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We have conducted extensive lattice simulations to study the postinflation dynamics of multifield

models involving nonminimal couplings. We explore the parameter dependence of preheating in these

models and describe the various time scales that control such nonlinear processes as energy transfer,

rescattering, and the approach to radiation domination and thermalization. In the limit of large nonminimal

couplings (ξI ∼ 100), we find that efficient transfer of energy from the inflaton condensate to radiative

degrees of freedom, emergence of a radiation-dominated equation of state, and the onset of thermalization

each consistently occur within Nreh ≲ 3 e-folds after the end of inflation, largely independent of the values

of the other couplings in the models. The exception is the case of negative ellipticity, in which there is a

misalignment between the dominant direction in field space along which the system evolves and the larger

of the nonminimal couplings ξI . In those cases, the field-space-driven parametric resonance is effectively

shut off. More generally, the competition between the scalar fields’ potential and the field-space manifold

structure can yield interesting phenomena such as two-stage resonances. Across many regions of parameter

space, we find efficient re-scattering between the distinct fields, leading to a partial memory loss of the

shape of the initial fluctuation spectrum. Despite the explosive particle production, which can lead to a

quick depletion of the background energy density, the nonlinear processes do not induce any superhorizon

correlations after the end of inflation in these models, which keeps predictions for cosmic microwave

background observables unaffected by the late-time amplification of isocurvature fluctuations. Hence the

excellent agreement between primordial observables and recent observations is preserved for this class of

models, even when we consider postinflation dynamics.

DOI: 10.1103/PhysRevD.102.043528

I. INTRODUCTION

Inflation is the leading framework for studying the very

early universe, and predictions from several inflationary

models are consistent with high-precision cosmological

observations, including the Planck measurements of the

cosmic microwave background radiation (CMB) and large-

scale structure surveys [1–3]. However, calculations of

predictions for observables from inflationary models are

subject to uncertainty arising from the limited amount of

information we have regarding the postinflation reheating
era. Reheating is the period during which the energy
density that had been locked in the inflaton condensate
is transferred to radiation modes that (will eventually)
become the Standard Model and dark matter sectors. The
expansion of the universe thus transitions from a quasi–de
Sitter phase during inflaton to a radiation-dominated phase
at the end of reheating. The duration of reheating and
corresponding equation of state affect the relation between
the times of horizon exit and reentry for inflationary
fluctuations [4–15]. Reheating is thus a crucial phase to
understand, in order to connect the primordial phase of
inflation with the conditions required for the onset of
standard big bang evolution, as well as to refine predictions
for observables from inflationary models. Reheating can
proceed either through perturbative decays of the inflaton
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into lighter particles (perturbative reheating) or through
nonperturbative processes such as parametric resonance
(preheating), which yield an exponential enhancement of
radiation modes. The latter process—when efficient
enough—can lead to very fast reheating and the emergence
of nonlinear effects, such as oscillon formation [16–22].
(For reviews of reheating, see Refs. [23–27].)

In this work we study a family of models that incorporates

realistic features from high-energy physics, namely multiple

interacting scalar fields, each coupled nonminimally to the

spacetime Ricci scalar. Nonminimal couplings of the form

ξϕ2R, where ξ is a dimensionless coupling,ϕ is a scalar field,

and R is the spacetime Ricci scalar, necessarily arise as

renormalization counterterms for self-interacting scalar

fields in curved spacetime [28–35]. Furthermore, the values

of nonminimal couplings typically increasewith energy scale

under renormalization-group flow, with no UV fixed points

[32,33]. We thus expect multiple scalar fields to be present

during inflation, each with a potentially large nonminimal

coupling. Higgs inflation [36–39] is a well-known example

from this class of models.

This class of models yields an excellent fit between

predictions and CMB observables, when such predictions

are calculated based only on the dynamics during inflation

[40]. Yet it is critical to understand the time scales over

which distinct processes during the postinflation reheating

phase unfold, such as the onset of a radiation-dominated

equation of state and the emergence of thermal equilibrium

at an appropriately high temperature. In this family of

models in particular, one must also track the evolution

of the single-field attractor [37,40–42] beyond the end of

inflation in order to understand whether any postinflation

effects could significantly affect the predictions for pri-

mordial observables [43].

As a considerable amount of energy is transferred from

the inflaton to radiation modes, the most significant

physical processes during (p)reheating are essentially non-

linear. In order to capture nonlinear processes during

preheating, we conduct large-scale lattice simulations.

We consider two-field models, with ϕI ¼ fϕ; χg, and

couplings ðξϕϕ2 þ ξ χ χ
2ÞR in the Lagrangian. We build

upon Ref. [43] to identify several distinct nonlinear effects,

characteristic of the preheating dynamics, which can unfold

on different time scales. To explore the nonlinear dynamics

of this family of models, we focus on several distinct

processes and consider how the associated time scales

change as one varies the relevant parameters. We first

consider a fairly “generic” set of ratios among the cou-

plings, and study the dynamics of this “benchmark” case

across three distinct regimes of ξϕ ∼ 1, 10, 100. We then

consider how this behavior shifts for a model that has

symmetric couplings as well as for models in which we

vary the ellipticity, ε≡ ðξϕ − ξ χÞ=ξϕ.
Across these many regions of parameter space, we find a

dominant trend that increasing the nonminimal couplings ξI

increases the efficiency of preheating, thereby shortening

the time required for energy to be transferred from the

inflaton condensate into a (quasi)thermal bath of produced

particles. Throughout parameter space for this family of

models, we consistently find the emergence of a radiation-

dominated equation of state as well as the onset of

thermalization to occur within Nreh ∼Oð1Þ e-folds after

the end of inflation. We further find that the single-field

attractor that had been identified in previous work [37,40–

42] persists through the end of the preheating phase in most

cases, thereby protecting the close match between predic-

tions from this family of models and the latest high-

precision measurements of CMB observables. Even in

the case in which the excitation of the second field is

strong enough to break the single-field attractor, this occurs

deep into preheating and only after nonlinear effects have

rendered the notion of a background trajectory invalid.

Furthermore, the average field trajectory does not exhibit

superhorizon correlations, and hence cannot affect CMB

observables.

In Sec. II we define the family of models and briefly

discuss the behavior of fluctuations, which depend on both

the curvature of the field-space manifold and on the

topography of the potential. In Sec. III we examine a

characteristic benchmark case and define the various time

scales that are relevant for understanding the nonlinear

dynamics during preheating. In Sec. III C we discuss how

the efficiency of preheating and the dynamical time scales

depend on the parameter choices for the potential and field-

space manifold. We provide conclusions and discuss future

prospects in Sec. IV.

II. MODELS, PARAMETERS, AND INITIAL

CONDITIONS

A. Structure of the models

We study inflationary models consisting of multiple real

scalar fields ϕI , each nonminimally coupled to the Ricci

spacetime curvature scalar. We closely follow the analysis

and notation of Refs. [37,40–42,44–46]. We work in

(3þ 1) spacetime dimensions and adopt the “mostly plus”

spacetime metric signature ð−;þ;þ;þÞ. In the Jordan

frame, the action takes the form

S ¼
Z

d4x
ffiffiffiffiffiffi

−g̃
p

�

fðϕIÞR̃ −
1

2
δIJg̃

μν∂μϕ
I∂νϕ

J − ṼðϕIÞ
�

;

ð1Þ

where uppercase Latin letters label field-space indices,

I; J ¼ 1; 2;…; N, Greek letters label spacetime indices, μ,

ν ¼ 0, 1, 2, 3, and tildes denote Jordan-frame quantities.

We will use lowercase Latin letters for spatial indices, i,
j ¼ 1, 2, 3.

We bring the gravitational portion of the action into

canonical Einstein-Hilbert form by performing a conformal
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transformation, rescaling g̃μνðxÞ → gμνðxÞ ¼ Ω
2ðxÞg̃μνðxÞ

with the function

Ω
2ðxÞ ¼ 2

M2
pl

fðϕIðxÞÞ; ð2Þ

where Mpl ≡ 1=
ffiffiffiffiffiffiffiffiffi

8πG
p

¼ 2.43 × 1018 GeV is the reduced

Planck mass. The action in the Einstein frame becomes

[47,48]

S¼
Z

d4x
ffiffiffiffiffiffi

−g
p �

M2
pl

2
R−

1

2
GIJðϕKÞgμν∂μϕ

I∂νϕ
J−VðϕIÞ

�

;

ð3Þ

where the potential is stretched by the conformal

factor fðϕIÞ,

VðϕIÞ ¼
M4

pl

4f2ðϕIÞ Ṽðϕ
IÞ: ð4Þ

In addition, the nonminimal couplings induce a curved

field-space manifold in the Einstein frame, with associated

field-space metric GIJðϕKÞ,

GIJðϕKÞ ¼
M2

pl

2fðϕKÞ

�

δIJ þ
3

fðϕKÞ f;If;J
�

; ð5Þ

where f;I ¼ ∂f=∂ϕI. For multiple fields (N ≥ 2), one

cannot canonically normalize all of the fields while

retaining the Einstein-Hilbert form of the gravitational part

of the action [47].

Varying the action of Eq. (3) with respect to gμν yields
the field equations

Rμν −
1

2
gμνR ¼ 1

M2
pl

Tμν; ð6Þ

with the energy-momentum tensor given by [41]

Tμν ¼ GIJ∂μϕ
I∂νϕ

J − gμν

�

1

2
GIJg

αβ∂αϕ
I∂βϕ

J þ VðϕIÞ
�

:

ð7Þ

Varying Eq. (3) with respect to ϕI yields the equation of

motion

□ϕI þ gμνΓI
JK∂μϕ

J∂νϕ
K − GIJV ;J ¼ 0; ð8Þ

where □ϕI ≡ gμνϕI
;μν and Γ

I
JKðϕLÞ is the Christoffel

symbol constructed from the field-space metric GIJ.

We numerically simulate Eq. (8) on a lattice for the

coupled fields ϕIðxμÞ. Nonetheless, it is helpful for deve-
loping intuition and identifying interesting regions of

parameter space to consider a semianalytical, linearized

analysis. For our linearized analysis, we split the fields ϕI

into a background part φI , which satisfies ∇φI ¼ 0 (where

∇ represents the spatial Laplacian operator) and a fluc-

tuation δϕIðxμÞ, and work to first order in δϕI. On the

lattice such a split is not necessary and the equations are

solved for the full fields ϕI. The “background” fields φI can

be obtained from the lattice simulations by averaging the

fields over the box size.

In the linearized analysis, the equation of motion for the

fields φI becomes

Dt _φ
I þ 3H _φI þ GIJV ;J ¼ 0; ð9Þ

where Dt ≡ _φIDI is the covariant directional derivative

with respect to the field-space metric GIJ [41,49,50].

Equations (6) and (7) yield the usual dynamical equations

at background order,

H2 ¼ 1

3M2
pl

�

1

2
GIJ _φ

I _φJ þ VðφIÞ
�

;

_H ¼ −
1

2M2
pl

GIJ _φ
I _φJ: ð10Þ

In Eqs. (9) and (10),H ≡ _a=a is the Hubble parameter, and

the field-space metric is evaluated at background order,

GIJðφKÞ. In this paper we restrict attention to an unper-

turbed, spatially flat Friedmann-Lemaître-Robertson-

Walker (FLRW) spacetime metric.

