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A B S T R A C T

Simulations of a particle-bubble collision system composed of monosized spherical solid particles and air bubbles
in a quiescent liquid and homogeneous isotropic turbulence have been performed using the pseudo-spectral
method for the fluid flow and Lagrangian tracking for particles and bubbles. Particle-bubble collisions in a
quiescent liquid were first simulated and compared to the existing theoretical models of particle-bubble colli-
sions. Both numerical results and theoretical models indicate that decreasing bubble size and increasing particle
size can increase the particle-bubble collision efficiency. A DNS model for studying the effect of turbulence on
the collisions between particles and unloaded bubbles was then developed. A nonuniform time-dependent sto-
chastic forcing scheme was implemented to maintain turbulence intensity at targeted levels. A statistical analysis
of a group of particles and bubbles in the forced turbulent flow was performed to probe the mechanism of
particle-bubble collision in a turbulent flow. A simplifying assumption (motivated purely by computational
limitations) has been made that bubbles and particles can be randomly relocated during the simulation, unlike
what happens in reality, but the size of the effect that this simplifying assumption will have on our results is
unknown. Reductions in particle-bubble collisions due to preferential concentrations of particles and bubbles in
different flow regions were not found. Comparing respectively the contributions of radial relative velocity and
radial distribution function to the collision kernel, the contribution of radial distribution function could be
neglected because the radial relative velocity increases by about 1900% (from 1.55 cm/s to 28.87 cm/s) while
the radial distribution function decreases by only 33% (from 1.33 to 1.00). Collisions between particles and
bubbles increased with turbulent dissipation rate primarily due to the fact that radial relative velocities between
particles and bubbles increased with the flow dissipation rate.

1. Introduction

Particle-bubble collisions play an important role in froth flotation,
which is commonly encountered in many industrial processes including
deinking of waste paper, water treatment, mineral beneficiation and
petrochemical processes. The essence of flotation lies in using bubbles
to capture particles based on their surface hydrophobicity differences.
After collisions between particles and bubbles, hydrophobic particles
are more likely to attach to a bubble interface due to strong adhesion
force leaving hydrophilic particles in the pulp phase. Flotation model

can be considered as a first order chemical kinetic process relating the
rate of particle attachment to particle concentration (Ahmed and
Jameson, 1989; Klassen and Mokrousov, 1963; Sutherland, 1948). Most
researchers consider the rate of particle capture in a batch flotation
process as:

K= −dC
dt

C
(1)

where C is the particle concentration in the pulp in units of numbers/
volume andK is the flotation rate constant. It is noted that Eq. (1) only
applies to model the removal of particles in a batch process. In a
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continuous flow flotation cell the inlet and outlet concentrations do not
change with time (i.e. steady state), so that Eq. (1) does not apply to the
cell as a whole. For continuous flow flotation, the recovery R can be
calculated as:

R
K

K
=

+
τ
τ1 (2)

where τ is the residence time inside the flotation cell. Throughout

modelling endeavour, attention has been paid to the calculation of rate
constant K . The critical parameter here is the rate constant K , which
in fact is not in any sense a constant. It is a proportionality factor that
can be correlated to a particular set of conditions. Therefore, the rate
constant is typically expressed as a function of physical parameters of
the system (Deglon et al., 1999; Heiskanen, 2000; Jameson et al., 1977;
Morris, 1952). It can be written as:

Nomenclature

Symbol Meaning, Unit
a the ratio of particle diameter to bubble diameter, -
C particle concentration, 1/m3

c1 coefficients related to the Reynolds number of bubbles, -
c2 coefficients related to the Reynolds number of bubbles, -
d mj( ) the distance between the jth particle at position Y j

p
( ) and

the mth particle at position Y m
p
( ) , cm

db bubble diameter, μm
dp particle diameter, μm
Ec collision efficiency, –
Ec,i interceptional collision efficiency, –
Ec,in inertial collision efficiency, –
Ec,g gravitational collision efficiency, –
f Re( )α non-linear drag coefficient, –
→
f external force, N
gi the gravity force, N
Rg( )c radial distribution function, –

h depth of flotation cells, m
ki the discretized wavenumber in i direction, pseudo-spectral

unit
kF forcing radius, pseudo-spectral unit
K flotation rate constant, 1/s

→−N t t( )α
n n

c
1 the number of collision events happening in the time

interval tn-1 → tn for particle-particle or bubble-bubble
collisions, 1/(s⋅cm3)
→−N t t( )n n

pbc
1 the number of collision events happening in the
time interval →−t tn n1 for particle-bubble collisions, 1/

(s⋅cm3)
Nαα The number of collision events in unit time and unit space,

for the particle-particle collision or bubble-bubble colli-
sion, 1/(s⋅cm3)
→−N t t( )n n

pairs
1 the number of pairs that can be found in the shell,
1/(s⋅cm3)

Npb the number of collision events between particles and
bubbles in unit time and unit space, 1/(s⋅cm3)

N number of discretized nodes in each direction of the
computation domain, 1

Np total number of particles, 1
Nb total number of bubbles, 1
nα the number density of Np particles or Nb bubbles with Ω

being the volume of the domain, 1/cm3

np number density of particles, 1/cm3

nb number density of bubbles, 1/cm3

p pressure, Pa
Pcollection probability that a particle can be collected from the pulp

phase by rising bubbles, –
Pc collision probability, –
Pa attachment probability, –
Pd probability of particle detachment from the bubble, –
Q gas volumetric flowrate, m3/s
R flotation recovery, –
RT truncation radius, μm
Rc the collision radius, μm

Re Reynolds number, dimensionless
Reα particle Reynolds number, dimensionless
r j
p
( ) the jth particle at position Y j

p
( ) with radius, μm

r j( ) the distance between the jth particle at position Y j
p
( ) and

the jth particle at position Y j
p
( ) , cm

rα particle or bubble radius, μm
rb bubble radius, μm
rp particle radius, μm
StSchulze the Stokes number defined by Schulze, –
tΔ time step size, ms

TF forcing timescale, pseudo-spectral unit
→
U fluid velocity, cm/s

̃u Y( )p
j j( ) ( ) the disturbance field at the location of the jth particle,

cm/s
us the Stokes disturbance flow, cm/s
Ui fluid velocity at the location of the particles, cm/s

