






Similarly, we derive the CN-to-VN updating laws as follows,
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Remark 2. Observe that the first two terms of Lvi→cl
j

and

Lvi→cG
j
[t] represent information flow between neighboring

local CNs, and that between neighboring global CNs of vi,
respectively, whereas the last term of Lvi→cl

j
and Lvi→cG

j
[t]

denotes information flow between local CNs and global CNs

that goes through their shared neighbor vi. This information

flow enables the mutual-modification of priors of local CNs and

global CNs. This interactive-modification results in decoding

error rates better than that of the independent coding schemes.

IV. SOFTWARE IMPLEMENTATION

In this section, we first discuss the latency issues of the

iterative decoder and present an algorithm that exploits the

parallel structure of the decoder for lower latency. Then, we

show simulation results of our joint local-global codes with

different local vs. global CNs split.

A. Decoding Algorithm

To make the joint local-global BP algorithm more time-

efficient, we apply the following optimization to enable a highly

parallel fashioned implementation of the decoder, which is

presented as Algorithm 1.

1) Pre-calculation and reuse of common components among

LLRs of different edges in the Tanner graph that connects

to the same VN or CN.

2) Iterative algorithm for computing fM,l.

To compute fM,l, 1 ≤ l ≤ M , an iterative algorithm that

requires (2M+1−M −2) operations can be applied while

simply implementing the matrix multiplication requires

M2M operations. Given that M is typically small, i.e.,

M ≤ 10, the gain O(1/M) in terms of complexity seems

not to be too attractive. However, the iterative algorithm

Algorithm 1 Joint Local-Global Belief Propagation Decoder

Inputs and Parameters:

Y : received sequence at Bob’s side;

R = HX: auxiliary sequence sent from Alice;

H: parity-check matrix;

P: channel statistics: table of transitional probabilities;

r: number of iterations;

Outputs and Intermediate Variables:

X̂: estimation of the sequence at Alice’s side;

Lch: LLR of channel statistics;

Lcv: LLR of CNs-to-VNs;

Lvc: LLR of VNs-to-CNs;

1: Compute the syndrome S = HY −R;

2: for i ∈ V do

3: for t ∈ GF(2M ) do Lch
i,t ← log(pyi+t,yi

)− log(pyi,yi
);

4: for 1 ≤ l ≤M do Lch
i (l)← fM,l(L

ch
i );

5: for 1 ≤ m ≤ r do

6: for i ∈ V do LG
vi

=
∑

k∈T G
i
LcG

k
→vi

;

7: for 1 ≤ l ≤M do LGL
vi,l

= fM,l

(

LG
vi

)

;

8: Ll
vi

=
∑

k∈T l
i
Lcl

k
→vi

;

9: for t ∈ GF(2M ) do LLG
vi

[t] =
∑M

l=1 I(tl = 1)Ll
vi

;

10: Li = Lch
i + LG

vi
− LLG

vi
;

11: for j ∈ T G
i do Lvi→cG

j
= Li − LcG

j
→vi

;

12: for 1 ≤ l ≤M do Li = Lch
i + Ll

vi
+ LGL

vi,l
;

13: for j ∈ T l
i do Lvi→cl

j
= Li − Lcl

j
→vi

;

14: for j ∈ AG do

15: for k ∈ NG
j do LG

k,j = FW ◦ h
(

Hj,k, Lvk→cG
j

)

;

16: LG
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(

log x,
{
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}
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j

)

;

17: for i ∈ NG
j do

18: L′
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j
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W
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(

log x,
(

LG
cj
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;

19: for t ∈ GF(2M ) do

20: LcG
j
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= L′
cG
j
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[

sG
j +Hj,it

]

− L′
cG
j
→vi

[
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;

21: for 1 ≤ l ≤M do

22: for j ∈ Al do Ll
cj

= L
(

φ, {Lvk→cl
j
}k∈N l

j

)

;

