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Nomenclature
a radius of a homogeneous sphere, m Np number density of particles, m—3
ac radius of the central water core in a liposome, m Ns number density of homogeneous spheres (in SM), m—3
a; outer radius of the jth surfactant bilayer in a liposome, Ny number density of vesicles (in SM), m—3
m p electric dipole moment (in SM), C-m
aj; inner radius of the jth bilayer a liposome, m Psn(z)  loss of power from the incident light per unit length at
q outer radius of a liposome, m the coordinate position z, W/m3
ap outer radius of a spherical particle, m q magnitude of the scattering vector, m~1, Eq. (22)
ay outer radius of a vesicle, m Q dissipation factor of a liposome
ay* average radii of DDAB vesicles, m Qp dissipation factor of a particle
Qyi inner radius of a vesicle, m Qs dissipation factor of a sphere
a; average radius of the jth bilayer in a liposome, m Q. dissipation factor of a vesicle
ay average radius of the bilayer in a vesicle, m r distance of observation or a radius of a closed surface of
A absorbance due to scattering a sphere, m
Ci(x) cosine integral function Ro Rayleigh ratio, m~!
dp bilayer thickness in a vesicle, m Ry™ specific Rayleigh ratio, m~!
dy thickness of each water layer in a liposome, m Vi volume of an entire liposome (in SM), m3
E uniform electric field (in SM), V/m Vib volume of the surfactant bilayers in a liposome (in SM),
fi form factor of a liposome m3
fo intraparticle scattering factor or form factor of a particle Vs volume of a homogeneous sphere (in SM), m?3
fs form factor of a homogeneous sphere Vy volume of an entire vesicle, m3
fsa form factor of a sphere of radius g; Vub volume of the surfactant bilayers in a vesicle, m?
fsva“ form factor of a sphere of radius aj Vyj volume of the jth bilayer, m3
sy form factor of a sphere of radius a, wppag  DDAB weight fraction
sy form factor of a sphere of radius ay; Weyrf total surfactant weight fraction
Y form factor of a vesicle Xs dimensionless size (see Eq. (SM.68))
fuj form factor of the jth bilayer in a liposome Xy dimensionless size (see Eq. (SM.78)
g wavelength exponent for liposomes XpmR dimensionless quantity defined in Eq. (1)
g wavelength exponent for particles XppRr dimensionless quantity defined in Eq. (1)
g wavelength exponent for homogeneous spheres Xproe  dimensionless quantity defined in Eq. (4)
gy wavelength exponent for vesicles Xvrpe ~ dimensionless quantity defined in Eq. (SM.41)
h parameter defined in Eq. (SM.60), m~! z coordinate position, m
is scattered light intensity, W/m? o excess polarizability of a liposome (in SM), m?
isN scattered light intensity per unit volume, W/m? O excess polarizability of a homogeneous sphere (in SM),
isn(r,0,z) scattered light intensity per unit volume at the coordi- m?3
nate position z, W/m?> Oy excess polarizability of a vesicle (in SM), m?
IsNR scattered light intensity per unit volume in the R re- o effective specific polarizability of a liposome (in SM)
gime, W/m? s specific bilayer polarizability or effective specific polar-
isnrpc  scattered light intensity per unit volume in the RDG re- izability of a homogeneous sphere
gime, W/m> oy effective specific polarizability of a vesicle
is R scattered light intensity in the R regime, W/m? B a collective term, see Eq. (18), m™
is RDG scattered light intensity in the RDG regime, W/m? Y a collective term defined indirectly in Eq. (5), W/m#
Iy unpolarized incident light intensity, W/m? Ve Euler gamma constant
It transmitted light intensity, W/m? €m permittivity of the medium (in SM), C/Vm
1(z) incident light intensity at the coordinate position z, 0 scattering angle
W/m? 20 wavelength of light in vacuum, m
j number of surfactant bilayers in a liposome Pdisp mass density of the dispersion, kg/m3
J1(x) first order spherical Bessel function Psurt mass density of the surfactant bilayer, kg/m>
K total number of surfactant bilayers in a liposome T turbidity
l beam pathlength, m TR turbidity in the R regime (in SM)
m effective relative refractive index of a liposome TRDG turbidity in the RDG regime (in SM)
mp effective relative refractive index of a particle T* turbidity per unit pathlength (in SM), m~!
ms relative refractive index of a homogeneous sphere or a ™ specific turbidity, m~!
surfactant bilayer TR specific turbidity in the R regime, m~!
my effective relative refractive index of a vesicle Troc  specific turbidity in the RDG regime, m~!
M, term of effective relative refractive index of a liposome ¢ azimuthal angle
(in SM) & volume fraction of liposomes in a dispersion (in SM)
M; term of effective relative refractive index of a homoge- Pip volume fraction of the surfactant bilayers in a liposome
neous sphere $pb volume fraction of the surfactant bilayer in a vesicle or
M, term of effective relative refractive index of a vesicle bilayers in a liposome
Nm refractive index of the medium Gsurf surfactant volume fraction for the dispersion
np effective refractive index of a particle v volume fraction of vesicles in a dispersion (in SM)
ns refractive index of a homogeneous sphere or a surfac- dub volume fraction of the surfactant bilayer in a vesicle
tant bilayer DLS dynamic light scattering
N, number density of liposomes (in SM), m—3 R Rayleigh
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RDG Rayleigh-Debye-Gans
SLS static light scattering

ST spectroturbidimetry
TEM transmission electron microscopy

immunosuppressants [3], compartments or templates for synthe-
sis [4,5], and model systems for biological membranes [6,7]. The
formation of liposomes and vesicles, usually formed by double-
chain surfactants, depends on the phase behavior of the
surfactant-water system, and the methods of their preparation.
Normally, when the surfactant is dispersed by stirring, initially it
forms liposomes (multilamellar particles, or “onions”). Upon fur-
ther stirring, or sonication, or extrusion through a microporous
membrane, it can form vesicles (unilamellar particles) [1,8].

