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1. Introduction
1.1. Motivation

Global, mobility-related technological advances, e.g., Google maps, ride-hailing apps of Didi, Lyft, and Uber, and real-time flight
status data, have enormously influenced travel. This might in fact be called an “age of transportation”. Building on a strong foun-
dation of software and computation, we are at a point of generational change.

Mathematically, the problem of efficiently getting from an origin to a destination is a classical one, leading directly to Riemannian
geometry, the calculus of variations, and later to Dijkstra’s efficient routing algorithm. With the advent of ubiquitous GPS-enabled
cell phones, classical routing problems can be connected to real-time traffic models and estimators.

The purpose of this paper is to rethink routing problems to include safety. We want to: (a) redefine the notion of best path to
include safety, and (b) develop broad measures of accident risk which will allow us to compare cities (cf. Dai et al., 2016). A key goal
is to determine how intrinsic accidents are to traffic patterns. Our work develops a data-driven methodology for combining data sets
to quantify tradeoffs between level of service and safety.

1.2. Problem statement

We aim to study the tradeoff between trip time and accident exposure. Motivated by a constrained optimization (routing)
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problem, we consider the problem of optimally routing a vehicle from an origin to a destination, where optimality in our case is a
combination of minimizing trip duration and maximizing trip safety. Our core question is: how much time would you have to give up to
achieve a certain level of safety?. By asking this in a global way over many trips, we propose a descriptive way of quantifying how
intertwined accidents are in traffic patterns. By further using time-minimizing trips as a point of comparison in computing relative
tradeoffs between trip duration and accidents, we propose a normalized framework for studying and comparing different cities. As
cities of different size and character are experimenting and innovating in mobility, we believe that measures of comparison are
crucial to identifying best practices in urban management and intelligent transportation systems.

1.3. Datasets

Our methods combine three datasets. In this paper, we will apply our calculations to Manhattan Island weekday traffic data. We
require

o speed data on most, if not all the links (directed edges) in a city; we will use Donovan et al. (2016).

e accident data in a city, annotated by time and location; we will use NYPD (n.d.).

o trip data (with some approximation allowed). The dataset of Donovan et al. (2016) is used as the basis of the estimates of Donovan
et al. (2016), Donovan and Work (2016).

An important aspect of our approach is that trip data gives us broad statistical properties of travellers.

A similar approach in (Liu et al., 2019) combines multiple accessible urban datasets to provide insights into emission hotspots in
traffic networks. The authors similarly use taxi data as a proxy for all traffic, but they utilize kriging with additional images of roads
to infer vehicle volume from the taxi data. As more technologies give rise to new and diverse datasets, new insights will become
available; see O’Keeffe et al. (2019), Massaro et al. (2016).

In the context of ride-hailing, Alemi et al. (2019) combines multiple data sources to look for factors (i.e. neighborhood type)
which strongly influence the frequency of ride-hailing service usage. Another data-driven analysis, using unsupervised learning and
visualization, was developed in Dong et al. (2018) to identify and understand spatio-temporal hotspots of ride-sharing activity.

1.4. Related work and contribution

In 1997, the Swedish Parliament passed a bill on traffic safety which stated: “Vision Zero means that eventually no one will be
killed or seriously injured within the road transport system” (Belin et al., 2012; Haq, 2006; Johansson, 2009; Tingvall and Haworth,
2000). As of March 2017, 33 U.S. cities have committed to the Vision Zero effort' for the design and functioning of the road transport
system (Belin et al., 2012; Johansson, 2009; Tingvall and Haworth, 2000).

By some estimates, more than 50% of the world’s population currently lives in cities, a percentage which is projected to increase
to 70% by the year 2050 (United Nations-World, 2011). The notion of “smart cities” has thus attracted significant attention (Kumar
et al., 2018). Personalized location/direction recommendations based on the behavior of city dwellers on various social-network
profiles have been developed in Benouaret and Lenne (2016), Berjani and Strufe (2011), Dai et al. (2015), Fu et al. (2014), Noulas
et al. (2012), Yang et al. (2015). In the orienteering problem (Gionis et al., 2014; Vansteenwegen et al., 2011), routing problems are
augmented by a set of user benefits along different links. Other routing problems have focused on cost of exposure to crime (Galbrun
et al., 2016) and environmental costs such as fuel consumption (Boriboonsomsin et al., 2012; Dhaou, 2011; Guo et al., 2015a,b;
Minett et al., 2011; Nie and Li, 2013; Rakha et al., 2012; Yang et al., 2018; Yang et al., 2014).

In Bruglieri et al. (2019) the authors study a constrained optimization problem for optimally routing alternative fuel vehicles
where the constraints are related to the fact that vehicles must not run out of fuel. That paper focussed on efficient methods for
solving a fixed optimization problem; our focus is on understanding the relationships among solutions to a parametric family of
optimization problems for an entire network.

Multi-objective optimization techniques are used in Zero et al. (2017), Zografos and Davis (1989) to take travel cost and travel
risk into account when routing hazardous materials. Those works consider routing for a single origin-destination pair; our work
considers an ensemble of origin-destination pairs as a means to understand network-wide properties (and unlike the fuzzy cost
analysis of Zero et al. (2017), we focus on a deterministic analysis).

Our work here is based on historical data; our algorithm is thus descriptive, and not predictive; we make no claim about predicting
accidents. Accidents are affected by a complex combination of road and human factors (Caliendo et al., 2007; Lee et al., 2003; Lord
and Persaud, 2000). The intent here is to provide city-wide measures by which cities (and traffic safety policy implementations) can
be assessed. We claim no contributions to questions of realtime routing.

Routing problems also occur in computer science applications; see Chen and Chin (1990).

