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Entanglement of microwave-optical modes in a strongly coupled electro-optomechanical system
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Quantum transduction between microwaves and optics can be realized by quantum teleportation if given

reliable microwave-optical entanglement, namely, entanglement-based quantum transduction. To realize this
protocol, an entangled source with a high fidelity between the two frequencies is necessary. In this paper, we
study microwave and optical entanglement generation based on a generic cavity electro-optomechanical system
in the strong coupling regime. Splittings are shown in the microwave and optical output spectra and the frequency
entanglement between the two modes is quantified. We show that entanglement can be straightforwardly encoded
in the frequency-bin degree of freedom and propose a feasible experiment to verify entangled photon pairs. The
experimental implementation is systematically analyzed, and the preferable parameter regime for entanglement
verification is identified. An inequality is given as a criterion for good entanglement verification with analysis of

practical imperfections.
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I. INTRODUCTION

Building a distributed quantum architecture, where dis-
tant quantum circuits are connected through low-loss opti-
cal communication channels, is a long-pursued goal in the
quantum computation community [1—4]. To realize this goal,
an essential part is to coherently transfer quantum states
between the optical channels and the quantum circuits, which
in general are in quite different frequency ranges, e.g., optical
telecom photons at ~200 THz and superconducting circuits
at ~10-GHz microwave frequencies. However, a supercon-
ducting qubit does not directly interact with optical photons;
a high-fidelity quantum transducer is thus urgently needed
to interface microwave and optical (M-O) photons in a co-
herent way. The development of an efficient transducer will
not only expand the superconducting quantum network but
also connect superconducting qubits with different quantum
modules [5-11].

Quantum state transduction can be realized by either direct
quantum transduction (DT), which linearly converts photons
between different frequencies [12-30], or entanglement-based
transduction (ET), which first generates entangled photon
pairs (or continuous bosonic modes) with different frequen-
cies, then completes the transduction with quantum tele-
portation [31-33]. Recently, theoretical proposals given an
imperfect DT transducer show the possibility of achieving
state transduction by choosing squeezed ancillary input and
performing feedforward [34-36]. Experimentally, the feed-
forward scheme has already shown a great enhancement of
the transducer performance [37]. Despite this encouraging
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progress, an efficient quantum-enabled M-O transducer re-
mains to be demonstrated, mainly due to the demanding
requirements of a high conversion efficiency threshold and
low added thermal noise. In contrast, ET does not require the
threshold conversion efficiency because of the introduction of
classical communication channels and, thus, is more compat-
ible with the current technological developments [31,38,39].

A major step in ET is to demonstrate useful entangle-
ment between microwave and optical photon pairs (or con-
tinuous modes). In Ref. [31], M-O time-bin entanglement
generation and detection based on a generic cavity electro-
optomechanical system have been investigated in the weak
coupling regime, where a wide range of feasible parameters
in this regime can be used to demonstrate M-O entanglement.
Especially, the verification could tolerate a certain amount of
thermal noise, which is compatible with recent experiments:
the design of a mechanical mode in contact with a 1 K ther-
mal bath (to enhance the power handling capability [31,40]),
which is shown to be below the noise threshold.

In this paper, we propose an M-O frequency-bin en-
tanglement generation and detection scheme based on a
generic electro-optomechanical system in the strong cou-
pling regime. For analysis, we consider a cavity piezo-
optomechanical system [39,41]. By exploiting the strong-
coupling-induced hybridization between the microwave and
the mechanical modes, we discuss frequency-entangled M-O
states under an optomechanical parametric down-conversion
process. The entanglement is characterized by calculating
the entanglement of formation (Er) of the output modes.
Furthermore, we define an entanglement rate (Ey) to quantify
the overall efficiency of entanglement generation, which is
shown to reach a maximum when the system approaches
the exceptional point—a recently well-studied concept in
non-Hermitian quantum mechanics [42]. To observe the
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FIG. 1. (a) Schematic of a piezo-optomechanical system with
a blue-detuned laser drive. (b) The frequency landscape for the
microwave, mechanical, and optical resonators and the pump laser.
(c) The Gaussian unitary transformation connecting input and output
mode operators. Take @i, = (&inc, din;), and other vectors are simi-
larly defined.

entanglement experimentally, we propose a heralded scheme
that detects entangled photon pairs in the frequency-bin de-
gree of freedom. We map out the preferable parameter regime
satisfying the entanglement criteria (Bell inequality violation
or Bell state fidelity). Moreover, the entangled M-O mode cor-
relation function and coincidence count rate of output photons
are theoretically estimated. A criterion for good entanglement
verification taking into account dark counts, transmission
loss, and detection inefficiency is derived in the end. The
entanglement analysis and proposed detection scheme could
be generalized to quantum transducers based on different
physical platforms, thus providing a useful framework for
analyzing M-O entanglement in the strong coupling regime.