We consider two-field models with ϕI ¼ fϕ; χg, and
take fðϕIÞ to be of the form

fðϕ; χÞ ¼ 1

2
½M2

pl þ ξϕϕ
2 þ ξ χ χ

2�; ð11Þ

consistent with renormalization of self-interacting scalar

fields in curved spacetime. [Even if the nonminimal

couplings ξI vanished at background order, terms of

the form in Eq. (11) would arise from loop corrections

[28–35].] The field-space metric in the Einstein frame,

GIJðφKÞ, in turn, is determined by the form of fðϕIÞ and its
derivatives, as in Eq. (5). Explicit expressions for GIJ and

related quantities for this model may be found in the

Appendix A. It was shown in Ref. [41] that the field-space

manifold that arises in the Einstein frame due to the form of

Eq. (11) is asymptotically flat for large field values, but

is strongly curved near the origin ϕI ¼ 0; this feature

significantly affects preheating for large values of the

nonminimal coupling constants [44–46,51].

In this work, we consider a simple, renormalizable form

for the potential in the Jordan frame,

Ṽðϕ; χÞ ¼ λϕ

4
ϕ4 þ g

2
ϕ2 χ2 þ λ χ

4
χ4: ð12Þ
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We take λI > 0 and neglect bare mass terms 1
2
m2

ϕϕ
2,

1
2
m2

χ χ
2, in order to focus on effects from the quartic

self-couplings and direct interaction terms within a para-

meter space of manageable size. Since efficient particle

production occurs due to the contribution of the field-space

curvature near the origin, we do not expect effects from

nonzerom2
I to significantly change our results. Effects from

nonzero bare masses can be incorporated in our analysis

and are left for future work, since they can in principle lead

to the production of heavy particles after inflation. We

furthermore focus on positive nonminimal couplings

ξI > 0. (See, e.g., Ref. [44] for a discussion of various

constraints on ξI .)

This family of models has been shown to possess strong

single-field attractors for large values of ξI , both during

[40] and after inflation [43,44]. Within such an attractor, the

fields evolve along a straight trajectory in field space.

Inflation begins in a regime in which
P

I ξIðϕIÞ2 > M2
pl.

The potential in the Einstein frame becomes asymptotically

flat along each direction of field space, as any of the fields

ϕI becomes arbitrarily large. With no loss of generality we

can align the field-space coordinate system such that

inflation proceeds along the direction ϕJ, where the

potential reads

VðϕJÞ →
M4

pl

4

λJ

ξ2J

�

1þO

�

M2
pl

ξJðϕJÞ2
��

ð13Þ

(no sum on J). Unless some explicit symmetry constrains

all coupling constants in the model to be identical

(λϕ ¼ g ¼ λ χ , ξϕ ¼ ξ χ), the potential in the Einstein frame

will develop ridges and valleys that satisfy V > 0, under the

minimal assumption g > −
ffiffiffiffiffiffiffiffiffiffi

λϕλ χ
p

.

The potential topography was analyzed in Ref. [42] in

the limit ξI ≫ 1 and extended to arbitrary ξI > 0 in

Ref. [44]. We define the convenient combinations of

couplings, which were introduced in Ref. [42],

Λϕ≡λϕξ χ −gξϕ; Λ χ ≡λ χξϕ−gξ χ ; ε≡
ξϕ−ξ χ

ξϕ
; ð14Þ

along with the rescaled quantities defined in Ref. [44],

Λ̃ϕ ≡
Λϕ

λϕξϕ
¼ ξ χ

ξϕ
−

g

λϕ
; Λ̃ χ ≡

Λ χ

λ χξ χ
¼ ξϕ

ξ χ
−

g

λ χ
: ð15Þ

(For similar parametrizations, see also Ref. [52].) For

arbitrary ξI ≫ 1 we find D χ χVj χ¼0 ∝ −Λϕ and

DϕϕVjϕ¼0 ∝ −Λ χ during inflation, elucidating the geomet-

rical interpretation of Λϕ and Λ χ as parameters that

characterize the local curvature of the potential

perpendicular to the two principal axes. In the limit

ξI ≫ 1, whenever Λϕ < 0 the direction χ ¼ 0 remains a

local minimum of the potential and the background

dynamics will obey strong attractor behavior along the

direction χ ¼ 0. Since the potential of Eq. (12) and the

nonminimal coupling function f have two discrete sym-

metries ϕ → −ϕ and χ → −χ, we will concentrate only on

the positive quadrant ϕ; χ > 0. The topography of the

potential for ξI ≫ 1 is controlled by the parameters Λϕ and

Λ χ , as described in Table I. Without loss of generality, we

will only consider single-field trajectories that lie along

χ ¼ 0 for the remainder of this work. The ellipticity

parameter ε describes the morphology of the potential in

the case Λϕ ¼ Λ χ ¼ 0, in which case the isopotential

contours are well described by ellipses. More details on

the geometrical intuition regarding the potential parameters

of Eq. (14) and their effects during and after inflation can be

found in Refs. [42,44].

Next we must consider observational constraints, such

as the present bound on the primordial tensor-to-scalar

ratio, r < 0.1 [53], which corresponds to the bound H� ≤
3.4 × 10−5 Mpl. (Asterisks indicate values of quantities at

the time during inflation when observationally relevant

perturbations first crossed outside the Hubble radius. As

described in Ref. [53], the exact bound on the tensor-to-

scalar ratio depends on the combined datasets used, but the

resulting uncertainty does not affect our analysis.) Because

of the existence of the strong single field attractor, models

in our class predict r ¼ 16ϵ [37,40–42], where ϵ≡ − _H=H2

is the usual slow-roll parameter.

For inflation along χ ¼ 0 and ξϕ ≫ 1 we find to good

approximation [40]

H�≃

ffiffiffiffiffiffiffiffiffiffi

λϕ

12ξ2ϕ

s

Mpl; N�≃
3

4

ξϕϕ
2
�

M2
pl

; ϵ≃
3

4N2
�
; η≃−

1

N�
;

ð16Þ

where N� is the number of e-folds before the end of

inflation when relevant scales crossed outside the Hubble

radius. (See also Ref. [54].) Assuming 50 ≤ N� ≤ 60, we

find r ∼Oð10−3Þ in the limit ξϕ ≫ 1, and H� ≤ 3.4 ×

10−5 Mpl for λϕ=ξ
2
ϕ ≤ 1.4 × 10−8. In models such as Higgs

inflation [36], one typically finds λϕ ∼Oð10−2 − 10−4Þ at
the energy scale of inflation (the range in λϕ stemming

from uncertainty in the value of the top-quark mass,

TABLE I. Potential topography and attractor structure.

Λϕ < 0 Λ χ < 0 Two single-field attractors

along ϕ ¼ 0 and χ ¼ 0

Λϕ < 0 Λ χ > 0 One single-field attractor

along χ ¼ 0

Λϕ > 0 Λ χ < 0 One single-field attractor

along ϕ ¼ 0

Λϕ > 0 Λ χ > 0 One single-field attractor

along χ=ϕ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Λϕ=Λ χ

p
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which affects the running of λϕ under renormalization-group

flow) [55–58]. That range of λϕ, in turn, requires ξϕ ∼

Oð102 − 103Þ at high energies—a reasonable range, given

that ξϕ typically rises with energy scale under renormaliza-

tion-group flow with no UV fixed point [32,33]. Even for

such large values of ξI , the inflationary dynamics occurs

at energy scales well below any nontrivial unitarity cutoff

scale. (See Ref. [42] and references therein for further

discussion.) However, preheating dynamics may involve

wave numbers exceeding the unitarity scale, as was shown

to occur in the case of Higgs inflation for ξ≳ 300 [38]. In

this work we fix λϕ=ξ
2
ϕ ¼ 10−8 and consider nonminimal

couplings within the range 1 ≤ ξI ≤ 100. As discussed in

Appendix D, accurate simulations of the preheating dynam-

ics in this family of models becomes computationally

expensive for ξϕ > 100.

B. Fluctuations and parameter choices

In this subsection we introduce the equations of motion

for the linearized perturbations. Although these equa-

tions break down in the later stages of reheating due to

strong nonlinear effects [43], they are useful for under-

standing the initial parametric resonance as well as for

setting initial conditions for our lattice simulations. As

noted above, in our lattice simulations we neglect pertur-

bations of the spacetime metric. (The inclusion of metric

fluctuations in our lattice simulations remains the subject

of further study, and could elucidate the limits of linearized

gravity during preheating, as has been recently discussed in

Ref. [59]. This would represent a different context of

linearized gravity than the one studied recently in

Ref. [60]. References [38,44,46] consider effects of lin-

earized metric perturbations in the early stages of para-

metric resonance in the types of models we consider here.)

To address the multifield aspects of the models under

consideration, we build on the methods reviewed in

Refs. [50,61] and expand the scalar fields to first order

in perturbations, ϕIðxμÞ ¼ φIðtÞ þ δϕIðxμÞ. For the two-

field models considered here, this yields

ϕðxμÞ ¼ φðtÞ þ δϕðxμÞ; χðxμÞ ¼ δχðxμÞ; ð17Þ

since the background value of the χ field at lowest order is

exponentially close to zero, due to the single-field attractor

during inflation. To first order in δϕI, Eqs. (6)–(8) may be

combined to yield the equation of motion for the perturba-

tions [41,62,63]

D2
t δϕ

I þ 3HDtδϕ
I þ

�

k2

a2
δIJ þMI

J

�

δϕJ ¼ 0; ð18Þ

where the mass-squared tensor takes the form

MI
J ≡ GIKðDJDKVÞ −RI

LMJ _φ
L _φM; ð19Þ

and RI
LMJ is the Riemann tensor for the field-space

manifold. All expressions in Eqs. (18) and (19) involving

GIJ, V, and their derivatives are evaluated at background

order in the fields, φI . Compared with the corresponding

expression forMI
J in Ref. [44], the expression in Eq. (19)

is missing a term proportional to 1=M2
pl. That term arises

from the coupled metric perturbations, which we neglect in

the present analysis.

Because of the existence of a single-field attractor for the

motion of the background fields, at least in the linearized

regime in which one neglects backreaction effects, the mass

matrixMI
J becomes diagonal and the equations of motion

for δϕ and δχ decouple [44]. We rescale the fluctuations

δϕIðxμÞ → XIðxμÞ=aðtÞ, promote the XI to operators X̂I ,

and quantize X̂ϕ and X̂ χ by expanding each in sets of

creation and annihilation operators and associated mode

functions. Within a single-field attractor, the resulting

expansion simplifies to [44]

X̂ϕðxμÞ¼
Z

d3k

ð2πÞ3=2
ffiffiffiffiffiffiffiffiffiffiffiffiffi

GϕϕðtÞ
q

½vkðtÞb̂keik·xþv�kðtÞb̂†ke−ik·x�;

ð20Þ

X̂ χðxμÞ¼
Z

d3k

ð2πÞ3=2
ffiffiffiffiffiffiffiffiffiffiffiffiffi

G χ χðtÞ
p

½zkðtÞĉkeik·xþ z�kðtÞĉ†ke−ik·x�;

ð21Þ

where ½b̂k; b̂†q� ¼ ½ĉk; ĉ†q� ¼ δð3Þðk − qÞ, and all other com-

mutators among fb̂k; b̂†k; ĉk; ĉ†kg vanish. The linearized

equations of motion for the mode functions vkðtÞ and zkðtÞ
for the ϕ and χ fluctuations, respectively, become

v̈k þH _vk þΩ
2
ϕvk ¼ 0; ð22aÞ

̈zk þH_zk þ Ω
2
χzk ¼ 0; ð22bÞ

where

Ω
2
I ¼

k2

a2
þm2

eff;I; ð23Þ

and the effective mass squared for the fluctuations (within

the single-field attractor) is given by

m2
eff;ϕ ¼ GϕϕDϕ∂ϕV −

1

6
R; ð24Þ

m2
eff; χ ¼ G χ χD χ∂ χV −R χ

ϕϕχ _φ
2 −

1

6
R: ð25Þ

The quantity R ¼ 6ð2 − ϵÞH2 is the spacetime Ricci scalar.

