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In low-field magnetic resonance applications there is often an interest in creating homogeneous magnetic
fields over unusual geometries, particularly when quantum magnetometers are involved. In this paper a
design method is proposed, where both the surface current and magnetic field are expanded to find cur-
rent coefficients that cancel out higher order field terms. Two coils are designed using this double expan-
sion methodology: (1) a tuning field for a half-meter-long atomic magnetometer array and (2) a null field
for a magnetometer to operate adjacent to an excitation solenoid. The field verification of the former
shows the accuracy of CNC milling and the method proposed; a close analysis of the field signature in
the latter revealed the limitations of 3D printing for precise scientific applications. Both coils are designed
to be fifth-order error systems or better.

© 2020 Elsevier Inc. All rights reserved.

1. Introduction

In conventional NMR, where high fields are created with super-
conducting magnets, excitation and field correction coils are
wrapped around cylinders to fit in the magnet bore. In low-field
magnetic resonance, however, it can be advantageous to deviate
from the cylindrical shape, depending on the application [1-10].
Furthermore, field coils are used to create not only the excitation,
but also the static tuning field. Both field strength and homogene-
ity are required for sensitive measurements. The focus of the
method described here is the design of homogeneous fields for
applications where unconventional geometries are required.

Many methods have been applied to design homogeneous
fields. The methodologies have often been driven in large measure
by the need for efficient gradient coils in magnetic resonance imag-
ing [11-14]. A common strategy is to expand the field in a series
about the point of interest and cancel out as many higher order
terms as feasible. In the case of axially symmetric systems where
the target point is at the center, the expansion in terms of zonal
harmonics, r'P;(cos 6), is particularly elegant [15]. For systems lack-
ing this symmetry, the Taylor series expansion can serve more gen-
erally. Many systems built on the field-expansion methodology use
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the geometry of a fixed number of coils to eliminate the higher
order terms. For example, the Helmholtz pair cancels the second
order derivative of the field along the axis by fixing the separation
of the coils to be equal to the radius of the coil [16]. The first and
third order derivatives are zero from symmetry, thus the Helm-
holtz coil is a fourth-order error system in the axial field. Higher
order terms can be canceled, but at the expense of more coils
[17-21]. More recently, particle swarm optimization has success-
fully been used to create homogeneous fields with a fixed numbers
of coils and under geometric constraints [22]. The simplicity of the
Helmholtz pair, and similar implementations with a small number
of coils, makes such designs appealing, but the geometrical
requirements can be overly restrictive for some applications.

An alternate method, known as the target-field method [23-25]
gives a relatively straight-forward connection between the desired
field and the surface current distribution by relating the Fourier
transform of the field to that of the surface current. Exact solutions
can be found for an infinitely long cylinder [26,27] or infinitely
large planes [24,28]. Truncation of the geometry [29,30], however,
can come at the cost of the desired field. In addition, designed sur-
face currents may be quite complex, including both axial and azi-
muthal components for the cylinder, as well as radial and
azimuthal components for the planar coil. Here we focus on
homogeneous fields produced by a solenoid with an arbitrary
cross-section and length. We further restrict ourselves to
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non-axial surface currents, which can simplify the construction.
Therefore, this methodology is useful for the creation of homoge-
neous fields with relatively easy-to-construct coils with a fixed
geometry.

Perturbation from a uniform circular solenoid was first imple-
mented with the addition of outer or inner notches [31-33] to
improve homogeneity at the center. Multiple layers of windings
are used in these designs, which can lead to strong capacitive cou-
pling between windings and unwanted self-resonant behavior at
low frequencies [34]. The surface current in the work described
here is created by changing the density of the windings, not
through multiple layers of wires.

Other methods also allow for a variable surface current, but
employ computationally intensive techniques. For example, the
matrix inversion methods minimize the field deviation at a discrete
number of points with a discrete number of wires or surface ele-
ments [35-38]. In the work described here, the surface current is
expressed as a series expansion around a uniform surface current.
The order of the expansion is matched to the number of higher order
terms in the field’s Taylor series that are to be canceled out. Equiva-
lent cancellations conditions, such as those related by symmetry, are
excluded. Further detail on the nature of these equivalent conditions
is given in the theory section. The computations are not intensive
since relatively few terms, and therefore variables, are needed.

