < |Re[x]| (as coupled mode the-
ory requires the assumption of low loss). The two sets of
expressions agree under the substitutions

Yabs —7 Im [X] / ‘X|2

() > (1/3 4 Relx /)

when the system is off resonance, and

Yabs —7 Im [X] / |3Re [XH )

when the system is on resonance; in both situations,
Yrad — PFY. Since (38) and (40) are bounds, and not
descriptions of any particular mode, these associations
may be understood as “best case” parameters for what
could be achieved in any geometry supporting a single
mode, and are thus closely linked to prior limits based
on coupled mode theory [85, 118, 120, 127, 130, 131]. No-
tably, the comparison precludes any resonant geometry
from achieving the rate-matching condition of Vyaq = Yabs
if it is confined to a small ball. Precisely, the only can-
didate materials are fictitious metals with —3 = Re[x]
and Im [x] — 0, since the radiative efficacy pf~ — 0 with
vanishing object size.

This situation, a fictitiously low loss metallic nanopar-
ticle, is also the most relevant condition under which
the bounds asymptotically reach arbitrarily large val-
ues. However, as we have discussed in Ref. [68] in the
context of angle-integrated planewave absorption, un-
bounded growth requires saturation of an unbounded
number of angular momentum ¢ indices (radiation chan-
nels). For any particular ¢, saturation is approximately



achieved as R — 0 when pf™, pi™ 2 Im|[x]/|3Re[x]|.
Therefore, the relation between the radiative efficacies
and the angular momentum number ¢, with

7w (kR)*
o (r) =0
(41 /.,
o5 (T (R) = Joyy (RR) Jo_y (k)
t 2
+ 21 (JHg (kR) — Jors (kR) Joys (kR)) ,
7 (kR)?
P (R) = (4 ) (J?Jr% (kR) — Jy_1 (KR) Jyy 5 (kR)) :

(43)

imparted through the cylindrical Bessel functions, with

L+p
Jesp (kR) < m <]€2R> (44)

for kR < /8T (¢ + p+ 3), implies that so long as real

power is conserved, bounds on cross section enhance-
ment exhibit sublogarithmic growth with vanishing ma-
terial loss, Im [x] — 0. (Proof of this statement, in all
important regards, follows from the derivation given in
Ref. [68]. The stated inequality follows from the power
series of the cylindrical Bessel functions [173].) As seen
in the supporting figures, Fig. 2 and Fig. 3, in practice
this scaling behavior is of little consequence.

For periodic films (e.g., gratings, photonic crys-
tals, and metasurfaces), the central feature of (17)
absent from the models of Ref. [68] and Ref. [72] is
the initial suppression and sharp onset of resonant
absorption for thin dielectrics. The above findings
for compact domains, and practical experience, both
suggest that the existence of such a critical thickness
(depending of the magnitude of Re[x]) for dielectric
materials is reasonable. However, the dependence of
this thickness threshold on the period of the system,
physically associated with the presence of leaky-mode
resonances [174], is perhaps less expected. The origin
of the relation traces to the properties of G° for an
extended (infinite) system. Crossing over the light line
boundary between propagating and evanescent waves,
there are vectors within the basis described in Sec. VII,

x) = [rRx"” (kp) ), that allow (X| Sym [G%] |X) to be

arbitrarily negative and (X|Asym [G°] |X) = 0. These
characteristics allow reactive power conservation, (14),
to be trivially satisfied for any possible polarization
current. However, when a finite period is imposed on
the system, modes arbitrarily near the light line are not
allowed, and in turn, the necessity of conserving reactive
power may imply that resonant response is not possible
for particular values of t and x. As exemplified in Fig. 4,
knowledge of the critical thickness at which such leaky
modes can be supported for a given period and material
may be of substantial benefit to the design of large scale
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metasurfaces [163, 175, 176].

Wavelength Scale Regime (R/A 2 0.1, ¢t/\ 2 0.01)
For boundary radii approaching wavelength size, the
applicability of the quasi-static results for spherical
confining region quoted under the previous subheading
becomes increasingly tenuous. The growth of planewave
amplitude coefficients into angular momentum numbers
(channels) beyond ¢ = 1 opens the possibility of utilizing
a wider range of wave physics (e.g., leaky and guided
resonances [177, 178]), and correspondingly, reactive
power conservation (resonance creation) becomes a
weaker requirement.