The term proportional to R in bothm2
eff;ϕ andm

2
eff; χ remains

subdominant during preheating, as shown in Ref. [44].
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We can characterize the dominant contributions to the

effective mass of the fluctuations in terms of Λϕ and ε,

defined in Eq. (14). For trajectories that proceed along

χ ¼ 0 the quantity Λ χ does not enter the fluctuation

analysis at the linear level.

Inflation ends at ξϕφ
2 ¼ Oð1ÞM2

pl, so we define the

rescaled field amplitude δðtÞ≡
ffiffiffiffiffi

ξϕ
p

φðtÞ=Mpl to study the

preheating dynamics. In the regime ξϕ ≫ 1 the effective

mass of the ϕ fluctuations is dominated by the second

derivative of the potential,

GϕϕDϕDϕV ≃
λϕM

2
pl

ξϕ

δ2ð3 − 2ξϕδ
4 þ 2ξϕδ

2Þ
ðδ2 þ 1Þ2ð6δ2 þ 1Þð1þ ξϕδ

2Þ : ð26Þ

The corresponding potential contribution for the χ fluctua-

tions in the regime ξI ≫ 1 is

G χ χD χD χV ≃

8

<

:

−6Λ̃ϕλϕM
2
pl

δ4

ð1þδ2Þð1þ6ξϕδ
2Þ ; Λ̃ϕ ≠ 0;

g
λϕξϕ

λϕM
2
pl

δ2

ð1þδ2Þ2ð1þ6ξϕδ
2Þ ; Λ̃ϕ ¼ 0:

ð27Þ

We can distinguish between the two cases in Eq. (27) by

considering the prefactors, 6Λ̃ϕ and g=ðλϕξϕÞ, the latter

valid for Λ̃ϕ ¼ 0. Since generically Λ̃ϕ ¼ Oð1Þ,
g=λϕ ¼ Oð1Þ, and ξϕ ≫ 1, the potential contribution to

the effective mass is proportional to Λ̃ϕ ¼ Oð1Þ for a

generic choice of parameters. In the symmetric case

(Λϕ ¼ 0) the potential contribution to the χ mass is

significantly reduced, since it is proportional to 1=ξϕ ≪ 1.

The contribution of the field-space structure enters

through the Riemann term R χ
ϕϕχ and the background

field velocity _φðtÞ. Since _φðtÞ depends only on ξϕ and not

on Λ̃ϕ and ε within the single-field attractor, we will

analyze the Riemann term, which can be approximated by

R χ
ϕϕχ ≃ −

6ξ2ϕ

M2
pl

ð1 − εÞ; ð28Þ

when the φ-field crosses zero. When the inflaton field

crosses the origin at δðtÞ ¼ 0, both the field-space curvature

and the field velocity are maximized. Hence the height of

the “Riemann spike” [44] depends crucially on the value of

the ellipticity. For large values of the nonminimal couplings

ξI ≫ 1, the Riemann spike is well described (around its

maximum) by a Lorentzian function

R χ
ϕϕχ ≃ −

6ξ2ϕ

M2
pl

ð1 − εÞ
ð1þ 6ξϕδ

2Þ : ð29Þ

Interestingly, while the magnitude of the Riemann spike

grows for large negative values of the ellipticity ε < 0, the

Riemann term appears in both the numerator and the

denominator of the adiabaticity parameter A χ (see

Ref. [44]),

A χ ¼
∂tm

2
eff; χ

2m3
eff; χ

þ H

meff; χ

þO

�

k2

ðaHÞ2
�

: ð30Þ

It can be shown (see Appendix B) that, at least for the first

few inflaton zero crossings,

A χ ∝
1
ffiffiffiffiffiffiffiffiffiffi

1 − ε
p ; ð31Þ

where the proportionality factor is about 1.8. Thus, in the

limit of large nonminimal couplings, for a given value of

Λ̃ϕ, a larger Riemann spike (due to a negative ellipticity)

can actually lead to a suppression of parametric resonance,

by lowering the nonadiabaticity parameter. This agrees

with the Floquet analysis of Ref. [45], in which altering the

ellipticity was shown to significantly affect the instability

chart for χ fluctuations.

Based on these intuitive relations between the effective

mass of fluctuations and the potential topography param-

eters, we choose a specific set of couplings that capture all

characteristic cases, summarized in Table II. These five

cases extend the analysis in Ref. [43]. For easy comparison,

all cases except for the symmetric one (B) have Λ̃ϕ ¼ −0.2,

only one minimum per quadrant (Λ̃ χ > 0), and a fixed ratio

of the potential height at the two extrema:

Vðφ ¼ 0; χ → ∞Þ
Vðφ → ∞; χ ¼ 0Þ ¼ 0.512: ð32Þ

We consider Case A (the benchmark) to be fairly generic

for this family of models, and we study the preheating

dynamics of that case in detail in Sec. III. In Sec. III C we

highlight how the characteristic time scales for various

nonlinear processes shift as we change the parameters for

Cases B–E.

C. Initial conditions for lattice simulations

Initial conditions for the preheating simulations can be

set by applying the Wentzel-Kramers-Brillouin (WKB)

approximation to the equations of motion for the fluc-

tuations vk and zk, written in terms of conformal time

dη ¼ dt=a as

TABLE II. Parameter choices for the five characteristic cases.

A ξ χ ¼ 0.8ξϕ g ¼ λϕ λ χ ¼ 1.25λϕ Benchmark case

B ξ χ ¼ ξϕ g ¼ λϕ λ χ ¼ λϕ Symmetric

C ξ χ ¼ 2ξϕ g ¼ 2.2λϕ λ χ ≃ 7.8λϕ Negative ellipticity

D ξ χ ¼ 0.5ξϕ g ¼ 0.7λϕ λ χ ≃ 0.49λϕ Positive ellipticity

E ξ χ ¼ ξϕ g ¼ 1.2λϕ λ χ ≃ 1.95λϕ Zero ellipticity
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∂2
ηvk þΩ

2
ϕðk; ηÞvk ¼ 0; ð33Þ

and similarly for zk with frequency Ω χðk; ηÞ. The WKB

analysis is valid as long as the adiabaticity condition is

satisfied, Ω0
I=Ω

2
I ≪ 1, where a prime denotes d=dη. The

mode functions for the ϕ fluctuations thus become

vkðηÞ ¼
1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2Ωϕðk; ηÞ
p e

−i
R

dη0Ωϕðk;η0Þ: ð34Þ

Since the lattice code computes field values ϕðt;xÞ and

χðt;xÞ, we can easily use Eq. (20) to relate δϕk to vk as

δϕk ¼
1

a

ffiffiffiffiffiffiffiffi

Gϕϕ
p

vk ¼
ffiffiffiffiffiffiffiffi

Gϕϕ
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2Ωϕðk; ηÞ
p e

−i
R

dη0Ωϕðk;η0Þ; ð35Þ

where we have normalized the scale factor to unity at the

end of inflation. The time derivative is then given by

∂tδϕk ¼
�

−H þ 1

2

∂tG
ϕϕ

Gϕϕ
þ ∂tΩϕ

Ωϕ

− iΩϕ

�

δϕk; ð36Þ

which can be evaluated at the initial time to fix the initial

conditions for the ϕ fluctuations. Following similar steps,

the initial conditions for the χ fluctuations are given by

δχk ¼
ffiffiffiffiffiffiffiffi

G χ χ
p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2Ω χðk; ηÞ
p e

−i
R

dη0Ω χðk;η0Þ; ð37Þ

∂tδχk ¼
�

−H þ 1

2

∂tG
χ χ

G χ χ
þ ∂tΩ χ

Ω χ

− iΩ χ

�

δχk: ð38Þ

We see that the contribution of the nontrivial field-space

metric is especially important for the initial magnitude of

the fluctuations and their relative size, since at the end of

inflation

Gϕϕ ∼
1

ξϕ
; G χ χ ∼Oð1Þ: ð39Þ

The relative magnitude of the two fluctuations at the start of

preheating is vastly different for large values of ξϕ.

We employ a modified version of GABE (Grid and

Bubble Evolver) [64,65] to evolve the fields and the

background, according to Eqs. (8) and (10). We start the

simulations when inflation ends, defined by ϵðtinitÞ ¼ 1;

the Hubble scale at this time is Hend (referring to the end of

inflation). We use a grid with N ¼ 2563 points and a

comoving box size L ¼ π=Hend, so that the longest wave-

length in our spectra corresponds to k ¼ Hend=2. We match

the two-point correlation functions of ϕðtinit;xÞ and

χðtinit;xÞ to corresponding distributions for quantized field

fluctuations, based on Eqs. (35)–(38). The initial spectra of

the fields are subject to a window function that suppresses

high-momentum modes above some UV suppression scale,

kUV ¼ 50 Hend. As we discuss in Appendix D, the late-

time numerical results are largely insensitive to varying kUV
between 25 Hend and 100 Hend, or changing our grid size

from N ¼ 2563 points to N ¼ 5123 points.

III. DISTINCT PROCESSES AND TIME SCALES

DURING PREHEATING

As noted in Sec. II B, parametric resonance in this family

of models is governed by the effective masses,meff;IðtÞ, the
dominant contributions to which are qualitatively different

for the two fields. The self-resonance of the inflaton field ϕ

is governed by the (covariant) curvature of the potential,

while the effective mass of the χ modes receives an extra

contribution from the curved field-space manifold. This can

lead to very efficient preheating [43], while also exhibiting

an interesting interplay between the two dominant con-

tributions to meff; χ [44,45].

A. Time scales

To quantify the efficiency of preheating, we introduce

several time scales that characterize distinct nonlinear

processes after the end of inflation:

(1) τbg: The time at which the backreaction of the

produced fluctuations starts to affect the evolution

of the background field.

(2) τ χrms
: The time at which the root-mean-square

(RMS) value of the χ fluctuations becomes compa-

rable to the background inflaton value.

(3) τϕrms
: The time at which fluctuations in the ϕ field

start growing as a result of nonlinear interactions

with the produced χ fluctuations.

(4) τρ: The time at which the fluctuations account for a

significant fraction of the total energy density.

(5) τeos: The time at which the universe starts expanding

in an (approximately) radiation-dominated manner.

