Forum of Mathematics, Sigma (2020), Vol. 8, €18, 37 pages
do0i:10.1017/fms.2020.5

STABILITY, COHOMOLOGY VANISHING, AND
NONAPPROXIMABLE GROUPS

MARCUS DE CHIFFRE'!, LEV GLEBSKY?, ALEXANDER LUBOTZKY?

and ANDREAS THOM*

' TU Dresden, Germany;
email: marcus@dechiffre.dk
2 L.G., Universidad Auténoma de San Luis Potosi, México;
email: glebsky@cactus.iico.uaslp.mx
3 A.L., Hebrew University, Israel;
email: alex.lubotzky @mail.huji.ac.il
4 TU Dresden, Germany;
email: andreas.thom@tu-dresden.de

Received 28 March 2019; accepted 20 December 2019

Abstract

Several well-known open questions (such as: are all groups sofic/hyperlinear?) have a common form:
can all groups be approximated by asymptotic homomorphisms into the symmetric groups Sym(n)
(in the sofic case) or the finite-dimensional unitary groups U(n) (in the hyperlinear case)? In the
case of U(n), the question can be asked with respect to different metrics and norms. This paper
answers, for the first time, one of these versions, showing that there exist finitely presented groups

which are not approximated by U(rn) with respect to the Frobenius norm || 7 || o = /Z:’le |T; 12,

T = [T;]} j=1 € M, (C). Our strategy is to show that some higher dimensional cohomology
vanishing phenomena implies stability, that is, every Frobenius-approximate homomorphism into
finite-dimensional unitary groups is close to an actual homomorphism. This is combined with
existence results of certain nonresidually finite central extensions of lattices in some simple p-adic
Lie groups. These groups act on high-rank Bruhat-Tits buildings and satisfy the needed vanishing
cohomology phenomenon and are thus stable and not Frobenius-approximated.
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1. Introduction

Since the very beginning of the study of groups, groups were studied by looking at
their orthogonal and unitary representations. It is very natural to relax the notion
of a representation and require the group multiplication to be preserved only up to
little mistakes in a suitable metric. First variations of this topic appeared already
in the work of Turing [52] and later Ulam [53, Ch. VI]. This theme knows many
variations, ranging from sofic approximations as introduced by Gromov [26] and
operator-norm approximations that appeared in the theory of operator algebras
[10, 15] to questions related to Connes’ Embedding Problem; see [16, 38, 48] for
details. In each case, approximation properties of groups are studied relative to a
particular class of metric groups. More specifically, let I” be a countable group
and let (G,, d,)>2, be a sequence of metric groups with bi-invariant metrics d,.
We say that I is (G, d,):2,-approximated if there exists a separating sequence
of asymptotic homomorphisms ¢,: I" — G,, that is, a sequence of maps ¢, that
becomes multiplicative in the sense that

lim d,(¢,(gh), ¢.(g)¢,(h)) =0, forallg,hel,

which is also separating, that is, d, (¢,(g), 1¢,) is bounded away from zero for all
g # 1r; see Section 1.4 for precise definitions. Several examples of this situation
have been studied in the literature (see [3] for a survey):

(i) G, = Sym(n), the symmetric group on an n-point set, with d,, the normalized
Hamming distance. In this case, (G,, d,),2,-approximated groups are called
sofic; see [26, 38].

(i) G,, an arbitrary finite group equipped with any bi-invariant metric. In
this case, approximated groups are called weakly sofic, or C-approximated,
depending on a particular restricted family C of finite groups. An interesting
connection to profinite group theory and recent advances can be found in
(25, 34].

(iii)) G, = U(n), the unitary group on an n-dimensional Hilbert space, where
the metric d, is induced by the normalized Hilbert—-Schmidt norm ||7 ||ys =

[n=1 7] j=1 1TijI*. In this case, approximated groups are sometimes called
hyperlinear [38].

(iv) G, = U(n), where the metric d, is induced by the operator norm || T'||o, =
supy,=; ITv|l. In this case, groups which are (G,, d,),Z,-approximated
groups are called MF; see [15].
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Stability, cohomology vanishing, and nonapproximable groups 3

(v) G, = U(n), where the metric d, is induced by the unnormalized Hilbert—

Schmidt norm || T ||pp = /Z? j=1 |T;;|?, also called Frobenius norm. We

will speak about Frobenius-approximated groups in this context.

Note that the approximation properties are local in the sense that only finitely
many group elements and their relations have to be considered for fixed ¢,,. This is
in stark contrast to the uniform situation, which—starting with the work of Grove—
Karcher-Ruh and Kazhdan [27, 29]—is much better understood; see [14, 17].

Well-known and longstanding problems, albeit in different fields of
mathematics, ask if any group exists which is not approximated in either of
the above settings. In setting (i), this is Gromov’s question whether all groups
are sofic [26, 38]. The similar question in the context of (iii) is closely related to
Connes’ Embedding Problem [16, 38]. Indeed, the existence of a non-hyperlinear
group would answer Connes’ Embedding Problem in the negative. In [10],
Kirchberg asked whether any stably finite C*-algebra is embeddable into a norm
ultraproduct of matrix algebras, implying a positive answer to the approximation
problem in the sense of (iv) for any group. Recent breakthrough results imply that
any amenable group is MF, that is, approximated in the sense of (iv); see [47].

In this paper, we want to introduce a conceptually new technique that allows
us to provide groups that are not approximated in the sense of (v) above, that is,
we show that there are finitely presented groups which are not approximated by
unitary groups {U(n) | n € N} with their Frobenius norm. Our techniques do not
apply directly to the context of (iii), so we cannot say anything conclusive about
Connes’ Embedding Problem, but since the norms in (iii) and (v) are related by
a normalization constant, we believe that we provide a promising new angle of
attack.

Before we start out explaining our strategy and some notation, let us state the
main results of this article.

THEOREM 1.1. There exist finitely presented groups which are not Frobenius-
approximated.

The groups we construct are central extensions of cocompact lattices in simple
p-adic Lie groups. Specifically, we can take certain central extensions of U(2n) N
Sp(2n, Zl[i, 1/ p]) forn > 3 and p a large enough prime.

To prove Theorem 1.1, we use the notion of stability: A group is called (G,,
d,)-stable if every asymptotic homomorphism (not necessarily a separating one)
is ‘close’ to a true homomorphism (see Definition 1.9). Now, if G, = U(n) and I
is (G, d,)-approximated and (G,, d,)-stable, one easily deduces that I" must be
residually finite. This basic observation suggests a way to find nonapproximated
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groups: find a group I which is stable but not residually finite. This method has
failed so far for two reasons: (1) it is very difficult to prove stability directly
and (2) even in the case where stability was proven (see, for example, [4] and
the references therein as well as [8]), it was proven in a way that completely
classifies asymptotic homomorphism and it is shown that all are close to a genuine
homomorphisms. Thus, only groups which are already approximated have been
shown to be stable so far. The main technical novelty of our paper is the following
theorem which provides a sufficient condition for a group to be Frobenius-
approximated without assuming a priori that the group is approximated.

THEOREM 1.2. Let I' be a finitely presented group such that
H* (I, Hy) = {0)

for every unitary representation w: I’ — U(H,). Then, any asymptotic
homomorphism ¢,: I' — U(n) with respect to the Frobenius norm is
asymptotically close to a sequence of homomorphisms, that is, I" is Frobenius-
stable.

The appearance of vanishing second cohomology groups may look surprising
at first sight, but, in fact, one can translate the question of approximating an
asymptotic homomorphism by a true homomorphism to a question about splitting
an exact sequence. When the norm is submultiplicative (as is the case of the
Frobenius norm but not of the normalized Hilbert—Schmidt norm), the kernel
of this splitting problem is abelian (see Section 3.4). It is well known that
vanishing of the second cohomology with abelian coefficients means splitting
of suitable exact sequences and hence is relevant to the question of stability. It
is also interesting to observe that the second cohomology has already appeared
in the work of Kazhdan [29] in the context of uniform e-representations (of
compact or amenable groups), a concept related to asymptotic representations,
albeit essentially different.

