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In this article we study the variation in the spectrum of a self-adjoint nonnegative 
operator on a Hilbert space under continuous perturbations of the operator. In 
the particular case of the Laplacian on k-forms over a complete manifold we will 
use this analytic result to obtain some interesting and significant properties of its 
spectrum. In particular, we will prove the continuous deformation of the spectrum 
of the Laplacian under a continuous deformation of the metric of the noncompact 
manifold. We will also show that the spectrum on 1-forms always contains the 
function spectrum on any open manifold.
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1. Introduction

We consider a densely defined, self-adjoint operator H on a Hilbert space H. The spectrum of H, σ(H), 
consists of all points λ ∈ C for which H − λI fails to be invertible. When the operator is nonnegative, 
its spectrum is contained in [0, ∞). We separate the spectral points into two subsets; the set of isolated 
eigenvalues of finite multiplicity which we refer to as the discrete isolated spectrum, and the essential 
spectrum of H, σess(H), which is the set of cluster points in the spectrum together with the isolated 
eigenvalues of infinite multiplicity. It is well known that both σ(H) and σess(H) are closed sets in R and in C.

An interesting problem in the study of the spectrum of self-adjoint operators, is to find the variation in 
the spectrum under perturbations of the operator. In the first main result of this paper, Theorem 2.4, we 
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prove the continuous variation in the spectrum and essential spectrum of such a self-adjoint operator, under 
a continuous perturbation of its quadratic form. The proof of this theorem is based on a generalized Weyl 
criterion for computing the spectrum that the authors have previously shown in [6].

Our second goal is to study the spectrum and the essential spectrum of a particular operator, namely the 
Hodge Laplacian on differential forms over a complete orientable Riemannian manifold. In the compact case 
the spectrum of the Laplacian is a discrete set of isolated eigenvalues and Dodziuk has shown that these 
eigenvalues vary continuously with the metric [11]. In the noncompact case the spectrum of the Laplacian 
can have both pure point and essential spectral points. It is well known that the spectrum depends not 
only on topological invariants of the manifold, but also on its geometric ones (see [4,6] and references 
therein). In Theorem 3.3 we prove that the spectrum of the Laplacian on k-forms over a noncompact 
orientable Riemannian manifold varies continuously under continuous perturbations of the metric. Note 
that a C2 perturbation of the metric results in a continuous perturbation for the Laplace operator, and a 
C1 perturbation in the metric gives a continuous perturbation in the corresponding quadratic form. As a 
result, from the regularity point of view, Theorem 3.3 reduces the smoothness of the perturbation required 
for the full quadratic form of the operator to a mere continuous one. It is also worth mentioning that our 
proof requires the analytic tools developed in Sections 2 and 3, and is therefore not a simple extension 
of the argument for the compact case. Moreover, our method allows us to specify the test functions that 
can be used in a direct proof that a point λ belongs to the spectrum. Our result is related to the spectral 
continuity results due to Fukaya [19,20] and Cheeger-Colding [8] for the function spectrum and to those of 
Lott [26,27], and more recently Honda [22], on the form spectrum.

We will also obtain further interesting results for the k-form spectrum. We will use the generalized Weyl 
criterion to show that a point in the k-form spectrum of the Laplacian over a complete manifold must 
belong to either the (k −1)-form spectrum or to the (k +1)-form spectrum (Theorem 4.1). As an immediate 
consequence we have that the spectrum of the Laplacian on 1-forms always contains the spectrum of the 
Laplacian on functions (Corollary 4.4). We emphasize the fact that this theorem is an analytic result, which 
does not impose any assumptions on the curvature nor the volume growth of the manifold. It also implies 
that we do not always have to make stronger geometric assumptions on the manifold to compute the k-form 
spectrum, in comparison to the Laplacian on functions. In Section 4 we will join Theorem 4.1 with a previous 
result of ours to conclude that on manifolds with Ricci curvature asymptotically nonnegative in the radial 
direction, the essential spectrum of the Laplacian on 1-forms is [0, ∞), whenever the volume of the manifold 
is infinite, or if the volume is finite but the volume does not decay exponentially.

Acknowledgment. The authors would like to thank John Lott and Rafe Mazzeo for their useful comments 
and suggestions. They also would like to thank the anonymous referees whose comments enriched the content 
of the paper.

