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Design of a Continuum
Mechanism That Matches the
Movement of an Eight-Bar
Linkage
This paper presents a design methodology for mechanisms consisting of a single continuous
structure, continuum mechanisms, that blends the kinematic synthesis of rigid-body mech-
anisms with topology optimization for compliant mechanisms. Rather than start with a
generic structure that is shaped to achieve a required force-deflection task for a compliant
mechanism, our approach shapes the initial structure based on the kinematic synthesis of a
rigid-body mechanism for the required movement, then the structure is shaped using finite
element analysis to achieve the required force-deflection relationship. The result of this
approach is a continuum mechanism with the same workpiece movement as the rigid link
mechanism when actuated. An example illustrates the design process to obtain an eight-
bar linkage that guides its workpiece in straight-line rectilinear movement. We show that
the resulting continuum mechanism provides the desired rectilinear movement. A 210 mm
physical model machined from Nylon-6 is shown to achieve 21.5 mm rectilinear movement
with no perceived deviation from a straight-line. [DOI: 10.1115/1.4047439]
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1 Introduction
In this paper, we present a design methodology for mechanisms

formed as a single continuous structure that deforms to provide
useful mechanical movement. Inspired by the continuum robots
used in medical [1], firefighting [2], and other [3] applications,
we refer to these devices as continuum mechanisms. These mecha-
nisms are manufactured as a single part so there is no assembly and
components do not slide relative to each other so there is no lubri-
cation [4–6]. The goal of this paper is to merge techniques for kine-
matic synthesis of rigid link mechanisms with those for the design
of compliant mechanisms [7,8] in order to obtain an effective design
methodology for continuum mechanisms.
An important design methodology for compliant mechanisms is

known as topology optimization, in which a structure of truss or
beam elements is modified to achieve a design goal that combines
movement and distributed stresses [9]. Cao et al. [7] modify topol-
ogy optimization in order to design rigid link mechanisms, a process
they call module optimization. Valentini and Pennestri [8] present
an alternate approach to combining rigid link and compliant link
synthesis that uses a mechanical representation of compliant link
movement, which can be formulated using the equations of kine-
matic synthesis.
Our approach arises from viewing topology optimization as con-

sisting of two phases: a first phase that transforms a generic domain
into a structure for the device and a second phase that modifies the
dimensions of the elements of this structure to obtain the required
force-deflection relationship for the device. Instead of modifying
a network of truss or beam elements to find the structure of the
device, as the first phase, we identify structures that match rigid
link mechanisms that achieve the required movement. The second
phase continues as before with the dimensions of these structures
modified and evaluated using finite element analysis (FEA) to

obtain the required force-deflection relationship for the continuum
mechanism.
The use of rigid-body synthesis has the advantage that many

design candidates can be generated and evaluated to identify
those in which the links move as required without any overlap. A
reference position of the model linkage is used to define a structure
with specific material properties that are to move under a given
applied load. Special regions for deformation are introduced
around the joints of the kinematic model defined by parameterized
boundary curves. Finite element analysis is then used to adjust the
parameters for each of these regions to both provide the desired
movement and reduce the Von Mises stresses in the entire structure.
We present an example of this design methodology and obtain a
210 mm×120 mm physical model that provides 21.5 mm of recti-
linear movement with a deviation from a straight-line less than is
visually detectable.

2 Literature Review
Topology optimization generates both a distribution of structural

elements for the compliant mechanism as well as the dimensions of
these elements [9]. Cao et al. [10] identify 12 different tasks and
objective functions for the design of compliant mechanisms using
topology optimization. A survey of design techniques for rigid
link mechanisms is provided by McCarthy and Soh [11]. The appli-
cation of kinematic synthesis to the design of a wide range of eight-
bar linkages is presented by Sonawale and McCarthy [12,13].
Models of compliant mechanisms can be constructed using rigid

bodies and spring joints, see, for example, Su [14], who models the
tip movement of an elastic beam under large deflection using three
rigid links connected by three springs. It is possible to apply kine-
matic synthesis of rigid links connected by spring joints as
described in Su and McCarthy [15]. However, Valentini and Pen-
nestri [8] describe the need to move beyond this approach.
On the surface, our focus on special regions of deformation is

