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Abstract—The problem of detecting and isolating a correlated
pair among multiple Gaussian information sources is considered.
It is assumed that there is at most one pair of correlated sources
and that observations from all sources are acquired sequentially.
The goal is to stop sampling as quickly as possible, declare
upon stopping whether there is a correlated pair or not, and if
yes, to identify it. Specifically, it is required to control explicitly
the probabilities of three kinds of error: false alarm, missed
detection, wrong identification. We propose a procedure that not
only controls these error metrics, but also achieves the smallest
possible average sample size, to a first-order approximation,
as the target error rates go to 0. Finally, a simulation study
is presented in which the proposed rule is compared with an
alternative sequential testing procedure that controls the same
error metrics.

1. INTRODUCTION

The quick detection and isolation of the correlation structure
in a p-variate Gaussian random vector is of interest in many
areas of science and engineering, such as environmental moni-
toring [1], blind source separation [2], biometric authentication
[3], sensor networks [4], fault detection in power grid [5],
neural coding [6]. When p = 2, we have the problem of
sequential testing regarding the correlation coefficient of a
bivariate Gaussian distribution. This problem has been con-
sidered in [7], [8], [9], [10], where the proposed tests reduce
to certain Sequential Probability Ratio Tests [11], and also in
[12], where a repeated generalized likelihood ratio test with
a fixed maximum sample size was proposed. In the general
multivariate case (p > 2), it is natural to consider a sequential
multiple testing problem in the spirit of [13], [14], [15], [16],
[17]. Such a formulation was proposed in [18] under the
assumption that only one component/source can be observed at
each sampling instance and that observations from dependent
components exhibit the same correlation even when they are
taken far apart in time.

In this paper we assume that we observe at each sampling
instance all components of a Gaussian random vector and that
at most one pair of components is correlated. The goal is to
stop sampling as quickly as possible, declare upon stopping
whether there is a correlated pair or not, and if yes, to identify
it. Specifically, we need to control explicitly the probabilities
of three kinds of error: detecting a correlated pair when there
is none (false alarm), failing to detect any correlated pair
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when there is one (missed detection), claiming correctly that
there is a correlated pair but identifying it incorrectly (wrong
isolation). The main contribution of this work is that we
propose a procedure that controls explicitly these error metrics,
and most importantly it achieves the smallest possible average
sample size, to a first-order approximation, as the target error
rates go to 0.

The proposed rule is inspired by the “gap-intersection” rule
in [16], however there are some important differences between
this work and the current paper. First, the test statistics that
correspond to the individual hypotheses in [16] are indepen-
dent, which is not the case in our setup. Second, in [16] there
are only two kinds of error under control, whereas here we
explicitly control three error metrics. Third, [16] deals with
the simultaneous testing of binary simple hypotheses, whereas
here we are interested in the simultaneous testing of simple
nulls versus two-sided alternatives.

Finally, we also compare numerically the proposed proce-
dure with a modified version of the “intersection” rule, pro-
posed in [17], which takes into account the prior information
that there is at most one correlated pair. This procedure has
two free parameters, which nevertheless can be selected so that
the three error constraints are satisfied. Our simulation study
suggests that the proposed procedure performs significantly
better, at least when the constraint on the probability of wrong
isolation is the strictest.

The remainder of the paper is organized as follows: In Sec-
tion II we formulate the problem mathematically. In Section III
we introduce the proposed rule and in Section IV we establish
its asymptotic optimality. In Section V we present the results
of the simulation study.

II. PROBLEM FORMULATION

We consider p information sources, {X;(¢) : t € N}, ¢ =
1,...p, each generating a sequence of i.i.d. standard Gaussian
random variables, i.e., X;(t) ~ N(0,1) for every t € N =
{1,2...} and 1 < ¢ < p. The correlation between any two
sources is assumed to be constant over time, which means
that if we denote by £ the set of all (unordered) pairs, i.e.,
E:={(i,5): 1 <i<j<p}, and e = (k,l) € £, then there
is a number p. € (—1,1) such that

Corr( Xy (t), Xi(t)) = pe VteN.
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We are interested in the case that there is ar most one strongly
correlated pair of sources and the problem is to detect whether
such a pair exists and, if this is indeed the case, to identify
it. Specifically, given a user-specified value p, € (0,1) that
represents a correlation value large enough to be of interest,
we want to test, for each pair e € &, the null hypothesis
pe = 0 against the mo-sided alternative |p.| = p., when at
most one of the K := |€] = (}) nulls should be rejected.