̃ui the disturbance flow velocities from surrounding particles,
cm/s

→u fluid velocity, cm/s
→
V particle velocity, cm/s
V j( ) velocity of the jth particle at position Y j

p
( ) , cm/s

Vi particle velocity, cm/s
Vc effective volume of the cell, m3

vp particle settling velocity, cm/s
vb bubble rising velocity, cm/s
Vshell volume of the shell used to find colliding pairs, cm3

w R| |( )r c radial relative velocity, cm/s
Y j
p
( ) position of the jth particle, cm

Greek symbols

βα a coefficient with ρf being the fluid density, –
Γαα collsion kernel for self-collisions, cm3/s
Γpb collsion kernel between particles and bubbles, cm3/s

tΓ ( )npb
D The dynamic kernels, cm3/s
tΓ ( )nK Kinematic kernels, cm3/s

δ thickness of the shell used to find colliding pairs, cm
ηK kolmogorov length scale of the turbulence, μm
μf dynamic viscosity of the fluid, Pa·s
νf kinematic viscosity of the fluid, cm2/s
ρb bubble density, g/cm3

ρp particle density, g/cm3

σF forcing amplitude, pseudo-spectral unit
τα response time of particles or bubbles, ms
τb response time of bubbles, ms
τK kolmogorov time scale of the turbulence, ms
τp response time of particles, ms
τ residence time inside the flotation cell, s
φc critical angle of the grazing trajectory, rad
ψg the value of the stream function which characterizes the

grazing trajectory, 1/(s⋅cm)
Ω volume of the computational domain, cm3

→ω vorticity, 1/s
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K = QhP
d V

3
2
collection

b c (3)

where Q is the gas volumetric flowrate, h is the depth of the cell, db is
the mean bubble diameter,Vc is the effective volume of the cell, Pcollection
is the probability that a particle can be collected from the pulp phase by
rising bubbles. The rate constant is dependent on particle and bubble
size. The particle collection process is usually decomposed into three
successive steps: collision between particle and bubble; particle at-
tachment to the bubble and particle detachment from the bubble.
Therefore, the probability of a particle to be collected is:

= −P P P P(1 )collection c a d (4)

where Pc is collision probability, Pa is attachment probability and Pd is
the probability of particle detachment from the bubble. It is clear that
the collision process, attachment process and detachment process
should be each individually modelled properly in order to model the
kinetics of the flotation process successfully and to predict the product
recovery from limited known input variables. To avoid complexities of
particle-bubble interactions in the froth phase for which models are
really scarce, and require further research, this work is restrained to the
discussion of particle-bubble collision process in the pulp phase only.
Particle-bubble collision phenomenon is the key to the success of flo-
tation process, which is facilitated by the local hydrodynamics in the
vicinity of a probable particle-bubble collision pair (Wang et al., 2018).

The particle-bubble collision process has been widely investigated
and reported. Critical literature reviews on collision models have been
presented (Dai et al., 2000; Hassanzadeh et al., 2018; Meyer and
Deglon, 2011; Nguyen et al., 2016; Schulze et al., 1989). A brief in-
troduction of particle-bubble collision is made to provide an overview
of the development of models of particle-bubble collision. Sutherland
(1948) gave a first collision model (as formulated by Formula (5)) for a
particle-bubble system based on the assumption that the inertia of
particles can be neglected (i.e. particles need to be much smaller than
bubbles) and particles follow the streamlines of fluid. The collision ef-
ficiency can be calculated from the streamlines of fluid considering
potential flow around the bubble surface. The collision radius Rc, de-
fined from a critical streamline of the grazing trajectory of a particle
around a bubble is shown in Fig. 1. Particles inside the collision radius
are considered to collide with the bubble. Therefore, the collision ef-
ficiency Ec is determined by the ratio of the cross-sectional area of the
collision radius to the projected area of the bubble. It is:

=E d d3 /c p b (5)

Gaudin (1957) considered the liquid flow around a bubble in the
flotation process to be Stokes flow. On the same assumption of ne-
glecting the inertia of particles as Sutherland, the collision efficiency
can be described as:

=E d d3
2
( / )c p b

2
(6)

Yoon and Luttrell (1989) considered different flow conditions
around the bubble surface and gave the same equations as the Gaudin
collision model in the Stokes flow condition (at very low Reynolds
number) and as the Sutherland model in the potential flow condition (at
very high Reynolds number). As for the intermediate flow condition
specifically, the collision efficiency is:

⎜ ⎟= ⎛
⎝

+ ⎞
⎠

E d d Re( / ) 3
2

4
15c p b

2
0.72

(7)

Flint and Howarth (1971) related the particle settling velocity vp
and the bubble rising velocity vb and gave the collision efficiency as:

= +E v v v/( )c p p b (8)

Schulze (1989) considered the particle-bubble collision as a result of
interceptional, gravitational and inertial effects. The overall particle-

bubble collision efficiency was assumed to be the sum of individual
collision efficiencies. The interceptional collision efficiency is:

=
+

E v
v v

ψ2 cc,i
b

p b (9)

where =ψ ψ r v ψ/ ,c g b
2

b g is the value of the stream function which char-
acterizes the grazing trajectory, rb is the radius of bubbles. And the
gravitational collision efficiency is:

=
+

+E
v

v v
a φ(1 ) sinc,g

p

p b

2 2
c

(10)

where =a d d/p b and φc is the critical angle of the grazing trajectory.
And the inertial collision efficiency is:

⎜ ⎟=
+

+ ⎛
⎝ +

⎞
⎠

E v
v v

a St
St c

(1 )
c

c,in
b

p b

2 Schulze

Schulze 1

2

(11)

where c1 and c2 are coefficients related to the Reynolds number of
bubbles, =St ρ d v μ d/(9 )Schulze p p

2
b f b is the Stokes number defined by

Schulze in his paper with ρp being the particle density and μf being the
dynamic viscosity of the fluid. And the overall collision efficiency is:

= + + −
+

E E E E
E
a

[1
(1 )

]c c,i c,g c,in
c,i

2 (12)

It should be noted that collision models provided by Schulze et al.
(1989) are representatives of different mechanisms and other re-
searchers provide collision models of different forms. It was after the
first collision model given by Sutherland (1948) that the concept of
particle-bubble collision has been widely accepted. The analysis of
modeling the collision efficiency has generally assumed quiescent en-
vironment as turbulent flows would make the analysis intractable. The
fundamental studies attempting to model the particle-bubble collision
efficiency are generally based on the assumption that bubbles rise and
particles settle in a quiescent environment. Existing theories of the
particle-bubble collision are either of empirical nature or do not ac-
count for the effect of turbulent liquid flows. There is little experimental
work on the direct observation of the collisions between particles and
bubbles in turbulent flows, due to the complexities embedded in the
subsequent steps of particle attachment and detachment after a particle
collides with a bubble.