similar to the design of flexures described in the books by Howell
[4] and Lobontiu [16], also see Linß and Milojevic [17].
However, an important distinction is that our entire structure is
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compliant and the relative compliance of various regions is con-
trolled by the parameters that define the boundaries of the regions
of deformation. In addition, we seek designs that limit the Von
Mises stresses in the entire mechanism.
Our example focusses on continuum mechanisms that provide

pure rectilinear movement because they have practical applications
in the design of suspensions to the support linear movement [18–
21]. The models for these continuum mechanisms are rigid link
mechanisms that guide a workpiece along rectilinear movement,
which were studied by Kempe [22] and more recently by Hao
et al. [20]. These mechanisms are complex and include overlapping
links with large relative joint rotations that do not yield practical
continuum mechanisms [16,23,24]. There is, however, an advan-
tage to linkages that are more complex than a four-bar linkage,
because they can distribute movement over more joints, 10 joints
in the case of an eight-bar linkage [12]. Therefore, our goal is to
find eight-bar linkages with non-overlapping links that provide
the required movement, which we use as model structures for our
continuum mechanism synthesis process.

3 The Design Step
In order to design a continuum mechanism, we begin with the

design of a conventional linkage that achieves the desired move-
ment; in this case, the mechanism is to guide the workpiece in a rec-
tilinear movement, such that the supporting links do not overlap
during the movement. Once this conventional mechanism is
achieved in a schematic form, see Fig. 1, we convert the mechanism
into a structure with special regions of deformation located at each
of the joints. Geometric operations are used to widen each bar and
smooth its attachment to the flexure region. Finally, the parameters
that define the flexure regions are adjusted using finite element anal-
ysis in order to obtain dimensions that yield the desired movement
of the workpiece.

4 Design of Rigid Eight-Bar Linkages
In order to design an eight-bar linkage with ideal revolute joints

that has one degree-of-freedom, we select two RRR (R denotes a
revolute joint) chains that move its end-effectors through the
required five task positions which are on a straight line. The
inverse kinematics of a RRR chain can define the positions of
each of its links in each configuration, thus, a six-R loop chain
can be obtained by a combination of two RRR chains. Furthermore,
based on the six-R chain, we compute two RR constraints that main-
tain the required relative positions of the links. The resuls is an
eight-bar linkage [12,25,26]. With this method, we can obtain 32
eight-bar linkages. At last, we select one which has no links
overlap and small relative joint rotations.

4.1 Inverse Kinematics of a RRR Chain. As shown in
Fig. 2(a), let homogeneous transforms [Ti], i= 1, …, 5 denote the
five task positions which are on the same straight line, the positions
of each link frame can be denoted as [Aj], j= 1,…, 3. Let [E] denote
the transformation matrix that maps the base of the RRR chain to
ground frame F and [H ] denote the transformation matrix of
end-effector in the last link A3 frame. So, the kinematics equations
of a RRR chain can be given by

[Ti] = [E] · [A1(θ1i)] · [A2(θ2i, a1)] · [A3(θ3i, a2)] · [H] (1)

where θ1i, θ2i, θ3i, i = 1, . . . , 5 denote the relative joint rotation
angles at the five task positions respectively, and link lengths a1,
a2 are constants and specified by the designer.
For the convenience of calculations, instead of specifying [E],

[H ], a1, and a2, we give the locations of C1, C2, and C3 joints.
Then, we can solve two inverse kinematics equations of the RRR
chain, where the two RRR chains pass through the same five task

positions, to obtain the location of each joint to construct a six-R
loop chain, see Fig. 2.