1.5. Outline

We start out in Section 2 (Section 2.1) by mathematically formulating a data-related, bi-attribute optimization problem (see also

! see https://visionzeronetwork.org/resources/vision-zero-cities/.
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Wang et al., 2018; Yang et al., 2014). The corresponding objective function can be defined for a single trip (i.e., an origin-destination
pair) using data consisting of traffic speed estimates and accident counts. We then extend this to a citywide optimization problem by
considering a statistical sample of trips. We also construct (Sections 2.1 and 2.2) several measures on the output of these optimization
problems. These measures are designed to capture the tradeoff between time and accident risk. In Section 3, we apply this analysis to
the dataset mentioned in Section 1.3, starting with a broad description of the data in Section 3.1. Several different perspectives on the
results are in Sections 3.2 and 3.3. An illustration of the comparative aspects of this work is developed in Section 3.4, where the
calculations are specialized to Upper/Central Manhattan. Computational considerations are addressed in Section 3.5. Finally future
work is described in Section 4. Appendix A connects the optimization problem of Section 2.1 to the theory of bi-objective costs. Some
of our results will be parametric plots of tradeoffs; Appendix B reviews some numerical aspects of such plots. Finally, Appendix C
contains an empirical study of desirable monotonicity properties.

2. Setup and theory
2.1. Optimization problem

We start out with a data-related optimization problem, with 7~ being a collection of origin-destination (O, D) pairs (i.e., trips). As

in Donovan and Work (2016), we want 7 to reflect typical travel statistics. For each (O, D) € 7, let #(O, D) be the collection of

paths which start at O and end at D. Let P « Uwo,mer P (O, D).

We are interested in several measures of trips. For p € , define

A(p) € historical number of accidents/hr along p,
L(p) o trip length of p,
T(p) def trip duration of p. @

The normalization by hour in A reflects risk which is stationary over some subset of a day (see Section 3.2). For a € [0, 1], define a
cost function

() € (1 - )T(p) + aA(p). o))

For a = 0, this cost gives the trip duration; for a = 1, it gives the accidents per hour along the path. We will use a as a parameter to
capture the tradeoff between risk and travel time (see the figures of Section 3).
For each (O, D) € 7, we can compute

c.(0,D) £ min{c.(p): p € P(O, D)}
and let p; (O, D) be an argmin of this minimization problem; i.e.,
c«(p; (0, D)) = ¢.(0, D). 3

Then p; (O, D) is a geodesic from O to D in the metric defined by c,. Since ¢, is additive along links in a path, we can use standard off-
the-shelf routing algorithms (e.g., Dikjstra’s algorithm) to find p; (O, D).

Noting that accidents are integer-valued, the path with the least accidents (minimizing c;) may fail to be unique (two paths from
origin O to destination D may both have 5 accidents). Given that trip times are floating point numbers (e.g., one path from O to D may
take 14.6 minutes and the other may take 14.99 minutes according to our data), we can usually break any tie in selecting p,"(O, D) (the
path with fewest accidents) in favor of the faster path (the path which takes 14.6 minutes in our example). We do this by lexico-
graphically ordering the (accident,time) pair (with (5, 14.6) < (5, 14.99); see also Appendix A).

In cases where the data of floating-point travel times still does not lead to a unique solution of (3), we take any of the minimizers
(which may depend on software implementations).

As a increases, our cost function gives more weight to accidents and less to travel time. See Fig. 1 for some examples of geodesics
between a fixed origin and destination as a varies. The path p;"(O, D) passes the fewest accidents, but may take the longest. In fact,
the cost function 2 is connected to solutions to

min{T(p): A(p) < A, p apath from O to D}

where A is a prespecified upper limit on the accidents on a path; see Miettinen (1998), Theorem 3.2.5.
From the standpoint of a driver seeking to balance between accident risk and trip time, we can assess the pair (O, D) in several
ways. Define:

daet TP (0, D))

(0. D) o a@r Ay (0, D))/L(p; (O, D))
T(p; (0, D))

(0,D) = . . .
A(p; (0, D))/L(p; (O, D)) 4
Informally, 7, (O, D) tells us how much longer (in time) a path is if we try to avoid accidents with strength «, and o, (O, D) tells us the

accidents per meter (APM) along p;, where we normalize the accidents per meter by that of the time minimizing path.
The more accidents are penalized, the more p; (O, D) should deviate from p; (O, D) (e.g., the absolute safest path between two
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Fig. 1. Paths for different values of a from node 2821304137 (green marker) to node 42442247 (red marker). (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this article.)

nearby intersections might conceivably follow a long detour to avoid historical accidents). In other words, one should seek safer paths
at the cost of longer (in time) trips. Thus the map « ~ T(p;(O, D)) and thus « ~ 1,(O, D) should be increasing.” Similarly,
a = A(p; (0, D)) is decreasing, but we have no theoretical assurance that when we divide by path length, as in (4), the resulting
ratios are also decreasing. For a fixed (O, D) € 7, A(p; (O, D)) < A(p; (O, D)) (accidents are decreasing in a), but if L(p;" (O, D)) is
sufficiently small compared to L(p; (O, D)), then ¢,(0, D) > gy(O, D).

Remark 2.1. Since (3) reflects a discrete optimization problem parametrized by the continuous parameter , the map & ~ p; (O, D)
will generically be constant over an interval (of « values). For each a € [0, 1], define

L € @ elo,1]:p3(0, D) = p:(0, D)},
Also define y: [0, 1] — R? as

y@ € @@, 6@) aelo1].
Then

2 for simplicity of exposition, when considering monotonicity, “increasing” should more accurately be interpreted as nondecreasing, and “de-
creasing” should more accurately be interpreted as nonincreasing.
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Fig. 2. Average persistence over all (O, D) pairs of various « € [0, 1].

arc length(y (I))
arc length(y ([0, 1]))

pers(a) o

is the percent coverage of the (7, 5)-Pareto Front by I, (see Appendix A) and measures the normalized “size” of IT,. This gives a
measure of robustness of the best path.

Numerically, we approximate y by a piecewise-linear function, in which case arc length is a finite sum of distances in R? (see
Appendix B). Theoretically, if y is differentiable, arc length is defined as an integral against an arc length form. Most generally, arc
length is given by one-dimensional Hausdorff measure.

Fig. 1, for example, shows several paths from node O = 2821304137 to node D = 42442247. Some numerical exploration (using
results of Appendix B) shows that 0.91 < pers(1) < 0.96, 0.04 < pers(0) < 0.09, and 0 < pers(0.7) < 0.05. A traveller who is unsure of
her or his relative preference for travel time compared to historical accidents per meter might prefer the path p;(O, D) from O to D, as
compared to p; (O, D) or p;,(O, D);p;*(O, D) is the best path for a wider range of o’s.

