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Many of the existing offline system identification methods cannot completely comprehend

the  dynamics of an evolving complex process without relying on impractically large data

sets.  As a solution to this, a systematic procedure capable of identifying and predicting the

nonlinear  dynamics on the fly promises to provide a useful representation of the process

model.  Motivated by this, an adaptive model identification framework that relies on the

methods  of sparse regression and feature selection is presented in this work. The proposed

method  is a three-step procedure: (1) identifying potential functions from a candidate library

using  recently developed Sparse Identification of Nonlinear Dynamics (SINDy), (2) updating

coefficients  of the identified model using ordinary least-squares regression, (3) selecting

the  most important features using stepwise regression. The proposed algorithm is imple-

mented  as follows. Initially, a baseline model is identified offline using SINDy, and as a new

data  becomes available, the subsequent online steps are triggered based on a pre-specified

tolerance  to further update the model. Such an adaptive identification scheme facilitates

in  perceiving the model structure using a less amount of data than its offline counterpart,

SINDy.  To highlight its significance, the dynamics of a continuous stirred tank reactor is

identified  using the proposed adaptive method and is compared with a model identified
using  SINDy alone.

Published by Elsevier B.V. on behalf of Institution of Chemical Engineers.
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se of implementation and the ability to incorporate
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or a large number of nonlinear dynamical systems.
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 SINDy is identified offline using the initial data. In the
, when the previous model fails to predict accurately,
cients of the identified functions are updated using

 least-squares regression. Finally, the identified model
d by retaining only the essential features via step-
ure selection. The main advantage of this sequential
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f(x(t), u(t)) (1)

e vector x(t) denotes the states of the system at time
the vector containing the inputs applied to the sys-
me t, and f(x, u) represents the governing equations
g the process dynamics. In some cases when the
g  dynamics are unknown and cannot be determined

ysics laws, the function f has to be identified from
ment data. To achieve this, an adaptive sparse iden-

 method is proposed in this work. The method is
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e model identification: With the initial data available,
imonious model is obtained offline from a large set
didate functions using SINDy.

timation of regression coefficients: As a new data
es available, the coefficients of the identified func-

are updated by performing ordinary least-squares
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functions is selected that represents the structure of
tual dynamics.
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the essential functions. As a preliminary step, it is
nded  to pre-process the data for efficient regression

lected  ti
candidat
using standard techniques such as normalization or
epending on the nature of the data. In the following
ns, each step of the adaptive identification method

sed in detail.

tep  1:  Sparse  model  identification

e first step in the proposed framework. In this step,
onious model is obtained from some initial data

 be collected at different operating conditions) using
fline. For example, this initial data can be obtained
cess history. This paper presents a brief overview
NDy method and for more  information, the read-
efer the original work by Brunton et al. (2016b). The
gorithm is developed based on an assumption that

 possible functions considered, only few of them gov-
ystem dynamics. In accordance with that, a sparse
n problem is solved by balancing sparsity with accu-
s eliminates the intractable brute-force approach of
g  for the right model among all the possible models
en function-space. For finding the function f, time-

ta of state variables and applied inputs are collected.
 series data can be obtained either from physical sen-
urements or from numerical simulation of Eq. (1).
cted m snapshots of n state variables and their cor-
ng  inputs u(t) are arranged into matrices X and U as
low.

(t1) x2(t1) · · · xn(t1)

(t2) x2(t2) · · · xn(t2)

...
...

. . .
...

(tm) x2(tm) · · · xn(tm)

⎞
⎟⎟⎟⎟⎟⎠

(t1) u2(t1) · · · un(t1)

(t2) u2(t2) · · · un(t2)

...
...

. . .
...

(tm) u2(tm) · · · un(tm)

⎞
⎟⎟⎟⎟⎟⎠

(2)

the derivatives of state variables are either measured
rically computed. When the time-series derivatives
e measured directly, they must be determined care-
efficient working of SINDy. In general, this can be
nite difference method. But in the presence of noise,
ested to use rigorous methods such as total varia-
larized differentiation (Chartrand, 2011) and Knowles
ace variational method (Knowles and Renka, 2014).

ese computed derivatives, a matrix is constructed at
 time points as follows:

(t1) ẋ2(t1) · · · ẋn(t1)

(t2) ẋ2(t2) · · · ẋn(t2)

...
...

. . .
...