To better understand the phase and dispersion behavior of dis-
persions of vesicles and liposomes, it is important to confirm their
morphologies and shapes and to determine their size distributions.
The most direct method for determining their shapes is via cryo-
TEM (transmission electron microscopy), allowing visualization
of vesicles and liposomes. Cryo-TEM can yield information about
particle size distributions, but it is difficult to use and costly
[9,10]. In addition, because the thickness of the specimens observ-
able by cryo-TEM with minimal multiple scattering of electrons is
less than 1 pm, liposomes and vesicles larger than ca. 0.5 pm are
excluded during the sample preparation [11,12].

The dynamic light scattering (DLS) method, in which the auto-
correlation function of the fluctuating scattered light intensities
is measured at a specific angle and wavelength, is often used for
determining the hydrodynamic radii of particles, from ca. 5 to
2000 nm (2 p m), and the particle size distributions, or their poly-
dispersity [[13], pp. 236-242; [14]]. The static light scattering (SLS)
method, in which the time-averaged scattered light intensities, isy
by a dispersion of particles are measured at various angles and
wavelengths, can also be used for determining the radii of spheri-
cal particles, their molecular masses, and sometimes their radii of
gyration, which are a measure of the particles shape [[13], pp. 215-
223; [15]]. Moreover, the turbidity 7, or absorbance A, due to scat-
tering by suspended particles can also be used for determining the
particle size/shape information, either from its absolute value or
from its wavelength dependence. This spectroturbidimetry tech-
nique (ST), is relatively easy to use, and can be done with a com-
mon spectrophotometer [16-20]. Therefore, it is important to
determine what information can be obtained from the SLS and ST
methods. This has been done previously to a limited extent
[17,21-23]. Nonetheless, the general problems of how isy and t
for single and independent scattering vary with the vesicle or lipo-
some radius for the two simplest light scattering regimes, the Ray-
leigh regime (R) and the Rayleigh-Debye-Gans regime (RDG), have
not been fully addressed. Here, new analytical solutions for these
problems for vesicles and liposomes are derived. We show the
complete solutions of the “direct problem,” of calculating the R
and RDG intensities and turbidities for single and independent
scattering (usually valid for dilute dispersions) for vesicles and
liposomes of a fixed size (a monodisperse size distribution) [[24],
pp. 9-11]. No general equations for any size or refractive index,
analogous to the Mie theory for spheres, are available [25]. The
Mie-type problem would be quite difficult to solve, and probably
too complicated to be cast in analytical form, although some gen-
eral numerical solutions have been reported recently [20]. In our
analysis, we use published expressions of the RDG form factors
of homogeneous spheres, vesicles, and liposomes, and combine
them with the R expressions to derive the equations of the specific
Rayleigh ratios, specific turbidities, and turbidity wavelength expo-
nents for wavelength-dependent refractive indices. These equa-
tions can be used for estimating the particle sizes from SLS and

ST methods. These results are applicable to a broad range of vesicle
sizes.

Rayleigh (R) scattering is the simplest scattering regime. It is
valid when the external electromagnetic field in the medium
appears to be uniform in the scale of the particle size [[26], p.
75; [25], pp. 84-88; [24], p. 140], or when the electromagnetic field
appears to be uniform inside the particle, or when

47ngLa 471n,a
TP w1 or Xppr = ip P <1 1)
L0 0

Xpm.R =

where ny, is the medium’s refractive index, a, is the outer radius of
the spherical particle, or other characteristic length for other
shapes, 4o is the wavelength of light in vacuum, and n,, is the effec-
tive refractive index of the particle. For particles for which n, > np,
or when the relative refractive index of the particle,
mp =n,/nm = 1 [[24], p. 100; [25], p. 35]. In Eq. (1), the latter
implies the former. In practice, when estimating the maximum size
for the validity of R scattering, one can use the following equation
[[25], pp. 84-88]

A% _ 0.1 or 0.2 2)

Xppr =

For homogeneous spheres in water with a typical value of n, =
1.466 for a surfactant, and for 4, = 350 to 700 nm, the maximum
values of a, range from 2 to 4 nm (for the 0.1 limit) or 4 to 8 nm
(for the 0.2 limit). The corresponding range for vesicles of DDAB
is slightly larger, due to a smaller effective values of n,: from 2
to 5 nm, and from 4 to 10 nm.

However, the sizes of most practical vesicles and liposomes fall
outside the R regime, and they may fall in the RDG regime. The
conditions for the validity of the equations of the RDG scattering
regime are [[26], p. 85; [25], p.415]; [24], p. 159]

|mp—-1|«1 or |m,—1|=010r0.2 3)
and
4 4
Xproo = -7 |y 11«1 or Xpgoe = —m®
40 40
|m,—1|=0.10r02 (4)

Eq. (3) implies that the incident wave remains essentially
unchanged at the interface between the particle and the medium,
and is generally valid for most surfactants in water for which my, =
1.05 to 1.15. For Eq. (4), the electric field within the particle
changes little in phase or amplitude from that in the surrounding
medium. For homogeneous spheres with m, = 1.10, and for 4y =
350 to 700 nm, the a,-range for RDG scattering is from 20 to
40 nm (for the 0.1 limit) or 40 to 80 nm (for the 0.2 limit). As dis-
cussed later, the allowable sizes are, however, much larger for vesi-
cles (>1000 nm) and liposomes (ca. 800 nm) because the effective
values of m, for these inhomogeneous particles are much smaller
(see Section 3). The key idea is that the effective average refractive
indices for vesicles and liposomes depend on the volume fraction
of the surfactant bilayer in the particles, and hence on their sizes
and on the values of d,, and d,,. For vesicles, being comprised of a
single surfactant bilayer, m, approaches the value of 1.0 as the
vesicle radius increases. For very large vesicles, therefore, the
RDG conditions are also satisfied, a result which has been
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previously unnoticed. Hence, various dispersions of interest that
are comprised of vesicles or liposomes can be analyzed using the
results obtained for the RDG regime.