These factors lead to a more intricate interplay be-
tween the two power constraints, causing the sharp jumps
observed for dielectrics in Fig. 2 and Fig. 3, which man-
ifest, mechanically, in rapid changes to the properties of
the scattering T operator constraint relations, especially
(14) applied to dielectric materials. The behavior is first
observed in the ¢ = 1 channel, with the initial peaks in
Fig. 2(b) and Fig. 3(b) following closely after the half
wavelength condition

2mr

(minr) > 9j; ( Re [x] A) Jor =0,

and the second peaks occurring near the full wavelength
condition,

(min 1) > jl( Re ] 2;””) ~0.

This second criterion is also the approximate resonance
location for a homogeneous dielectric sphere of index
VX [179], the spherical analogs of the Fabry-Perot
condition [180], making its appearance consistent with
the Rayleigh response predictions of (36). At the
same time, as previously remarked, the inflation of the
boundary also increases the radiative efficacy of each
channel as described by (43) (further discussed in Ref.
[68] and Sec. II). Via the connection of Asym [Uy] to
Asym [G{], (13), this causes the conservation of real
power to become a more restrictive constraint for gen-
erating strong polarization currents throughout the vol-
ume available to structuring. (That is, maintaining the

ratio of Im {<S(1)|T>} and (T|Asym [U]|T) becomes
increasingly restrictive, while maintaining the ratio of
Re [<S(1) |T>} and (T|Sym [U] |T) becomes increasingly

simple.) Subsequently, rather than completely releasing
to an enhancement value approaching (., the bound
slips and catches.

For periodic films, all features seen at both wavelength
and ray optic thickness scales are fully accounted for
by the conservation of real power and the associated
radiative efficacies of Asym [GO} at normal incidence.
Detailed discussions of these quantities are given in
Ref. [68] and Ref. [72]. The most interesting result, that
the bounds plateau for film thickness between roughly



t/A = 107% and t/\ = 1072, is caused by the fact that
at these thicknesses only a single symmetric mode is
bright. Accordingly, the power radiated to the far-field
by the excited polarization current can not be canceled,
and only half of the total power of the incident wave can
be extracted through absorption [68].

Ray Optics Regime (R/\ > 1, t/A > 107}
In the large boundary limit, achievable scattering inter-
actions in any given channel are increasingly dominated
by the conservation of real power through the growth
of radiative losses. Correspondingly, the dash bounds,
calculated by asserting only that the sum of the scattered
and absorbed power must not exceed the power drawn
from the incident beam, coincide with those arising from
total power conservation to increasingly good accuracy.
Making this reduction, limits for either cross section
enhancement quantity become largely congruous to the
angle-integrated absorption bounds given in Ref. [6§].
The planewave expansion coefficients of (34) exhibit
exactly the same per-channel characteristics considered
in that article, and so, the same asymptotic behavior is
encountered. Regardless of the selected susceptibility
X, for a sufficiently large radius, each of the power
objectives described in Sec. I begins to scale as the
geometric cross section of the bounding sphere. For
absorption, this leads to a value equal to the geometric
cross section of the confining ball, 7R?. For extinction
and scattering, a value of 47 R? is found, two times larger
than what would be expected based on the extinction
paradox [181, 182]. The genesis of this additional factor
is presently unknown, and investigation of the properties
of the optimal polarization current of these curious
results merits further study.

V. SUMMARY REMARKS

The ability of metals and polaritonic materials to
confine light in subwavelength volumes without the
need for any other surrounding structure (plasmon-—
polaritons [183, 184]), coupled with the variety of geo-
metric wave effects achievable in dielectric media (band
gaps [185, 186], index guiding [1877 ], topological
states [188, 189]), rest as the bedrock of contemporary
photonic design. Yet, the relative abilities of these two
overarching approaches for controlling light—-matter in-
teractions remains a widely studied topic [190-192]. The
broad strokes are well established. The possibility of
subwavelength confinement and large field enhancements
offered by metals is offset by the fact these effects are
fundamentally linked to substantial material loss [191].
Through interference, dielectric architectures may also
confine and intensify electromagnetic fields, and can do
so without large accompanying material absorption [51];
but, accessing this potential invariably requires larger do-
mains and more complex structures. While comparisons
within rigidly defined subclasses have been made [64],
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the merit of a particular method for a particular design
challenge is almost always an open question. As with the
rising need for limits in computational approaches high-
lighted in the introduction, a central driver of debate is
the lack of concrete (pertinent) knowledge of what is pos-
sible, beyond qualitative arguments.

