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Abstract— In this paper we derive exact and approximate
conditions for the (local) stability of the cluster synchronization
manifold for sparsely interconnected oscillators with heteroge-
neous and weighted Kuramoto dynamics. Cluster synchroniza-
tion, which emerges when the oscillators can be partitioned
in a way that their phases remain identical over time within
each group, is critically important for normal and abnormal
behaviors in technological and biological systems ranging from
the power grid to the human brain. Yet, despite its importance,
cluster synchronization has received limited attention, so that
the fundamental mechanisms regulating cluster synchronization
in important classes of oscillatory networks are still unknown.
In this paper we provide the first conditions for the stability
of the cluster synchronization manifold for general weighted
networks of heterogeneous oscillators with Kuramoto dynamics.
In particular, we discuss how existing results are inapplicable or
insufficient to characterize the stability of cluster synchroniza-
tion for oscillators with Kuramoto dynamics, provide rigorous
quantitative conditions that reveal how the network weights and
oscillators’ natural frequencies regulate cluster synchronization,
and offer examples to quantify the tightness of our conditions.
Further, we develop approximate conditions that, despite their
heuristic nature, are numerically shown to tightly capture the
transition to stability of the cluster synchronization manifold.

I. INTRODUCTION

Synchronization arises spontaneously and by design in
a broad range of natural and man-made systems [1]–[3],
and is characterized by the onset of coherent trajectories
among different interconnected units. Full synchronization
has been extensively studied, e.g., see [4], and it corresponds
to the case where all of the units exhibit coherent behavior.
In contrast and despite its fundamental importance for the
functionalities of many network systems [5], cluster synchro-
nization, where disjoint and, possibly, time-varying groups
organize along different synchronized trajectories, has been
the subject of fewer and isolated studies, e.g., see [6]–[8].

The underlying mechanisms of cluster synchronization
are particularly useful to model, analyze, and regulate syn-
chronized neural activity in the human brain (see Fig. 1).
In fact, because different patterns of synchronized neural
activity are thought to be clear biomarkers of different
neurological disorders [9], [10], methods to characterize and
control the large-scale structural architecture of the brain,
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Fig. 1. As evident from fMRI scans, neural activity across different regions
is correlated over time, and this correlation pattern defines clusters of syn-
chronized brain areas corresponding to well-defined neural systems. Distinct
correlation patterns are biomarkers of healthy and diseased neural states.

its intrinsic properties, and brain-wide oscillatory patterns,
can inform the design of novel diagnostics and treatments
for neurological diseases and psychiatric disorders. Moti-
vated by these outstanding challenges, in this paper we
derive prescriptive conditions for the stability of cluster
synchronization in sparse networks of oscillators. We focus
on oscillators with heterogeneous and weighted Kuramoto
dynamics, which, despite their apparent simplicity, have been
shown to be particularly suited to model the onset of complex
synchronization phenomena in neural systems [11], as well
as in many other natural and technological systems [1], [2].
Related work. Cluster synchronization is a challenging prob-
lem that has attracted the attention of the physics, dynamical
systems, and controls communities. Existing studies on this
topic have highlighted a relation between cluster synchro-
nization and the presence of certain group symmetries [12],
[13] and edge weights [6]–[8] in the underlying interconnec-
tion graph, for a class of coupled oscillators. Yet, as we show,
group symmetries of the underlying graph are not necessary
for cluster synchronization, and the Kuramoto model used
in this paper does not satisfy the assumptions of the above
papers, thus making the existing results inapplicable.

Cluster synchronization of oscillators with Kuramoto dy-
namics has been studied in [14], [15], where an approximate
definition of cluster synchronization is used, in [16], [17],
where conditions are given only for the invariance of the
cluster synchronization manifold, in [18], where only the par-
ticular case of two clusters of identical Kuramoto oscillators
with inertia is considered, and in [19], where only implicit
and numerical stability conditions on the linearized dynamics
are derived. To the best of our knowledge, this work presents
the first conditions for the (local) stability of the cluster
synchronization manifold in sparse and weighted networks
of heterogeneous oscillators with Kuramoto dynamics.
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Paper contribution. This paper makes two main con-
tributions. First, we derive rigorous analytical conditions
for the stability of the cluster synchronization manifold in
weighted networks of Kuramoto oscillators. Specifically, (i)
we leverage the theory of stability of perturbed nonlinear
systems to derive quantitative conditions on the network
weights that guarantee local exponential stability of the
cluster synchronization manifold, and (ii) we develop a
Lyapunov argument to show that, independent of the network
weights, the cluster synchronization manifold becomes stable
when the natural frequencies of the oscillators in disjoint
clusters are sufficiently different (in their limit to infinity).
These conditions reveal that the network weights and the
oscillators’ natural frequencies constitute two independent
mechanisms to promote stability of the cluster synchroniza-
tion manifold. Second, we derive approximate stability con-
ditions by combining the low-pass behavior of the linearized
dynamics of the isolated clusters with a small-gain result
for interconnected time-varying systems. While relying on
a heuristic argument, these approximate conditions involve
both the aforementioned independent mechanisms, and are
numerically shown to be considerably more accurate in pre-
dicting stability of the cluster synchronization manifold when
compared to our exact conditions. Due to space constraints,
proofs are omitted here and will be available in [20].
Mathematical notation. The sets R>0 and R≥0 denote the
positive and nonnegative real numbers, respectively. The sets
S1 and Tn denote the unit circle and the n-dimensional
torus, respectively. The `2-norm is denoted as ‖ · ‖. A
block-diagonal matrix is represented by blkdiag(·). We de-
note a positive definite matrix A with A � 0. Let λi(A)
and σi(A) denote the i-th eigenvalue and singular value
of A ∈ Rn×n, respectively, and λmax(A) = maxi |λi(A)|.
Finally, let λ(A) = 1