Single bubble flotation experiments were designed to validate
models of particle-bubble collision (Dai et al., 1998; Nutt et al., 1963).
Single bubbles rose in the quiescent slurry and particles were con-
sidered to attach to the surface of bubbles once they collided with
bubbles. Attachment efficiency and stability efficiency (the probability
that detachment would not occur) were considered to be equal to one,
and the particle-bubble collision efficiency could be represented by
particle collection efficiency. A direct method was designed to look at
the particle-bubble collision process using a high-speed camera

Fig. 1. A schematic representation of the grazing trajectory of a particle with
diameter dp around a bubble in a quiescent liquid (Dai et al., 2000).
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(Brabcová et al., 2015; Nguyen Van and Kmeť, 1992; Verrelli et al.,
2014, 2011; Wang et al., 2003). A direct observation of the trajectories
of falling particles around a stationary bubble was used to determine
particle-bubble collisions. It should be mentioned that these experi-
mental studies are limited to the study of particle-bubble collision in a
quiescent liquid. While this phenomenon is close to the situation inside
a flotation column where bubbles rise and particles settle in a “non-
violent” flow environment, more and more industrial applications have
applied strong turbulent flow to enhance particle-bubble collisions.

Due to the difficulties of experimental studies of particle-bubble
collision in a turbulent flow field, researchers have used computational
fluid dynamics for detailed modeling of particle-bubble collisions
(Wang et al., 2018). Liu and Schwarz (2009a, b) studied particle-bubble
collision efficiency in a turbulent flow. An integrated CFD-based
scheme for the prediction of particle-bubble collision efficiency in a
turbulent flow was developed from a multiscale modelling perspective.
A stationary bubble was positioned in the center of a “box” and parti-
cles moved from right to left in a turbulent flow. Increasing the in-
tensity of turbulence was found to increase the efficiency of particle-
bubble collision, which is consistent with the studies by Ngo-Cong et al.
(2018). Discrete element method was used to study the collisions be-
tween a central bubble and falling particles in a quiescent flow (Gao
et al., 2017; Maxwell et al., 2012). Fayed and Ragab (2013) studied the
particle-bubble collision kernel using direct numerical simulation
(DNS) in a homogeneous isotropic turbulence. The collision kernel is
defined as the number of collisions per unit time per unit volume be-
tween two size groups per unit pair number density. It can be calculated
as a function of the radial distribution function which is a measure of
the effect of preferential concentration on the pair number density at
contact. Preferential concentrations of particles and bubbles were ob-
served in the turbulence and the segregated behavior of particles and
bubbles led to reduced collision frequency between particles and bub-
bles.

Many efforts have been made to investigate the collisions between
particles and bubbles and various models have been developed to de-
scribe the collision efficiency. Various simplifications and assumptions
had to be made in the development of the theoretical particle-bubble
collision models. In the modelling study of collisions between particles
and bubbles, liquid flow around the bubbles has generally been sim-
plified as Stokes flow or potential flow and particles are assumed to
follow the streamlines of fluid around the bubble. In the development of
the theoretical particle-bubble collision models, assumptions must be
made regarding to liquid flows as turbulent flows are random and
chaotic. There are limitations in applying experimental techniques to
study particle-bubble collisions in turbulent flow environment, as ex-
perimental technique is not available in the study of particle-bubble
collisions in the turbulent flows. 3D tracking of particle’s movement in
turbulent flows has always been a challenging subject. Visualizing
turbulent flows simultaneously makes the problem nearly intractable. It
is desirable to carry out rigorous numerical simulation of particle-
bubble collisions in turbulent flow. In the current work, a DNS model
for studying the effect of turbulence on the collisions between particles
and bubbles will be reported. A statistical analysis of a group of parti-
cles and bubbles in the forced turbulent flow is performed to probe the
mechanism of particle-bubble collision in a turbulent flow. The pre-
ferential distributions of particles and bubbles in the turbulence are
different. this effect on the collisions between particles and bubbles
attracts little attentions. This study will explore the effects of pre-
ferential distributions of particles and bubbles on the particle-bubble
collisions.

2. Problem setup and numerical method

2.1. Problem description of a particle-bubble collision system

In order to keep the computations affordable, the simulation volume

was restricted to a cubic domain. The collisions of bidisperse particles
consisted of spherical particles and bubbles were simulated in a cubic
domain defined as fully-periodic boundary conditions in all dimensions.
This boundary condition means that, for example, the right boundary is
connected to the left boundary logically and the fluids as well as the
dispersed phases moving out of the right boundary will enter the do-
main immediately from the left boundary and so are the other two
directions. It is assumed that the same particle-bubble collision beha-
viour in the simulated domain could be repeated within the whole
flotation system. As shown in Fig. 2, a number of bidisperse spherical
particles and bubbles are inserted into a reconstructed domain. Simu-
lations of the collision process were performed in the reconstructed
domain in a quiescent/turbulent environment, for different groups of
particles and bubbles. We chose pyrite, one of the common minerals,
with particle density ρp at 5000 kg/m3 to represent minerals. The
purpose of this study is to explore the effects of turbulence on the
particle-bubble collisions. The role of turbulence acting on particles of
different densities may be different, but we believe the effects will be in
the same pattern. The sizes of particles and bubbles vary for different
cases which will be illustrated in the following sections.