2. Continuous perturbations of the operator and its spectrum

Let H be a Hilbert space with two inner products (·, ·)0 and (·, ·)1. We consider two densely defined 
nonnegative operators H0 and H1 on H that are self-adjoint with respect to the inner products (·, ·)0 and 
(·, ·)1 respectively. Let Q0, Q1 be their respective quadratic forms and denote the two norms on H by ‖ · ‖0
and ‖ · ‖1. Note that both Q0 and Q1 are nonnegative.

We denote the domain of the Friedrichs extension of H0 and H1 by Dom(H0) and Dom(H1) respectively. 
We assume that there exists a dense subspace C ⊂ H such that C is contained in Dom(H0) ∩ Dom(H1) (in 
our applications C will be the space of smooth forms with compact support).

Definition 2.1. We say that the operators H0, H1 are ε-close, if there exists a positive constant 0 < ε < 1
such that for all u ∈ C the following two inequalities hold
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(1 − ε) ‖u‖2
0 ≤ ‖u‖2

1 ≤ (1 + ε) ‖u‖2
0; (1)

(1 − ε) Q0(u, u) ≤ Q1(u, u) ≤ (1 + ε) Q0(u, u). (2)

If H0, H1 are ε-close, then for any u, v ∈ C

|(u, v)1 − (u, v)0| ≤ ε(‖u‖0 ‖v‖0); (3)

|Q1(u, v) − Q0(u, v)| ≤ ε [Q0(u, u) Q0(v, v)]1/2. (4)

To prove (3) we first observe that if either u = 0 or v = 0, then clearly the inequality holds. So we will 
prove it when neither vanishes. We first observe that

|(u, v)1 − (u, v)0| = 1
4

∣∣ [‖u + v‖2
1 − ‖u + v‖2

0 − (‖u − v‖2
1 − ‖u − v‖2

0)]
∣∣

≤ 1
4 ε [‖u + v‖2

0 + ‖u − v‖2
0] ≤ 1

2 ε [‖u‖2
0 + ‖v‖2

0].

If in the above inequality we replace u by au and v by v/a with a2 = ‖v‖0/‖u‖0, then (3) follows immediately. 
Inequality (4) follows in a similar manner given that Q0 and Q1 are nonnegative.

We will show that the spectra of two ε-close operators also remain close. Our proof will require a com-
parison of their resolvent operators which is Lemma 2.3 below. The following boundedness result for the 
resolvent operators is a direct consequence of the spectral theorem.

Lemma 2.2. Let H be densely defined self-adjoint nonnegative operator on a Hilbert space H. Then for any 
nonnegative integer m and α > 0, (H + α)−m is a bounded operator on H with operator norm bounded 
by α−m.

Lemma 2.3. Let H0 and H1 be two self-adjoint nonnegative operators that are ε-close on H as in Defini-
tion 2.1, with 0 < ε < 1/2.

Fix α ≥ 1. Then for all u, v ∈ C

∣∣( (H1 + α)−mu, v )1 − ( (H0 + α)−mu, v )0
∣∣ ≤ (2m + 1) ε ‖u‖0‖v‖0

for any nonnegative integer m ≥ 0.

Proof. For m = 0, the result follows from (3).
Let m > 0 and assume that the lemma holds for m − 1. Then

|((H1 + α)−m+1u, (H1 + α)−1v)1 − ((H0 + α)−m+1u, (H1 + α)−1v)0|

≤ (2m − 1) ε‖u‖0‖v‖0.

Let w = (H0 + α)−m+1u, w1 = (H0 + α)−1w, and v1 = (H1 + α)−1v. Then

|(w, v1)0 − (w1, v)0|

≤ |((H0 + α)w1, v1)0 − (w1, (H1 + α)v1)1| + |(w1, v)0 − (w1, v)1|

≤ ε ((Q0(w1, w1) · Q0(v1, v1))1/2 + ‖w1‖0 · ‖v‖0) ≤ 2ε‖u‖0 · ‖v‖0.

The result follows for m after combining the above two estimates. �
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For our applications, it would be convenient to consider the spectrum of any nonnegative self-adjoint 
operator H as a complete metric space. As is well-known, the spectrum σ(H) is a closed subset of [0, ∞), 
hence it is a complete metric space with distance function the one induced from R. Let

σ̃(H) = {−1} ∪ σ(H).

Then (σ̃(H), −1) is a pointed complete metric space. We denote the pointed-Hausdorff distance as dh.
Similar notions can be defined for the essential spectrum. We feel that the above definition is a convenient 

notion in many of our results, and we shall use it throughout this paper. However, the point −1 is just an 
abstract point, and in order to simplify notation, we shall use σ(H), instead of the more complicated 
(σ̃(H), −1), for the rest of the paper.

