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1 Introduction

The Brownian Loop Soup (BLS) [1] is an ideal gas of planar loops whose partition function
can be formally written as

_1+Z H/ loop (~dry; (1.1)

where one integrates over all possible planar loops v and loops are weighted according to
the Brownian loop measure ;1°°P studied in [2]. In the BLS, the weights of loops are chosen
in such a way as to make the model conformally invariant. Requiring conformal invari-
ance essentially determines the measure ;'°°? uniquely, up to a multiplicative parameter.
Because of scale invariance, the total weight of all loops contained in any region of space
is infinite, so p!°°P is an infinite measure (this is the reason it is only determined up to a
multiplicative constant). In this paper, we adopt the standard normalization from [1].

A realization of the BLS consists of a countable collection of loops. In a bounded
domain, when A < 1/2 the loops form separate clusters. The collection of outer boundaries



of the clusters of touching loops is a Conformal Loop Ensemble (CLE,) [3, 4] with parameter
8/3 < k < 4 related to the BLS intensity A according go the equation A\ = W. CLEs
are conjectured, and in some cases proven, to describe the scaling limit of cluster boundaries
in various critical models of statistical mechanics, such as the critical Potts models for
q € (1,4]. For example, the continuum scaling limit of the collection of all macroscopic
boundaries of critical Ising spin clusters corresponds to CLE3 and to a Brownian loop soup
with A = 1/4 [5].

The intensity A of the Brownian loop soup is related to the central charge ¢ of the
corresponding statistical mechanical model according to the relation ¢ = 2\. A discussion
of the central charge of the Brownian loop soup can be found in section 6 of [6]. Since c is
continuous and can be less than one, this demonstrates that the model cannot be unitary
for all values of A (the minimal models are the only unitary conformal field theories with
¢ < 1, and they come in a discrete series). Nevertheless, we were able to identify a set
of conformal primary operators with positive conformal dimensions. These operators are
exponentials of the form e?®N(?)| where f is a real number (the “charge”) and N(z) is an
integer-valued operator that counts some characteristics of the loops.

In this paper, we will consider the case where N(z) counts the “layering number.” For
each configuration of loops in the ensemble (1.1) defining the BLS, every loop is assigned a
value +1 with equal probability. Each loop that encircles the point z contributes this value
+1 to N(z).! For instance, if z lies inside two loops, N(z) will take the value +2, 41, or 0
depending on what value was assigned to each loop (see figure 1 for an example). Note that
these layering vertex operators are sensitive only to the outer boundary of each Brownian
loop (figure 1b).

Because the BLS is a Poissonian ensemble of loops (that is, each loop is independent
of the others), the probabilities of events in the BLS can be expressed in terms of 1P,
Specifically, we can obtain certain correlation functions in the BLS with suitable cutoffs
simply by taking the exponential of A times the p!°°P-weights of certain sets of loops.

In [6], we demonstrated that, after removing the cutoff, ¢/*N(?) is a scalar primary
with conformal weights that are periodic functions of 8, A = A = %(1 — cos 3), and that
correlation functions of products of these operators vanish unless ) . 3; = 0 mod 2. We
computed the two- and three-point functions, but only up to multiplicative constants.

In this paper, we use the results of [8] to determine various expressions for the two-
and three-point correlation functions. Together with a result of [9], we use these results
to compute analytically and in closed form the full four-point correlation function of the
layering vertex operators in the plane, as a function of the positions of the four points, the
intensity A, and the four charges ;.

The results of [9] were obtained by taking the limit n — 0 of the critical O(n) model,
which is conformally invariant and describes a single self-avoiding loop in this limit. As just
mentioned, the layering vertex operators in the BLS are sensitive only to the outer boundary
of each Brownian loop, and the outer boundary is by definition self-avoiding. Furthermore,

In [7], two of us consider a generalization of this procedure where the loops are assigned more general
random values.



(a) Two Brownian loops. (b) The outer boundaries of the same loops.

Figure 1. Two random Brownian loops with identical parameters. For z within its outer boundary,
each loop contributes +1 to the layering number N(z), where the sign is chosen randomly and
uniformly. If the purple loop is assigned +1 and the green loop —1, N(z) = 0 for z in the white or
dark green areas, +1 in the purple, and —1 in the light green.

a result of [2] guarantees that there is a unique (up to an overall multiplicative constant)
conformally invariant measure on self-avoiding loops (this is in fact the measure induced by
p1°°P on the outer boundaries of Brownian loops). Therefore, since every loop in the BLS
is independent of every other loop, we can use results from the n — 0 of the critical O(n)
model to determine correlation functions in the BLS. Specifically, correlation functions of

imN(2) in the BLS are the exponentials of the intensity A times the correlation

the operator e
functions of the twist operators considered in [9], and correlation functions of more general
BLS operators can be deduced as well.

With the four-point function in hand, we can expand it in conformal blocks. This
reveals a new set of previously unknown conformal primary operators and their three-
point function coefficients with the layering vertex operators. The physical interpretation
and meaning of these operators is left to future work.

Using the results of [8] we also compute the two-point function in the upper half-plane
(subject to a certain boundary condition on the real axis), as a function of the positions of
the two points, the intensity A, and the two charges (3;. The results of [8] are rigorous and
based on SLE theory [10]. They do not rely on the n — 0 limit of the O(n) model used in [9)].
Limits of this two-point function help determine various constants in the four-point func-
tion. In particular, we obtain the interesting result that the three-point function coefficient
for the canonically normalized layering vertex operators is exactly 1. This is consistent with
our results for the conformal block expansion of the four-point function. Here, by canonical
normalization we mean that the operators are normalized so that the coefficients of the one-
point function in the upper half-plane and the two-point function in the plane are equal to 1.

We also determine the weights for Brownian loops to wind around one point and not
another in the upper half-plane and full plane, and for several other configurations.



2 Summary and results

Our main result is the derivation of new correlation functions of exponentials of the layering
operators in the BLS. In [6], three of us showed that the conformal dimensions of the
operators e®N () are
~ A
A=A= 1—0(1—(:056). (2.1)
In this work, we obtain the two-point function of these operators in the upper half-plane
with the boundary condition that any loop intersecting the real axis is erased, and the

four-point function in the full plane.
The two-point function in the upper half-plane H (section 3) is given by

<@ﬂ1 (Zl)(;)ﬁz (22)>H _ |Z1 —22|_2(A1+A2_A12)‘21 —§2|2(A1+A2_A12)|21 _El|—2A1 ’22 _22|—2A2
4 5
X exp [—(Al +As—A9)(1—0)3F; (1,1,3;2,3;1—0)] , (2.2)

where @5(2) x €PN are exponentials of layering operators normalized so that
<(’jg(z)>H = |z — 2722, and o, A;, and A;; are defined in (3.6) and (3.11).