II. PIEZO-OPTOMECHANICAL SYSTEM WITH A
BLUE-DETUNED DRIVE

Without losing generality, our discussion is based on
a piezo-optomechanical system with a blue-detuned laser
pump, as shown schematically in Fig. 1; a mechanical res-
onator is, on one side, parametrically coupled to an optical
cavity by radiation pressure and, on the other side, linearly
coupled to a microwave resonator through piezoelectric force.
Denoting a, 5, and ¢ the optical, mechanical, and microwave
mode operators, respectively, and w,, wn, and w, the corre-
sponding resonant frequencies, we can write the linearized
Hamiltonian of the system with the rotating wave approxima-
tion [20,31]:

H = —iAa a + honb'b + hw.cte
— ligom(@'B' + ab) — hgem(be +be"). (1)

It is noteworthy that the above Hamiltonian is general for dif-
ferent physical platforms, and thus the theory framework de-
veloped below is applicable to various systems [14,19,20,39].
For the piezo-optomechanical system, g, is the piezoelectri-
cal coupling. gom ‘= +/7ogom.0 is the optomechanical coupling
strength, where gomo denotes the single-photon coupling. In
experiments, the optical cavity will be pumped on the blue
side band by a laser with a frequency w, = w, + A, and
is populated with 7, photons on average, which can further
enhance the optomechanical coupling. In the discussion that
follows, we take the resonance condition A, = @pe.

The above system is able to generate entanglement be-
tween microwave and optical modes, which is realized intu-
itively by first entangling the optical and mechanical modes
with a two-mode squeezing interaction; meanwhile the me-
chanical excitation is swapped to the microwave mode by
the beam-splitter-type coupling. To analyze the complete dy-
namics of the system, we write the linearized Heisenberg-
Langevin equations of motion for each mode,

At . Koot .0 1 N ot

a' = (—ZAO— E)a — igomb + /Kool .+ JKkoil

in,c in,i’
A K N N
b= <_iwm - Tm)b + igomziT + igemé + \/Kmbins
X . Ke\, | . A ~ ~
c = <_lwe - ?E)C + lgemb + A/ Ke,cCinc + A/ Ke,iCin,is (2)

where we label the optical, mechanical, and microwave decay
rates Ko = Koc + Koji» Km, and Ke = Kec + Kei. The subscript
“1” stands for the internal loss port, “c” for the coupling port,
and “in” for the input noise operator. Equations (2) admit a set
of Hermitian conjugate equations, having essentially the same
physics. All input noise operators satisfy [44]

(0! (1), oin(t)] = 8(r — 1),
[0in(2), 01 (1] = (A4 1)8(t —1'). 3)

To comply with the experimental condition, we assume that
the mechanical resonator and the microwave internal port
couple to a thermal bath 7i = iy, = (e"“m«/kT — 1)~ while
the optical resonator and the microwave coupling port are
subjected to purely vacuum fluctuations 7 = 0. In experi-
ments, the microwave coupling is in contact with a millikelvin
cold bath, which could radiatively cool the system close to
the ground state. This radiative cooling was recently demon-
strated in superconducting resonators [40] and is significant in
observing M-O entanglement in our design.

The output modes can be obtained by combining the
coupled Eqgs. (2) with the input-output formalism (taking the
optical mode, for example),

Aout,e = A/Ko,cd — Qing, Aouti = /Koid — Ainj, (4)

where the subscript “out” denotes the output mode. Thus, the
system defines a Gaussian unitary channel which is captured
by a symplectic transform X, = Sxi, [45,46], where S is
the symplectic transformation matrix. X;j, and the vectors
Xout collect all the input and output quadratures. If we la-
bel the M-O output state quadratures X = (%o, Po, Xe, Pe), @
covariance matrix V' with the elements defined by V;; =
%({fci — (&), X; — (%;)}) can be obtained, and it can be ex-
pressed in the standard form,

V., V
out __ u w
Voe N (Vw Vv)

u(w) 0 —w(w) 0
_ 0 u(w) 0 w(w) 5
T —w(w) 0 v(w) (O )

0 w(w) 0 v(w)

where V,,, V,, and V,, are the corresponding two-dimensional
matrix blocks. This matrix fully characterizes the output M-O
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TABLE 1. Parameters used in numerical evaluations in the text
(unless specified otherwise). To comply with the experiment, we
leave Com and k.. tunable, which can be realized by controlling the
optical pump strength and the position of the microwave readout
probe [43].