We will now describe the proximity of the spectra of two ε-close operators.

Theorem 2.4. Let H0, H1 be two nonnegative operators on H that are ε-close as in Definition 2.1 for some 
0 < ε < 1/2. Fix A > 0. Then for any λ ∈ σ(H1) ∩ [0, A]

dist(λ, σ(H0)) < c(A)ε 1
3

for a constant c(A) depending only on A. In particular, we have

dh(σ(H0), σ(H1)) = o(1),

where o(1) → 0 as ε → 0.

The proof of the theorem relies on a generalized Weyl criterion for self-adjoint operators that the authors 
have proved in [6] (see also the proof in [7]).

Proposition 2.5. A nonnegative real number λ belongs to the spectrum σ(H) if, and only if, there exists a 
positive constant α and a sequence {ψj}j∈N ⊂ Dom(H) such that

(1) ∀j ∈ N, ‖ψj‖ = 1,
(2) ((H + α)−mψj , (H − λ)ψj) → 0 for m = 1, 2.

Moreover, λ belongs to the essential spectrum σess(H) if, and only if, in addition to the above properties

(3) ψj → 0, weakly as j → ∞ in H.

Furthermore, if for some 0 < δ < 1,

|((H + α)−mψj , (H − λ)ψj)| ≤ δ

for both m = 1, 2 and all j, then there exists a constant c(λ, α) > 0, depending only on λ, α, such that

dist(λ, σ(H)) < c(λ, α) δ
1
3 .

For other versions of generalized Weyl criteria see [4,23].

Proof of Theorem 2.4. We start by taking a point 0 ≤ λ ≤ A in the spectrum of H1 and fix α ≥ 1. By 
Proposition 2.5 for m = 1, 2 we have
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| ((H1 + α)−mψj , (H1 − λ)ψj)1 | ≤ ε‖ψj‖1

for a sequence {ψj} with unit norm as j → ∞. The identity

((H1 + α)−mψj , (H1 − λ)ψj)1

= ((H1 + α)−m+1ψj , ψj)1 − (α + λ) ( (H1 + α)−mψj , ψj)1
(5)

together with Lemma 2.3 imply that the corresponding expression for H0 should also tend to zero. In fact, 
we have

|((H0 + α)−mψj , (H0 − λ)ψj)0| ≤ c(A, α)ε

for some constant c(A, α) depending only on A, α. By Proposition 2.5, the conclusion is true for some, 
possibly different, constant c(A, α). �

Theorem 2.4 demonstrates that whenever Hε → H0 under the topology of ε-closeness, then σ(Hε) →
σ(H0) as pointed metric spaces with respect to the pointed Hausdorff distance. At the same time, it implies 
that gaps in the spectrum of H0, if they exist, do not vanish instantaneously.

In [32] Post studies the variation in the spectrum when a family of noncompact manifolds approaches 
a metric graph. To achieve this, he proves the continuous variation in the spectrum in the context of 
ε-close operators over Hilbert spaces that are related through quasi-unitary operators. In our context of 
operators induced by quadratic forms, our ε-closeness assumption for the metric (3) is equivalent to Post’s 
assumption (A.9′) in the case when the two Hilbert spaces are the same and the operators J and J ′ are the 
identity. Moreover, our assumption (4) implies Post’s (A.11′), when the operators J1 and J ′

1 between the 
first Sobolev spaces are also the identity. See Definition A.1 in [32] for his detailed conditions.

3. The spectrum of the Laplacian on forms under continuous deformations of the metric

Let (Mn, g) be a complete n-dimensional orientable Riemannian manifold. The metric g induces a point-
wise inner-product on the space of k-forms Λk(M) which is denoted 〈·, ·〉. We denote the L2 pairing as

(·, ·) =
∫

M

〈·, ·〉

and the L2 norm as ‖ · ‖.
Let L2(Λk(M)) denote the space of L2 integrable k-forms. Denote by Δk the Laplacian on k-forms as 

well as its Friedrichs extension on L2. We denote the domain of the Laplacian on k-forms by Dom(k, Δ). 
For the remaining of this paper, we shall write Δ instead of Δk for 0 ≤ k ≤ n whenever the order of the 
form is implied.

