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In recent years there has been a great deal of focus on a globe-spanning quantum network, including linked
satellites for applications ranging from quantum key distribution to distributed sensors and clocks. In many of
these schemes, relativistic transformations may have deleterious effects on the purity of the distributed entangled
pairs. In this paper, we make a comparison of several entanglement distribution schemes in the context of special
relativity. We consider three types of entangled photon states: polarization, single photon, and Laguerre-Gauss
mode entangled states. All three types of entangled states suffer relativistic corrections, albeit in different ways.
These relativistic effects become important in the context of applications such as quantum clock synchronization,

where high fidelity entanglement distribution is required.
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I. INTRODUCTION

A major roadblock facing the widespread utilization of
quantum communication such as quantum cryptography is the
difficulty of producing long-distance entanglement. Photons
are a natural way of generating such entanglement due to
their excellent coherence properties and the fact that they
are “flying qubits.” However, optical fiber quantum commu-
nication is limited to distances of approximately 100 km
due to photon loss, which make them practical for only
for a limited region and not a global scale. Broadly speak-
ing, two approaches have been considered to overcome this
challenge—the use of quantum repeaters to cascade entan-
glement generation for longer distances [1,2] and free-space
schemes [3-5]. Recent experiments demonstrating ground-
to-space entanglement distribution over 1000 km [6,7] show
the effectiveness of space-based entanglement distribution
for long distance quantum communication [8-21]. Quantum
communication in space is attractive due to the negligible
effects of the atmosphere, which is the origin of decoherence
effects such as photon loss and dephasing. The space-based
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protocol allows for the possibility of a globe-scale quantum
network where the photons can be transmitted at distances
of the order of the diameter of the Earth without the need of
additional infrastructure such as quantum repeaters.

Some of the suggested potential applications of the space-
based quantum network are quantum cryptography, clock syn-
chronization, quantum metrology, quantum distributed com-
puting, quantum teleportation, quantum simulation, and su-
perdense coding [22-25]. It also provides opportunities to ex-
amine fundamental physics experiments combining quantum
mechanics and general relativity [26-28]. In particular, clock
synchronization methods based on shared entangled states
have been of particular interest since they possess distinct
advantages over classical schemes [29-31]. For example, in
quantum clock synchronization schemes such as those given
in Ref. [29], once the entanglement is established, the effects
of the intervening medium (i.e., the atmosphere or even the
Earth itself) have no effect on the synchronization itself.
The realization of such schemes has been hindered by both
theoretical and experimental difficulties. For example, it was
pointed out in Ref. [32] that there is a hidden assumption of
a common phase reference due to the need of performing a
phase sensitive measurement at both Alice and Bob. Recently,
several advances have been made both on the theoretical [33]
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FIG. 1. Entanglement distribution between three satellites in
LEO. The source satellite produces entangled photons as shown in
the text. The detector satellites are moving with respect to the source
satellite and each other. The photons heading to the two satellites
may have different momenta p, g, due to their different directions.
We choose Alice’s satellite to be moving in the z direction without
loss of generality.

and experimental fronts [6,7], which makes the protocol more
viable. In view of atomic clocks on satellites having a pre-
cision of 107'3, work towards improving this to 1071 is
in progress [34,35], and ground-based optical atomic clocks
reaching 10~!8 and beyond [36] such synchronizations require
extreme accuracy and would need to incorporate relativistic
effects. This is an analogous situation to the global positioning
system (GPS), where relativistic effects due to both special
and general relativity must be accounted for.

In this paper, we investigate various strategies for space-
based entanglement distribution using photons in relation
to special relativistic effects. Specifically, we consider the
satellite-to-satellite entanglement distribution configuration as
shown in Fig. 1, where the effects of the atmosphere can be
largely neglected. It has been known for some time that rela-
tivistic effects have an influence upon entanglement [37-39].
For instance, in Ref. [37], it was shown that the amount of
entanglement may change when viewed from different frames
for polarization-encoded photon pairs, due to the polarization
not being a Lorentz invariant (LI) quantity. However, this
is not the only choice for entanglement distribution. Other
popular alternatives for entanglement generation include sin-
gle photon entangled states and dual-rail entangled photons.
Different states respond differently under Lorentz transforma-
tions, and may be more advantageous in the context of space-
based entanglement distribution. We specifically compare the
three states (I) polarization entangled photons, (II) a single
photon entangled state, and (III) Laguerre-Gauss entangled
photons. The effects of Lorentz transformations in the context
of low Earth orbit (LEO) satellites producing and detecting the
photons will be investigated. We will be interested specifically
in how much the states change as measured by the trace
distance, and effects on entanglement.

