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Abstract

Understanding and quantifying the effects of flame stretch rate on the laminar flame speed and flame structure plays
an important role from interpreting experimentally-measured laminar burning velocities to characterizing the impact
of turbulence on premixed flames. Unfortunately, accounting for these effects often requires an unsteady reacting
flow solver and may be computationally expensive. In this work, we propose a mathematical framework to perform
simulations of stationary spherical flames. The objective is to maintain the flame at a constant radius (and hence a
constant stretch rate) by performing a coordinate change. The governing equations in the new flame-attached frame of
reference resemble the original equations for freely-propagating spherical flames. The only difference is the presence
of additional source terms whose purpose is to drive the numerical solution to a steady state. These source terms
involve one free parameter: the flame stretch rate, which may either be computed in real time or imposed by the
user. This parameter controls ultimately the steady state flame radius and the steady state flame speed. That is why,
at a given stretch rate, the results of the stationary spherical flame simulations match those of a freely-expanding
spherical flame. As an illustration, the dependence of the laminar flame speed on the stretch rate is leveraged to
extract Markstein lengths for hydrogen/air mixtures at different equivalence ratios, as well as for hydrocarbon/air
mixtures (CH4 and C7H16). Numerical predictions are in good agreement with experimental measurements (within
experimental uncertainties).

Finally, the proposed methodology is implemented in the chemical kinetic software FlameMaster. The use of
a dedicated steady-state solver with a non-uniform optimized mesh leads to significant reductions in the computa-
tional cost, highlighting that the proposed methodology is ideally suited for other chemical kinetic software such as
Chemkin/Premix and Cantera.
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1. Introduction

The development of detailed chemical kinetic mod-
els relies on extensive validation of the model’s perfor-
mance against experimental measurements (e.g. [1, 2]).
The most commonly-used configurations for this valida-
tion include shock tubes, plug flow reactors, jet-stirred
reactors, premixed flames, and counterflow diffusion
flames. One-dimensional premixed flames are the sim-
plest and most canonical configuration that includes a
balance between chemical reaction and species diffu-
sion. The quantity of interest, the unstretched laminar
flame speed (or burning velocity), S 0

L, has been mea-
sured for a variety of fuels, equivalence ratios, unburnt
temperatures, and background pressures.

Various experimental setups have been proposed for
measuring the laminar flame speed including Bunsen
flames [3], twin counterflow flames [4], heat flux meth-
ods [5], and freely-expanding spherical flames [6]. Each
of these methods has their own advantages and chal-
lenges. The present work focuses on the spherically-
expanding flame configuration as it has been used suc-
cessfully for atmospheric as well as high pressure mea-
surements.

The combination of flame curvature and strain rate
of the unburnt velocity field causes the structure and
behavior of spherical flames to deviate from their flat
flame counterparts. These stretch effects are often quan-
tified through the flame stretch rate [7]

κ =
1
A

dA
dt

=
2
rF

drF

dt
. (1)

where A is the flame surface area, and rF is the flame
radius.

First discussed by Markstein [8], the dependence of
the laminar flame speed on the stretch rate has been the
subject of a considerable body of work using asymp-
totic analysis yielding both linear and non-linear expres-
sions [9–13]. These expressions have been tested in nu-
merical simulations [14, 15] and experimental measure-
ments [4, 16, 17]. The analysis has also been extended
to turbulent premixed flames [18, 19]. It is commonly
accepted that in the limit of small stretch rates κ, the
flame speed, S L, is well approximated by

S L

S 0
L

= 1 −
LM

S 0
L

κ, (2)

where LM is the Markstein length. Unfortunately,
experimental measurements are often made at finite
stretch rates, and the above expression may not be valid
to extrapolate to zero stretch rate. Many studies have

been dedicated to the uncertainty of such extrapolations
(e.g. [15, 20]).

These studies point out to the need to perform un-
steady numerical simulations of spherically expand-
ing flames with detailed chemistry to evaluate explic-
itly the dependence of the laminar flame speed on the
stretch rate. This serves the dual purpose of provid-
ing a more accurate extrapolation to zero stretch rate as
well as evaluating the Markstein length scale. However,
these simulations present their own challenges. First,
most (if not all of the) numerical software used to de-
velop and validate detailed kinetic models only include
a steady-state solver for unstretched premixed flames
(e.g. Chemkin [21], Cantera [22], and FlameMas-
ter [23]). Second, the existing unsteady solvers with de-
tailed chemistry are often used to simulate only a small
range of stretch rates, as zero stretch rate is mathemati-
cally unreachable (it corresponds to an infinite radius).