Recall that the Laplacian is given by Δ = dδ + δd where d is the exterior derivative and δ is its formal 
adjoint with respect to the Riemannian metric. We consider the two operators that make up the Laplacian. 
We set

L1 = δd

with associated quadratic form Q1(ω) = (dω, dω) and

L2 = dδ

with associated quadratic form Q2(ω) = (δω, δω) on k-forms.
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Each one of the operators L1, L2 has a self-adjoint Friedrichs extension which is nonnegative. It can be 
easily seen that Dom(k, Δ) = Dom(k, L1) ∩ Dom(k, L2). We will use the notation σ(k, Δ) (σess(k, Δ) resp.) 
to denote the spectrum (essential spectrum resp.) of the Laplacian on k-forms, where 0 ≤ k ≤ n, and 
similarly for the partial Laplace operators L1, L2.

The generalized Weyl Criterion, Proposition 2.5, allows to illustrate how the spectra of the above three 
operators are related, which is of its own interest.

Lemma 3.1. For any 0 ≤ k ≤ n the following containments hold

σ(k, Δ) ⊂ σ(k, L1) ∪ σ(k, L2) (6)

and

σ(k, Δ) ⊃ {σ(k, L1) ∪ σ(k, L2)} \ {0}. (7)

The result is also true for the essential spectra of the operators.

Proof. We first remark that Δ, L1, L2 are all closed. Therefore the forms to which we apply the Weyl 
Criteria can be taken to be smooth with compact support.

If k = 0, then Δ = L1 and L2 = 0, and the statement is trivially true. Similarly, for k = n, Δ = L2. As 
a result we only consider the case 0 < k < n.

We begin by proving (6). We first show that 0 is always a point in σ(k, L1) ∪ σ(k, L2). This follows from 
the simple fact that for any smooth compactly supported (k − 1)-form ω, dω is a k-eigenform of L1 = δd

corresponding to the eigenvalue 0. Moreover, since k ≥ 1 we can always find a sequence of compactly 
supported approximate (k − 1)-forms uj such that ‖duj‖ = 1 on M . This implies that 0 ∈ σ(k, L1). As a 
result, if 0 ∈ σ(k, Δ), then 0 ∈ σ(k, L1) ∪ σ(k, L2).

We now consider λ > 0 in σ(k, Δ). By the classical Weyl criterion (see for example [12]), there exists a 
sequence of approximate eigenforms {ψj}j∈N with ‖ψj‖ = 1 such that for any 0 < ε < λ/2, we have

‖(Δ − λ)ψj‖ < ε as j → ∞.

By the triangle inequality,

‖Δψj‖ ≥ λ

2

for j large enough. Since ‖Δψj‖2 = ‖L1ψj‖2 + ‖L2ψj‖2, there must exist a subsequence of j, for which 
either

‖L1ψj‖2 ≥ λ

4 or ‖L2ψj‖2 ≥ λ

4

(note that the ψj are smooth with compact support).
Suppose that ‖L1ψj‖2 ≥ λ

4 . Observe that on smooth forms with compact support,

L1L2 = L2L1 = 0

and

ΔLi = LiΔ
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for i = 1, 2. Thus for m = 1, 2

| ( (L1 + 1)−mL1ψj , (L1 − λ)L1ψj) | = | ( (L1 + 1)−mL1ψj , (Δ − λ)L1ψj) |

= | ( (L1 + 1)−m(L1)2ψj , (Δ − λ)ψj) | ≤ ‖L1ψj‖ · ‖(Δ − λ)ψj‖ ≤ ε
4
λ

‖L1ψj‖2

where we have used that ‖(L1 +1)−mL1‖ ≤ 1 which can also be proved via the spectral theorem similarly to 
Lemma 2.2. We set ψ̃j = L1ψj/‖L1ψj‖ and rescale the above inequalities. Then, for a sequence of ε → 0, we 
can find a sequence of ψ̃j that satisfy the conditions of Proposition 2.5 with α = 1. Therefore λ ∈ σ(k, L1). 
The argument for the case ‖L2ψj‖2 ≥ λ

4 is identical. We thus conclude that λ belongs either to σ(k, L1) or 
to σ(k, L2).

To prove (7) we now suppose that λ > 0 belongs to σ(k, L1). Again by the classical Weyl criterion there 
exists a sequence of smooth approximate eigenforms {ψj}j∈N with ‖ψj‖ = 1 such that for any ε > 0, 
0 < ε < λ/2, we have

‖(L1 − λ)ψj‖ < ε as j → ∞.