The four-point function of these operators in the full plane C (section 5) is given by

! - & 213704 | 2812 | Z1329q |20
[[05.(z)) =exp|-24@) [ D A= Ay
. — — 212234 214223
i=1 C 1=1 j=2 (2_3)
—2Aq —2A5 —2A3 —2A4
212214 212223 293234 214734
2924 213 224 213
with z;; = |2; — 2;| and
1 4 5 4 5
A(SU):Z |:33 3F2 (1,1,3,2,3,$>+$3FQ <17173a2)3ax>:|
2. 2572 2 2 (24)

)
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where the operators are canonically normalized, so that (Og, (21)Og,(22))¢ = |21 — 29| 7251,
and z is the cross-ratio (5.5).
All n-point functions in the full plane vanish unless a (periodic) charge conservation
condition is satisfied: .
> Bi=2rk, kel (2.5)
i=1
The conformal block expansion of the four-point function (2.4) (section 6) reveals
the spectrum of conformal primaries and associated three-point function coefficients. We
find an apparently infinite new set of primary operators of integer spin in the BLS, with
conformal dimensions

, A
APP) — E(1 —cos(f1 + B2)) +

"W

~

oA (2.6)
AP = 151 —cos(Br+ B2)) + 3,

where p and p’ are non-negative integers satisfying p — p’ = 0 mod 3.
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Weights for Brownian loops to encircle various subsets of points in the plane or upper
half-plane can be found in (B.1), (B.3), and (5.8).

2.1 Motivation and previous work

In [11], Freivogel and Kleban considered a toy model intended to capture the late-time
physics of cosmic bubble nucleation in eternally inflating or de Sitter spacetime. In a
spacetime with one time and two space dimensions, these bubbles will be disks (with
random fluctuations to their shape) that expand exponentially after their nucleation due
to the expansion of the ambient spacetime. This turns out to imply that on a late time
slice the distribution of disks will be invariant under translations, scale transformations,
rotations, and special conformal transformations [12]. This “disk soup” has intensity Apk
that is equal to the bubble production rate per Hubble time per Hubble volume.

It is widely believed that theories with Poincaré and scale invariance are fully con-
formally invariant. However, the disk soup model of [11] appears to be an exception.
Operators of the form e’#N(*)| where N(z) now counts the number of disks that overlap
the point z (the “layering” operator in the parlance of this paper) exhibit the behavior
of primary operators with dimension A = A = ZApk (1 — cos 8) — explicit computation
shows that their two- and three-point functions have the appropriate z-dependence. How-
ever, the four-point function, while crossing symmetric, is a non-analytic function of the
z;. For this reason there is no conformal block expansion. Presumably, this is because
general conformal transformations do not map disks into disks, so the disk distribution is
not invariant under local conformal transformations.

A primary motivation for [6] was to obtain a full-fledged conformal field theory by
replacing the disk distribution of [11] with the Brownian loop measure [2]. The analog of
the disk model with the disk distribution replaced by the Brownian loop measure is precisely
the BLS [1]. Since the BLS is known to be locally conformally invariant, a theory defined
by it should be a full-fledged local conformal field theory. While [6] demonstrated that
the exponentials of the (loop) layering operators are conformal primary operators, we were
unable to compute the three-point function coefficients or four-point correlation functions.

In this work, we take a major step beyond [6] by obtaining explicit results for the
four-point function in the plane — which indeed is an analytic function of the cross ratio
and has a conformal block expansion — as well as the three-point function coefficients, and
the two-point function on the upper half-plane.

Models with similar properties of our model have been studied in the literature. An
example of an infinite discrete set of primary operators is found in Liouville theory, which
also allows a description in terms of loop ensembles [13]. A very powerful tool in the study
of Liouville theory is the DOZZ formula [14, 15] and its extensions which allow for analytic
expressions of the three-point function coefficients.

As mentioned previously, other conformal theories in two dimensions that can be un-
derstood in terms of random loops are the so-called random cluster models, of which the
g-state Potts model and percolation are special cases. Some recent results in these theories
include [16, 17].



At this point it is not evident how the BLS model studied here relates to other known
2D conformal theories, except in its explicit connection to the ensemble of a single self-
avoiding random loop that can be obtained from the n — 0 limit of the O(n) model.?
However the periodic-in-3 conformal dimensions (2.1) and the infinite set of primary op-
erators with integer spin but dimensions separated by integers/3 (2.6) that we identify
via the conformal block expansion appear to be novel features with no known analogs. It
would be very interesting to explore the connection to the O(n) model in greater depth,
and we intend to do so in future work.

3 The two-point function in the upper half-plane

In this section, we will use the results of [6, 8] to derive the general two-point function of
layering vertex operators in the upper half-plane H. In this section, and in the rest of the
paper, we will make extensive use of a main result from [6]:

<H ezﬂjN(zj)> = H exp [—Aa(S]S¢) | 1 — cos Z Br || - (3.1)

j=1 SC{z1,eeny2n} kels
S#0
Here the product is over all nonempty subsets S C {z1,...,2,} and Ig denotes the set
of indices corresponding to the points of {zi,...,2,} contained in S. The «(S|S¢) are

the weights, according to the Brownian loop measure, of the sets of loops that encircle the
points in .S but not those in S¢. The loops need to be contained in some domain D, which in
this paper is either the upper half-plane or the full plane. We will denote weights in the up-
per half-plane by ag and weights in the full plane simply by «, and correlation functions by
(...)gand (...)c, respectively. In words, (3.1) states that a general n-point function of lay-
ering vertex operators in the BLS equals the exponential of terms consisting of the weights
for loops that encircle various subsets of the points times the associated conformal weights.

The two-point function in any simply connected domain of the plane can be obtained
from that in H by a conformal transformation, so computing the two-point function in H in
principle gives the two-point function in a domain of any shape. The boundary condition
is that all loops must be confined entirely to the interior of H (that is, one could consider
the BLS on the full plane and remove all loops that intersect the lower half-plane).

Our strategy is to first find the weights of loops that encircle one or both points in
H. Once we have these weights we can immediately write down the two-point function
for general f3; using (3.1). We adopt a notation related to that of [6]. For two points
z1 =x1 + Y1, 20 = x3 +iys € C let

am(z1)22) = pP{y : diam(y) > 6,7 C H, 21 €7, 25 ¢ 7}

: (3.2)
apr(z1, 22) = p°°P{y : diam(y) > 6,7 C H, 21, 2 € 7}.