Recall that the classical Kazhdan’s property (T) is equivalent to the statement
that H'(I", H,) = O for all unitary representations 7 : I" — U(H,). We say
that a group is n-Kazhdan if H"(I", H,) = {0} for every unitary representation
w: " — U(H,). Theorem 1.2 simply says that every 2-Kazhdan group is
Frobenius-stable. Thus, to prove Theorem 1.1, it suffices to find 2-Kazhdan
groups which are not residually finite. Now, the seminal work of Garland [24] (as
was extended by Ballmann—Swiatkowski [6] and others—see [31] and Section 4
for details) shows that for every 2 < r € N and p large enough, cocompact
(arithmetic) lattices in simple p-adic Lie groups of rank r are n-Kazhdan for
every 1 < n < r. In fact, a variant of this has been used to give examples of
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groups with property (T), that is, 1-Kazhdan groups, which are not linear (and
potentially also not residually finite) by using ‘exotic’ affine buildings of rank
2 (see [35]). We want to prove the existence of nonresidually finite 2-Kazhdan
groups, but there is a catch: as n = 2, r should be at least 3, but a well-known
result of Tits asserts that for r > 3, there are no ‘exotic’ buildings of dimension r
and the standard ones coming from p-adic Lie groups provide lattices which are
all residually finite. To work around this point, we imitate a result (and method of
proof) of Deligne [18]. Deligne showed that some nonuniform lattices in simple
Lie groups (for example, Sp(2n, Z)) have finite central extensions which are not
residually finite. Raghunathan [43] extended it also to some cocompact lattices
in Spin(2, n). These examples became famous when Toledo [50] used them to
provide examples of fundamental groups of algebraic varieties which are not
residually finite. In the last section, we will explain how Deligne’s method can
be applied also to cocompact lattices in certain p-adic Lie groups. Along the way,
we use the solution to the congruence subgroup problem for these lattices which
was provided by Rapinchuk [45] and Tomanov [51]. This way, we will get finite
central extensions of certain cocompact p-adic lattices which are themselves not
residually finite anymore. Finally, an easy spectral sequence argument shows that
a finite (central) extension of an n-Kazhdan group is also n-Kazhdan. Thus, the
nonresidually finite central extensions of the above-mentioned lattices provide the
non-Frobenius-approximated group promised in Theorem 1.1.

Along the way in Section 2, we also provide examples of residually finite
groups which are not Frobenius-stable and of finitely generated nonresidually
finite groups which are Frobenius-approximated. It is currently unclear if maybe
all amenable (or even all solvable) groups are Frobenius-approximated. Moreover,
it is an open problem to decide if the class of Frobenius-approximated groups is
closed under central quotients or under semi-direct products with Z, compare with
[36, 49].

Added in proof: By extending Theorem 1.2 to more general Banach spaces, the
main result of this paper, was extended in [32] from the Frobenius case (that is,
p = 2) to all p-Schatten norms (for 1 < p < 00).

1.1. Notation. Given any set S, we let 'y denote the free group on S. For
any R C Fg, we let (R) denote the normal subgroup generated by R and we let
(S | R) := Fg/(R) be the group with generators S and relations R. We use the
convention N = {1, 2, ...}. For n € N, we let M,,(C) denote the complex n X n-
matrices and U(n) € M,,(C) the group of unitary matrices. The identity matrix is
denoted by 1,,.

Recall that an ultrafilter I/ on N is a nontrivial collection of subsets of N such
that i) A e U, A C B implies B € U, (ii) A, B € U implies AN B € U, and (iii)
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A € U if and only if N\ A € U holds. We say that ¢/ is nonprincipal if {n} & U for
all n € N. The existence of nonprincipal ultrafilters on N is ensured by the Axiom
of Choice. We can view a nonprincipal ultrafilter as a finitely additive probability
measure defined on all subsets of N, taking only the values {0, 1} and giving the
value O to all finite subsets of N.

Throughout the whole paper, we fix a nonprincipal ultrafilter &/ on N. Given
some statement P (n) for n € N, we use the wording P (n) holds for most n € N
as {n € N | P(n)} € U. Given a bounded sequence (x,),en of real numbers,
we denote the limit along the ultrafilter by lim,,_,;, x,, € (—00, 00). Formally, the
limit is the unique real number x such that for all ¢ > 0, we have {n € N |
|x, — x| < €} € U. For unbounded sequences, the limit takes a well-defined value
in the extended real line [—o0, o0].

We adopt the Landau notation; given two sequences (x,),en and (¥,),en of
non-negative real numbers, we write x, = Oy(y,) if there exists C > 0 such that
x, < Cy, formostn € N and x, = oy(y,) if there exists a third sequence (&,),en
of non-negative real numbers such that lim, ., &, = 0 and x, = €, y,.

1.2. Unitarily invariant norms. Recall that a norm |-|| on M,(C) is called
unitarily invariant if
IUAVI = [|All,

forall A € My;(C) and U, V € U(d).
Some important examples of unitarily invariant norms are the operator
norm [|T'[ley = supy,_; ITvl, the Frobenius norm ||7'||gep = Tr(T*T)'/* =

/Z:' ; |T;;|*> (also known as the unnormalized Hilbert—Schmidt norm), and the

normalized Hilbert—Schmidt norm (or 2-norm) given by || T ||ys = \/Lﬁ I T || frop for
T € M,(C). Here, T* denotes the adjoint matrix and 7T is called self-adjoint if
T = T*. The matrix T is called unitary if T77* = T*T = 1,. We recall some basic
and well-known facts about unitarily invariant norms (see, for example, [2] for
a thorough introduction to the subject). For T € M,,(C), we set |T| = (T*T)">.
For self-adjoint matrices A, B, we write A < B if B — A is positive semidefinite,
that is, if B — A has only non-negative eigenvalues.

PROPOSITION 1.3. Let A, B, C € My(C). Then, for any unitarily invariant norm,
it holds that

(1) JABC < | Allopll BIHIC [lop,
) 1Al = I1A*[ = [IIATl,
(3) if A and B are positive semidefinite matrices and A < B, then || A| < || B].
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PROPOSITION 1.4. Let A € U(d). Then there is a unitary B € U(d) such that
B? =1and
IB — A< |11 — A%l

for all unitarily invariant norms.

Proof. By unitary invariance, we may assume that A is a diagonal matrix, which
we denote A = diag(ay, ..., a,). Let

b e 1 if Re(a;) > 0,
77 =1 if Re(a)) <O.
One readily sees that |b; —a;| < |1 —a;||—1—a;| = |1—a12.|.Thus, B = diag(b,,
..., by) is a self-adjoint unitary, and by Proposition 1.3 (3),
IB—All=IB—All <y — A% = |1, — A%||. [

A second property that is important to us is submultiplicativity, that is, | AB|| <
|A|ll|B|| for all A, B € M,(C). This property turns (M, (C), ||-]|) into a Banach
algebra. The operator norm and the Frobenius norm enjoy this property, but the
normalized Hilbert—Schmidt norm does not.

1.3. Ultraproducts. We will need the definition of the ultraproduct of Banach
spaces and metric groups, respectively. First, let (V,)),cn be a sequence of Banach
spaces. Consider the £*-direct product [],_y V, (that is, the Banach space of
bounded sequences (v,),cy With v, € V,) and the closed subspace of null

sequences
I := {(vn)neN € 1_1!1 Va nh—>nl}{ ||Un||vn = O} .
ne

We define the ultraproduct Banach space by

[TV ) =TTV /1.

n—U neN

As the name suggests, the ultraproduct Banach space is itself a Banach space
with the norm induced by || (x,)sen|l = lim,_y [|x,]lv, for (x,),en € ]_[neN V,.
Moreover, if the V, are all Banach algebras, C*-algebras or Hilbert spaces, so is
the ultraproduct.

Let (G,),en be a family of groups, all equipped with bi-invariant metrics d,. In
this case, the subgroup

N = {(gn)neN € HGn

neN

li 1 =
nl—>nl3{ dn (gnv G,,) 0}
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of the direct product [ [, G, is normal, so we can define the metric ultraproduct

[1G..d :=1_[G,,/N.

n—U neN

Note that, in contrast to the Banach space definition, we do not require the
sequences to be bounded. 1t is worth noting (albeit not relevant for our purposes)
that the bi-invariant metric

d((gn)neN’ (hn)neN) == nh—>nlzll min{dn(gna hn)a 1}’ gna hn S Gn

on [ [,y G, induces a bi-invariant metric on [ [, ,,(G,, d,).

The above definitions will be relevant to us in the following setting. Let (k,),en
be a sequence of natural numbers and consider the family of matrix algebras V,, :=
M,, (C) equipped with some unitarily invariant, submultiplicative norms ||-||,,. We
usually omit the index and denote all the norms by ||-||. Let G, := U(k,), equipped
with the metrics disty., (g, #) = |lg — hll,, g, h € G, induced from the norms. We
consider the ultraproduct Banach space

M =TT M, ©). 11l

n—U

and the metric ultraproduct

U= [T WUk, distyy,).
n—U

By submultiplicativity of the norms, we see that if u, € U(k,) satisfying
1imn_>1,{ diSt”.”’7 (Mn, lkn) = 0, then

lim ”unTn - Tn”n < lim ”un - 1k,,”n : ”Tn”n = 07
n—U n—U

for all bounded sequences 7,, € M, (C). Thus, left multiplication by u,, induces
a continuous left action of Ug” on MZHJH~ By unitary invariance of the norms,
we see that this action is isometric. Similarly, we have a right action by right
multiplication and another left action by conjugation—both of them isometric.