As a result,

λ

2 ≤ ‖L1ψj‖ ≤ 2λ

for j large enough. For m = 1, 2 we similarly get

| ( (Δ + 1)−mL1ψj , (Δ − λ)L1ψj) | = | ( (Δ + 1)−mL1ψj , (L1 − λ)L1ψj) |

= | ( (Δ + 1)−mΔL1ψj , (L1 − λ)ψj) | ≤ ‖L1ψj‖ · ‖(L1 − λ)ψj‖ ≤ ε
4
λ

‖L1ψj‖2.

Again we set ψ̃j = L1ψj/‖L1ψj‖ and rescale the above inequalities. Then for a sequence of ε → 0 we can 
get a sequence of ψ̃j that satisfy the conditions of Proposition 2.5. Therefore, λ belongs to the spectrum 
of Δ.

In a similar manner we can prove that σ(k, L2) \ {0} ⊂ σ(k, Δ). As a result

{σ(k, L1) ∪ σ(k, L2)} \ {0} ⊂ σ(k, Δ).

The case of the essential spectrum follows in a similar manner. �
Remark 3.2. Lemma 3.1 could also have been proved using a similar version of the Hodge decomposition 
theorem over a noncompact manifold [24]. Our method however, offers a direct proof that specifies the test 
functions that can be used in showing that a point λ belongs to the spectrum.

We now consider a manifold M to which we can assign two Riemannian metrics, g0, g1 such that (M, g0)
and (M, g1) are smooth complete manifolds with respect to both. We say that the two metrics are ε-close 
if for some 0 < ε < 1

(1 − ε)g0 ≤ g1 ≤ (1 + ε)g0. (8)

We denote by δi the adjoint of d on (M, gi) for i = 0, 1 and the associated Laplacian operators by

Δi = dδi + δid.
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We denote by (·, ·)i the L2 pairing in the gi metric and by ‖ · ‖i the respective L2 norm. In this section 
we will show that Theorem 2.4 can be extended to Δi. Let

L1
i = δid and L2

i = dδi.

Their associated quadratic forms are given by

Q1
i (ω, ω) = (dω, dω)i and Q2

i (ω, ω) = (δiω, δiω)i,

respectively.
As mentioned in the Introduction, the notation σ(k, Δ), σess(k, Δ) resp., actually refers to the pointed 

complete metric space

(σ(k, Δ) ∪ {−1}, −1), (σess(k, Δ) ∪ {−1}, −1) resp.

We set

σ(−1, Δ) = σ(n + 1, Δ) = σess(−1, Δ) = σess(n + 1, Δ) = ∅

which, according to the above convention, means that they are all the single point metric space {−1}.
We now state the main result of this section.

Theorem 3.3. Let Mn be an orientable manifold, and let g0, g1 be two smooth complete Riemannian metrics 
on M that are ε-close for some 0 < ε < 1/2.

Fix A > 0. Then for any λ ∈ σ(k, Δ1) ∩ [0, A]

dist(λ, σ(k, Δ0)) < c(A, n) ε
1
3

for some constant c(A) depending only on A. A similar result holds for the essential spectra of the operators. 
In particular,

dh(σ(k, Δ1), σ(k, Δ0)) = o(1),

where o(1) → 0, as ε → 0.

Proof. Given that the ∗-operator is an isometry in the respective metric, for all 0 ≤ k ≤ n, we have

Dom(k, L2
i ) = Dom(n − k, L1

i )

for i = 0, 1. Moreover,

σ(k, L2
i ) = σ(n − k, L1

i ).

The same holds true for the essential spectrum.
Since d is metric independent, and since Dom(k, L1

1) ∩ Dom(k, L1
0) ⊃ C, where C is the space of smooth 

forms with compact support, by the ε-closeness of the metrics we have

(1 − ε′) Q1
0(ω) ≤ Q1

1(ω) ≤ (1 + ε′) Q1
0(ω)
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for any ω ∈ C and for ε′ = max
{

( 1+ε
1−ε )n − 1 , 1 − (1−ε

1+ε )n
}

≤ c(n)ε when 0 < ε < 1/2 and where c(n) is a 

constant that only depends on the dimension n. In other words, the operators L1
1 and L1

0 are c(n)ε-close. 
For simplicity in notation we will replace c(n)ε by ε. For any λ ∈ σ(k, L1

1) ∩ (0, A], by Lemma 3.1, we have

dist(λ, σ(k, Δ0)) ≤ dist(λ, σ(k, L1
0)) < c(A, n) ε

1
3 .

The case λ = 0 can be treated directly. If 0 ∈ σ(Δ1), we claim

dist(0, σ(Δ0)) ≤ 100ε.