2As mentioned above, the precise relation is that correlation functions of the operator e!™¥*) in the
BLS are the exponential of the intensity A times the correlation functions of the twist operators considered
in [9] that were obtained from the n — 0 limit of the O(n) model.



Here 6 > 0 is a short-distance regulator that we will later take to zero, « is a loop (left
panel of figure 1), 7 is the interior of v (right panel of figure 1, shaded region), and diam(~y)
is its diameter (the largest distance between any two points on the loop).

In general, the weights of loops that encircle only one point (such as (3.2), first line)
diverge as § — 0 due to contributions from arbitrarily small loops, infinitely many of which
encircle any given point. Weights of loops that encircle two or more points (such as (3.2),
second line) are finite as 6 — 0 because only loops whose diameter is larger or equal to the
distance between the two closest points encircle them.

For |z1 — 22| > ¢, using equations (1.5) and (1.3) of [8] (the first multiplied by 67/5),
we have that

s 1 4 5 1
= — Py (1,1,2:2, 2 ) — —1 —1 3.3
aH(ZlazQ) 5\/§ 10773 2< ) >3a 73a77> 10 Og(n(n )) ( )
I'(2)? 2 4
+ 3 —1))32F 17 97 00
Sty = 1) (1.5:3)
1 4 5
= —— |1 1-— Frl1,1,=:2,—:1— 4
10|:Og0-+( 0)3 2<a 737 >3a U>:|> (3 )
where
_ (x1 — 562)2 + (y1 — y2)2 _ (21 — 22)(Z1 — Z2) (3.5)
Ay1ys (21 —Z1)(22 — Z2) '
and
21 — 2* (21— 22)* + (11 — p2)?
— = 5 5 (3.6)
|21 =222 (21— 22)* + (11 + o)

(21-%2)(21-22)
(z1-Z1)(22—22)
We can use (3.4) and properties of the weight of the loops around z; in the Brownian

Notice, for future reference, that n — 1 =

loop measure to get an expression for ag(z1|22). By using scale and translation invariance
of the Brownian loop measure, and Lemma Al of [6], if 6 < y;, we have

ag(z1) = p°P{y : diam(7) > 6,7 CH, 21 € 7} (3.7)
1.y . 1. |zaa—7Z1] .

— Zlog 2L = Zlog 221 3.8

50g5+a 50g 55 + a, (3.8)

where & = p'°°P{y : diam(y) > 1,7 C H, z; € 4} is the weight of the loops with diameter
greater than or equal to 1 contained in H and winding around the point z = 7. On the
other hand, if |23 — 22| >, then

am(z1) = am(z1]22) + an(z1, 22); (3.9)
hence, for 6 < min(|z; — 22, |21 — Z1|/2) we finally obtain
1 1 .
ap(z1]22) = —am(z1, 22) + £ log|z1 — Zz1| — R log(26) + a. (3.10)
Using (3.1) and denoting the conformal dimensions by

Aj = %(1 — cos f35) G

A
and  Ajj = ﬁ(l — cos(Bi + B5)),



we have

<€iﬁ1N(21)€iﬁ2N(Z2)>

H

=exp [~ A ((1 —cos B1)am(21]22) + (1 —cos B2)am(z2]21) + (1 — cos(B1 + B2) ) am(z1, 22))]

_ (25@*56‘) 2(A1+A2) |21 — 22|72(A1+A27A12) |21 _22‘2(A1+A27A12) |21 _51|72A1 |20 — %o ’72A2
X exp [—(Al +As—A19)(1—0)3F, (1, 1, %;2, g; 1 —0>} ) (3.12)

This equation implies that the canonical normalization in the upper half-plane is obtained
by multiplying the normalizing factor 6?27 used in [6] by (2e7°%)?2s. Defining @5(2) =
(256_56‘)_2A eBN () the two-point function becomes

<eiﬂlN(zl)eiﬂzN(22) .

<0/31 (21)Op, (22)>H = lim. (20050 B1+E2)

_ |Z1 —22|_2(A1+A2_A12)‘21 _52|2(A1+A2—A12)|Z1 _§1|—2A1 ’22 _§2|—2A2
4 5
X exp [—(A1+A2—A12)(1—0)3FQ (1,1,3;2,3;1—0‘>:| . (313)

Note that the one-point function can be immediately obtained from (3.13) by setting, e.g.,
B2 = 0: i
<0/31 (Z1)>H = |z — 7|72 (3.14)

4 The two- and three-point functions in the full plane

In this section, we compute the two- and three-point functions of layering vertex operators
in the full plane. A major difference from the half-plane is that in the full plane all
correlation functions go to zero because of the contribution from large loops, unless the
charge conservation condition

n
> Bi=2rk, kel (4.1)

i=1
is satisfied [6, 11]. This is reminiscent of momentum or charge conservation for the vertex
operators of the free boson, where the condition arises from integration over the zero mode.

Note that this condition would also be clearly necessary were we to define these corre-
lation functions on the sphere rather than the plane, because on a sphere a loop that covers
a subset of points can equally well be interpreted as a loop that covers the complement
of that set (on a compact space there is no notion of the “inside” versus the “outside” of
the loop). Since the plane and the sphere are conformally equivalent, (4.1) is necessary for
consistency (cf. section 5).

The z; dependence of the two- and three-point functions in the full plane follow from
conformal invariance and the fact that the layering vertex operators are conformal pri-
maries [6]. However, this argument does not fix the constant prefactors, which were not
computed in [6]. As we show in appendix A, by taking the limit that the points are far from



the boundary, we can use our results from the upper half-plane to determine the multiplica-
tive prefactors left undetermined in [6]. We find that the most convenient normalization
in the plane is

s ~ 72A . s ~
Op(2) = (256*%*5“) eBNGE) = eV 0(2), (4.2)

where again & is a constant equal to the weight of loops in the upper half-plane with
diameter larger than 1 and that encircle z = i. Comparing (4.2) to (3.13) shows that the
difference between the canonical normalizations in the half-plane and in the plane is simply
the factor e%A.

The two- and three-point functions of Og(z) in the limit § — 0 are

(0p,(21)0g, (22))c = |21 — 22| 74 (4.3)
and

<051 (21)052 (32)053 (23)>(c

AvHAs=83) ) o =285 (4.4)

o — 2| HOx+Oa- ),

= ‘21 — 2’2‘72(
as shown in appendix A. The calculation leading to (4.4) is possible because, when the
three-point function is expressed in terms of a(z1,z22) and «(z1, 22, 23), the coefficient of
a(z1, 22, #3) turns out to be zero thanks to charge conservation (see appendix A). Remark-
ably, the three-point function coefficients are precisely 1 for all values of the §; satisfy-
ing (4.1).