Fig. 2 shows a plot of the average persistence over all trips of various values of a € [0, 1]. The global maximum persistence is
achieved at o = 0.985, indicating that p;,.. (O, D) is on average a good choice of path for a decision maker who is unsure of their
preference for travel time or safety. Since we are effectively excluding links for which we do not have travel times, the accidents along
p; (0, D) may in fact be smaller (and travel times larger) in reality than for our model; accident-free paths may significantly meander
in the larger graph corresponding to real travel times. Informally, more missing links may increase this effect, meaning larger values
of persistence at a = 1.

Remark 2.2. In Fig. 12 (which is described in (13)), there are a few points which lie above the line y = 1, corresponding to (O, D)
trips for which 01(0, D) > 1 = (O, D). For these few (O, D) trips, « — 0¢,(O, D) thus fails to be decreasing in «; the safest path is
relatively short, even though it may take a longer time. Congestion being one reason why a short path may take a long time, it makes
sense that congested paths which are in fact the safest are also rare.

See Appendix C for a detailed discussion of the monotonicity of o,.

We are interested in large citywide statistics and datasets; a crucial computational tool is efficient shortest-path algorithms. For
any given trip, time, accidents, and length of trip are extensive quantities which can be written as sums of intensive quantities along
pieces of the path. Accidents per meter, which is a ratio of such extensive quantities, cannot in general be written as such a sum of
intensive quantities along the path (informally, a ratio of sums is not a sum of ratios). For computational efficiency, we thus compute
o, from the extremals p; (O, D) rather than trying to directly minimize accidents/meter.

We also note that the normalization of (4) means that the units of length (meter vs mile) cancel out.

We can capture the overall statistics of the city by averaging over all (O, D) € 7 ; define

def 1 def 1
o = — Z Ta (O, D), Gy = — Z [ (O, D)
71 (0,D)eT 71 (0,D)eT (5)

Note that « — 7, inherits the appropriate monotonicity in « from a — 7,(O, D): an average of monotonic increasing functions is
monotonic increasing. However, since the g, (O, D)’s themselves are not assured to be monotone, we cannot guarantee monotonicity
of a — &, (again, see Appendix C for empirical results).

Tradeoff Plot 1 (APM vs Time). To quantify the macroscopic tradeoff between safety and time from a driver’s perspective, we
parametrically plot {(Z,, 6,): 0 < a < 1}. This tells us how much time we would have to give up to achieve a certain reduction in
accidents/meter.

By basing all of our analysis on the cost function (2), we take advantage of a number of relatively nice properties. Given a cost
function which is additive over links, cheapest paths have the property that subpaths of the cheapest path are themselves cheapest
paths. This allows for efficient calculation of various cheapest-path algorithms (e.g., Dijkstra algorithms). Accidents/meter, on the
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Fig. 3. A graph with a non-optimal subpath of an optimal path.

other hand, is not additive; Fig. 3 shows an example where this subpath property thus fails for accidents/meter. The cheapest path
from A to D is the path A - B — D with an accident/meter cost of 61 accidents/20 m = 3.05 accidents/meter. On the other hand, the
cheapest path from A to B is the path A — C — B with an accident/meter cost of 100 accidents/20 m = 5 accidents/meter (compared
to 5.1 accidents/meter going directly from A to B); A — C — B is clearly not a subpath of A — B — D. Any greedy routing algorithm
will assign to node B the data from the path A — C — B, which will lead to the algorithm erroneously returning A - C - B — D as
a cheapest path.

2.2. Accidents per vehicle-meter

A city planner might be interested in normalizing by traffic counts as an aid to studying how to best address large-scale mobility
questions. From that standpoint, risk along a road might be proportional to the length of the road and the number of vehicles on the
road; the ratio

accidents

vehicle count x length (6)

quantifies this risk (in units of accidents per vehicle-meter or vehicle-mile).
We can study the risk factor (6) using calculations like in Section 2.1. For any link ¢, define

N(©) < traffic count along ¢;

for any path p, we can then define
def

VM(p) = ) N(©) x L),
£ep (7)

the sum being over the disjoint links ¢ in p. This is the accumulated vehicle-meters along a path p, and should informally be
proportional to accident risk (which should increase with both distance travelled and traffic) along the path. It is additive along paths
as are the quantities of (1). To within fluctuations in N and L, VM of (7) scales linearly with the number of links in a path (whereas
multiplying total vehicle count along p and total length of p would lead to scaling which is approximately quadratic in the number of
links). For each (O, D) € 7, we can also compute

A(0)/VM(®)
A(0)/VM(?)

APVM, (o, D) wr Leer o)

Ze €p; (0,D)

which measures the accidents per vehicle-meter for p;(O, D), normalized by that of the travel-time minimizing path p;(O, D).
Finally,

avm, & L 3 APVMa[o, D]

I (0,D)eT

8
averages this normalized risk over (O, D) € 7 . Normalization of risk by p;(O, D) means that quantities like (8) are 1 if « = 0.

Tradeoff Plot 2 (APVM vs Time). To quantify the macroscopic tradeoff between safety and time from an urban planning perspective,
we parametrically plot {(f,, APVM,): 0 < « < 1}. This captures the tradeoff between time and accidents per vehicle-meter for a
statistical sample of drivers.
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2.3. Traffic density

In order to get a rough comparison between plots involving accidents per meter and accidents per vehicle-meter, we can also
consider traffic density. For any path p, define

D*(p) = Zogy NO
= number of linksin ©- (C)]
Set
D°(p* (O, D _
p,(0.p) & DEOD) iy 5 ¥ LS bo,D)
D (po (o’ D)) Iﬂ (0,D)eT (10)

If in fact every road would have the same number of cars, the accidents per vehicle-meter would be proportional to accidents per
meter, and

APYM,, = =
(4
even in the absence of this equality, the average density function of (10) will allow us to make some comparisons as « varies. We also
note that (9) depends on how links are defined; extraneous link structures (e.g., where a railroad crosses a road) can affect both the
numerator and denominator (and thus the ratio). As our interest in D is to suggest comparisons between o and APVM, we do not
process the digraph to find and remove such extraneous link structures.