If not, then there exists ε0 such that dist(0, σ(Δ0)) > 100ε0. Let ω be a smooth compactly supported k-form 
such that ‖ω‖1 = 1 and

‖Δ1ω‖1 < ε0.

Then

‖dω‖1 ≤ √
ε0, ‖δ1ω‖1 ≤ √

ε0.

Since 0 is not in the spectrum of Δ0, then Δ−1
0 is well defined. We set η = Δ−1

0 ω, η1 = dη and η2 = δ0η. 
Then

‖η‖0 ≤ 1
100ε0

, ‖η1‖0 ≤ 1
5√

ε0
, ‖η2‖0 ≤ 1

5√
ε0

, and ‖dη2‖0 ≤ 2.

Therefore,

|(ω, δ0η1)0| = |(dω, η1)0| ≤ ‖dω‖0 · ‖η1‖0 ≤ 2‖dω‖1 · ‖η1‖0 ≤ 2
5 .

Moreover,

|(ω, dη2)1| = |(δ1ω, η2)1| ≤ ‖δ1ω‖1 · 2‖η2‖0 ≤ 2
5 ,

whereas by the ε-closeness of the metrics we have

|(ω, dη2)1 − (ω, dη2)0| ≤ 2ε‖dη2‖0 ≤ 4ε.

As a result,

|(ω, dη2)0| ≤ 2
5 + 4ε.

Observing that ω = δ0η1 + dη2 and combining the above estimates we get

‖ω‖1 = |(ω, δ0η1)0 + (ω, dη2)0| ≤ 4
5 + 4ε <

9
10

which gives a contradiction for ε small enough. This completes the proof. �
The following corollary is now immediate.
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Corollary 3.4. Let M be a complete noncompact orientable manifold, and let {gε}ε∈[0,1/2] be a family of 
smooth complete Riemannian metrics on M such that

(1 − ε)g0 ≤ gε ≤ (1 + ε)g0.

Then

dh(σ(k, Δε), σ(k, Δ0)) = o(1),

where o(1) → 0, as ε → 0. A similar result holds for the essential spectrum of the operators.

The Corollary implies that if for a sequence of εm → 0 there exists a sequence of points λεm
→ λ > 0

with the property λεm
∈ σess(Δεm

) for all m, then λ ∈ σess(Δ0). In other words, if λ /∈ σess(Δ0), then there 
exists a δ > 0 such that λ /∈ σess(Δε) for all ε < δ.

When M is a compact manifold the above result for the pointed Hausdorff convergence of the spectrum 
implies that for any given i, the i-th eigenvalues are convergent as ε → 0 as was also proved in [11]. Although 
our proof is an adaptation of Dodziuk’s argument for the compact case it is not a mere extension of it, as 
the continuous variation in the spectrum of the partial operators L1, L2 requires the analytical proofs that 
we have developed in Section 2.

Finally, we would like to make the following remark. As the proof of Theorem 3.3 illustrates, when two 
metrics are ε-close, then the spectra of the L2

i operators are also close. However, given that the dual form 
∗ω of ω is defined differently for each metric, we actually do not have that the operators L2

i are ε-close 
whenever the metrics are close. As a result, the Laplacians themselves are also not ε-close. The ε-closeness 
of the L2

i would in fact require the C1 closeness of the metrics, see for example the paper by Baker and 
Dodziuk where they prove the convergence of eigenvalues in the case of compact manifolds with boundary 
when the metrics converge in the C1 sense [2].

4. The spectrum of the Laplacian on k-forms

The following result is true on any complete orientable Riemannian manifold, without any further topo-
logical nor geometric assumptions.

Theorem 4.1. Let (M, g) be a complete orientable Riemannian manifold. For any 0 ≤ k ≤ n, suppose that 
λ > 0 belongs to σ(k, Δ). Then one of the following holds:

(a) λ ∈ σ(k − 1, Δ), or
(b) λ ∈ σ(k + 1, Δ).

The same result is true for the essential spectrum.

Proof. Let λ > 0 and λ ∈ σ(k, Δ). By the classical Weyl criterion we know that for each ε > 0, there exists 
an approximate eigenfunction ωε ∈ Dom(k, Δ) such that ‖ωε‖ = 1,

‖(Δ − λ)ωε‖ ≤ ε. (9)

As M is complete, we can in fact assume that the ωε are smooth and compactly supported. Choosing 
ε < λ/2, the triangle inequality gives

(Δωε, ωε) ≥ 1
λ. (10)
2
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Thus we have

‖dωε‖2 + ‖δωε‖2 = (Δωε, ωε) ≥ 1
2 λ.