The article outline is as follows. Section 2 covers the theory of R
scattering for vesicles and liposomes. By focusing on the effective
average refractive indices of vesicles, we find a surprising depen-
dence of the scattered intensity, the specific Rayleigh ratio, and
the specific turbidity on the square of the vesicle radius, rather
than on the cube of the radius as for homogeneous spheres or for
liposomes. Section 3 covers the theory of RDG scattering, where
an expression for the absolute scattered intensity, or specific Ray-
leigh ratio, of vesicles and liposomes is provided for the first time.
Previous reports were focused on the form factor, and hence con-
sidered only the relative scattered intensities at various angles.
Several general and specific sample calculations for vesicles and
liposomes of an example of a specific surfactant, DDAB (didode-
cyldimethylammonium bromide), in water, are presented in Sec-
tion 4. DDAB vesicles have been found to improve the stability of
suspensions of dense particles against sedimentation [27,28]. The
properties and applications of DDAB liposomes and vesicles have
been studied extensively [12,27-33]. Reliable estimates have been
determined for the vesicle and liposome bilayer thickness d, and
the water layer thickness d, in liposomes. The analysis and sample
calculations provided here aim at generating insights on the direct
problem, which may affect later the addressing of the solution of
the “inverse” problem, of determining average particle sizes and
their size distributions from measured scattered intensities or tur-
bidities [[24], pp. 9-11]. Some data of turbidities of DDAB vesicles
are shown in Section 5, and are used along with the RDG equations
to estimate average vesicle sizes. These sizes are compared to the
sizes obtained from DLS data. Finally, the main conclusions are pre-
sented in Section 6.

2. Theory of Rayleigh scattering for spherical particles
2.1. Scattered light intensities

2.1.1. Scattering for one particle

For a homogeneous sphere of radius a, comprised of scattering
elements with a relative refractive index ms, a wavelength of light
in vacuum /o with an unpolarized incident light intensity Iy (in
W/m?), and surrounded by a medium with a refractive index ny,
the scattered light intensity is (in W/m?) above that of the back-
ground medium, at a distance r and a scattering angle 0, is for
the R regime as follows [[24], p. 132],

. 8ma® (ng)?
=~ (T:) M{? (1 + cos?0)Ip = pa® (5)

and the term y is the product of all the terms in Eq. (5) except a® and
where M is defined as

_mg2 -1
M52m52+2

(6)

If the incident light is vertically or horizontally polarized, the
term (1+ cos? 0) in Eq. (5) is replaced by the term 2 or 2cos? 6,
respectively.

For an equation analogous to Eq. (5) for a vesicle or a liposome,
one must account for scattering elements which are no longer dis-
tributed uniformly throughout the particle. The effective average
relative refractive indices m, and m, for a vesicle or a liposome
are smaller than m;, and depend on the volume fraction ¢, of
the bilayer in a vesicle, or the volume fraction ¢, ;, of all the bilayers
in a liposome. For a vesicle with an outer radius a, and a bilayer

thickness dy, (see Fig. 1), the volume fraction of the bilayer ¢, in
the particle is,

a’ — (ay — dp)’ dy, dv\> | (dv)’
= = — | — — — 7
Pub 0,3 3 a 3 o) T\a (7)
or approximately 3dy/a, in the limit of a, > d,.
Because only those elements in the bilayer scatter light, above

the scattering of the background medium, the term M; in Eq. (5)
is replaced by M,

Mv_m\,z—l

= m = ¢v.bMS (8)

where m, is the effective relative refractive index of the entire vesi-
cle (see Fig. 1). The derivation of Eq. (8) and the analogue for a lipo-
some are shown in the Supporting Material, Section A (SM, A). From
Eq. (5), and invoking Eq. (8), the R scattered light intensity for one
vesicle is or, in the limit of a, > dy,

is = 7a,5¢,,° ~ 9pa,tdy’ 9)

Hence, the scattered light intensity of a vesicle has a weaker
dependence on the particle radius than that of a homogeneous
sphere, being proportional to a,* rather than to aS.

For one liposome, the R scattered light intensity is given by a
general equation in terms of the number K of bilayers in a lipo-
some; see the equations and derivations in SM, A. For large lipo-
somes, or when K > 1, the approximate equation is

. d, \’
Is = Vals¢l,b2 ~ ya° (dwijdb) (10)

Therefore, for a large liposome, is is proportional to a,°, but it is
quite smaller than that of a homogeneous sphere by a factor of

about( 4 )2.

dw+d,

2.1.2. Dispersions of particles

For single and independent scattering from a dispersion with a
particle number density N, (number of particles per unit volume),
the scattered light intensity per unit volume, in W/m?, is given by
[[25], p. 36]

isn = Npis (11)

For vesicles with a total surfactant weight fraction wy,,e, the sur-
factant volume fraction for the dispersion is

¢surf = Wsurf <£dislﬂ> (12)

surf

where py;, is the mass density of the dispersion and p,,, is the
mass density of the surfactant bilayer.
In general, or when pyig, ~ Pgues

. 3 3
IsN = E¢surfyap3¢p‘b ~ Ewsurf’yap3(/)p.b (13)

where ¢, }, is the volume fraction of the surfactant bilayer in a vesi-
cle or bilayers in a liposome. The derivation and expressions of is
of spherical particles in the R regime are shown in the Supporting
Material, Section B (SM, B). Therefore, the size dependence of isy
is weaker for vesicles than for homogeneous spheres or for lipo-
somes, because the volume fraction of the surfactant bilayer in
the vesicle ¢, decreases with increasing radius a,.

Instead of using isn, which depends on r and I, the following
intrinsic parameter Ry, called the “Rayleigh ratio,” [[13], p. 206;
[25], p. 38], in units of m~?, is more useful, because it is indepen-
dent of r and I,.
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vesicle

homogeneous
sphere

Fig. 1. (a) A vesicle of outer radius ay, total volume V,, bilayer thickness dy, specific bilayer polarizability os, and relative refractive index ms; (b) a homogeneous sphere with
the same radius a, and total volume V,, but with a smaller effective relative refractive index m, < ms and a smaller specific polarizability @, < o&s. This homogeneous sphere

yields the same combined R scattering intensities as the vesicle.

is er
= 14
b 67'C3I() ( )
The specific Rayleigh ratio, Ry**, where
Ry
Ry™ = 15
! Wsurf ( )

is independent of wy,s for single and independent scattering. Hence,
it is an intrinsic property of the particle size, shape, and refractive
index. The general expressions of Eqs. (14) and (15) for spherical
particles are shown in the Supporting Material, Section C (SM, C).