In the notation of [6], these results are equivalent to

N 2(A14A) Cr e 2(A1FAstAS)
02:<2e\/§5a> o 03:(2eﬁ5a> R (4.5)

5 The general four-point function in the plane

In this section, we will compute the general four-point function for the layering operators
in the whole plane. As before, the computation uses (3.1) and the derivation of the weights
of various collections of loops. But while all results presented so far were mathematically
rigorous, this time we rely on a non-rigorous result of [9] obtained taking the n — 0 limit of
quantities computed for the O(n) model. We also point out, however, that in appendix B
we give a rigorous derivation of a similar result from [9], obtained there with the same
n — 0 technique. This provides additional evidence in favor of the validity of the O(n)
expansion and n — 0 limit used in [9].



Consider four points z1, z9, 24, 24 and assume in what follows that the letters i, j, k, £ €
{1,2,3,4} are always different. Using (3.1), the four-point function can be written as

4 4
<Hei5iN(Zi)> = exp [ (Z 1 — cos i)« Zz\z’j,zkyze)
i=1 C

=1

+ Z (1 —cos(B; + Bj))azi, 25|12k, ze)
=) (5.1)

4
+ Z(l —cos(Bj + Br + Be)) a2, 2k, 2e| i)

i—1
+ (1 —cos(B1 + B2 + B3 + B1)) (21, 22, 23, Z4)>] ;

where the weights a of loops encircling points in the full plane are defined analogously
o0 (3.2). Imposing the charge conservation condition (4.1), the four-point function becomes

4 4
<new<z»> - [ A(Zu — cos Bias(eil, 2 20)
i=1 C i=1

. (5.2)
+ 3701 = cos(Br + B;))as(1, 22, zw)] ,
j=2
where we introduced the weights
ag(S]5¢) = a(S]S°) + a(S€]S) (5.3)

for subsets of points S C {z1, 22, 23, 24}, with S¢ denoting the complement of S. For
instance, ag(z1|z2, 23, 24) = a(z1|22, 23, 24) + (22, 23, 24]21).

As previously mentioned, if we consider the BLS on a sphere rather than the plane,
charge conservation is necessary for consistency because there is no distinction between the
inside and outside of a loop on a sphere. Another implication of this fact is that both “sides”
of the loop must contribute equally to the correlation functions. Under stereographic
projection to the plane, the “outside” of the loop is the side that contains the point that
projects to infinity of the plane, but it remains the case that both the inside and the outside
must contribute. This explains why only the paired weights as appear in (5.2).

There are a total of seven pairs ag that contribute. Six of these can be determined
from the results we have already obtained for the two-point functions (we can also obtain
relations from the three-point functions, but they are not independent). For the seventh
relation we will use a result of [9].

Choosing 1 = 2 = m, 3 = 4 = 0 in (5.2) reproduces the two-point function. Hence
comparing (5.2) with (3.1) gives the relation

as(21]22, 23, 24) + as(22|21, 23, 24) + as(z1, 23|22, 24) + as(21, 24|22, 23)

5 (5.4)
= 2a(z1]|22) = glog |21 — 22| + 20,

~10 -



where we used (B.1) in the last equality and @ is defined in (B.2). Five other independent
equations can be obtained by choosing other pairs of the 3; equal to 7 and 0.

The system of six equations we obtain from (5.4) and its permutations has rank six.
An additional independent relation is necessary to solve for the seven ag, and is provided
by [9]. Defining z;, = z; — 2, the cross-ratio

212234

¢ = R (5.5)
2132924 213224
and the function
1 4 5 4 5
. 1,1,2:2,2. T 1,1,2:2 2.7
A(x) 4|:1'3F2<, 7372737x>+x3F2<7 ,3,2,3,([:)]
1
2. 2572 2 4 |

plalt =)t br (F1i i) (5.6

VAL ()T (Y)

equations (21) and (22) of [9] imply that
Z as(zi|2j, 2k, 2¢) = P (log|vze3214| + 2A(2)) + 4(Q + R). (5.7)

i=1
Cardy and Gamsa derived this result by solving a linear differential equation that does not
fix the overall normalization or the additive constant, so we have included an overall coeffi-
cient P, and retained an additive constant that we denote 4(Q + R) for future convenience
(we will see shortly that R = 0, and @ is defined by (B.2)).

To determine P we can examine the scaling behavior of the four-point function (5.2)
where we set 3; = m and therefore A; = A/5, Aj; = 0. In general, if Oa A is a pri-
mary of dimension (A, A), rescaling z; — pz; takes log <O4A7A> — —8Alog p + log (O4A,A).
Using (5.2), this fixes P = 2/5.

We now have seven independent equations for the seven as. The solutions are

as(z1]22, 23, 24) = % <log 2122;14 + Az )) +Q+R (5.8a)
as(za]z1, 23, 24) = % <log lef;?’ + Az )) +Q+R (5.8b)
ag(zs)|21, 22, 24) = % <1og 22;;34 + Az )) +Q+R (5.8¢)
ags(z4|21, 22, 23) = é <log Z1§1234 + Az )) +Q+R (5.8d)
as(21, 22|25, 24) = — 5 (log lal + A(x)) ~ R (5.8¢)
as(z1, 23|22, 24) = éA(SL‘) - R (5.8f)
ase1, 22, 2) = — (log|1 — 2] + A(z)) — R (5.82)

We can now show that R = 0. Consider the four points z; arranged in a rectangle in
cyclical order. If we let a pair of points approach the other pair by taking z; — z4 and
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z9 — 23 it is clear that a(z1, 23|22, 24) — 0, since the measure of loops passing between the
pairs of points goes to zero. In the same limit we have that = — 1, A(xz) — 0. Comparing
this with (5.8f) shows that R = 0. The weights (5.8e)—(5.8g) coincide with those given in
(29)-(31) of [9], after multiplication by an overall factor 6m /5.

This allows us to write the fully general, normalized four-point function as

4 . 4
<1_[1 O/Bi(zi)> = %I_I}%) (256_5(5_%)_2 Z?:l A <H eiﬁz'N(z¢)>
1= (C (C

i=1
. s13201 | 2 | 21gz0a |20
= exp —2A(.Z') Z Az - Alj O (59)

— — 212234 214223
i=1 7j=2

—2A4 —2A —2A3 —2A4

212214 212223 223234 214234
294 213 224 %13 ’
where A(x) is defined by (5.6) and the A;, A;; by (3.11).
With some algebra and using the identity
A(x) — A(l/x) +1log|z| =0 (5.10)

one can check that the four-point function is invariant under exchange of any pair of indices,

establishing crossing invariance.