2.2. The pseudo-spectral method

The flow field contains a system of liquid (continuum phase) laden
with solid particles and bubbles (disperse phases, hereinafter “particle”
will be used generally if not specified particularly). The pseudo-spectral
method is applied to solve the homogeneous isotropic turbulence and
the computational domain is a cube with sides =L π2 which is a re-
quirement of the Fast Fourier Transforms. The code was originally de-
veloped by Ruetsch and Maxey (1991) and was used as a basis for
studying the particle-settling problem and particle concentration field
by Wang and Maxey (1993). For the present work, the incompressible
Navier-Stokes equation along with the continuity equation:

∂→

∂
= → × → − ∇

→⎛

⎝
⎜ +

→ ⎞

⎠
⎟ + ∇

→ → +
→u

t
u ω

p
ρ

u ν u f
2

( )
2

f
2

(13)

∇
→ → =u· 0 (14)

were solved in spectral space. Here,→u is the fluid velocity,→ = ∇
→

× →ω u

Fig. 2. Schematic diagram of a particle-bubble collision system with particles
and bubbles randomly distributed in the cubic domain.
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is the vorticity, p is the pressure, νf is the kinematic viscosity of the

fluid and
→
f is the forcing term which is used to generate and maintain

the turbulence. The flow domain is uniformly discretized into N 3 with
=N 128 in all the simulations and the time step size is = × −tΔ 1.0 10 5

in spectral unit. For the time evolution, the second-order Adams-
Bashforth scheme is applied for the nonlinear term, the second-order
Crank-Nicholson scheme for the viscous term and the Euler scheme for
the forcing term. More implementation details of the pseudo-spectral
method and the algorithm can be found in the work by Wang and Rosa
(2009).

Since the flow is generated from totally quiescent state and main-
tained by the forcing term, some basic information is given as follows.
The wavenumber in spectral space is defined as = ±k ni i with
= ⋯n N0, 1, 2, , /2i and =i 1, 2, 3. For simplicity, a small portion of

energy in the high wavenumbers
→

≥ −k N| | ( 3)/2 is neglected. The
complex, vector-valued Uhlenbeck-Ornstein stochastic process is used
in the Eswaran-Pope forcing scheme (Eswaran and Pope, 1988) to im-
plement the artificial forcing term. The rate of total energy input is
determined by three parameters: the forcing radius =k 8F , the forcing
amplitude σF which is varied to generate flow fields with different
dissipation rates, and the forcing timescale =T 0.038F . This setting is
similar to that in Wang et al.’s work (2014) where additional relevant
information can be referred.

2.3. Suspended particles

In the present work, the solid particles and bubbles have sizes that
are comparable to the Kolmogorov length scale ηK of the turbulence.
Therefore, they can be treated as point particles approximately and a
simplified and modified form of the motion equation (Maxey and Riley,
1983) is applied to solve the motion of particles as:

̃=
+ −

+ + −dV
dt

U u V f Re
τ

β DU
Dt

β g
( ) ( )

(1 )i i i i α

α
α

i
α i (15)

where the subscript “i” denotes x, y and z directions, respectively, Vi is
the particle velocity, Ui is the fluid velocity at the location of the par-
ticles and is determined numerically from the values of its neighboring
grids using a six-point Lagrange interpolation scheme in each spatial
direction, ̃ui is added to embed the hydrodynamic interactions (HDI)
among particles and represents the disturbance flow velocities from
surrounding particles, gi is the gravity force, the subscript “α” denotes
“p” for particle and “b” for bubbles, = +β ρ ρ ρ3 /( 2 )α αf f is a coefficient
with ρf being the fluid density and ρα being the density of solid particles
ρp or bubbles ρb, =τ r ν β/3α α α

2
f is the response time of the particles τp or

bubbles τb with rα being the radius of solid particles rp or bubbles rb,
f Re( )α is the non-linear drag coefficient which is defined following
Cerutti et al. (2000) as:

=
⎧

⎨
⎪

⎩⎪

<

+ ≤ ≤

+ >

−( )f Re

Re

Re

Re Re

( )

1, 1

1 , 1 20

1 0.15 , 20

α

α

Re
Re

α

α α

3.6 1
19

2

0.687
α

α
0.313

(16)

where Reα is particle Reynolds number defined as

=
→
−
→

Re r V U
ν

2 | |
α

α

f (17)

In this simplified motion equation, the inertia term, fluid accelera-
tion term, added mass term and Stokes drag term are considered, while
the Basset history term and two high-order correction terms are ne-
glected as most researchers have done (Squires and Eaton, 1991; Wang
and Maxey, 1993; Wang et al., 2000), since the particles are small and
the flow field is homogeneous. Typically, Np particles and Nb bubbles,
with diameters comparable to ηK, are introduced randomly into the
flow field after statistically stationary state has been reached, or they
are introduced directly in the simulation with a quiescent flow. And a

fourth-order Adams-Bashforth method is used to advance the particles’
motion.

It is important to notice that ̃ui is a key variable in the present si-
mulation. To set ̃ =u 0i means the HDI are neglected and it is totally a
one-way simulation. In order to embed the HDI effect, an improved
superposition method developed by Wang et al. (2005) is applied in the
present simulation. In their method, the no-slip boundary condition is
roughly satisfied on the surfaces of particles and bubbles with the as-
sumption that the disturbance flows induced by the disperse phases can
be modeled as quasi-steady Stokes flows. For the jth particle at position
Y j
p
( ) with radius r j

p
( )and velocity V j( ) , the disturbance flow at position x

is in the form of:

⎜ ⎟ ⎜ ⎟= ⎡

⎣
⎢ − ⎛

⎝
⎞
⎠

⎤

⎦
⎥ + ⎡

⎣
⎢ + ⎛

⎝
⎞
⎠

⎤

⎦
⎥

u r V

r V r V
r
r

r
r r

r
r

r
r

[ , ]

3
4

3
4 ( )

· 3
4

1
4

j j

j

j

j

j

j

j
j j

j

j

j

j
j

s
( ) ( )

p
( )

( )
p
( )

( )

3 ( )

( ) 2
( ) ( ) p

( )

( )
p
( )

( )

3
( )

(18)

where = −r x Yj j
p

( ) ( ) . However, all the particles can affect each other
theoretically. Therefore, the disturbance field ̃u Y( )p

j j( ) ( ) at the location
of the jth particle due to the other particles has the following complex
form:

̃ ∑= − −
= ≠

u Y u d V U Y u( ) [ , ( ) ]j j
m m j

N
s

mj m m m m
p

( )
p
( )

1,
( ) ( ) ( ) ( ) ( )p

(19)

where = −d Y Ymj j m( )
p
( )

p
( ) . This is a coupled system which will consume

lots of computational resources if all particles are interacting with each
other. As Wang et al. (2005) pointed out, the Stokes flow induced by a
particle decays with the increasing distance, which means that a trun-
cation radius RT could be applied to consider only the effect of neigh-
boring particles. They also reported that collision efficiency as well as
collision kernel are not sensitive to the truncation radius if ≥R 20T

which is also used in the present simulation.