8em (MHZ) Ke,i (kHZ) Ko, (GHZ) Koc Km (kHZ)

2w x 2.0 2 x 100 2w x 0.24 Ko, 2w x 20

Gaussian state, where the diagonal elements represent the
corresponding output power spectrum densities and other
elements indicate the quadrature correlations.

III. THE PIEZOMECHANICAL STRONG
COUPLING REGIME

When the mode coupling rate is larger than the mode
losses, the system is said to be in the strong coupling regime,
where mode hybridization occurs. We show later that this
enables us to conveniently encode entangled photon pairs
in the frequency degree of freedom. Using the feasible pa-
rameters listed in Table I, we first numerically calculate the
M-O output power spectrum densities with respect to the
ratio Z = ke /4gem, Which measures how strongly (#Z < 1) or
weakly (Z > 1) coupled the system is. [Strictly speaking, we
should define Z = (ke — km)/4gem. We omitted k, since it is
relatively small. Details are shown later.] As shown in Fig. 2,
two peaks can be clearly resolved in both the optical and
the microwave output spectra as the system approaches the
piezomechanical strong coupling regime. Intuitively, the split-
ting of the microwave output mode is due to the hybridization
between the microwave and the mechanical modes, while
the splitting in the optical mode results from the energy
conservation. This can be seen more rigorously from Eq. (2).
To show this, we recast Eq. (2) into a more compact form in
the microwave rotating frame (we use this frame in all later
discussion),

a = Ma + Nay,,, (6)

PSD (Photon)

W(2nx108Hz)

FIG. 2. Output power spectrum densities for (a) the optical mode
and (c) the microwave mode, where mode splitting of 2g.,, appears
when the ratio Z = k./4gen is decreased. The ratio #Z = 1 separates
the weak and the strong coupling regimes. Dashed black lines in
(a) and (c) correspond to the red (opt) and blue (mw) curves in
(b) with the ratio Z = 0.2. In these plots, parameters from Table I
are used and 71y, = 1, Cop, = 1.

where we group the operators into the vectors aj, =
(@

~

ines Tinis Bin, Cincs 6in,i)T, a = (af, b, &)T. The matrices
_%0 —igom 0
M = | igom _KTm igem | (7
0 i8em _%
Ko Ko,i 0 0 0
N = 0 0 Km 0 0 . (®

O O 0 Ke,c Ke,i

The non-Hermitian dynamical matrix M determines the nor-
mal modes. Taking the approximation «, > gom (a relatively
lossy optical cavity in experiments), one finds the hybridized
normal modes of the microwave and mechanical resonator
with eigenvalues

Ke + K Ke — K 2
AB,CZ_%:F _gém—l—(%) s (9)

where the subscripts B and C represent the two hybridized
modes. When gem > |ke — km|/4, a negative value of the
square root is achieved, which corresponds to a mode split-
ting 2\/ 82 — (ke — km)/4)>. When ge,, dominates gem >>
|ke — k|4, the mode splitting approaches 2ge, ~ 27 X
4 MHz, which is exactly what we show in Fig. 2 in the strong
coupling limit. In this limit, we can approximately define the
two hybridized modes as [47]

= ‘/75(13%), ¢ = ?(/B—e),

by which the Hamiltonian, Eq. (1), can be rewritten as
H = —hAoa'a+ hwpB'B + hocCTC
ﬁhgom \/zhgom
T2 EER

B (10)

(@'B" + aB)— at¢t +al), (1
where wg = ®Wm — gem and wc = we + gem are the new mode
frequencies. Thus, we obtain two two-mode squeezing inter-
actions between the optical mode and each of the hybridized
modes, which could simultaneously generate entanglement
between either modes @ and B or modes @ and C. It is
noteworthy that the above approximation is not always true; in
our calculation we choose experimentally compatible param-

eters with the optomechanical cooperativity Com = i”% ~1,
indicating a good approximation. To be theoretically com-
plete, when gem < |ke — km|/4, a positive value is taken for
the square root and the system is considered to be in the
weak coupling regime. Especially, when gem = |ke — km|/4,
the eigenvalues as well as the eigenvectors coincide, which
corresponds with the exceptional point well known in non-
Hermitian quantum physics [42,48,49]. We thus define a ratio
X = Ke/48em to quantify how strongly (Z < 1) or weakly
(Z > 1) coupled the system is, as mentioned before, and
Z = 1 corresponds to the exceptional point.

