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Abstract

The stick-breaking representation is one of the fundamental properties of the Dirichlet
process. It represents the random probability measure as a discrete random sum whose
weights and atoms are formed by independent and identically distributed sequences
of beta variates and draws from the normalized base measure of the Dirichlet process
parameter. It is used extensively in posterior simulation for statistical models with
Dirichlet processes. The original proof of Sethuraman (Stat Sin 4:639—650, 1994)
relies on an indirect distributional equation and does not encourage an intuitive under-
standing of the property. In this paper, we give a new proof of the stick-breaking
representation of the Dirichlet process that provides an intuitive understanding of the
theorem. The proof is based on the posterior distribution and self-similarity properties
of the Dirichlet process.

Keywords Dirichlet process - Stick-breaking representation - Sethuraman’s
representation

1 Introduction

Sethuraman (1994) proved a fundamental property of the Dirichlet process (Ferguson
1973, DP)—namely that it can be constructed from two sequences of independent
and identically distributed (i.i.d.) variates. The result is known as the stick-breaking
representation (construction) theorem or Sethuraman’s representation theorem of the
Dirichlet process.

Let X be a complete and separable metric space with Borel o -field B and

a=M-F (1
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a finite nonnull measure on X, where M > 0 and Fj is a probability measure on
X. The distribution of a random probability measure F' on X is D P(«), if for any
measurable partition By, By, ..., By of X,

(F(B1), F(B2), ..., F(Bx)) ~ Dirichlet(«x(B1), 2(B2), ..., a(B)).

The stick-breaking representation is given as follows.

. jid.
Theorem 1.1 (Sethuraman’s representation) Suppose 01,0, ... h Fo, up,
jid.
uy, ... h Beta(1, M), and 6;’s and u;’s are independent of each other. Then,
o
F=) [u[Ta~u) |8, ~DP), @

j=1 I<j
where 38, is a degenerate probability measure at a.

The significance of the theorem is the following. First, the theorem relates the distri-
bution of random probability to two sequences of i.i.d. random variables, beta random
variables and those from the base measure of the Dirichlet process. The theorem’s
main purpose is to relate a complicated infinite dimensional object, the random proba-
bility measure, to more familiar objects, i.i.d. sequences of random variables. Second,
the theorem is constructive, i.e., it shows how to construct the Dirichlet process from
elementary random variables. Third, the theorem gives another proof that the DP is
discrete with probability one. Fourth, the arbitrary nature of X’ expands the definition
of the DP to allow a broad range of 6; that need not lie in a finite dimensional Euclidean
space.

This simple constructive representation becomes the later basis for posterior compu-
tation (Ishwaran and James 2001; Neal 2000; Blei and Jordan 2006) and for extension
of the model to dependent random probability measures (MacEachern 2000; Rodriguez
et al. 2008; Chung and Dunson 2011).

The original proof given in Sethuraman (1994) relies on an inductive property of
the Dirichlet distribution. Although the statement of the theorem is simple, the proof
does not allow intuitive understanding. Broderick et al. (2013) showed another route
for the proof of the sticking-breaking representation, which is based on the Chinese
restaurant process and recursive application of de Finetti’s theorem to binary Pdlya
urn sequences. Recently, Miller (2018) gave another proof of the Chinese restaurant
process from the stick-breaking representation.

In this paper, we give a new proof of the stick-breaking representation theorem
which is more intuitive and easier to understand. The proof is based on two basic
properties of the DP, the posterior distribution for i.i.d. samples and the self-similarity
property.

The rest of the paper is organized as follows. In Sect. 2, we give a new proof for
the stick-breaking representation theorem. The lemmas used in the proof are given in
Sect. 3.
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2 A new proof of the theorem

In this section, we give an another proof of Sethuraman’s representation theorem that
is more intuitive. In this proof, we use two properties of the Dirichlet process: the
posterior distribution for i.i.d. samples and the self-similarity property. The posterior
distribution of DP with an i.i.d. sample is given in Ferguson (1973, Theorem 1). If
F ~ DP(a) and X|F ~ F, then the posterior distribution of F given X = x is again
DP and

FIX=x~ DP(x+6y). 3)

By the self-similarity property of the DP, the posterior of F' given X = x can be
represented as

FLus, + (1 —uwG, )

where u ~ Beta(l, M), G ~ DP(«), and u and G are independent. Ghosh and
Ramamoorthi (2003, P. 93.) state (4) for the finite dimensional Dirichlet distribution,
but the same proof goes through to prove (4) for the general Dirichlet process. We
use (3) and (4) as basic building blocks of the proof.

Consider a sequence of random variables 61, 6>, . . . whose distribution is described
below. Let F ~ DP(«x) where« = M - Fy, M > 0 and Fj is a probability measure
on X. Given F, sample 0; from F. Given 601, by (4) the distribution of F' can be
represented as

F i u1dg, + (1 —ur)Gy,

where u; ~ Beta(l, M), G; ~ DP(«) and u; and G are independent. Given 61 and

F,sample 6, from G 1. By applying (4) again, given 61 and 6>, G| 4 uz8g, +(1—u)Go,
where uy ~ Beta(l, M), G, ~ DP(«) and u; and G, are independent. Combining
the results of F and G, we get that given 0; and 6,,

Il

F = uidg + (1 —up)(u2dg, + (1 — u2)G>)

d
= u1dg, +uz(l —u)ds, + (1 —up)(1 —u2)Goy,
where uy, un i Beta(1, M), Go ~ DP(«) and (uy, uy) is independent of G>.