5.1 Free-field limit

There is a limit in which the correlators in the full plane become those of free field vertex
operators (the same limit was considered and the same result obtained in [11], for the disk
model studied there). Consider taking 3; — 0 and A — oo with the product A\3? fixed. We
define the field 1 by BN (z) = v2v¢(2) with

A

v=1/50 (5.11)

such that the conformal dimension of the operator ¢?N(2) = eV21¥(2) becomes

_ A A2
A—lo(l Cosﬁ)—>20,8 =v°. (5.12)

This is the correct dimension for a canonically normalized free-field vertex operator eV21Y,
Now consider (5.9) and note that

4 4 4 4
DAY A=Y A=Y (m+y) =0, (5.13)
i=1 j=2 i=1 =2

where we used the fact that Z?zl vi = 0. Therefore the factor in (5.9) involving hyper-
geometric functions goes to 1 in this limit, and the remainder reduces immediately to the
correct form for the four-point function of free-field vertex operators:

4 4 4
<H 051(Z1)> — H |Zij|47ﬂj = <H eiﬂww(?‘j)> . (5‘14)
=1 C

2,j=1 j=1
1<j
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This same limit should reduce the n-point function in the plane for all n to the free-field
case.

Interestingly, the correlators in the upper half-plane do not reduce to those of free
fields in the same limit. To see this, note that the coefficient of the hypergeometric function
in (3.13), A1+ Ay — Ajs, does not vanish in the limit described above. (This is in contrast
to the coefficient of the hypergeometric functions in (5.9), see (5.13).) Since the two-point
function of free-field vertex operators in the upper half-plane is simply a product of powers
of distances between z; and zz and their images in the lower half-plane z; and Zs, (3.13)
does not reduce to the free-field result. Apparently, the boundary condition on the real
axis induces interactions between the bulk operators. The same limit considered here, but
in domains conformally equivalent to a disc (which include the upper half-plane), is studied
in detail in [18].

6 Expansion in conformal blocks

The four-point function of a conformal field theory contains information about the three-
point function coefficients, as well as the spectrum of primary operators. To obtain this
data, one makes use of the operator algebra by performing a conformal block expansion.
By a global conformal transformation, one can always map three of the points appear-
ing in the four-point function to fixed values. The remaining dependence is only on the
cross-ratio (5.5)
g = 125 (6.1)
213224
and its conjugate Z. Each cross-ratio is invariant under global conformal transformations.
Following the notation of [19] section 6.6.4, we set z; = 00, 22 = 1, 23 = x and z4 = 0,

and define

: A7 22A
GHi(2) = lim 2328 (0, (21)04, (1) 05, (1) 05, (0) (6.2)
where A1 = Aj in our case (note that later on we will consider operators with spin,

A@P) £ Ar),
We can now proceed to expand the four-point function in Virasoro conformal blocks

Gii(z) = ) CLCHF3 (Pla)F3i (Pl2). (6.3)
P

The sum over P runs over all primary operators in the theory, and the C’Z; are the three-
point function coefficients of the operators labeled by ¢, 7 with P. Each P with a non-zero C
contributes a term consisting of a holomorphic function times an anti-holomorphic function
of the cross-ratio. These functions — the Virasoro conformal blocks — depend only on =z,
the central charge ¢, and the conformal dimensions A;, Ap of the five operators.

The conformal blocks are given perturbatively by a power series

FA(Ple) = abr—25-84 3™ Frak (6.4
K=0
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where the coefficients Fx are determined by the Virasoro algebra. The first three terms
are given by (see [19, 20])

Fo=1

7 (AP+A2—A1)(AP+A3—A4)
A+ B

F2: C ’

with

A= (Ap+Ay—AD(Ap+ Ay — Ay +1)

X [(Ap + Az — Ag)(Ap + Az — Ay + 1)(4Ap + ¢/2) — 6Ap(Ap + 2A35 — Ay)]
B = 4Ap(2Ap + 1)(4Ap + ¢/2) — 36A% (6.6)
C = (Ap+2As — Ay)

X [4Ap(2Ap + 1)(Ap + 2435 — Ay) — 6Ap(Ap + Az — Ag)(Ap + Az — Ay + 1)].

We now take the limit in the four-point function (5.9) to obtain
() = [af28r2m8em 801 — g 2&um8em) exp [9AA(a)] (6.7)
where A(z) is given by (5.6) and

A=Ap+Ai+Ay—A—Ay — Az — Ay,
A

=10 [—1 + cos 1 + cos B2 + cos B3 + cos B4 (6.8)

—cos(fB1 + B2) — cos(B1 + B3) — cos(B1 + B4)] -

Any consistent four-point function of scalar primary operators must obey the crossing
relations:

G3i(x) = G(1 — x) (6.92)

1
= |z| s GH <x> . (6.9b)

These relations follow from the invariance of (5.9) under exchange of any pair of indices,
which we have already verified. However as a check, we can verify (6.9a) directly. By
taking different limits of the four points we obtain

Gih(w) = o281 8em )1 g2&2m 8= exp |9AA(a)] (6.10)

() = |oP(ArAam 8|1 — gf2u8e=89) oxp [2AA(z) | (6.11)

It is easy to see that (6.7), (6.10) and (6.11) indeed satisfy (6.9a) (again making use of the
identity (5.10)).
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6.1 Primary operator spectrum

As explained above, the expansion of G3}(z) around z = 0 reveals the spectrum of dimen-
sions of the primary operators that couple to the layering vertex operators. The hyperge-
ometric functions appearing in A(x) are regular as x — 0. As a result, the leading power
|z|2(A12=A3=A4) where Ay = Agy = 2(1 = cos(B3 + B1)). There-
fore, the lightest operator with non-zero three point function with e?#sV(23)¢iBaN(z1) and
eP1N(21)¢iP2N(22) hag dimension Ay = Asy, the dimension of the operator e~ {Bs+Pa)N(2)
Furthermore, the three-point function coeflicient is equal to 1. Presumably, this operator
is indeed e~ #PstB)N(2) — (ilBr+52)N(2)  although we cannot be certain as we do not have
complete knowledge of all its three-point function coefficients.

The next term in the expansion of G2j(x) comes from the z'/33Fy(2/3,1;4/3;z) =
2'/3(1 + O(x)) term. Since there are no other terms with the power x'/3, there must

comes from the term

be at least one primary operator with dimension Ajy + 1/3. Similarly, expanding the
exponential to quadratic order gives a term proportional to the square of the previous
one, x2/35F|(2/3,1;4/3;x)?/2. This indicates the existence of a primary with dimension
Ay +2/3.