23: for i ∈ N l
j do

24: Lcl
j
→vi

= (1− 2slj)L
′
(

φ,
(

Ll
cj
, Lvi→cl

j

))

;

25: Converge = True;

26: for i ∈ V do t = 0, LG
vi

=
∑

k∈T G
i
LcG

k
→vi

;

27: for 1 ≤ l ≤M do LGL
vi,l

= fM,l

(

LG
vi

)

;

28: Ll
vi

=
∑

k∈T l
i
Lcl

k
→vi

;

29: if Lch
i + Ll

vi
+ LGL

vi,l
< 0 then tl = 1;

30: for t ∈ GF(2M ) do LLG
vi

[t] =
∑M

l=1 I(tl = 1)Ll
vi

;

31: LG
i = Lch

i + LG
vi
− LLG

vi
;

32: topt = maxt∈GF(2M ) L
G
i [t];

33: if topt 6= t then Converge = False; break;

34: else if topt = t then X̂i = topt;

35: Return X̂;
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Fig. 4. Simulation results of joint local-global LDPC codes with M = W = 5,
N = 2000, R = 1/2, over the channel with β = 0 and 50 iterations.

allows a parallel implementation with M layers and re-

quires only XOR and bit-shifting operations, resulting in

an nontrivial O(M/2M ) reduction in terms of latency,

which implies that our discussion of the iterative algorithm

is still efficient and necessary in practical implementation.

3) Property of function L.

Define L′(f, (a, b)) = sgn(a)sgn(b)f−1 (f(|a|)− f(|b|)).
Then, it is not hard to verify that functions L and L′ have

the following relation for all function f , set A and a ∈ A:

L(f,A \ {a}) = L′ (f, (L(f,A), a)) . (2)

By this property, the CNs-to-VNs updating phase can

be implemented in a parallel fashion to reduce both

complexity and latency.

B. Simulation Results

Our preliminary investigation suggests that there is a non-

trivial dependency between the best local vs. global CNs split

and channel conditions. Fig. 4 presents simulation results of

a rate 1/2 joint local-global codes with length 2000 and

M = W = 5, for the timing-jitter only channel described as:

PY |X(y|x) = ce−
|y−x|2

σ (c is the normalization constant). The

local binary codes are randomly constructed as regular LDPC

codes with VN degree being 3, and the global non-binary codes

only have degree 1 VNs. Parameter α denotes the fraction of

CNs that are Global CNs, i.e.,

α = |AG|/
(

|AG|+ |AL|/W
)

. (3)

As is shown in Fig. 4, we notice that by replacing up to 20%
of the local binary CNs with global non-binary CNs, the FER

is improved by 0.5dB in the threshold region and even more in

the early waterfall region, which is a significant improvement of

the performance without a huge penalty in decoder complexity.

Among the curves considered, we observe that a higher α
does not necessarily result in a lower FER (see e.g., α = 0.2
vs. α = 0.225). Moreover, when we add small uniform

noise, parameterized by β, to get the extended channel model

PY |X(y|x) = ce−
|y−x|2

σ +β, we have the same finding: best α
was not the highest. Fig. 5 presents simulation results of codes

having parameters identical to that of Fig. 4, on a joint channel

with β = 0.001. These examples suggest the existence of the

optimal α for the given channel conditions, and our future goal

will be to characterize this value.
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Fig. 5. Simulation results of joint local-global LDPC codes with M = W = 5,
N = 2000, R = 1/2 over the joint channel with β = 0.001 and 50 iterations.

V. CONCLUSION

In this paper, we investigated the channel model in the infor-

mation reconciliation phase for QKD. To correct errors in this

channel, we proposed a code construction that jointly corrects

the local errors and the global errors in the QKD channel. To

better utilize this coding method, we also presented a balanced

modulation scheme that is appropriate for this construction.

Simulation results indicate a nontrivial improvement of our

proposed scheme over the independent coding scheme. Future

work includes structural construction of constituent codes to

further improve the performance and the encoding complexity.
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