The intent of the present work is not to propose
yet another extrapolation method for the laminar flame
speed to zero stretch rate, or to provide specific insight
into the physics of spherical premixed combustion. The
objective is to propose a numerical framework to sim-
ulate one-dimensional stretched laminar flames using
a steady-state solver. The proposed simulation frame-
work could then be used to accelerate the processing of
experimental data, to evaluate Markstein lengths from
detailed kinetic models, and to provide insight into the
effects of strain rate and curvature on turbulent pre-
mixed flames. This work differs from other studies [24]
in which stationary spherical flames were simulated,
i.e., for which κ was set to zero (dA/dt = 0).

The paper is organized as follows. In Section 2, we
present the governing equations for freely expanding
spherical flames and derive the new governing equations
for stationary spherical flames following a coordinate
change. We also provide an analytical closure for the
flame stretch rate, κ. Then, the numerical setup is re-
viewed in Section 3, and a series of validation tests is
presented in Section 4 for a hydrogen/air mixture at an
equivalence ratio φ = 0.4. Section 5 covers a detailed
explanation of stretch effects, including the extraction of
the Markstein length for a variety of equivalence ratios
and fuels (hydrogen, methane and n-heptane) at stan-
dard conditions. Finally, the proposed framework is im-
plemented in the steady-state solver FlameMaster, and
a computational cost analysis is presented.

2. Methodology

Two sets of simulations will be performed, namely
freely-expanding spherical flames and stationary spher-
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ical flames. The equations for each case are described
first, followed by a discussion of the closure problem.

2.1. Freely-expanding spherical flame equations

The set of equations for a one-dimensional, freely-
propagating, spherical flame under the low Mach num-
ber approximation consists of conservation of mass,
transport equations for each of the species mass frac-
tions, and the temperature equation

∂ρ

∂t
+

1
r2

∂r2ρur

∂r
= 0 , (3)

∂ρYk

∂t
+

1
r2

∂r2ρYkur

∂r
= −

1
r2

∂

∂r

(
r2 jk

)
+ ω̇k , (4)

ρcp
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+ ur
∂T
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]
=

1
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∂

∂r

(
r2λ

∂T
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)
−

ns∑
k=1

cp,k jk
∂T
∂r

+ω̇T .

(5)
The governing equations in the spatial radial coordinate
r, are solved to extract the radial velocity, ur, pressure,
p, density, ρ, temperature, T , and the ns species mass
fractions, Yk. jk is the diffusion flux of species k, ω̇k is
its chemical production term, and ω̇T is the heat release
rate. cp is the mixture heat capacity at constant pressure,
and λ is the thermal conductivity. Finally, the ideal gas
law is used to close the system

ρ =
p0W
RT

. (6)

where R is the universal gas constant, W is the molar
mass of the mixture, and p0 is the background pressure.

2.2. Stationary spherical flames

We perform a coordinate change to seek a stationary
solution in a flame-attached frame of reference.

2.2.1. Coordinate change
We introduce a flame-attached frame of reference de-

fined by r′ = r · r0
rF (t) and t′ = t, where r0 = rF(t0) is

the initial flame radius. This leads to the following set
of equations.
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We note that the ratio ṙF/rF is nothing more than half
the flame stretch rate, κ, of a freely-propagating flame
(see Eq. 1). An analytical closure for this flame stretch
rate will be presented in section 2.2.2.

Assuming the coordinate transformation is success-
ful, the flame in the new coordinate system is station-
ary. In other words, the flame radius remains at its initial
value, rF = r0, and Eq 7-9 become

∂ρ

∂t′
+

1
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=
κ

2
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, (10)
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These unsteady equations resemble the initial set of
equations for freely expanding flames (Eq. 3-5). The
only difference is the presence of additional source
terms on the right hand side. These additional metric
source terms allow our governing equations (Eq. 10 -
12) for a stationary flame to directly correspond with
the freely expanding flame.