The proposed methodology is applied to two systems: (1) a
wide rectangular coil for tuning a linear array of magnetometers
used to map magnetic fields [8] and (2) a solenoid with a leakage
field small enough to allow for measurements with an external
magnetometer [39]. Sketches of the systems are shown in Fig. 1.
Both examples are focused on detecting radio-frequency RF signals,
as from nuclear quadrupole resonance NQR [40], with a goal of get-
ting the magnetometers as close as possible to the sample of inter-
est. The rectangular coil design is based on two infinite current
ribbons which gives a sixth-order error system in B,, where z is
the central axis of the tuning field. The solenoid is designed to be
a fifth-order error system for the external radial field at its mid-
point. The radial field here is zero by symmetry. Then if the mag-
netometer is oriented to be insensitive to the axial field, it is
homogeneously shielded from excitation.

Construction is based around discrete wires placed in guided
slots, as opposed to flexible printed circuits with limited copper
thickness, to avoid limitations at high power. In the first applica-
tion a computer driven milling machine is used to create these
slots, and in the second 3D stereolithography printing is used.
The relationship between the construction techniques and the
designed homogeneity is discussed.

2. Theory

We start with a continuously varying surface current density K
and then later discretize this to turns of wire. The surface current is
taken to be perpendicular to the z-axis, neglecting the small com-
ponent along z when using a single piece of wire to wind the coil,
as is usual. It is further proscribed to run over a tube of length L
with arbitrary cross section and can be expressed as K = K(2)t,
where t is tangential to the surface. A magnetic field component
along %; at a position r can then be expressed, using the Biot-
Savart’s Law, as

L/2 ,
Bi(r) = /4/2 K(Z)®(r,z)dz, (1)
with

t —r)) & .,

integrated over the perimeter of the tube cross-section. Notice that
the function ®(r,z’) contains all the geometric information, and has
been separated out from the surface current which is to be designed
so as to maximize field homogeneity.

In order to facilitate the design of the surface current, K, it can
be expanded in a set of basis functions f,(z):

K(z 1<0< +2Aﬂfn ) 3)
n=1

For example, f,(z) could be cos{(2n — 1)71%} or (z/L)*" for a sym-
metric system. Then, using Eqs. (1) and (3):

-Ly2 = S

L/2 N L2
Bi(r)—K()( O(r,2)dZ + > f,,(z“)(l)(r,z“)dz’). (4)

The components of the magnetic field B; can be expanded in a Tay-
lor series expansion around the position of interest rp

Bi(ro) + i L r)} .
{ / v [ -V,)fCD(r,z’)]r:rodz’

[(a V) o(r, z )]”Ddz’}, (5)

Bi(rg +a) =

where in the second line we have used Eq. (4). The terms in the
summation represent the perturbation of the field from uniform
as a function of the displacement a = a;% + a,y + asz from ry. Get-
ting a homogeneous field to the j* order requires that, for all values
of j and below, the two terms in curly brackets must be equal and
opposite, giving constraints on K(z) through 4, . For instance, for a
first order solution, j = 1, there could be a maximum of three con-
straints on K(z) corresponding to [a;, a;, as]. The number of coeffi-
cients 4 and terms in the expansion of surface current, N, is
chosen to equal the number of distinct constraints. Excluded are
repeat conditions and the trivial solution where both terms in
brackets are zero. For example, to get a homogeneous field to
j = 2, a constraint occurs with every pairing of the two components
apdy:

L2
apQq /
Jo1p2

L/2 32 o(r,
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o

(6)

where x; =Xx,X; =Y, and x3 = z.

