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ABSTRACT: The relative entropy is a measure of the distinguishability of two quantum
states. A great deal of progress has been made in the study of the relative entropy between
an excited state and the vacuum state of a conformal field theory (CFT) reduced to a
spherical region. For example, when the excited state is a small perturbation of the vac-
uum state, the relative entropy is known to have a universal expression for all CFT’s [1].
Specifically, the perturbative relative entropy can be written as the symplectic flux of a
certain scalar field in an auziliary AdS-Rindler spacetime [1]. Moreover, if the CFT has
a semi-classical holographic dual, the relative entropy is known to be related to conserved
charges in the bulk dual spacetime [2]. In this paper, we introduce a one-parameter gener-
alization of the relative entropy which we call refined Rényi relative entropy. We study this
quantity in CFT’s and find a one-parameter generalization of the aforementioned known
results about the relative entropy. We also discuss a new family of positive energy theo-
rems in asymptotically locally AdS spacetimes that arises from the holographic dual of the
refined Rényi relative entropy.
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1 Introduction

The introduction of quantum information theory into quantum gravity in general and the
AdS/CFT correspondence in particular has led to a revolution in the latter. Specifically,
formulating questions in gravity in terms of entropy measures such as the entanglement
entropy and relative entropy has proven to be a very fruitful endeavor.

Relative entropies are a way of quantifying the distinguishability of two quantum states,
borne out of quantum information theory. The relative entropy between two states p and
o is defined as

Srei(pllo) = tr(plog p) — tr(plogo). (1.1)

This quantity has proven to be very important in the context of quantum gravity, appear-
ing in the proof of the Bekenstein bound [3, 4], proofs of the generalized second law [5, 6],



proofs of the Bousso bound [7, 8], the proof of the average null energy condition [9], study
of the quantum null energy condition [10-12], study of constraints satisfied by the renor-
malization group trajectories in field theory [13], the question of black hole microstate
distinguishability [14], the proof of entanglement wedge reconstruction [15-18], the deriva-
tions of bulk constraints such as Einstein equations [19-23], and the recent holographic
proofs of the positive energy theorems [2, 24-26].

A significant effort has been made to study relative entropy in the context of conformal
field theories (CFT’s) on R“?~!  especially when the reference state is taken to be the
vacuum state reduced to a spherical region. The relative entropy between an excited state
(p) and the vacuum state (o) in this setup has been studied using field theory methods
in [1, 27, 28] and using the AdS/CFT correspondence in [2, 19-26, 29]. In the case where
the state p in eq. (1.1) can be written as small perturbation around the vacuum state
o, the relative entropy (to lowest order in the perturbation parameter) can be written in
terms of the CFT two point functions [1, 27], and hence, is completely fixed by conformal
symmetry.! This universal perturbative relative entropy for a general CFT was written
in [1] as the symplectic flux of a scalar field in an auxiliary AdS-Rindler ‘bulk’ spacetime

Sre1(pllo) = /2 w¢(<1>(r,t,y), £§<1>(r,t,y)> , (1.2)

where £ is related to the timelike killing vector field and g is a Cauchy slice in the AdS-
Rindler spacetime; (see section 2.1 for details). On the other hand, when the excited state
p is not necessarily a perturbative state, the relative entropy between p and o depends
on the details of the CFT’s. The relative entropy in this case was studied for holographic
CFT’s in [2]. It was argued that the bulk dual of the relative entropy is related to the
difference in the conserved charges, H¢ (M) and H¢ (M,) , in the entanglement wedges
of p and o respectively. That is, [2]

Srel(p||0) = H§ (MP) - H§ (MO') . (1'3)

The conserved charges H¢ have contributions from both the codimension-2 extremal surface
and the asymptotic boundary. We review the concept of conserved charges in section 2.2
and review the derivation of eq. (1.3) in section 2.3.

Another area of some recent interest has been that of studying the Rényi entropies,
Sn(p), defined by

Sn (P) =

In particular, the holographic dual of a specific derivative of this quantity, called the refined

log tr p" . 1.4
sty (1.4)

Rényi entropy S, (p), defined by

5.0 =0, ("2 5u00)) (15)

was derived in [39], where it was shown that this object is calculated by the minimal area
~1
InGx

of a cosmic brane with tension given by T}, = . In the case when n goes to one, this

IThis is true for the perturbative entanglement entropy as well [30-38].



becomes the holographic formula for entanglement entropy [40-43] and corresponds to the
tension-less limit of this brane. It is worth noting that while this refined Rényi entropy has
a natural holographic dual, the Rényi entropy itself does not yet possess the same.