n

∑
i λi(A) and σ(A) = 1

n

∑
i σi(A).

II. PROBLEM SETUP AND PRELIMINARY NOTIONS

In this paper we characterize the stability properties of
certain synchronized trajectories arising in networks of non-
identical oscillators with Kuramoto dynamics. To this aim,
let G = (V, E) be the connected and weighted bidirected
graph1 representing the network of oscillators, where V =
{1, . . . , n} and E ⊆ V×V represent the oscillators, or nodes,
and their interconnection edges, respectively. Let A = [aij ]
be the weighted adjacency matrix of G, where aij ∈ R>0

is the weight of the edge (j, i) ∈ E , and aij = 0 when
(j, i) 6∈ E . The dynamics of the i-th oscillator reads as

θ̇i = ωi +
∑

j 6=i
aij sin(θj − θi), (1)

where ωi ∈ R>0 and θi ∈ S1 denote the i-th oscillator’s
natural frequency and phase, respectively.

Let P = {P1, . . . ,Pm} be a nontrivial partition of V ,
where each cluster contains at least two oscillators.2 The
network G exhibits cluster synchronization with partition P

1A bidirected graph is a directed graph where (i, j) ∈ E implies (j, i) ∈
E . The adjacency matrix of a bidirected graph needs not be symmetric.

2The case m = 1 leads to full synchronization, and it is not studied here.

P1<latexit sha1_base64="sl/aj5ubkm+1JgxCs6/S5C5dr20=">AAAB9HicdVDLSgMxFL1TX7W+qi7dBIvgaphpO9ruCrpwWcE+oB1KJs20oZmHSaZQhn6HGxeKuPVj3Pk3ZtoKKnogcDjnXu7J8WLOpLKsDyO3tr6xuZXfLuzs7u0fFA+P2jJKBKEtEvFIdD0sKWchbSmmOO3GguLA47TjTa4yvzOlQrIovFOzmLoBHoXMZwQrLbn9AKsxwTxtzgf2oFiyTMuxL2plZJllx6nbFU2qdadSqSHbtBYowQrNQfG9P4xIEtBQEY6l7NlWrNwUC8UIp/NCP5E0xmSCR7SnaYgDKt10EXqOzrQyRH4k9AsVWqjfN1IcSDkLPD2ZhZS/vUz8y+slyq+5KQvjRNGQLA/5CUcqQlkDaMgEJYrPNMFEMJ0VkTEWmCjdU0GX8PVT9D9pl01b89tqqXG9qiMPJ3AK52DDJTTgBprQAgL38ABP8GxMjUfjxXhdjuaM1c4x/IDx9gknUZJb</latexit><latexit sha1_base64="sl/aj5ubkm+1JgxCs6/S5C5dr20=">AAAB9HicdVDLSgMxFL1TX7W+qi7dBIvgaphpO9ruCrpwWcE+oB1KJs20oZmHSaZQhn6HGxeKuPVj3Pk3ZtoKKnogcDjnXu7J8WLOpLKsDyO3tr6xuZXfLuzs7u0fFA+P2jJKBKEtEvFIdD0sKWchbSmmOO3GguLA47TjTa4yvzOlQrIovFOzmLoBHoXMZwQrLbn9AKsxwTxtzgf2oFiyTMuxL2plZJllx6nbFU2qdadSqSHbtBYowQrNQfG9P4xIEtBQEY6l7NlWrNwUC8UIp/NCP5E0xmSCR7SnaYgDKt10EXqOzrQyRH4k9AsVWqjfN1IcSDkLPD2ZhZS/vUz8y+slyq+5KQvjRNGQLA/5CUcqQlkDaMgEJYrPNMFEMJ0VkTEWmCjdU0GX8PVT9D9pl01b89tqqXG9qiMPJ3AK52DDJTTgBprQAgL38ABP8GxMjUfjxXhdjuaM1c4x/IDx9gknUZJb</latexit><latexit sha1_base64="sl/aj5ubkm+1JgxCs6/S5C5dr20=">AAAB9HicdVDLSgMxFL1TX7W+qi7dBIvgaphpO9ruCrpwWcE+oB1KJs20oZmHSaZQhn6HGxeKuPVj3Pk3ZtoKKnogcDjnXu7J8WLOpLKsDyO3tr6xuZXfLuzs7u0fFA+P2jJKBKEtEvFIdD0sKWchbSmmOO3GguLA47TjTa4yvzOlQrIovFOzmLoBHoXMZwQrLbn9AKsxwTxtzgf2oFiyTMuxL2plZJllx6nbFU2qdadSqSHbtBYowQrNQfG9P4xIEtBQEY6l7NlWrNwUC8UIp/NCP5E0xmSCR7SnaYgDKt10EXqOzrQyRH4k9AsVWqjfN1IcSDkLPD2ZhZS/vUz8y+slyq+5KQvjRNGQLA/5CUcqQlkDaMgEJYrPNMFEMJ0VkTEWmCjdU0GX8PVT9D9pl01b89tqqXG9qiMPJ3AK52DDJTTgBprQAgL38ABP8GxMjUfjxXhdjuaM1c4x/IDx9gknUZJb</latexit><latexit sha1_base64="sl/aj5ubkm+1JgxCs6/S5C5dr20=">AAAB9HicdVDLSgMxFL1TX7W+qi7dBIvgaphpO9ruCrpwWcE+oB1KJs20oZmHSaZQhn6HGxeKuPVj3Pk3ZtoKKnogcDjnXu7J8WLOpLKsDyO3tr6xuZXfLuzs7u0fFA+P2jJKBKEtEvFIdD0sKWchbSmmOO3GguLA47TjTa4yvzOlQrIovFOzmLoBHoXMZwQrLbn9AKsxwTxtzgf2oFiyTMuxL2plZJllx6nbFU2qdadSqSHbtBYowQrNQfG9P4xIEtBQEY6l7NlWrNwUC8UIp/NCP5E0xmSCR7SnaYgDKt10EXqOzrQyRH4k9AsVWqjfN1IcSDkLPD2ZhZS/vUz8y+slyq+5KQvjRNGQLA/5CUcqQlkDaMgEJYrPNMFEMJ0VkTEWmCjdU0GX8PVT9D9pl01b89tqqXG9qiMPJ3AK52DDJTTgBprQAgL38ABP8GxMjUfjxXhdjuaM1c4x/IDx9gknUZJb</latexit>