This estimate implies that either

‖dωε‖2 ≥ λ

4 or ‖δωε‖2 ≥ λ

4 .

We first consider the case ‖dωε‖2 ≥ λ
4 . For simplicity, we denote ωε = ω. For any integer m, (Δ +1)−mdω =

d(Δ + 1)−mω and (Δ + 1)−mδω = δ(Δ + 1)−mω. For m = 1, 2 we compute

| ((Δ + 1)−m dω, (Δ − λ) dω) | = | ((Δ + 1)−m δdω, (Δ − λ)ω) |
≤ ε‖ ((Δ + 1)−m δdω‖

(11)

by (9). At the same time, the commutativity properties of the resolvent and integration by parts give

‖(Δ + 1)−m δdω‖2 + ‖(Δ + 1)−m dδω‖2 = ‖(Δ + 1)−m Δω‖2 ≤ ‖Δω‖2 ≤ (ε + λ)2,

where we have used Lemma 2.2 and assumption (9). Combining this with (11) we get

| ((Δ + 1)−m dω, (Δ − λ) dω) | ≤ ε(ε + λ) ≤ ε(1 + λ)‖ω‖2 ≤ 4ε(1 + λ)
λ

‖dω‖2

by our assumption.
If we consider instead the case ‖dωε‖2 ≥ λ

4 , we similarly get

| ((Δ + 1)−m δω, (Δ − λ) δω) | ≤ 4ε(1 + λ)
λ

‖δω‖2.

By Proposition 2.5, λ must therefore belong to either σ(k − 1, Δ) or σ(k + 1, Δ).
The case for the essential spectrum follows similarly. �

Remark 4.2. Over a compact orientable manifold the k-form spectrum is discrete, and each element of the 
spectrum is an eigenvalue. To each eigenvalue λ corresponds a smooth form ω such that

Δω − λω = 0.

It is easy to check that

Δdω − λdω = 0, Δδω − λδω = 0.

Therefore if λ �= 0, at least one of dω and δω should not be zero, and hence the conclusion of Theorem 4.1
is trivially true. On the other hand, it seems that in order to prove the result in the complete noncompact 
case, we need to make full use of our new Weyl criterion.

Remark 4.3. Gromov and Shubin proved in [21] that over any Riemannian manifold, including the noncom-
plete case, we have the following Hodge decomposition theorem:

L2(M) = ker Δ ⊕ Im d ⊕ Im δ.

However, the completeness assumption in Theorem 4.1 is essential as there exists a counterexample in the 
incomplete case. See Lu-Xu [29] for details as well as [10] for further results on the compact case.
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Corollary 4.4. The spectrum of the Laplacian on 1-forms contains the spectrum of the Laplacian on functions 
except possibly for the point λ = 0.

Corollary 4.5. The essential spectrum of the Laplacian on 1-forms is [0, ∞) whenever the essential spectrum 
of the Laplacian on functions is [0, ∞).

Corollary 4.4 is an immediate consequence of Theorem 4.1. Corollary 4.5 follows from Corollary 4.4 and 
the fact that the essential spectrum is a closed set. Combined with Theorem 1.3 of our article [4] on the 
function spectrum these corollaries will give that the essential spectrum on 1-forms is [0, ∞) on a significantly 
larger class of manifolds.

We recall the following definitions from [4]. Let p be a fixed point in M . The cut locus Cut(p) is a set 
of measure zero in M , and the manifold can be written as the disjoint union M = Ω ∪ Cut(p), where Ω is 
star-shaped with respect to p. That is, if x ∈ Ω, then the geodesic line segment px ⊂ Ω. ∂r = ∂/∂r is well 
defined on Ω.

Definition 4.6. Let M be a complete noncompact Riemannian manifold. Let p be a fixed point in M and 
define r(x) to be the radial function with respect to p. We say that the radial Ricci curvature of M is 
asymptotically nonnegative with respect to p if there exists a continuous function δ(r) on R+ such that

(i) lim
r→∞

δ(r) = 0;
(ii) δ(r) > 0, and

(iii) Ric(∂r, ∂r) ≥ −(n − 1)δ(r) on Ω.