We assume that the data from all sources become available
sequentially and the goal is to stop sampling and make a
decision as soon as possible. Thus, the o-algebra generated
by the observations in the first n sampling instances is F,, :=
o(X(1),...,X(n)), where X(n) := (X1(n),...,Xp(n)). A
sequential test for this problem is a pair (7,d) that consists
of an {F,}-stopping time, 7, at which we stop sampling
from all the sources, and an JF,-measurable decision rule
d := (d., e € &), each element of which is a Bernoulli random
variable, with the understanding that for each e € & the
sources in e are declared to be correlated (resp. independent)
upon stopping when d. = 1 (resp. d. = 0). With an abuse of
notation, we also use d to denote the subset of pairs which
are declared to be correlated upon stopping. Since we focus
on the case that there is at most one correlated pair, we restrict
ourselves to decision rules for which at most one element can
be equal to 1.

We are interested in controlling below « the probability of
detecting a correlated pair when there is none (false alarm),
below [ the probability of failing to detect a correlated pair
when there is one (missed detection), below ~ the probability
of incorrectly identifying the correlated pair when there is one
(wrong isolation), where o, 3,7 € (0,1) are user-specified
thresholds. To be more specific, we denote by P, (resp. P._)
the underlying probability measure when the pair e € £ has
correlation p, (resp. —p.), while all other sources are indepen-
dent. We also denote by F, the underlying probability measure
when all sources are independent. We denote by A(a, 3,7)
the class of sequential tests (7,d) for which Py(d # 0) < «
and also for every e € E

Pe+(d:®), Pef(d:(b) Sﬁv
and Poo(d 0,0 {e}), P (d £ 0,d £ {e}) <.

The main result of this paper is that we obtain a sequen-
tial test that not only controls these error metrics, but also
achieves the smallest possible expected sample size among
all sequential tests in A(a,3,7), to a first-order asymptotic
approximation as «, 8,7 — 0, under Py and Py, P._, for
every e € £.

A. Notations and Statistics

For each e € £ we denote by A, (n) (resp. A._(n)) the
likelihood ratio of P, (resp. P._) versus Py after the first n
sampling instances, i.e.,

_ dPe+

dpP,._
Aei(n) = P =

Ae_(n) := P,

(Fn),

(Fn)s (D)

which take the following form

Acy(n) =z, exp {—; ZXeT(t)(erl _ Iz)Xe(t)}
= 2)
Ac—(n) = 2, exp {—; Y XT)(szt - IQ)Xe(t)} :

t=1
where z, := (1 — p2)~"/2, X,(t) denotes the components of
X (t) that correspond to the pair e, I,, is the p x p identity
matrix, and

(1 ps L 1 — P
s (L 8) sm (L) o

Since for each e € £ we have a two-sided testing problem,
we also introduce the mixture probability measure

P.:=(P.y +P._)/2, 4)
and define the following mixture likelihood ratio
dP,
Ac(n) == —-(Fn) = (At (n) + Ae—(n)) /2. )
dPy

We use the following notation for the ordered mixture likeli-
hood ratio statistics at time n:

AV (n) > > A (p),

and we denote by i1(n),...,ix(n) the corresponding pairs,
ie,

A (n) = A®(n) for every ke {1,...K}.
We also introduce the corresponding log-likelihood ratio pro-
cesses:

Zet(n) :=logAci(n), Ze—(n) :=logAc_(n),

Ze(n) :=log Ac(n).
The mixture log-likelihood ratio, Z., is not a random walk

under P, as it is the case for Z,, but we have the following
decomposition

Ze(n) = Zey(n) + &e(n) — log 2,
Ee(n) :==log (1 + exp{Ze—(n) — Ze1(n)}).
We note that since &.(n) > 0, Z.(n) > Zei(n) — log2.
Moreover, for every e’ € £ with ¢’ # e and n € N we have

Ze(n) — Zer(n) > Zey(n) — Zer(n) — Er(n).  (8)

We denote by E. (resp. E._) expectation under P, (resp.
P._) and by E. (resp. Ey) expectation under P, (resp. F).
If P represents any of these measures and E is expectation
under P, then for any event I' we use the following notation:

(6)

where

(M

E[Y;T) ::/FYdP.