P2<latexit sha1_base64="CsXXTTYkhfxM0x2hcWIG1quO380=">AAAB9HicdVDLSgMxFL1TX7W+qi7dBIvgapiZ1j52BV24rGBtoR1KJs20oZmHSaZQhn6HGxeKuPVj3Pk3ZtoKKnogcDjnXu7J8WLOpLKsDyO3tr6xuZXfLuzs7u0fFA+P7mSUCELbJOKR6HpYUs5C2lZMcdqNBcWBx2nHm1xmfmdKhWRReKtmMXUDPAqZzwhWWnL7AVZjgnnamg+cQbFkmbWLqlOvIMt0GuVqraGJ7ZQbFQfZprVACVZoDYrv/WFEkoCGinAsZc+2YuWmWChGOJ0X+omkMSYTPKI9TUMcUOmmi9BzdKaVIfIjoV+o0EL9vpHiQMpZ4OnJLKT87WXiX14vUX7dTVkYJ4qGZHnITzhSEcoaQEMmKFF8pgkmgumsiIyxwETpngq6hK+fov/JnWPamt9USs2rVR15OIFTOAcbatCEa2hBGwjcwwM8wbMxNR6NF+N1OZozVjvH8APG2yc4ApJm</latexit><latexit sha1_base64="CsXXTTYkhfxM0x2hcWIG1quO380=">AAAB9HicdVDLSgMxFL1TX7W+qi7dBIvgapiZ1j52BV24rGBtoR1KJs20oZmHSaZQhn6HGxeKuPVj3Pk3ZtoKKnogcDjnXu7J8WLOpLKsDyO3tr6xuZXfLuzs7u0fFA+P7mSUCELbJOKR6HpYUs5C2lZMcdqNBcWBx2nHm1xmfmdKhWRReKtmMXUDPAqZzwhWWnL7AVZjgnnamg+cQbFkmbWLqlOvIMt0GuVqraGJ7ZQbFQfZprVACVZoDYrv/WFEkoCGinAsZc+2YuWmWChGOJ0X+omkMSYTPKI9TUMcUOmmi9BzdKaVIfIjoV+o0EL9vpHiQMpZ4OnJLKT87WXiX14vUX7dTVkYJ4qGZHnITzhSEcoaQEMmKFF8pgkmgumsiIyxwETpngq6hK+fov/JnWPamt9USs2rVR15OIFTOAcbatCEa2hBGwjcwwM8wbMxNR6NF+N1OZozVjvH8APG2yc4ApJm</latexit><latexit sha1_base64="CsXXTTYkhfxM0x2hcWIG1quO380=">AAAB9HicdVDLSgMxFL1TX7W+qi7dBIvgapiZ1j52BV24rGBtoR1KJs20oZmHSaZQhn6HGxeKuPVj3Pk3ZtoKKnogcDjnXu7J8WLOpLKsDyO3tr6xuZXfLuzs7u0fFA+P7mSUCELbJOKR6HpYUs5C2lZMcdqNBcWBx2nHm1xmfmdKhWRReKtmMXUDPAqZzwhWWnL7AVZjgnnamg+cQbFkmbWLqlOvIMt0GuVqraGJ7ZQbFQfZprVACVZoDYrv/WFEkoCGinAsZc+2YuWmWChGOJ0X+omkMSYTPKI9TUMcUOmmi9BzdKaVIfIjoV+o0EL9vpHiQMpZ4OnJLKT87WXiX14vUX7dTVkYJ4qGZHnITzhSEcoaQEMmKFF8pgkmgumsiIyxwETpngq6hK+fov/JnWPamt9USs2rVR15OIFTOAcbatCEa2hBGwjcwwM8wbMxNR6NF+N1OZozVjvH8APG2yc4ApJm</latexit><latexit sha1_base64="CsXXTTYkhfxM0x2hcWIG1quO380=">AAAB9HicdVDLSgMxFL1TX7W+qi7dBIvgapiZ1j52BV24rGBtoR1KJs20oZmHSaZQhn6HGxeKuPVj3Pk3ZtoKKnogcDjnXu7J8WLOpLKsDyO3tr6xuZXfLuzs7u0fFA+P7mSUCELbJOKR6HpYUs5C2lZMcdqNBcWBx2nHm1xmfmdKhWRReKtmMXUDPAqZzwhWWnL7AVZjgnnamg+cQbFkmbWLqlOvIMt0GuVqraGJ7ZQbFQfZprVACVZoDYrv/WFEkoCGinAsZc+2YuWmWChGOJ0X+omkMSYTPKI9TUMcUOmmi9BzdKaVIfIjoV+o0EL9vpHiQMpZ4OnJLKT87WXiX14vUX7dTVkYJ4qGZHnITzhSEcoaQEMmKFF8pgkmgumsiIyxwETpngq6hK+fov/JnWPamt9USs2rVR15OIFTOAcbatCEa2hBGwjcwwM8wbMxNR6NF+N1OZozVjvH8APG2yc4ApJm</latexit>