Since the relative entropy is defined in the context of entanglement entropies, as, for
example, is apparent from the fact that entanglement entropy appears explicitly in the form
of the relative entropy, it is natural to ask for Rényi generalizations thereof. The problem is
that the method for performing this generalization is not unique. Indeed, several different
candidates have appeared in the literature, with some of the desirable properties that
such a quantity should be expected to possess; see for example [44-48]. In particular, the
quantity of the sandwiched Rényi relative entropy defined in these works seems to be the
generalization that most preserves the desired properties, in particular the monotonicity of
Rényi relative entropy under CPTP maps. This object is defined to be

Sn(pllo) = — logtr{(a In po 2 ) } . (1.6)

It is now a natural question to ask whether such a generalization of the relative entropy
can be nicely related to a geometric object with nice bulk properties via holography. The
goal of this paper is to address this question. Specifically, we consider a refined version of
the sandwiched Rényi relative entropy, which we define as

n —

.(plle) = w20, ("2 8ol (1.7)
We call this quantity ‘refined” Rényi relative entropy. In particular, we study this quantity
when the state o is the vacuum state of an arbitrary CFT reduced to a spherical region
and p is a slightly excited state. We find that, for integer n > 1, the perturbative refined
Rényi relative entropy, just like the relative entropy, is completely fixed by conformal
symmetry and can be written as the symplectic flux of a scalar field in an auxiliary AdS-
Rindler spacetime. We therefore consider our result to be a one-parameter generalization of
eq. (1.2). Moreover, we also specialize to the case of holographic CFT’s and argue that the
holographic dual of the non-perturbative refined Rényi relative entropy, for integer n > 1, is
related to conserved charges in an asymptotically locally AdS spacetime. We consider this
to be a one-parameter generalization of eq. (1.3). Finally, we use this holographic formula
to prove certain ‘positive energy’ theorems in the asymptotically locally AdS spacetimes.
It is important to point out here that the Hilbert space of a quantum field theory
is not factorizable into subspaces of spatial subregions. Therefore, the ‘reduced’ density
matrices of a spatial subregion are not formally defined objects in quantum field theory.
Moreover, local algebras in a quantum field theory are of Type III [49-51], and therefore
do not have a notion of trace. Hence, the definition of the relative entropy in eq. (1.1)
and sandwiched Rényi relative entropy in eq. (1.6) are only valid for finite dimensional
Hilbert spaces. Nevertheless, the relative entropy between a general and a vacuum state
on a subregion is still a well-defined object in quantum field theory. This is defined in
terms of subalgebras of local operators in the subregion using Tometa-Takesaki modular
theory [52, 53]; see [54] for review. Furthermore, a formal definition of the sandwiched



Rényi relative entropy was recently discussed in [55]. Since, the sandwiched Rényi relative
entropy is a well-defined quantity in a quantum field theory, we deduce from eq. (1.7) that
the refined Rényi relative entropy is also a well-defined object in quantum field theory.

The rest of this paper in organized as follows. We start with a review of known
results about relative entropy in CFT’s, such as eq. (1.2) and eq. (1.3), and a review
of conserved charges using covariant phase space methods in section 2. We introduce
refined Rényi relative entropy in section 3.1 and derive some properties of this quantity.
In particular, we show that this quantity can be written as the relative entropy of an n-
dependent state, which we call the ‘sandwiched’ state. We use this observation to derive
a general perturbative formula for the refined Rényi relative entropy in section 3.1.1. We
then show in section 3.2 that for a particular family of states, the sandwiched state can
be prepared by a Euclidean path integral. Using these results, we study the refined Rényi
relative entropy in section 4 when the reference state is the vacuum of a CF'T reduced to a
spherical region and the other state is a small perturbation thereof. We show in section 4.1
that the refined Rényi relative entropy in this case can be written as the symplectic flux
of a scalar field through a Cauchy slice of the AdS-Rindler spacetime, thus providing a
one-parameter generalization of eq. (1.2). We then specialize to CFT’s with semi-classical
holographic duals in section 5. We argue that the holographic dual of the refined Rényi
relative entropy between an excited state and a vacuum state reduced to a spherical region
is related to conserved charges in the bulk dual of the sandwiched state. We therefore
consider our result to be a one-parameter generalization of eq. (1.3). We use this result
in section 5.1 to prove certain ‘positive-energy’ theorems in asymptotically locally AdS
spacetimes. Finally, we end with a summary of our results and some possible future
directions in section 6.

2 Background

Our goal in this paper is to present a one-parameter generalization of the known results
about the relative entropy in CFT’s, particularly eq. (1.2) and eq. (1.3). We dedicate this
section to a brief review of these known results as well as a brief review of the concept of
the conserved charges derived via covariant phase space methods.