The number of constraints, again excluding repeat conditions
and trivial solutions, then grow, setting a new required value of
N in Eq. (3). If this is the final constraint to be applied, this can
be rewritten as

N
by — ZAHCNH =0 where 7)
n=1
12 [ 42 /
by = / TOrZ)| 4 and 8)
-L/2 (9Xp 8Xq rrp
L/2 82(1)(1. ZI)

CNn = — Z)|—=2=2| dZ. 9

O G { v |, 9)
In this way a system of equations can be built up:
Ci=b (10)

where
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a) Target:
Homogenous field for
tuning a

magnetometer array
Ogp = Yro Bt

b) Target:
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magnetometer during
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Fig. 1. Example systems benefiting from field coil design: a) a homogeneous tuning field B; is required for narrow linewidth, and therefore sensitivity, of a magnetometer
array b) an excitation coil with a small leakage field avoids saturation of an external magnetometer placed to measure the NMR/NQR signal from a sample. Inset (c) shows the
basic magnetometer operation: optically pumped ¥’Rb is probed when an RF signal sets the magnetic moment u, precessing. As in NMR, the precession occurs only for RF

signals close to the Larmor frequency wg, and transverse to B;.

Cii Ci2 - CGIN M b

1 Cx Can 2 b,
C= A= b= ,

CN1 Cn2 CNN AN by

where the first subscript corresponds to the m™ constraint out of N
and the second subscript corresponds to the n™ basis function. Iden-
tical constraints coming from different derivatives are not included

so that the matrix C is square and full rank and therefore invertible
so the solution 4 can be found.

To make this more concrete, we briefly look at the relatively
simple case of the B, field produced by two conducting ribbons,
infinite along x [41], with surface current flowing in opposite
directions along x. The surface current K(z) is chosen to be even
so that all odd derivatives of B, will be zero when evaluated at
1o, for ro on the axis of symmetry. In addition, it can be shown
that,
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are enough to create a homogeneous field with sixth-order errors.

Following this procedure, a solution to the surface current is
found and it only remains to be translated into wire spacing. While
in theory any homogeneity can be found, physical limitations such
as resolution of construction, will constrain the maximum achiev-
able value. Note on choosing the number of terms in the surface
current expansion: the larger the number of terms, or / values,
the better the homogeneity, but at a cost of more rapidly varying
surface current with z; the smaller the number of terms, the more
stable the solution and the easier it is to convert to a wire distribu-
tion with a small number of wires. In practice, we started with a
two term expansion, then increased the number until the desired
homogeneity could be reached.

Using the designed surface current, a field coil can be con-
structed from ./~ wires, where ./ is chosen to be even for conve-
nience. The current per wire is then:

1 "L/2

1;7/ K(2)dz. (17)
N JoL2

Discretization is initially accomplished through an iterative

approach, after which, wire positions are allowed to vary slightly

to further optimize homogeneity. At first, the central two wires

are set apart by:

I

%=k

(18)

then wires are placed around a central axis with positive positions
given by:

z = % (first wire), (19)
Z; =zy +dz;, where dz; =——— (second wire), 20

2 =2 1 1=K o d% ) ( ) (20)
Z3 =2z +dz;, where dz; = (third wire), (21)

K(z +%)

where dz, — ——1 (In+ 1™ wire).

- K (zn +C(Z"T’1)

Zny1 = Zn +dz,,
(22)

The negative wire positions are z_, = —z,.

With a larger ./, the surface current can be better represented,
but a smaller ./" is easier to construct. In practice, we started with a
smaller ./", optimized the homogeneity numerically and rounded
wire positions to the resolution of the construction technique, then
increased the number of wires until the desired homogeneity could
be reached.

3. Physical implementation
3.1. Rectangular field coil for magnetometer array tuning

The rectangular field coil was made to provide a homogeneous
field over a half-meter-long array of Twinleaf magnetometers
[8,42,40]. The magnetometers were in a crossed pump-probe con-
figuration and used 8’Rb atoms. The open geometry, shown in
Fig. 2, allowed for easy placement of the magnetometers, along with
their accompanying optical fibers. The field is used to control the res-
onance frequency of the magnetometers in the array and its sensitiv-
ity is inversely proportional to linewidth of each sensor. Therefore,
the target is to ensure that the field coil does not significantly
increase the linewidth. The natural linewidth of each magnetome-
ter, dominated by atomic and wall collisions is < 0.3 kHz. Consider-
ing a range of 0-5 MHz, which covers common explosives detectable

by NQR [43],a homogeneity of at least 6 x 107" is desired. A set of six
small flexible coils [42,40], wrapped around each magnetometer,
compensate locally for zeroth order variation in By, By, B, and first
order variations in B,. Therefore only second and higher order field
variations were minimized. Alternately, one could consider creating
2nd and 4th order local correction coils, however this would
increase the complexity of the system substantially, particularly
for an array with many magnetometers. Each additional local coil
requires its own power supply and increases the difficulty of shim-
ming the array, done globally since the local field coils produce fields
not only on the target magnetometer but on its neighbors as well.
The designed surface current density for the tuning coil was