2.4. Collision statistics

To quantify the collision statistics in the system, the concept of
collision kernel is used. The number of collision events in unit time and
unit space, for the particle-particle collision or bubble-bubble collision,
is:

N =
n

Γ
2αα αα
α
2

(20)

where the subscript “αα” denotes “pp” for particle-particle collisions
and “bb” for bubble-bubble collisions (these are so-called self-colli-
sions), respectively, Γαα is the collsion kernel and =n N /Ωα α is the
number density of Np particles or Nb bubbles with Ω being the volume
of the domain. For the particle-bubble collision, it is in the form of:

N = n nΓpb pb p b (21)

The measurement of collision kernels can be done in two ways: one
is dynamic and the other is kinematic. The dynamic kernels are based
on the direct counting of collision events and their values at time tn are:

= × →−
t N t t

tN
Γ ( ) 2Ω ( )

Δαα
n α

n n

α

D c
1

2 (22-a)

=
× →−

t
N t t

tN N
Γ ( )

Ω ( )
Δ

n
n n

pb
D pbc

1

p b (22-b)

where →−N t t( )α
n n

c
1 is the number of collision events happening in the

time interval →−t tn n1 for particle-particle or bubble-bubble collisions
and →−N t t( )n n

pbc
1 for particle-bubble collisions. Following the sphe-

rical formulation of kinematic kernel developed by Sundaram and
Collins (2000) and Wang et al. (2000), the next formula is used in the
present work:
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=t πR w R RΓ ( ) 2 ·| |( )·g( )n
r

K
c
2

c c (23)

where Rc is the collision radius and equals +r r r r2 , 2 or,p b p b for the
collision of particle-particle, bubble-bubble or particle-bubble, respec-
tively; w R| |( )r c is the radial relative velocity (RRV) and Rg( )c the radial
distribution function (RDF) at contact, and “ ” denotes the value
averaged over all pairs. The RDF can be calculated as:

=
→
−

−
R

N t t V
N N

g( )
( )/
( 1)/(2Ω)

n n

α α
c

pairs
1

shell

(24-a)

=
→−

R
N t t V

N N
g( )

( )/
/Ω

n n

c
pairs

1
shell

p b (24-b)

for self-collision of particles or bubbles and particle-bubble collision,
respectively. Here, →−N t t( )n n

pairs
1 is the number of pairs that can be

made in the shell − < < +R δ r R δc c with thickness =δ x R% c and
volume Vshell, and specifically =x 4 is chosen. It identifies the pro-
spective pairs participating in hydrodynamic interactions in the colli-
sion range. When the particles and bubbles are homogeneously dis-
tributed, the radial distribution function between prospective particle-
bubble pairs is unity. Currently, we merely consider the effect of tur-
bulence on the collisions among particles and unloaded bubbles.
Therefore, a colliding pair would disappear at the collision location and
will be relocated randomly in other locations with same properties. This
simplifying assumption (motivated purely by computational limita-
tions) has been made that bubbles and particles can be randomly re-
located during the simulation, unlike what happens in reality, but the
size of the effect that this simplifying assumption will have on our re-
sults is unknown.

3. Results and discussion

3.1. Effects of HDI on particle-bubble interactions

To further understand the effects of the hydrodynamic interactions
among particles and bubbles, dynamics of particles and bubbles in a
homogeneous isotropic turbulence are reported. We consider a system
containing 10 000 particles and 10 000 bubbles in a 1283 DNS simu-
lation. The continuum phase is water with density of 1000 g/cm3 and
kinematic viscosity of 0.01 cm /s2 . The parameters of the particle-bubble
collision system and the background flow are shown in Table 1. The
terminal velocity is −1.78 cm/s for particles and 3.46 cm/s for bubbles
when interactions among particles and bubbles are not considered.

The probability distributions of particle’s velocity and bubble’s ve-
locity in three directions are plotted respectively in Figs. 3 and 4. All
velocities followed closely the Gaussian distribution in the homo-
geneous isotropic turbulence. When hydrodynamic interactions were
considered, the mean velocity of the particles in the gravitational di-
rection changed from −1.78 cm/s to +0.55 cm/s, whilst the dis-
tributions in the other two directions remained unchanged. It is con-
sidered that particles in the vicinity of rising bubbles were carried in the
upward direction, resulting in the increased mean velocity of particles
in the gravitational direction, from downward to upward. Similar
trends can also be observed for bubbles. When hydrodynamic interac-
tions are considered, the distribution of bubbles’ velocity in the grav-
itational direction shifted to the right where the mean value changed
from +3.46 cm/s to +5.73 cm/s, whilst the distributions in the other
two directions remained unchanged. The trajectories of particles and
bubbles with and without hydrodynamic interactions are shown in
Fig. 5. It was observed that the movement of particles was more chaotic
when considering the perturbations from bubbles.

3.2. Particle-bubble collision efficiency in quiescent liquid

The particle-bubble collision efficiency can be affected by many
factors, such as particle size and volume fraction, particle density,

bubble size and volume fraction, bubble rising velocity and turbulence
intensity. The effects of particle size and bubble size on particle-bubble
collision efficiency in a quiescent liquid are studied in this section. The
information of the particle-bubble collision system in a quiescent liquid
is provided in Table 2.

Particle-bubble collision efficiency is calculated as a ratio of real
collision events to ideal collision events. In this case where liquid is
quiescent, collision efficiency can be represented by the ratio of colli-
sion kernel considering HDI effects to collision kernel without HDI ef-
fects. Due to the differences in the assumptions which had been made in
the development of the particle-bubble collision models, the predictions
for the collision efficiency from these models can be very different from
one another. Fig. 6 shows collision efficiency as a function of bubble
diameter. Collision efficiency between particles and bubbles decreased
with increasing bubble diameter. This is in accordance to the previous
findings that smaller bubbles could increase the probability of collision
(Ahmed and Jameson, 1985; Hassanzadeh et al., 2016; Tao, 2005; Yoon
and Luttrell, 1989). This does not mean that flotation process should
use bubbles as small as possible. Small bubbles would come out of the
flotation process in the tailings causing loss of valuable minerals. It
should be noted that the low carrying capacity of small bubbles is an-
other limitation. Therefore, small bubbles in combination with larger
ones could be used to obtain the best recoveries (Ahmed and Jameson,
1985). Another factor to consider is the particle size and there is an
optimum bubble size which is depended on the particle size (Lakghomi
et al., 2015). A successful flotation process should consider collision,
attachment and detachment as integral. Nevertheless, these three sub-
processes should be separately studied to improve the fundamental
understandings of interactions between particles and bubbles. The ef-
fect of bubble size on the flotation process (collision, attachment and
detachment) has been widely studied (Ahmed and Jameson, 1985; Tao,
2005; Yoon and Luttrell, 1989). This study intends to isolate collision
from attachment and detachment, and study solely the effects of tur-
bulence on collision process.