2.1 Perturbative relative entropy in a general CFT

As pointed out earlier, relative entropy has been studied in detail between states of a
conformal field theory (CFT) in RY¥~! especially when the reference state is taken to
be the vacuum state reduced to a spherical region. The simplification that occurs when
dealing with the CFT vacuum reduced to a spherical region, B, is that the vacuum reduced
state, o, has a universal form [56]. In particular, the modular Hamiltonian of the reduced
vacuum state, defined as K, = —logo , is given by [56]

KJ_/ dxl e Ty, , (2.1)
S

where S is any achronal slice within the domain of dependence of the spherical region B,
D(B), such that S = dB. Moreover, the vector £ is the generator of a (modular) flow



in D(B). In particular, the vector field ¢ (in Cartesian coordinates z# = {20, z}) for a
spherical region of radius R at 2 = 0 and centered at the origin is

. 7w (R?— (29?2 - 2?) 2m 29 ot
= Oy — 0; . 2.2
For holographic CFT’s on R“~1  the vacuum state is dual to the Poincare patch of
the (d + 1)-dimensional vacuum AdS spacetime, which is described by
o P 2
ds® = ] (dz* + nuudatda”) . (2.3)

where z = 0 is the boundary of the AdS spacetime and ¢ is the AdS length scale. Moreover,
the bulk region dual to the vacuum state reduced to a subregion is the corresponding en-
tanglement wedge in Poincare AdS. The entanglement wedge corresponding to a spherical
region B of radius R, M, is the domain of dependence of an achronal surface, ¥y, such
that 8% = B U B,,, where

B,: 2°=0 and 2*>+2%=R%. (2.4)
The vector field, &, that generates the (modular) flow in the entanglement wedge M, is

7T(R2 _ z2 _ (SEO)2 _ :EQ)
R

~ 2m 20 2 0
&= & =

g=¢. (2.5)

It is easy to check that £ is a killing vector field of the Poincare AdS spacetime and that
it satisfies the following boundary conditions

€|, =€ ¢z, =0 (2.6)

The entanglement wedge M, can be mapped, by a coordinate transformation, to the
AdS-Rindler spacetime [56], which is described by

r? r? -1
ds® = — <R2 — 1> dt® + <R2 — 1) dr? + 12 ds?ﬂd,l , (2.7)
where dsZ, , is the metric on the (d — 1)-dimensional unit hyperbolic space. In this
coordinate system, the extremal surface B, is given by r = R for any finite ¢, which is
the bifurcation surface of the AdS-Rindler spacetime. Moreover, £ is related to the time-
translation vector field by

E=-21RO;. (2.8)
One can now check that the vector field £ satisfies
(vagb - vbga) |5, = dmn®, (2.9)

where n® = ndnf — ngnb | where ny = 9, and ny = J; are normal vectors to the extremal

surface B, .



Now let us consider an excited state of a CFT prepared by a path integral with the
insertion of a smeared operator. We denote this state reduced to a spherical region B by p.
For the case when the excited state p is a perturbation of o, the relative entropy between
these states for holographic CFT’s was studied using the AdS/CFT correspondence in [26].
This work was generalized in [1] for all CFT’s, irrespective of whether the CFT has a
holographic dual or not. It was shown in [1] that the perturbative relative entropy can be
written as the symplectic flux of a scalar field through a Cauchy slice of the AdS-Rindler
spacetime. More precisely,

Sret(pllo) = /E w¢(<1>(r,t,y), £§<1>(r,t,y)> . (2.10)

The mass of the scalar field in eq. (2.10) is fixed by the conformal dimension of the operator
used to prepare the perturbed state p whereas the boundary condition of the scalar field
is fixed by the smearing function of that operator. If the CFT under consideration were
holographic, this scalar field would have been the holographic dual of the operator used to
prepare the state p. However, it should be noted that the AdS/CFT correspondence was
not assumed in the analysis of [1] and hence, the result in eq. (2.10) is valid for all CFT’s.
Therefore, the scalar field in eq. (2.10) and the AdS-Rindler spacetime should be thought
as auxiliary tools used to write the perturbed relative entropy geometrically.

Recently, a similar perturbative calculation was performed in [57] for the Rényi relative
divergence which is defined as

Dy(pllo) = tr (' p") . (2.11)

In particular, it was found that at the lowest order in the perturbation parameter, the
quantity defined as

Dy(pllo) = D-n(pllo) — Dulpllo) (2.12)

and its derivative, d, Dy (p||o) , can also be written as the symplectic flux of the scalar field
as in eq. (1.2). The perturbative Rényi relative divergence was also studied in [58], where
the Rényi relative divergence between two thermal states was written as a Euclidean path
integral. This path integral was then computed using the AdS/CFT correspondence.

The sandwiched Rényi relative entropy and the Rényi relative divergence are both
special cases of n-z Rényi relative divergence which is defined as

1 —n n —n z
D, .(pllo) = p— logtr{(alT p= o ) } . (2.13)

This quantity was studied for two perturbatively nearby states in [59]. Indeed, it was found
that at the lowest order in the perturbation parameter, this quantity can also be written as
the symplectic flux of the scalar field as in eq. (1.2). However, the AdS/CFT correspondence
was assumed in [59] and hence this analysis is only valid for holographic CFT’s.

This concludes our review of the known perturbative results regarding relative entropy
and various associated Rényi quantities. Before moving on to a review of the derivation of
eq. (1.3) presented in [2], we review the notion of conserved charges and canonical energy
in the following subsection.