In this section we examine each of these time scales for the

benchmark case (Case A), with ratios of parameters given

in Table I. The results are summarized in Fig. 1, in which

we can distinguish three relevant parameter regimes:

ξϕ ∼ 1, 10, 100. These regimes display different physical

behavior because of different trade-offs between dominant

contributions to meff;I , consistent with the analysis of the

linearized perturbations in Ref. [45]. We discuss the full

nonlinear dynamics of the different regimes below. In all

plots the field values are shown in units of the reduced

Planck mass, Mpl.

1. τbg: Backreaction on the background field

Several recent studies of preheating in nonminimally

coupled models [44–46,51] and its applications to Higgs

preheating [38,51] were based on linearized analyses,

working to first order in the field fluctuations δϕI . In those

studies, complete preheating was taken to be the time when
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the energy density of the (linearized) fluctuations became

equal to the energy density of the background field.

However, once a significant number of particles has been

produced, the backreaction on the background field can no

longer be neglected; that is, the decay of the lattice-

averaged field hϕi cannot be described by gravitational

redshift alone. We define the time scale τbg;x as the moment

when hϕi (as computed on the lattice) becomes smaller

than x · φðtÞ, where φ is computed in the linearized analysis

[which neglects backreaction, so that φðtÞ only decreases

due to redshift]. Here x is a dimensionless parameter that

encodes the amount of divergence between the (nonlinear)

lattice and the (linearized) background evolution. This time

scale is indicated by the vertical blue line in Fig. 2 for

ξϕ ¼ 1 and ξϕ ¼ 100, for x ¼ 0.9.

2. τχ rms
: χ rms becomes comparable to hϕi

During preheating, parametric resonance drives the

production of quanta with specific wave numbers.

Despite the inherent complexity of the underlying reso-

nance structure, the number density of produced ϕI quanta

can be quantified by the RMS value of the ϕI field on the

lattice: ϕI
rms ≡

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

hðϕIÞ2i − hϕIi2
p

. In the models considered

here, the production of χ quanta is typically much more

efficient than the production of ϕ quanta, because of the

Riemann spike. We define the time scale τ χrms;x
as the

moment when the RMS value of the χ field becomes larger

than x · hϕi. In Fig. 2, the vertical black line indicates

τ χrms;0.5
for ξϕ ¼ 1 and ξϕ ¼ 100.

3. τϕrms
: ϕrms grows as a result of rescattering

As the self-resonance in the ϕ field is typically much

weaker than the resonance in the χ field (which is driven by

the field-space curvature), the rescattering of χ modes is the

dominant mechanism for amplifying ϕmodes. This mecha-

nism is not present in the linearized analysis, so we can

quantify the strength of this effect by comparing ϕrms as

computed using the lattice results and using the linearized

analysis (which neglects backreaction). The quantity τϕrms;x

is defined as the moment when ϕrms as computed on the

lattice exceeds x · ϕrms in the linearized analysis. This time

scale does not depend solely on the efficiency of produc-

tion, but also on the coupling between ϕ and χ modes. The

time τϕrms;5
is indicated by the vertical red line in Fig. 2.

4. τρ: Significant energy transfer

The fraction of energy density in the produced particles

is an important measure of the efficiency of preheating.

The time scale τρ;x is defined as the moment when

½1 − ðρbg=ρtotÞ� > x. The plot of τρ;0.95 in Fig. 1 demon-

strates that only for ξϕ ≥ 55 are the preheating processes

efficient enough to transfer as much as 95% of the energy

density from the background into a bath of produced

particles. Figure 3 shows ½1 − ðρbg=ρtotÞ� as a function of

time for ξϕ ¼ 1, 10, 25, 40, 55, 70, 85, 100 (red, magenta,

black, orange, purple, dashed green, brown, blue lines,

FIG. 1. Nonlinearity time scales τnl in e-folds after the end of

inflation as a function of the nonminimal coupling ξϕ for the

benchmark Case A: τbg;0.9 (blue line), τ χrms;0.5
(black line), τϕrms;5

(red line), τρ;0.95 (dashed green line), and τeos;1=30 (orange line).

FIG. 2. The behavior of various quantities in e-folds N after the end of inflation, for Case A: the lattice-averaged background field hϕi
(blue lines); the background field in the linearized analysis φ (dashed blue lines); χrms from the lattice (black lines); ϕrms from the lattice

(red lines); and ϕrms from the linearized analysis (green lines). All fields are plotted in units of the reduced Planck mass. The values of the

nonminimal couplings are ξϕ ¼ 1 (left) and ξϕ ¼ 100 (right). The vertical blue, black, and red lines indicate τbg;0.9, τ χrms;0.5
, and τϕrms;5

,

respectively.
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respectively). The time τρ;0.95 is indicated for ξϕ ¼ 55, 70,

85, 100.

In the case of preheating with a simple massive inflaton

field, if some energy density remains in the inflaton

condensate after the phase of parametric resonance, the

inflaton will eventually become the dominant constituent

again, because of the faster rate at which energy density

redshifts in fluctuations [∼a−4ðtÞ] compared to that of the

inflaton condensate [∼a−3ðtÞ]. We see a similar result for

ξϕ ¼ 55, 70. There the fluctuations grow by draining over

90% of the energy density of the inflaton, without com-

pletely preheating the universe. After N ≃ 1.5 e-folds we

see that the fractional energy in fluctuations falls. Whereas

the quartic potential of the inflaton field close to the origin

in the family of models we consider here might suggest that

the condensate and fluctuation would redshift at the same

rate [∼a−4ðtÞ], two effects lead to a growth of ρbg=ρtot and a
departure from complete preheating. For nonminimal

couplings ξ > Oð10Þ, the background evolves with an

equation of state close to w ¼ 0 [44]. Furthermore, the

right panel of Fig. 3 shows that during the initial growth of

fluctuations, they acquire a stiff equation of state w > 1=3
for 1.5≲ N ≲ 2.5 for ξϕ ¼ 55, 70. Hence, even if the

energy density of the condensate redshifts as a−4ðtÞ, the
fluctuations temporarily redshift even faster.

5. τeos: Emergence of radiation-dominated

equation of state

One of the most significant potential impacts of the

reheating era on observables is the evolution of the scale

factor as the universe transitions from inflation (with an

equation of state w ≃ −1) to radiation-dominated expansion

(with w ¼ 1=3). Variations in the expansion history after

inflation, encoded through time-varying w, affect the

matching between CMB-relevant modes and the time when

they first exited the Hubble radius during inflation [4–15].

In the case of a minimally coupled, massless inflaton field,

such as the one governed by a quartic potential VðϕÞ ∝ ϕ4,

the oscillations of the inflaton condensate correspond tow ¼
1=3 immediately after the end of inflation, even before the

production of significant numbers of higher-momentum

particles. Whereas for small values of the nonminimal

coupling ξϕ, the background evolution after inflation is

similar to the minimally coupled case [45], the behavior is

significantly different for ξϕ ≫ 1, for which the usual virial-

theorem calculation for a scalar field must be modified to

include a contribution from the field-spacemetric [40]. As ξϕ
is increased, the oscillating inflaton condensate spends an

increasingly long time exhibiting a matterlike equation of

state, as described in detail in Ref. [44]. In that same regime

of parameter space (ξϕ ≫ 1), however, higher-momentum

modes of the χ field can be efficiently produced, which will

transfer energy from the inflaton condensate into a bath of

radiative degrees of freedom, eventually yielding a radiation-

dominated equation of state. We define the time scale τeos as

the time afterwhich the equation of state of the fϕ; χg system
remains close tow ¼ 1=3. More precisely, we define τeos;x as

the time after which jw − 1=3j ≤ x, until the end of our

simulations, regardless of whether w is mostly controlled by

the background field φ or by the produced ϕ and χ particles.

B. Dynamics and competition of mass scales

We found in the previous subsection that the universe

transitions to a radiation-dominated expansion (w ≃ 1=3)
within fewer than 3 e-folds, for ξϕ in the range [1, 100].

However, complete preheating—as indicated by the trans-

fer of energy from the inflaton condensate into radiative

degrees of freedom—occurs only for large nonminimal

couplings, close to ξϕ ∼ 100. Based on this behavior,

combined with the linearized analysis of Ref. [45], we

can distinguish three regimes, based on the value of the

nonminimal coupling ξϕ.

1. Small-coupling regime

We start with a value of the nonminimal coupling ξϕ ∼ 1,

in the small-coupling regime [44]. Figure 2 shows the

FIG. 3. Left: The fraction of the energy density in produced particles ½1 − ðρbg=ρtotÞ� for Case A versus e-folds N after the end of

inflation, for ξϕ ¼ 1, 10, 25, 40, 55, 70, 85, 100 (red, magenta, black, orange, purple, dashed green, brown, blue lines, respectively). The

vertical lines indicate τρ;0.95 for ξϕ ¼ 55, 70, 85, 100, in the color corresponding to the appropriate curve. Right: Equation of state for

Case A, averaged over one inflaton period, for ξϕ ¼ 1, 10, 25, 40, 55, 70, 85, 100 (same color coding as in the left plot).
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evolution of the spatially averaged value of the inflaton hϕi,
as well as the RMS values of both fields. Initially only χrms

grows; ϕrms starts to grow in tandem with χrms as soon as

the latter grows beyond χrms ≈ 10−3 Mpl. We see that hϕi
remains larger than the RMS values of each field, and that

the expression for φ from the linearized treatment remains

an excellent approximation until 3 e-folds after the end of

inflation. Furthermore, the averaged value of the χ field,

hχi, remains much smaller than hϕi for the entire duration
of the oscillation, confirming that the single-field attractor

persists during reheating. (We consider the evolution of the

covariant turn rate below.)

The left panel of Fig. 3 shows the fraction of the total

energy density in radiation modes for a range of values of

ξϕ. Until N ¼ 2.7 e-folds after the end of inflation, the

energy density is almost entirely in the background field

for ξϕ ¼ 1. Toward the end of the simulation, at N ¼ 3.5

e-folds after the end of inflation, significant energy density

has been transferred to the fluctuations, but the energy

density in the inflaton condensate remains sizable, indicat-

ing that preheating does not complete for ξ ¼ 1. Since the

energy density both in the fluctuations and in the back-

ground redshifts approximately as a−4ðtÞ for ξϕ ∼ 1, addi-

tional couplings are needed to completely reheat the

universe (perturbatively) in this case, for example, a mass

term for the inflaton field ϕ and a cubic coupling ϕχ2, to

allow for pair-production processes ϕ → χ þ χ.

We can account for the behavior shown in Fig. 3 by

investigating the growth of ϕrms and χrms in more detail.