Fig. 7 shows the effect of particle diameter on the collision effi-
ciency between particles and bubbles. The effect of particle size on
flotation performance has been widely studied. In the early stage,
Gaudin et al. (1931) found that particle collection efficiency is closely
dependent on particle size. Initially, flotation recovery increases with
particle size monotonically and reaches a plateau. Afterwards, flotation
recovery plummets with increase in particle size (Gontijo et al., 2007;
Dobby and Finch, 1987; Gaudin et al., 1931; Wang et al., 2016). Par-
ticle-bubble collision is the limiting factor for fine particles recovery
due to their small inertia and low collision efficiency. Fine particles
follow the streamlines as they do not have large enough inertia to re-
markably deviate from the fluid streamlines at their close approach to
the bubble surface. Therefore, fine particles can be easily swept past the
bubble surface without contacting, resulting in low collision efficiency.
On the contrary, collision is not a problem for coarse particles

Table 1
Parameters of the HDI simulation of a turbulent flow.

Parameters Values

Domain size 9.28 cm × 9.28 cm × 9.28 cm
Grid size 725 μm
Grid number 1283

Particle diameter 60 μm
Particle volume fraction 1.410-6

Bubble diameter 300 × μm
Bubble volume fraction 1.8 × 10-4

Energy dissipation rate 1.0 cm2/s3

Kolmogorov length scale 330 μm
Kolmogorov time scale 0.1 s
Eddy turnover time 2.1 s
Simulation time 26.8 s
Statistic time interval 8.4 s
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(Jameson, 2010a). Coarse particles, after forming particle-bubble ag-
gregates, are vulnerable to disturbances from turbulent liquid motion
resulting in particle detachment.

Though collision efficiency models and our DNS results all indicate
that collision efficiency increased with increasing particle size, an op-
timum particle size is present for overall efficient recovery. It was noted
that the collision process was affected by the diameters of particle and
bubble. Collision probabilities in quiescent flotation conditions were
compared to the collision efficiency models and the model provided by
Flint and Howarth gave the closest agreement with the DNS data. Both
our DNS results and collision efficiency models indicate that decreasing
bubble size and increasing particle size can increase particle-bubble
collision efficiency. Flotation is a complicated process and is affected by
many parameters. Studying the effects of single factors, in our case
particle size and bubble size, on flotation recovery is helpful to un-
derstand the mechanisms of interactions between particles and bubbles.
For treatment of a particular mineral, combined effects of these para-
meters should be considered.

3.3. Particle-bubble collision in a forced homogeneous isotropic turbulence

Turbulence is another important parameter that affects collisions
between particles and bubbles. When simulating the effect of turbu-
lence on particle-bubble collisions, the parameters of the collision
system and the background flow are given respectively in Tables 3 and
4. The sizes of particle and bubble are chosen to give the same re-
laxation time, therefore identical Stokes numbers ( =St τ τ/α α K) for
particles and bubbles are used as indicated in Fig. 8.

We want to investigate the effect of turbulence intensity (turbulent
dissipation rate) on collisions between particles and bubbles. For single
phase turbulent flow based on spectral simulation, a sufficient grid
resolution is required to resolve the Kolmogorov length vortices. It is
noted that the physical domain size is quite small to ensure our grid
resolution. Periodic boundary conditions are applied in all three di-
rections and results are considered representative in turbulent flow
fields.

Present tendencies of process intensification in industry employ
hydrodynamical techniques of high turbulent intensities to enhance
collisions between particles and bubbles. Static mixer and hydro-
dynamic cavitation has been applied to generate fine bubbles (Yoon

Fig. 3. The probability distribution function of particles’ velocities (A: without HDI effect; B: with HDI effect).

Fig. 4. The probability distribution function of bubbles’ velocities (A: without HDI effect; B: with HDI effect).
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et al., 1984; Zhang et al., 2013). A plunging jet has been used to gen-
erate fine bubbles and create a high shear region where the efficiency of
collision between particles and bubbles can be substantially enhanced
(Jameson, 1988, 2010b). High turbulent flow fields are present in these
situations. In the turbulent flow field, particles accumulate in specific
regions, being called “preferential concentration”. Particles, with den-
sity higher than the liquid, tend to migrate from the eddy core and
concentrate on the edges of the eddy (Crowe et al., 1995). Bubbles
exhibit different characteristics compared to the behavior of particles
and bubbles are pushed towards the eddy axis (Chahine, 1995). It is
believed that their different tendencies in “preferential concentrations”

would cause local separation of particles and bubbles, and therefore
affect the collision frequency between particles and bubbles. A snapshot
of the distributions of particles and bubbles in the turbulent field is
shown in Fig. 9. The distributions of particles and bubbles would be
different for different turbulence intensities.

To investigate the effects of turbulence on particle-bubble collisions,
turbulent dissipation rates varied from 0.1 to 10.8 m2/s3 as in Fig. 8.

Fig. 5. The trajectories of particles (green) and bubbles (blue) in a short period (A1: without HDI; B1: with HDI; A2: projection of A1 in x-z plane; B2: projection of B1
in x-z plane). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Table 2
Parameters of the particle-bubble collision system in a quiescent liquid.

Parameters Values

Domain size 9.60 cm × 9.60 cm × 9.60 cm
Grid size 750 μm
Grid number 1283

Particle volume
fraction

0.001%

Bubble volume
fraction

0.100%

Time step 0.2 ms
Number of time

steps
50,000 (The first 20,000 time steps are discarded when
conducting statistics)

Fig. 6. The effect of bubble diameter on the collision efficiency between par-
ticles and bubbles (The diameter of particles is 60 μm).
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Three cases were selected to present the effect of turbulence on the
distributions of particles and bubbles as is shown in Fig. 10. Preferential
concentration is dependent on the interplays of particles and bubbles,
and it is most apparent when Stokes number is near 1 (Wang and
Maxey, 1993). In our settings, relaxation times of particles and bubbles
are identical meaning that Stokes number of particles and bubbles
under different turbulent conditions would be identical. Particles and
bubbles were initially evenly distributed. Fig. 10 B shows distinct local
enrichment of particles and bubbles in the turbulent flow as Stokes
number is slightly above 1. This is more apparent in Fig. 11 where the
distributions of particles and bubbles are separately plotted with vor-
ticity contours in the background. Heavy particles are shown to accu-
mulate in the edges of the vortex structures and bubbles are shown to
accumulate in the center of the vortices. It is hypothesized that the
contrasting effect of preferential concentrations of particles and bubbles
lead to diminished collisions between particles and bubbles.