Given 601, 6, and F, sample 63 from G», and so on. Repeating the same argument, we
obtain that given 01, 0>, .. ., 6,

Fiulégl+u2(l—u1)892+~-~+<uk ]_[(1—u,)) S+ | [ —ud) | Gio (5)

I<k I<k

jid. .
where uy, ..., u; hR Beta(l, M), Gy ~ DP(«) and u;’s and Gy are independent.
To complete the proof, we use the following two lemmas whose proofs are given
in the next section.
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Lemma 2.1 The sequence 01, 03, ... is marginally an i.i.d. sequence from Fy.

Lemma 2.2 Given 601, 6, . .., the conditional distribution of F is given by

FEY |u[Ta—u |, (©)

j=1 I<j

j.di.d.
where uy, us, . .. b Beta(l, M).

Lemma 2.2 implies the 6;’s and us are independent of each other, and together
with Lemma 2.1 it implies the conclusion of the theorem. O

Remark 2.3 In the proof, we use the form of the posterior with DP prior and the self-
similarity property of DP, and thus implicitly assume the existence of DP. Sethuraman
(1994) proved the stick-breaking representation without assuming the existence of DP
and thus can be considered as an alternative proof of the existence theorem. Our proof,
however,is not an alternative proof of the existence of DP.

Remark 2.4 Since the proofs of the existence of DP and the posterior of DP in Ferguson
(1973) can be carried out under the assumption of complete and separable X" and these
facts are used in the proof, we assume X’ is a complete and separable metric space.

Remark 2.5 A referee pointed out that a similar proof can be done using the indirect
distributional equation used in the proof of Sethuraman (1994),

FLusy+(1—uG, (7

where ', G ~ DP(x), u ~ Beta(l, M) and 6 ~ Fy. By repeated applications of
equation (7), one gets

. k
F 4 Z u; l_[(l —uj) | ég + l_[(l —uj)G.
i=1

j<i j=1

Similarly to the proof of Lemma 2.2, one can show (2). This proof is the same as the
original proof of Sethuraman (1994) except that (7) is used instead of the distributional
relation of the finite dimensional Dirichlet distribution.

3 Proofs of lemmas

In this section, we give the proofs of the lemmas used in the previous section.

Proof oflemma 2.1 First, marginally 6; ~ Fy. We prove the lemma by induction.
Suppose 01, . .., O, arei.i.d. from Fy. We will show that ;1 given 0y, .. ., 6y follows
Fy. For a measurable A C X,

POr+1 € Al ..., 00 = E[P(Orr1 € AlO1, ..., 0, F)I61, ..., k]

@ Springer



Journal of the Korean Statistical Society (2020) 49:389-394 393

=E[Gr(A)o1, ... 0]
= Fy(A).

The equalities follow from the definition of 6; and equation (5). This completes the
proof. O

iid. iid. iid.
Proofoflemma2.2 let uj,u,... ~ Beta(1, M), 61,0,... ~ Fy, Gy ~
D P (o), and all these random elements are independent. Define

Fk* =u18g, +ur(l —u1)dp, +---+ |:btk 1_[(1 — ul):| 8, + 1_[(1 —uy) | Gg.
<k 1<k

Then, given 6y, ..., 6k F,j‘ has the same distribution as F for all £k > 1, by equa-
tion (5). Let F* = Zj’il [uj ]_[l<j(1 - ul)]égj. We will show that the distribution
of F given 6;’s is the same as that of F* given 6;’s. For this, it suffices to show that
for all disjoint measurable sets By, By, ..., B, C X, the conditional distribution of
(F(B1), ..., F(By)) given 0;’s is the same as that of (F*(By), ..., F*(By)). Since
the distributions of (F (By), ..., F(By)) and (F*(By), ..., F*(B,;,)) are supported on
a bounded set, equality of moments of all orders implies equality of the distributions.

Thus, we need to show that for all ny, ..., n, >0,
E[F(B)" x -+ x F(By)"01,6a,...]
=E[F*(B)" x -+ x F*(By)""|01,62,...], a.s. (8)

By the martingale convergence theorem, as k — oo,

E[F(B)" x -+ x F(By)" 01, ..., 0]
—> E[F(B)" x -+ x F(By)"01,6,...], as.,

where the right hand side (RHS) is the same as the left hand side (LHS) of (8). On the
other hand, since F}"(B;), F*(B;) < 1,

[E[Ff(B)™ x -+ x Ff(Bp)"™ 01,62, ...]
—E[F*(B)™" x -+ x F*(Bp)" 01,62, ...]

< E[|[FEBO" x o x B (Bu)™ = F*(B)™ x - x F*(Bu)"™ | 101,65, ... |
m

< > nE[|F{(B;) — F*(B)|[01.6,....].

i=1

The last inequality holds because |]_[f-‘=] a; — ]_[f=1 bi| < Zle la; — bi| if 0 <
lail, |bi| < 1,fori =1,2,..., k. For any measurable B C X,

E[IF(B) — F*(B)| |61, 62, ...]
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k
=IE(Z ujl_[(l—uz) 89;(B) + l_[(l—ul) Gr(B)

j=1 I<j 1<k

= Nui [T =u | 8;(B)| |61.62. ...

j=1 I<j
[o9]
=E(||[Ja-u)|GeB) = > |u; [0 —un) |86,B)| |61.62. ...
I<k j=k-+1 I<j
M k
<?2E g(l—ul) =2<M—+1> — 0.

Thus, limg oo Y 1oy mE[|FE(Bi) — F*(B)||01,62....] = 0 a.s. This in turn
implies

klim E[FF(BD" x - x Ff(By)" ]| = E[F*(B)" x --- x F*(By)"] a.s.
— 00

Thus, we have shown (8). This completes the proof. O
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