The question of whether there is a primary with Ay 4+ 3/3 = Ay + 1 is more subtle,
because this power of x also appears in the expansion of the Ajs conformal block. To
see that such an operator indeed exists, we could compute (the square of) its three-point
function coefficient by subtracting the contribution from that of the Ajs block, and see
that the result is non-zero.

Let us now make this procedure systematic for the first few levels of operators. As
noted before, it appears there exist operators of dimension (Ap’p/, Apvp/) with

/ A
APP) :A12+§ = A34+§: E(l—COS(ﬁl +52))+§
\ , (6.12)
A02) = S (1~ cos(B1 + B)) + 5

for some non-negative integers p, p’ that couple to e?V (23) giBaN (24) gp( eiF1IN(21)gif2N(22),
We need to compare the expansion of

[e.9]
G3i(x) = |a| 2BeHB) N g, /3503 (6.13)
m,n=0
to the conformal block expansion (6.3) in which we must allow the operators to have non-
zero spin (Ap’p/ may be different from Ap’p/). To accommodate the previous results we write

G2 (z) = || ~2(BatA) i Cé%j’p”cfg’p’> ]_—i(p)]:—](p’) P3P /3, (6.14)
ff;’b
where we now sum over all non-negative integers i,7,p,p’. Here Fi(p )F_’j(p ) denote the
conformal block coefficients evaluated at (6.12).
By identifying the coefficients order by order in z and Z we can find the products of

three-point coefficients Céi’p )Cg’p ), Every non-zero combination shows the existence of
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(a) Generic §;. (b) b1 =02=P3=Ls=m.

Figure 2. The non-zero products C’éi’p /)C’g’p ") are shown for different choices of Bi.

an operator with dimensions (AP?', AP?") in the operator spectrum to which two layering
vertex operators fuse.

We use a code developed by Matt Headrick [20] to generate the conformal block co-

efficients up to third order, which allows us to consider terms up to order O(z'/3). The
21/371.2

3v/3T(1/6)2I'(4/3)2 "

Below, we give the first few three-point function coefficients from different blocks. These

non-zero three point coefficients are marked in figure 2. We denote p =

grow very rapidly in complexity with increasing p, p’

0,0) (0,0
ci¥cs? =1
48 Bi . P2 . B3 sin B1+ B2+ Bs

C?E}”CS D 3 — pAsin 5 sin > sin ~ sin 5

2,2) ~(2,2 1,1 2
0954 )C§2 )1 (C:SA )C£2 )>

3,3) ~(3,3 1,1) ~(1,1
e = & (e

(6.15)

C(4 4)(] (4,4) and the following terms are very lengthy. The first few off-diagonal terms of
the form C(nnt3) — o(n+3.n) gre

C?EZ 3)0(0 3) _ (6.16)
D _ 241\2 (cos % — Cos (ﬁl + Ba+ %)) sin 521 sin (51 62) sin 522 s,uflﬁ2

34 V12 T T g —10—3X\(1—cos(B1+52))

2

05 05) 1152423 (cos(B1+B3) —cos(f2+ f3)) (sm 521 sin 62 sin 62 sin <ﬁ1+/322+53 ))

34 Y12 T T op —20—3A(1—cos(B1+S2))

3

5969 92163\ (cos(Br+fB3) —cos(Ba + B3)) (sm B sin 22 sin 2 sin (/31+622+ﬁ3 )>

34 12 — 125 —10—)\(1—008(,31 +52))
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The first term of the form C(wn+6) = C(+6:n) g

2
Cég’ﬁ)cgﬁ) = ———[11 + 5(cos B1 + cos B2 — cos(S1 + [2)]

200
><sm&s1n@sn@ 6sin DLt P2 =B oo Pt Bt B
2 2 2 2
+ 5sin 3061 + 52 + Bs) — 6sin —3081 +§) + Ps + 5sin —Bl + ﬁ; + 353
X [25 + 14X + cos(B1 + B2)(25 — A(18 — 4cos*(B1 + B2)))] . (6.17)

We now analyze two special cases for which the three-point coefficients simplify consid-
erably. Consider first the case 81 = 2 = 3 = B4 = m. We denote Céi’p ) = C’g’p ) — o),

n,n)

The first few diagonal terms C( are given for 0 < n <6 by

2 1 2n
)2 _ L (A0
(C ) = (C ) : (6.18)
with
2 48
(C(“)) = . (6.19)
The term with n =7 is
2 7683 125
™0\ = K 15891246 )\4 2
(C ) 19140625 <(7—15)\)2 T 3TISSILZUEAT ) (6:20)

The first few off-diagonal terms are of the form C("+6) = C(n+6:n)

(e

)2 2
(o) -

U) -

o) =

( 2_ 288 161\ —50,, , (6.21)

4375 21X\ + 2

2 1536 59\ — 25 )\3M3
Now consider the case 31 = B2 = 3 = 84 = 5. The diagonal terms for 0 <n <5 are

21875 A+1

(C("’”)>2 - % <C(1’1))2n (6.22)
with
(C(171)>2 - —%AM. (6.23)
The n = 6 term is
(C<6 6’)) 12;()2000 (125 + 3317765\%). (6.24)
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The first few off-diagonal terms C(""+6) are

2 A

) =1

(0(7,1)>2 3% 2268)% + 5835\ — 1450
)
)

1750 162A% + 390X — 175

2 9AZp2 1134X% + 5835)% + 2350\ + 1250
T 4375 812 + 390\ + 25

2 36A3u3 2523 + 1945A% 4 2050\ + 1250
21875 18A2 + 130\ + 75

(6.25)

6.2 Interpretation

We leave the physical interpretation of these new primaries to future work. A hint is
provided by [21], which considers the O(n) model as n — 0. There the four-point function
is essentially the log of the one considered here for 8; = m, and only a finite number of
primaries appear in the fusion products. The primary corresponding to (p = 1,p’ = 1)
in our notation has dimension (%, %) when (; = m, and is identified as the leading order
energy density operator of the O(n) model (in the limit n — 0).

One important caveat to our results in this section is that the three-point function
coefficients obtained from the conformal block expansion do not entirely determine the
spectrum of primaries. Clearly, there could be primaries in the theory with vanishing
three-point coefficients with the layering vertex operators, and these would be invisible to
us. A more subtle issue can also arise in the other direction if there are multiple operators
with the same conformal dimensions that couple to the vertex operators. In that case
one can only determine the sum of the squares of the three-point coefficients. Since these
squared coefficients can evidently be negative, there could be cancellations. Therefore it
is logically possible we are missing some operators in the theory that couple to the vertex
operators, as there could be multiple degenerate primaries that couple with three-point
coefficients with squares that sum to zero.