2.2. Turbidities for dispersions of particles

For a nonabsorbing sample with an incident intensity Iy at z = 0,
a transmitted intensity I; at z = ¢, and a pathlength ¢, the differen-
tial energy balance for the intensity I(z) is [[25], p. 38]

—dI(z) = Pyn(2)dz (16)

where Ps(z) is the total energy per unit time of the intensity I(z)
that is scattered, or “lost” per unit pathlength. It is found by inte-
grating the scattered intensity isn(r, 0,z) over a closed surface of a
sphere with intensity I(z) and a radius r over an azimuthal angle
¢ (0 to 27) and a scattering angle 0 (0 to 7),

2n T
Pin(2) = / / isn(r,0,2)r* sin 0dodé (17)
$=0 Jo=0

For R scattering, with Eq. (13) for iy,

)\ *

Pon(z) = 32n4( ) 1M @y b (18)

0
where for convenience, we have defined the
B = 3214 (N /40)* M2

In general, for R scattering, the specific turbidity of the spherical
particles is

quantity

vx= (00 )2, (19)
psurf
The definition of the turbidity and the specific turbidity and the
corresponding expressions of spherical particles are shown in the
Supporting Material, Section D (SM, D).

3. Theory of Rayleigh-Debye-Gans (RDG) scattering for spherical
particles

3.1. Size limits for spherical particles for applicability of the RDG
equations

If the particle size exceeds the limit of applicability of the R
scattering, and if m; is small enough, e.g. ms < 1.2, the RDG scatter-
ing regime may be potentially applicable. To determine the practi-
cal RDG regime size limit for vesicles and liposomes, we consider
one specific set of examples for water, in which a constant value
of ny, = 1.333 is used, and for a surfactant with ms = 1.10 (for
homogeneous spheres), which is typical for surfactants and the
surfactant DDAB, which is used here. For iy = 700 nm, the calcu-
lated values of the quantity X,rpc in Eq. (4) for homogeneous
spheres, or for vesicles with d, = 2.4 nm, or for liposomes with
d, =2.4 nm and a. =d, =50 nm (see Fig.SM1), are shown in
Fig. 2. For homogeneous spheres, and X,rpc = 0.1 or 0.2, the size
limits for a are 42 or 84 nm. For liposomes, these limits are ca.
800 or 2000 nm. No such limits were found for vesicles since m,
approaches 1 fast enough as the vesicle size increases and then
Xproc < 0.1. (See SM, E for a derivation of the limit value of
Xproc for large vesicles.).

3.2. RDG Scattered light intensities

3.2.1. RDG scattering for one particle

The total scattered intensity in the RDG regime is equal to the R
scattered intensity (Eqgs. (5), (9), or (10)) multiplied by the square
of the intraparticle scattering factor or form factor, f, [[25], pp.
414-417),

is koG = iskfy” (20)

For a homogeneous sphere of radius a, the form factor was first
derived by Rayleigh [[25], pp. 414-417], and is given by

- s _ _ 2Ji1(qa)
f, = gigs sin(aa) ~ qacos(qa)] = 3% 7 21)
where ¢ is the magnitude of the scattering vector [23],

_4nng, . (0
q= % sin (5) (22)

and j; (x) = sin(x) /x> — cos(x)/x is the first order spherical Bessel
function [23]. The scattered intensity depends strongly on 0 and
can be zero when the form factor is zero (see Eq. (21)) [[24] p.
163]. The first several roots (zero intensity) of Eq. (21) are shown
in SM, F. The first root occurs at ga = 4.4934. With n, = 1.333
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Fig. 2. Values of X,rpc of the RDG validity condition (Eq. (4)) vs. particle size for homogeneous spheres, vesicles, and liposomes, for m; = 1.10 and /o = 700 nm, and for
d, = 2.4 nm and a. = d,, = 50 nm. The RDG size limits for spheres and liposomes for X, rpc = 0.1 or 0.2 are shown as circles. No limits are found for vesicles.

and 4o =350 nm, qa < 4.4934 when a < 94 nm. Hence, for
a < 94 nm, isgpg > 0 at all angles.
The form factor for a vesicle is [34]

3j1(qa) _ 3 J1(4ayi) 3 3
3av qavv 3av1 a o _ ay fs.av — Qyi fs.avi

qay;
av3 - avi3

fv:

av3 - avi3 (23)
where a,; = a, — dy, is the inner radius of a vesicle, f, is the form
factor of a sphere of radius ay, and f; , , is the form factor of a sphere
of radius ay;. As the value of a,; approaches 0 (for which a vesicle
becomes a homogeneous sphere), Eq. (23) approaches Eq. (21). A
much simpler approximate form of Eq. (23) for a small bilayer
thickness (or a thin spherical shell) is [22]

__sin(qay)
Lo 24)
in which a, = (a, + a,i)/2, the average radius of the bilayer in a vesi-
cle. Comparisons of the predictions of Egs. (23) and (24), shown in
SM, G, indicate that Eq. (24) is a very good approximation of Eq. (23)
for most typical vesicle sizes.

The form factor of a liposome f; is [34],

K
ZVVifv.j
_

=
|
=

(25)

where f, ; is the form factor of the jth bilayer in a liposome (given by
Eq. (23)) and V,; is the volume of the jth bilayer. Each bilayer in a
liposome is treated as an independent vesicle weighted by its vol-
ume. Combining Egs. (23) and (25) results in the equation

K
Z(ajsfs,aj - ajist.aji>

fi=— (26)
(@® - @)
=1

]

where a;; = a; — d, is the inner radius of the jth bilayer in a lipo-
some, f,, is the form factor of a sphere of radius g;, and f;,, is

the form factor of a sphere of radius g;;. A simpler approximate form

of Eq. (26) is obtained for the limit of small bilayer thicknesses as in
Eq. (24).