II. ENTANGLED STATES

Let us first define the three types of entangled photon states
that will be analyzed in this paper for creating long-distance
entanglement using photons. The first is simply a polarization
entangled photon pair, produced for example by parametric

down conversion. The state is written
) = —(lp. m)lg. 1) — Ip. v)lg v)), ()
V2

where |p, o) is a single photon eigenstate of four-momentum
operator with polarization o = h, v, and the S refers to the
fact that Alice and Bob’s photons are in the reference frame of
the source satellite. Throughout this paper we assume Alice’s
photon has momentum p and Bob’s has momentum gq.

The second type of entangled state is the single photon
entangled state, which can be produced by a single photon
source mounted on the source satellite entering a 50:50 beam
splitter. The state is

)=

2

where A = %1 labels the helicity and |0) is the electromag-

netic vacuum. The entanglement here is in terms of the photon

number space and the vacuum is used to encode one of the

logical states. The meaning of the entanglement in this state is

that if the photon travels to Alice, then the state at Bob will be
the vacuum, and vice versa.

Finally, the third type of entangled state is using modes
defined by Laguerre-Gauss modes

(Ip. 2)10) —10})Ig. 1)), ©))

|wiy) = i[|p m=1,\)qg,m=1,1)
11 /2
_|pam=_17)\'>|q5m=_17)\'>]5 (3)
where
lp,m, 1) = /d}f n@)Ip' 1), )
where dp = % is a Lorentz-invariant momentum integration

measure. We shall consider the Laguerre-Gauss function of
radial index 0, azimuthal index m = £1, and beam waist wy
at the focal point is written in real space as [40]

Po 2z
" a(f42) pime p=i2x () (3)

2r _ 2 =i
frgo(r’¢7z): e wle

JTw?

where p, = poZ for a given photon momentum py,

2
w? = wé[l + (i) ] ©)
ZR

2
x (z) = arctan (i), (8)

and A is the wavelength. The above distribution is for the case
that the overall propagation direction is in the z direction with
the photon momentum py. For other directions, a transforma-
tion of coordinates is required to obtain the final distribution.

This can be Fourier transformed to momentum space to
give the expression
N 2wl Zul

20 imp, —20 /

————e"e” T 8(zp — 23, 9
where r,, ¢p, 7, is the radial, azimuthal, and longitudinal
components of the momentum. Here the radial momentum

F2 s b, 2p) =

012322-2



RELATIVISTIC CORRECTIONS TO PHOTONIC ...

PHYSICAL REVIEW A 101, 012322 (2020)

is defined within the paraxial approximation such that z, =

2
T . . . .
po — 2_50' N is the normalization constant introduced such

that fd~p|f£°(p)|2 = 1. Equation (3) can be thought of as
being a realization of a dual rail entanglement, where the
modes are defined in terms of Laguerre-Gauss modes with
quantum number .

The type I, II, and III states have a different behavior under
Lorentz transformations, and our task will be to analyze their
properties and see if there is a preferable way of performing
entanglement distribution. We note that the above three types
of entangled states are not the only ones that can be real-
ized. For example, dual rail entanglement could be realized
also using two spatially separated modes. However, such a
state is problematic in terms of long-distance entanglement
distribution because the spatial modes will start to overlap
due to diffraction. In this sense the Laguerre-Gauss modes
are preferable since the distinction between the modes is
preserved even after the modes are diffracted [41]. We have
chosen the above states as three particularly interesting states
which may be compatible with space-based entanglement
distribution.

III. LORENTZ BOOST OF A SINGLE PHOTON

A. Transformation of states

First, let us examine how single photon states transform.
Momentum-helicity eigenstates in the source frame are de-
fined as [37,42]

Ip, 1) = R(P)(O, 1, ix, 0)7 /v/2, (10)
where the rotation matrix is

R(P) = R(¢p)Ry(6p). an
Here R, are the standard SO(3) rotation matrices and p =
(sin B cos ¢, sin Oy sin ¢, cos ) is the normalized three-

momentum which specifies the photon’s direction. Horizon-
tally and vertically polarized photons are defined as

Ip, h) = R(p)(0, cos ¢,, — sin ¢y, 0)"
- %(ei"’”lp, A=+1)+ePp,a=—1)), (12)
Ip, v) = R(P)(O0, sin ¢, cos ¢, 0)"