2.2 Quasi-local conserved charges and canonical energy

In this subsection, we switch from quantum information to gravity temporarily and talk
about the concepts of conserved charges and canonical energy in the general framework of
covariant phase space methods. We restrict ourselves to a review of these quantities only
to the extent that will be relevant for our analysis in this paper. The reader is referred to
canonical references on this topic [60-63] for full details.

Given a field theory in (d + 1) dimensions, any variation of the Lagrangian is given by

0L = E(g)dg + db(g,dg), (2.14)

where we use g, dg as collective labels to represent the metric and matter fields and their
variations respectively. In eq. (2.14), E(g) = 0 denotes the equations of motion and the
d-form 0(g,dg) is called the symplectic potential. From the symplectic potential, one can
define the symplectic current, w(g, 19, d2g), as

w(g,019,029) = 616(g, 029) — 620(g,019) , (2.15)

which is a d-form and is antisymmetric and bilinear in two field perturbations.
Given 3, a subspace of a codimension-1 hypersurface and 7, a vector field on 3, the
perturbed Hamiltonian conjugate to 7 is given by [60-63]

o, = [ wio.dg. £0) (2.16)

Using eq. (2.14) and assuming equations of motions, F(g) = 0, this can be written as

oty = [ 3(6ts) —n-1) = [ n-660), 2.17)

where 0% denotes the boundary of . It is worth pointing out that the existence of the
Hamiltonian, H,), is a non-trivial issue. In particular, it exists if and only if the boundary
term is a total variation which is to say that the quantity appearing on the right hand side
of eq. (2.17) is integrable. This is guaranteed if the following condition holds [63]

/ 0 - [6:0(629) — 20(519)] = 0, (2.18)
oX

for arbitrary perturbations d; and d3. When this condition holds, there exists a d-form
K (g) such that [2]

§(n-K(g)) = n-0(dg) on 0%. (2.19)

Assuming the condition in eq. (2.18) is satisfied, the Hamiltonian conjugate to 1 can
be written as

an/ Jn—/ n-K, (2.20)
P ox

where

Iy = 6(£yg) —n- L. (2.21)



Note that the Hamiltonian, H,, in eq. (2.20) can be written purely as a boundary
integral. This is because J; can be written, using equations of motion, as

Jy = dQ,, (2.22)

where @, is a (d — 1)-form and is called the Noether charge. Therefore, the Hamiltonian
can be written as an integral over 03,

H":/az (@Qn—n-K). (2.23)

This ‘quasi-local’ expression implies that the Hamiltonian only depends on the details of
the vector field 1 near the boundary 9%. Moreover, this implies that the Hamiltonian is
the same for any two codimension-1 surfaces ¥; and Yo if they have a common boundary,
i.e. 0X1 = 0%9. In this sense, the Hamiltonian is conserved and hence we will use it
interchangeably with conserved charge in this paper.

Now let us suppose that the metric and matter fields have a perturbative expansion
given by

9=99 +egV +0(e?, (2.24)

where € < 1 is a perturbation parameter. Let us further assume that the unperturbed
metric and matter fields are invariant under the diffeomorphism generated by the vector
field . That is, £,¢® = 0. Using eq. (2.16), we deduce that the derivative of the
Hamiltonian, H, , is given by

d d
—H, = —q, £ . 2.25
2 /Z w (g, 79 n!J) (2.25)
At linear order in €, the Hamiltonian, H,, , is
dH,
m) = G = (00 0) (2:26)

Since we have assumed £n9(0) =0, we get that H7(71) = 0. Similarly, the Hamiltonian, H,,,
at quadratic order in € is given by
_ d*H,

2
H?S) = de2

=/ w (9(0),9(1),£n9(1)) : (2.27)
b

The quantity on the right hand side, for the case when 7 is a timelike killing vector field

e=0

of the unperturbed metric, is called the canonical energy [64].
This concludes our review of the concepts of conserved charges and canonical energy.
In the next subsection, we review the derivation of eq. (1.3) originally presented in [2].

2.3 Relative entropy in holographic CFT’s

Now we consider a CFT with a holographic dual. Like in section 2.1, we denote an excited
state and a vacuum state reduced to a spherical region by p and o respectively. However, we



no longer assume that the state p is a perturbative state around the vacuum state . The

relative entropy between these states was studied in [2] using the AdS/CFT correspondence.

It was found that the holographic dual of the relative entropy between these states is related

to certain conserved charges in the entanglement wedge corresponding to p, M, , and in

the entanglement wedge corresponding to o, M, . Here, we review the argument of [2].
Recall that the relative entropy in eq. (1.1) can be written as

Srel(pHU) = S(U) - S(p) =+ <Ko>p - <K0'>0'7 (2'28)

where S(p) and S(o) are the von Neumann entropies of the states p and o whereas (K,),
and (K,), are the expectation values of K, in the states p and o respectively.