K(z) =Ko [1 + 4 CoS (n%) + 4y cos (371%)] (23)
with L = 8.2 cm, 4, = —0.434,/, = 0.049, where K, was chosen to
match the desired field strength along the central axis. The surface
current was constrained to run over a rectangular surface x = 78.7
cm x y = 2.9 cm. The height was chosen to accommodate the mag-
netometer’s height and the width to accommodate the length of the
array. The length L = 8.2 cm was chosen for convenience in con-
struction and to properly house the magnetometer array.

Fig. 3 below compares the designed surface current to the effec-

tive surface current from the wires, ;7"" centered between the nt

and the (n + 1)"1 wire. Also shown is the predicted B, homogeneity
for two positions of the magnetometers, at 4 and 25 cm. Since the
field is symmetric along y, the field homogeneity at only the top
surface and middle of the magnetometer is shown. The homogene-

ity is constrained within +3 x 107> for both magnetometer posi-
tions, neglecting first order variations. For comparison, using the
same number of wires spread evenly over the same L causes the
homogeneity to be degraded by two orders of magnitude.

3.1.1. Construction

The rectangular coil was constructed with two long narrow
slats of FR4, a type of composite epoxy laminate, corresponding
to the dimensions given above. Because the magnetometer array
operated unshielded, x and y Earth’s field compensation coils were
also grooved into the slats. A Gerber Dimensions 200 CNC router
[44], with a precision of 0.03 mm, was used to make the grooves
for the 22-gauge wires. Two centimeter long spacers connected
the slats and acted as guides for the magnetometers’ placement.
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Fig. 2. Four magnetometers sit inside tuning and Earth’s field compensation coils in the above photo. In the schematic, the active volume of each magnetometer is shown as a
filled-in red square and the cross-section of the designed rectangular tuning coil is shown in blue with the direction of current flow. In this configuration, a magnetometer can
detect B, and B, fields oscillating at its tuning frequency. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this

article.)
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Fig. 3. A surface current K, shown to the left as a solid blue line, is designed to flow around a half-meter long array of magnetometers; details given in the text. It is converted
to a 16-turn wire, resulting in an effective K shown as open red dots. To the right is the field homogeneity for the magnetometers, 1.0 x 0.6 x 0.6 cm?® active region, calculated
for discrete wire positions. Values are shown for x = 4 cm, middle graphs, and x = 25 cm, far right graphs. With small local field coils, the B, field can easily be adjusted to
zeroth and first order in position. Therefore the linear term has been removed from the calculation and normalization is with respect to the local magnetic field. (For
interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

3.2. Solenoid

A long solenoid was designed to shield an external sensor while
maintaining a strong and uniform RF excitation field inside as
shown in Fig. 1b. The target sensor to be used is a double-cell
atomic gradiometer with crossed pump and probe beams [45] as
shown in Fig. 1c; the linear magnetometer array, described in the
section above, is used only in testing the operation of the solenoid.
The static tuning field and the pump beam would be applied along
the solenoid axis, so that sensor is only sensitive to the radial com-
ponent. The dimensions of the homogeneous outside region were
chosen based on the active volume of each magnetometer with
1 cm of separation between them. Each cell is 2.5 x 1.5 x 1 cm?,
with the longest dimension placed along the solenoid axis and

the next longest outwards from the solenoid. Furthermore, in order
to accommodate the oven of the gradiometer, the minimized vol-
ume was made to be 1 cm away from the edge of the coil. Con-
straints up to fourth-order field variations in space were imposed
and the designed surface current was found to be:

K(z) =Ko [1 + /4 cos (n%) + 7 COS (371%)

+/3 COS (57‘:5) + A4 COS (77‘:5)] (24)

L L
with 4; = —0.647, J, =0.158, i3 = —0.045, /4 = 0.007. The coil
length L = 42.0 cm, a radius of a = 1.41 cm, and K, were chosen
to match the parameters of a uniform solenoid with 4 turns/cm.