4.2 Synthesis of a RR Constraint. As shown in Fig. 3, letWi
andGi, i= 1,…, 5 denote the five sets of points that on the different
two moving links of the six-R chain at the five task positions con-
figurations, and [Bi] and [Di] are the 3 × 3 homogeneous transforms
of the different two moving links, respectively. Let w and g denote
the coordinates of the corresponding points ofWi and Gi which are
measured in the [Bi] and [Di] local frame, respectively. Thus, we can
obtain

Wi = [Bi]w and Gi = [Di]g (2)

(a)

(b)

(c)

Fig. 1 The design step: (a) design of a rigid eight-bar linkage for
rectilinear movement, (b) converting the rigid linkage into a
structure with special regions of deformation located at each of
the joints by geometric operations, and (c) adjusting the geome-
try of these regions using finite element analysis to obtain a con-
tinuum mechanism
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The synthesis equations are obtained by constraining the length
of link W1G1 to be a constant R,

([Bi][B1]
−1W1 − [Di][D1]

−1G1).([Bi][B1]
−1W1

− [Di][D1]
−1G1) = R2, i = 1, . . . , 5

(3)

Then, we can obtain the locations of pointsW1 andG1 by solving
Eq. (3). Here, [Bi] and [Di], i= 1, …, 5 are the positions of two
moving links of the six-R chain when it passes through the five
task positions, respectively. Then, two RR constraints are added
to the six-R chain to result in an eight-bar linkage with one
degree-of-freedom. There are five moving links in our 6R chain,
and any two of them can be constrained by the RR constraint.
With the method of permutation and combination and eliminating
the cases that are invalid, we can obtain 32 valid eight-bar linkages,
see Fig. 4. In addition, each of the linkages has 10 revolute joints.

4.3 Numerical Example. In this section, we give five task
positions (0 mm, 0 mm), (25 mm, 0 mm), (50 mm, 0 mm),
(75 mm, 0 mm), (100 mm, 0 mm) that on a straight line as an
example to calculate a desired eight-bar linkage, and all orientation
angles of these positions are 0 radians. According to the fabrication
of compliant mechanisms, our goal is to design an eight-bar linkage
that avoids overlap and large relative joint rotations. It means that to
find an eight-bar linkage that all links have no overlap each other
and each joint has no large rotation angle. Here, due to the locations

of joints Ci, i= 1, …, 6 are given by the designer, the Eq. (3) may
have no solution when these initial values are inappropriate. A tol-
erance is set around the initial values and randomly selected values
allow the calculation of more solutions. In addition, we select joints
locations for the 6R closed chain that are symmetric to the Y-axis.
For each solution, we verify that it has no defects. One of these solu-
tions is shown in Fig. 5, and the coordinates of each joint are listed
in Table 1.

5 Geometric Design of the Continuum Mechanism
In this section, we give a process of transforming the above rigid

eight-bar linkage into a continuous structure by a series of geomet-
ric transformations. We aim to design a fully compliant mechanism,
which can achieve the same workpiece movement as the rigid
mechanism when actuated. Therefore, we let the thinnest part of
the flexure regions be located at the same location of ideal revolute
joints, this helps to make the deformation center of the flexure
regions be coincide with the revolute joint locations. In this
paper, each geometry of flexure regions is determined by three inde-
pendent parameters, and we can control the movement performance
of the continuum mechanism by adjusting these three parameter
values.

5.1 Widening Each Bar. In this step, bars are widened by a
specified width to produce realistic links to hold the continuum
mechanism. As shown in Fig. 5, the rigid eight-bar linkage consists
of four triangular members and four linear members. If we use the
joint points to describe the above members, four triangular members
are denoted as C1C2C7, C2C3C9, C4C5C10, C5C6C8, and four linear
members are C1C6, C3C4, C7C8, C9C10. To make the geometry of
the continuum mechanism easier to design, we convert all the trian-
gular members into linear members. Here, we introduce points C11,
C12, C13, and C14 as the midpoints of lines C1C2, C2C3, C4C5, and
C5C6, respectively. Then, we connect point C11 to C7, C12 to C9,
C13 to C10, and C14 to C8 to form a new geometry, as shown in
Fig. 6. Notice that points C11, C12, C13, and C14 are not the locations
of revolute joint.
As shown in Fig. 7, one of bars CmCn is selected to show our wid-

ening method, where m, n= 1, …, 14 and m≠ n. Four points are
generated when the bar CmCn is widened, which are denoted as
C1
mn, C