1.4. Asymptotic homomorphisms. In this section, we let I" = (S | R) be a
fixed finitely presented group (that is, S and R are finite) and we let C be a class
of groups, all equipped with bi-invariant metrics. Any map ¢: S — G, for some
G € C, uniquely determines a homomorphism Fg — G which we will also denote

by ¢.
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DEFINITION 1.5. Let G € C and let ¢, ¥ : S — G be maps. The defect of ¢ is
defined by
def(p) := maxdg(¢(r), 1c).

The distance between ¢ and v is defined by
dist(g, ) = max dg (¢(s), ¥/ (s)).
The homomorphism distance of ¢ is defined by

HomDist(p) := inf 6 dist(p, m|s).

weHom(I',

DEFINITION 1.6. A sequence of maps ¢,: S — G,, for G, € C, is called an
asymptotic homomorphism if lim,_,;, def(gp,) = 0.

We will mainly be concerned with finite-dimensional asymptotic
representations, that is, asymptotic homomorphisms with respect to the class
of unitary groups U(n) on finite-dimensional Hilbert spaces, equipped with the
metrics

d(T,S) =T -S|, T,SeU®m),

coming from some family of unitarily invariant norms |-||. The class of finite-
dimensional unitary groups with metrics coming froml||-||op, |I[|Frob and ||-||lus are
denoted as Uy, Ugrop, and Ugs.

We might also find the need to quantify the above definition.

DEFINITION 1.7. Let ¢ > 0 and G € C. An g¢-almost homomorphism is a map
¢: S — G such that def(¢) < e.

In the literature, there are many different (inequivalent) notions of ‘almost’,
‘asymptotic’, and ‘quasi-’ homomorphisms. If one would be precise, the above
notion of asymptotic homomorphism could be called a local, discrete asymptotic
homomorphism. Local, since we are only interested in the behavior of ¢, on the
set of relations R (compare with the uniform situation [14]), and discrete, because
the family of homomorphisms is indexed by the natural numbers.

DEFINITION 1.8. Let G, € C, n € N. Two sequences ¢,, ¥,,: S — G, are called
(asymptotically) equivalent if lim,,_,;, dist(¢,, ¥,) = 0.

If an asymptotic homomorphism (¢, ),y is equivalent to a sequence of genuine
representations, we call (¢, ), trivial.
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We will now come to two central notions that we study in this paper, the notions
of stability and approximability by a class of metric groups.

DEFINITION 1.9. The group I' is called C-stable if all asymptotic
homomorphisms are equivalent to a sequence of homomorphisms, that is,

lim HomDist(¢,) = 0,

n—U

forallg,: S — G,, G, € C,n € N with lim,_,, def(¢,) = 0.

DEFINITION 1.10. A finitely presented group I' = (S | R) is called C-
approximated, if there exists an asymptotic homomorphism ¢,: S — G,,
G, € C,n € N such that

linbll d,(p,(x),1g,) >0, forallx € Fs\(R).

We will be mainly concerned with Ugy,-approximation and Ug,y,-stability
in this paper and, for convenience, we will often just speak about Frobenius
approximation and Frobenius stability in this context.

DEFINITION 1.11. A group I is called residually C if, for all x € I'\{1}, there
is a homomorphism 7 : I' — G for some G € C such that 7 (x) # 1g.

The following proposition (see [25] or [4]) is evident from the definitions,
nevertheless a central observation in our work.

PROPOSITION 1.12. Let I' be a finitely presented group. If I is C-stable and
C-approximated group, then it must be residually C. In particular, if the class C
consists of finite-dimensional unitary groups, any finitely presented, C-stable, and
C-approximated group is residually finite.

We finish this section with a basic lemma. The important part in the statement
of the lemma is that K, does not depend on ¢.

LEMMA 1.13. Forallr € (R), there is a constant K, such that for all groups G
with a bi-invariant metric and all maps ¢ : S — G, it holds that

da(¢(r), 1) < K, def(g).

Proof. If r € (R), we can determine ry,...,7, € RUR 'and x,, ..., x; € Fg
such that
r = xlrle'xzrzx{' . ~xkrkx,:1.
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Note that by bi-invariance
d((r)), 1) = da(p(r;"), 1) < def(p)
for all j. Thus, using bi-invariance again, we get
do(p(r), It,) = dg(@Qarrix; ) - - ourx ), 16)

k
<Y de(pepe(rpe) ™, 16)

j=

k
= ch(fp(”j), 1s)
j=1

< k - def(p).

So letting K, = k, we are done. |

1.5. Group cohomology. We recall one construction of group cohomology.
We primarily need the second cohomology of a group with coefficients in a unitary
representation, but for completeness, we give a more general definition. Let I” be
any group and let V be a I"'-module, that is, an abelian group together with a (left)
action  of I" on V. We consider the chain complex C"(I', V), n > 1, which is
the set of functions from /™" to V together with the coboundary operator,

d=d": C(I',V) — C"™(I", V),
defined by
d"(f)(g1s--s &uy1) = (g1 f (&2, -+, &ut1)

) D (@10 818j41n s Butt)
j=1

+(_1)n+1f(g17 LRI gn)

We also let C°(I', V) = V and d°(v)(g) = n(g)v — v forv € V, g € I'. Thus,
for n > 0, we define the n-coboundaries to be B"(I", V) = Im(d"") (with B®(T",
V) = {0}) and the n-cocycles to be Z"(I", V) = ker(d"). One checks that B" (I,
V) C Z"(I', V), so we can define the nth cohomology to be

H'(I',V)=2Z"(I",V)/B"(I", V).
Recall that, given an extension of groups
1—-V —'> r4r- 1,
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where V' is abelian, there is an action of /" on V induced by the conjugation action
of I" on i (V). Fixing any sectiono : I" — I'" (with o (1) = 1) of the quotient
q,wecandefineamap f: I' x I' — V as the solution to

i(f(g, ) =0(goa(gh)™,

for g,h € I'. It is straightforward to check that f € Z>(I",V,7) and f €
B*(I', V, 75) exactly when the extension splits, that is, there is a homomorphism
p: I' = I'suchthatg o p =id.

Assume now that I" is countable and V is a Banach space with norm ||-||, then
we can define a separating family of seminorms on C"(I", V) by
I fllF = max | f(g)I, (L.1)
geF

for f € C"(I,V) and finite F € I'". It is easy to see that with respect to
this family, C"(I", V) is a Fréchet space (one can even take || - ||, x € ™" as
separating family) and if I" acts on V by isometries, the map d” is bounded.

2. Some examples of non-Frobenius-stable groups

Part of our aim is to provide a large class of Frobenius-stable groups, but
let us start out by giving examples of well-known groups that are not stable.
Specifically, we show that Z? and the Baumslag—Solitar group BS(2, 3) are not
Frobenius-stable by giving concrete examples of asymptotic representations that
are not equivalent to genuine representations. We also exploit the latter example
to provide an example of an Frobenius-approximated, nonresidually finite group;
see Section 2.3.

2.1. 7 is not Frobenius-stable. In [54], Voiculescu proved that the matrices

1 0 01
wp, 10 0

A, = w, . B, =] 1 e U,
w1 10

where w, := exp(*%), n € N, define a nontrivial ||-||,-asymptotic representation
Of Z2 = <a, ba | aba_lb_1> by (p,,(a) = An and ©On (b) = Bn~ More precisely’
1
defy., (9n) = [An By A, B, — Lullop = | — 1] = 0u<;>,
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but
HOI’HDiSt”.”op((pn) > vV 2 — |1 - a)n| -1

(see also [22, 54]). By the inequalities || [lop < |7 lrob < 772 T |lop for T € U(n),
we conclude that
def|. e, (@) = Oy (n™'7?)

HomDiSt”A”Fmb ((pn) 2 vV 2 — |1 - (,l)n| - 1,

S0 ¢, is also a nontrivial ||-||p.p-aSymptotic representation. In particular, Z is
neither U,,- nor Frobenius-stable. It is worth noting that Z? actually is Uys-stable,
which, for example, follows from unpublished observations from the second
author: Almost commuting matrices with respect to normalized Hilbert—Schmidt
norm.

and

2.2. BS(2,3) is not Frobenius-stable. We now turn our attention to the
Baumslag-Solitar group BS(2,3) = (a, b | b~'a’ba=?); see [7] for the original
reference. By definition, the generators satisfy the equation

b 'a’b =a’. 2.1)
It is also well known and not hard to check that the generators do nof satisfy
ab™'ab = b 'aba. 2.2)

Indeed, this follows easily from the description of BS(2, 3) as an HNN-extension
of Z. On the other hand, we recall the following.

PROPOSITION 2.1 (Baumslag—Solitar [7]). Let I" be a residually finite group. If
a,b € I satisfy (2.1), then they also satisfy (2.2).

Proof. Indeed, if a has finite order and a” is conjugate to a>, then the order of a
cannot be even. Thus, b~'ab is a power of b~'a’b = a*. We conclude that a and
b~'ab commute. O

By Mal’cev’s theorem, we immediately obtain the following consequence.