2.2.2. Calculation of κ
The objective is to calculate in real time the flame

stretch rate, κ, necessary to force a steady state at the
initial flame radius. Such value is the eigenvalue for the
steady-state solution of Eq. 10-12.

We start by integrating the global mass conservation
equation (Eq. 10) over the whole domain (from r′ = 0
to r′ = R) assuming a steady state. This leads to the
evaluation of the outlet radial velocity

ur,∞ =
κ

2

R − 3
∫

ρ

ρu

(
r′

R

)2

dr′
 . (13)

Then, we integrate any of the species transport equa-
tions (Eq. 11) over the whole domain. Leveraging the
fact the diffusion fluxes are zero at r′ = 0 (because of
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symmetry) and at r′ = R (far away in the unburnt side),
we obtain

κ =
2
∫
ω̇kr′2dr′∫

3ρ(Yk − Yk,u)r′2dr′
, (14)

Theoretically, this expression can be evaluated for any
species (reactants, products, or intermediates) at each
time step within the simulation to enforce temporal sta-
tionarity.

2.2.3. Closure estimates
We now seek a priori estimates for the value of κ. As

a first approximation, we consider infinitely thin flames,
and use the fuel as the representative species. Under
these assumptions, the numerator of Eq. 14 is related to
the laminar burning speed (Eq. 19), and the denominator
is related to the total mass of burnt gas. We obtain the
following algebraic equation

κ(1)
est = 2

ρu

ρb

S L

rF
, (15)

with ρb and ρu the density of the burnt and unburnt
gas, respectively. This first estimate provides an upper
bound since it underestimates the mass of burnt gases.
We can improve it by considering not only the fully
burnt gases (between r′ = 0 and r′ = rF) but also
the burnt gases within the flame front itself (between
r′ = rF and r′ = rF + lF), where lF is the flame thick-
ness (see Eq. 18). Poinsot and Veynante proposed the
following expression [25]

κ(2)
est = 2

ρu

ρb

S L

rF

[
1 +

lF

2rF

(
1 +

ρu

ρb

)]−1

, (16)

This second estimate was obtained by assuming mean
values for all variables within the flame zone, and pro-
vides a ‘correction term’ for the zero flame thickness
results. For large spherical flames, rF � lF , the first
approximation is recovered. We discuss the precision of
these two estimates in Section 4.

3. Numerical Setup

All numerical simulations are performed using the
energy conservative, finite-difference, low-Mach num-
ber solver NGA [26] which is second-order accurate
in time. In space, we use the BQUICK scheme for
species advection [27] and second-order centered dif-
ference schemes for the other discretization and in-
terpolation operators. We use 1200 uniformly spaced
grid points, corresponding to about 20 points per flame

thickness. Finally, we apply shear-free boundary condi-
tions at the outlet (Neumann boundary conditions) and
a symmetry condition at the centerline.

We use a mixture-averaged formulation to compute
the species diffusion fluxes [28]. The species viscosi-
ties, µi, are obtained from standard gas kinetic the-
ory [29], and the mixture-averaged viscosity, µ, is cal-
culated using a modified form of Wilke’s formula [30].
The species thermal conductivities, λi, are evaluated us-
ing a modified version of Eucken’s formula [31]. The
mixture-averaged thermal conductivity, λ, is computed
following Mathur et al. [32].

The chemistry model used for hydrogen is the 9
species, 54 reactions mechanism by Hong et al. [33],
for which some of the rate constants have recently been
updated [34, 35]. The well-established GRI-Mech 3.0
mechanism [1], which includes 52 species and 634 re-
actions, is used for methane. Finally, for n-heptane,
the model used is the reduced mechanism of Bisetti et
al. [36] , which contains 47 species and 290 reactions.
All simulations are performed at standard conditions
(Tu = 298K and p0 = 1atm). Serving as the basis for the
validation process, Figure 1 shows a comparison of the
predicted unstretched laminar flame speeds with exper-
imental data for hydrogen/air mixtures (results obtained
with FlameMaster [23]).
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Figure 1: Comparison of one-dimensional unstretched laminar
flame speeds with experimental measurements for hydrogen-air mix-
tures [37–41]