2
mn, C

3
mn and C4

mn. To calculate the locations of these four
new points, we introduce a unit direction vector, which is as
follows,

CmCn
����

=
�Cn − �Cm

‖�Cn − �Cm‖
(4)

where �Cm, �Cn denote the position vectors of Cm and Cn relative to

ground frame origin, respectively, and CmCn
����

denotes the unit vector
of Cn relative to Cm.
Then, we can obtain the position vectors of C1

mn, C
2
mn, C

3
mn, and

C4
mn relative to ground frame origin, which are as follows:

�C1
mn = �Cm + rmnh · �η × CmCn

����
‖�η × CmCn

����‖

�C2
mn = �Cm − (1 − rmn)h · �η × CmCn

����
‖�η × CmCn

����‖

�C3
mn = �Cn + rmnh · �η × CmCn

����
‖�η × CmCn

����‖

�C4
mn = �Cn − (1 − rmn)h · �η × CmCn

����
‖�η × CmCn

����‖

(5)

Fig. 3 A series of positions Wi and Gi of RR constraint

(a) (b) (c)

Fig. 2 Giving the positions of joints Ci, i=1, …, 6 to construct
two RRR chains through the same five task positions to form a
6R chain
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Fig. 4 Adding two RR constraints to a 6R chain to generate 32 eight-bar linkages with
one degree-of-freedom
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where �η = (0, 0, 1) and denotes the unit vector which is perpendic-
ular to the paper, rmn denotes the widening ratio, h denotes the wid-
ening width. After CmCn is widened, C1

mn, C
2
mn, C

3
mn, and C4

mn
constitute two new sides, which are denoted as C1

mnC
3
mn and

C2
mnC

4
mn, respectively. For convenience, we define C1

mnC
3
mn as the

outside and C2
mnC

4
mn as the inside.

5.1.1 Widening Constraint. In order to make the thinnest part
of flexure region can be designed at the location of revolute joint
in the following sections, a constraint is introduced when widening

these bars. The constraint is that the widening ratios of two adjacent
bars that are connected by a revolute joint need to be equal. Figure 8
displays two different widening cases of two adjacent bars, there are
two adjacent bars connected by a revolute joint, which are denoted
as CmCn and CqCm. In addition, we use rmn to denote the widening
ratio of CmCn and use rqm to denote the widening ratio of CqCm. P1

m
and P2

m denote the intersection points of the outside and the inside,
respectively. When rmn= rqm, line P1

mP
2
m can pass through Cm, as

Fig. 5 The designed eight-bar linkage with 10 revolute joints and non-overlapmoves through the five task positions,
respectively

Table 1 The locations of the 10 revolute joints of the designed
eight-bar linkage

Joint Location (mm)

C1 (−109.91, −191.43)
C2 (−169.99, −104.86)
C3 (−109.44, 0)
C4 (109.44, 0)
C5 (169.99, −104.08)
C6 (109.91, −191.43)
C7 (−69.94, −139.16)
C8 (46.78, −139.45)
C9 (−41.71, −69.76)
C10 (67.26, −70.04) Fig. 6 The new geometry after converting triangular members

into linear members
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shown in Fig. 8(a). Otherwise, line P1
mP

2
m can not pass through Cm.

This example can clearly explain the reason for adding constraints.

5.1.2 Widening Ratio. As shown in Fig. 9, we define
∠CqCmCn as the included angle between two adjacent bars, and
the range of ∠CqCmCn is from 0 to π. The widening ratios of two
adjacent bars are determined by the angle, so we give the following
rule. When the angle ∠CqCmCn is equal to or less than π/2, the two
widening ratios rmn= rqm= 1, see Figs. 9(a) and 9(b). When the
angle is equal to π, rmn= rqm= 0.5, see Fig. 9(c). When the angle

is between π/2 and π, the widening ratios are a linear function
of this angle. We can easily get the linear function based on
the values at π/2 and π. Then, we can obtain the widening ratio
equation

rmn = rqm =
1 ∠CqCmCn ≤ π/2
1 − ∠CqCmCn−π/2

π ∠CqCmCn > π/2

{
(6)