Tradeoff Plot 3. To quantify the macroscopic tradeoff between safety and traffic density, we parametrically plot {(6, D,): 0 < a < 1}.
This quantifies the relation between accidents/meter and traffic density.

3. Manhattan: calculations, results, and discussion
3.1. The datasets (mentioned in Section 1.3)

Let’s apply these ideas to the datasets listed in Section 1.3. Our model of the street structure of Manhattan Island will be that of
Open Street Map. According to Open Street Map, there are 4468 nodes (intersections) and 9683 links.

The data of Donovan et al. (2016) gives us hourly estimates of the travel times along different links in New York City. To reduce
computational time, we restrict the dataset by randomly selecting one day out of each workweek in 2012. The reduced dataset has a
datetime in the interval

[2012-1-6 00: 00: 00, 2012-12-26 23: 00: 00]

and contains 14,243,122 total traffic speed estimates. Further restricting this data to only those links which begin and end in
Manhattan, we obtain data for 5,633 (roughly 60%) of the 9,683 links in our graph. Links with no travel times are removed from the
graph, so those links are not used by Dijkstra’s algorithm. When computing averages as in (5), we average only over those (O, D) pairs
joined by a finite cost path. In our dataset, 67,613 (roughly 50%) out of 138,631 total (O, D) pairs are not joined by a finite cost path.

There may be several realistic reasons why (Donovan et al., 2016) does not have a complete set of estimates; either there was no
traffic on the link, or any “optimizing” taxi driver would have avoided it (due to, e.g., congestion). Assuming that travel times are
stationary on a daily basis, we can nevertheless average across days to get an hour-of-day estimate on each link. In other words, if the
dataset has estimates of the travel time of some link at 8 AM on two different days as 50.84 s and 30.0 s, we will define the travel time

Travel time estimate count Estimated citywide speed

250000 8
200000 <

6
€ 150000 E

8 E, 4
100000 2

50000 2

0 0

0 5 10 15 20 0 5 10 15 20
hour of day hour of day

Fig. 4. Estimated travel times (left) and speeds (right).
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Fig. 5. Pace (slower links have a higher pace value and are in red). (For interpretation of the references to colour in this figure legend, the reader is
referred to the web version of this article.)

on that link to be 40.42s.
Fig. 4 shows how the estimated travel times and speeds (i.e., link distance, as given by Open Street Map, divided by estimated
time) vary throughout the hours of the day. The geographic distribution of the pace (the reciprocal of speed) is given in Fig. 5.
The accident data of NYPD (n.d.) contains 109, 093 accident reports within the time interval

[2014-01-01 00: 01: 00, 2017-12-29 23: 29: 00] an

We here take all the accident counts from NYPD (n.d.); one could alternately choose accidents of only a certain severity. The location
of these accidents is snapped to the nearest Open Street Map node. There are 108,658 weekday accidents in Manhattan in this file;
this amounts to 3.1 accidents/hour. There were only 3,732 unique accident nodes. Fig. 6 shows the count of accidents in the dataset
as a function of hour of day. Fig. 7 gives the geographic distribution of accidents. We note that works such as (Kieu et al., 2018) allow
one to statistically augment datasets such as accidents in ways which preserve observed features.

To assign accidents to links (as opposed to nodes), we say that the accidents at each node are assigned to all links ending in that
node (i.e., to exit a link, one has to pass through the accidents at the exit node). While this synthetically enlarges the accident count in
any snapshot of the data, the routed paths will see each link and node at most once, so the effective accident count is not changed
from the perspective of any driver.

The trip data of Donovan and Work (2016) contains 153,767 trips within the time interval

[2016-02-29 23: 00: 00, 2016-03-30 23: 58: 00].

There are 153,142 weekday trips (based on origin datetime) which begin and end in Manhattan; there are 138,632 unique origin-
destination pairs. Since Manhattan is formally an island, we will assume that it is a geodesically (for all c,) convex subset of the entire
world traffic graph (A directed subgraph H of a directed graph G is said to be geodesically convex with respect to a cost function c if
any c-shortest path in G which begins and ends in H in fact is entirely contained in H.).

In our analysis, we use taxi counts (available from Donovan et al., 2016) as an illustrative proxy for true traffic counts, but

Accidents by hour

8000

7000

6000

5000 1

4000 1

count

3000

2000

1000

0 5 10 15 20
hour of day

Fig. 6. Accident counts.

364



D.R. Carmody and R.B. Sowers Transportation Research Part C 108 (2019) 357-377

Fig. 7. Accidents (nodes in red have higher accident count). (For interpretation of the references to colour in this figure legend, the reader is referred
to the web version of this article.)

recognize that it is a potentially biased dataset. The function APVM,, could be readily modified when non-biased counts (possibly
available in private companies or from dedicated traffic counting sensors installed by municipalities) are available.

Fig. 8 contains a histogram of the duration of these trips and the distribution of trip origination by hour of day. Fig. 9 gives
geographic distributions of origins and destinations.

Note that the travel time data, the accident data and the trip data are from different years; we have assumed yearly stationarity of
traffic patterns.

In our parametric plots, we restrict « to the finite set

A Y (0,045, 0.61, 0.82, 0.87, 0.91, 0.94, 0.956, 0.967, 0.970, 0.978, 0.984, 0.988, 0.991, 0.996, 1} C [0, 1]. (12)

This collection of « is chosen so that the points on Fig. 10 will be relatively evenly spaced.

To show the comparative aspect of our analysis, we compare tradeoffs in normalized accidents/meter and trip time by windowing
our three datasets (trips, travel times, and accidents) to morning rush hour, midday, evening rush hour, and evening/morning. See
Table 1 for precise definitions. We assume that risk is stationary in time over each of these subintervals of the day, so we normalize
the accident counts by the length of the relevant time interval (i.e., 2 accidents at a node during morning rush hour becomes 1
accident/hour) to approximate the accident rate (recall the definition of A in (1)).

3.2. Driver perspective

Plot 1 for this dataset is in Fig. 10. Normalization by the case @ = 0 in (4) means that every curve in Fig. 10 passes through (1, 1),
when a = 0.