Figure 4 shows the evolution of the modes k ≈ 3 Hend and

11 Hend as computed on the lattice and in a linearized

treatment. (We discuss how to make such wave-number-

specific comparisons of lattice and linearized treatments in

Appendix C.) In the left panel, we see a weak parametric

resonance of the χ fluctuations for small wave numbers

around k ¼ 3 Hend. This can be explained from the

behavior found in Ref. [45], in which the Fourier decom-

position of the background field φðtÞ and the Floquet

structure of the resonances were discussed (to linear order

in fluctuations). It was found that the Fourier modes of φðtÞ

collapse to a pure sinusoidal oscillation for ξϕ ≃ 1. For that

same regime of ξI , the instability bands of the χ fluctua-
tions are significantly reduced in width (“pinched”),
thereby leading to a set of very narrow instability bands.
This is exactly mirrored by the behavior in the left panel of

Fig. 4, in which the growth in jδχkj2 is caused by a narrow

resonance at k ≈ 3 Hend. At 2.5 e-folds, jδϕkj2 starts to
grow as a result of the rescattering of δχk modes into δϕk

modes, an effect that is not captured by the linearized
analysis. The right panel of Fig. 4 shows that modes with
k ≈ 11 Hend start to grow somewhat later, at 2.8 e-folds,
solely as a result of rescattering. From Fig. 2 we see that the
backreaction of the produced particles on hϕi causes a
deviation from the linearized treatment by τbg ≃ 3 e-folds

after the end of inflation for ξϕ ≃ 1, which is consistent with

the moment at which the resonance in δχk shuts off in the
left panel of Fig. 4.

2. Intermediate-coupling regime

Interesting effects arising from the competition between

the dominant terms in the effective mass of χ fluctuations

are found in the case of ξϕ ∼ 10, which falls in the

intermediate-coupling regime [44]. In this regime, the

two main contributions to the effective mass squared of

the χ fluctuations, the contribution m2
χ;1 from the potential

and the contribution m2
χ;2 from the field-space (Riemann)

curvature, are similar in size at the onset of reheating. Since

m2
1; χ and m2

2; χ oscillate out of phase, preheating is initially

suppressed. This effect was identified in Ref. [46] (in a

linearized analysis) and appears in Fig. 5 as the initial

behavior of χrms for N ≲ 2 e-folds after the end of inflation:

no resonant growth occurs. Since m2
χ;1 grows faster than

H2, whereas m2
χ;2 ∝ H2 [46], m2

1; χ comes to dominate after

the so-called crossover time, which was computed in

Ref. [46]. The relation m2
χ;1 ≫ m2

χ;2 leads to a period of

normal parametric resonance, which is shown in Fig. 5. The

case ξϕ ¼ 1 exhibited a resonance for small k, but for

ξϕ ¼ 10 the resonant growth of χk occurs for values of the

comoving wave number up to k≲ 20 Hend.

FIG. 4. Growth of jδϕkj2 and jδχkj2 for Case A in units of Mpl for k ≈ 3Hend (left) and k ≈ 11 Hend (right), with ξϕ ¼ 1. The red

(black) lines show the evolution of jδϕkj2 (jδχkj2) on the lattice, and the green (magenta) dashed lines show the corresponding results in

the linearized analysis.
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We can see in Fig. 5 that ϕrms starts to grow (and diverge

from the linearized analysis) around 2.5 e-folds, when

hχi ¼ Oð10−3Þ Mpl, similar to the case of ξϕ ¼ 1. At the

end of the simulation the RMS values of the two fields are

comparable. The energy density in the inflaton condensate

hϕi at the end of our simulation (approximately 3 e-folds
after the end of inflation) still comprises around 30% of the

total energy density of the universe; hence preheating in

this case does not complete.

The case ξϕ ¼ 25 deserves special attention, since it

displays two kinds of resonant behavior. Initially, the

Riemann contribution to the effective mass, m2
χ;2, is

dominant. This leads to amplification of χ fluctuations

every time that the background field crosses the origin

(φ ¼ 0), where the field-space curvature exhibits a large

local increase (the “Riemann spike”). This resonant behav-

ior was previously identified in the large-coupling regime

and studied extensively (in a linearized analysis) in

Refs. [44–46].

Figure 5 indeed shows an increase of χrms for N ≲ 1.5

e-folds after the end of inflation. At 1.5 e-folds after the end
of inflation, the growth in χrms shuts off. This is a result of

the decrease of m2
χ;2 compared to m2

χ;1, causing destructive

interference, as described above for the ξϕ ¼ 10 case. Up to

this time, no significant amount of energy has been trans-

ferred to the χ fluctuations yet. Backreaction is not yet

effective, so the linearized approximations for χrms and hϕi
remain valid. At 2.5 e-folds after the end of inflation, m2

χ;2

has redshifted enough to render destructive interference

between the potential and Riemann terms ineffective, and a

period of ordinary parametric resonance starts. This again

leads to the growth of χrms, which quickly drives the growth

of ϕrms from rescattering.

3. Large-coupling regime

The value ξϕ ¼ 100 places the system in the large-

coupling regime [44], which is characterized by a large

amplification of χ fluctuations. Preheating concludes after

a few oscillations (5–6 zero-crossings) of the background

field, as shown in Figs. 2 and 3, and backreaction becomes

significant even more quickly.

As validated by the results plotted in Fig. 2, the back-

ground inflaton field hϕi starts to be affected by back-

reaction effects after the first two oscillations and becomes

completely subdominant shortly thereafter. The variances

of the two fields ϕ and χ are almost identical at late times,

signaling a kind of “equipartition” phenomenon, which can

be attributed to the tendency of the system to thermalize. The

energy density remaining in the background field is several

orders of magnitude smaller than the total energy density of

the system, hence we can safely conclude—within the

limitations of the resolution of our lattice—that the universe

completely preheats into an equilibrated ensemble of χ andϕ

particles for ξϕ ¼ 100. Furthermore, the lattice-averaged

value of the χ field, hχi, which plays the role of the

background χ field in a linearized analysis, remains sub-

dominant to hϕi until the end of the simulation, at which

point both are vastly subdominant to the corresponding

variances: hχi < hϕi ≪ ϕrms ≃ χrms.

4. Preheating, rescattering, and observables

The usual comparison of predictions for primordial

observables from inflationary models and high-precision

observations hinges on the freeze-out of the adiabatic

fluctuations after they exit theHubble radius during inflation.

However, this can be violated in multifield models of

inflation, due to interactions with isocurvature modes. The

interplay between isocurvature and adiabaticmodes has been

studied extensively in the literature, mostly focusing on the

inflationary regime. (For reviews, see Refs. [50,61].) In the

class of multifield models we study here, the generic single-

field attractor behavior strongly suppresses the amplification

of isocurvature modes during inflation and the generation of

significant non-Gaussianities; these multifield effects occur

only for highly fine-tuned choices of couplings and initial

conditions [40–42].

FIG. 5. The lattice-averaged background field hϕi (blue lines), the background field in the linearized analysis φ (dashed blue lines),

χrms from the lattice (black lines), ϕrms from the lattice (red lines), and ϕrms from the linearized analysis (green lines) for Case Aversus e-
foldsN after the end of inflation. The values of the nonminimal couplings are ξϕ ¼ 10 (left) and ξϕ ¼ 25 (right). The vertical blue, black,

and red lines indicate τbg;0.9, τ χrms;0.5
, and τϕrms;5

, respectively.
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The adiabatic and entropic (isocurvature) modes are

described by the gauge-invariant curvature perturbationRc

and the normalized entropy perturbation S. On super-

horizon scales, the evolution of these perturbations can be

approximated as

dRc

dN
≃
2ω

H
S;

dS

dN
≃ βS; ð40Þ

where ω is the (covariant) turn rate of the background

trajectory and β depends on the slow-roll parameter ϵ, the

effective masses of the adiabatic and isocurvature fluctua-

tions, and the turn rate ω [41]. In the case of preheating,

superhorizon isocurvature modes (with k → 0) can be

excited, due to the superhorizon correlation length of the

inflaton condensate [66–69]. If the background trajectory is

turning, power from the isocurvature modes can be

imprinted on the adiabatic modes, following Eq. (40).

Since we observe significant growth of isocurvature fluc-

tuations after the end of inflation, across a large range of

scales k, it is imperative to thoroughly check whether

predictions for CMB observables are protected or spoiled

by interactions during the preheating phase.

In order to assess the background motion during pre-

heating and identify possible deviations from the single-

field attractor, we compute the covariant turn rate for the

system in field space and consider the ratio jωj=H as we

vary ξϕ. If jωj=H ≪ 1, the transfer of energy from the

isocurvature to the adiabatic modes remains suppressed and

thus, at least in the regime of validity of Eq. (40), the

adiabatic modes on scales relevant to CMB observations do

indeed remain frozen during preheating.

In the typical covariant approach for multifield models

(which we followed in Refs. [37,40–42]), when working to

linear order in fluctuations, one defines the length of the

background-field velocity vector

j _φIj≡ _σ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

GIJ _φ
I _φJ

q

; ð41Þ

in terms of which one may define the unit vector

σ̂I ≡
_φI

_σ
: ð42Þ

The covariant turn-rate vector is then given by

ωI ≡Dtσ̂
I ¼ −

1

_σ
V;K ŝ

IK; ð43Þ

where the last expression follows upon using the equation

of motion for the homogeneous background fields φI, and

the quantity ŝIK ≡ GIK − σ̂Iσ̂K projects into directions of

field space orthogonal to σ̂I. Using the properties of the

projectors ŝIK [41], it is straightforward to show that

jωIj ¼ 1

_σ2
½V ;KV ;Lð _σ2GKL − _φK _φLÞ�1=2: ð44Þ

The only term in Eq. (44) that becomes problematic during

preheating is the coefficient 1= _σ2, outside the square

brackets, since during preheating _σ repeatedly oscillates

to zero. However, if we perform a time average of this

coefficient over each oscillation of the inflaton condensate,

then the expression for jωj ¼ jωIj in Eq. (44) remains well-

behaved. To apply Eq. (44) to our lattice simulations, we

evaluate all terms that depend on the spatially homo-

geneous quantities ðφI; _φIÞ by substituting the correspond-

ing spatial averages on the lattice.

Equations (40) and (44) apply only when one may

identify a well-defined background solution. In the context

of our lattice simulations, Eqs. (40) and (44) remain well-

defined for times such that the lattice-averaged value for at

least one component of ϕI ¼ fϕ; χg remains greater than

the corresponding RMS value for that component: hϕIi >
ϕI
rms for at least one component I. (We consider this

condition further in Sec. III C when we examine Case

D, with positive ellipticity.) Subject to this criterion, we

find the results for ω (normalized by the Hubble rate)

shown in the left panel of Fig. 6. We see that for all values

of ξϕ under consideration, the turn rate remains much

smaller than the Hubble scale throughout the preheating

phase, even as H itself falls over time.

A second criterion for whether preheating dynamics

could affect predictions for primordial observables con-

cerns how quickly the system reaches the adiabatic limit

[70–73]. The right panel of Fig. 6 shows that soon after the

χ particles are produced, they rescatter efficiently, produc-

ing nearly identical spectra for the δχk and δϕk modes.

[This is consistent with our finding in Fig. 5 that ϕrms ≃

χrms within a few e-folds after the end of inflation for

ξI ∼Oð10Þ.] Although an accurate simulation of thermal-

ization is beyond the scope of this work, Fig. 6 indicates

that an “equipartition” of energy density quickly emerges

between the two fields, which can be considered a

precursor to thermalization [74–76]. Within the first few

e-folds after the end of inflation, the fluctuations in both the
χ and the ϕ fields lose all information about the wave-

number-dependent structure of the initial resonances and

begin to approach quasithermal spectra. Since the turn rate

remains tiny up through the time that quasithermal spectra

emerge, we conclude that the predictions for observables

such as the spectral index ns and the tensor-to-scalar ratio r
from models of the type in Case A, across a wide range of

nonminimal couplings ξϕ, remain unaffected by the rapid

growth of isocurvature fluctuations after the end of

inflation.