For holographic CFT’s, we already know the bulk duals of S(¢) and of S(p). In
particular, these quantities are given by [40, 41]

S(o) :W ; (2.29)
S(p) :W : (2.30)

where B, and Bp are the boundary anchored codimension-2 extremal surface corresponding
to the states o and p respectively. Now using the form of K, from eq. (2.1) and using
eq. (2.29) and eq. (2.30), we write the relative entropy in eq. (2.28) as

Area(B, Area(B . -
Suplle) = 2 Be) M) e g, - [ e @, )

As discussed in section 2.1, B, is the bifurcation surface of the AdS-Rindler spacetime.
Hence, the area of this surface can be written as a surface integral of the Noether charge
conjugate to £ [60, 61]. That is,

Area(BJ)
, o), 2.32
ren = ), QMo (2:32)
where ¢ is the killing vector field in eq. (2.5). Moreover, since { vanishes at B, as stated
in eq. (2.6), we can write eq. (2.32) as

Area (BU)

1Gy :/Bg (Qe(Mo) = €- K (M) - (2.33)

In general, there is no killing vector field in the bulk dual of an excited CFT state.
Therefore, it does not trivially follow that the area of Bp can also be written as in eq. (2.33).
However, it was argued in [2] that one can always find a vector field (which we also denote
by ) that vanishes on B, and that satisfies eq. (2.9) near B,,. With these conditions on &,
it was shown in [2] that we can write

Area(Bp) /

1Gy B, (Qe(My) =€~ K (M,)) - (2.34)



If the state p is a perturbative state around the vacuum, then it was shown in [20] that

| (@emy) — € K(M) = [ (@e(Mo) € K (M)
B B
= [ ashé g, - [ S T, @23
S S

where the integral is performed over a spherical boundary region B. It was then argued
in [2] that this expression holds even if p is not a perturbative state.
Now using eq. (2.33), eq. (2.34), and eq. (2.35), we write eq. (2.31) as

Sulollo) = [ (@e(My) —€ K (M)~ [ (@elay) - K (M)
- [ @M —e k(o)) + [ (Qe(M) -~ k(M) 236)

Note that B U Ba and B U Bp are the boundaries of achronal slices on M, and M,
respectively. Now using eq. (2.23), we write the relative entropy in eq. (2.36) as

Srei(pllo) = He (M) — He (M) (2.37)

In this equation, H¢ (M) is the conserved charge corresponding to the diffeomorphism
generated in M, by the killing vector field £ given in eq. (2.5). On the other hand,
H¢ (M,) is the conserved charge corresponding to the diffeomorphism generated by any
vector field in M, that behaves like the vector field { near the boundary of M. That is, it
is a killing vector field near the asymptotic boundary and it satisfies boundary conditions
similar to eq. (2.6) and eq. (2.9).

This finishes our review of the known results about relative entropy in the context
of CFT’s and holography, especially eq. (1.2) and eq. (1.3). Our goal in this paper is to
show that similar results are true for the refined Rényi relative entropy defined in eq. (1.7).
Before we do this, we discuss the refined Rényi relative entropy and derive some of its
properties in the next section.

3 Preliminaries

3.1 Refined Rényi relative entropy

We start by reviewing two quantities in quantum information theory that are particularly

relevant to this paper, namely relative entropy and Rényi relative entropy. In doing so, we

will show that for particular choices of states, relative entropy and a quantity related to

Rényi relative entropy, the refined Rényi relative entropy, are actually equal to each other.

This equality will be central to our analysis in the subsequent sections of this paper.
Recall that the relative entropy between two states p and o is defined as

Srei(pllo) = tr(plog p) — tr(plogo), (3.1)

~10 -



when supp(p) C supp(o) (otherwise, the relative entropy is taken to be co). The relative
entropy satisfies a data-processing inequality which implies that the relative entropy de-
creases under a completely positive and trace preserving map (CPTP) [65]. That is, under
a CPTP map &,

Sret (E(P)IIE(0)) < Srar(pllo) - (3.2)

Now consider two reduced density states of a subsystem A, p4 and o4 . For any smaller
subsystem B C A, eq. (3.2) implies

Srel (PBHUB) < Srel(pAHo'A) . (33)

In other words, it is more difficult to distinguish two states when some potentially distin-
guishing information is traced out.

The one-parameter generalization of the relative entropy that also satisfies a data-
processing inequality is the ‘sandwiched’ Rényi relative entropy, which is defined as [44—48]

1 —n —n n
Sn(pllo) = — logtr{(asz p012n ) } , (3.4)

when supp(p) C supp(c). This quantity also monotonically increases with Rényi parameter
n [45, 47). That is,

B Sn(pllo) > 0. (3.5)

In this work, we introduce a closely related quantity, refined Rényi relative entropy,
which is defined as

n—1

Sulollo) = n? o, ( sn<m|a>) | (3.6)

Just like the sandwiched relative entropy, this quantity approaches the relative entropy
between states p and o in the limit n — 1. That is,

lim S, (pl|0) = Srei(pllor) (3.7)

n—1

Note that we can write eq. (3.6) as
Su(pllo) = Sulpllo) + n(n — 1) .Su(pll0) - (3.8)

Now using the monotonicity of sandwiched Rényi relative entropy, eq. (3.5), we find the
following hierarchical structure between the different relative entropies

Su(ollo) = Sulpllo) = Swa(plle)  forn > 1, (3.9)
Su(pllo) < Sulpllo) < Swa(plle)  forn < 1. (3.10)

A

As we will see in section 5.1, applying the inequality in eq. (3.9) in the context of
the AdS/CFT correspondence leads to interesting energy conditions in asymptotically
AdS spacetimes.