1 2 3

4 5 6

(a)

A=

2
6666664

0 ↵1 0 �1 �2 0
↵1 0 ↵2 0 �1 �2

0 ↵2 0 �2 0 �1

�1 0 �2 0 ↵3 0
�2 �1 0 ↵3 0 ↵4

0 �2 �1 0 ↵4 0

3
7777775

(b)

Fig. 2. Fig. 2(a) illustrates a network of 6 oscillators with adjacency matrix
as in Fig. 2(b). In this network, the partition P = {P1,P2}, which satisfies
Assumption (A2), cannot be identified by group symmetries of the network
for any choice of the positive weights α1, α2, α3, α4, β1 and β2.

if the oscillators in each cluster evolve with equal phases. To
be specific, we define the cluster synchronization manifold
associated with the partition P as

SP = {θ ∈ Tn : θi = θj for all i, j ∈ Pk, k = 1, . . . ,m}.
Then, the network is cluster-synchronized with partition P
when the phases of the oscillators belong to SP at all times.

In this paper we characterize conditions on the network
weights and the oscillators’ natural frequency that guarantee
local exponential stability of the cluster synchronization
manifold SP , for a given partition P .3 Because invariance of
a set is a necessary condition for its stability [21, Chapter 3],
we assume that SP is invariant under the oscillators’ dynam-
ics (1), or, equivalently [17], that the network of oscillators
G satisfies the following conditions for the given partition P:

(A1) The natural frequencies of the oscillators satisfy
ωi = ωj for every i, j ∈ Pk and k ∈ {1, . . . ,m};

(A2) The network weights satisfy
∑
k∈P`

aik − ajk = 0 for
every i, j ∈ Pz and z, ` ∈ {1, . . . ,m}, with z 6= `.

Remark 1: (Network symmetries and balanced weights)
Several conditions ensuring invariance and stability of SP
require the network to satisfy restrictive group symmetries,
e.g., see [12], [19]. As shown in Fig. 2, cluster synchro-
nization does not require symmetric networks. Thus, the
stability conditions derived in this work apply to a larger
set of networks, and in fact different dynamics, compared to
existing results on cluster synchronization. �

Define the phase difference xij = θj − θi, and notice that

ẋij = ωj − ωi +

n∑

z=1

ajz sin(xjz)− aiz sin(xiz). (2)

Further, define the following undirected graphs (see Fig. 3):
(i) the graph of the k-th cluster Gk = (Pk, Ek), where
Ek = {(i, j) : (i, j) ∈ E , i, j ∈ Pk};

(ii) a spanning tree Tk = (Pk, Espan,k) of Gk;4

(iii) a spanning tree T = (V, ET ) of G with ET =⋃m
k=1 Espan,k ∪ Einter, where |Einter| = m− 1.

Finally, define the following vectors of phase differences:
(iv) x

(k)
intra = [xij ], for all (i, j) ∈ Espan,k with i < j,

(v) xintra =
[
x
(1)T
intra , . . . , x

(m)T
intra

]T
, and

3Loosely speaking, the manifold SP is locally exponentially stable if θ
converges to SP exponentially fast when θ(0) is sufficiently close to SP .