In sum, we have shown that for the generic benchmark

case (Case A), preheating becomes more efficient as we

increase ξϕ. Different dynamics occur for different regimes

of ξϕ, governed by the interplay between contributions to

JORINDE VAN DE VIS et al. PHYS. REV. D 102, 043528 (2020)

043528-12



m2
eff;IðtÞ from the potential and the field-space structure.

Several nonlinear processes unfold over distinct time

scales, some of which are strongly correlated with each

other. For large values of the nonminimal coupling,

ξϕ ∼ 100, we find that each of these processes is essentially

completed within Nreh ≲ 2.5 e-folds after the end of

inflation.

C. Parameter dependence

Having presented a detailed analysis of the preheating

dynamics for the benchmark case (Case A in Table I), we

now examine how preheating depends on the potential

topography. Reference [45] analyzed parametric resonance

for this family of models to linear order in fluctuations, and

identified distinct characteristic behavior across parameter

space. Building on the intuition afforded by that analysis,

we now examine the fully nonlinear dynamics of each of

the four characteristic cases (B–D) shown in Table I and

compare them with the benchmark Case A.

Figure 7 shows the dependence of the time scales τρ and

τbg on the value of the nonminimal coupling ξϕ for each of

the five characteristic cases (A–E). We see that complete

energy transfer is possible only for ξϕ ≳ 55, except for Case

D (positive ellipticity), which is particularly efficient.

Preheating in Case C (negative ellipticity), on the other

hand, proceeds slowly, and complete energy transfer does

not occur even for large ξϕ. The backreaction of produced

particles on the evolution of the inflaton condensate is also

significantly slower for Case C compared to the other cases.

Despite differences among the cases, however, we again

find the general trend that preheating becomes more

efficient as the values of the nonminimal couplings ξI
increase, and that (apart from Case C with negative

ellipticity) the relevant, nonlinear preheating processes

are completed within Nreh ≲ 2 in the limit ξϕ ∼ 100.

Figure 8 shows the evolution of the equation of state,

averaged over each oscillation of the ϕ field. The approach

of the equation of state to radiation-dominated expansion

(w ¼ 1=3) proceeds similarly to the benchmark Case A

across these cases (compare with Fig. 3, right panel), except

for Case C (negative ellipticity). We explore each of these

cases in more detail below.

FIG. 6. Left: The covariant turn rate jωj normalized by the Hubble scaleH for Case A and different values of the nonminimal coupling

in the range 1 ≤ ξϕ ≤ 100. Color coding is as in Fig. 3. We see that in all cases jωj < 0.1H. Note that, as explained in the main text, we

only consider the turn rate for times such that hϕIi > ϕI
rms for at least one component I, since this defines the regime of validity of

Eqs. (40) and (44). Right: The power spectrum for ϕ (dashed lines) and χ (solid lines) fluctuations for ξϕ ¼ 10 andN ¼ 2.3, 2.4, 2.7, 3.0

(blue, orange, green, black lines, respectively). We see that when backreaction becomes significant, the two spectra become nearly

indistinguishable.

FIG. 7. τρ;0.95 (left) and τbg;0.9 (right), for all five cases. Color coding is Case A (benchmark case, red lines), Case B (symmetric

couplings, blue lines), Case C (negative ellipticity, orange lines), Case D (positive ellipticity, black lines), and Case E (zero ellipticity,

dashed green lines).
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1. Case B: Symmetric couplings

A physically important case is that of symmetric cou-

plings (ξϕ ¼ ξ χ and λϕ ¼ g ¼ λ χ), which arises if the

model obeys an SOð2Þ (or higher) symmetry. This would

be a proxy for Higgs inflation, if one focused on the scalar

degrees of freedom and neglected the effects of the gauge

bosons [46]. (See Ref. [38] for a detailed computation of

preheating in Higgs inflation; compare with Refs. [77–80].)

As shown in Ref. [43], the symmetric case (Case B) has a

similar preheating behavior to the benchmark case (Case A)

for ξϕ ¼ 1, 10, 100, although preheating occurs with a

minor delay in the symmetric case, with a slightly longer

time scale before significant mode amplification dominates

the dynamics.

Figure 8 shows the averaged equation of state for the

symmetric Case B. We see a similar trend to the benchmark

Case A: a temporarily stiff equation of state for large values

of ξϕ, which quickly asymptotes to a radiation-dominated

one with w ≃ 1=3. However, for ξϕ ¼ 40, there emerges a

late increase in w after N ¼ 3 e-folds, whereas for ξϕ ¼ 55

the equation of state exhibits a temporary local maximum at

N ≃ 2 and then exceeds w ¼ 1=3 at N ≃ 3. This behavior

can be easily understood by considering the field variances

for these values of ξϕ, as shown in Fig. 9.

FIG. 8. Equation of state for Case B (symmetric couplings, top left), Case C (negative ellipticity, top right), Case D (positive ellipticity,

bottom left), and Case E (zero ellipticity, bottom right). Color coding as in Fig. 3. The averaging window is always the period of the ϕ

field. For Case D, the lattice-averaged value of the χ field becomes larger than the ϕ field for some values of ξϕ. The rapid oscillations of

w for ξϕ ¼ 85, 100 can be removed by switching to an integration window corresponding to the oscillations of hχi once hχi dominates

over hϕi.

FIG. 9. The lattice-averaged fields and corresponding RMS values versus e-folds after the end of inflation for Case B (symmetric

couplings), with ξϕ ¼ 40, 55 (left and right, respectively). We have used interpolation between the peaks of hϕi (blue lines), hχi (orange
lines) and ϕrms (red lines), χrms (black lines).
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For both ξϕ ¼ 40, 55 we see an early period of

amplification of the χ field driven by the field-space

curvature (Riemann) term m2; χ in the effective mass.

This resonance is too weak to completely preheat the

universe and eventually shuts off. At later times, after the

Riemann contribution has redshifted to become a subdomi-

nant contribution to meff; χ , a period of ordinary (potential-

driven) parametric resonance drives a significant transfer of

energy from the inflaton into higher-momentum χ modes.

This causes the late-time peak in the equation of state. In

the case ξϕ ¼ 55 the initial resonance at N ≃ 1.5 is strong

enough to drain sufficient energy from the inflaton con-

densate and drive a local peak in the equation of state. It is

interesting to note that the late-time parametric resonance

occurs in the ϕ field. This two-stage parametric resonance

process is similar to that found above for the benchmark

Case A for ξϕ ∼ 25 (see Sec. III B 2).

2. Case C: Negative ellipticity

The negative ellipticity case [with ε ¼ ðξϕ − ξ χÞ=
ξϕ < 0] shows the largest deviation from the benchmark

Case A, as well as the other cases that we explore here. This

can be seen in the time scales shown in Fig. 7 as well as the

equation of state shown in Fig. 8. These results are

consistent with our previous findings from our linearized

analysis [45], in which we had found that a large negative

ellipticity suppresses the Floquet structure of the model,

almost eliminating all resonance bands. This is verified by

the fully nonlinear lattice simulations, in which we find that

complete preheating is not reached, even for ξϕ ¼ 100,

contrary to all other cases. Furthermore, the averaged

equation of state remains w < 1=3 through N ≈ 2.5 e-folds
after the end of inflation. In this case, we find a modest,

late-time parametric resonance, after the Rieman spike has

redshifted enough to be insignificant.

It is interesting to note that for small values of ξϕ ≲ 25,

the late-time resonance occurs in the ϕ field, while for

larger values of ξϕ the late-time resonance is driven

primarily by the χ field; in the latter case, the resonance

is driven predominantly by the potential contribution to the

effective mass, m1; χ , rather than from the field-space

curvature contribution, m2; χ . Figure 10 shows the behavior

of the spatially averaged fields and their corresponding

RMS values for two characteristic values of ξϕ to illustrate

these two different regimes.

3. Case D: Positive ellipticity

We considered the case of positive ellipticity within a

linearized analysis in Ref. [45] and found that positive

ellipticity led to stronger violation of the adiabaticity

condition and, correspondingly, larger resonance bands

than models with symmetric couplings, yielding efficient

preheating. We find comparable behavior in our nonlinear

lattice simulations as well. For example, Fig. 7 shows that

τρ occurs more quickly for Case D than for any of the other

cases in the regime of large couplings ξϕ ≥ 55. Even more

striking, only for Case D does preheating lead to a

significant transfer of energy density from the inflaton

condensate into radiative degrees of freedom for smaller

nonminimal couplings, ξϕ ∼Oð10Þ.
As shown in Fig. 8, the equation of state w for Case D

shows large, persistent oscillations around w ≃ 1=3 after

the first 1.5 e-folds. As noted above, the equation of state

shown in Fig. 8 in each case was averaged over an

oscillation period of the inflaton condensate, hϕi. To

understand the large oscillations in w for Case D, it suffices

to consider the dynamics of this model with ξϕ ¼ 85. The

left panel of Fig. 11 shows the lattice-average field values

hϕi and hχi as well as the corresponding variances ϕrms and

χrms. We see that after a significant energy transfer has

occurred from the inflaton condensate into radiative modes,

the lattice-averaged (background) trajectory of the system

is primarily aligned along the χ axis. After this point, the

dominant frequency for the system is that of hχi oscil-

lations, rather than the hϕi oscillations. If we average the

equation of state w within a window set by the oscillation

frequency of hχi, we find that w approaches w ¼ 1=3 in a

way more comparable to that of the benchmark Case A.

The apparent departure from the single-field attractor

along hχi ≃ 0 raises the question of whether predictions for

FIG. 10. The lattice-averaged fields and corresponding RMS values versus e-folds after the end of inflation for Case C (negative

ellipticity), with ξϕ ¼ 25, 85 (left and right, respectively). We have used interpolation between the peaks of hϕi (blue lines), hχi (orange
lines) and ϕrms (red lines), χrms (black lines).
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CMB observables in this case might be altered by post-

inflationary dynamics. Even for Case D, however, the

strong agreement between predictions from this family

of models and CMB observations remains protected,

despite the violent energy exchange after the end of

inflation, for at least two reasons.

First, we note that the power spectra of the ϕ and χ fields

have “equilibrated” (akin to the spectra shown in Fig. 6)

prior to the time when hχi dominates over hϕi; hence no

information can be transmitted coherently from subhorizon

to superhorizon scales. (In Fig. 11 this effect is consistent

with ϕrms ≃ χrms by N ≃ 1.3 e-folds after inflation.)

Although a detailed discussion of equilibration and ther-

malization is beyond the scope of the present work, it is

clear from such spectra that the final distribution of power

among the ϕ and χ fluctuations is vastly different from that

following the initial parametric resonance. Strong rescat-

tering effects appear to have largely erased any wave-

number-dependent information and yielded spectra that are

similar among the ϕ and χ fields.