Two different methods, a dynamic approach and a kinematic ap-
proach as described in Section 3.2, are used to study the effects of
turbulent dissipation rate on the collisions among particles and bubbles.
Fig. 12 shows that kinematic kernels of particle-particle, bubble-bubble
and particle-bubble match well with dynamic ones. Collision kernels of
pairs of particle-particle, bubble-bubble and particle-bubble are studied
separately. All collisions increased with increasing turbulent dissipation
rate. It is straightforward to understand that increasing turbulence
would enhance collisions of particle-particle and bubble-bubble as
preferential concentration resulting in accumulation effects leads to
higher likelihood of collisions between particles of the same type.
Collisions between particles and bubbles should be analyzed to study
the effect of turbulence. Turbulence affects particle-bubble collisions by
two mechanisms, namely, turbulent fluctuations that cause relative
motion between particles and bubbles and the preferential concentra-
tion that leads to a highly intermittent local pair density distribution
(Wang et al., 2000). Following the description of kinematic collision
kernel, these two effects of turbulence can be represented individually
by radial relative velocity and radial distribution function.

Fig. 13 shows the radial relative velocity of particle-particle, bubble-
bubble and particle-bubble as a function of turbulent dissipation rate.
The relative velocity between two colliding particles is considered to be
dominated by large-scale energetic eddies. The contribution of the re-
lative velocity to the collision kernel is termed the turbulent transport

Fig. 7. The effect of particle diameter on the collision efficiency between par-
ticles and bubbles (The diameter of bubbles is 600 μm).

Table 3
Parameters of the particle-bubble collision system in turbulent flow.

Parameters Values

Domain size 0.50 cm × 0.50 cm × 0.50 cm
Grid size 39 μm
Grid number 1283

Particle diameter 57 μm
Particle volume

fraction
10%

Bubble diameter 190 μm
Bubble volume

fraction
10%

Time step 0.006 ms
Number of time steps 50,000 (The first 20,000 time steps are discarded when

conducting statistics)

Table 4
Parameters of the background flow.

Statistics Case1 Case2 Case3 Case4 Case5

Turbulent dissipation rate (m2/s3) 0.1 0.7 1.1 3.0 10.8
Kolmogorov length scale (μm) 54 34 31 24 17
Kolmogorov time scale (ms) 3.0 1.2 1.0 0.6 0.3
Fluctuation velocity (cm/s) 5.0 9.8 11.4 16.0 25.4
Taylor microscale Reynolds number 30 44 49 57 77
Integral length scale (μm) 1057 939 917 866 871

Fig. 8. Particle and bubble Stokes numbers in flow fields with different tur-
bulent dissipation rates.

Fig. 9. Particles (green dots) and bubbles (blue dots) in a 3D vorticity field (the
iso-surface of vorticity has a value of 2000 1/s). (For interpretation of the re-
ferences to colour in this figure legend, the reader is referred to the web version
of this article.)

D. Wan, et al. Minerals Engineering 146 (2020) 106137

9



effect (Wang et al., 2000). All radial relative velocities increase quickly
with turbulent dissipation rate because large-scale turbulent fluctua-
tions contribute to the chaotic motion of particles and bubbles. The
radial relative velocities of collision pairs (particle-particle, bubble-
bubble and particle-bubble) follow the same trend as collision kernels.
In the flotation process, relaxation times of particles and bubbles are
much smaller than the large eddy turnover time. In this range, radial
relative velocities of collision pairs increase quickly with turbulent
dissipation rate. To evaluate whether particle-bubble collisions de-
crease with turbulence intensity in a particular range, it is necessary to
quantify the effect of preferential concentrations of particles and bub-
bles.

Preferential concentration of particles and bubbles can be char-
acterized by the particle radial distribution function. The radial dis-
tribution functions of pairs of particle-particle, bubble-bubble and
particle-bubble are calculated and presented in Fig. 14. The values are
obtained by averaging over many time samples and they are limiting
values of the radial distribution function at contact. When there is no
preferential concentration, the RDF at contact is always one theoreti-
cally. Apparent peaks are formed for pairs of particle-particle and
bubble-bubble, meaning the accumulation effect of particles and bub-
bles are most apparent when turbulent dissipation rate is around 1 m2/
s3 where the Stokes number of particles and bubbles is around 1. The

Fig. 10. The distribution of particles and bubbles in flow fields with different dissipation rates and Stokes numbers (A: 0.1 m2/s3, St = 0.3; B: 1.1 m2/s3, St = 1.1; C:
10.8 m2/s3, St = 3.3).

Fig. 11. The different distribution pattern of particles (A) and bubbles (B) in a y-z slice of vorticity (turbulent dissipation rate at 1.1 m2/s3).

Fig. 12. The increase of collision kernel with the increase of turbulent dis-
sipation rate. Fig. 13. The dependence of radial relative velocity with turbulent dissipation

rate.
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accumulating effect of particles (or bubbles) increases their chance for
self-collisions. It is interesting to note that the radial distribution
function for particle-bubble pairs does not change much with turbulent
dissipation rate. It was assumed that a dimple would be present in the
curve of radial distribution function between particles and bubbles
when their Stokes number is around 1 because particles tend to accu-
mulate on the edges of the eddy and bubbles tend to accumulate to-
wards the eddy axis. This contrasting trend results in local separation of
particles from bubbles. In the homogeneous isotropic turbulence, bub-
bles would find particles evenly distributed in the edges of eddy. The
movements of particles and bubbles are forced to change with turbulent
structures. Moreover, the effects of turbulence on the movement of
particles and bubbles are dynamic as the turbulent structures are
evolving and chaotic.