4We assume that the subgraphs Gk of G are connected. This guarantees
the existence of the undirected spanning trees in (ii) and (iii).
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Fig. 3. This figure illustrates the graph-theoretic definitions introduced
in Section II for a network of 9 Kuramoto oscillators. Fig. 3(a) shows the
partitions P = {P1,P2,P3}, where P1 = {1, 2, 3}, P2 = {4, 5, 6} and
P3 = {7, 8, 9}. In Fig. 3(b), Espan,1, Espan,2, and Espan,3 represent (in red)
the edges of the intra-cluster spanning trees T1, T2 and T3, while the edges
belonging to the set Einter are depicted in purple. The vectors of intra-cluster
differences read as x(1)intra = [x12 x23]T, x(2)intra = [x45 x56]T, and x(3)intra =
[x78 x79]T, and the inter-cluster differences read as xinter = [x36 x47]T.

(vi) xinter = [xij ], for all (i, j) ∈ Einter with i < j.

It should be noticed (see also Fig. 3) that the vectors
x
(k)
intra, xintra and xinter contain, respectively, nintra,k = |Pk|−1,
nintra = n −m and ninter = m − 1 entries. Notice also that
every phase difference can be computed as a linear function
of xintra and xinter. To see this, let i, j ∈ V , and let p(i, j) =
{p1, . . . , p`} be the unique path on T from i to j. Define
diff(p(i, j)) =

∑`−1
k=1 sk, where sk = xpkpk+1

if pk < pk+1,
and sk = −xpk+1pk otherwise. Then, xij = diff(p(i, j)), and
the vectors xintra and xinter contain a smallest set of phase
differences that can be used to quantify synchronization
among all of the oscillators in the network.

In the remaining part of this section we rewrite the intra-
cluster dynamics in a form that will be useful to present our
results. In particular, for (i, j) ∈ Espan,k, the dynamics (2) of
the intra-cluster difference xij can be rewritten as

ẋij =
∑

z∈Pk

ajz sin(diff(p(j, z)))− aiz sin(diff(p(i, z)))

︸ ︷︷ ︸
F

(k)
ij (x

(k)
intra)

+
∑

z 6∈Pk

ajz sin(diff(p(j, z)))− aiz sin(diff(p(i, z)))

︸ ︷︷ ︸
G

(k)
ij (xintra,xinter)

,

which leads to

ẋ
(k)
intra = F (k)(x

(k)
intra) +G(k)(xintra, xinter), (3)

where F (k) is the vector of F (k)
ij and G(k) is the vector of

G
(k)
ij , for all (i, j) ∈ Espan,k, i < j. Finally, by concatenating

the dynamics of x(k)intra for all k = 1, . . . ,m, we obtain

ẋintra = F (xintra) +G(xintra, xinter). (4)

Let C be the set of connected pairs of clusters; that is,
C = {(`, z) : ∃ (i, j) ∈ E with i ∈ P`, j ∈ Pz, and ` <
z}. Let xnom denote the trajectory xinter when xintra = 0 at
all times, and notice that xij = x(`z) for any i ∈ P` and

j ∈ Pz with (`, z) ∈ C. Then, the linearization of the intra-
cluster dynamics (4) around the trajectory xintra = 0 and
xinter = xnom reads as follows:

ẋintra = (Jintra + Jinter)xintra, (5)

where the matrices Jintra and Jinter are defined as

Jintra =
∂F (xintra)

∂xintra

∣∣∣∣
xintra=0

= blkdiag (J1, . . . , Jm) , (6)

Jinter =
∂G

∂xintra

∣∣∣∣xintra=0
xinter=xnom

=
∑

(`,z)∈C
cos
(
x (`z)

)
J
(`z)
inter . (7)

In other words, the linearization of the intra-cluster dy-
namics (4) along cluster-synchronized trajectories yields a
time-varying system due to (7). This marks an important
difference between cluster and full synchronization, where
the dynamics in proximity of the synchronization manifold
are time-invariant, and calls for novel and more involved
conditions for cluster synchronization.

III. EXACT STABILITY CONDITIONS FOR CLUSTER
SYNCHRONIZATION

In this section we derive sufficient stability conditions
for local exponential stability of the cluster synchronization
manifold. We make the following assumption,

(A3) The matrix Jintra in (6) is Hurwitz stable,
which can be shown to be satisfied, for instance, in the case
of symmetric network weights (A = AT) [4], [20]. Our first
stability result leverages tools from perturbation theory [22,
Chapter 9] and the following instrumental lemma.

Lemma 3.1: (Bounded norm of inter-cluster dynamics)
Let G(k)(xintra, xinter) be as in (3), κ = 2 maxr nintra,r, and

γ(k`) =





κ
∑

j∈P`

aij , if ` 6= k,

κ
∑

` 6=k

∑

j∈P`

aij , otherwise,
(8)

with k, ` ∈ {1, . . . ,m} and i ∈ Pk. Then,

‖G(k)(xintra, xinter)‖ ≤
m∑

`=1

γ(k`)‖x(`)intra‖.