—i . .
= —(P|p, A =41) —e P |p,a=—-1)). (13
ﬁ( lp ) lp ). (13)

For a photon of helicity A and momentum p in the source
frame, the state in another frame is transformed as [37]

U(N)Ip, 3) = e NP Ap, 1), (14)
where ® is the Wigner phase and A is the Lorentz transfor-

mation, which may include boosts and rotations. The Wigner
phase associated for a pure rotation A = R(?) (no boosts)

is [37]

O(R(D), p) = ¢, + arg(sin G, cos 6, cos @,
+ cos 6, sinf, + i sin@, sing,). (15)

Meanwhile, for a pure boost in the z direction A = L.(B),
there is zero Wigner phase:

O(L:(B). p) = 0. (16)

The origin of the Wigner phase can be understood to be due
to a rotation of the coordinate system, which induces a phase
in the overall state. Similar effects are seen in qubit systems
with a redefinition of the coordinate system [33].

Since Alice’s satellite can be moving in any direction and
is moving with respect to the source satellite, it will in general
include both boosts and rotations. The transformation from
the source to Alice can be written as

Ax = ROA)L(BR ' (00), (17)

where 8 = v4/c (where c is the speed of light) is the velocity
of Alice’s satellite with respect to the source, 9, is the direc-
tion of the relative velocity of Alice with respect to the source,
and L, is a Lorentz boost along the z direction. Applying (17)
to (14) we find that

U(AQ)Ip, 1) = e MDA p 2, (18)
where
Q(A4, p) = OR(D4), L(BR ' (94)p) + OR (1), p).
(19)

This shows that first the momentum of the photon is changed
from p to Aup. Due to the boost, this will involve a change
of the magnitude of the momentum, corresponding to either
a red- or blueshift of the photon. In general, the direction
will also change due to Lorentz contraction of space-time.
We note that due to (17) involving two rotations, Alice will
see the source’s coordinates Lorentz contracted due to their
relative motion. We evaluate that for a boost in an arbitrary
direction (19) the total Wigner phase is

Q(Aa, p) = arg (C +iD), (20)
where

D = sin(¢y — ¢) sin 6,
x (cos 0, cosh& — cos 6, + cos@psinh &), (21)

C = cos(¢y — ¢p)sinh & sinf, + cosh & sin’ 6, sin Op
+ cos(¢, — ¢p) sinh? (&£/2) cos 0, sin 20,
+ cos® 6, sin 6, (22)
where sinh& = y8, coshé =y, sinh?£/2 = y2B%/[2(1 +

y),and y = 1/{/1 — B2.
For <« 1 we can expand the above to obtain a linear
approximation to the total Wigner phase

Q(Ay4, p) ~ arg[sin 6, + B sin 0, cos(6, — 0,)
—if cos By sin 6, sin(¢p — ¢,)]. (23)
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In the limiting case of Alice’s frame moving in the x,y, z
directions or with zero boost § = 0, the total Wigner phase
simplifies without approximation to

Q(AAv P)

arg[B cos ¢, +sinb, — if cosO,sing,], Dy =%,
_ Jarg[B sing, +sinf, +if cosOycosppl, Va4 =7,
=o. by =2,
0, B =0.
(24)

Meanwhile, for horizontally and vertically polarized light, the
states transform as

1
U(Aa)lp, h) =E(el¢P|AAP, A=+41)
+ e—i<I>p|AAp, A= _1>),
—i .
Ummmw=7§wanx=+u

— e Agp, A= —1)), (25)
where

D) = ¢p — Q2(A4, P). (26)

If the coordinates that are used by the source can be freely
chosen, taking the z axis to be in the same direction as Alice’s
relative motion vy, simplifies the algebra considerably. In this
case A4 = L,(B) and Alice observes the photon’s direction to
change according to

ind
sin @, — sin GISA) = S ,
Jsin 6, + y2(cos 6, — B

bp — B = ¢p. 27)

We see that, under Lorentz transformation including boosts,
the momentum of the photon changes and thus will appear
differently in Alice’s frame. To a good approximation, for
B « 1, the variation in angle has the effect of

9.\ '~ 7iah
o5 ~ n(—") . (28)
T

This effectively broadens or contracts the angular variation
around the z axis. The angular variation is the origin of the
variation in entanglement that was observed in works such as
Ref. [37]. Meanwhile, the total Wigner phase Q2(A4, p) =0
from (24), since R(v,) = 1.