As shown in Fig. 4, the effective surface current after discretiza-
tion compares well to the designed surface current. Also shown is
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Fig. 4. A surface current K, shown as a solid blue line in the upper graph, is designed to span the surface of a 42 cm cylinder. It is converted to a 190-turn coil, resulting in an
effective K shown as open red dots, that matches well with the designed K. In the lower graphs, the radial field calculated from discrete wire positions, is normalized with
respect to the internal axial field B,. Calculated values are shown for displacements x = 1 cm (top), 1.75 cm (middle), and 2.5 cm (bottom) from the edge of the coil. (For
interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

the predicted B, homogeneity at various positions in the target
region, with “top” being closest to the coil. For comparison, the
radial field outside a solenoid with uniform windings can be esti-

mated by 2 (%)%, when normalized to the internal field and z is
the displacement from the axis center [46]. Using this model, the
optimized solenoid improves the homogeneity by two orders of

magnitude (from 2 x 10~ to +5 x 107°) compared to a standard
solenoid with uniform winding, assuming the same radius and
length and z = +3 cm.

3.2.1. Construction

The model for a coil guide with a non-homogeneous wire den-
sity was designed using CAD software and printed using a Form 2
stereolithographic (SLA) 3D printer with temperature-resistant
resin [47]. Due to the printer size the solenoid was divided into
three pieces with integrated flanges. The pieces were joined as
shown in Fig. 5.

It was found that the wire-guide grooves could only be correctly
printed if the solenoid was in a horizontal position with respect to
the printing platform. If not, the grooves would either collapse
upon themselves or need supports inside, which would contort
the wire positions. To make the printing orientation possible a long
beam was added to the design of each piece along the length and
the majority of supports were placed on this beam. Tunnels
through the beam were created around the grooves to allow for
28-gauge wire wrapping. The minimum controlled increment of

the Form 2 in the horizontal plane [47] was taken as 10 pm and
used for the calculations shown in Fig. 4.

4. Experimental method
4.1. Rectangular field coil for magnetometer array tuning

To test the homogeneity of the large area, static field coil, the
linewidth of the magnetometers was measured at two different
locations within the coil structure for a distribution of frequencies
from 300 kHz to 4 MHz. As shown in Fig. 2, the two positions mea-
sured were 4 cm and 25 cm from the center of the coil. This was
performed with the vapor cells at a low temperature so that the
relaxation rate of the polarized atoms would be dictated by field
inhomogeneities. At low temperatures the relaxation rate is lower
due to a decreased atomic number density (and therefore atomic
collisions).

4.2. Solenoid

Because the 3D printed solenoid is meant to be used as an RF
excitation coil for frequencies close to a MHz, it was tested with
AC currents at 1 MHz. However, a comparison between the DC
and AC field was necessary to evaluate the extent to which the
coil’s reactance caused the observed field to differ from its design
target.
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Fig. 5. Photos of the two different types of solenoid studied are at the top, and represented in green in the field testing schematic below. On top of the array of RF
magnetometers seen in Fig. 2, the solenoid under test is held by a tube over which it can slide. Because of the tuning field’s direction, the axial and radial components (B, B;)
of the external magnetic field can be measured simultaneously.The coordinate system subscripted with c refers to the coordinate system used for the design of the 3D printed
coil, whereas the coordinate system subscripted with r refers to that of the r.ectangular coil.

4.2.1. DC measurements

In order to measure the direct current field produced by the
printed coil, a Hall probe was used inside of it and a fluxgate mag-
netometer was used for both axial and radial components of the
external field. Power was supplied by a Bipolar Operational Ampli-
fier (BOP) and a 0.1 Q resistor was connected in series to monitor
the current.

The fluxgate magnetometer was held static while the coil was
translated over it in a direction along the coil length. At each posi-
tion, the current was varied between +4 A to find the field values
per current. Both a coil with homogeneous current density and the
printed coil were tested and compared. Background Earth’s field
measurements were made before and after each data point, in
order to quantify error due to field drift.