IV. CHARACTERIZATION OF THE OUTPUT M-O
STATE ENTANGLEMENT

Ideally, in the strong coupling regime, a product of the two-
mode squeezed vacuum state can be obtained when analyzing
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the Hamiltonian, Eq. (11), written as

00 n
r A
W)eo 2 Y —=(@])" (BH" |vac)
co Z:O i
e N
® D (@) (€1 vac), (12)
2.

ny=!

where we define a; and @, as the optical modes that match the
frequencies of the hybridized modes B and C due to energy
conservation. r; and r, are the effective squeezing factors,
which are determined by the optical pump strength and the
interaction time before the photons leak out of the cavity. Due
to symmetry in our case, we have r := r; = r,. For a weak
laser pump, r < 1 and thus

|W)eo = |vac) + r@l BT +al€t)vac) + 0G2).  (13)

We see that a Bell state can be generated with probability
|7|?>. When the state is coupled out of the cavity, neglecting
higher-order terms in r and discarding the vacuum state (by
postselection), we can get a standard Bell state encoded in the
frequency-bin degree of freedom.

In reality, due to the dissipation and thermal fluctuation, the
M-O state is generally a mixed Gaussian state. Thus we can
only obtain a mixed two-mode Gaussian state, as indicated by
the output covariance matrix, Eq. (5). In order to characterize
the output state, we first use the entanglement of formation Ep
to quantify its entanglement. For a given state, Er is defined
as the least average von Neumann entropy optimized over
all possible pure state decompositions. For an output state
given in the form of Eq. (5), Er can be evaluated by the
formula [50,51]

Er(w) = cosh? ro logz(cosh2 ro) — sinh? o logz(sinh2 r0),
(14)

where ry is the minimum amount of antisqueezing needed to
disentangle the state and it is given by

1 —Jy? = N
rozzln<y Vﬂ_ B+B ) (15)

with
y = 2(detVy + 1) — (u(w) — v(w))*,
Br =detV,+detV, —2detV, + 2u(w)v(w)
+ 2wk (@) £ 4w(w)(u(w) + v(w)). (16)

Using the feasible parameters listed in Table I, we estimate
the squeezing r} to be of the order of 0.1, which corresponds
to a 10% probability of generating a Bell state. Thus the
higher order in Eq. (13) can be neglected due to this weak
squeezing approximation. In general, the squeezing parameter
ro is frequency dependent. For @ = 0 and in the low thermal
noise limit, it can be simplified to

Lt (VCom + VCem)?

ro = —

2 1+(Vcom_\/cem)2’
_ 48y

where Cem = > is the electromechanical cooperativity.
As expected, a larger squeezing can be obtained when
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FIG. 3. (a) Er(w) with @ = gery = 27 x 2 MHz (in the rotating
frame) in terms of C,, and the ratio #Z = k./4gem. The dashed line
separates the stable and unstable parameter regimes. (b) Entangle-
ment rate for varied Cop. The dashed vertical line is given by #Z = 1,
which separates the weak and the strong coupling regimes. In these
plots, parameters in Table I are used and 71, = 1.

Com ~ Cem, Which corresponds to the strong parametric down-
conversion regime. By fixing the output frequency w = 27w x
2 MHz [52], we calculate Er by scanning the ratio Z =
Ke/48em (8em = 2m x 2 MHz). As shown in Fig. 3(a), en-
tanglement is generated for any nonzero squeezing ry > 0
and reaches a maximum along the dashed line, where the
system is approaching the strong parametric down-conversion
regime. Interestingly, this dashed line marks the boundary
between system stability and system instability. By numeri-
cally checking the stability condition of Eq. (6) [53-55], the
system is shown to be unstable as C,y, increases, shown by
the area above the dashed line in Fig. 3(a). The reason is that
when the blue-detuned laser drive becomes too strong, the
optomechanical parametric gain will be too large and cause
instability.