B. Error introduced by Lorentz transformation
To quantify the change, we measure the trace distance of
the polarization vector

g =Tr[y/ (p® — pM)?]/2, (29)
where

p® = Tr,(Ip, o) (p, o),

o = Tr,(|Ap, o){Ap, o) (30)

for this case. The momentum degrees of freedom are traced to
remove any effect of the frequency and directional shift of the

05 00 05 065 00 05

FIG. 2. Performance of the entanglement distribution for var-
ious protocols. Trace distance ¢ between the original state and
that observed in a moving frame for (a) a single horizontally (or
vertically) polarized photon and (b) a polarization entangled photon
pair moving in opposite directions 8 = 6, = 0 + . The boost is in
the z direction A4 = L.(B). Parameters are 8 = 107>, (c) Negativity
of (47) for type I states under a Lorentz boost in the z direction
with photon directions directed along polar angle o and azimuth
angle ¢ = 0. Photons are taken to move in opposite directions 64 =
0p + 7, ¢4 = —¢p and the spread due to the diffraction is o = 1.
(d) Number of entangled photon states (33) with ¢ = 1 required to
reach purities as marked. We assume a photon attenuation factor of
A = 100 and the number of photons required for k purification steps
to be 2F. (e) Negativity of (47) for type II states under a Lorentz
boost in the marked direction and ¢, = 0. Photons are taken to move
dominantly in the 2 and —Z directions. Spread due to the diffraction
is 0 = 1. (f) Trace distance of the type III state between the source
and Alice’s frames under a boost in the x direction. Only the effect
of the distortion of the Laguerre-Gauss modes are considered and the
Wigner phase is neglected.

photons. The reason for this is that if one were to compare
directly the original and boosted states we would trivially
obtain (p’, o|p, o) =0 for any p’ = Ap # p. Physically the
photon in Alice’s frame is either red- or blueshifted due
to the relative velocity, and hence is a different physical
state. However, if we are encoding information in degrees of
freedom other than the frequency (i.e., polarization, photon
number, or spatial distribution), this fact is irrelevant since
the red- or blueshifted version of the state still retains ex-
actly the same structure. Another way to view this is that
the polarization of the red- or blueshifted photons will be
measured in the same way by the photon detectors regardless
of frequency and is not relevant in terms of the encoded
information.

Figure 2(a) shows the trace distance between a horizontally
polarized photon with momentum p as observed by the source
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and Alice’s satellite moving in the z direction. For small
velocities 8 « 1, as will be true for all satellites orbiting the
Earth, expansion of the density matrices reveals that

ep & |B sin 6, cos @pl, 3D

which very accurately summarizes the numerical results in
Fig. 2(a). For photons traveling along the y or z axis there is no
effect as horizontally polarized photons are aligned along the
x axis. We see that the basic effect of the relativistic correction
on the polarization is at the level of e, ~ O(8). We note that
the trace distance is the most appropriate quantity [than the
fidelity, for instance, which scales as F ~ 1 — O(B?)], as it
is most closely related to distances on the Bloch sphere. For
example, in interferometric measurements, the error in the
phase is proportional to the trace distance between the ideal
and the state with error [29].

IV. LORENTZ BOOST OF ENTANGLED STATES
A. Type I state

Let us now examine the effect of Lorentz transformations
on the entangled states. For the type I entangled state, us-
ing (12) and (13) we can rewrite the original state in the source
frame in terms of helicity eigenstates

1 .
[#7) = 5@ lp s = +1)ig. 5 = +1)

_e*i(¢p+¢q)|p’ Ar=—=D)lg,A=-1)). (32)

Here ¢ = (sin 64 cos ¢, sin 6, sin ¢y, cos ;). Transforming to
Alice’s frame using (18) we obtain

) = v@an|e®)

1 .
= _2(€l(¢p+®q)|AAp, A= +l>|AAq, A= +1)

f
— e O Ap b = —1)|Aug, k= 1)),
(33)

where @, = ¢, — Q(Ay, p) and Dy = ¢y — Q(A4, q). We
see explicitly that the entangled state changes under the
transformation from the source’s frame to Alice’s. First, the
momenta of the photons are changed due to the Lorentz
transformation p — Asp and ¢ — A,q. This will in general
introduce both a change in the direction and magnitude of the
momenta. This means that the direct overlap of the states in
the two frames is zero for any Lorentz transformation that is
not the identity. We note that we only consider transformations
to Alice’s frame since the results of transformations to Bob’s
frame give similar results.