EK:J.Z sin(qﬁj) GEK:_]Z sin(qﬁj)
qa; — qq;
Jj=

j=1
fim ., KK+D2K+1) 27

j=1

where the average radius of the jth bilayer is a; = a; — %". For large
liposomes (K > 1), Eq. (27) reduces to

3 &, sin(qa)
SER g 28
fl K3 = qq; ( )

Further details of the derivations of Egs. (27) and (28) are given
in SM, H.

3.2.2. RDG scattered intensities for dispersions of particles

The general equation for isngrpg for the RDG regime is given by
the product of isng for the R regime and the square of the form
factor,

isnrDG = dsngfp (29)
Hence, using Egs. (13) and (29), for RDG scattering

. 3

IsN = E ¢surfyap3(bp.bfp2 (30)

Then, in general, using Eqgs. (5), (14), (15), and (30), the specific
Rayleigh ratio for spherical particles is

4
K% Mm is
Ry =ay’ (K) M2 (1 4 cos0) ¢y ('Z ! f;)fpz (31)

The expressions of the specific Rayleigh ratio of spherical parti-
cles in the RDG regime are shown in SM, C.

3.3. RDG turbidities for dispersions of particles

The specific turbidity for the dispersion in the RDG regime, in
general, is the product of the specific R turbidity (Eq. 19) and the
dissipation factor Q,
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R e R (32)
psurf
where Q,, now is the integral of the square of the form factor [21],
TZ
Q, = % / £,2 (1 + cos?0) sinodo (33)
0

The derivation and expressions of the RDG turbidity for spher-
ical particles are shown in SM, D.
For homogeneous spheres, or when pgig, = Pgurs

TR = T"rQ; ~ paQ; (34)

Q; is evaluated by substituting f from Eq. (21) to Eq. (33) [[25],
pp. 417-418]. A change of variable from 6 to q allows for Q to be
determined analytically using integral tables [35,36]. Equivalently,
a commercial software package of computer algebra systems, Wol-
fram Mathematica is used. The result is (see SM, I)

- z{xs“ 5x2

Q= + (1= x2)[7g — Gi(2x5) + In (2%5)]

3.4. Wavelength dependence of turbidities

The wavelength exponent g, which is the measure of the

dependence of the specific turbidity 7** on the wavelength, is
defined as [21]

_ 0 log T
& = olog o

(40)

In the R regime, when the dependence of n, and n, on 4 is
not considered, since the only dependence of t** on wavelength
is in the term 1/ the value of g, is 4, independent of the
wavelength. In the RDG regime, if the dependence of n, and
n, (and hence my,) on Jg is also ignored, then g, is smaller than
4 and depends on Ao,

. /olnp  0InQ,\
&= (azo o )‘4

e 0
Qp a)¥0

(41)

x614 " 4 By differentiation of Q, in Eq. (35), for homogeneous spheres,
12 cos (2x) ~ % sin (2x,) — 2 (35) ~“Weobran
8 4 8
o 8xs? + 12x,2 — 16x:2 [ — Ci(2%s) + In (2x5)] + (4xs2 — 8) cos (2x;) — 16X, sin (2xs) + 8 (42
&=~ 2x4 + 10x2 — 7 + 8(1 — X42) [y — Ci(2Xs) + In (2X,)] + 7 cos (2x5) — 2x, sin (2x5) — 7 )

where x; = 4nnya/ A, g is the Euler gamma constant, and
Cix) = — / %Stdr (36)
X

is the cosine integral function. Even though Eq. (33) can be inte-
grated numerically, having an analytical Eq. (35) facilitates the cal-

g, ~ -2+

_4x, — 4x. + 16X, [7: - Ci(2x) +1n (20)] + 4(&3 - ;23) cos (2x,) + 8x, sin (2x)

As x, in the numerator and the denominator approaches 0, g
approaches the R limit of 4, as expected. For very large values of
Xs, when the xs* terms in the numerator and the denominator in
Eq. (42) are dominant, g, approaches the value of -2 + 8/2 = 2.

For vesicles, from Egs. (38) and (41), we obtain similarly,

culation of t**gpg and related parameters. Moreover, it is quite

beneficial for calculating analytically the wavelength exponent g,

(Section 3.4) and for later solving the general inverse problem.
For vesicles, we find similarly

T**RDG ~ ﬁavg¢v,va ~ 3ﬁavzdb(lv (37)

When Eq. (33) is evaluated by using the approximate f, (Eq.
(24)), a new analytical expression for Q, is derived (see SM, I),

-2 -4
0= 3 {55+ 5 - a(zw) in(ax)

+3_8i cos (25<V) n 3";‘“ sin (25<V) - ‘;i} (38)

where X, = 4ntnn,ay /0. A more complex formula can be obtained for
the exact vesicle form factor of Eq. (23), but is not shown here.
For liposomes, we find

. d
koG ~ Ba’ ¢1,Qs ~ pa? (dw—-:jdt) Q (39)

An analytical expression for Q;, with either the approximate or
the exact form factor can be generated, but is beyond the scope of
this article.

2% — 2% 44X, [7e - Gi(2x) +1n (2x)] + (3 - 4&3) cos (2x,) + 6xysin (2x,) - 3

(43)

For very large values of X,, when the X!In(2x,) terms in the
numerator and the denominator in Eq. (43) are dominant, g,
approaches the value of —2 + 16/4 = 2, as a strict lower bound of
8v-

For liposomes, with the approximate expression of the form fac-
tor for small bilayer thicknesses in Eq. (27), we obtain the follow-
ing integral expression

~2+ #
BN KK+ )2k + 1)
K
S 7 Jy ficos (a;) (1 + cos?0) sinodo
=1

7 £,2(1 + cos26) sin 6do

(44)

With a numerical integration of Eq. (44), we obtain that g, also
approaches the value of 2 asymptotically for very large a; (see SM,
J). Hence, the asymptotic value of g, =2 for very large particles
appears to be a general property of RDG scattering for any particle
shape. This universal feature may need to be further researched, to
develop a full physical explanation. When the dependence of the
refractive indices on the wavelength is taken into account, the
g,-limits of 4 at small sizes and 2 at large sizes are slightly
different.
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Fig. 3. Specific Rayleigh ratios vs. scattering angles for the RDG regime for dispersions of monodisperse DDAB vesicles (v) with a, = 100 nm, homogeneous spheres (s) with

a =100 nm, and liposomes (1) with a; = 104.8 nm for o = 700, 500, and 350 nm.