- 11 -



A useful property of the refined Rényi relative entropy is that it can be written as the
relative entropy of a related state. More precisely, we have

gn(pHO—) =Srel (p(n)HJ) ) (311)

where we have introduced a ‘sandwiched’ state, p(,), which is defined as
1-n 1-n\"
<0’ 2n po‘ 2n )
P(n) = l-n 1=—n\M ~
tr (a 2n PO 2n )

We relegate the derivation of eq. (3.11) to appendix A and discuss the consequences of this

(3.12)

identity in the following. First, the fact that the relative entropy is non-negative guarantees
that the refined Rényi relative entropy is also non-negative.

Sn(pllo) > 0. (3.13)

Secondly, the identity in eq. (3.11) allows us to study the perturbative expansion of the
refined Rényi relative entropy which we discuss in detail in the next subsection.

3.1.1 Perturbation of the refined Rényi relative entropy

In this section, our goal is to study the refined Rényi relative entropy when the state p is
perturbatively expanded around an arbitrary state o. More precisely, we take state p to
be given by

p=oc+epH +0(?), (3.14)

where € < 1 is a perturbation parameter. The perturbation of the relative entropy has
been studied in the literature [1, 26, 27]. Since the relative entropy is non-negative, it
means that the relative entropy between states p and ¢ vanishes at linear order in €. This
implies that the change in entanglement entropy is equal to the change in ‘modular’ energy,
which is usually called the first law of entanglement [29]. Therefore, to lowest order in e,
the relative entropy between states p and o is of the form

2
€
Swa(pllo) = 5 811 (pllo) +O(*), (3.15)
where [1]
9 & ds _q_is is
Sfel) (pHO—) = _/ mtr <0’ 1=ar p(l) 027 p(l)> . (316)
oo ~

Since the refined Rényi relative entropy is related to the relative entropy according
to eq. (3.11), we can deduce the second-order contribution to the refined Rényi relative
entropy using eq. (3.16). To do this, we first need to find the perturbative expansion of
the sandwiched state, p(,). By inserting the expansion of p from eq. (3.14) in eq. (3.12),
we find that the sandwiched state for integer n > 1 at linear order in € is given by

1—n+2k (1) n—1—2k
o

n—1
py=0c+ed o = o +0(P). (3.17)
k=0
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Now using eq. (3.11) and eq. (3.16), we deduce that the refined Rényi relative entropy at
the lowest order in € is

~ 2 ~
Sulpllo) = 5 S (pllo) + O(e), (3.18)
where
n—1n—1 (k ) ] (k—i)
_is J as _ (k=)
SP(pllo) = ZZ/ y h2 o tr(a lg=3m 5 p) g3 =5 p<1>). (3.19)
k=0 =0 sin )

This general formula for the perturbation of the refined Rényi relative entropy for integer
n > 1 is the main result of this section.? We will use this result in section 4 to relate the
perturbative refined Rényi relative entropy to the symplectic flux of a scalar field through
a Cauchy slice of the AdS-Rindler wedge.

3.2 Sandwiched state in a CFT

In this paper, we are interested in studying the refined Rényi relative entropy between
states of a conformal field theory (CFT) on R"“~! though our results are valid for CFT’s
on R x S% 1 as well. In particular, our approach will be to use the relation between
the refined Rényi relative entropy and the relative entropy given in eq. (3.11). To use
this relation, we first need to construct the sandwiched state, p(,), for given states p and
o. In this section, we show that for a family of states p and o, the sandwiched state
P(n) can be prepared (up to a unitary transformation) by a Euclidean path integral over
H = St x HiL,

Let us take the state o to be the vacuum state of the CFT, |Q), reduced to a spherical
region, B, of radius R. The domain of dependence of B, which we denote by D(B), can be
mapped to H = R x HY"! by a conformal transformation [56]. Under this transformation,
the state o maps to a thermal state, &, of temperature 7' = 1/(27rR) on the hyperbolic
space of radius R [56]. Therefore, the state o is related to & by a unitary transformation.
If we denote the Hamiltonian on the hyperbolic space by H, then the state o is given by

6727TRH

where Zp = tre 271 H

is the thermal partition function on the hyperbolic space and U is
the unitary transformation that maps states from B to hyperbolic space.