6.3 Null descendant states

Some of the three-point function coefficients we have calculated diverge at special values
of A, B;. For instance, with all 5; = m we have

<C(177)>2 _ (c<771>>2 _ _;2?1;;’_‘ - (6.26)

This coefficient diverges when A = 7/15, or ¢ = 14/15. One expects CFTs with ¢ < 1
to contain null descendants of primaries with certain conformal dimensions. Indeed, at

¢ = 14/15 the Kac determinant vanishes at second level for a primary with dimension
A =1/3 (hg, in standard notation, see for instance [19]). Vanishing at second level means
a state with dimension 1/3 should become null. When this happens the corresponding three
point coefficient diverges, because the norm of the state appears in the denominator. The
dimension of the operator corresponding to C7) is indeed AMT) = (X/10)(1 — cos(B1 +
B2)) +p/3 =1/3 for B; = 7 and p = 1, as expected from this argument.?

3We thank Alex Maloney and Liam Fitzpatrick for discussions on this point.
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The four-point function (5.9) is an analytic function of all its parameters and ar-
guments. In particular, the conformal block expansion (6.14) remains finite even when
three-point coefficients diverge due to a null state. This occurs because the conformal
blocks .Fi(p ) vanish so that the product Ci,(ﬁ’p I)Cg’p /)]-"i(p )]__](p ) remains finite, which is the
expected behavior in general for the conformal block expansion of correlation functions of
primary operators with null descendant states.

7 Outlook

Our results for the correlation functions raise many interesting questions. First, it is
possible that we can extend our techniques to compute n-point correlation functions for
arbitrary n. This would provide new results for the winding probabilities of Brownian
loops. The spectrum of new primary operators we discovered needs investigation, as we do
not know how to identify these operators either in terms of a previously known CFT, or in
terms of the BLS.

Another interesting direction is to generalize the random variables assigned to the
loops. Here we considered the layering operator and assigned a random =+1 to each loop.
In ongoing work to appear soon, two of us (Foit and Kleban) have considered more general
distributions of random weights. This gives rise to an infinite class of new conformally
invariant systems for which we can compute exact four-point functions that depend on
additional continuous parameters characterizing the distribution of weights.
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A Full-plane limits

In this appendix, we derive the results of section 4 by taking limits of our results from the
upper half-plane.

We consider the two-point function first and apply charge conservation, which implies
A12 = 0. Taking

Q) =z +ilyr +1), Cot) =20 +i(ys + 1) (A1)

with ¢ > 0 and z; = x1 + ty1, 22 = T2 + 1Y2, We can express the two-point function in the
complex plane as the limit of two-point functions in the upper half-plane, as follows:

<eiﬂ1N(z1)eiﬂ2N(z2)> — lim <ewlN(<1(t))erN(cw))> ' (A.2)
C t—o0 H
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To see this, note that

<6i61N(C1(t))ei52N(C2(t))> — <ei61N(zl>eiﬁ2N(z2>>

H H, (A.3)

_ e—AaHt (21]22)(1—cos 61)6_)‘0‘Ht (z2]21)(1—cos B2) ’

where H; is the half-plane {(z,y) : y > —t}. The weights ag, (2;|2x), for unequal j, k = 1, 2,
are increasing in ¢ and bounded above by a(zj|z;), which is finite by thinness of the
Brownian loop measure p'°°P [22]; this implies that they have a finite limit as ¢t — oo.
Moreover

a(zj|2) — o, (25]26) < p'°P(y @ diam(y) > t, v intersect Z173) — 0, (A4)

as t — oo, where Z1z3 is the segment connecting z; and 23, again by thinness. This shows
that limy_oo o, (2i]25) = a(zi|2;) and proves (A.2).
We are interested in calculating

<6i51N(zl)eiﬁ2N(Z2)>(c <6i51N(C1(t))ei52N(C2(t))>H
<O,31(21)052 (22)>(C = lim A TA lim lim — TR -
6—0 <256_ﬁ_5&> 2(A1+A42) §—0t—00 (2(56_ﬁ_5a) 2(A1+A2)

(A.5)
For any 0 < |21 — 22/, using Lemma A1 of [6] and letting ., . | m, (2i[2;) denote the weight
of all loops of diameter at least |z; — z;| contained in H; and winding around z; but not z;,
we have that

1 Z1 — %9
ag, (21]22) = = log !

5 5 T M-zl (21]22), (A.6)

which allows us to write
5—2(A1+A2) <ei61N(C1 (t))e’bﬁ2N(C2(t))> — 5—2(A1+A2) <eiﬁ1N(21)eiﬂ2N(2’2)>
H H
— 2o, (21]22)(1—cos B1) ,—Aam, (22]21) (1—cos B2)

(A7)

6_10A1a\21*22|:H1} (21|Z2)€—10A2a‘Z1,Z2|’Ht (22]21)

|21 — 20|2(A1+A2) ’

which is independent of §. Because of this, we can exchange the limits in (A.5) and write

' . <ei51N(Cl(t))ei/52N(C2(t))>H
<O,31 (21>052 (Z2)>(C = tlggo %I_I}(l] (2567%756!)2(A1+A2)

(A.8)
= tllglo <051 (Cl (t))@52 (CQ (t))>H :

Notice also that

o OO =G0 2y + 1) .

t—oo (1 (t) — Co(t)  t=oo (1 —x2) +i(y1 + y2 + 20) (A.9)
lim C(t) - §2(t) = lim 21(3/2 +1t) =1 '
t=00 (1 (t) — (o(t)  t=oo (21— x2) +i(y1 + y2 + 21)
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It follows that

limn=0, limo=0, lim<>=1 (A.10)
t—o0 t—o0 tﬁoon
and
4 5 2 4
li Fy (1,1, =2, —; =1 (1, == =0. A1l
nl_r{[l)nii 2( ’ 737 73777) nl_r)%TIQ 1< a373777> 0 ( )

From the equality of (3.3) and (3.4) we have that

. 4 5 27
tlif{.lo(l—o')gFQ (1,1,3,273,1—0'> = % (A12)

Applying charge conservation (31 + 2 = 27Z, from (3.13), (A.8) and (4.2) we have that

(05, (20008, (2))_ = Jim (O3, (1) 05 (G2(8)))
= Jim [G1(8) — GO XA Gy (1) - o)1)
X (L) = CuB) 211G (1) — Calt)| 222 (A.13)
X exp [—(Al +A0)(1 = 0)3Fh (1, 13905 a>]

37773
m\ —4Aq
= (6\/3) ’Zl—ZQ‘_4A1,

where we used the fact that A; = As. This gives an expression in terms of & for the
constant appearing in the full-plane two-point function in [6]; with the normalization used
in [6] (see the Summary and Results section, below (2.3)) the constant C5 defined there is

)2(A1+A2)