Several global quantities will be evaluated from the
unsteady simulations. Multiple definitions of flame ra-
dius and flame speed exist [42, 43]. In this work, the
flame radius is defined from the volume integral of the
fuel density

rF = 3

√
R3 −

1
4
3πρuYF,u

∫
V
ρYFdV . (17)
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(a) Flame radius (b) Flame speed

Figure 2: Time evolution of the normalized flame radius (left) and flame speed (right) for the validation case (φ = 0.4). The results for the
freely-propagating spherical flame (Eq. 3-5) are shown with blue lines and for the stationary spherical flame (Eq. 10-12) with black lines.

The flame thickness is defined from the maximum
gradient of the temperature profile as

lF =
Tb − Tu

max
(

dT
dr

) . (18)

where Tu and Tb are the unburnt and burnt tempera-
tures, respectively. The laminar flame speed S L is de-
fined from the volumetric integral of the fuel reaction
rate per unity of flame front surface area,

S L =
1

ρuYF,u4πrF
2

∫
V
ρω̇FdV . (19)

where YF,u is the fuel mass fraction in the unburnt, ω̇F

is the fuel consumption rate, and rF is obtained from
Eq. (17). Note that the choice of a definition for rF im-
pacts the definition of the flame speed, and hence its
dependence on κ [44].

Finally, we define a characteristic time, τF = l0F/S
0
L,

as the time needed for the flame front to travel a distance
corresponding to its flame thickness. The superscript 0

refers to values for the unstretched flat flames.

4. Validation

The validation of the proposed numerical framework
follows a multi-step approach and is done for a hydro-
gen/air mixture at φ = 0.4. Figure 2 shows the temporal
evolution of the flame radius and flame speed.

The first step involves running a flat flame (1D un-
stretched) to obtain the laminar burning speed and com-
pare it to experimental data (see Fig. 1). The result-
ing spatial profiles of temperature, density, and species
mass fractions are used to start a freely expanding flame
in spherical coordinates (1D stretched). The initial

Figure 3: Comparison of the species mass fraction profiles vs temper-
ature for the freely expanding flame at point C (lines) with the station-
ary flame profiles (symbols) at point E for H2O, H2 and H. Each mass
fraction was normalized by its maximum value.

flame radius is set to rF ≈ 4lF , which corresponds to
κτF ≈ 2.2. This corresponds to point A in Fig. 2. Equa-
tions 3-5 are solved until a normalized time of about
t/τF ≈ 10. Initially, between points A and B, the flame
exhibits a transient behavior due to the change from
Cartesian to spherical coordinates. Then, from point B
on, the flame speed decreases (at a rate that is related
to the Markstein length), and the flame radius increases
almost linearly.

At point C, after all transient effects have vanished,
a new simulation is initiated corresponding to a station-
ary spherical flame . Equations 10-12 are solved with
the analytical closure model for the flame stretch rate,
κ, (Eq. 14). As intended, the flame radius and flame
speed remain constant at the same values as for point
C (black lines on Fig. 2). Figure 3 confirms that the
species profiles are identical between the freely propa-
gating flame results at point C and the stationary flame
results at point E.

Finally, at point E, new simulations are started with
different stretch values for the flame stretch rate, κ, de-
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Analytical closure (Eq. 14) Estimates
H2 O2 H2O Eq. 15 Eq. 16

0.296 0.292 0.295 0.323 0.302

Table 1: Numerical values for the stretch rate κ at point C, normalized
by τF , obtained with the analytical expression (Eq. 14) for different
species and with the two estimates (Eq. 15 and Eq. 16).

viating by ±3% from the analytical closure expression
(Eq. 14). As the imposed stretch does not correspond
to the expected one at the radius of point E, the flame
moves spatially and ultimately reaches a new steady
state radius. Simulations with a smaller (resp. larger)
stretch (−1% and −3%) have a larger (resp. smaller)
final radius than point E. This change in stretch rates
is associated with a change in the flame speed (see
Fig. 2(b)); larger stretch rate values lead to larger flame
speeds. The relationship between imposed stretch rate
and final flame speed will be exploited later in section 5.