COROLLARY 2.2. Leta, b be unitary matrices. If a, b € I" satisfy (2.1), then they
also satisfy (2.2).

This last corollary can also be proven directly by linear algebra methods;
see [23] where some quantitative aspects of operator-norm approximability of
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BS(2, 3) were studied. By Corollary 2.2, in order to show that BS(2, 3) is
nonstable, it suffices to find a sequence of pairs of unitary matrices that ||-||gop-
asymptotically satisfy Equation (2.1) but are far from satisfying Equation (2.2).
The study of approximation properties of BS(2, 3) goes back to Ridulescu [42],
where the focus was more on approximation in the (normalized) Hilbert—Schmidt
norm. We are now going to prove the following result.

THEOREM 2.3. The group BS(2, 3) is not Frobenius-stable.
The theorem is a direct consequence of the following lemma.

LEMMA 2.4. There exist A,, B, € U(6bn) such that
o B 'A2B, — A} llfrob = Ou(3)

L ”Aan_lAan - Bn_lAanAn”Frob =6bn — Ou(l)

Proof. We will omit the index and write A = A, and B = B,. Let = exp(Z)

6n

and consider a 6n-dimensional Hilbert space H with orthonormal basis v[0], v[1],
...,v[6n — 1]. Define A € U(6n) as Av[j] = w/v[j] (that is, A is A, from
the previous example). We plan to decompose 7 as a direct sum in two ways
H = EB_'/’.;(])S[j] and H = EB;';(I)C[j] such that each S[j] and each C[j] is six-
dimensional and the restriction of A to S[j] as well as restriction of A3 to C[j]
act approximately as multiplication by w® . (The letter S stands for square and C
stands for cube.) Then we construct B = @_’;;(1, B; with B; : C[j] — S[j]. Let
us start the detailed construction. Define
S[j1 = span{v[3;], v[3j + 11, v[3j + 2],
v[3j + 3n],v[3j + 3n + 1], v[3j + 3n + 2]}

and

CLj1 = span{v[2j], v[2j + 2n], v[2j + 4n],
v[2j + 11, v[2j +2n + 1], v[2j +4n + 1]}.

We will use the ordered base of S[j] (respectively C[j]) as it appears in their
definitions. Let S; (respectively C;) be a restriction of A to S[j] (respectively
C[j]). Observe that

S; = 0¥ diag(1, w, 0*, =1, —w, —w?)

and

27 1 2mi 4mi 2mi 4mi
C; = w” diag| 1, exp 3 , €Xp 3 , W, @ EXp 3 , Wexp =)

Downloaded from https://www.cambridge.org/core. IP address: 109.67.27.44, on 05 Sep 2020 at 18:22:02, subject to the Cambridge Core
terms of use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/fms.2020.5


https://www.cambridge.org/core/terms
https://doi.org/10.1017/fms.2020.5
https://www.cambridge.org/core

Stability, cohomology vanishing, and nonapproximable groups 15

n—1

Now, let B € U(6n) be any unitary of the form B = j—o Bj with unitary

B;: C[j] — SI[j]. We claim that
—1 42 3 1
”B A°B—A ”Frob = OZ/{ ; .

Indeed,

n—1
IB™'A’B — A%}y = Y 1B SIB; — C;l7op:
j=0

and we obtain

IB;'S?B; — Clll, = I1B;'(S7 — 0*)B; — (C} — 0*) |},
<82 = 0% |2 + 1C3 — 0™ |12,
1
=2(1 — P+ |1 — ') +3]1 — &’ = Ou(—2>,
n

which entails the claim. Now, consider the unitary given by the matrix

110000
1-10 000
B._L 001100
T aloo1-100 |
000011
0000 1-1
and let
S = diag(1,1,1, -1, —1,—1)
and

~ i 2mi 4mi 2mi 4mi
C =diag|( 1, exp =3 , eXp = , 1, exp =3 , exXp =) )

It is not hard to check that

. 1
1S = & Slige, = 0u< >

n2
and

. 1
IC; — @ Cllg = ou(ﬁ).

Downloaded from https://www.cambridge.org/core. IP address: 109.67.27.44, on 05 Sep 2020 at 18:22:02, subject to the Cambridge Core
terms of use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/fms.2020.5


https://www.cambridge.org/core/terms
https://doi.org/10.1017/fms.2020.5
https://www.cambridge.org/core

M. De Chiffre, L. Glebsky, A. Lubotzky and A. Thom 16

Direct calculations show that [|C B;l SB; — B;l SB;C|3,, = 6; so since

n—1
IAB'AB — B ABA| %y, = > _C;B;'S;B; — B;'S;B;C;l 2
j=0
the lemma follows. O

2.3. An example of a finitely generated, nonresidually finite, Frobenius-
approximated group. Note that the example above provides a homomorphism
into the ultraproduct ¢: BS(2,3) — U};"F“’b. The image I' = ¢(BS(2,3)) is
clearly Frobenius-approximated, but it is clearly not residually finite since, by
construction, the elements ¢(a), p(b) € I' satisfy (2.1) but not (2.2). In some
sense, it is an artifact of the definitions that every non-Frobenius-stable group
has a nontrivial Frobenius-approximated group quotient. It seems quite likely
that the construction above is enough to show that BS(2, 3) is itself Frobenius-
approximated. Indeed, even though the proof of this assertion is not spelled out in
full detail in [42], it appears that Rddulescu’s construction shows this. Note that it
follows from the work of Kropholler [30] that BS(2, 3) is residually solvable and
hence MF; see [15].

3. Diminishing the defect of asymptotic representations

This section contains the key technical novelty of this article. We associate
an element [«] € H*(T, [, My, (C), |I-)) to an asymptotic representation
¢, I' = U(k,). We prove that if [«] = 0, then the defect can be diminished in
the sense that there is an equivalent asymptotic representation ¢, with effectively
better defect, more precisely def(¢,,) = oy (def(g,)).

3.1. Assumptions for this section. For this section, we fix the following:
e A finitely presented group I" = (S | R),

e asequence of natural numbers (k,),cn,

e a family of submultiplicative, unitarily invariant norms on U(k), k € N, all
denoted by ||-||, and

e an asymptotic representation ¢, : S — U(k,) with respect to the metrics
associated with ||-]|.
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Recall the ultraproduct notation introduced in Section 1.3, that is, UM =
1, Uk, dist;) and M};' = T, (M, (C), ||-]|) and recall that since
II-]l is submultiplicative, Uzlj” acts on Mﬂ;” by multiplication. An asymptotic
representation as above induces a homomorphism ¢y, : I' — UZ”/;H on the level
of the group I". Thus, I" acts on M};” through ¢;,. With this in mind, we also want
to fix the following:

e asection o: I’ — g of the natural surjection Fg — I, in particular, we have
o(g)o(h)o(gh)™' € (R)forallg,h e I',

e asequence @,: I' — U(k,) such that ¢(17) = 1, @,(g”") = @.(g)*, and for
everyg € I',
l@n(0(8)) — @u(@)ll = Oy (def(gp,)). 3.1

In particular, the sequence (¢,(g)),en maps to the element ¢ (g) in the
ultralimit, for all g € I". (We say that ¢, is a lift of ¢,.)

For this, note that given any section o : I — g, the sequence ¢, o o is a lift of
@u- There exists a section o with o(17) = 1p, and 0(g™!) = o(g)~! for all g
such that g2 # 1. We define ¢,(g) := ¢,(o(g)) for all g with g> # 1. In the
case g> = 1, by Lemma 1.13, it holds that

lga(o(8)* = 1t Il = Ou(def(,)),

so by Proposition 1.4, there are self-adjoint unitaries B, € U(k,) such that

1By — @u(0 (gl = Oy(def(g,)).

By letting ¢, (g) := B,, we get the desired map.

3.2. The cohomology class of an asymptotic representation. We want to

define an element in H*(I', MD') associated with ¢,. To this end, we define ¢, :=
c@y) : I’ x I' = M, (C) by

@n(8)Pn(h) — @u(gh)
Cn (g, h) = 5
def(g,)
for all n € N such that def(¢,) > 0 and ¢, (g, h) = 0 otherwise, forall g, h € I".

The next proposition is a collection of basic properties of the maps c,.

PROPOSITION 3.1. Let g, h, k € I'. The maps c, satisfy the following equations:

@n(8)cn(h, k) — c,(gh, k) + ¢, (g, hk) — cu(g, W)@, (k) =0,
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Cn(g7 871) = Cn(ll"7 g) = Cn(g’ IF) =0 and Cn(ga h)* = Cn(hila gil)-

Furthermore, we have for every g, h € T,
llea(g, M = Ou(l). (3.2
Proof. Forall g, h,k € I and n € N, we have

def(@n) - (@n(g)cn(h, k) — cu(gh, k) 4 ca(g, hk) — cu(g, 1) @n(K))
= @u(8)(@u (M@ (k) — @1 (hK)) — (@n(8h)Pu(k) — @u(ghk))
+ (@n(8)Pu (hk) — @1 (8hk)) — (01(8)Pn () — @u(gh)) Py (k)
= @n(8)@n (M) @n(k) — @u(8)Pn(hk) — ©u(8h)Pn (k) + @ (ghk)
+ 01(8)Pu(hk) — @u(8hk) — 01(8)Pn (M) u (k) + @ (8h) @ (k)
=0,

which proves the first equation. The second line of equations is immediate from
the definition of ¢, and the fact that ¢,(g™") = @,(g)*.