The system we studied was relatively simple in a way that particles
and bubbles collide in a homogeneous isotropic turbulence and the flow
domain was periodic in all directions. A sensitivity test on the effect of
the size of the domain was made where the domain size was doubled
and therefore the number of particles and bubbles are increased by
eight times to maintain the volume fraction constant. Collision kernel,
radial relative velocity and radial distribution function are very close
for two simulation cases with different domain sizes. It should be
mentioned that the original domain size was five times of the integral
length scale, which is considered to be sufficient to include large scales
in turbulent flows. The effects of turbulence on the collisions between
particles and bubbles were studied from two perspectives: the effects of
turbulent transport and the local accumulation effect. Particles and
bubbles were observed to accumulate differently according to turbulent
dissipation rate. Most apparent local accumulation effect was found
when Stokes number was close to 1. The radial distribution function of
particle-bubble pair was not changed much in turbulent fields of dif-
ferent intensities. The decrease of radial distribution function between
particles and bubbles is about 30% with the increase of turbulence in-
tensity in our simulations. Comparing the contribution of radial relative
velocity and radial distribution function to the collision kernel, the
contribution of radial distribution function could be neglected because
the radial relative velocity increases by about 1900% (from 1.55 cm/s
to 28.87 cm/s) while the radial distribution function decreases by only
33% (from 1.33 to 1.00). As radial relative velocities between particles
and bubbles increased with turbulent dissipation rate, particle-bubble
collision kernel was found to increase with turbulent dissipation rate.
Nevertheless, this does not mean that we should intuitively increase
turbulence intensity to enhance flotation process. Not to mention vor-
tices would destabilize the attached particles on the surface of bubbles,
but also the interaction time between particles and bubbles is reduced
in highly turbulent field which adversely affects the attachment of

particles to bubbles. The effect of turbulence on the attachment of
particles to bubbles remains an open question, as it is still unclear how
turbulence affects contact time and induction period. To efficiently
enhance flotation process by modulating turbulence intensity, collision,
attachment and detachment should be combined as a whole process
where turbulence plays a crucial role.

3.4. Discussions

Flotation is a complex process involving surface chemistry, multi-
phase flows and turbulence. We have made a few simplifications in the
simulations. In a real situation, the particle may or may not attach to
the surface of a bubble after collision. If the particle is attached to the
surface of a bubble, the bubble with attached particles would behave
differently, which is a complex problem by itself. Currently, we merely
consider the effect of turbulence on the collisions between particles and
bubbles. Therefore, a colliding pair would disappear at the collision
location and would be relocated randomly in other locations with same
properties. The simplifying assumption (motivated purely by compu-
tational limitations) has been made that bubbles and particles can be
randomly relocated during the simulation, unlike what happens in
reality, but the size of the effect that this simplifying assumption will
have on our results is unknown. We understand this treatment is arti-
ficial and cannot reflect the real situation, where collision, attachment
and detachment can occur in the flotation process. Nevertheless, the
study of collision isolated from attachment and detachment processes
can achieve more fundamental understandings on the colliding inter-
actions between particles and bubbles in flotation process. In addition,
we have assumed the no-slip boundary condition in our treatments of
particles and bubbles. In the modeling of flotation kinetics, the mobility
of the bubble surface has always been problematic. It is either assumed
to be mobile or immobile so the liquid flow around the bubble can be
simplified as potential flow or Stokes flow. The real situation can be
much more complex as the surface is partially mobile due to partial
attachment of surfactants.

From the definition of the kinematic collision kernel, changes in
radial distribution function would cause changes in the collision kernel.
The particles and bubbles are not well-separated, which may result in
the radial distribution function between particles and bubbles larger
than 1.0. Nevertheless, we observe gradual increase in collision kernel.
But this does not mean the effect of preferential concentration on the
collision kernel can be neglected. In a way, it means that the effect of
radial distribution function is overwhelmed by the effect of radial re-
lative velocities. This is due to the fact that the sizes of bubbles are
larger than the Kolmogorov length scales of the flotation system. Due to
the intensification of flotation process, bubble mineralization is gen-
erally carried out in high turbulent flows, where bubbles are generally
larger than the smallest scales (the Kolmogorov length scale).
Nevertheless, the point-particle model is generally applied to systems
where the size of dispersed phases is smaller than the Kolmogorov
length scale of the turbulent field.

In our flotation simulation, the sizes of particles and bubbles are just
comparable to (not much smaller than) the Kolmogorov length scale of
turbulence. It seems that our application of point particle method to
flotation is not completely appropriate, but considering the turbulence
intensity of the flotation environment particles and bubbles are gen-
erally larger than the Kolmogorov scale. Only in calm flotation process
such as flotation column, particles and bubbles are larger than the
Kolmogorov scale. The hybrid superposition method has been proved to
be an effective way to include the disturbance of dispersed phase in
point particle method. Understandably, it is more accurate to use par-
ticle-resolved method to simulate the phenomena, which is computa-
tionally unaffordable at this stage. Therefore, we choose to relax the
constraints for its application to the flotation.

Fig. 14. The changes of radial distribution function with turbulent dissipation
rate.
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4. Conclusions

A pseudo-spectral DNS model was successfully applied to gain a
better insight into the collision behaviour of a bidisperse system con-
sisting of spherical particles and bubbles. The simulations of particle-
bubble collisions were conducted in both quiescent and homogeneous
isotropic turbulent flows for the purpose of testing existing models of
particle-bubble collisions, and to study the effects of varying levels of
turbulence on the collisions between particles and bubbles. It was found
that the collision process was affected by the diameters of particle and
bubble. Out of the collision efficiency models considering the gravita-
tional effect, the model provided by Flint and Howarth yield the closest
agreement with the DNS data. DNS results and collision efficiency
models all indicated that decreasing bubble size and increasing particle
size could increase particle-bubble collision efficiency. The radial re-
lative velocities between particles and bubbles increased with turbulent
dissipation rate. The effects of preferential concentrations of particles
and bubbles on the particle-bubble collision kernel were overwhelmed
by the effects of radial relative velocities over the examined range of
flow conditions. Collisions between particles and bubbles increased
with turbulent dissipation rate as the relative movements of particles
and bubbles are more chaotic in turbulent fields. It should be men-
tioned that a simplifying assumption (motivated purely by computa-
tional limitations) has been made that bubbles and particles can be
randomly relocated during the simulation, unlike what happens in
reality, but the size of the effect that this simplifying assumption will
have on our results is unknown.
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