Since C11, C12, C13, and C14 are not the locations of revolute
joints, see Fig. 6, these bars can be divided into three groups, and
bars in each group are adjacent each other. The first group is
made up of C1C2, C2C3, C3C4, C4C5, C5C6, C6C1, the second
group includes C11C7, C7C8, C8C14, and the third group consists
of C12C9, C9C10, C10C13. According to the widening constraint,
all the bars in the group should have the same ratio. Here, we
take the smallest angle in each group to calculate by using Eq. (6)
as the final widening ratio. Figure 10 shows the geometry after wid-
ening each bar.

5.2 Geometric Design of Flexure Region. The geometry of
flexure region affects the movement performance of the continuum
mechanism directly. In order to match the movement of the rigid
eight-bar linkage, we propose to construct the geometry of flexure
region by combining the circular sections and Bezier curves. In
addition, let the geometry of flexure region be an axial symmetric
figure. This helps to make flexure region deformation center be at
the same location as the revolute joint. In addition, each geometry

Fig. 7 Four points are generated by widening bar CmCn with the
ratio rmn and width h

(a)

(b)

Fig. 8 (a) The case of intersection of widening bar CmCn and
CqCm with rmn= rqm and (b) the case of intersection of widening
bar CmCn and CqCm with rmn≠ rqm

(a) (b)

(c)

Fig. 9 (a) When the angle ∠CqCmCn is less than π/2, the two
widening ratios rmn= rqm=1, (b) when ∠CqCmCn is equal to π/2,
rmn= rqm=1, and (c) when ∠CqCmCn is equal to π, rmn= rqm= 0.5

Fig. 10 The geometry after widening each bar
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of flexure region is parameterized by three parameters, that will
make it easier to control the deformation movement and distribute
stress uniformly.

5.2.1 Circular Section. It is generally known that a circular arc
can be determined by three points that are not collinear. Here, we
construct two circular arcs by using six points. And these six
points are determined by three parameters. Figure 11 displays the
case of revolute joint Ck, k= 1, …, 10 with two widened bars
CkCn and CqCk. For the convenience of description, we define the
circular arc which is constructed by points O1

k , O
2
k , O

3
k as outside

arc and the circular arc which is constructed by points I1k , I
2
k , I

3
k

as inside arc, respectively. We introduce the first parameter tk to
determine the locations of points O1

k and I
1
k , let point Ck be the mid-

point of points O1
k and I1k ; besides, these two points should be on

line P1
kP

2
k . This is the key to make the deformation center of

flexure region be at the same location as revolute joint. The loca-
tions of points O1

k and I1k can be calculated by

�O1
k = �Ck −

1
2
tk · P1

kP
2
k

����
�I 1k = �Ck +

1
2
tk · P1

kP
2
k

���� (7)

where P1
kP

2
k

����
is the unit direction vector from P1

k to P2
k .

We introduce the second parameter lk to determine points O2
k and

O3
k , and the third parameter dk to determine points I2k and I

3
k . Let the

distances between O2
k and O

3
k to P

1
k are equal, so do points I

2
k and I

3
k .

Then, we obtain,

�O2
k = �P1

k − lk · P1
qP

1
k

����
�O3
k = �P1

k + lk · P1
kP

1
n

���� (8)

and

�I 2
k = �P 2

k − dk · P2
qP

2
k

����
�I 3
k = �P 2

k + dk · P2
kP

2
n

���� (9)

Therefore, we can construct the outside arc with the three points
O1

k , O
2
k , O

3
k by

(xO0
k
− xO1

k
)2 + (yO0

k
− yO1

k
)2 = r2O

(xO0
k
− xO2

k
)2 + (yO0

k
− yO2

k
)2 = r2O

(xO0
k
− xO3

k
)2 + (yO0

k
− yO3

k
)2 = r2O

(10)

where O0
k and rO denote the center and radius of the outside arc.