(tm) ẋ2(tm) · · · ẋn(tm)

⎞
⎟⎟⎟⎟⎟⎠

(3)

obtaining the derivatives of state variables, the col-

me-series data of X and U are utilized to build a
e  function library containing all possible potential
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e vector Ẋ  denotes the time-series derivatives of state
,  �(X, U) is the library of possible potential functions
ting the system dynamics, and  ̇ is the vector con-
he function coefficients. However, solving the above
directly using ordinary regression does not provide
onious model. In order to promote sparsity in ˙, Eq.
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in‖Ẋ −  �(X, U)˙′‖2 + �‖˙′‖1 (6)

e problem is solved using Sequential Thresholded
uares (STLS) algorithm (Brunton et al., 2016b), which
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s considered whose reaction rate is given by

(10)

is the temperature dependent rate constant, and CA

e-varying concentration of reactant A. The reaction
tant is determined by Arrhenius law as
p
( −E

RT(t)

)
(11)
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Table 1 – Parameter values for simulation.

Parameter Units Value

Flowrate, F m3/h 5
Arrhenius pre-exponential factor, K0 1/h 8.46 × 106

Reactor volume, Vr m3 1
Gas constant, R kJ/Kmol-K 8.314
Inlet temperatue, T0 K 300
Initial concentration, C0 Kmol/m3 4
Activation energy, E kJ/Kmol 5 × 104

Enthalpy change, �H kJ/Kmol −1.15 × 104

Fluid density, � kg/m3 1000
Specific heat, c kJ/kg-K 0.231
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Table 2 – True coefficients.

Functions dCA
dt
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1 20 1500
C −5 0
T 0 −5

exp
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C2 −8.46 × 106 4.21 × 108

Q 0 4.33 × 10−3
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0 is the pre-exponential factor, E is the activation
 the reaction, R is the universal gas constant, and T is
varying reactor temperature in Kelvin. The tempera-
intained by adjusting the amount of heat transferred

the reactor jacket. The following equations obtained
ss and energy balance of the reactor are the math-

 representation of concentration and temperature
s in a CSTR. These equations are used to generate
n data for identifying the governing dynamics of the

F

Vr
(C0 − CA(t)) − K0 exp

( −E

RT(t)

)
CA(t)2 (12)

F

r
(T0 − T(t)) − �H

�cp
K0 exp

( −E

RT(t)

)
CA(t)2 + Q(t)

�cpVr
(13)

ove equations, F is the feed flow rate to the reac-
 the reactor volume, �H is the heat of reaction, Q
anipulated rate of heat input, and � and cp are the
nd specific heat capacity of the fluid in the reactor,
ely. The temperature-dependent rate constant and
led dynamics between temperature and concentra-
ribute to the complex nonlinear dynamics, making
ss of system identification challenging. The objective
se study is to develop an adaptive model that captures
ing dynamics of concentration and temperature with
prediction accuracy. In the following section, the per-

 of models identified using the adaptive method and
 counterpart, SINDy, is evaluated.

imulation  results

ion presents the results obtained from the numerical
nts carried out for model identification of the CSTR

s.  The characteristics of the models developed using
sed method and the original SINDy method are com-

 the basis of prediction accuracy and the total number
mples required. In this work, all the simulations were
d  using MATLAB R2018b programming platform.
put–output data required for training the models is

d  by solving open-loop simulations of the mathemat-
els, Eqs. (12) and (13), using the ode45 solver. The

 subjected to a random heat input profile with signals
etween −6 ×104 kJ/h to 10 × 104 kJ/h. A simulation
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to  solve 

(6).  For th
ately in the same range as the true values shown in
 the following subsections, the adaptive sparse iden-

 and SINDy based models are identified, validated
 compared.

daptive  model  identification

oned earlier, the proposed algorithm is a three-step
aving different goals in each step as:

) Identify an initial set of potential functions.
) Update the identified function coefficients.
) Select the best combination of essential functions.
p 1, the original SINDy algorithm is applied to identify
rning functions of the concentration and tempera-
mics. To this end, a candidate library matrix is built
unctions as represented in Eq. (14). The advantage
, which is to incorporate a priori knowledge such as
erature dependence of the rate constant via Arrhe-

, is utilized by including a temperature-dependent
tial term in the function library. The library devel-
this step is a m × 22 matrix, where m indicates the
e time series data. In the subsequent steps, as the
ts updated, the column size of the library may vary.
lated outputs of concentration, temperature, and the
ted  heat input are represented as x1, x2 and u, respec-

xi
n exp

( −E

Rx2

)
x1

2 u u2 xiu sin(xi) cos(xi)
]