For the purposes of carrying quantum information, the fact
that the momenta of the photons change is not particularly
relevant since the degrees of freedom that the entanglement is
encoded are in terms of polarization or helicity. In this case we
may integrate out the momenta to write a 4 x 4 density matrix
for the states as viewed in the source and Alice frames:

PN = Trp o (|9 9. (34)

For the case that Alice’s motion is in the z direction, no
Wigner phase is added and the sole effect to the state is the

rotation of the polarization vectors, as given in (27). The trace
distance between the states in the source and Alice’s frames is
shown in Fig. 2(b). For the case of photons moving in opposite
directions, the trace distance can be summarized to a very
good approximation by

e~ |B sin6,|. (35)

We again see that the relativistic correction again occurs at the
level of ~O(B).

For satellites in LEO typically 8 &~ 107>, which can be a
significant effect in comparison with the precision of atomic
clocks. For example, in the clock synchronization scheme of
Ref. [29], if Alice and Bob measure in different bases, this
appears as an offset in the time between their clocks [43]. One
may argue that such systematic errors such as (31) or (35) can
always be accounted for, and hence removed. This is indeed
true for GPS satellites where relativistic effects such as time
dilation are compensated out. In this way the errors could po-
tentially be reduced to a level below (31) or (35). Then the real
error estimate is then determined by how well the relativistic
corrections can be corrected out, which for the case (31) is
related to the error on the velocity estimate §8. This gives
an error of ¢ ~ O(88) for (35). Since the precise velocities
of the satellites are typically not known to extremely high
precision, the relativistic errors can be significant, even if they
are accounted for. For example, if the velocity of the satellite
is known with relative error of ~10~¢ [44], this amounts to
an error & ~ 107!, which is still large in comparison to the
precision of atomic clocks.

We note that, although the relativistic transformation
changes the nature of the quantum state, the amount of entan-
glement is preserved since (33) is also a maximally entangled
state. Thus if the task is to distribute an entangled state without
any specification to the particular state, then the type I state
serves this purpose.

B. Type II state

For type II single photon entangled states, transforming to
Alice’s reference frame, we find

i) = Uan|wy)

1 .
= — (e AP A p, 1)]0)

NG
— ¢ MUALD|0)| A g, 1)). (36)

As previously, the momenta of the photons experience a shift
in magnitude and direction depending upon the direction of
the boost. Although helicity is a Lorentz invariant quantity,
due to the presence of the Wigner phase the entangled state
can still become modified due to the transformation. If again
we trace out the momentum degrees of freedom and compare
the 4 x 4 density matrix (34) defined in the Fock spaces for
the source and Alice frames, the trace distance can be simply
evaluated to be

|Q(AA7 P) - Q(AAv Q)|
) .

€ = sin (37)
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Using the approximation (23) we can evaluate the expression
as

en ~ 1| sin6,|| cot 8, sin(¢g, — ¢y)
— cot O, sin(pg — ¢u)l, (38)

which is valid for |8 cot6,], |8 cotf,| < 1. We again see
that the relativistic correction occurs at the level of ~O(f).
The error of these states hence arises purely due to the
Wigner phase between the states. As with type I states, the
entanglement is invariant under the transformation since (37)
is a maximally entangled state. This can be understood to be
a result of the fact that type II states encode the entanglement
in terms of photon number states. From Ref. [45], it is known
that photon number states, including the vacuum, are invariant
states under Lorentz transforms, and remain orthogonal in all
reference frames.

C. Type III state

To see the effect of a boost on type I1I states, first let us see
how one of the Laguerre-Gauss modes transforms:

U(AA)|P, m, )"> = |P, m, )"7 AA)

= / dp'e M 2 (p) | Asp/, 1)

= [dpe oA (g p)ip ),
(39

where we made a change of variables p’ — A;l p’ in the last
line. The transformed type III state thus reads

i) = Uan|iy)
1
V2

Cipom=—1,h A)lg.m = 1,3 As)). (40)

(lp,m=1,A Ap)lg.m = 1,4, Ap)

This can also be explicitly written

1 . e AT “1

|‘IJ1(3)>= ﬁfdp,dq,g MQUAAAL PIHQA AT )]
< [ (AL A(A5) = 2 (857D £, (85 9)]
x|p', M)lg's ). 41)

We can see that the Laguerre-Gauss modes are not in general
invariant under Lorentz transformations as they distort the
momentum distribution. As with the previous sections, we
would like to see to what degree the state is preserved under
a Lorentz boost which is encoded by the m = +1 Laguerre-
Gauss modes.