Cy = (26‘%‘5(i - (26‘%‘5@) . (A.14)

56 24

Absorbing the constants 2 Vi into the definition of Og, (see (4.2)) gives the
canonically normalized two-point function in the plane:

(0p,(21)Op, (22)) ¢ = |21 — 22| 421, (A.15)

It turns out that we can also compute the three-point functions in the full plane
using only the Brownian loop weights of the collections of loops encircling one and two
points in the upper half-plane. Given z;,z;,2, € C, for distinct 4,5,k € {1,2,3} and
d < miny; |2 — 2|, we have the six relations

am(z;) = am(zilz), 2x) + am(zi, 25l 2k) + om(zi, 2kl 25) + am(21, 22, 23) (A.16)
am(zi, z5) = am(zi, zj|2k) + am(z1, 22, 23)

which give

om (2, 2j|2e) = am(zi, 2;) — am(21, 22, 23) (A.17)
O[H(Zi|zj7 Zk‘) — aH(ZZ) — O[H(Zi’ Z]) — OéH(Zi, Zk;) + OZH(Zla 22; 23).
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It follows from (3.1) that

<ei51 N(21) giB2N(22) ,iB3 N (23) >
H

3 3
= exp [ <Z (1 — cos ;) am (2|2, 21) + Z (1 —cos(B; + Br))am (2, zk|2:)
Jj=1 Jik=1
j<k

+ (1 = cos(B1 + B2 + B3))am(z1, 22, Z3)>]

3
= exp [ <Z (1 —cos fBj)asm(zj) (A.18)
7j=1
+ Z (1= cos ;) — (1 = cos Bg) + (1 — cos(B; + b)) em (25, 21)
ij<k1
3 3
<Z (1—cosBj) — Y (1 —cos(Bj + Br)) + 1 — cos(By + B2 + ﬁs))aH(ZL 22, Z:s))] :
Jj=1 7,k=1
j<k

Charge conservation, 1 + 82 + 83 = 27Z, implies that cos(8; + ;) = cos(B), and hence
|2j —2|?

the coefficient of am(z1, 22, 23) is identically zero. Using (3.7) and letting o = Ereil
J

this gives

<eiﬁ1N(zl>esz(zQ>ewsN(Z3)>
H

(A1+Azx+A
S B)H\zz—m ] (lz]—zkr B

Jik=1
i<k

4 5
X exp |:_)\(Aj+Ak_Ajk)(1_Ujk)3F2 <1,1,3;2,3;1—Ujk>:| ) (Alg)

The three-point function in the full plane can be obtained as a limit of three-point functions
in the upper half-plane, as in the case of the two-point function treated above (see (A.8)).
Using charge conservation and the full-plane canonical normalization factor, and letting
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¢;(t) = zj +it, this leads to

<051 (21)052(22)053 (’23)>(C
3 .
— lim lim (256_5d_%>_227:1 A <eiﬁ1N(C1(t))eiﬁzN(Cz(t))eiﬁzaN(C:a(t))>

§—0t—00 "
= lim lim (25675131*\7/T§> 2377, A < iB1N(C1(t)) iﬁ2N(Cz(t))ezﬂ3N(§3(t))>
t—00 §—0 o
i 228 —2n,
- tgr& (6 f) H ‘Cz ‘
3
y ('C] IS0 1) — T ()P A=A
g

X exp [—(Aj F AL A1 - 0)sFy (17 1, %; 2, g; - a>] )

= |z — Z2’*2(A1+A2*A12)|Zl _ 23|*2(A1+A37A13)‘22 _ 23|72(A2+A37A23)
_ 121 - 22’—2(A1+A2—A3)’zl - 2’3’_2(A1+A3_A2)|22 - 23’—2(A2+A3—A1), (A.QO)
where we have used (A.12) to compute the ¢ — oo limit. Surprisingly, the overall coefficient
of the three-point function is simply 1, and does not depend on the ;. (This was also the
case for the three-point functions in the disk model of [11]).

From (A.20) we obtain an expression in terms of & for the constant appearing in the
three-point function in [6]; with the normalization used there (see the Summary and Results
section, below (2.3))

A>2(A1+A2+A3) (A 21)

Cs = (267%750‘

B Weights of loops covering one point and not a second

With an ultraviolet cutoff §, the weight «(z1|z2) of loops in the plane that encircle z;
but not z, is finite as a consequence of the thinness of the loop soup (see [22]). Starting
from (3.10) and (3.4), one can derive an explicit expression for a(z1|z2) in terms of &, as
follows. For two points z1, 20 € C, § < |21 — 22|, and 21(t), 22(¢) as in appendix A, we have

alzi]z2) = alzl2) = lim ap(G(?)[G:()
= Jim, | ~an(€1(0) a(0) + 3 08 [61(0) ~ GO - § og(26) +.|

1 1 .
= 5log |21 — 22| — glog(25) +a (B.1)

1 ) =G |1 455, .
+ — lim llogw+2(10)3F2 <1,1,3,2, 1 >]

1
= glog]zl — 2|+ Q,
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where we defined the constant

Q- 5% - élog(%) ta (B.2)
and again & is the weight of loops in the upper half-plane with a diameter larger than 1
and that encircle z = i. Note that the analogous calculation of a(z1|z2, z3) from (A.17) is
not possible as «(z1, 22, z3) is not known.

A similar computation, this time combining (3.10) with (3.3), provides an explicit
expression for the linear term of the O(n) expansion in [9], namely

am(z1]22) + am(z2|21)

1 2 .
= —2ap(z1, 22) + = log(|z1 — Z1||22 — Z2|) — = log(26) + 24

o2 1 45 1 or (2)° ) 2 4
=——+_-mF(1,1,-:2,o; —1 1)) - —2 —1))32F (1,552
5\/§+5773 2< ey 73a77>+5 Og(n(n )) 5F(§) (77(77 ))32 1< 73a3a77)
1 2
+ 5 10g(|2’1 —51”22 — 52‘) — 5 log(2(5) + 2& (B3)
1 1 5 or (2)° : 2 4
= —— | —mF(1,1,-;2,=; 3 —1)39F (1,5 =;
5|: ns 2< ) 737 73a77> + 1—\(%) (77(77 ))32 1< 73?3’77>

—log(n(z1 — Z2) (22 — 21))} +2Q.

This coincides with the expression in square brackets at the end of p. 12998 of [9] multiplied
by —3m/5, which confirms the validity of the O(n) expansion used in [9], at least in the case
of the two-point function. While we cannot rigorously verify the validity of the expansion
in the crucial case of the four-point function, the calculation above provides additional
evidence in favor of the general validity of the O(n) expansion and n — 0 limit.
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