(14)

 above equation, the subscript i = 1, 2 corresponds
ncentration and temperature variables, respectively,
, . . .,  6 indicates the degree of the polynomial. This
rformed offline using the available historical data of
3 samples. This historical data is obtained by simu-

 process starting at initial conditions C = 1.9 kmol/m3

00 K for a total duration of t = 0.5 h. Please note that,
ecific application, the concentration and tempera-
es are different by two orders of magnitude. This

 in the scales can prompt poor sparsity, especially
enario of dealing with many  functions. This issue
d by normalizing the concentration data. Specifi-

 concentration values are multiplied with the ratio of
 values of temperature and concentration. Also, the
e  of the exponential term in the candidate library

ely higher than that of the other functions present,
leads to a scaling issue. To solve this problem, each
ement is divided by the mean of the corresponding
lumn. After pre-processing the data, the samples

rentiated by finite difference method and are used

the sparse regression problem as presented in Eq.
is purpose, the STLS method is used with 100 iter-
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Fig. 2 – Relative error vs. thresholding parameter.

Table 3 – Sparse coefficients estimated in Step 1.

Functions dCA
dt

dT
dt

1 −85.937 −2.95 × 107

C −0.30311 −9.99 × 104

T 1.781 4.95 × 105

C2 −4.510 1.12 × 105

T2 −0.012 −3458.71
C3 2.294 −6.55 × 104

T3 0 12.854

exp
(

−E
RT

)
C2 −8.46 × 106 8.98 × 108

Q 0 4.14 × 10−3

C4 0 0
T4 0 −0.0268
C5 0 0
T5 0 0
C6 0 0
T6 0 0
CQ 0 0
TQ 0 0
Q2 0 0
sin(C) 0 0
cos(C) 0 0
sin(T) 0 0
cos(T) 0 0
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the model is obtained offline through Step 1, it is used
line model to predict the dynamics of a process start-
itial conditions C = 3.31 kmol/m3 and T = 320.75 K. A
rror tolerance value of � = 5 ×10−3 is considered for
perature and concentration and any model having

exceeding this value is deemed poor. The divergence
ere the obtained model prediction deviates from the
easurement serves as an indication to start Step 2. In
the model obtained from Step 1 predicts well from
t = 0.18 h, and after that it begins to deviate and can
r be used for predicting the future states. The relative

puted between the predicted output and the mea-
ta is illustrated in Fig. 4(b). It can be observed that
ve error exceeds the tolerance at t = 0.18 h and at this
p 2 of the proposed framework is initiated.
p 2, ordinary least-squares regression is performed
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e amount of data utilized in this step is 5 × 103

 which are collected from the process between t = 0 to
 The library matrix is re-constructed using only the

ons identified in Step 1 and their coefficients values
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Fig. 4 – (a) Comparing the future behavior of individual models obtained using the proposed method for concentration and
temperature profiles. (b) Relative errors of the models identified using the

Table 4 – Regression coefficients estimated in (a) Step 2
and  (b) Step 3.

Functions dCA
dt

dT
dt

(a) Model obtained in Step 2
1  19.896 −1.05 × 105

C −4.982 7.81 × 103

T 7.10 × 10−4 1.02 × 103

C2 −5.31 × 10−3 −2345.24
T2 0 −3.881
C3 5.34 × 10−4 237.284
T3 0 6.05 × 10−3

exp
(

−E
RT

)
C2 −8.46 × 106 −6.41 × 108

Q 0 4.3 × 10−3

T4 0 0

(b) Model obtained in Step 3
1  19.896 1311.4
C −4.982 16.993
T 7.10 × 10−4 −4.587
C2 −5.31 × 10−3 0
T2 0 0
C3 5.34 × 10−4 0
T3 0 0

exp
(

−E
RT

)
C2 −8.46 × 106 4.06 × 108

Q 0 4.3 × 10−3
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owards improved prediction accuracy are selected
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se, the products of the 9 identified functions and their
coefficients from Step 2 represent the features to be
d  for selection. Within the feature selection algo-
e standard significance level of  ̨ = 0.05 is specified
iterion to reject the null hypothesis, i.e., a feature is
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Fig. 5 – Open-loop validation of concentration and temperature profiles described by the adaptive model for three different
input set
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Fig. 6 – (a) Open-loop validation of the adaptive and SINDy models identified using the same number of samples for
concentration and temperature profiles. (b) Comparison of the relative errors for the adaptive and SINDy models identified
using the
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Fig. 7 – (a) Open-loop validation of the adaptive model and SINDy model identified using a large amount of data for
concentration and temperature profiles. (b) Comparison of the relative errors for the adaptive model and SINDy model
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, Sbarbaro, D., Żbikowski, R., Gawthrop, P.J., 1992. Neural
rks  for control systems – a survey. Automatica 28,
112.
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