4. Sample calculations
4.1. Conditions and parameters used

The theory for single and independent scattering for the R and
RDG regimes introduced in the previous sections is used for
describing the scattering properties of vesicles and liposomes for
a specific example of DDAB, for which d, ~2.4 nm [30] and
dw ~ 50 nm (the latter was obtained by extrapolation from Fig. 7
in Ref. [33]). The value of a. (see Fig. SM1) was assumed to be
the same as d,y, for simplicity. The sample calculations were done
for a constant medium refractive index n,, = 1.333, independent of
wavelength, for /o ranging from 350 to 700 nm. Since no data for
the refractive index of DDAB were available, a rough estimate of
the refractive index n; = 1.466, corresponding to similar surfactant
molecules, was used. Then ms = 1.10, and this value was used in
the sample calculations here and in Section 5.

4.2. Specific Rayleigh ratios

The specific Rayleigh ratios for homogeneous spheres, vesicles,
and liposomes were calculated based on Eq. (31) (see SM, C for
detailed expressions). For vesicles, at 4o = 700 nm, the values of
R,” for 0 = 0° to 180° range from 8 to 0.7 (Fig. 3). These values
are much smaller than those for homogeneous spheres by a factor
of 0.07 =~ 3dy/ay, (see Eq. (31)). Similar results were obtained for
Jo =500 and 350 nm. For liposomes, for the chosen parameters,
the value of a; closest to 100 nm is 104.8 nm or when K = 2. At
Jo = 700 nm, the values of R,** for 0 = 0° to 180 range from 10
to 1.3 (Fig. 3). Since at 0 = 0° the form factors of a vesicle, a homo-
geneous sphere, and a liposome are equal to 1, the RDG predictions
are the same as the R predictions, and R, (0°) is proportional to
Jo~%. At o =700 nm, for either vesicles, homogeneous spheres,
or liposomes, Ry™ is not zero at any angle. At Jy = 500 nm, Ry™
equals zero at 6 ~ 143° for vesicles only, and there is no zero value
for homogeneous spheres or liposomes. At 4y = 350 nm, for homo-
geneous spheres, Ry is zero at 0 ~ 140°, for liposomes, Ry™* is zero
at 0 ~ 96°, and for vesicles at a smaller angle of 0 ~ 83°. See SM, K
for more calculated results of specific Rayleigh ratios vs. particle
radii at various scattering angles.

4.3. Specific turbidities

For RDG specific turbidities for homogeneous spheres, the ana-
lytical Egs. (34) and (35) were used. The results were compared to
those obtained by numerical integration of Eq. (33). The results
were quite similar, to better than 0.01%, as long as the step size
in the numerical integration was sufficiently small (< 0.01"). For
t* for vesicles, the results from the analytical Eqs. (37) and (38)
and from the numerical integration, Eq. (33), were also nearly iden-
tical. For liposomes, only numerical integration of Eq. (33) and Eq.
(39) were used.

For vesicles or liposomes, for 2o = 350 nm to 700 nm, the values
of 7** range from 2.1 x 10* to 2.4 x 10> m~! and 3.1 x 10* to
5.3 x 10° m~! with @, = 50 and 100 nm or from 2.2 x 10* to
2.6 x 10° m™ " and 4.2 x 10* to 7.8 x 10’ m~! with ¢ = 52.4 and
104.8 nm, respectively (see Fig. 4). For liposomes, the reason for
the chosen values of aj =52.4 nm (K =1) and 104.8 nm (K = 2)
is the same as described in Section 4.2. These values are much
smaller than those of the same-size homogeneous spheres, which
range from 2.1 x 10° to 1.9 x 10* m' and 6.1 x 10° to
1.0 x 10° m™!, respectively. For vesicles of a, =50 nm,
7(350nm) = 2.1x10* m~! and 7*(700nm) = 2.4 x 10> m~'. The
ratio of the specific turbidities is 8.8, different from the R limit of
16 (o 49~*) due to the stronger intraparticle interference. In com-
parison to  homogeneous spheres of a=50 nm,
7(350nm) = 2.1 x 10° m~' and t*(700nm) = 1.9 x 10* m~?, with
a ratio of 11, closer to the R limit of 16. For vesicles, for
Jo=700 nm, v is 53 x 10° m! for a,=100 nm and
24 x 10° m™! for a, = 50 nm. The ratio is 2.2, different from 4
(x a,?), with some deviations due to Q, (see Eq. (37)). For lipo-
somes, for /o = 700 nm, " is 7.8 x 10> m~' for a, = 104.8 nm
and 2.6 x 10> m! for a; = 52.4 nm, with a ratio of 3.0, apart from
8 (x a3, see Eq. (39)). For comparison, for homogeneous spheres,
for 4o =700 nm, 7 is 1.0 x 10° m™! for a =100 nm and
1.9 x 10* m~! for a =50 nm. The ratio of 5.3 is closer to 8
(x @3, see Eq. (34)) with some deviations due to Q,. See SM, L
for more information of specific turbidities of vesicles and
liposomes.
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Fig. 4. Specific turbidities vs. wavelengths from 350 to 700 nm for the RDG regime for dispersions of monodisperse vesicles with a, = 50 and 100 nm, homogeneous spheres

with a = 50 and 100 nm, and liposomes with a, = 52.4 and 104.8 nm.
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Fig. 5. Specific turbidities vs. particle radii at 4o = 700 nm for the RDG regime for dispersions of monodisperse vesicles, monodisperse homogeneous spheres, and liposomes.