Following [55], We now consider a state |¥) = N U |Q), where W is defined by the
smearing of a local operator ¥(z) in a small neighborhood around the point z and N is
the normalization constant. We take state p to be the state |¥) reduced to region B. The
state p can be represented by a Euclidean path integral on R¢ with open cuts just above
and below the region B and with insertions of operators ¥ in the lower and in the upper

half plane.?

2Tt may be possible to analytically continue eq. (3.19) to non-integer n by converting the sum into a
contour integral as done in [27]. We thank Tom Hartman for pointing this out.
3For simplicity, we take ¥ to be a Hermitian operator.

~13 -



UpUJr U,DUT:UU%,ﬁ(g)O'%U]L Uﬁ(g)UT Up(g)UT
T=21R T
@
vesut | 5E
@
NAANANAA
., o . e e
T=7R T
(] @ L @
NAANANNAA
{
vesut | 5"
l L

T=0

Figure 1. The pictorial representation of the construction of the states p and p(,,) using a Euclidean
path integral over H' = S' xH?~!. The vertical direction denotes the direction along the S* whereas
the horizontal direction denotes the radial direction of H% ! and we have suppressed the transverse
d — 2 dimensions. (This figure is inspired by figure 1 of [2].)

Just like the state o, the state p is also related to the state p on the hyperbolic space
by a unitary transformation. To find the state p, we use the conformal transformation
from R% to H' = S' x H? ! where the radii of S' and H? ! are equal to R. Note that
this is simply the Euclidean version of the conformal transformation that maps D(B) to
H. Under this conformal transformation, the aforementioned path integral representation
of the state p maps to a path integral representation of a density matrix on H'. We
perform this analysis in appendix B and find that the matrix elements of p and p, up to a
normalization constant, can be written as

(D—|UpU'ds) = (0| plos)

O(1=27R)=¢_ B B
~ / ~ D® e N (7r = 7R+ 70) U(r = 7R —19), (3.21)
P(r=0)=¢+

for 0 < 79 < wR. In this equation, U = UWUT is the image of W under conformal
transformation and ¥(7,) is the smearing of the local operator ¥(r,y) around a small
neighborhood of 7 = 7, and y; = 0 where 0 < 7 < 27R and y; are the coordinates on
S and HY ! respectively. A pictorial representation of the path integral in eq. (3.21) is
presented in figure 1. As we discuss in appendix B, the path integral in eq. (3.21) can be
written in operator language. This yields the following expression for states p and p

b (TR + 10) (7R — 7p)
UpUi=p= (U(TR+70) U(7R — 70))30r (3.22)

where (...}, is the correlation functions on H’.

Now consider the sandwiched state, p(,) , defined in eq. (3.12). Note that we can write
the sandwiched state, up to a normalization constant, as p(,) ~ [’)(77‘1 ) where

~ 1l-n 1-n
Piny =02 po I . (3.23)
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Inverting this equation yields p = o5 Pn) o' . As discussed in [2, 28, 55], this expres-
sion for p allows us to write a path integral representation of p(,). This follows from the
observation that for 1 <n < %,4

in eq. (3.21) can be can be cut in S' direction as shown in figure 1. This yields that P(n)

the path integral representation of the matrix element

can be written as a path integral (with two operator insertions) over S' x H?~! where the
radius of S! is now R/n. Now since Pln) ~ ,6(% )

together. As a result, we find that, for integer n > 1, the sandwiched state p(,) can be

we take n copies of p(,) and glue them

written as a path integral over H' with 2n operators insertions [2, 28, 55|, as shown in
figure 1.

In this paper, one of our goals is to use eq. (3.19) to study the refined Rényi relative
entropy when the state p is perturbatively expanded around the state o as in eq. (3.14).
To write the state p as in eq. (3.14), we take the operator ¥ as a perturbation around the
identity and write it as

U=14+€e0+0(?). (3.24)
Inserting this in eq. (3.22) and comparing it with eq. (3.14), we find
UpW Ut =50 =60(xR +19) + 60(xrR — 7). (3.25)

Since O are smeared operators, we can equivalently write eq. (3.25) as an integral over H’,

2TR 5 N
UM Ut = 50 = /O dr /H Ay )e0(r,y), (3.26)

where ) is equal to the smearing function inside small neighborhoods of 7 = 7R + 7
and y; = 0 and vanishes everywhere outside these two neighborhoods. Also note that, by
construction, the function \ is symmetric around 7 = 7R.

This finishes our discussion of the path integral construction of sandwiched state, p(,).
In the next two sections, we will study the refined Rényi relative entropy between these
state p given in eq. (3.22) and state o in eq. (3.20).

4 Perturbative refined Rényi relative entropy in a general CFT

The perturbative calculation of relative entropy between the vacuum state and a slightly
perturbed state of a CFT, both reduced to a spherical region, has been well-studied [1, 26,
27]. It was shown in [1] that the relative entropy at the lowest order in the perturbation
parameter can be written as the symplectic flux of a scalar field through a Cauchy slice
of an auxiliary AdS spacetime, as given in eq. (1.2). Note that this result was derived
purely from CFT calculations without assuming the AdS/CFT correspondence. In fact,
this result is true for all CFT’s. In this sense, this result is a generalization of [26] where
the same result was derived for holographic CFT’s using the AdS/CFT correspondence.