As expected, the curves are decreasing; if we are willing to increase time, the accidents/meter decrease. For most origins and
destinations there is a path which provides a safer (historically fewer accidents per meter) alternative to the time minimizing route.
Quantitatively, a 10% decrease in the number of accidents along a path can be achieved, on average, by only a 4% increase in travel
time compared to the time minimizing path. A curve with a steeper negative slope, such as the evening and morning curve, indicates
that there is a larger gain to be made in safety of a given path with relatively less given up in terms of travel time.

Histogram of length of trip Trip count by hour
20000 10000
17500
8000
15000
+ 12500 2 800
3 =
8 10000 8
5000
2000
2500
0 T ; : 0
0 10 20 30 40 50 60 0 5 10 15 20
minutes hour of day

Fig. 8. Histogram of trip duration (left) and trip count by hour of trip origination (right).
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Fig. 9. Spatial distribution of origins (left) and destinations (right); nodes which are more frequent origins or destinations are in red. (For inter-
pretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Tradeoff between APM and trip time

—_ 100 1 —— Manhattan whole day
' § ~—— Manhattan evening and morning
— ——— Manhattan morning rush hour
M 0954 N
——— Manhattan midday

g ——— Manhattan evening rush hour
Z o090
LT
o
3085
]
'E v
= 0801 m
E .
2 o5 ®

T

100 105 110 115 120 125 130
normalized trip time (Ta)

Fig. 10. Plot 1 for different time windows in Manhattan. Selected values of a are highlighted.

Table 1

Time windows.
Label Time window
Whole day 00:00:00-23:59:59
Evening and morning 07:00:00-18:00:00
Morning rush hour 07:00:00-09:00:00
Midday 09:00:00-16:00:00
Evening rush hour 16:00:00-18:00:00

Fig. 11 gives a bit more insight into the monotonicity in Fig. 10. By definition of p; (O, D) as the argmin of (3), we know that the
trip time increases and the accident count decreases as we increase a. Thus the ratio of accidents/trip time must decrease as o
increases. Fig. 11 tells us that, on average, trip length (positively) covaries with trip time (both increase together). This suggests that
accidents/meter, as opposed to accidents/minute, will also decrease as « is increased.

Combining Figs. 10 and 11, we also note that safer trips in general end up being longer; as a increases, the points in Fig. 10 move
down (implying safer routing), and the points in Fig. 11 move up (implying longer trips). It follows that the safer trips will be longer;
this is natural as safer trips need to route around accident-prone areas (see Fig. 1).

Fig. 12 is a scatterplot of
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Tradeoff between trip length and trip time
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Fig. 11. Normalized trip length as a function of normalized trip time.
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Fig. 12. Scatterplot of (.99 (O, D), 0.99(O, D)) for all (O, D) € T .

Each point on the plot indicates the travel time (relative to that of the quickest path) when taking the safest (least number of historical
accidents/hr) path. The centroid of this scatterplot gives the corresponding point in Fig. 10 for « = 1. This plot shows the variability
in the conclusion that, for most origin-destination pairs, the c,-cheapest path provides a reasonably fast alternative for drivers
interested in a safer route. As noted in Remark 2.2, a few points in Fig. 12 lie above the horizontal line y = 1, meaning that for the
corresponding (O, D) € 7, the safest path is short enough that the accidents/meter (as opposed to the accident count itself) is larger
than that of the time minimizing path. These paths might be very congested as both the travel time is longer (since for large o we are
de-emphasizing travel time in constructing p; (O, D)) and the path length is shorter. Assumedly, these trips would also show an
exception to the generally increasing trend of Fig. 11.

3.3. City planner perspective

Plot 2 for this dataset is in Fig. 13. Again, normalization means that all curves pass through (1, 1) for @ = 0. These curves,
however, are in general increasing, suggesting that the safest paths have low traffic counts (or at least taxi counts); low enough that if
we normalize the points leading to Fig. 10 by traffic counts, the curve becomes increasing (even though the curves of Fig. 10 were
decreasing). The decrease in traffic density along safer routes outweighs the decrease in accidents per meter. If the normalized traffic
counts on the safest paths are low, the traffic counts on the time minimizing paths should be high; most travellers indeed seek the
time minimizing path.

Plot 3, i.e., Fig. 14, gives more insight into the interaction of accidents/meter and traffic density. As usual, the curves are
normalized to pass through (1, 1) at @ = 0. Both accidents/meter and traffic density decrease as we increase «, thus the plots in
Fig. 14 carve out a curve to the left and down as « increases. The parametric plot is thus increasing, confirming that traffic densities
and risk (in accidents/meter) positively covary; more accidents/meter are seen with higher traffic counts. There are more people on
the quicker paths and less on the safer ones. Fig. 15 gives the same conclusion; safer trips take longer and encounter less traffic.

In fact, Fig. 14 suggests a linear relationship between the average traffic density function (10) and accidents/meter; the best fit
line is

normalized density = 0.991{normalized accidents/meter — 1} + 1
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Tradeoff between APVM and trip time
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Fig. 13. Plot 2 for different time windows in Manhattan. Selected values of a are highlighted.
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Fig. 14. Plot 3 for different time windows in Manhattan. Selected values of a are highlighted.
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Fig. 15. Plot of (%, D,) for « € A in each time window.

(recall that normalization requires that all curves go through (1, 1)) with correlation determination coefficient r? = 0.954. This gives
us the sensitivity of normalized accidents/meter with respect to normalized taxi density;

change in normalized accidents/meter 1

= = 1.01.
change in normalized taxi density 0.991 (14)
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Fig. 17. Heat map of accidents in Upper/Central Manhattan during the morning rush hour.

3.4. Upper and central manhattan

The normalized nature of our analysis allows us to carry out comparative analyses on geographically different datasets. As an
indication of this, consider trips which are above the lower end of Central Park—specifically trips which are contained in the part of
Manhattan above the line determined by the (latitude, longitude) points (40.772619, —73.993321), (40.758382 —73.959375) (i.e.,
59th St.); see Fig. 16. The space of paths contained in the subgraph corresponding to Upper/Central Manhattan (our abbreviation for
Upper and Central Manhattan) is smaller than the space of paths in all of Manhattan. With this reduction in allowable paths, one
might expect less of an ability to reduce accidents per meter as « varies in the Upper/Central Manhattan data. To explain this further
and set up notation for this section, let Gy, be the directed graph corresponding to our model of all of Manhattan, and let Gy,c C Gy
be the directed subgraph of vertices and edges which lie above the line in Fig. 16. Figs. 10 and 11 tell us that safer paths tend to be
longer, and hence meander more than faster paths. For a given pair of vertices (O, D) in Gy,c, one might then expect that the faster
paths remain in Gy, ¢, while the safer paths do not. For a fixed (O, D) € Gyc, the cheapest path in G); may in fact be cheaper than the
cheapest path restricted to Gy, ¢, so restricting paths to lie in Gy,c might increase &; (Fig. 19 will support this).