First let us now consider the effect of the boost on a single
Laguerre-Gauss mode function f,,. To see the largest effects
due to the boost, consider a Laguerre-Gauss beam that is
boosted along a perpendicular direction (along the x axis) to
its propagation (along the z axis). From a standard Lorentz
transformation we find that

A;lha)p/c = y(hwp/c — Bxp),
Ay'x, = y(x, — Bliwy/c),

A,Zlyp = yps
ALz =2, (42)

where py = fiw/c. Noting that the cylindrical polar and

the Cartesian coordinate are related as r; = x; +y5, ¢p =

arctan(32), then
P

(A3'r) = (A7) + (A7)

Al
A;'¢, = arctan <Af1yp>, (43)

A *p

and

N (Aglrp)zw(s)

JT 4

imA;'¢pef

(Mg o, Ay 0y, 7p) =

oyl

T 8(zp — 7),
(44)

xXe

where m = 1. Meanwhile, the Wigner phase is in this case
Q(Aa, A}'p) = arg[B cos Ppr1p + SN0y,
—ip cosb,.1, sin¢A;1p]. (45)

To calculate the error induced by the Lorentz boost, let
us first consider the type of measurement that might be
performed to detect the state. From an experimental point
of view, the Laguerre-Gauss modes can be detected at the
single photon level by a spatial interference method [46].
In this technique, the Laguerre-Gauss modes are put in a
mode sorter such that various angular momentum states m
can be distinguished. Since the Laguerre-Gauss modes form
a complete set, the transformed state (39) can be expanded
as a superposition of Laguerre-Gauss modes in the local
frame. The trace distance between the state in the source’s and
Alice’s frame can be calculated from the fidelity according to

m =1 - [[wi7i7)
since both states are pure states. The error induced by the
distortion of the Laguerre-Gauss distribution due to the boost
in the x direction is plotted in Fig. 2(f). We see that the
error in the state takes the value ey ~ O(8) and has a linear
relationship for most of the range of 8.

While the mode sorter is the most natural method to
perform a measurement of the Laguerre-Gauss modes, we
point out that the distortion of the momentum (and hence
spatial) distribution does not affect the topology of the overall
azimuthal phase pattern, as can be seen by comparing (9)
and (44). Specifically, the winding number m of the optical
phase vortex does not change under a Lorentz transformation.
Thus in principle the different states indexed by m should
be distinguishable, as it is a topological invariant. This is a
similar effect to how topological quantum states are unaf-
fected by small local transformations of the states [47]. Such a
measurement would require a measurement of the topological
charge, rather than simply measuring in the local Laguerre-
Gauss mode basis. The Wigner phase that occurs due to the
transformation also does not affect the relative phase of the
Bell state since it acts globally on the state. We note that these

2 (46)
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properties of Laguerre-Gauss modes have been studied with
similar conclusions in Ref. [48].

V. DIFFRACTION EFFECTS

Up to this point, we have made one idealization in that
the effects of photon diffraction were not included. In a more
realistic situation, the photons will have a spread due to
diffraction and will have a superposition of different momenta
P, q. All three types of states that were considered, (33), (36),
and (41), in fact have the same entanglement as a maximally
entangled Bell state in all frames. As discussed in Ref. [37],
relativistic effects can affect the amount of entanglement as
it changes the diffractive spread of the photons. This type of
error is of relevance to our case as it is not a systematic error
that is correctable through local operations on Alice and Bob’s
satellites.

We now discuss how such relativistic corrections affect
the three types of photonic entangled states. For type I and
IT states, to take into account diffraction, we integrate with a
momentum distribution [37]

Wa) = / dpda g e @Vp. ). (@T)

where the |W(p, q)) are the states (1) and (2) in the source
satellite’s frame and g(p) is a normalized diffraction function.
The type III states (3) already have a spatial distribution and
do not require integration as we explain further below. For a
specific model of the photon spread, we follow the same form
as that given in Ref. [37] where only angular spread of photons
traveling in the z direction were considered and the magnitude
of the momentum is set to a constant. A photon traveling in
arbitrary direction, obtained by rotating the photon traveling
along the z axis about y and z axes by the angles ¢ and o,
respectively, would have a Gaussian spread about the z axis of
the form

©)?