The quantity Er (@) measures the amount of entanglement
in the output state for a given frequency. In practice, it is
also important to check the entanglement within a certain
bandwidth. Due to energy conservation, the overall output
state is approximately in a tensor product form of all fre-
quency contributions, which indicates that the entanglement
is additive. Thus we define a quantity called the entanglement
rate as

Er = L/EF(a))da). (18)
2

Intuitively, Eg tells how efficient a system is in generating
entanglement. In Fig. 3(b), we calculate Ex for varied op-
tomechanical cooperativities (Com, = 1, 5, 10) by scanning the
ratio Z = ke /4gem (fixing gey = 2 X 2 MHz) such that the
system goes from the strong to the weak coupling regime.
First, we see that the entanglement rate goes up and down
smoothly and reaches a maximal value when the system is
around the exceptional point Z = 1. The rate Eg decreases
as we further increase or decrease the ratio %. The reason
is that a larger Z means a smaller Cen, leading to further
cooperativity mismatch and thus reducing the entanglement
rate, while a smaller & indicates a lower microwave extraction
ratio kec/kej, effectively decreasing the entanglement rate.
Moreover, comparing different C,y, values in Fig. 3(b), we
find that Ep is larger in general for larger C,, before the
system becomes unstable, and the peak values of Ey shift to
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FIG. 4. Schematic setup for detecting M-O Bell pairs encoded in
the frequency-bin degree of freedom. The optical photon is analyzed
with a balanced Mach-Zehnder interometer, composed of two 50:50
beam splitters (light blue), two narrow-band filters (short black line),
a phase shifter (¢,), and a frequency shifter (f;). Two single-photon
detectors are used in the end. Microwave photon detection is realized
by cQED systems, where the microwave photon is converted into
transmon qubit (Q; or Q,) excitation by Raman absorption, followed
by a parity measurement, a CNOT operation, a 7 /2 rotation along the
axis (sin ., sin ¢, 0), and a high-fidelity single-qubit readout.

the left with an increasing Cop,, Which relates to the fact that
the approximation k, > g,m We used is getting worse, such
that the exceptional point will shift accordingly.

Throughout the paper, there are several other approxima-
tions that merit summarizing here. First, in writing the system
Hamiltonian, the rotating wave approximation is used, which
is a very good approximation since the blue side band is
far from resonant. Second, we require gep, > |ke — k|4 to
ensure that the system is strongly coupled, such that we can
approximately define two hybridized modes as in Eq. (10). If
the condition is not satisfied, the hybridized modes would in
general not be orthogonal, which requires a more complicated
description. Third, we also require a weak squeezing such that
an approximately Bell state can be obtained with a reasonable
fidelity. If the squeezing is too strong, the Bell state fidelity
will be reduced as shown in the next section.

V. VERIFYING THE BELL STATE IN THE
FREQUENCY-BIN DEGREE OF FREEDOM

Given the output state feature in the strong coupling
regime, we propose an experimental scheme for detecting
entangled M-O photon pairs encoded in the frequency-bin
degree of freedom. As discussed previously, if we decrease
the laser pump strength, a standard Bell state in the frequency
bin is expected in the ideal case [56]:

V2
2
In practice, considering the existence of dissipation and ther-
mal fluctuation, we could only get the output entangled states

with a certain Bell state fidelity. In this section, we discuss
such an experimental scheme to verify the entangled state.

W) = ~—(@| Bt + aiCT) [vac) . (19)

A. The experimental scheme for entanglement verification

As shown schematically in Fig. 4, a POM device driven by
a blue-detuned laser generates entangled M-O states, whose
correlation properties are then detected by the generalized
optical and microwave photon detectors shown by the light-
green blocks. For a given Bell state, its quantum correlation
is revealed by the statistics of measuring each party on a cer-
tain chosen basis. For some specific bases, the measurement

results could show a much stronger correlation than predicted
by classical physics. In the current scheme, we choose the
basis that is defined on the equator of the Bloch sphere
for optical and microwave qubits, which can be tuned by
changing the phases ¢, and ..

On the optical side, the optical photon is guided into a
balanced Mach-Zehnder interferometer with two 50:50 beam
splitters. The first beam splitter separates the photon into two
paths: one goes through a filter [57,58] which selects the a,
mode and a phase shifter which shifts the phase ¢,; the other
goes through a filter selecting the @, mode and a frequency
shifter [59] shifting the mode by frequency 2gem, such that
the two photon modes become indistinguishable. Then the
photons interfere at the second beam splitter. A photon click at
the single-photon detector D; or D, projects the optical state
on |go)x = Y2l + ale) vac).