About 20% (41,235 of 209,746) of the trips in our dataset start and end in Upper/Central Manhattan. In Figs. ° 19 and 20, we plot
various tradeoff curves during the morning rush hour for both Manhattan as a whole and for Upper/Central Manhattan. In Figs. 21
and 22 we plot various tradeoff curves during midday hours for Manhattan as a whole and for Upper/Central Manhattan.

3 To save space in the plots, we refer to Upper/Central Manhattan as “Upper Manhattan”.
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Fig. 18. Heat map of accidents in Manhattan during the morning rush hour.
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Fig. 19. Plot 1 for morning rush hour in Upper/Central Manhattan vs. all of Manhattan. Selected values of a are highlighted.
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Fig. 20. Plot 3 for morning rush hour in Upper/Central Manhattan vs. all of Manhattan.

In particular, in Fig. 19, the curve for Upper/Central Manhattan is above the curve for Manhattan as a whole. For example, if one
is willing to increase trip time by 6%, one can only decrease accidents/meter by about 8% in Upper/Central Manhattan, while one can
decrease accidents/meter by about 11% in Manhattan as a whole. This suggests that accidents are more entwined with Upper/Central
Manhattan morning traffic than with traffic in Manhattan as a whole. This is supported by Fig. 20, where the slope of the Upper/
Central Manhattan curve is smaller than the slope of the overall Manhattan curve; any change in the number of taxis along a path
increases the number of accidents per meter along that path in more Upper/Central Manhattan than along a typical path in Man-
hattan as a whole. Several potential reasons might be:

370



D.R. Carmody and R.B. Sowers Transportation Research Part C 108 (2019) 357-377

Tradeoff between APM and trip time

= 1000 1 —— Manhattan midday
1S .
= 0975 Upper Manhattan midday
% 0.950
go
2 o925
[T
2 0900
o
% 0.875
¥ a=0.82
N
™ 0850 m a=094
E 0825{ ® a=098 ~*
a=1.0
0>800 ’ T T T T
100 105 110 115 120

normalized trip time (Ta)

Fig. 21. Plot 1 for midday in Upper/Central Manhattan vs. all of Manhattan. Selected values of a are highlighted.
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Fig. 22. Plot 3 for midday in Upper/Central Manhattan vs. all of Manhattan.

e Accidents are more evenly distributed over paths in Upper/Central Manhattan than Manhattan as a whole during the morning
rush hour. This can be visually inferred from the heat maps in Figs. 17 and 18. If all paths pass a similar number of accidents, it
may be difficult to find a safer route.

e Upper/Central Manhattan is not geodesically convex (as a subgraph of all of Manhattan; the definition of geodesic convexity was
given in Section 3.1). For 35% of the (O, D) pairs in the graph Gy, ¢ of Upper/Central Manhattan, the c;-minimizing path in Gy, ¢ is
different than the c;-minimizing path in the graph Gy, of Manhattan as a whole. To break 35% up in detail, 13% of the (O, D) pairs
have no finite cost path in Gy, ¢, but do have a finite cost path in Gy;. The other 22% have a cheaper (with respect to c¢;) path in Gy,
than Gy, c. Because we only average over finite cost paths when computing &,, these 22% of (O, D) pairs are what contribute to the
difference in &; for the two curves in Fig. 19.

On the other hand, there are no finite-cost cy-minimizing paths in Gy,c which are longer than their counterparts in Gy, (though for
13% of the (O, D) pairs there is a finite cost path minimizing ¢, in Gy, but no such optimal path in Gy, ¢), confirming our intuition
that co-minimizing paths between vertices in Gy, ¢ tend to remain in Gy c.

For the Upper/Central Manhattan midday dataset, we expect the normalized tradeoff between accidents and travel time to be less
than the corresponding tradeoff in Manhattan (as a whole) for the same reason as for the morning rush hour data; there are strictly
fewer route choices in Upper/Central Manhattan. Fig. 22 confirms this. As a increases from 0 to 1, the curve for Upper/Central
Manhattan is (end-to-end) steeper than that of Manhattan as a whole; the same overall (vertical) variation of normalized traffic
density equates to a smaller change in accidents/meter in Upper/Central Manhattan than in Manhattan as a whole. One potential
reason for the difference between morning and midday behavior in Upper/Central Manhattan in Figs. 20 and 22 would be an increase
in route choice for the midday data in Upper/Central Manhattan. Because our travel time data has more entries in the midday time
window as compared to the morning rush hour window, more links in our graph are assigned a finite cost, and hence are viable
choices for Dijkstra’s algorithm. Indeed, there are 2.2 times as many finite cost trips in the midday data for Upper/Central Manhattan
as compared to the morning data for Upper/Central Manhattan. If this is indeed the reason, we would expect the analogue of Fig. 22
for the entire day’s data to look similar. Fig. 23 supports this.

3.5. Computational considerations
We carried this work out on an NVIDIA Geforce 1070 FE processor with 8 GB GDDR5 (256-bit) on-board memory plus 1920 CUDA
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Fig. 23. Plot of (&,, D,) for « € A in Manhattan and Upper/Central Manhattan for non time-windowed data.

cores. The traffic network was modeled as a directed graph with 4,468 nodes and 9,683 links. The computationally intensive part of
the work is finding the cheapest paths (according to (2)) for each (O,D) pair (see Sabran et al., 2014).