As formalized in the next theorem, Lemma 3.1 states that
the inter-cluster dynamics are linearly bounded and, together
with results on stability of perturbed systems, implies that the
origin of (4), and thus the cluster synchronization manifold
SP , is exponentially stable for some choices of the network
weights. Recall that an M -matrix is a real nonsingular matrix
A = [aij ] such that aij ≤ 0 for all i 6= j and all leading
principal minors are positive [23, Chapter 2.5].

Theorem 3.2: (Sufficient condition on network weights
for the stability of SP ) Let γ(k`) be the constants defined in
(8), and define the matrix S ∈ Rm×m as

S = [sk`] =

{
λ−1max(Xk)− γ(kk) if k = `,

−γ(k`) if k 6= `,
(9)

where Xk � 0 satisfies JT
kXk +XkJk = −I with Jk as in

(6). If S is an M -matrix, then the cluster synchronization
manifold is locally exponentially stable.
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Theorem 3.2 contains a sufficient condition on the net-
work weights for the stability of the cluster synchronization
manifold SP . Qualitatively, Theorem 3.2 proves that SP is
locally exponentially stable when the intra-cluster coupling
(measured by λ−1max(Xk)) is sufficiently stronger than the
perturbation induced by the inter-cluster connections (quan-
tified by γ(k`)). Quantitatively, as illustrated in Fig. 4(c),
the condition in Theorem 3.2 is often conservative, possibly
because it does not account for the contribution of the
oscillators’ natural frequencies to promote synchronization.

Theorem 3.3: (Stability of SP for large natural fre-
quency differences) Let ωi be the natural frequency of the
oscillators in the i-th cluster, with i ∈ {1, . . . ,m}. In the
limit |ωi − ωj | → ∞ for all i, j ∈ {1, . . . ,m}, the cluster
synchronization manifold is locally exponentially stable.

Theorem 3.3 proves that the cluster synchronization man-
ifold is stable in the limit of infinitely different natural
frequencies across the clusters. Some comments are in
order. First, although Theorem 3.3 contains an asymptotic
result, Fig. 4(d) and our analysis in Section IV show that
heterogeneous yet bounded natural frequencies are suffi-
cient to guarantee stability of the cluster synchronization
manifold. Second, Theorems 3.2 and 3.3 prove that cluster
synchronization can be achieved through two independent
mechanisms that rely, respectively, on the network weights
and on the oscillators’ natural frequencies. Tighter stability
conditions are expected to arise from the combination of
these independent stability mechanisms, as we successfully
pursue in the next section.

Example 1: (Comparison between stability conditions)
Consider the network in Fig. 4(a) with partition P =
{P1,P2}, where P1 = {1, 2} and P2 = {3, 4}, and adja-
cency matrix as in Fig. 4(b). The parameters α1, α2 ∈ R>0

and β ∈ R>0 denote the intra- and inter-cluster couplings,
respectively. The matrix S in Theorem 3.2 becomes S =[
4α1−2β −2β
−2β 4α2−2β

]
. In Fig. 4(c) we compare stability condi-

tions based on the matrix S in (9) and numerical conditions
given by Floquet stability theory.5 Notice that, for certain
parameters, the synchronization manifold is unstable. Finally,
Fig. 4(d) shows that, as the inter-cluster coupling β grows,
the stability of SP is achieved by increasing the difference
of the natural frequencies, as predicted by Theorem 3.3. �

IV. APPROXIMATE STABILITY CONDITIONS FOR CLUSTER
SYNCHRONIZATION

Stability of cluster synchronization is guaranteed by the
stability of the time-varying interconnected system (5),
where the subsystems are identified by the isolated clusters.
For interconnected systems with time-varying dynamics

ẏi = Ai(t)yi +
∑

j 6=i
Bij(t)yj , i = 1, . . . ,m, (10)

where Ai(t) and Bij(t) are time-varying matrices of suitable
dimensions, a simplified version of the small-gain theorem
can readily be derived from [25] and reads as follows.

5This comparison is possible for the case of two clusters, as we are able
to explicitly derive the trajectory of the periodic inter-cluster difference [20].
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Fig. 4. Fig. 4(a) illustrates the network of 4 Kuramoto oscillators in
Example 1. We identify the clusters P1 and P2 in blue and orange,
respectively. Fig. 4(c) compares the stability conditions of Theorem 3.2 and
numerical stability via Floquet decomposition [24]. We fix α1 = ω1 = 1,
ω2 = 8, and let α2 and β vary. The condition in Theorem 3.2 (dark
green) identifies a subset of the stable configurations (light green). Fig. 4(d)
illustrates that stability is guaranteed for sufficiently heterogeneous natural
frequencies, as predicted by Theorem 3.3 (α1 = ω1 = 1, α2 = 0.001).