Finally, for each e € £ we introduce the following Kullback-
Leibler information numbers
Do := Eo[=Ze+(1)] = Eo[-Zc- (1)),

Dy Bz = Ee ize ).
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III. PROPOSED PROCEDURE

In this section we introduce the proposed sequential testing
procedure and we show how it can be designed to guarantee
the desired error control. We suggest that sampling be stopped
as soon as either all mixture likelihood ratio statistics are
below 1/A, or the largest mixture likelihood ratio statistic
is above B and at the same time larger by a factor C than
the second largest mixture likelihood ratio statistic, where
A, B,C > 1 should be determined from the error constraints.
Specifically, the stopping rule of the proposed procedure is

Ty = min{7y, 72}, where

m = inf{n >1: AW (n) < 1/A},
o =inf{n >1: AW (n) > B, AW (n)/A® (n) > C}.

When 71 < 7o, we declare upon stopping that there is no
correlated pair of sources. When 1o < 71, we declare that the
the correlated pair is the one that corresponds to the largest
mixture likelihood ratio statistic, i.e.,

)0
b= { i1(7)

Since lim,,—, o Ac(n) = 0 almost surely under P, for every
e € £, 11 is almost surely finite under Py. Moreover, for any
e, e/ € & with e # ¢ it is clear that lim,_, Ac(n) = oo
and lim,, oo Aer(n) = 0 almost surely under P4 and P._,
therefore 79 is almost surely finite under P, and P._. We
conclude that, for any choice of A, B, C, the proposed testing
procedure, (7y,d,), terminates almost surely under Py and
under P..,P._ for every e € £. The following theorem
shows how to select A, B, C for (7,d.) to satisfy the three
error constraints. We recall that K represents the number of
all possible pairs, i.e., K = (}).

ifm <7y (10)
if 70 <779

Theorem 3.1: For any A, B,C > 1, we have

Py(d. #0) < K/B, an
Pe+(d* # Q),d* 7£ {@}) = Pef(d* 7& @7d* 7& {6})
< (K - 1)/C. (13)
In particular, (7, d.) € A(«, 3,7) when
A=t p-Egac-E=1 (14)
B a o

Proof: Fix A,B,C > 1. When a pair is declared to be
correlated upon stopping, A.(7.) > B for some e € £, which
means that

{d* # 0} C U I'., where T, := {A.(7.) > B}.
ecf

Applying Boole’s inequality and Wald’s likelihood ratio iden-
tity we obtain

Po(de #0) <> Py(Te) <Y Ee {Ae(lT*);Fe} <

ecf ecé

K
B?

which proves (11). The equalities in (12)-(13) follow by the
symmetry of the statistics in (2). For the inequality in (12) we
observe that there is a missed detection under P, when the
event I', := {A.(7.) < 1/A} occurs, therefore

Poy(dy = 0) < Py ().
By the symmetry of the statistics in (2) it follows that
Pey(Ty) = Per (Te) = Pe(TY).

From these two relationships and another application of Wald’s
likelihood ratio identity we obtain

Poi(de = 0) < Po(TL) = Bo[Ac(r)i T < 1/4,

which completes the proof of (12).