For each origin-destination pair, we use Dijkstra’s shortest path algorithm to compute a shortest path. Because the trips in any
given window comprise less than 1% of the trip space (the 4468 possible origin destination pairs), this is much faster than using the
Floyd-Warshall algorithm to compute all shortest paths in the graph then specializing to the trips in our window. More specifically,
we use the Python package networkx’s Dijkstra algorithm, which uses a min-priority queue implemented via a binary heap. One can
achieve slightly better amortized runtime using a min-priority queue based on the Fibonacci heaps as developed by Fredman and
Tarjan (1987); for graphs of our size, however, bookkeeping considerations make a binary heap faster.

As we vary a, we can parallelize the calculations by assigning the computations for each « to a different processor. We use the
Python multiprocessing.Pool.map function to simultaneously compute a dictionary of cheapest paths with respect to the cost function
¢, for a € A. Since our server has 16 processors and we compute for 16 values of «, this reduces the computation time by a factor of
16.

4. Future work

The analysis developed here could be adapted to a number of datasets. With datasets from two different cities, we could build
comparative analytics (along the lines of Section 3.4). We could also investigate our various stationary assumptions. As weather
patterns change, transients in driving patterns may make the various tradeoffs become more pronounced. The accident data of NYPD
(n.d.) contains additional information detailing the cause of the accident; one could carry out comparative analyses for accidents of
different severity.

We might also investigate Fig. 14 for other cities; is a linear relation generally applicable, and if so, what would be the sensitivity
as in (14)? This would give another point of comparison.

We could also investigate why monotonicity fails, more particularly if there are any commonalities in the points above the line
y = 1in Fig. 12. If so, this might suggest specific situations against which to test new safety policies.

It would also be interesting to see if “ best” paths become self-correcting. Drivers may avoid intersections known to be dangerous,
eventually leading to less accidents along those paths (the perspective of Section 2.2). A related direction would be to carry out an
analysis before and after safety policies (stop signs, traffic lights) have been implemented.

Appendix A. Bi-objective decision making

We here recall some aspects of a weighted-sum model as applied to the problem of choosing a “best” path which minimizes both
travel time and accidents/meter.
For a fixed (O, D) € 7, define the bi-objective R2-valued cost function

Objp, (@) = (T(), A())
for all p € P(O, D). Defining also the linear map
b.(t, a) < 1—-a)t+ aa, (t, a) € R?
from R? - R, we have that
¢a(p) = ba (Objg ) (P))- p€P(0,D)

for all (O, D) € 7 and p € P (O, D). Standard results Miettinen (1998) then imply that any paths which minimize ¢, over any fixed
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#(0, D) must occur on the Pareto optmal front of Obj, ;,y (P (O, D)). This simplifies some aspects of our problem.
To develop these thoughts, recall the partial order on R? defined by Pareto dominance. For (¢, a) and (', a’) in R?, (¢, a)<(¢', a') if
< t' and a < d/, while (¢, a)<(t’, a') if (t, a)<(t/, a’) but eithert < t' ora < d'.
For (O, D) € T, the set

PF*(O, D) o {(t, a) € Obj, ) (P (O, D)): there does not exist ', ad)e Obj p) (P (O, D)) with ', a)y < (t, a)}

of non-minorized points in Objio ) (P (0, D)) is the Pareto optimal front of Objo.p) (P (O, D)); the preimage of the optimal front is the
Pareto optimal set

PS*(O, D) = objg, (PF*(O, D))

Extrema of (the linear function) b,, when restricted to Obj(O, D) (P (0, D)), must then (Miettinen, 1998) occur at
Obj(O’D) (P(0, D)) n ext(conv(Obj(O’D) (P (0, D)))), (15)
where, for any subset S of R?, conv(S) denotes its convex hull, S denotes its closure, and ext(S) denotes the collection of extremal
points if S is convex. It follows that extrema of the composite function ¢, must then occur on those parts of the Pareto optimal sets
which are in the pre-image of (15).

Averaging allows us to consider all trips simultaneously; an average is minimal only when the terms in the average are minimal.
Set

def 1 .
Obj(p) = — Z ObJ(O,D)(p(O,D)>
(0,D)eT

for all p = (P(O,D))(O,D)e'r in the set
def
P* = Xomer P(O,D).
This has Pareto optimal front
ppr & {(t, a) € Obj(P>): there does not exist (t’, a’) € Obj(P>) with (¢, a’) < (t, a)}.

and Pareto optimal set

ps* & Obj!(PF¥).

We then have that
PS* = X(O,D)ET PS*(O, D))

meaning that the average is indeed minimal when each path is minimal. Then (p; (O, D))(O Dyey MUSE be somewhere in the
Obj-preimage of
Obj(P>) N ext(conv(Obj(P>))),

The objective function Obj allows us to combine the optimizations of Section 2 over all (O, D)’s in 7~ into a single calculation.
Appendix B. Parametric plot

Assume that we have two functions ¢, and ¢, in C([0, 1]), and we wish to numerically approximate the parametric plot

det

G = {(¢(@), $,(a)): a € (0, 1]}
We wish to do so under the further assumption that ¢, and ¢, are computationally expensive to evaluate.
Let’s start with a sequence

I E (I bedy) (16)

of subintervals of (0, 1] such that

def
In - (an 1> an]

forn € {1, 2...N}, where 0 = ag < oy < ...ay = 1. Define

ol (@) = ¢(n) +¢(an D= a“ Gy < & <
Ap— — Unp-1

for each n € {1, 2...N}; we can then set
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G = (@] (@), 9} (@): « € (0, 1]} aa7)

With intervals as in (16), we can create a new collection of intervals by splitting the one which corresponds to the largest segment
of the graph of (17). Define

def ‘
n = argmax\/zie(lvz} ¢, (an) — @i (cta_)P;

1<n<N

if the argmax is not unique, we randomly choose one of the elements of the set-valued argmax. We then define
o def ay* + Apig
2
and consider a new sequence of intervals

def
T(D) = (b hedyor, I I Lirprdy) (18)

where
I, = (oc,l ] and I = (oc ap].
Setting 7° 7 (I given by (16)), we can then iteratively define 7 o T(IYD) ford e {1, 2.}
We have that G(J @) converges to G.