We believe that the simple instructive cross section
examples shown in Sec. IV are compelling evidence that
the generation of bounds based on constraints derived
from the T operator and Lagrange duality offers a path
towards progress; and that by translating this method
beyond the spectral basis employed here, onto a com-
pletely geometry agnostic numerical algorithm, it will be
possible to analyze the relative trade offs associated with
various kinds of optical devices. Through bound calcula-
tions varying material and domain parameters, the sig-
nificance of different design elements from the perspec-
tive of device performance should be ascertainable in a
number of technologically relevant areas. The basic scat-
tering interaction quantities given in Sec. I lie at the core
of engineering the radiative efficacy of quantum emit-
ters [88-90], resonant response of cavities [91-93], de-
sign characteristics of metasurfaces [160, 193, 194], and
the efficacy of light trapping [7, 127] devices and lumi-
nescent [95, 96] and fluorescent [97, 98] sources. They
are also central building blocks of quantum and nonlin-
ear phenomena like Forster energy transfer [195], Raman
scattering [78], and frequency conversion [51].

As seen in Sec. IV, relations (14) and (15) are amenable
to numerical evaluation under realistic photonic settings
(for practical domain sizes and materials) and sufficiently
broad to provide both quantitative guidance and phys-
ical insights: as the size of an object interacting with
a planewave grows, there is a transition from the volu-
metric (or super volumetric) scaling characteristic of sub-
wavelength objects to the geometric cross section depen-
dence characteristic of ray optics; critical sizes exist be-
low which it is impossible to create dielectric resonances;
material loss dictates achievable interactions strengths
only once it becomes feasible to achieve resonant response
and significant coupling to the incident field.

Several generalizations of the formalism should be pos-
sible. First, there is an apparent synergy with the work
of Angeris, Vuckovi¢ and Boyd [39] for inverse design ap-
plications. The optimal vectors found using (17) provide
intuitive target fields. Second, following the arguments
given in the work of Shim el al. [100] it would seem that
(17) can be further enlarged to include finite bandwidth
dispersion information, accounting for the full analytic
features of the electric susceptibility x (w). Finally, by
combining the respective strengths of both classes of ma-
terials, hybrid metal-dielectric structures offer the poten-
tial of realizing more performant devices. The general-
ization of (17) to incorporate multiple material regions
(multi-region scattering [69]) as an aid to these efforts
stands as an important direction of ongoing study. As
we have stated earlier, as the method relies only on scat-
tering theory, almost all lines of reasoning we have pre-



sented apply equally to acoustics, quantum mechanics,
and other wave physics.
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VII. APPENDIX
A. Numerical Stability of the Arnoldi Processes

With perfect numerical accuracy, the convergence of
Ay is guaranteed in a finite number of iterations. The
strictly diagonal elements of each U, matrix, V}_l , Te-
main constant while the off diagonal coupling coefficients

introduced by Sym [th] gradually decay with every it-

erations. Thus, at a certain point, the diagonal Vz_l
entries eventually overwhelm all other contributions, ter-
minating the Uy matrix. (As the magnitude of the sus-
ceptibility considered increases, VI~! shrinks and more
Arnoldi iterations are required.)

Still, there are pitfalls that must be avoided when nu-
merically implementing an Arnoldi iteration, caused by
the singularity of the outgoing N waves at the origin.
The issue is illustrated by considering the image of RN

under GY (26), with
) (m n{) (r))
1 3 : 2
hg ) (7“) Azw)n + r A&,n)’w
(45)
using the normalized vector spherical harmonics as de-

scribed in Ref [196]. Near the origin, » — 0, the leading
order radial dependencies of (28) and (45) are

A

Ng’m (X) = r

_ (L e 41y ) A
RNy, = ((ZZ I (M O () ) A+
VIL+1) 1 041 (3)
( 2£+1)u +O(r') | A, (46)
i(20-1) ” €(£+1) _v (3)
( DIWIEED 4 o >) AD,
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From (26), the image of RNy ,,, under the Green function
restricted to a spherical domain with radius R is
~RN(r) A,

(48)
where the final term is the §-function contribution, and
the RN, (r) and N, (r) terms are given by

Neo(r) =i / / / /0 ' r?RN(r*)RN(r*)dr’dQY,
N (r) =i / / / / Rr’2N(r’)RN(r’)dr’dQ’. (49)

Exploiting the orthogonality of the vector spherical har-
monics, the leading radial order for N, (r) is r?+i.
Therefore, the N(r)N,,(r) term has a leading radial or-
der of 71, the same as the starting vector RN(r). At
first sight, RN, (r) is more troubling. The dominate ra-
dial orders are 7/~¢ for 7?N(r’) and r*~! for RN(r?).
Thus, it would seem that the integrand has an »'~! de-
pendence, which would result in a logarithmic divergence
at the origin. A more careful consideration, however,

shows that the leading order terms from A( ) and A(3)

cancel as
Wl+1) 1@ 4@
//: ( 20+ 1 v Ae,m 'Aevmi

zféJrl) —1 (3) /
ETFE A CAS + O () dr' |dQ

=0 (7’2) . (50)