We remark that manifolds that satisfy the condition above have subexponential volume growth at p, 
but need not have uniformly subexponential volume growth as defined in [34]. In other words, the Lp

independence result for the spectrum of the Laplacian on 1-forms need not hold [3]. Using Corollary 4.4
and Theorem 1.3 of [4] we obtain

Theorem 4.7. Let M be a complete noncompact orientable Riemannian manifold. Suppose that, with respect 
to a fixed point p, the radial Ricci curvature is asymptotically nonnegative in the sense of Definition 4.6. 
If the volume of the manifold is finite we additionally assume that its volume does not decay exponentially 
at p.

Then the essential spectrum of the Laplacian on 1-forms is [0, ∞).

By the Poincaré duality, it is easy to see that

σ(k, Δ) = σ(n − k, Δ)

for any 0 ≤ k ≤ n. Therefore, everything we stated for 1-forms will also be true for n − 1 forms.
In general, the computation of the k-form spectrum of the Laplacian is a significantly more difficult task 

compared to the function case, due to the increased complexity in obtaining and controlling approximate 
eigenforms. Previous attempts to compute the form and function spectrum using the classical Weyl criterion 
or an Lp independence result required very strong assumptions on the decay of the curvature to show 
that the spectrum is [0, ∞) (see for example [3,13,15–18,30,34,35]). For example, the only cases where the 
k-form spectrum had previously been computed to be [0, ∞) were either manifolds in warped product form, 
or manifolds whose normal bundle map over the soul is a diffeomorphism. In addition, a strong decay 
assumption on both the radial and nonradial components of curvature had to be made [3,18]. Theorem 4.7
demonstrates the strength of the analytic result Theorem 4.1 as it allows us to compute the 1-form and 
n − 1-form spectra under the most general conditions thus far possible.
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On the other hand, even though the 1-form spectrum essentially contains the function spectrum, there 
is no monotonicity for the k-form spectrum with respect to k in general. In the case of hyperbolic space we 
have unimodality, which means that the spectrum is increasing for k ≤ n/2 and decreasing for other k:

Example 4.8. The essential spectrum of the Laplacian on forms over hyperbolic space HN+1 is given by

σess(k, Δ) = σess(N + 1 − k, Δ) = [ (N
2 − k)2, ∞ )

for 0 ≤ k ≤ N
2 , and whenever N is odd

σess(N+1
2 , Δ) = {0} ∪ [ 1

4 , ∞ ).

A proof of this result can be found in Donnelly [14]. Mazzeo and Phillips show in [24] that the same result 
is true over quotients of hyperbolic space, HN+1/Γ, that are geometrically finite and have infinite volume.

However, one cannot expect a unimodality result on every manifold as we can see from the following 
example:

Example 4.9. Consider the product manifold M4 = F 3 × R, where F 3 is the compact flat three-manifold 
constructed by Hantzsche and Wendt in 1935 with first Betti number zero (see [9] for a family of manifolds of 
any dimension n ≥ 3 with the same property). Note that M is a flat noncompact manifold. By Theorem 4.1
and Lemma 4.10

σess(k, Δ) = [0, ∞) for k = 0, 1, 3, 4.

However, since there do not exist any harmonic 1-forms nor harmonic 2-forms on F then

σess(2, Δ) = [a, ∞) for some a > 0.

In other words, its essential spectrum is smaller in half-dimension. Note that this does not contradict the 
result of Theorem 4.1.

Define

α(B, s, n, k) =

⎧⎪⎨
⎪⎩

0 s > n/2,

0 s ≤ n/2 and 0 ≤ k ≤ s, n − s ≤ k ≤ n,

min{λB(l) | 1 ≤ l ≤ k}, s + 1 ≤ k ≤ n − s − 1.

Lemma 4.10. Let Mn = Bn−s × Rs as above. Let 0 ≤ k ≤ n. Then σpt(k, Δ, M) = ∅, and

σ(k, Δ, M) = σess(k, Δ, M) = [α(B, s, n, k), ∞).

The above simple example of a product space gives us a large family of manifolds where the spectrum of 
the Laplacian on forms is a connected interval. In [5,6] we give even larger classes of manifolds where the 
form essential spectrum is a connected set. In general however, the essential spectrum can have gaps (see 
for example [1] where they prove the existence of an arbitrary number of gaps in the essential spectrum 
over cyclic coverings). There are various known examples where gaps occur for the essential spectrum of 
the Laplacian on functions [25,28,31,33]. Corollary 4.4 tells us that the essential spectrum on 1-forms over 
these latter manifolds could be larger, but it is not known whether it would also have gaps. It would be 
quite interesting to find sufficient conditions on the geometry of the manifold so that its essential spectrum 
is a connected subset of the real line.
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