For the last assertion, note that since o (g)o (h)o (gh)~! € (R), it follows from
Lemma 1.13 that

lpa(o(g)a(h)a(gh)™") — 1t Il = Ou(def(,)).

Thus, it follows (by using Equation (3.1)) that

def(gn)llca (g, B)|| = Ou(def(gy,)). [

Note for later use that for fixed g, & € I', the bound in (3.2), which comes from
Lemma 1.13, holds for all asymptotic representations ¢, simultaneously (as long
as we use the same presentation of /" and section o to construct c,). In addition,
Equation (3.2) entails that the sequence ¢, induces a map

c=(Cpen: ' X I' > Mz”)”-

This map is not a cocycle in the sense explained in Section 1.5, but, as the next
corollary states, the map «a(g, h) := c(g, h)@y(gh)* is. (The map c is a cocycle
in the equivalent picture of Hochschild cohomology and it turns out that some
calculations are more natural with ¢, so we will also work with this map.) Even
though we suppress it in the notation, keep in mind that ¢ and @ depend on the lift
¢, and on def(¢,).

COROLLARY 3.2. Themapa: I' x I' — ML” is a 2-cocycle with respect to the
isometric action m(&)T = oy () Ty (g)*, g ', T € Mgll'
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Proof. Given g, h, k € I', we have that

ou(@a(h, K)py(8)* — a(gh, k) + a(g, hk) — a(g, h)
= pu(g)c(h, k)pu (hk) ¢y (g)* — c(gh, k)eu(ghk)*
+ (g, hk)pu (ghk)™ — c(g, h)pu(gh)*
= (pu(g)c(h, k) — c(gh, k) + c(g, hk) — c(g, h)pu (k) pu (ghk)*
=0,

where we used that ¢;, is a homomorphism and Proposition 3.1. O

We call o the cocycle associated with the sequence (¢,),en.

PROPOSITION 3.3. Assume that o represents the trivial cohomology class in
H*(T, MM), that is, there exists amap B: I' — Mz”)” satisfying

a(g, h) = ou(Q)BM)eu(g)" — B(gh) + B(g), g hel.
Then

B(lr) =0, (3.3)
B(g) = —ou(2)B(g Hou(g)* (3.4
c(g, h) = pu(g)B) ey (h) — B(gh)pu(gh) + B(Qwu(gh). (3.5)

Furthermore, we can choose B(g) to be skew-symmetric forall g € I.

Proof. Equation (3.5) is equivalent to the equation from the assumption since
a(g, h) = c(g, h)ey(gh)* for g, h € I'. Equation (3.3) follows from (3.5) and
Proposition 3.1 with ¢ = h = 1y and (3.4) follows from (3.3), (3.5), and
Proposition 3.1 with & = g~!. For the last claim, we possibly need to alter
a little. Note that B'(g) := —B(g)" = wu(2)B(g~)*wu(g)* also satisfies (3.3)—

(3.5). Indeed,
c(g.h)y=ch™, g7
= (u(h™ B Neu(g™) — B~ 'g Doy g™
+ Bh ey h g~ )*
= ou (@B ) ou(h) — eu(gh) B((gh)™)* + gu(gh) B(h™")*
= B'(&)pu(gh) — B'(gh)pu(gh) + ou(g)B (W) pu(h)

for g, h € I', which proves (3.5) whence the other two follow. Thus, replacing

with i
B(g) := w gerl neN,
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we see that B%(g) is skew-symmetric and that Equations (3.3)—(3.5) are still
satisfied. ]

3.3. Correction of the asymptotic representation. Now let B be as
above and let B,: I' — M, (C) be any skew-symmetric lift of B. Then
exp(— def(p,)B,(g)) is a unitary for every g € I", so we can define a sequence of
maps ¥, : I" — U(k,) by

Iljn (g) = CXP(—def((Dn)ﬂn (8))(/3;1 (g)

Note that since ¢, (1) = 14, and B,(1r) = 0, we have ¥,,(17) = 1.
In the proofs of Proposition 3.4 and Lemma 3.5, we will make use of two basic
inequalities that hold for any k € N and A € M, (C):

11 —exp(A)ll < |Allexp(lAll) (3.6)
1 + A — exp(A)|| < | AlI* exp(|| AlD). (3.7
They are simple consequences of the definition exp(A) = Y -, 2—? and the

triangle inequality and submultiplicativity of the norm.

PROPOSITION 3.4. With the notation from above, for every g € I', we have

104(8) — ¥ (@Il = Ou(def(pn)).

More precisely,
0.(8) — ¥ (@I < 2118,(8) || def(en)
formostn € N.

Proof. Let g € I'. By unitary invariance and submultiplicativity, we get that

€0 (8) = ¥ (I = [k, — exp(—def(p,) B, ()l

"< def(@n) 1B (9) | exp(def(@n) B () )

and since | B8,(g)|l is a bounded sequence and lim,_;, def(¢,) = 0, we have
exp(def(¢,)]18.(g)]) < 2 for most n and the result follows. ]

It follows that ,|s is an asymptotic representation satisfying def(v,|s) =
O, (def(¢,)), but we prove that the defect is actually oy, (def(g,)).

LEMMA 3.5. Forany g, h € I', we have that

¥ (gh) — Y ()Y (M| = 004 (def(@n)).
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Proof. Let &,(x) := (14, — def(¢,)B,(x))@,(x), forx € I',and let g, h € I" be
fixed. Let C = 2 maxe(g.n,qn I|B(x)|l. Whence it follows that for most n € N,

3.7)

(
¥ (x) = &, ()| < C - def(g,)?,

for x € {g, h, gh}. By the above (and by submultiplicativity), it follows that

¥ (gh) — Y (@)Y (Wl = 154(8h) — &, ()& (W) + 0v(def(@n)),

so it suffices to show that

16, (gh) — &, (8)&x (M)l = 0y (det(gn))

which amounts to the following calculations:

&n(gh) — &,(8)8.(h)
= @u(gh) — @u(8)@u(h)
+ def(@,) (=B (8h)@n(8h) + €u(8) Bu ()@ (h) + Bu(8)@n(8)Pn(h))
— def(@,)’ B, (8)n (8) B (G ()
= def(¢,)(—ca(g, h)
+ 0u(8) B (M) @n(h) — Bu(gh)@n(gh) + Bu(g)Pn(8)Pn(h))
— def(9,)* B,(8)Pn (&) Ba (M) @n (h).

By Equation (3.5), the expression

_Cn(g’ h) + (Z)n(g)/gn (h)(ﬁn(h) - ,3}1 (gh)¢n(gh) + ﬂn(g)(ﬁn(g)(ﬁn(h)

tends to zero. Furthermore, using submultiplicativity of the norm, we conclude
18,(2)P,(g)B.(h)@,(h)] is bounded, and we reach the desired conclusion. O

At last, we define the asymptotic representation ¢/, : S — U(k,) by ¢, = ¥,|s
and reach the desired conclusion def(¢),) = oy (def(¢,)). Let us, for reference’s
sake, formulate the result properly.

THEOREM 3.6. Let I' = (S | R) be a finitely presented group and let
0. § — Ul(k,) be an asymptotic representation with respect to a family of
submultiplicative, unitarily invariant norms. Assume that the associated 2-
cocycle a = a(g,) is trivial in H*(T, MZ”/;H). Then there exists an asymptotic
representation ¢, : S — U(k,) such that

(i) dist(en, ¢,) = Oy(def(p,)) and
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(i) def(p;,) = oy (def(g,)).

Proof. We adopt the above notation. Assertion (i) follows from Proposition 3.4;
letr = x;x, - - x, € R be written as a reduced word, where x; € SU Shj=1,
..., m. By iteration of Lemma 3.5 (using that 1, takes unitary values and that ||-||
is unitarily invariant), we see that

e, (r) = L, Il = ¥ (x0) ¥ (x2) - - - Y () — 1, |
= 1V (1 x2) ¥ (x3) - - - Y () — 1, | + 004 (def(@,))

=¥ (r) = L, | + ou(def(g,)).

Since ¥ (1) = 1;,, we are done. L]
The converse of Theorem 3.6 is also valid in the following sense.