G°RN = RN(r)RN,,(r) + N(r)N.(r)

The key to this cancellation is the ratio of the A(2) nd

A( ) terms, /(¢ +1 So long as this ratio is main-
talned the RN, factor does not generate logarithmic
contributions, and in turn this causes the leading order
ratio to remain intact under the further action of G°. By
insuring that this does in fact occur, the Arnoldi pro-
cess may continue to stably iterate until convergence is
achieved. Consider any vector

]
P=p <r£_1A2’2731 \ 1#—%%) ., (51)

where p is a constant. (RN, are vectors of this form.)
The image under of this vector under G is

GOP = RNZ,m (I‘) RNED (I‘) + NZ,m (I‘) NSo(r)_

ERING)
—_— A 2
PA 7T om (52)

Bi0(20 — 1)
RNE,(r) = p/ (726( -1 Pl

rt

with

i (20 — 1)
1 ( T/z ) 7,/[—1_'_0(7,/))(17_/

=C(R)+0(r?), (53)



C (R) a constant of r coming from the fixed upper inte-
gration limit R, and

o . r 20+ 1
Nco(r) = Zp/o <(2£+1)”r122 +0 (T/2£+3)> dr

_ ip 2041 043
=@ TorT). (54)

Substituting back into (52) then gives

Ip _ 2
op—(_ -1 1)) A
G ( 2£ T 1 r + O (T ) eym"!_
p iy 041 (3)
- — A

< Vit TOUT) ALt

C (R)RN(r). (55)
Hence, as anticipated, all components retain a

/£/(¢+ 1) ratio. By induction, this argument extends
to every step of the Arnoldi process, generating vectors
well behaved at the origin.

In implementation, care must be taken not to let
numerical error push this component ratio away from

£/(£+1) at any step. (Otherwise, the logarithmic
divergence will quickly destabilize new image vectors.)
This precludes the use of spatial discretization based
representations, since for finite grids discretization er-
ror is inevitable and leads to a rapidly growing insta-
bility. We have circumvented this issue by representing
the radial dependence of the Green function and Arnoldi
vectors by polynomials (Taylor series). For larger do-
main sizes, this approach demands a high level of nu-
meric precision, and so, the Python arbitrary precision
floating-point arithmetic package mpmath was used in
all calculations [197]. When determining the image of a
vector under the Green function, the tiny coefficient of
r’~1 due to numerical errors from the finite Taylor series
and set floating-point precision were explicitly truncated
(ignored). With sufficiently high precision and represen-
tation order the Arnoldi process can be performed sta-
bly and accurately up to convergence of each U, matrix.
Much of the difficulty, and inefficiency, associated with
this method stems from working in spherical coordinate,
which are inherently ill defined at the origin.

B. Radiative (Fourier) Basis for Films

Working in Cartesian coordinates, consider a planar
slab of thickness ¢ with normal direction z. Let k, de-
note the in-plane wave vector with corresponding spatial
vector x,. Following our notation of including an extra
factor of k% as mentioned above, the Fourier representa-
tion of the Green function given in Ref. [104] below the

19

light line (k,/k < 1) is given by

Go(x,y)=—/6(x—y)P2+i/ldkp/

0
o) (x) @0 (v) + X x) o XD (v) 2. >
0, (x) @0y (v) +X|,) x) @ X)) (y) z. <y

(56)
with
kx4
O(i) _ (& (8]
kp (X) o7 2kza
) oy €T TRy + ki
X (x) = p " p (57)

2m V2k, ’

and o = (kyx — k;y). The four terms are, respectively,
the upward traveling and downward traveling ordinary
and extraordinary waves [198]. In (56) and (57) all wave
vectors are normalized by the standard wave vector k =
27/ A, and all spatial coordinates are multiplied by k; k.