Finally, when there is a wrong identification under P, , the
event I'e/ o := {A¢/(7:)/Ac(7) > C} occurs for some e’ € €
such that ¢’ # e. Therefore,

{d. #0,d. #{e}} € [ Tere,
e'#e
and by Boole’s inequality we have
Pey(de #0,dy #{e}) <Y Per (Tere).
e'#e
By the symmetry of the statistics in (2) it follows that
Pe+(re’.,e) =P (Fe’,e) = Pe(Fe’,e)7

and applying Wald’s likelihood ratio identity again we obtain

Ae(74)
P(Lere) = FBer | — 53 Tere| <1 C.
o) = 2o e <
Combining the last three relationships we obtain the inequality
in (13). n

IV. ASYMPTOTIC OPTIMALITY

In this section we establish a non-asymptotic lower bound
on the expected sample size of an arbitrary procedure in
A, 8,7y) under Py and P., P._, e € £, and then we show
that all these lower bounds are attained by the proposed rule to
a first-order approximation as «, 3, — 0. To state the lower
bounds we need to define the following function:

h(z,y) := zlog (%y) + (1 —x)log (PTI) (15)

where z,y € (0,1). Moreover, we set z Ay := min{z,y}
and z V y := max{x,y}.

Lemma 4.1: If o, 3,7 € (0,1) such that « + 8 < 1 and
B+2y<1,e€f, and (1,d) € A, B,7), then

Eolr] > —h(g’o )
Bo,jr], Bo_r] > M2 \ hB+7,7) VA, B+7)

D, Do + Dy

Proof: We start with the proof of the first lower bound.
Without loss of generality, we assume that Ey[7] < co. Under
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Py, the log-likelihood ratio process {—Z.(t),t € N}, is a
random walk with drift equal to Dg, defined in (9). Thus, by
Wald’s identity it follows that

Dy Ey[7] = Eo[—Ze4 (7))

By the information theoretic inequality in [19, Chapter 3.2]
we have

16)

Bul-Zoo(7)] = Bo 06 41 (7,

> h(Py(d # 0), Pey (d = 0)).

By the definition of A(«,3,7) we have Py(d # 0) < o and
P, (d =0) < B. Since the function h(z,y) is decreasing on
the set {(z,y) : * + y < 1}, and by assumption a + 3 < 1,
we conclude that

Eo[=Zet (7)) = M, B),

which along with (16) proves the first lower bound.

For the proof of the second lower bound, without loss
of generality we focus on P... Under P.,, the process
{Z.4(t),t € N} is a random walk with drift equal to Dy,
and in a similar way as before we obtain

BorlZr() = e l0g 2 (7,

> h(Pey(d = 0), Po(d # 0)) > h(B, ).
Therefore, these two inequalities yield

h(B, @)
D,

For any pair €’ # e, consider the log-likelihood process

E.i[r] > 17)

dP,
log dPe:— (Ft) = Zet (t) —

which is a random walk with drift Dy + D; under P.. Note
that

Ze’+(t)7 te Nv

{de =0} ={d =0} U{d #0,d # {e}}, (18)

and consequently P, (d. = 0) < 3+ 4. Therefore, as before
we obtain

ot tow G5 ()| = WPy e =) P = 1)

> h(B+7,7)-

Using d.- instead of d., we can similarly show that

EeJ{log jﬁ” (}'T)} > h(P.y(de = 1), Py (de = 0))
e/
= h(v,8+7),

which yields

h(B+7,7) Vh(v,8+7)
Dy + Dy '

Combining (17) and (19) completes the proof of the second
lower bound.

Ee+[T] 2 (19)

The following lemma establishes an asymptotic upper
bound on the expected sample size of the proposed testing
procedure.

Lemma 4.2: Lete € £. As A, B,C — oo we have

Eolr] < %A (1+0(1))

Ee_[1], Eeq ] < <logB V Dzoi(;l) (1+0(1)).