On the microwave side, the possible state detection is
enabled by two circuit quantum electrodynamical (cQED)
systems, each consisting of a transmon qubit with matched
dispersive coupling to the cavity modes, respectively. In de-
tail, the microwave photon first goes through a circulator,
where modes B and C are guided into two different cQED
systems. cCQED1 and cQED?2 are designed to be resonant only
with mode B and mode C, respectively, such that mode B can
only be captured by cQEDI1 and mode C only by cQED?2.
The microwave photons are then converted to qubit excitation
with the help of stimulated Raman absorption [60]. This step
effectively realizes entanglement swapping from microwave
photons to transmon qubits [61]. Immediately after the Raman
absorption, a parity measurement is done with the help of an
ancillary qubit Q4 to ensure that one and only one of the two
qubits is excited [62]. This heralding operation excludes the
zero-photon and higher-order events, increasing the entangle-
ment fidelity significantly. When an odd parity is obtained,
we continue to perform a CNOT gate to factor out Q, then
apply a /2 rotation on Q, along the axis (sin ¢, cos ¢, 0)
defined on the Bloch sphere. Finally, a high-fidelity single-
qubit readout [63,64] projects qubit Q, onto the state |¢.), =

gﬂ g) £ le) e7%), which is effectively similar to detecting

the microwave state |@,), = */Ti(fﬂ + Cte~i#e) [vac).

In summary, the experimental setup allows us to directly
measure any states on the equator plane defined on the optical
and microwave Bloch spheres. Given two fixed phases ¢, and
¢., repeated measurements could yield the average value

E@o09e) = Pyl Posg = Poswe = Posins
where each p denotes the probability of coincident counting
clicks for the corresponding state projections, e.g., p;o'jpe =
D(l¢o) 4 » |¢e) ). Each probability can be theoretically calcu-

lated and the details are reported in the Appendix.

(20)

B. CHSH inequality violation and Bell state fidelity lower bound

The Bell inequality provides a strong manifestation for
entanglement, whose violation excludes the possibility of all
local hidden variable theories. We use the CHSH-type Bell
inequality (|S| < 2), which can be tested in our proposed
experimental setup by measuring the correlation [65]

S = E(po, 9) + E(¢,, 9.) + E(¢), 9e) — E(9o, ¢L). (21)
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FIG. 5. (a) S correlation curves in terms of the phase angle ¢,
with varied thermal baths, taking #Z = «./4gem = 0.26 and Cop, = 1.
(b) “Phase diagram” for a CHSH inequality violation and a Bell-state
fidelity larger than 1/2 in the strong coupling regime with %Z < 1.
iy = 1.

In Fig. 5(a), we simulate the typical correlation curve by
fixing ¢, = 0 and varying the phase ¢, (choosing ¢, = ¢, +
/2, ¢, = @e + 1 /2). First, a clear Bell inequality violation
is observed |S| > 2 for low thermal noise, indicating the
existence of strict entanglement. Also, the violation becomes
less obvious as we increase the thermal excitation and the
threshold is about two thermal photons. In Fig. 5(b), we
map out the parameter regime (orange region) that violates
the Bell inequality. We see that this regime does not overlap
the regime where Ef is maximal, because the regime with the
maximized Er is around the system’s unstable area, where
extremely mixed entangled states are generated that could be
unsuitable for Bell testing using the proposed experimental
setup.

Less demanding evidence of entanglement is given by a
Bell state fidelity, which physically measures the closeness
between a given state and a standard Bell state. A fidelity
larger than 1/2 indicates entanglement. In experiments, a
quantity easier to measure is the lower bound of the fidelity,
which is given by

1 _ _
By = E(pa’o* +poy +PEE T
—2\/p5 Poi)- (22)

In Fig. 5(b), we also delineate the parameter regime where
the fidelity’s lower bound is larger than 1/2 (light-yellow
region). As expected, this regime is much broader than that
of CHSH violation since an entangled state is not necessarily
Bell nonlocal. Because it is easier to measure, the lower bound
of the fidelity could be a first experiment in M-O entangled
photon pair verifications.

wla |

4

N\aj-

z — Dx
g T
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VI. M-O STATE CORRELATION FUNCTION AND
COINCIDENCE COUNTING RATE

For the transduction scheme to work, we want the entan-
gled photon generation rate to be as large as possible. Thus
it is necessary to estimate the coincidence counting rate, in-
cluding possible transmission losses and detector dark counts.
This can be done by exploring the second-order correlation