For vesicles, T ranges from 1.9 x 10’ to 1.3 x 10* m~! for
a, = 5 to 1000 nm (see Fig. 5). For a, = 20 to 30 nm, 7** is propor-
tional to a,?, as shown in Eq. (37). For a, = 100 to 800 nm, 7** oscil-
lates slightly with a, and is proportional to a,%# because of the use
of Q,, which is smaller than 1 for large vesicles. For homogeneous
spheres, T** ranges from 1.8 x 107! to 1.0 x 10° for a=1 to
100 nm. For a < 10, 7 is proportional to a3>°, matching the R limit
of 3 for small a-value. For a = 20 to 100 nm, 7** « a?7, which has a
small deviation from the R limit because of the use of Q; < 1 for
large homogeneous spheres. For liposomes with a =52.4 to
995.6 nm (K =1 to 19 bilayers), at /o = 700 nm, 7** ranges from
2.6 x 10% t0 9.5 x 10* m™! (see Fig. 5). The dependence of T** on
a, for vesicles is also shown in Fig. 5 for comparison. For vesicles,
7> oscillates slightly with a,. For liposomes with q = 104.8 to

786 nm, the average exponent of q; is 1.1, which is stronger than
that of 0.4 for vesicles.

4.4. Wavelength exponents of specific turbidities

The wavelength exponents for homogeneous spheres, vesicles,
and liposomes were calculated numerically from Egs. (42)-(44).
Moreover, the exponents for homogeneous spheres and vesicles
were also calculated from the analytical Egs. (42) and (43). The
results for those cases were nearly identical, and of course were
obtained much more readily.

For vesicles with a, = 50 nm, for 4o = 350 to 700 nm, g, ranges
from 2.6 to 3.6 (see Fig. 6) with some deviations from the R limit of
4. For homogeneous spheres with a =50 nm, for /o =350 to
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Fig. 7. Absorbance vs. wavelengths from 350 to 700 nm for aqueous dispersions of DDAB vesicles at wppap = (i) 0.010, (ii) 0.0050, (iii) 0.0025, and (iv) 0.0010.

700 nm, g, ranges from 3.0 to 3.7, due to the use of Q,. For lipo-
somes with a; = 52.4 nm, for iy = 350 to 700 nm, g, ranges from
2.5 to 3.5. For vesicles with a, = 100 nm, g, ranges from 2.3 to
2.9, which oscillates with /o with a minimum at 550 nm and a
maximum at 375 nm. For homogeneous spheres with
a =100 nm, g, shows a minimum of 2.3 at 400 nm and a maxi-
mum of 3.0 at 700 nm. For liposomes with a; = 104.8 nm, g, ranges
from 2.3 to 2.7, which also oscillates with 1, with a minimum at
510 nm and a maximum at 700 nm with a smaller amplitude.
See SM, L for more calculated results of wavelength exponents of
vesicles and liposomes.

5. Spectroturbidimetry data for DDAB vesicles

Preliminary experimental tests of the equations of t** for vesi-
cles are presented, as a proof of concept of the equations derived

in Sections 3.3. Aqueous dispersions of DDAB vesicles with
wppag = 0.010 (1.0 wt%) were prepared via magnetic stirring, fol-
lowed by membrane extrusion with a membrane pore size diame-
ter of 400 nm [8]. The aqueous dispersion was further diluted to
Wppag = 0.0050, 0.0025, or 0.0010. Absorbance measurements for
J0 =350 to 700 nm were obtained with an Agilent Cary 60 UV-
vis spectrometer. Quartz cells with a pathlength of 1 cm were used.

Spectra were obtained three times for each sample, and the
results were quite reproducible and then they were averaged
(Fig. 7). As wppap decreased from 0.010 to 0.0050, all absorbances
increased. This is surprising and implies significant effects of mul-
tiple scattering, or dependent scattering or both. At wppag = 0.0025
and 0.0010, A decreased, as would be expected. Moreover, the
wavelength dependence of each absorbance spectrum looked quite
different.

By using Eqs. (SM.34) to (SM.36), the specific turbidities 7**
were calculated (Fig. 8). As wppag decreased from 0.010 to



3.5

0.5

A.-H. Hsieh et al./Journal of Colloid and Interface Science 578 (2020) 471-483

% 10*

(i) wppap = 0.010
(i) wppap = 0.0050
(iii) wppap = 0.0025
(iv) wppas = 0.0010

400 500 600
Ao(nm)

481

Fig. 8. Specific turbidities vs. wavelengths from 350 to 700 nm for aqueous dispersions of DDAB vesicles at wppas = (i) 0.010, (ii) 0.0050, (iii) 0.0025, and (iv) 0.0010.

4
25><10 T T T T T
[ o (i))\0=700nm
2 (V) (ii) Ay = 600 nm
N (iii) A, =500 nm
N
—~15¢ BN (iv) A, =400 nm
D (i) S
:E/ O- TR \\\
i RN h
1r N < RN
1 ~
O———G(\) s\\\ \\\
05F G- —(SQ\\\\\O\\ \\\\ \\O
\\\&\\\\\\ \\\
== ll7=ilne
O 1 1 1 1 \\g

0 0.002 0.004 0.006 0.008 0.01

WHDARB

Fig. 9. Specific turbidities vs. weight fractions of DDAB from 0.010 to 0.0010 for aqueous dispersions of DDAB vesicles at 2, = (i) 700, (ii) 600, (iii) 500, and (iv) 400 nm.

Table 1

Average radii of DDAB vesicles from specific turbidities for samples at
wppap = 0.0025 (iii) or 0.0010 (iv) at various wavelengths, for m; = 1.10 and
dy, = 2.4 nm.

o (nm) T (m1) a; (nm)
(iii) (iv) (iii) (iv)

700 5300 + 30 5300 + 40 100+1 10141
650 6300 + 30 6300 + 200 99 + 1 99 + 7
600 7700 + 20 7800 + 200 100+1 103 +8
550 9400 + 10 9500 + 200 100+1 10245
500 12000 + 100 12000 £300 1002 102 +4
450 15000 + 100 15000 £200 100+1 101 +1
400 21000 £ 100 21000 + 100 99 + 1 98 + 1
350 31000 £ 200 30000 =300 99 + 1 96 + 1
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0.0050, T** increased, again confirming the hypothesis of multiple
or dependent scattering due to interparticle interactions, which
are not accounted in the equations presented here. For
wppag = 0.0025, 7 increased even more. At 0.0010, it was essen-
tially the same, implying that the limit of single and independent
scattering is reached at wppag < 0.0025 (see Fig. 9). Some slope
fluctuations were also observed, which is most likely due to the
small absorbances at the smallest wppag.