\1- k%
E&E) = k, + k.2; and when a wave appears on the right

of a ® symbol complex conjugation is implied. Anti-
symmetrizing, the skew-Hermitian component is

Ay [69) ey = [ [ i, Y

kp<1 (+)

G ~~ () ()
pie™ (RO, (x) @ ROy, () +

is defined to be the positive square root k, =

o (1) o (1)
Pﬁf(ﬂ (Rka (x) @ RXy (}’))7

(58)
with
ro\™ (%) ekrP /2 cos (k,2) 6
K 2m \/t (1 + sinc (k,t))
rRo” (x) = e®»P /2 sin (k,2) 6
K 2 \/t(1 —sinc (kst))
ikpp V2 (kz cos (k. z) k, — ik, sin (k.z) i)
RX,, () = ©
2m \/t (14 (k2 — k2) sinc (k.t))
_ ikyp V2 (k‘z sin (k,2) Rp + ik, cos (k.z) i)
RX,, (x) = ©
2 S = (k2 — K2) sine (k)
(59)
and
t
co(£) _ ;
P = 1%, (1 £ sinc (k,t)),
G i .
z;{(i) - (1 (k2 — k) sinc (k=t)) . (60)



Above the light line (k,/k > 1), the Green function be-
comes Hermitian and (57) is replaced by

o

GO (x,¥)

o) (x) @ OE; () + X (x) o X (y) 2>y
0. (x) 0o (v) + X)) e X (v) z.<y.
(61)
where
ikpXpFhk-x. o
o0& (x) = ¢
ke (X) 277 2kzv
ikpXpFhkx. sz( k. 7
X (x) = TS F 2 (62)

2T V2k, ’

and k, has been redefined as k, = 1/k]% — 1. Although

Asym [G] = 0, by analytic extension a “radiative” basis
(symmetric and anti-symmetric combinations of the two
ordinary and extraordinary waves) is given by

V2 cosh (k.2) 0
2/t (1 + sinch (k.t))

(+) etkrp
Rok (x) =

Rbf) (x) = e’k»P /2 sinh (k,2) 6 ’
? 2m \/t (sinch (k.t) — 1)
() efkop

V2 (k‘z cosh (k,z) l;p — ik, sinh (k,2) i)

\/t ((k2 + k2) sinch (k.t) — 1)

() e'rP

V2 (k sinh (k,2)k, — ik, cosh (k.z) z)

V£ (2 + k2) sinch (k.t) + 1)
(63)

The above basis waves are also valid for periodic films.
The only change required is to replace the continuous
index k,, by its appropriate discrete counterpart.

C. Inverse Design Procedure

All computational geometries were discovered follow-
ing a standard topology optimization algorithm [44],
where each pixel (susceptibility value) within the bound-
ing sphere is considered as an independent design param-
eter, based on the method of moving asymptotes [199].
To begin, each pixel (index by x) is allowed to linearly ex-
plore a continuous spectrum of susceptibility values vary-
ing between the background yx = 0 and the stated ma-
terial xx = x. The resulting parameter values are then
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iteratively used as starting points for new optimizations
subject to increasingly strict regularization filters, as de-
scribed by Jensen and Sigmund [43], in order to enforce
binarization (each pixel must correspond to either the
material x or background).

The primary challenge of applying this approach to
maximize the scattered power from a planewave incident
on a three-dimensional compact object, (5), lies in the
computational cost of P5¢', which is typically evaluated
several thousand times during the course of any one op-
timization. Without simplification, each evaluation re-
quires a new solution of Maxwell’s equations in three-
dimensional space. To avoid this otherwise significant
computational challenge, the results presented in Sec. IV
exploit a fluctuating—volume current (FVC) formulation
of electromagnetic scattering [69, 200] and the efficiency
of stochastic singular value decomposition. (Descriptions
of the various subroutines entering into this program are
given in [105, 201, 202].) This approach both limits the
spatial solution domain to the bounding sphere, and al-
lows the central matrix-vector multiplication, G° |J9), to
be accelerated via the fast-Fourier transform.

More precisely, optimization is carried out using the
first form of the scattered power quoted in (5),

Pt = ;Z (T| Asym [G°] |T) (64)

with |T) = Tgs |Ei>, as an objective. To compute the
real number associated with this form for any particu-
lar structure, one inverse solve (sped up by applying a
fast-Fourier transform) is needed to determine |T'), which
from (1) is proportional to the generated current |J9).
The gradient of P5¢' with respect to the susceptibility
degrees of freedom then follows from the defining relation
T = (Vfl - GO). (At this step, a nonzero but arbitrarily
small scattering potential is assumed to exist at all points
within the domain so that V~! is well defined throughout
the ball.) Parametrizing the susceptibility at each pixel
by the single material linear equation xx = tx X, with
€ (0,1],

O, T =x TV 15, VTIT = x W, xW.

Using this result, the total gradient (with well defined
tx — 0 limits) is then

aPsct k
A = —— (T| Sym [dxW Asym [G°]] [T)  (65)

Hence, only a single additional solve is required to ob-
tain complete gradient information for the optimization
objective. For the periodic films, the optimization is car-
ried out using the rigorous coupled wave approach re-
cently presented in Ref. [163].
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