PROPOSITION 3.7. Let I' = (S | R) be a finitely presented group and let ¢,,
Y, + § — Ul(k,) be asymptotic representations with respect to some family of
submultiplicative, unitarily invariant norms and suppose

o dist(gy, ¥) = Oy(def(¢,)) and

L def(wn) = Oy (def((pn))

Then, the 2-cocycle a associated with (@,)nen is trivial in H*(T, MZHJ‘”). In
particular, if ¢, is sufficiently close to a homomorphism, « is trivial.

Proof. 1f def(¢,) = 0 for most n € N, there is nothing to prove, so let us assume
this is not the case. Let ¢,, &n : I" — U(k,) be the induced maps we get by fixing
a section I" — g as explained in the beginning of this section. We note that the
sequences @, and ¥, induce the same map ¢, in the limit. Define

P8 = T et (o)

for n with def(p,) > 0 and y,(g) = O otherwise. By the first bullet in our
assumptions, y, is essentially bounded, so it defines an element y(g) € Mg”. If
we prove that

c(g, h) =ou(@yh) —y(gh) +y(@euh),
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it will follow easily that 8(g) := v (g)¢y (g)* will satisfy df = «. First note that
it follows from the second bullet in our assumptions that for every g, h € I

19, (gh) — () Vn (W) || = 0n(def(pn));

thus,

def(,) - (@a(8)Vu(h) — Vu(gh) + vu(8)¥u(h))
= Gu()Pu(h) — @2 (&) Vn(h) — Gu(gh) + ¥ (gh)
+ G0 (@)U (h) — V(&)W ()
= Gu(Q)@n(h) — @u(gh) + Y (gh) — V()W ()
= def(¢,) - c.(g, h) + oy (def(@,)).

Now the result follows by dividing by def(g,) (which is possible for most n) and
taking the limit. O

It is now clear that we are in need of large classes of groups for which
general vanishing results for the second cohomology with Banach or Hilbert space
coefficients can be proven. This will be the subject of the next section. But first
let us mention an alternative approach that can be used to prove Theorem 3.6.

3.4. Asymptotic representations and extensions. As mentioned in
Section 1.5, the second cohomology characterizes extensions of I” with abelian
kernel and that in this picture, coboundaries correspond to splitting extensions.
Thus, Theorem 3.6 and Corollary 3.7 show that finding the improved ¢, is
equivalent to finding a splitting for a certain extension. The connection between
asymptotic representations and extensions can be seen directly without going
through the above computations, and this idea can actually be used to prove
Theorem 3.6. Since this approach is very illustrative (it shows, for instance, very
clearly what role submultiplicativity plays), we sketch the proof.

We retain the assumptions from Section 3.1 and introduce some more notation.
Letting ¢, := def(p,), for n € N, we define

N(Ou(en) = [ e € [TUG) |l = 14,1l = Outen)}

neN

and

U(Ouen) = [TUGK) /N (Outen).

neN
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Similarly, we define N(oy(e,)) and U(oy(e,)). We saw that the asymptotic
representation (¢, ),y induces a homomorphism ¢y, : I — UM, but Lemma 1.13
actually implies the existence of an induced homomorphism

Pu: I' = U(Ou(en)).

Now we observe that the existence of ¢, : S — U(k,) with dist(g,, ¢,) =
Oy (def(g,)) and def(gp,) = oy(def(p,)) as in Theorem 3.6 is equivalent to the
existence of a lift ¢}, of @y:

U(OL{ (sn))

U(Ouy(en))

We also see that the map ¢, fits into the following commutative diagram:

I —— N —— Uou(e,) —=U(Oy(e,)) — 1

Y

A

1 N r r 1

where I is the pullback through ¢ and v and

N :=N(Oy(&,))/N(oy(&,)).

Combining these two observations, it easily follows that ¢, can be improved to
¢, if and only if the bottom row in the latter diagram splits. Now, since ||-|| is
submultiplicative, the group N is actually abelian. Indeed, for all 7, S € U(k), we
have that

ITST*S" = 1l = ITS — ST||
=T =1 = 1) = (S = 1(T = Lol
S2UT = LellllS = Lell,

so if (Tn)neN7 (Sn)nEN € N(O(En)), then
(TuSuT,} S})nen € N(O(e7)) S N(o(en)),
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whence the claim follows. Hence, as explained in Section 1.5, the extension 1 —
No>T—>T->1 corresponds to an element [@] € H*(I", N), and we conclude
that ¢, can be improved if and only if [&] = [0]. Now, the coefficients N are not
exactly the same as Mg” in Theorem 3.6, but with a little effort, one can prove
that N is a real Banach space (or a real Hilbert space in the case ||| = |- ||Fwob)
with an isometric [ -action and the existence of an equivariant homomorphism
6: N — M} such that [0 0 &] = [«].

REMARK 3.8. We note that this approach also works for the most part if ||| is not
submultiplicative. In this case, however, the group N is not abelian and the second
cohomology with non-abelian coefficients is much less tractable in general.

This alternative approach to the problem at hand is rather conceptual and
elegant, and the proof that we chose to present in detail also has its merits.
The cocycle a can be computed directly from (¢,),cn, and in cases where the
associated 1-cochain B can be computed explicitly from «, this gives us an explicit
expression for ¢/.

4. Cohomology vanishing and examples of n-Kazhdan groups

Recall that if I" is a finitely (or, more generally, compactly) generated
group, then I" has Kazhdan’s property (T) if and only if the first cohomology
H'(I', H,) = 0 for every unitary representation w: I" — U(#,) on a Hilbert
space H.; see [9] for a proof and more background information. We will consider
groups for which the higher cohomology groups vanish. Higher dimensional
vanishing phenomena have been studied in various articles; see, for example,
[5. 6, 12, 20, 21, 35, 37].

We propose the following terminology.

DEFINITION 4.1. Let n € N. A group I is called n-Kazhdan it H"(I", H)
vanishes for all unitary representations (7, H,) of I". We call I" strongly n-
Kazhdan, if I' is k-Kazhdan fork =1, ..., n.

So 1-Kazhdan is the Kazhdan’s classical property (T). See [5, 35] for
discussions of other related higher dimensional analogues of property (T). It
will be central in our proof that by an application of the open mapping theorem,
vanishing of cohomology with Hilbert space coefficients implies that cocycles
are coboundaries with control on the norms. This is explained in the following
proposition and its corollary, where we use the terminology introduced in
Equation (1.1).
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PROPOSITION 4.2. Letn € N, let I be a countable group, let w: I' — U(H,,)
be a unitary representation, and assume that H" (I, H,) = {0}. Then for every
finite set F C "' there exist a finite set F, € I'" and a constant C, = 0 such
that for every cocycle 7 € Z"(I", H,), there is an element b € C"~'(I", H,) such
that 7 = d"'b and ||b||r < Cr.rzllF,.

Proof. By definition of the topology on C" (I, H, ), the basic open sets are given
by

Us,p ={f € C"(I', Hy) | 1 f Il < 8}
for a finite F/ € I'" and § > 0. Since the map d"~': C""'(I", H,) — Z"(I", H)
is linear, bounded, and surjective, the open mapping theorem applies (see [46]);
so there are C, r > 0 and F, € I'" such that

Ut p, NZ' (T, Hy) S d" (U p).

In other words, if z € Z"(I", H,), llzllr, = 1, then C;}z € Ucle’Fn; so there is

b e C"(I', H,) such that d"~'b = z and ||b||r < Cr r = Cy rllzl|. This proves
the claim. O

We need the fact that if H>(I", H,) vanishes universally, the set F, and the
bound C, ¢ can be chosen universally for all unitary representations . This is
the consequence of an easy diagonalization argument.

COROLLARY 4.3. Let n € N and I be a countable n-Kazhdan group. Then for
every finite set F C I'", there are a finite set Fy € I'""" and a constant Cp > 0
such that for all unitary representations 7w of I' and all cocycles z € Z"(I", Hy),
there is an element b € C"~'(I", H,) such that 7z = d"~'b and ||b||r < Cr||z| 5

We also observe the following extension proposition.

PROPOSITION 4.4. Consider a short exact sequence of groups
l> A>T —>T —1.

If A is strongly n-Kazhdan and I is n-Kazhdan, then I is also n-Kazhdan. In
particular, this applies if A or I' is finite.

Proof. By the Hochschild—Serre spectral sequence [13], it is enough to show that
HX(I", H'(A, H,,)) vanishes for all k, ] € Nwith k+/ = n.Ifl > 0, then H'(A,
H,,) vanishes. For / = 0 and k = n, we have H(A, H,,) = Fix(|4) (the set
of fixed vectors in H,,,), which is a Hilbert space, and the induced action of I" is
a unitary representation; so we conclude that H" (I", H(A, ‘Hn,)) vanishes. [
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In view of the previous section, it is natural to ask if there exists a nonresidually
finite group such that H>(I", A) vanishes for all C*-algebras A whenever I" acts
on A by automorphisms. We are not able to answer this question; however, one
can show that H'(I", £*°(I")) does not vanish for any infinite group, which makes
a positive answer somewhat unlikely. Here, we view £*°(G) as a G-module with
respect to the right translation action. Indeed, letd: I" x I — N be a proper left-
invariant metric. Then, c(g) := (h +— d(1r, h) —d(1, hg))ser defines a cocycle
c¢: I' — £°°(I") which cannot be the boundary of an element in £°(I") if I" is
infinite.