Second, we have found that in all cases, χrms ≫ hχi by
the time χrms ≃ ϕrms. This implies that the evolution of the

lattice-averaged quantity hχi is a statistical phenomenon

that assumes different values in each Hubble patch, rather

than a coherent motion of the χ field across superhorizon

scales. In order to examine this, we performed simulations

with different seeds for the fluctuations, all taken from the

same distribution. Figure 12 shows the results for three

such simulations. We see that while the variances are

identical, the lattice-averaged values depend strongly on

the specific seed. Hence different Hubble patches, which in

our simulation can be simulated by selecting different

seeds, will develop different values of hχi. This suggests
that no χ condensate exists with superhorizon correlations,

which in turn implies that the power in low-kmodes cannot

be imprinted onto the adiabatic perturbations on CMB-

relevant scales after the end of inflation.

More fundamentally, while our analysis shows that

predictions for CMB observables in this family of models

remain unaffected by preheating, we emphasize that the

formulas in Eq. (40) that describe the superhorizon evo-

lution of adiabatic and isocurvature perturbations presup-

pose the existence of a well-defined, coherent background

motion, in terms of which one may define the covariant turn

rate ω, as in Eq. (44). When the RMS of the fields far

exceed the lattice-averaged field values, the existence of a

coherent background motion becomes ill-defined. How to

modify simple relations like Eq. (40) for evolution deep

into the nonlinear regime remains an interesting question,

beyond the scope of the present work.

4. Case E: Zero ellipticity

We conclude our analysis with Case E (zero ellipticity),

for which ξϕ ¼ ξ χ , but for which, in general, λϕ ≠ g ≠ λ χ
(see Table I). Because the couplings in the Jordan-frame

potential do not equal each other, Case E is distinct from the

FIG. 11. Left: The lattice-averaged fields and corresponding RMS values versus e-folds after the end of inflation for Case D (positive

ellipticity) with ξϕ ¼ 85. We have used interpolation between the peaks of hϕi (blue lines), hχi (orange lines), ϕrms (red lines), and χrms

(black lines). Right: The lattice-averaged motion in the ϕ − χ plane between 1.3 and 2.7 e-folds after the end of inflation. Later times

correspond to redder colors.

FIG. 12. Lattice-averaged field values and corresponding RMS

values for Case D (positive ellipticity) with ξ ¼ 85 for three

different seeds for the initial fluctuations. Color coding is the

same as in the left panel of Fig. 11. The three different seeds are

shown in solid, dashed, and dotted lines. Note that across the

three seeds, the late-time values of ϕrms (red lines) and χrms (black

lines) remain consistent, whereas the late-time values of hχi
(orange lines) differ significantly, indicating a lack of super-

horizon coherence of the χ field after the end of inflation.
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symmetric Case B. Nonetheless, we see that the phenom-

enology for Case E is largely indistinguishable from the

benchmark Case A, both in terms of the relevant time scales

(Fig. 7) as well as the evolution of the equation of state

(Figs. 3 and 8). This result is not surprising, since any

nonadiabatic behavior caused by the Riemann spike inm2; χ

is not very sensitive to small changes among the couplings

in the Jordan-frame potential. The Riemann spike, after all,

derives from the curvature of the field-space manifold,

which depends only on the nonminimal couplings ξI.

IV. CONCLUSIONS

Postinflation reheating is a critical phase in the early

history of our universe, connecting the era of primordial

inflation with standard big bang evolution. The energy

density that had driven accelerated expansion during

inflation must be dispersed rapidly into a hot, thermal bath

of Standard Model (and perhaps dark matter) particles, and

the equation of state must assume a radiation-dominated

form. Any significant delay between the end of inflation

and the conclusion of reheating would have implications

for the comparison of predictions for observables and high-

precision measurements by altering the expansion history

of the early universe [23–27]. Yet the principal physical

processes during the reheating phase—energy transfer from

the inflaton condensate into higher-momentum particles,

emergence of a radiation-dominated equation of state, and

thermalization of the produced particles at an appropriately

high temperature—can unfold according to their own

distinct time scales, which depend in different ways on

model parameters.

In this work we have examined the postinflation phase in

a family of models that incorporate realistic features from

high-energy theory: multiple interacting scalar degrees of

freedom, and nonminimal couplings between those fields

and the spacetime curvature. We have investigated several

distinct nonlinear processes in these models using lattice

simulations, and explored how the relevant time scales vary

across parameter space. Across all the variations within this

family of models, we consistently find efficient preheating

in the limit of large nonminimal couplings ξI ∼Oð100Þ, with
each of the requisite preheating effects (energy transfer,

radiation-dominated equation of state, and onset of thermal-

ization) completed within Nreh ≲ 3 e-folds after the end of

inflation. Moreover, across the variations in models and

regions of parameter space, inflationary predictions for

observable features in the cosmic microwave background

radiation remain unaffected by the violent postinflationary

dynamics, thereby protecting the close match [40] between

these models and the latest observations.

In general, the postinflationary behavior of most models

within this family behave in comparable ways to the

benchmark or generic case on which we first focused

(Case A) [43]. We found significant deviations from

the benchmark case only for large, negative ellipticity

(Case C), which can arise if there is a misalignment

between the dominant direction in field space along which

the system evolves and the larger of the nonminimal

couplings, ξI . In such cases, the parametric resonances

that are typical of preheating become quenched. We further

identified more modest differences from the benchmark

case for large, positive ellipticity (Case D), in which

particle production was even more efficient than average.

In that case, the superhorizon coherence of the inflaton

condensate was lost even more quickly than in more

“generic” cases.

A physical effect that we have not considered in this work,

but which could have interesting consequences for preheat-

ing in particular regions of parameter space, arises from

coupledmetric perturbations. In Ref. [46] the detailed effects

of the various contributions to the effectivemassesm2
eff;ϕ and

m2
eff; χ were analyzed for this family of models to linear order

in the perturbations. The coupled metric perturbations were

shown to affect the adiabatic fluctuations (δϕ) for low wave

numbers (superhorizon modes, with k < aH). On the other

hand, in these models the growth of isocurvature modes

typically occurs efficiently across a wide range of wave

numbers and is typically more efficient than the growth of

adiabaticmodes for largevalues of thenonminimal couplings

ξI ≫ 1. We therefore expect that the effect of coupled metric

perturbationsmay bemost pronounced in cases with ξI ≫ 1,

in those regions of parameter space in which the growth of

isocurvaturemodes is suppresseddue to a negative ellipticity,

as in Case C; otherwise we expect effects from metric

perturbations to remain subdominant, compared to the non-

linear field dynamics analyzed here. Recently, the limitations

of linearized gravity for treating violent processes such as

preheating has been discussed, for example in Ref. [59]. A

full numerical treatment of gravitational effects in preheating

in this family of models remains the subject of further

research.

Other natural extensions of this work would include

coupling the scalar fields to higher-spin fields, including

both fermions [80–86] and gauge bosons [87–94], and

exploring possible observational consequences, such as the

amplification of gravitational waves during preheating.

(See, e.g., Refs. [95,96] and references therein.) In addition,

although several quite distinct families of “attractor”

models of inflation produce comparable predictions for

CMB spectra if one only considers their dynamics during

inflation [97,98], some of these other models (beyond the

family we studied here) would likely not feature such

efficient preheating [99]. Studies such as this one may

therefore begin to differentiate among competing families

of models and clarify how predictions for CMB observ-

ables might be affected by distinct reheating scenarios.
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APPENDIX A: FIELD-SPACE METRIC AND

RELATED QUANTITIES

Given fðϕIÞ in Eq. (11) for a two-field model, the field-

space metric in the Einstein frame, Eq. (5), takes the form

GIJ ¼
�

M2
pl

4f2

��

2f þ 6ξ2ϕϕ
2 6ξϕξ χϕχ

6ξϕξ χϕχ 2f þ 6ξ2χ χ
2

�

; ðA1Þ

where ϕI ≡ fϕ; χg. The inverse metric is

GIJ ¼
�

2f

M2
plC

��

2f þ 6ξ2χ χ
2 −6ξϕξ χϕχ

−6ξϕξ χϕχ 2f þ 6ξ2ϕϕ
2

�

; ðA2Þ

where CðϕIÞ is defined as

Cðϕ; χÞ≡M2
pl þ ξϕð1þ 6ξϕÞϕ2 þ ξ χð1þ 6ξ χÞχ2

¼ 2f þ 6ξ2ϕϕ
2 þ 6ξ2χ χ

2: ðA3Þ

The Christoffel symbols for this field space take the

form

Γ
ϕ
ϕϕ ¼ ξϕð1þ 6ξϕÞϕ

C
−
ξϕϕ

f
;

Γ
ϕ
χϕ ¼ Γ

ϕ
ϕχ ¼ −

ξ χ χ

2f
;

Γ
ϕ
χ χ ¼

ξϕð1þ 6ξ χÞϕ
C

;

Γ
χ
ϕϕ ¼ ξ χð1þ 6ξϕÞχ

C
;

Γ
χ
ϕχ ¼ Γ

χ
χϕ ¼ −

ξϕϕ

2f
;

Γ
χ
χ χ ¼

ξ χð1þ 6ξ χÞχ
C

−
ξ χ χ

f
: ðA4Þ

For two-dimensional manifolds the Riemann tensor can

be written in the form

RABCD ¼ 1

2
RðϕIÞ½GACGBD − GADGBC�; ðA5Þ

where RðϕIÞ is the Ricci scalar. Given the field-space

metric of Eq. (A1), we find

RðϕIÞ ¼ 1

3M2
plC

2
½ð1þ 6ξϕÞð1þ 6ξ χÞð4f2Þ − C2�: ðA6Þ

APPENDIX B: ADIABATICITY VIOLATION

INDUCED BY FIELD-SPACE CURVATURE

Following the analysis of Ref. [44], we define the

adiabaticity parameter for the χ fluctuations as

A χ ≡
∂ηΩ χ

Ω
2
χ

¼
H−3∂tm

2
eff; χ þ 2ðmeff; χ=HÞ2

2½ðk=½aH�Þ2 þ ðmeff; χ=HÞ2�3=2 ; ðB1Þ

where η is conformal time and the effective frequency

Ω χðtÞ is given in Eq. (23). For small values of the wave

number k ≪ aH this can be approximated by

A χ ≃
∂tm

2
eff; χ

2m3
eff; χ

þ H

meff; χ

: ðB2Þ

For the parameters considered here, the first term domi-

nates the adiabaticity violation, so we will only consider

this, in order to build intuition and connect adiabaticity

to the potential topography and field-space geometry.

Throughout this section we will use Λ̃ϕ ¼ −0.2.

The two dominant terms in the effective massm2
eff; χ arise

from the potential and the field-space curvature, m2
1; χ ≡

G χ χD χ∂ χV and m2
2; χ ≡ −R χ

ϕϕχ _φ
2, respectively, as they

were defined in Ref. [44]. We can approximate the field-

space Riemann term by the Lorentzian function of Eq. (29)

and the potential term by the simplified form

m2
1; χ ≃ −Λ̃ϕλϕM

2
pl

φ2

M2
pl þ ξφ2

; ðB3Þ

where the denominator can be set to M2
pl, because we are

interested in the behavior close to the inflaton zero cross-

ing. This allows us to compute simple analytic expressions

for the adiabaticity parameter, which depend on the

potential parameters and the values of the functions

φðtÞ, _φðtÞ, φ̈ðtÞ. Figure 13 shows the result of using the

full analytic expression and the numerically computed

background evolution φðtÞ. If we only consider the

Riemann term, the adiabaticity parameter vanishes for

φðtÞ ¼ 0, but is otherwise almost constant, with a value

of A χ ¼ 2=
ffiffiffiffiffiffiffiffiffiffi

1 − ε
p

. This analytic result can easily be

computed using the approximate analytic forms for m2
1; χ

and m2
2; χ . We see that this value is only 10% larger than the

numerically computed maximum amplitude of jA χ j, and
thus it can be used as a quick estimate of the (non)adiabatic

JORINDE VAN DE VIS et al. PHYS. REV. D 102, 043528 (2020)

043528-18



behavior of χ fluctuations. The left panel of Fig. 15 shows

the effective massm2
eff; χ divided by the Hubble scale for the

benchmark Case A with ξϕ ¼ 100.