Likewise, the inside arc can be constructed by the three points I1k ,
I2k , I

3
k . Figure 12 shows the geometry that all circular arcs are con-

structed, and each shape of regions can be controlled by the corre-
sponding three parameters.

5.2.2 The Ranges of the Three Parameters. To ensure that the
flexure region can be constructed without interference with each
other, the values of tk, lk, and dk should be within reasonable
ranges. It is clear that tk should be much smaller than the width of
bar. Here, we let the maximum and minimum of tk be denoted as
(tk)max and (tk)min, respectively. Due to the limitation of bar
width, the cases when lk takes maximum and minimum are
shown in Fig. 13. The case of minimum value occurs when
outside arc and line P1

kP
1
q are tangent. According to this constraint,

we can derive the minimum value of lk,

(lk)min =
‖O1

kP
1
k

����
‖ cos (∠CqCkCn/2)

1 + sin(∠CqCkCn/2)
(11)

where ‖O1
kP

1
k

����
‖ denotes the length of line O1

kP
1
k .

In addition, to form an outside arc, the maximum of lk should be
smaller than the distance between P1

k and O
4
k , where O

4
k is the inter-

section point of lineO1
kO

4
k and line P

1
kP

1
q. This case occurs when line

O1
kO

4
k is perpendicular to line O0

kO
1
k . So, the maximum value of

Fig. 11 Six points are determined by three parameters to con-
struct two circular sections in the location of revolute joint Ck

Fig. 12 The geometry after constructing arcs for each revolute
joint

Fig. 13 The constraint to calculate the minimum and maximum
of parameters lk and dk
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parameter lk can be calculated by

(lk)max =
‖O1

kP
1
k

����
‖

cos(∠CqCkCn/2)
(12)

For parameter dk, there is no geometric constraint to limit its
value range except for interfering with other lines. Here, we
specify that its minimum value is equal to ‖I1k P2

k‖, and the
maximum value is equal to one half of ‖P2

qP
2
k‖.

5.2.3 Smoothing the Flexure Region. To decrease the stress
concentration of the flexure region when the mechanism is
deformed, we use the Bezier curve to smooth the flexure regions.
Our use is the cubic trigonometric Bezier curve which has four
points to control its shape easily. The equation of cubic trigonomet-
ric Bezier curve is as follows:

Bezier(θ, λ) = (1 − sin θ)2�P1 + sin θ(1 − sin θ)

× (2 + λ(1 − sin θ))�P2 + cos θ(1 − cos θ)

× (2 + λ(1 − cos θ))�P3 + (1 − cos θ)2

× (1 − λ cos θ)�P4, 0 ≤ θ ≤ π/2

(13)

where P1, P2, P3, P4 are the four control points and θ is the param-
eter to determine the location of points on the curve. λ is the shape
parameter, and it is equal to 1 here. Figure 14 displays an example

of the Bezier curve shape with P1= (2, 1), P2= (1, 2), P3= (1, 3),
and P4= (2, 4). The most important property of Bezier curve is that
the unit derivative vectors at points P1 and P4 are matched to unit

vectors P1P2
����

and P3P4
����

, respectively.
Accordingly, we need to determine the locations of these four

points to construct Bezier curves for each of flexure regions. As
shown in Fig. 15, for outside arc, the first point P11k must be on
the arc and the fourth points P14k must be on line O3

kP
1
n

because of the Bezier curve’s property. Here, we let point P11k be
the midpoint of points O1

k and O3
k . Then, plot the line P11kO

5
k

that passes through point P11k and intersects line O3
kP

1
n at point O

5
k

with the constraint of making unit direction vector P11kO
5
k

�����
be

matched to the unit derivative vectors of points P11k on the
outside arc. Then, let point P21k be the midpoint of points P11k and
O5

k . To determine the locations of point P31k and P41k , we let

‖P21kO5
k

�����
‖ = ‖O5

kP3
1
k

�����
‖ = ‖P31kP41k

������
‖.