4.1. Higher rank p-adic lattices are 2-Kazhdan. Finally, this section
provides examples, or every n > 2, of groups which are n-Kazhdan. The results
are essentially known and we recall them in detail for convenience.

Let K be a non-archimedean local field of residue class g, that is, if O C K is
the ring of integers and m C O is its unique maximal ideal, then ¢ = |O/m|. Let
G be a simple K -algebraic group of K-rank r and assume that » > 1. The group
G := G(K) acts on the associated Bruhat-Tits building 5. For more information
on the theory of buildings, see [1]. The latter is an infinite, contractible, pure
simplicial complex of dimension r, on which G acts transitively on the chambers,
that is, the top-dimensional simplices. Let I" be a uniform lattice in G, that is,
a discrete cocompact subgroup of G. When I" is also torsion-free (which can
always be achieved by replacing I" by a finite-index subgroup), the quotient
X := I'\B is a finite r-dimensional simplicial complex and I" = m;(X). In
particular, the group I" is finitely presented. We will use the following theorem
which essentially appears in the work of Ballmann and Swiatkowski [6] building
on previous work of Garland [24].

THEOREM 4.5. For every natural number r > 2, there exists qo(r) € N such that
the following holds. If g > qo(r) and G and I' are as above, then I is strongly
(r — 1)-Kazhdan. In particular, if r > 3, then I' is 2-Kazhdan.

Recall that being 1-Kazhdan is equivalent to Kazhdan’s property (T). As it is
well known, G and I" as above have property (T) for every r > 2 and for all g.
With this in mind, we find it plausible that one can take go(r) = 2 in the above
theorem.

Note that such I" contains a finite-index torsion-free group A. Proposition 4.4
implies that it suffices to prove that A is (r — 1)-Kazhdan. So one can assume that
I is torsion-free.

Theorem 4.5 for finite-dimensional Hilbert spaces is Theorem 8.3 in the
seminal paper of Garland [24]. The general case is stated in the last paragraph of
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Section 3.1 on page 631 in the work of Ballmann—Swiatkowski [6]. It is deduced
from Theorem 2.5 there that theorem asserts 4 la Garland [24] that the desired
cohomology vanishing follows from sharp estimates of the spectral gap of the
local Laplacians, that is, the Laplacians of the proper links of the complex. These
estimates (called also p-adic curvature) are given in [24, Lemmas 6.3 and 8.2]. So
altogether Theorem 4.5 is proven. The method and estimates of Garland are used
also in [37, 55] and more recently in [28, 35].

Let us give the reader just a notational warning: when we say rank (following
the common practice nowadays), we mean the K-rank of G as a p-adic group
(and we denoted it by r) and then it follows that the dimension of the associated
Bruhat-Tits building is equal to r. Garland refers to the rank of the Tits system
which, in his notation, he denotes / + 1. Hence, our r is equal to his /.

It is very natural to wonder what happens in the analogous real case. It is worth
noting that already H>(SL,(Z), R) is nontrivial for n large enough [11]; thus
SL,(Z) fails to be 5-Kazhdan for n large enough. Similarly, note that H?(Sp(2n,
7Z),R) = R for all n > 2 [11] so that the natural generalization to higher rank
lattices in real Lie groups has to be formulated carefully, maybe just by excluding
an explicit list of finite-dimensional unitary representations.

QUESTION 4.6. Is SL,(Z) 2-Kazhdan (at least for large n)?

5. Proofs of the main results

In order to finish the proofs of Theorem 1.1 and Theorem 1.2, we need to show
that finitely presented 2-Kazhdan groups are Frobenius-stable and that some of
them are not residually finite. The main result follows then from Corollary 5.4
and the constructions in Section 5.2.

5.1. The Frobenius stability of 2-Kazhdan groups. We now consider 2-
Kazhdan groups and asymptotic representations with respect to the Frobenius
norm. As [[,_;,(Mg, (C), [|-llrob) is a Hilbert space, the techniques of Section 3
can be applied and the defect of every asymptotic representation can be
diminished. We start by completing the proof of Theorem 1.2.

THEOREM 5.1. Let I be a finitely presented group. If I' is 2-Kazhdan, then it is
Frobenius-stable.

Proof. Let I' = (S | R). As mentioned, the ultraproduct
M = TT M, (©), [l prob)

n—U
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is a Hilbert space and I" acts on this space by invertible isometries, that is,
by unitaries; so H?(T, ML”F“"J) vanishes. In particular, the 2-cocycles defined
in Section 3 are always trivial. As noted, the bounds from Equation (3.2)
hold simultaneously for all asymptotic representations. This, combined with
Corollary 4.3, shows that there is a constant C such that for all asymptotic
representations ¢,: I” — U(k,) with respect to ||-||rob, W€ can choose the
1-cochain § associated with « so that it satisfies

2ns'1£gx||,3(s)”Frob < C.

Define the quantity
6(¢p) := HomDist(¢p) — 2C def(p)

for any map ¢: S — U(k) (for any k € N). We note that if ¢, : § — U(k,) is any
asymptotic representation, then lim,_,;, 6(¢,) = 0 and equality holds if and only
if ¢, is equivalent to a sequence of homomorphisms.

Now we fix a sequence (&,),cy of strictly positive real numbers such that
lim,_,;; &, = 0 and let (k,),cy be a sequence of natural numbers. By the above,
we need to prove that for all sequences of ¢,-almost representations ¥,,: S —
U(k,), the quantity 6(y,) tends to 0. For each n € N, the set of g,-almost
homomorphisms ¢: S — U(k,) is compact and since 8 is continuous, there
is ¢,: § — U(k,) such that def(¢,) < &, and ¢, maximizes 6 for all n € N.
Evidently, ¢, is an asymptotic representation. Thus, by Proposition 3.4 and
Theorem 3.6, there is an asymptotic representation ¢, : S — U(k,) such that
dist(¢,, ¢,) < C def(g,) and

def(¢)) < 1 def(p,) 5.1)

for most n € N. In particular, ¢, is also an ¢,-almost representation, and it follows
that for most n, we have

HomDist(¢,) < HomDist(¢,) + C def(g,).
Furthermore, by maximality, we have that
HombDist(¢)) — 2C def(¢,) = 0(¢,) < 0(¢,) = HomDist(¢p,) — 2C def(g,),
and putting these estimates together, we get
HomDist(¢,) — 2C def(¢),) < HomDist(¢,) — C def(g,) (5.2)

or (5.2) (5.1)
def(p,) < 2def(p,) < ;def(p,),
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which can only be the case if def(¢,) = O for most n. But then, ¢, is really

a representation for most n € N; so HomDist(¢,) = 0 and we conclude
lim,_;0(p,) = 0. Since 6(¢,) was chosen maximal, we conclude that
lim,,_,; 6 (¥,,) = O for all ¢,-almost representations ,,. 0

REMARK 5.2. Small modifications of the proof show that the result is still
valid if one replaces ||-||pob With any submultiplicative norm ||-|| and the 2-
Kazhdan assumption with a suitable cohomology vanishing assumption. To prove
Corollary 4.3 for other classes of Banach space coefficients, we need that the
class in question is stable under the ultraproduct Banach space construction from
Section 1.3. However, this extra condition is always satisfied, as it can be proved
that ultraproducts of the spaces MZ”/;” are isometrically isomorphic to MU' for a
(possibly) different ultrafilter V.

This, for instance, gives a sufficient condition for stability with respect to the
operator norm, where one could assume vanishing of second cohomology with
coefficients in a C*-algebra, but it seems difficult to prove the existence of a group
I" with such properties—a task that will already occupy the remaining sections in
the Hilbert space case.

REMARK 5.3. Note that Theorem 5.1 together with Proposition 4.4 imply that
virtually free groups are Frobenius-stable—a fact that seems cumbersome to
establish directly.

For the sake of reference, we formulate the following dichotomy, which is an
immediate corollary to Theorem 5.1, explicitly.

COROLLARY 5.4. Let I" be a finitely presented 2-Kazhdan group. Then either

e [ is residually finite or

e [ is not Frobenius-approximated.

The techniques in Section 3 rely on submultiplicativity of the norm and thus
cannot be directly applied to the normalized Hilbert—Schmidt norm ||-||gs. It is
worth noting, though, that since 7 [|Allros = | Allus < [[Allop < | Allrrop for A €
M; (C), we get the following immediate corollary to Theorem 5.1.