4.2.2. AC measurements

To measure the magnetic field produced by the printed coil
with an AC current, the solenoid was translated along a fixed tube
over the array of stationary RF atomic magnetometers with the
pumping direction perpendicular to length. As shown in Fig. 5, 3
out of 4 magnetometers of the target array were used. The middle
one was positioned 8 cm away from one at its side and 4 cm away
from the other. By placing the coil center between pairs of sensors,
symmetric positions such as +2 cm could be measured and all 3
magnetometers could be used simultaneously. Due to the perpen-
dicularity between axial and radial components of field outside,
both were detected in each measurement taken. Once measure-
ments with both pairs were done the coil was flipped about its cen-
ter and these were repeated. Reference datasets were also
performed before and after the solenoid datasets in order to cali-
brate each sensor and ensure its resonance frequency had not
shifted from the test frequency. The inner field was measured
through Faraday’s induction with a small sniffer coil. The same
approach was taken to measure the field from the comparison coil
with homogeneous current density.

Furthermore, in order to confirm that any disagreement
between AC and DC configurations was not caused by reactive
effects, an AC experiment similar in position increments to the
DC configuration was performed. The coil was displaced along its
length on top of a single magnetometer for this experiment.

5. Results
5.1. Rectangular field coil for magnetometer array tuning

As shown in Fig. 6, by measuring the linewidth as a function of
field strength, the homogeneity in B, was measured to be on the
order of 107°. The magnetometers’ resonance frequency is
f=%B, and the field contribution to the linewidth is
Af = g, AB; where & = 7 GHz/T. Therefore, the homogeneity over
the magnetometers due to the coil is the slope of linewidth vs res-
onant frequency. In Fig. 6, the error bar in the linewidth is much
smaller than the scatter around the line. The error bar in the line-
width is due to the fit of the data. Fitting examples are shown in
the bottom graphs of Fig. 6 and details for the fits are given below.
The scatter, on the other hand, reflects the difficulty of consistently
shimming the magnetometer with the local linear-gradient correc-
tion coils. A magnetometer placed further out from the center
requires more correction, therefore it is unsurprising that the scat-
ter is greater for this position. The error bars in the slope, and
therefore in the reported homogeneity, take into account the scat-
ter of the data. While these error bars are large, it is nevertheless
clear that the homogeneity is on the order of 107,

Furthermore, as the field increases the Zeeman resonances, cor-
responding to transitions between adjacent hyperfine sublevels m,
go from being unresolved to partly resolved to fully resolved [8]. At
higher fields, the difference in Zeeman resonance frequencies is
much larger than the linewidth of an individual peak, it is easy
to fit the central part of the dominant peak to a Lorentzian and
to find the full-width-half-max (FWHM) width. The spectra taken
with frequencies greater than or equal to 2 MHz correspond to this
condition; see Fig. 6(d). When the splitting between m sublevels is
much smaller than the linewidth, as is the case for f < 0.5 MHz,
there is only a single symmetric peak corresponding to all the
F = 2 hyperfine levels; see Fig. 6 (b). Only the central part of this
peak is fit to a Lorentzian to avoid any possible contribution from
the F = 1 transitions, which are clearly distinct at f = 0.3 MHz. For
the case where the splitting is comparable to the linewidth, for
instance as in Fig. 6(c), the observed peak is not symmetric. This
asymmetric peak is fit to two peaks, and the linewidth of the dom-
inant peak is taken as the linewidth; this methodology is only rea-
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Fig. 6. Graph (a) displays the linewidth versus resonance frequency for both a magnetometer close to the center of the coil and one close to edge. The slope gives the
homogeneity of the field and is consistent with 10~° level predicted by theory for both positions. Graphs (b)-(d) shows different ways of fitting the data, depending on the
resolution of the Zeeman transitions. Spectra are obtained with tip angles of 0.3 rad.
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Fig. 7. By using a high-resolution camera (image shown in inset), and image processing software, the wire positions were measured and compared to theory. The distribution
in the points was used to find an error bar of 80 um; this puts an upper bound on the accuracy of the printer.
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sonable in the case of high polarization when one peak clearly
dominates.

5.2. Solenoid

As shown in Fig. 7, the printed wire positions, obtained from
image processing software on an image with resolution of
27 pum/pixel, compare well to the computed positions. The slope
is less than unity due to an overall 1% length shrinkage of the coil
upon curing and the thickness of the ruler. The latter causes the
coil to be displaced behind the ruler and the distance between
wires to appear smaller.