Theorem 4.1: (Small-gain stability test [25]) The origin
of the system in (10) is (globally) exponentially stable if:

(i) the origin of each isolated subsystem ẏi = Ai(t)yi is
(globally) exponentially stable;

(ii) there exist ξij ∈ R≥0 (gains) s.t., ∀ t ≥ 0, ‖yi,f (t)‖ ≤∑
j 6=i ξij supτ∈[0,t] ‖yj(τ)‖, i = 1, . . . ,m, where

yi,f (t) is the forced response of the i-th subsystem;
(iii) the matrix Ξ , [ξij ] ∈ Rm×m (gain matrix) satisfies

λmax(Ξ) < 1. (11)

As conditions (i)-(ii) in Theorem 4.1 are generally difficult
to verify in systems with time-varying dynamics, in what
follows we propose and validate an approximation to the
dynamics (5), which allows us to apply Theorem 4.1 and
derive (approximate) stability conditions for the cluster syn-
chronization manifold. As we will show through numerical
examples, our approximate stability conditions are tight.

To simplify the derivation of our approximate stability
conditions, we start with the case of clusters with two nodes,
so that the dynamics of the intra-cluster phase difference is
scalar. This procedure extends directly to the general case.
To obtain our stability condition, we follow three main steps.

(Approximate input-output response of the system (5)) The
scalar intra-cluster dynamics of the k-th cluster reads as

ẋ
(k)
intra = (Jk + Jinter,k)x

(k)
intra +

∑

` 6=k
Jinter,k`x

(`)
intra, (12)

where Jk, Jinter,k =
∑
` 6=k ηk` cos(x(k`)), Jinter,`z =

ζ`z cos(x(`z)), ηk`, and ζ`z are scalar quantities derived from
(5). As ω(`z) , ωz − ω` grows, we have 6 x(`z)(t) ≈

6This approximation is reasonable for heterogeneous natural frequencies
[20, Lemma A.2]. The same approximation has been used also in [14],
although for a different analysis of cluster synchronization.
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Fig. 5. In this figure we plot the maximum error between the forced
response of (12) and the proposed approximation in (13) as ω(12) increases.
For the simulation, α1 = β1 = ω1 = 1, α2 = 0.01, and ω2 varies as
indicated. Initial conditions are chosen randomly in the interval (0, 0.001].

ω(`z)t. Thus, Jinter,k ≈
∑
` 6=k ηk` cos(ω(k`)t), Jinter,`z ≈

ζ`z cos(ω(`z)t), and the approximate forced response of (12)
to the input x(`)intra becomes

x
(k)
intra,f ≈

∑

` 6=k

∫ t

0

eJk(t−τ)ζk` cos(ω(k`)τ)x
(`)
intra(τ) dτ, (13)

where we have approximated the transition matrix of
the linear time-varying system (12) as (see also [24])
e
∫ t
0
Jk+Jinter,kdτ ≈ e

∫ t
0
Jkdτ = eJkt. The last approximation

is motivated by the fact that Jinter,k is a high-frequency
signal with zero mean, so that its integral over time becomes
negligible compared to the integral of Jk. Our approximation
is validated in Fig. 5 for the network in Fig. 4(a), where we
see that the input-output responses of the original (12) and
approximated (13) systems remain close to each other for
different values of the natural frequency.
(Computation of approximate input-output gains) Equation
(13) can be viewed as the forced response of a linear time-
invariant system with matrix Jk to the modulated input
ζk`cos(ω(k`)τ)x

(`)
intra. Following [26], each term in the sum

in (13) can be expressed as a Taylor series about the natural
frequency of the modulating function. This yields

x
(k)
intra,f (t) =

∑

` 6=k
ζk`

∞∑

r=0

c(k`)r cos(ω(k`)t+ ψ(k`)
r )

drx
(`)
intra(t)

dtr

︸ ︷︷ ︸
Ck`

(14)

with Hk(s) , 1
s−Jk , c(k`)r =

∣∣∣ i−r

r!
drHk(iω)

dωr

∣∣∣
ω=ω(k`)

∣∣∣, and

ψ
(k`)
r = angle

(
i−r

r!
drHk(iω)

dωr

∣∣∣
ω=ω(k`)

)
.

We propose the following first-order approximation of (14):

|Ck`|≈




|Hk(iω(k`))| |x(`)intra(t)|, if Jk ≤ J`,
|Hk(0)|
|H`(0)| |H`(iω

(k`))| |x(`)intra(t)|, if J` < Jk.
(15)

Loosely speaking, the former approximation is motivated
by the fact that the modulated input coming from the `-th
system is “slower” than the k-th system. Instead, the second
approximation is valid when the input from the `-th system is
“faster” than the k-th system, and it follows from [26]. Using
(15), we define the approximate input-ouput gains ξk`, k 6= `:

ξk` =




|Hk(iω(k`))||ζk`|, if Jk ≤ J`,
|Hk(0)|
|H`(0)| |H`(iω

(k`))||ζk`|, if J` < Jk.
(16)
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Fig. 6. In this figure we plot the gains ξ12 (left panel) and ξ21 (right panel)
in a logarithmic scale. For this comparison, we select β = α2 = 1 and
α1 = 0.01; thus, ζ12 = ζ21 = β, J1 = −2α1, and J2 = −2α2. In the
left panel, the additional green line represents the approximate gain obtained
by truncating the series in (14) after the first term. Notice that, in such a
case, the approximation is accurate only for large frequencies ω(12). The
red curve, instead, represent the proposed approximation detailed in (16).
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Fig. 7. The heatmap in Fig. 7(a) represents the error between ω∗sg and
ω∗f defined in Example 2. We let α1 = ω1 = 1, and β, α2 vary as
indicated. The white area contains stable network realizations predicted by
both the Floquet exponents and the condition (11). Fig. 7(b) shows that, for
the parameters in Example 1, the approximate stability condition based on
Theorem 4.1 and (16) is much tighter than the condition in Theorem 3.2.