(a) [ (b) Correlation function
epetition t A
e _ Tv=05
MW L1 —1 L1 'y ® I 77.,:025p:s
: : 1 : : [ . g6 Il | —7o=smal
11 [ Y O A
[ [ [ T - |-
Opt I N T TR H o B | > 2 -
[ "] [ '] t’ 0 |72 S I
—~
T=t \ - z 04 -02 0 02 0406 08 1
b~ ‘Raman Coincidence T (us)

FIG. 6. (a) Schematic of the M-O photon coincidence count-
ing measurement. The microwave measurement repetition time is
several microseconds, which includes the qubit preparation, oper-
ation, and Raman absorption time, which sets the detection time
window T1,. (b) Second-order correlation function for three detec-
tion time resolutions, shown by the long-dashed blue, solid red,
and short-dashed green lines. For these lines, we have Coyn = 1,
Kec/Kei = 20, and 7ip, = 1. The dashed horizontal line is determined
by 2 + & + & + &obe.

function [66]

(@ 4e (0 + T2l ()eoue (atouet + 7))
(@5 4o+ Douet + 1)) (€5 (o))

where 7 denotes the time delay between the optical and the
microwave photon detection. Using the quantum moment-
factoring theorem [67], we rewrite the function as

Roe(T)Reo(7)
R,R.

P ()= (23)

P (M =1+ : (24)
where R, and R, are the optical and microwave photon gener-
ation rates,

1
Ry = (@) o (O)aoue (1)) = o f (@ e (—0)agu e (—0)) do,

1
Re = (&) ()eoue(t)) = o / (@] e (@)eoue(@)) do.

(25)
Roe(t) and R, (7) are called the M-O correlation rates:
Roe(T) = (@t + 7)ol (1))

= 57 | (o)) e do,

Reo(T) = (éout,c (t )aout,c (+ T))

= L (éout,c(w)aout,c(_w» e"dw. (26)
2

Equation (24) assumes an infinite time resolution of the
photon detector. However, as shown in Fig. 6(a), the photon
detector in practice can only resolve photons in a finite time
window 71,. For the optical detector, the time resolution is
generally within a nanosecond. However, in microwave detec-
tion, the Raman absorption is of the order of a microsecond,
within which the arrival time of the microwave photon cannot
be distinguished, and it sets the length of the detection time
window. Due to this finite time resolution, the measured
second-order correlation function is generally a piecewise
function,

ST Roe(t)Reo(T)d T
RORe‘L'b

§P(m) =1+ : Q27)
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TABLE II. Feasible parameters of the photon transmission coef-
ficients, detector dark count rates, and detector efficiencies.

Mo e D, D. T. T,

0.8 0.9 ~20 Hz ~10% Hz 0.5 1073

in which 7, = 1; + 7. With this formula, we plot the g (1)
functions with varied detection resolutions in Fig. 6(b). The
blue curve represents the ideal case where the detector has an
infinite time resolution. First, we see an oscillation structure
with a period of around 0.25 us, which is due to frequency
beating in the strong coupling regime, and it matches exactly
the mode splitting 2g.m = 27 x 4 MHz. Second, g? () is
not symmetric and the maximal value does not occur with a
zero time delay. The reason is that the optical and microwave
photons have different time profiles, thus their convolution
generally is asymmetric.
Equation (27) can be rewritten as

Ree(t)  RoRety + [ Roe(t)Reo(1)d
R, RoR. 7

g¥(w) =

’

(28)
where the numerator defines the coincidence counting rate,
and we see that it contains two parts: the first is the accidental
coincidence rate R,. = R,R.t),, while we call the second the
correlated coincidence rate. With the parameters in Table I and
taking t, = 0.5 us, Com = 1, Z = 0.26, iy, = 1, we find that
the coincidence counting rate is of the order of R, ~ 10* Hz.

In practice, the experiment also suffers from photon trans-
mission loss and detector dark counts and inefficiencies. To
give a general model, we denote T, and 7. the optical and
microwave transmission coefficients, D, and D, the optical
and microwave detector dark count rates, and 7, and 1,
the optical and microwave detector efficiencies, respectively.
Taking into account all of these influences and requiring the
correlated coincidence rate to be much larger than the acci-
dental coincidence rate, a simple inequality can be obtained,