Hence, these data can be used with the previously derived
equations to estimate vesicle sizes without complications due to
interparticle effects. The vesicle sizes were determined from the
data for d, =2.4 nm, ny = 1.333,n, = 1.466 (ms = 1.10). Since
the equations apply to monodisperse sizes, average vesicle radii
are determined with this approach; see Table 1. The average radii
were ca. 100 nm, for all wavelengths considered. This may be due
to the actual weak dependence of ms on wavelength. The DLS radii
were also obtained for comparison. They were 107 £ 4 nm at
wppag = 0.0025 (sample (iii)), and the somewhat different value
of 129 + 5 nm at wppag = 0.0010 (sample (iv)). Still the results
obtained from ST and DLS were in fair agreement. Since specific
turbidities have a weaker dependence on particle sizes, ST is prob-
ably less sensitive to the effects of size distribution but more
robust than DLS. The sensitivity of the determined average sizes
to the values of ms and d,, used in the estimation of vesicle sizes
is examined in SM, M. The results change little when the value of
dy, is changed to 2.3 or 2.5 nm (see SM, M). But the estimated sizes
change significantly when m; is changed to 1.09 or 1.11. Hence, for
a more accurate determination of average vesicle sizes, one needs
to use accurate data of ny, ns, and my at each wavelength.

6. Conclusions

For a dispersion of vesicles in the R scattering regime, and for
single and independent scattering, new analytical solutions have
been obtained for (a) the light scattering intensity isy and specific
Rayleigh ratio R,*", and (b) the turbidity t and specific turbidity t**.
These solutions follow directly from the simple observation that
m, — 1, where m, is the effective relative refractive index, is inver-
sely proportional to the vesicle radius a, and proportional to the
bilayer thickness dy. These solutions reveal for the first time that
isny and T are proportional to a,?d,. This result can be used to
determine the particle size of vesicles in the R regime. Similar

results for liposomes lead to m; — 1 being proportional to (dwdjdb).

dy
dw+d,

and to iy and T being proportional to aﬁ( ) These results

represent a new advance, not recognized in any relevant references
[20-23]. Despite their scientific significance, these results for R
scattering are, on their own, of limited practical value, because
for wavelengths of 350 to 700 nm, the size limit of applicability
of the R regime is quite small, 4 to 10 nm. Most vesicles and all
liposomes have larger sizes than the R limit. Nonetheless, the
result for R scattering opens the door to solving the problems for
isn and v for the RDG scattering, in which the form factor for vesi-
cles and liposomes have been available for decades. The size limits
for the RDG scattering for typical vesicles and liposomes are quite
large, because m, — 1 decreases with increasing size for vesicles
and is small for liposomes. The limits are about 800 to 2000 nm
for liposomes and there is essentially no limit for most vesicles
of interest. This had not been known previously [17,21,23,20]. Hav-
ing for the first time the complete RDG solution for vesicles implies
that the light scattering method can be used to determine particle
sizes, as demonstrated here experimentally. Previous papers
lacked one or more key aspects of the new results. Koch indicated
the dependence of the wavelength exponent g, on particle sizes or
shapes but did not report a closed-form analytical expression and

did not recognize the explanation of the limiting values of g, [17].
Chong et al. reported expressions of the scattering intensity and
the specific turbidity, but not closed-form expressions of them or
any predictions of the limit of the RDG wavelength exponent
[21]. van Zanten et al. reported valuable SLS data of relative inten-
sities vs scattering angle for vesicles and used them for determin-
ing vesicle sizes. Nonetheless, they did not recognize the
dependence of m, — 1 on the vesicle size and did not report data
of absolute scattered intensities [22]. Pencer et al. had reported
on the effects of vesicle shape, size, and polydispersity on SLS
and DLS measurements from simulated light scattering data but
did not derive expressions of absolute light scattering intensities
as a function of vesicle size [23]. Wang et al. used an extended
Lorenz-Mie model for light scattering of vesicles, and calculated
turbidities numerically, with no explicit reference to the refractive
indices used. They studied the potential errors in the turbidity
measurements from scattering at very small angles. They did not
report any analytical expressions on the dependence of the effec-
tive refractive indices and turbidities on vesicle sizes [20]. In most
prior sources, the form factor was used for calculating relative but
not absolute intensities, as done here for absolute specific Rayleigh
ratios and specific turbidities. The new complete solutions of the R
and RDG problems for vesicles and liposomes will allow use by
experimental researchers, who may wish to determine sizes and
size distributions, with a separate and perhaps easier method than
DLS. DLS is easy to use and sensitive and is used routinely in vesicle
size characterization. The obtained signal has a very strong size
dependence, a,", with n up to 6 [14]. For this reason, as is well
known, a small mass fraction of large vesicles or liposomes can
have such a strong contribution to the total signal that the
“intensity-average” or “mass-average” size may become inaccurate
or even unreliable. As shown here for the first time, the static light
scattering methods are less sensitive to size, with n =2 to 0.4 or 2
to 1. This makes them more robust than DLS for wide size distribu-
tions. The new equations may not be directly applicable to non-
dilute dispersions for which the specific Rayleigh ratios and the
specific turbidities may depend on the surfactant weight fraction
Wsyis. Then interparticle interference occurs, and the structure fac-
tors may not be negligible, and have to be modeled separately, in
order to be calculated from data. If the goal is to determine vesicle
sizes, such dispersions may be diluted to weight fractions suffi-
ciently small that the structure factors are equal to 1. Then the
sizes can be determined, as done here for the DDAB example.
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