Theorem 4.1. We have that

. )
lim sup \/Zie{l,z} o7 () — # ()P =o0.

d—00ge(0,1]

Proof. Let w be the modulus of continuity of « ~ (¢,(x), ¢,(x));

0G) \/Zlem I¢,(c0) — ¢, (@)P .

aae 01]
la —a'| <8

For intervals such as (16), define the approximate modulus of continuity

def

o = 1<n<N 1\/219{12 CACHER AL

The widths of the I,’s of (16) are
fon — ag, @ — o, .ay — an—1}.

The widths of the intervals of (18) is

Ap* — Ap*_1
O — qo, X — Aty e, A1 — Ap*—2, -5 Ap*41 — Ap*—1, AN — AN-1(-
We further have that
Q(I) rnaX1<n<N\/Z:le .2 |¢i(a") - ¢i(0(n_1)|2 = \/Zie{l,Z} |¢i(an*) - ¢i(an*—1)|2 < w(an* - an*—l) (19)

Thinking of the intervals of (16) as the first generation of parents, only one parent has a child in each generation, where (18) is the
next generation after (16). The d-th generation will then have widths

aq—d H—o AN — AN-—1
2P1(d) ’ sz(d) > 2PN(d) ’

where the p,(d)’s are nonnegative integers and Z:r:l p,(d) = d. Since N is fixed (the number of intervals in 7°), we must have that

lim p,, (d) =
d/ '

(20)
for at least one n’ € {1..N}.
Assume now that
py(d+1)=py(d)+1 2D
(i.e., at generation d, one of the descendants of I,; has a child) then, analogous to (19),
Qn — '~
mﬂmgwtiﬁai) (22)

Let D(n’) be the set of d € N such that (21) holds. From (20), |D(n’)| = oo and
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lim (d) = .
A Pp(d) =

de D)
Thus
. Ay — Ap'—1 _
e 0
de D)

The continuity of « — (¢,(a), ¢,(«)) implies that w(0 + ) = 0, so

lim o = %-1) _
d/ o 2P0 @

de D)
Combining this with (22), we then have that
lim QU@)=o.
d/ oo
de D) (23)

Let’s now look at other parent intervals I,, starting with the initial generation. From (23), we have that

1/2

d ; 2
Q(_[( )) < 1 SHI}IIHS N iegz} |¢£(0l,,) - ¢[(Ot,£_1)| s
n-=n
for some sufficiently large generation d in O (1'). In other words, Q(Z @) is eventually smaller than the variation of the ¢,’s between
other parent endpoints. On or before that generation, one of the other I,’s must thus have had a child. Successive repetitions imply
that at least one of the other I,’s must thus have an infinite number of descendents. Repeating this again, we see that all ,,’s must have
an infinite number of descendents. Consequently,

Ap — Ap—1

& o O
de D)
for all n € {1, 2...N}, and thus
. Ap — Ap—1 _
clllfn:ollgnriXN 202 @ T 0. (24)

If 7 is as in (16) and a € (a,,_, ] for some n € {1, 2...N}, then

1/2
{ >0l (@) - ¢i<a>|2}

ie{1,2}

{ Bl e P
ie{1,2}

oy — Ap—1

}1/2

— \/ > Igian) — ()P

=@ 0 — (o)

n —an—-1 an —an—1

“n*fxn 1
ief{1,2}

7\/ Y Ifen) — B@P
ie{1,2}

+ =% o
An —An—1

< w(‘xn - an—l)~
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where we have used Minkowski’s inequality and the fact that  is nondecreasing. Thus

0<as<1 | ;e 1<n<N

172
sup { E 1®7 (a) — ¢i(a)l2} < max w|oa, — a1 |

In the d-th generation, this becomes
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Monotonicity of 0,
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Fig. 24. Plot of Mon; as a function of i to demonstrate monotonicity on average of o, (O, D).

d
0<a<l | jef1,2} 1<nsN 2Pn(d)

12
sup { Z ICDl-I(d)(a) - ¢i(a)lz} < max w(M).

The claim then follows from (24). [

To terminate the iterative algorithm in finite time with some intended accuracy, let’s fix a threshold 7 and say that the graph (17)
is T-approximate if

1/2 N 1/2
max { PIEACACH) _¢i(an—1)|2} <T{Z I, (cti (etn) — ¢i(an_1)|2} ;

1<n<N
SIS ie1,2) n=1

i.e., if the distance between succesive vertices in (17) is 7 (percent) of the length of (17). We terminate the iterative procedure of the
T@’s when 7@ is T-approximate.

To approximate persistence as defined in 2.1, we find a 0.05-approximate collection 7 of «, and use 7 to find a piecewise linear
approximation of

{#F(@), 6(a): a € [0, 1]}.

Using this piecewise linear approximation to compute approximate arclength, we can give upper and lower bounds on the persistence
of a given a.

Appendix C. Monotonicity of accidents per meter

As mentioned in Section 2.1, the function & — o,(O, D) of (4) is not theoretically guaranteed to be decreasing for any given
(O, D) € 7 . For a fixed (O, D) € 7, we are guaranteed that« — T(p; (O, D)) is increasing and a — A(p; (O, D)) is decreasing. We
are of course thus assured that a — A(p; (O, D))/T(p; (0, D)) is decreasing. If L(p;(O, D)) increases with T(p;(O, D)), then
a +— 0,(0, D) must also be decreasing. Fig. 11 empirically does show that T and L both vary in the same direction. We also note that
Fig. 10 suggests that « — g, is decreasing; as a is parametrically increased along each curve, the points fall lower and lower in the
plot. To more directly study monotonicity of « ~ 0,(O, D), enumerate A of (12) in increasing order. We then define

0. (0, D
Mon;| 0, D déf M
0x_,(0, D)

for each (O, D) pair and then define

(0, D
Mon; def 1 Z Mon;| 0, D| = 1 Z M
71 (0.D)eT 71 (0.D)eT UD‘FI(O’ D)

If Mon;(O, D) <1 for a given trip (O, D), then « — o,(O, D) is nonincreasing on {a;_;, o;}. If Mon; < 1, then Mon;(0, D) < 1 on
average. Fig. 24 shows that max; ¢;<;sMon; < 1 and thus a — ,(0, D) should on average be decreasing for each (O, D) € 7.

Appendix D. Supplementary material

Supplementary data associated with this article can be found, in the online version, at https://doi.org/10.1016/j.trc.2019.09.020.
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