As mentioned in section 2.2.2, the analytical closure
for the stretch rate, κ, can be evaluated from any reacting
species (i.e., not N2). As shown in Table 1, the numeri-
cal values obtained for H2, O2, and H2O are very close
to each other and vary by at most 1%. These differences
were found to decrease with grid resolution, taking val-
ues of 0.72 and 0.37% for 40 and 80 grid points per
flame thickness. Numerical values for the two estimates
(Eq. 15 and Eq. 16) are also provided in Table 1. Taking
into account the burnt gases within the flame is key for
obtaining a precise approximation as Eq. (16) performs
better than Eq. (15) (about 2% error vs. about 10%).

Finally, the chosen spatial resolution affects very
slightly the calculation of S L for a given κ. Discrep-
ancies between the results for 20, 40, and 80 points per
flame thickness do not exceed 1%.

5. Stretch effects

The previous section has shown that the new sim-
ulation framework (Eq. 10-12 with Eq. 14) produces
stationary spherical flames that match exactly freely-
expanding spherical flames. The next step is to leverage
this new framework to study the impact of stretch rate
on the laminar flame speed.

5.1. Extracting the Markstein length

As pointed out in the previous section, the laminar
flame reaches a different steady-state radius and a differ-
ent steady-state burning speed for each imposed stretch
rate, κ. Figure 4 presents the steady state flame speeds
(normalized by its unstretched value) for six different

Figure 4: Evolution of the laminar flame speed normalized by the un-
stretched value at different normalized stretch rate values for station-
ary spherical flames in NGA (red symbols), FlameMaster (blue sym-
bols), and for a freely propagating spherical flame (black lines). The
dashed line represents a linear interpolation to zero stretch (Eq. 2).

imposed stretch rates (normalized by τF) for φ = 0.4.
For these simulations, the fields were initialized with the
flat/unstretched flame profiles, and rF was estimated us-
ing Eq. (16). Also shown on the figure are the results of
a freely-propagating spherical flame covering the same
range of stretch rates. As the flame propagates out-
wardly, the flame radius increases (from rF = 1.4 cm to
rF = 3.3 cm)), and the stretch rate decreases (from 0.45
to 0.2). The results of the stationary spherical flames
and the freely-propagating spherical flame are in excel-
lent agreement for any given stretch rate.

As the stretch rate increases, the laminar flame speed
increases. This dependence is characteristic of a nega-
tive Markstein length situation and is expected for lean
hydrogen/air mixtures (here φ = 0.4). The Markstein
length may be evaluated using Eq. 2 and fitting a linear
function to the simulation results (dashed line in Fig. 4),
resulting in LM ≈ −0.74 mm.

5.2. Computational cost savings

This new methodology for obtaining LM not only
provides accurate results, but it also yields considerable
savings in computational cost. The non-stationary sim-
ulation (solid line in Fig. 4) was about 50 times more
computationally expensive than any of the steady-state
simulations (red dots in Fig. 4), all running on the same
computer. This considerable saving is made possible
by estimating a priori the stretch value for the desired
flame radius (or vice versa) from Eqs. 15 or 16. Then,
the (κ, rF) data pair is used to generate initial profiles
that quickly converge to the desired steady state. It is
possible to decrease the computational cost further by
reducing the domain only to a narrow range of radii
around the flame front.

To this end, the proposed method has been incor-
porated in the steady-state solver FlameMaster [23].
The implementation consisted in converting the spatial
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κτF SL/S0
L

φ = 0.4 φ = 0.75 φ = 1.0 φ = 1.25
0.2 1.23 0.98 0.81 0.77
0.3 1.31 0.94 0.75 0.69
0.4 1.37 0.92 0.69 0.60

Table 2: Numerical values for the normalized laminar burning veloc-
ity, S L, for different values of normalized stretch rates, κ, for hydro-
gen/air mixtures at different equivalence ratios.

derivatives from Cartesian to spherical coordinates, and
treating the source terms involving κ in Eqs. (10)-(12) as
an additional advection term. Specifically, even though
the gas velocity, ur, is always positive, the effective ad-
vection velocity, ur −

1
2κr
′, is always negative. Hence,

the unburnt side (end of the domain) is an inlet, and the
burnt side is the outlet.