1 /4
8p) = \/—Me_TZS(IpI — Po), (48)

where ¢ is a parameter controlling the angular spread of the
beam and M is a suitable normalization factor,

" __ -1 : :
6, = cos (cos a cos 6, + sina sin 6, cos ¢I,),

8 = tan~! A sin¢ 4+ cos ¢ sinf, sin ¢p
= tan ,
4 sin¢ sin ¢, sind, — A cos ¢

(49)

and A = sina cos@p, — cosa sinfp, cos ¢,. To transform to
Alice’s frame, one then applies a boost in the z direction to
the states, which amounts to making the transformation (27).

Figure 2(c) shows the entanglement as a function of the
satellite velocity for type I photons traveling in opposite
directions and various boost angles. In contrast to previous
works [37], for boosts aligned to the photon propagation (¢ =
o = ¢ = 0), we find that the entanglement always degrades
regardless of direction. This is due to the different geometry
that we consider that is relevant for our case. For photons trav-
eling in opposite directions, the Gaussian distribution tightens
for one of the photons but broadens for the other photon
according to (28), which always results in a degradation of the
entanglement. For boosts that are perpendicular to the photon

propagation (¢ = ¢ = 0, o = 7 /2), the entanglement can be
increased, as the Gaussian spread is redistributed towards the
z axis, resulting in an effective tightening of the distribution.

We now estimate the order to which the relativistic correc-
tions affect the entanglement. To gauge this we calculate the
effect of the boost on the purity of the states P = Trp>. The
purity is directly related to the entanglement in this case as for
the case with no diffraction, the entanglement is invariant un-
der all boosts. The degradation in the entanglement observed
in Fig. 2(c) arises from an effective decoherence entering the
system due to tracing out the momentum degrees of freedom.
Performing an expansion for 8 < 1 we find that the purity
behaves as

P=~1-20%(1+|8])% (50)

As expected for no diffraction o = 0, there are no relativistic
corrections. The relativistic corrections to lowest order act to
accentuate the diffraction effects which are already present.
In terms of physical parameters, the diffraction angle can be
estimated as o & A/d, where X is the photon wavelength and
d is the diameter of the transmitter. For infrared photons,
this gives o ~ 107, We see that in this case the relativistic
corrections are quite small as it is a secondary correction.

Diffraction effects can be remedied using entanglement
purification methods. We demonstrate that it is possible to
achieve high purities by adapting the purification procedure
devised in Ref. [49] to our relativistic entangled photons. In
Fig. 2(d) we show the results of the entanglement purification
on the state (34) using (47). We calculate the number of
photons required as the number of photons required for a
purification of a particular target fidelity, multiplied by the
photon attenuation factor (the ratio of the number of pho-
tons sent to received), divided by the success probability of
the purification. The photon attenuation is A = L*A?/d3d3,
which for parameters L = 13000 km, A = 800 nm, and dy =
dy =1 m gives A~ 100 photons being sent for each one
received [50]. For the various diffractive spreads o consid-
ered, we find that an improvement in the fidelity is achievable
as long as the original diffractive spread is lower than o <
1. For very broad o the purification fails and the fidelity
decreases. As typically the spread is 0 < 1 we anticipate
that such purification methods should always be successful
in practice.

Turning to type II states, tracing out the momentum degrees
of freedom we obtain an effective 4 x 4 density matrix

0 0 0 0

1o 1 —p 0
pH—E 0 _I;I; 1 0 ) (51)

0 0 0 0

where

/)2

1 @ .
I=+ / $in6,dO,ddpe” o e FAMD) (5

The basis states of the density matrix (51) are vacuum, single
photon with momentum in the vicinity of p, single photon
with momentum in the vicinity of ¢, and two photon state with
momenta p and ¢, respectively. The logarithmic negativity
takes a simple form for the above state, and can be written
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exactly:
N =logy(1 + |11, ). (53)

For type II states, the degradation in the entanglement
comes entirely from the presence of the Wigner phase
Q(A4, p). In the limit of o — 0, the integrals /, — 1 and the
state is perfectly entangled. In type I states, the entanglement
was degraded due to Lorentz transformations changing the
spread in the values of p and ¢q in (47), producing a mixed
state in the polarizations. For type II states, the entanglement
is encoded in the orthogonality of the Fock states. Since all
the photons are of the same helicity, the mixing occurs only
due to the presence of the Wigner phases. In Fig. 2(e) we
show the negativity for boosts in the various directions. As
expected, for a boost in the z direction, there is no change
in the entanglement, since no Wigner phase is acquired. For
other directions, there is a degradation of entanglement due to
incoherent mixing of various entangled states with differing
Wigner phases. We note that, to see significant degradation,
both large diffractive spreading o and boost velocities 8 must
be considered. Since both are small parameters in practice, as
with type I states the corrections to entanglement should be
quite small for this case.