We use the same strategy to construct the Bezier curve for inside
arc, the only difference is to specify the location of the first point
P12k . Because the curvature of inside arc is greater than outside
arc’s and to avoid point P42k exceeding point P2

n and interfering
with other lines, we let point P12k be at the location of one third
of arc I1k I

3
k and close to point I3k .

We can obtain the complete shape of the flexure region according
to its symmetry. Figure 16 shows the final geometry of the contin-
uum mechanism.

6 Finite Element Analysis
In the previous two sections, we constructed a parameterized geo-

metric continuous structure. The shape of each flexure region is

Fig. 14 The shape of Bezier curve constructed by P1= (2, 1),
P2 = (1, 2), P3= (1, 3), P4= (2, 4), and λ=1

Fig. 15 The four points are determined to construct Bezier
curves for outside arc and inside arc, respectively

Fig. 16 The final geometry of the continuum mechanism
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controlled by the three parameters, the initial values of these param-
eters are specified by the designer. With the different parameter
values of the flexure regions, the output stroke and motion accuracy
of the continuum mechanism are different when the mechanism is
deformed. In order to distribute the stress uniformly to obtain an
effective continuum mechanism with a larger output stroke and
smaller deviation, we use FEA to identify a set of the parameter
values within its ranges.
Here, ABAQUS software is applied to finite element analysis. As

shown in Fig. 17, the boundary conditions of FEA are that nodes
E4, E5, and E6 which are on the basis are fixed on the ground,
and a given force F is applied to the direction of the x-axis at the
location of the node E2. Here, the maximum displacement of
node E2 in the direction of the x-axis is defined as the output
stroke for the rectilinear movement, the maximum displacement
of node E2 in the direction of y-axis is defined as path deviation
of the rectilinear movement, and the maximum angle between
line E1E3 and x-axis is defined as the orientation deviation. In addi-
tion, the output stroke is denoted by xmax, the path deviation is
denoted by ymax, and the orientation deviation is denoted by θmax.
We select randomly multiple sets of these parameters values for

iterative calculation, and identify a good one. The selection method
is that using the rand( · ) function in MATLAB software to generate

random number for each parameter within its range. So, the
values of tk, lk, and dk for each iteration can be given by

tk = (tk)min + [(tk)max − (tk)min] × rand(0 ∼ 1)

lk = (lk)min + [(lk)max − (lk)min] × rand(0 ∼ 1)

dk = (dk)min + [(dk)max − (dk)min] × rand(0 ∼ 1)

k = 1, . . . , 10.

(14)

6.1 An Numerical Example. Here, an numerical example is
demonstrated to identify a good set of parameters. Let (tk)min=
0.5 mm, (tk)max= 1.5 mm, h= 10 mm, and F= 5.8 N, and the thick-
ness of the monolithic structure is 16 mm. The material is Nylon-6
with linear elastic material behavior and the following properties:

Fig. 17 The load and constraints of the FEM model

Table 2 The results of the FEM simulation we select with the
material of Nylon-6

Nylon-6

F
(N)

Output stroke
(mm)

Path deviation
(μm)

Orientation deviation
(milliradian)

5.8 37.4 3.7 4.1

Table 3 The results of the three parameters of each joint of the
compliant eight-bar linkage

tk Length (mm) lk Length (mm) dk Length (mm)

t1 0.76 l1 9.20 d1 5.54
t2 1.35 l2 8.95 d2 10.98
t3 0.87 l3 16.08 d3 10.79
t4 0.87 l4 13.94 d4 6.66
t5 1.24 l5 15.11 d5 11.30
t6 0.96 l6 15.79 d6 8.07
t7 1.01 l7 10.64 d7 11.25
t8 0.79 l8 6.99 d8 6.82
t9 1.14 l9 14.38 d9 6.53
t10 1.24 l10 10.58 d10 10.31

Fig. 19 The deformation configuration of the continuum
mechanism

Fig. 18 The initial configuration of the continuum mechanism

Fig. 20 The deformation configuration overlaps the initial con-
figuration to demonstrate that the end-effector has the rectilinear
movement
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Young’s Modulus E1 = 3 450 MPa, Poisson’s ratio μ1= 0.4, and
yield strength σ1= 70 MPa. The objectives are to obtain a large
output stroke, small path deviation, and small orientation deviation
linkage within the elastic deformation; thus, we have a criterion
with a weight function and a constraint that is the maximum Von