The FlameMaster results for the hydrogen case at
φ = 0.4 are shown in Fig. 4 and are in excellent agree-
ment with the results obtained with the unsteady solver
NGA. Using a dedicated steady-state solver with a non-
uniform mesh leads to a dramatic computational cost re-
duction. Obtaining the solution requires a couple of in-
termediate simulations to converge to the desired point,
each simulation running in a few seconds. In compar-
ison, each stationary NGA simulation took a few min-
utes. Finally, the use of a non-uniform mesh optimized
around the flame front further reduces the impact of the
grid resolution. The flame speeds at κτF = 0.35 with
200 and 400 grid points differ by only 3%.

5.3. Comparison with experimental data

The procedure described above for a hydrogen/air
mixture at φ = 0.4 is repeated for three additional equiv-
alence ratios (φ = 0.75, 1.0, and 1.25). Table 2 provides
the normalized flame speed obtained from stationary
spherical flame simulations at three different normalized
stretch rates (κτF = 0.2, 0.3, and 0.4).

While the laminar flame speed increases with stretch
rate for φ = 0.4, it is found to decrease for the other
three cases. This is characteristic of a positive Mark-
stein length. Using the lowest stretch rate, we estimate
the burnt Markstein lengths to be Lb

M ≈ +0.22 mm,
+2.16 mm, and +2.72 mm for φ = 0.75, 1.0, and 1.25
respectively. These values are compared to experimen-
tal data in Fig. 5. The numerical values are in good
agreement with the experimental results. The order of
magnitude of the errors is acceptable taking into account
the uncertainty in the extraction of Markstein length (up
to 60 %) [15].

5.4. Extension to hydrocarbon/air mixtures

To show the generality of the method, we perform
simulations for two additional fuels (CH4 and n−C7H16)
using the proposed framework. Following the method-
ology detailed in Section 5.1, we extract the Markstein
length LM for different equivalence ratios. The results
are shown in Figure 6 and are in very good agreement
with experimental data. Opposite behaviors are pre-
dicted for the two fuels. For n-heptane, unlike methane
and hydrogen, the Markstein length decreases as the
mixture becomes richer, and the laminar flame speed be-
comes less sensitive to changes in the stretch rate. This
is a typical characteristic of n-alkanes, for which nega-
tive LM can be obtained for rich mixtures [48].

6. Conclusions

In this work, we proposed a mathematical framework
for the simulation of stationary spherical flames. The
key element is a coordinate change to maintain the flame
radius constant. The governing equations in the new
flame-attached frame of reference resemble the original
equations for freely-propagating spherical flames. The
only difference is the presence of an additional source in

Figure 5: Comparison of the Markstein lengths extracted from sta-
tionary spherical flame simulations (black diamonds and dashed line)
with experimental values (symbols) for different hydrogen mixtures
[45–47]

Figure 6: Comparison of the Markstein lengths extracted from station-
ary spherical flame simulations for CH4 (filled blue symbols and solid
line) and C7H16 (open red symbols and dashed line) with experimen-
tal values (black symbols) for different equivalence ratios [24, 48]
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each equation, whose purpose is to drive the numerical
solution to a steady state. These source terms involve
one free parameter: the flame stretch rate. This quantity
may be computed in real time in an unsteady calculation
in order to keep the flame radius constant. It could also
be imposed. In this second case, the flame radius and
flame speed adjust to match the imposed stretch rate.

The results of the stationary spherical flame simu-
lations were found to match those of freely expand-
ing spherical flame at a given stretch rate. This in-
cludes both global quantities (such as the flame speed)
and species profiles. The dependence of the laminar
flame speed on the stretch rate was leveraged to extract
Markstein lengths for hydrogen/air mixtures at differ-
ent equivalence ratios, as well as for hydrocarbon/air
mixtures (CH4 and n−C7H16). Numerical results were
found to be in good agreement with experimental mea-
surements (and within experimental uncertainties).

This proposed methodology is ideally suited for im-
plementation in traditional steady-state chemical ki-
netic software such as Chemkin/Premix, Cantera, and
FlameMaster, and removes the need for unsteady
solvers. The use of a dedicated steady-state solver with
a non-uniform mesh was found to lead to significant cost
reductions over the use of an unsteady solver.
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