Proof: We will prove the second asymptotic lower bound,
since the proof for the first one is similar. Moreover, without
loss of generality we focus on the proof under P, . In view
of (7)-(8), 7* < 1o < 74 < 74/, where

=inf{n >1:Z.(n) > band
Zo(n) — Ze(n) > c Ve # e},
=inf{n >1:Z.1(n) > b+ log(2) and
Zer(n) = Zeow(n) =€ (n) 2 ¢ Ve #el,
and b := log B, ¢ := log C. Therefore it suffices to establish

the asymptotic upper bound for 7. To this end, it suffices to
prove that for any given € > 0 we have

P (Zey(n) <n(D1 —¢€)) < o0

At

M8

P (Zey(n) — Zery(n) <n(Dy 4+ Doy — €/2)) < 00

3
Il
—

P.y(—&(n) < —nef2) < oo

M2

3
Il
—

for every ¢/ # e. Fix € > 0 and ¢’ # e. The first two series
clearly converge (see, e.g., [20, Theorem 1]). The same is true
for the third one since for sufficiently large n we have

Py (3o > )
_ s+(e 3 X (T (ST ST X () 5 B ,1)
P, (ef%zzg
< Pe+(§njxef O (BT = 57X (t) > %)
:exp{—n Met } = L-p

where the first inequality holds because e* —1 > e/ 2, x> 1,
and the last one follows from the Hanson-Wright concentration
inequality [21] for the distribution of a quadratic form of
independent sub-Gaussian random variables.

IN

X7 (B2 =27HX (1) > 6“‘)

|
Combining the two previous lemmas we can state and
prove the main result of this paper.
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Theorem 4.1: Suppose the thresholds in (7, d,) are selected
according to (14). Then, for every e € &, as «, 3,7 — 0 we
have

. |log ]
EolTs] ~ inf Eylr] ~
ol ~ 0L, Bolrl~ =5,
: |log o |log 7]
Eoy[Ti] ~ inf E.i 1] ~
+md (r,d)EA(a,6,7) I~ \/D0+D1

| log af |log |
] ~ \V} :
D, Dy + D,

Proof: We prove the result for P, and some arbitrary
e € &, since the other cases can be shown similarly. If the
thresholds are selected according to (14), then from Lemma
4.2 it follows that

Eeylr] < (“Oga‘ V A;Ofg)(uo(l)).

Moreover, in view of the definition of the function h in (15).
it is clear that as z,y — 0

inf

Eo |14 ~
] (m,d)EA(,B,7)

E._[r

h(z,y) ~ |logy| and h(z,y)V h(y,z) ~ |log(z Ay)|.

Thus, by Lemma 4.1 it follows that as «, 5,7 — 0

|log 7

. | log o] >
inf Eo |1 1+ 0(1)),
(r.d)EA(a,8,7) +l = < Vv Do + Dy (1+o(1)

which completes the proof. |
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coefficient, p, in one pair, while all other pairs are uncorrelated

V. COMPARISON

In this section we present a simulation study in which
we compare the proposed rule with a modification of the
Intersection Rule, (Tint,dint), proposed in [17], according
to which we stop as soon as either all log-likelihood ratio
statistics are below 1/A, or one of them is above B and all
others below 1/A4, i.e.,

Ting :=nf{n >1:0<p(n) <1
and A.(n) ¢ (1/A,B) for alle € £},

Q) if p(Tim) =0

dint =
i1(Tint) otherwise.

where p(n) represents the number of mixture likelihood ratio
statistics at time n that are greater than 1. It can be shown,
similarly to Theorem 3.1, that (7ipn¢, dint) € A(a, 8,7) when
the thresholds are selected as

K K
and B = max{— 7}
@ Y

1
=5
For our simulation study we set p = 10,p, = 0.7, =
B = 1072, v = 1073. We select the thresholds for the
proposed rule according to (14) and for the intersection rule
according to (20). We estimate the expected sample size of
both procedures when all pairs are uncorrelated apart from
one that has correlation p. We consider different values for
p in the interval (—0.9,0.9), not only the cases p = 0 and
p = px, —ps« that we considered in our theoretical results.
From Figure 1 we observe that when the absolute value of
p is larger than p* (resp. close to 0), the expected sample
size of the proposed rule (7, d.) is much smaller than (resp.
essentially the same as) that of (7;u¢,d;nt). Moreover, we
observe that the worst-case scenario for both procedures occurs
when |p| is equal to some value between 0 and p*. However,
it is interesting to see that, even in this case, (7., d.) has a
visibly better expected sample size than (7, dint)-

(20)
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