Our approximation is validated in Fig. 6 for the network
in Fig. 4(a), where it can be seen that, for the considered
example, the proposed gains are accurate when J` > Jk,
and they constitute a reasonable upper bound when J` < Jk.
Additional studies are required to further validate and support
the proposed approximate gains (see also Example 2).

(Approximate stability test) We define the gain matrix Ξ =
[ξk`] ∈ Rm×m, with ξk` = 0 if k = `, and ξk` as in
(16) if k 6= `. Finally, our approximate stability condition
for the cluster synchronization manifold consists of applying
Theorem 4.1 with the approximate gain matrix Ξ.

Example 2: (Tightness of approximate stability condi-
tion) Consider the network in Example 1. In Fig. 7 we
compare the proposed approximate stability condition with
the numerical outcomes from Floquet stability theory. In Fig.
7(a) we use the following quantities: ω∗sg is the smallest
frequency difference ω(12) such that condition (11) with
gains as in (16) is satisfied, and ω∗f is the smallest frequency
difference ω(12) such that the largest Floquet exponent of
(5) is negative. Notice that the approximate condition in
(11) closely reproduces the numerical instability-stability
transition in a reasonable region of intra- and inter-cluster
parameters; namely, for small values of β and α2 − α1. In
Fig. 7(b) we show that our approximate stability condition
outperforms the analytical one derived in Theorem 3.2. �
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Fig. 8. This figure shows the error between ω∗sg and ω∗f defined in
Example 2 and using the approximate gain matrix (17), as the cardinality
of the clusters increases. For each cardinality N , we generate 100 random
realizations of the graphs G1 and G2 described in Remark 2. The intra-
cluster weights of G1 (resp. G2) are uniformly distributed in [0, 1] (resp.
[0, 0.01]), and the inter-cluster weights are uniformly distributed in [0, 1].
The dashed blue line represents the mean difference ω∗sg − ω∗f for the
approximate gains in (17), and the dashed red line represents the mean
difference ω∗an−ω∗f for the analytical test in [20, Theorem 3.5]. The shaded
area contains the maximum and minimum values among all realizations.

Remark 2: (Extension to clusters with multiple nodes)
When the clusters contain more than two nodes, a gain matrix
similar to (16) can be computed by using a suitable scalar
approximation of the transfer matrix Hk(s) = (sI − Jk)−1.
We propose the following stability test, which relies on using
the mean singular value of Hk to compute input-output gains:

ξk`=

{
νk`σ(Hk(iω(k`))), if λ(Jk) ≤ λ(J`),

νk`
σ(Hk(0))
σ(H`(0))

σ(H`(iω
(k`))), if λ(J`)< λ(Jk),

(17)

where νk` = ‖Jinter,k`‖ at time t = 0. We validate the
approximate stability condition (11) on random networks
with 2N nodes that are generated as follows. First, we
choose two weighted undirected and connected Erdös-Rényi
graphs G1 and G2 with cardinality N and edge probability
p = 0.5. To facilitate instability of SP for small natural
frequency differences, we select small intra-cluster weights
in G2 (see Fig. 7(a)). Second, we connect G1 and G2 to
satisfy Assumption (A2). Finally, for each N , we compare
the condition (11) with our approximate gains (17) and the
condition in [20, Theorem 3.5] with the smallest value of
the natural frequency ensuring stability, which is obtained
using the Floquet exponents of (5). For different random
realizations of G1 and G2, Fig. 8 shows that our heuristic test
consistently performs better than its analytical counterpart.�

V. CONCLUSION

In this paper we derive exact and approximate conditions
for the local exponential stability of the cluster synchroniza-
tion manifold in networks of Kuramoto oscillators. Our exact
conditions show that the cluster synchronization manifold is
stable when the intra-cluster weights are sufficiently larger
than the inter-cluster weights, and that stability is also guar-
anteed when the natural frequencies across different clusters
are sufficiently heterogeneous. Our approximate conditions,
instead, combine the above independent mechanisms of sta-
bility based on the network weights and oscillators’ natural
frequencies, and are shown to be considerably more accurate
than our exact conditions. To the best of our knowledge, the
conditions presented in this paper constitute the first explicit
and provable results for the stability of the cluster synchro-
nization manifold in general networks of Kuramoto oscilla-

tors. Finally, these results are expected to find applicability
across different domains, including the characterization and
control of abnormal patterns of synchronized neural activity
in the human brain, as we are currently investigating.
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