One of the disadvantages of using a type II state is that,
while Fock state measurements are naturally implemented,
performing measurements in superposition bases of vacuum
and single photons are more difficult than other methods.
Various methods have been proposed to perform measure-
ments in a superposition basis of the vacuum and a single
photon [51-53]. In addition to the technical overhead for
performing measurements, there are additional complications
for type II in overcoming photon loss. For type I states,
entanglement is encoded on the two photons that are each
detected at two spatially separated locations. If one or both
of the photons are lost during the transmission to Alice or
Bob, then these outcomes can be safely discarded, since
the two photons are not detected. In this sense the entan-
glement encoded in type I states are robust to photon loss.
This is not the case for type II states, since a loss event
does not necessarily correlate to a particular measurement
outcome, due to the use of the vacuum state as one of the
logical states.

In contrast to the type I and II states where we can calculate
the entanglement degradation due to diffraction, in the case of
type III states, it makes less sense to do such a calculation.
The reason is that for type I and II states we can still define
entanglement due to photons arriving with particular momenta
p.q in (47), respectively. However, for type III states the
encoding is in the spatial mode distributions themselves. So
one cannot integrate out the momentum degrees of freedom
to obtain a mixture of different entangled states. Since type
IIT states are Laguerre-Gauss modes, the spatial distribution
is already given specified by the functions (5). The effect of
long-distance communication of such photons is that the the
radius w of the distribution spreads out for larger distances
as given by (6). Thus the analysis of Sec. IV C still holds
in this diffractive case. The main challenge in the context of
long-distance communication is that the radius w can grow
very large after the photon traveling long distances. Thus
when performing the mode-sorting as given in Refs. [46,48],

one must perform the rotation of the Laguerre-Gauss modes
using the enlarged diffracted beam. If the mode radius is larger
than the experimental apparatus, this will contribute to photon
loss. This is also true for alternative detection methods based
on measuring the topological charge [47].

VI. CONCLUSIONS

In summary, we have analyzed several photon-based entan-
glement distribution protocols for the space-based quantum
network. We have calculated to the relativistic corrections for
three types of entangled states: polarization-based entangled
states (type I), single photon entangled states (type II), and
Laguerre-Gauss entangled states (type III). The origin of
the error for the type I state is that polarization is not a
relativistically invariant quantity, due to the presence of the
Wigner phases as given in (25). For type II states, a Wigner
phase is induced which changes the nature of the Bell state.
For type III states, the Laguerre-Gauss mode is distorted due
to the spatial Lorentz contractions. We find that in terms of
the trace distance of the states, all three states are affected to
a level ~O(B). While in principle these are correctable if the
velocities of the satellites are known to high precision, this
can still introduce errors at the §8, which is the error on the
estimate of the satellite velocity. In the case of zero diffraction
all three states contain the maximum amount of entanglement,
equal to that of a Bell state. However, when diffraction is
accounted for type I and II states degrade in entanglement,
since there is a mixture of various Bell states.

One of the most interesting applications of space-based
entanglement is clock synchronization, which is currently
performed using classical signals, which requires precise
knowledge of the position of the satellites. Entanglement-
based methods can potentially eliminate this requirement, but
as we have shown in this paper, to properly take advantage of
this it is important to consider the relativistic effects on the
entangled states. In addition, the entanglement can be used
for several important tasks such as quantum cryptography,
which can be used without further components such as a
quantum memory. For applications that require a quantum
memory to further manipulate the entanglement, it is likely
necessary to understand the relativistic effects on transfer and
storage, if one requires a high fidelity protocol. Although
these are beyond the scope of this paper, it is likely that these
operations will generally be susceptible to relativistic effects.
To overcome this, it may be advantageous to use encoding
and measurement techniques that are based on topological
invariants, such as those present in type III states. This would
provide a way to overcome such relativistic corrections, since
the overall topology of the quantum states would be invariant
under Lorentz transformations.
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