Mises stress of the linkage is less than the material Yield strength
during the deformation to select the effective mechanism,

min: f = λ1
1

xmax
+ λ2ymax + λ3θmax

s.t.: Smax < σ1

(15)

where λ1, λ2, and λ3 are weight factors and Smax denotes the
maximum Von Mises stress of the continuum mechanism during
the deformation.
Next, we organize 10,000 iterations of FEA calculation and iden-

tify an effective continuummechanism for the rectilinear movement
with 37.4 mm output stroke, 3.7 μm path deviation and 4.1 millira-
dian orientation deviation, see Table 2. The final parameter values
of each flexure region we selected are displayed in Table 3. The
initial configuration and deformation configuration are shown in
Figs. 18 and 19. And Fig. 20 shows the deformation configuration
overlaps, the initial configuration to show that the end-effector of
the continuum mechanism has the rectilinear movement.

6.2 Geometric Scaling and Physical Prototype. This contin-
uum mechanism for rectilinear movement can be scaled to any
dimension for different application situations. The uniform geomet-
ric scaling approach which is a linear variation of all geometric
lengths of the linkage is used to scale the mechanism. Here, the
dimension of the mechanism obtained in Sec. 6.1 is defined as
the basic dimension, namely, its scaling ratio is equal to 1 [27].
Then, we carry out FEA for the mechanisms whose scaling ratio
are 1.3, 0.6, and 0.3, respectively, and their analysis results are
shown in Table 4. The mechanisms with these different scaling
ratios are shown in Fig. 21.
Based on these results, the output stroke changes in a linear var-

iation with the scaling ratio, the path deviations and orientation
deviations stay in the low micrometer range relative to the output
stroke. In order to further verify our design, we manufactured a

Fig. 21 The continuummechanismswith different scaling ratios

Table 4 Different scaling ratio performance with Nylon-6

Nylon-6

Scaling ratio
F
(N)

Output
stroke
(mm)

Path
deviation
(μm)

Orientation
deviation

(milliradian)

1.3 8.7 46.9 8.3 10.3
1 5.8 37.4 3.7 4.1
0.6 2.0 21.5 3.3 3.2
0.3 0.55 11.8 2.3 3.2

(a) (b)

(c) (d)

Fig. 22 The physical prototype pf scaling ratio 0.6 with Nylon-6: (a) initial configuration, (b) 30% pro-
gress of deformation, (c) 60% progress of deformation, and (d ) 100% progress of deformation
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physical prototype for the case of scaling ratio 0.6 with the material
Nylon-6, which is shown in Fig. 22. When we use a horizontal force
to drive the compliant eight-bar linkage, its end-effector can move
21.5 mm along a straight line.

7 Conclusions
This paper presents a design procedure that merges topological

optimization for the design of compliant mechanisms with the kine-
matic synthesis of rigid link mechanisms. The primary strategy is to
replace the phase of topological optimization that resolves the
generic truss and beam structure using finite element analysis,
with structures that are adapted to the required movement using
the kinematic synthesis of rigid link mechanisms. The elements
of the resulting model structure are dimensioned to provide the
required force-deflection relationship. Special regions of deforma-
tion are introduced to coincide with the joints of the kinematic
model. They are parameterized to provide a convenient way to
iterate the continuous structure to obtain the desired movement
and stress distribution in the continuum mechanism.
As an example, we use kinematic synthesis to compute the

dimensions of an eight-bar rigid link mechanism that moves its
workspace along a rectilinear path without link overlap. This mech-
anism is used to define the model structure for the design of a con-
tinuum linkage. The result is a continuum mechanism that provides
the same movement as the original linkage. A physical model was
constructed using Nylon-6 that was 120 mm in height and provided
rectilinear movement over 21.5 mm with a deviation that was not
perceptible.
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