The field measurements, taken with the atomic magnetometers
described in Section 3.1, are shown below in Fig. 8. The linear gra-
dient present for the radial field of the printed coil is due to imper-
fections in the coil. Two imperfections were clearly visible due to
printing the coil in three separate pieces: 1) A non-flat contact
between flanges led to a small, 0.3°, angular displacement between
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pieces 2) the support beam contracted more than the solenoid
leading to warping of the wire grooves near the flanges. Calcula-
tions show both effects would contribute a non-zero radial compo-
nent, but were not comparable in magnitude to the observed field.
In addition when the field coil was rotated about its axis and sen-
sors left in place, the observed radial field did not change signifi-
cantly. Both imperfections would have yielded asymmetric
results, but observed azimuthal symmetry in the field suggested
that the radius might not be uniform. When measured, it was
found that the radius at the center of each piece was slightly smal-
ler than the edges by about 0.1 mm.

Furthermore, Fig. 9 shows how the radial field measurements
for both DC and AC configurations of the homogeneous coil agree
with each other and theoretical calculations. The printed coil mea-
surements show a radial component of field that is much larger
than its expected value, ~107° of the internal axial field. However,
there is agreement between AC and DC measurements indicating
that the discrepancy is not due to reactive effects.

— 5 T T T T T T T T T T T T T T
r""C, 1 Theorical Design: Measurement:
— 4 B I BT Axial »  Axial i
o T Radial e Radil
om
9 34 Theory: i
he] (with observed macroscopic deviations)
IS 5 —— Axial
g T —— Radial 7
§ 1] oo R 1
o ]
L o ¥ e g 4
= ]
Q
g -1 AB =5.1x10" .
2 ) 1 Predicted =1.2 x 10°

-9 -6 -3 0 3 6 9
Displacement along z from coil center (cm)

Fig. 8. Simultaneous measurements of both radial (red) and axial (black) fields are shown for the uniform coil, on the left, and printed coil on the right. Experiment is in
reasonable agreement with predictions (solid line) when radial perturbations of the 3D printed coil are taken into account. The perturbations led to significant deviation from

the design target (dotted line). All measurements were taken 2.5 cm from the coil edge.
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Fig. 9. Measurements of the DC field (black) agree with AC values (blue). Field measurements for the uniform coil (left) agree with theory (green), as is expected. In contrast,
for the printed coil (right), the fields are different from design expectations, as is explained in more detail in the text. All measurements were taken 2.5 cm from the edge of

the coil.
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6. Conclusion

In conclusion, we have demonstrated how the proposed double
expansion method can be implemented in the design of two coils
with only fifth order errors in homogeneity or better. For the long
solenoid, the radial field measured in the outside leakage-free vol-
ume was found to be 5.1 x 10™* of the internal axial field, two
orders of magnitude larger than expected. Possible variation in
wire positions, up to 80 pm from 3D printer resolution, could not
account for this discrepancy.

All three pieces of the solenoid were scanned for other defects
of construction, and while some were found, a distortion of the
radius in each piece was the primary contribution to the field dif-
ference. The 1% hourglass distortion is in accordance with warping
in the curing process. Such warping has been observed by other
researchers [48]. After all defects in the coil were modeled into the-
oretical predictions, these matched experimental values closely.
Therefore, we conclude that in this case a fault of construction,
not of methodology, occurred. The results show that while 3D
printing technology can be used to manufacture difficult geome-
tries at a larger scale, its precision is still limited by uncertainty
in the curing process.

In contrast, the field from a CNC milled rectangular coil was
found to closely match the designed values. With local zero and
first-order correction coils, the homogeneity was found to be

3.2+ 1.7 x 107° over 50 cm, which meets all design requirements.
Therefore, we conclude that coefficients of a designed surface cur-
rent expansion can be successfully made to cancel out higher order
terms in an expansion of the target magnetic field. The achievable
homogeneity is only limited by physical restrictions of construc-
tion and, as shown by two experimental examples above, the
method proves to be specially suited for cases were unconven-
tional geometries are needed.
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