COROLLARY 5.5. Let I' = (S | R) be a finitely presented 2-Kazhdan group and
let ¢,: S — Ul(k,) be a sequence of maps such that

def(g,) = ou(k, "),
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where the defect is measured with respect to either ||-|lus or ||llop. Then @, is
equivalent to a sequence of homomorphisms.

Proof. Let ||-|| be the norm in question. Then

def s (00) < v/ defyy (@) = 0y (1).

In other words, ¢, is an asymptotic representation with respect to ||-||gop; SO by
Theorem 5.1, there are representations m,: I" — U(k,) with

lon(s) — () < N[@n(s) — 7, () | Frob = 014 (1)
fors € S. L]

The preceding corollary provides some quantitative information about the
Connes’ Embedding Problem. Indeed, if a finitely presented, nonresidually finite,
2-Kazhdan group is Ugs-approximated, then there is some upper bound on the
quality of the approximation in terms of the dimension of the unitary group.
Needless to say, it would be very interesting to decide if groups as above are
Uys-approximated.

5.2. Nonresidually finite 2-Kazhdan groups. In this section, we present
examples of finitely presented, nonresidually finite groups which are 2-Kazhdan
and hence finish the proof of Theorem 1.1. Note first that all the examples I”
presented in Section 4.1 are residually finite. In this section, we will show that
some of these I"’s have finite central extensions

1—>C—>f—>F—>1,

where C is a finite cyclic group and I is not residually finite. Now, C being finite
is strongly n-Kazhdan for every n, and so, if I" is 2-Kazhdan, then the same holds
for I” by Proposition 4.4. Hence, we may combine our results of this section with
the results from the previous section to obtain examples of 2-Kazhdan groups
which are not residually finite.

Our construction will imitate the construction of Deligne [18] of nonresidually
finite central extensions of some nonuniform arithmetic lattices in real Lie groups.
See also the work of Raghunathan [43, 44], where such central extensions were
constructed for some uniform lattices in Spin(2, n). These examples were later
used by Toledo [50] in his famous work showing the existence of algebraic
varieties with nonresidually finite fundamental groups. A short and very readable
exposition of Deligne’s argument was given by Witte Morris (see http://people.
uleth.ca/~dave.morris/talks/deligne-torsion.pdf).
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Our examples are p-adic analogues of Deligne’s examples and his original
proof actually works for them. He assumed the algebraic group G to be isotropic
and hence got only nonuniform lattices as, at the time, the congruence subgroup
property was known only in such cases. Nowadays, we can argue for more general
lattices along the same lines.

Let D be the standard quaternion algebra over Z, defined as

D=7, j, k /(l =] 2=k = —1,ij =k)

and set Dg := R ®z D for an arbitrary unital commutative ring R. It is well
known that Dy is the Hamiltonian division algebra H, whereas Do, = M»(Q,)
for p > 3, where the second isomorphism is basically a consequence of the fact
that the congruence x> + y?> = —1 can be solved modulo p. Consider also the
standard involution t: Dg — Dpg and let h: Dy x D} — Dy be the canonical
sesquilinear hermitian form on D%, that is,

(O, o X)), 1o ) =0T + - -+ X, T (V).

Consider now G(R) := SU(n, Dg, h). Note that G(R) is simply the group formed
by those n x n-matrices with entries in Dy such that the associated Dg-linear
map preserves the form /. The functor G is an absolutely almost simple, simply
connected Q-algebraic group which is Q-isomorphic to Sp(2n) and hence of type
C,; see [39, Section 2.3]. Embedding Dr C M,(C), one can show that G(R)
is isomorphic to a simply connected compact Lie group of type C,, namely the
quaternionic unitary group Sp(n) = U(2n) N Sp(2n, C).

Let now p > 3 be a rational prime. Since D(Q,) = M,(Q,), the group G
becomes split over Q, and G(Q,) is a noncompact group isomorphic to Sp(2n,
Q,). The group I' := G(Z[1/p]) sits diagonally as a lattice in G(R) x G(Q,).
However, since G(R) is compact, this yields that

is also a lattice. It is a standard fact that lattices in Sp(2n, Q,) are cocompact,
basically since Sp(2n, Q,) admits a basis of neighborhoods of the identity that
consists of torsion-free subgroups. In this concrete case, we can identify I" with
the group

U(2n) N Sp(2n, Zli, 1/ p]).

It was proved by Rapinchuk [45] and Tomanov [51] that the group I' =
G(Z[1/p]) has the congruence subgroup property. Let us explain what this
means in the adelic language: The group I" is a subgroup of G(Q) and we can
define two topologies on G(Q) as follows. The first is the arithmetic topology,
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for which the arithmetic subgroups, that is, the subgroups commensurable to I
serve as a fundamental system of neighborhoods of the identity. The second is the
congruence topology for which we take as a basis of neighborhoods of the identity
only those arithmetic groups which contain, for some natural number m with
(m, p) = 1, one of the principal congruence subgroups

I(m) = ker(G(Z[1/p]) — G(Z/mZ)).

We denote by G/(@) the completion with respect to the arithmetic topology
and by G(Q) the completion with respect to the congruence topology. There is a
canonical surjective homomorphism

T G/(\Q) — G(Q).

The result of Rapinchuk and Tomanov [45, 51] combined with the work of Prasad—
Rapinchuk [41] says that in our case, 7 is an isomorphism of topological groups.
Now, by the strong approximation theorem, G(Q) is isomorphic to

G (App) = T6@,

I#p

where []" denotes the restricted product as usual and A f\(,, is a subring of the
@-adeles A, the restricted product of Q; for all primes / # p. In particular, we get

G(A) = GR) x G(Q),) x G(Q).

Now a result of Prasad [40] (see also Deodhar [19] and Deligne [18]) says that
for every p, G(Q,) has a universal central extension

1 - C(p) = G@,) > G@Q,) — 1,

where C(p) denotes the group of roots of unity in QQ,, that is, a cyclic group of

order p — 1. We denote by I and by G/(?(j) the inverse images of I" and G(Q)
under the quotient map in the above extension.

We claim that if p > 5, then the group I is not residually finite.

PROPOSITION 5.6. Every finite-index subgroup of I’ contains the unique
subgroup of index 2 in C(p). In particular, if p > 5, I' is not residually finite.

Proof. To prove this, we will lift the arithmetic topology from G(Q) to its its central

extension G(Q) as follows. We define the arithmetic topology on G(Q) as the
topology for which all subgroups commensurable to I" serve as a fundamental

Downloaded from https://www.cambridge.org/core. IP address: 109.67.27.44, on 05 Sep 2020 at 18:22:02, subject to the Cambridge Core
terms of use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/fms.2020.5


https://www.cambridge.org/core/terms
https://doi.org/10.1017/fms.2020.5
https://www.cambridge.org/core

M. De Chiffre, L. Glebsky, A. Lubotzky and A. Thom 34

—

system of neighborhoods of the identity. We denote by (?(T@/) its Hausdorff
completion. It is clear from the definition that there exists a central extension
of topological groups

1—>Z—>G/(/76)—>G/(@)—>1,

where Z is a quotient of C(p), say by the quotient homomorphism p: C(p) — Z,
where ker(uw) is exactly the intersection of all the finite-index subgroups of I'.The
ultimate goal is to show that if p > 5, then ker(i) is nontrivial which would show
that I” is not residually finite. Define now

—

F = GR) x G(@Q,) x GQ)

and observe that it maps onto G(R) x G(Q,) x G/(@) = G(A) with kernel 1 x
C(p) x Z. Finally, we set

~

E
b= {(1,a,b) e 1 x C(p) x Z | b= p(@)}

Now, the group E is a central extension of G(A) with kernel isomorphic to Z.

Moreover, we also see from the definitions that the natural diagonal map 6(6) —

E — E sendsa € C(p) C (/}R@) to (1, a, n(a)) and hence factors through a
homomorphism G(Q) — E. This shows that the central extension

1-Z7Z—E—GA) > 1

splits over the subgroup G(Q) of G(A). Note that since G(Q) is perfect, the same
applies to G(A). Then a result on G(A) going back to Moore [33] for split groups
and Prasad—Rapinchuk [41] for the general case asserts that the universal central
extension of G(A) that splits over G(Q) has, in the case of our G, a kernel of
order 2—basically since the groups of roots of unity in Q is {-1}. Hence, we can
conclude that | Z| < 2. This proves the first part. More specifically, this shows that

the kernel of the map from the profinite completion I’ of I, which is realized as

a compact-open subgroup of 6@ to the profinite completion I’ of I', which
is realized as a compact-open subgroup of CT(@) = G(Q), is of order at most 2.
Hence, every finite-index subgroup of I" contains the index 2 subgroup of C(p)
in the center of I°.

Now, if p > 5,then 2 < p—1, and this proves that I is not residually finite. [

In conclusion, since I” is 2-Kazhdan, by Theorem 4.5 and Proposition 4.4, it
cannot be Frobenius-approximated by Corollary 5.4. This finishes the proof of
Theorem 1.1.
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