§P (1) > 2+ & + & + Eoke, (29)

which acts as a useful criterion for ensuring successful en-

tanglement verification. The quantities &, = ; ’;“R and & =
; ?“R , which obviously represent the ratio of dark count rate

to photon detection rate. The smaller &, and &, are, the better
the performance of the experiment will be. With the feasible
parameters listed in Table II, the coincidence counting rate is
reduced to the order of 10 Hz. Also, we show the quantity 2 +
& + & + &,&. ~ 2.37, which is depicted by the dashed purple
line in Fig. 6(b). We see that the inequality, Eq. (29), can
indeed be satisfied as long as the photon detectors have good
enough time resolutions. It is noteworthy that the numerical
evaluation is based on current state-of-the-art technological
parameters [39]. Given the fast development in this field, we
anticipate that the correlated coincidence rate will become
even better. In summary, when designing experiments, all
these factors, together with the transmission coefficients and
detector efficiencies, must be optimized simultaneously, and

the theoretical framework given above provides a useful guide
for experimentally manifesting M-O entanglement.

VII. DISCUSSION

The entanglement generated from generic electro-
optomechanics can also be investigated in the time-bin
degree of freedom, where two short pump pulses with a
fixed time separation should be applied [31]. In comparison,
this time-bin encoding is suitable for a weakly coupled
system, while a strongly coupled system is convenient
for encoding the frequency-bin entanglement due to the
frequency separation of the two hybridized modes. Although
we can also study frequency-bin entanglement with a
weakly coupled system, it generally involves multiple
frequency-separated mechanical and microwave modes in the
beginning, which complicates the experimental design. Also,
frequency-bin encoding uses a continuous laser drive, which
is simpler to implement compared to the time-separated pulse
pump and the time delay operation in time-bin encoding (it
generally places a demanding requirement for phase stability
control in experiments).

Demonstrating M-O entanglement is the first and most
important step in DT. Once an entangled source with a high
fidelity can be provided, we can adopt the well-developed
teleportation scheme [68,69] for quantum transductions. More
broadly, M-O entanglement can also be used to directly en-
tangle distant microwave nodes by adopting the well-known
DLCZ scheme [70]. As mentioned in the beginning, ET is
compatible with the state-of-the-art technological develop-
ment, and thus, its experimental implementation is much
less demanding. The discussion in this paper thus provides
a timely guide for pursuing this direction.
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APPENDIX: COINCIDENCE COUNTING PROBABILITY

For given output M-O modes with frequency w, the coin-
cidence counting probability can be theoretically calculated
by modeling the optical and microwave detection as an on-
off photon detector, which is described by a set of positive
operator-valued measurements [71],

flog =Y (1 =n)"|n) (n], (A)

n=0
N

1A-[on =1- o, (AZ)
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in which |n) is the photon number state of the mode be-
ing detected and 1 models the detector efficiency. Thus,
the joint probability is given by Pof(w) =tr(,?)ﬁgn(a))®
flgn(a))), where p is the M-O output state density matrix.
Since we are dealing with Gaussian states, it is convenient to
express 0 as the Wigner function,

. exp (— 3x"V7'x)
X) =
(27 )2/ detV

where V = V'(w) is the corresponding covariance matrix.

The coincidence counting probability can be evaluated by

(A3)

Py () = / W (x)I128(x) dx. (Ad)

[122(x) is the Weyl transform of [19, ® I1¢, defined by

n

g0 = [ fa+ 4

where we denote (q, p) = (Xo, Xe, Po, Pe)- With this formula
and taking into account the beam splitter and phase shifter in
the experiment, we obtain

ﬁgn ® 1"-Ie q-— %>eiqu/ dq/7 (AS)

on

2 2

2 — VAL, (2 — no)/detx,
4

+
(2 = 10)(2 — ne)/det X,

+.+ —
Pop @) =1-

(A6)

for detecting the states |¢,), and |¢c), simultaneously. The
parameters 1, and 7n. are the generalized optical and mi-
crowave detector efficiencies and

Mo

Y, = V,.+ 1, (A7)
2-— Mo
%, =V, +h, (A8)
2- Te
o Ne
Y,=V- ( L& Iz> + 1. (A9)
2 — 1 2—1e

Further, the total joint detection rate can be obtained by
integrating all frequency contributions,

w2

+,+ +.+
P‘ﬂoa@e - / P@n#)e (a))d(,()
w

1

(A10)

The detection rate for other state projections can be derived
similarly. In the text, we use the normalized probability

+,+
-+ 4+ ©Do,Pe
Pyoge = — — (AL1)
PoPe +,+ s +, +
P(/’Ov‘pe + P‘pm(ﬂe + P, 05 Pe + Piﬂo#ﬂe

which corresponds to the physical procedure of postselecting
coincidence counting events based on the heralding signals.
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