Figure 14 shows both the Riemann term of the effective

mass as well as the (numerically computed) adiabaticity

parameter for three values of ξ χ , corresponding to three

FIG. 13. Left: The magnitude of the Riemann spike as a function of the rescaled background field
ffiffiffiffiffi

ξϕ
p

φ for ξϕ ¼ 1, 10, 100 (bottom

to top) and ξ χ ¼ 0.8ξϕ. The blue line shows the exact result and the dashed red line the Lorentzian approximation. Right: The

adiabaticity parameter for ξϕ ¼ 100, ξ χ ¼ 80 around the first inflaton zero crossing for k → 0. The blue curve shows the full result and

the green-dotted line shows the result of considering only the Riemann term of the effective mass. The red-dotted line shows the analytic

result 2=
ffiffiffiffiffiffiffiffiffiffi

1 − ε
p

.

FIG. 14. Left: The magnitude of the Riemann spike for ξϕ ¼ 100 and ε ¼ 0.2;−0.5, 0.5 (blue, dashed green, dotted red lines,

respectively). Right: The adiabaticity parameter for the same parameters and color coding.

FIG. 15. Left: Contributions to the effective mass m2
eff; χ for ξϕ ¼ 100 and ξ χ ¼ 80 (Case A). The full mass rescaled by the Hubble

parameter is shown in blue, m2
1; χ=H

2 in dashed green, and m2
2; χ=H

2 in dotted red curves. The contribution of the spacetime Ricci scalar

is suppressed and hence is not visible in the graph. Right: The effective mass m2
eff; χ for ξϕ ¼ 100 and ε ¼ 0.2;−0.5, 0.5 (blue, dashed

green, dotted red curves, respectively).
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different values of the ellipticity ε ¼ �0.5 and ε ¼ 0.2. We

see that our analytic estimates are in line with the numerical

result, and, more importantly, we see that decreasing the

value of the ellipticity ε increases the height of the Riemann

spike but reduces the maximum value of the adiabaticity

parameter. The corresponding values of the effective mass

m2
eff; χ are shown in the right panel of Fig. 15.

APPENDIX C: COMPARING LATTICE RESULTS

WITH LINEARIZED ANALYSIS: WAVE-

NUMBER BINNING EFFECTS

In order to present the results of our lattice simulations,

we collect all independent wave numbers and bin them in

intervals of Δk ¼ 2π=L, where L is the comoving size of

the lattice. (A related discussion of sampling effects in

lattice simulations of field theory systems related to

preheating can be found in Ref. [100].) For a three-

dimensional lattice of (comoving) size L, the correspond-

ing wave numbers are

k⃗ ¼ 2π

L
ð�n;�m;�lÞ; ðC1Þ

where n, m, l are positive integers bounded from above by

the total number of grid points in each direction, which is

equal to L=Δx, where Δx is the (comoving) grid spacing.

The numberN of independent modes in each bin k scales as

k ∼ N2 for low k, until the magnitude of the wave number

reaches k ¼ kmax=2 at which point the number of modes in

each bin begins to decrease (related to the Nyquist

frequency). This scaling is simply the density of states

in a spherical shell in three dimensions. By choosing the

amplitude and phases of the initial conditions of each mode

from Gaussian distributions, the resulting power spectra

exhibit a variation of 1=
ffiffiffiffi

N
p

. In order to reduce the

statistical variance in the final spectra, we bin neighboring

wave numbers by adding squared amplitudes of the various

wave numbers that fit in each bin. Each bin is labeled

by the lowest integer wave number it contains, so that

the k ¼ 10 Hend bin actually contains wave numbers

10≲ k=Hend ≲ 12. As a simple way to properly compare

with the lattice results, we compute the following weighted

average for the mode k ¼ 10 Hend,

jQlin:
k¼10 Hend

j2 ¼ 1

102 þ 112 þ 122
ð102jQk¼10 Hend

j2

þ 112jQk¼11 Hend
j2 þ 122jQk¼12 Hend

j2Þ;
ðC2Þ

with obvious generalization for any wave number k. We see

in Fig. 16 that by using the weighted average procedure of

Eq. (C2) we find excellent agreement between results of the

lattice simulations and a linearized analysis (to first order in

fluctuations δϕI), as long as the fluctuations have not

entered the nonlinear regime. Note that for lower values of

k, fewer wave numbers are included in each bin, and hence

it is more likely to observe large statistical variations in the

lattice results.

APPENDIX D: EXCITED WAVE NUMBERS AND

NUMERICAL CONVERGENCE TESTS

In this Appendix we consider various requirements on

lattice size and other simulation parameters. In order for a

lattice simulation to capture relevant dynamics during

preheating, the lattice size should be comparable to the

Hubble horizon at the end of inflation; hence kmin ≲Hend,

where kmin is the smallest comoving wave number in our

spectrum (corresponding to the longest wavelength).

Meanwhile, for typical values of the couplings, one can

show that the modes with comoving wave number up to

kmax ∼
ffiffiffiffiffi

λϕ
p

Mpl are typically subject to parametric ampli-

fication in this family of models [38,45,46,51]. During

inflation in these models, moreover, the Hubble scale

behaves as H2 ≃ λϕM
2
pl=ð12ξ2ϕÞ, so we have

kmax

Hend

¼ Oð1Þξϕ: ðD1Þ

In order for a lattice simulation to accurately capture all

relevant dynamics of preheating in this family of models,

FIG. 16. Comparison of the binned lattice results (black) to the linearized fluctuation analysis (dashed magenta) for the case of positive

ellipticity with ξ χ ¼ 0.5ξϕ for ξϕ ¼ 10 and k ¼ 10 Hend. On the left, the linear result is shown only using the mode k ¼ 10 Hend,

whereas on the right, the linear result is computed using the weighted average of binned modes according to Eq. (C2).
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we therefore require OðξϕÞ grid points in each spatial

direction. Thus simulations with ξϕ > 100 become increas-

ingly expensive.

A further consideration concerns the possible contribu-

tion of unphysical ultraviolet (UV) modes to the system’s

dynamics. Physically, modes that are not excited above the

(local adiabatic) vacuum state should not affect the dynam-

ics of the system. Yet classical simulations are based on

seeding all modes within the lattice, with initial amplitudes

set by the Bunch-Davies (or WKB) values, and then

allowing all of the modes to evolve and interact with each

other. This can lead to numerical artifacts arising from

unphysical contributions from vacuum UV modes. In order

to eliminate such contamination in a controlled way, we

introduce an initial suppression of the power in small-

wavelength modes by multiplying the initial power spec-

trum by a window function in momentum space of the form

FðkÞ ¼ 1

2
½1 − tanh ðsðk − kUVÞÞ�; ðD2Þ

where s controls the sharpness of the transition between

suppressed and unsuppressed regions of the initial power

spectrum, and kUV is the (comoving) threshold wave number

above which initial power is suppressed. Throughout the

main body of this paper, we used kUV ¼ 50 Hend.

To test the robustness of our numerical results, we

performed additional simulations with kUV=Hend ¼ 25,

50, 100. For small and intermediate values of the non-

minimal couplings (ξϕ ¼ 1, 10), we found that the late-time

results were entirely independent of kUV, as expected, since
in these cases both the linearized analysis [44–46] and our

lattice simulations showed significantly weaker parameter

amplification than the case with large nonminimal cou-

plings (ξϕ ¼ 100). For ξϕ ¼ 100, we found that the early-

time behavior of the variances of the ϕ and χ fields

depended on the choice of kUV, but that the late-time

behavior of each field was essentially independent of kUV,
as shown in Fig. 17.

We can analyze the effect of varying kUV for ξϕ ¼ 100 in

more detail. For the δϕ fluctuations, since no significant

parametric resonance is present at early times, increasing

kUV simply increases the number of modes that contribute

to the initial value of hϕ2i. Since these higher-k modes

remain in the vacuum state, their contribution would

be removed via renormalization in a fully quantum-

mechanical calculation, which is not possible in a

(classical) lattice simulation. Nonetheless, we see that

the impact of varying kUV vanishes after the first two

oscillations of the inflaton condensate (that is, by the third

zero crossing of hϕi), after which backreaction and mode-

mode interactions dominate the dynamics. For the δχ

fluctuations, we find some amplification of modes with

large k at early times, and hence some dependence of the

early-time field variance on kUV. However, just as for the ϕ
field, by the second oscillation of the inflaton condensate

the variance of χ becomes essentially independent of kUV.
In sum, at late times, when nonlinear interactions

dominate, both the ϕ and the χ spectra are independent

of the choice of kUV. In particular, the nonlinear dynamics

generate a strong cascade of power toward higher-k modes,

yielding a smooth final spectrum for each field, which

exhibits no memory of the initial window function or the

value of kUV that had been used.

Likewise, we find very little dependence of our numeri-

cal results as we vary the number of grid points N , as

shown in Fig. 17. If we keep the UV suppression scale fixed

at kUV ¼ 50 Hend and change from N ¼ 2563 to 5123, the

behavior of the system is essentially indistinguishable for

times through Hendt ≃ 6, which is when preheating com-

pletes for this set of couplings. After that time, the results of

the two simulations track each other well, though the

simulation with N ¼ 5123 exhibits more visible oscilla-

tions in the variances of each field. This is related to the

strong cascade of power toward higher-k modes: the

increased number of grid points allows us to capture a

larger part of this UV cascade. However, this very slight

difference at late times has no effect on the physical

FIG. 17. The variance of the ϕ field (left) and the χ field (right) for the benchmark Case A with ξϕ ¼ 100 and various values of the

initial UV suppression scale kUV=Hend ¼ 25, 50, 100 (dotted red, dashed green, and dashed black lines). The late-time behavior of each

field is independent of our choice of kUV. The orange-dotted curves show the results of a run with N ¼ 5123 grid points (rather than

N ¼ 2563) and kUV=Hend ¼ 50, again showing excellent agreement between the various simulations.
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quantities of interest, such as the duration of reheating Nreh

or the effective equation of state. For smaller values of ξϕ,

for which the UV cascade is weaker, the late-time results

show even less variation with N .

Finally, it is worth noting that the problem studied

here is well within the regime in which a semiclassical

approximation is valid. In all of the cases in which these

nonperturbative effects occur, the system we study is within

the region of validity of a classical, real-time treatment

(e.g., exhibiting large occupation numbers), as originally

discussed in Refs. [101,102]. A detailed description of

contemporary lattice methods can be found in Ref. [103].
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