“We can follow [2] and take the limit 70 — 0 or we can follow [57] and take R — 0. This will allow us
to use the following construction for arbitrarily large n.
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Our goal in this section is to study the refined Rényi relative entropy between states
of a general CFT reduced to a spherical region B and, for simplicity, we take the radius
of B to be R = 1. We take state o to be the reduced vacuum state as in eq. (3.20) and
p to be the perturbation around o as in eq. (3.14) and eq. (3.26). In the following, we
show that refined Rényi relative entropy at lowest order in the perturbation parameter
can also be written as the symplectic flux of some scalar field through a Cauchy slice of
the aforementioned auxiliary AdS-spacetime. Hence, our result can be considered to be a
one-parameter generalization of the result of [1] given in eq. (1.2).

As we discussed in section 3.2, the states o and p are related to the states on the
hyperbolic space by a unitary transformation. Using the invariance of the refined Rényi
relative entropy under unitary transformations, we write

Su(pllo) = Su(UTpUIUT G U) = S,(5ll5) . (4.1)

where ¢ and p are states on the hyperbolic space and their explicit forms are given in
eq. (3.20) and eq. (3.22) respectively.

Now to compute the perturbative refined Rényi relative entropy, we use the general
formula derived in eq. (3.19). By inserting the perturbation of p given in eq. (3.26) in the
general formula, we get®

=) n ln 1 2 o) ds
Sn pllo) = — / dTl / Tla Yi / T . 19 [s4id\
( H ) k 0= H Hd—1 ) o 4 sinh? (#)
__is ( ~ ds _ (k—j) ~
X tr(a o (71,2,/1) o = 0(7'2,92)) ) (4-2)

where §§L2) (p||o) is the refined Rényi relative entropy at the second order in the perturbation
parameter as defined in eq. (3.18). Let us now try to simplify the above expression. We
start by using eq. (3.20) and the Euclidean evolution

520(r,y) 6 = e T O(1,y) 2™ H = O(1 — 27a,y), (4.3)
to write eq. (4.2) as

@) n ln 1 o 00 ds
S - - d 7 1y J1 T 19 JeliSN
@ (pllo) / e ) [ &=

kO]O

X tr (6(7)(72 + 21k /n, y2)O(71 + 210§ /n + is y1)> (4.4)

Now we write the above equation in terms of a time-ordered correlation function on H' =
St x HE 1 as [1]

n 1n 1 o o
S ds
0010 =-S5 (I on [, # it | 4

k 0j=0 L1 Ha —o0 4sinh? (%)

x (TO(rs + 2mh/n, y2)O(ry + 2 fn + is,0)) (4.5)

5Note that we have taken R = 1 here.
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0=0 0=n 0= o

Figure 2. A pictorial representation of the source function :\(7'7 y) and the Zs-symmetric source
function 5\(3) (1,y) where we have suppressed the y-coordinates for clarity. The functions are non-
zero everywhere except in the shaded regions. Both the source function A and the Zs-symmetric
source function 5\(3) are symmetric around 7 = 7. Whereas the source function A is non-zero
only in the neighborhood of two points, the Zz-symmetric source function A(3) is non-zero in the
neighborhood of six points and has a periodicity of 27/3.

where 1o = (72 + 27k/n)mod 27 and 715 is defined similarly. Now by using the KMS
condition [66-68] on the periodicity of the thermal two-point function

(TO@ +27.92) O(rn)) = (TO(m2.12) Olriwn)) (46)

and by redefining the angular coordinates, we simplify eq. (4.5) to get

21
5O (pllo) = H/ dn/ Aoy (712 91) /Oo ds
i (n oo 4 sinh2 <s+i6sgn[7'2771])

2

« <T@(Tg,y2)@(71 +z’s,y1)> , (4.7)

'

where we have absorbed all the n dependence in a Z,-symmetric source function, which

we define as®

?
L

An)(T,y) = N1 — 27k /n,y) . (4.8)
0

b
Il

Recall from section 3.2 that the source function, 5\, was only non-zero in the small neigh-
borhood of two points. On the contrary, the Z,-symmetric source function, S\(n) has a
perlodlclty of 27 /n and is non-zero in the nelghborhood of 2n points. Just like the source
function, \, the Z, -symmetric source function, An, is also symmetnc around 7 = 7. A
pictorial representation of the Z,-symmetric source function, An, is presented in figure 2.
In the following, we use eq. (4.7) to write the perturbative refined Rényi relative entropy
as the symplectic flux. Note that an expression similar to eq. (4.7) was found in [1] for the
perturbative relative entropy. In fact, eq. (4.7) reduces to the expression of perturbative
relative entropy in [1] if we replace S\(n) with X\. This should not be surprising given that
the refined Rényi relative entropy approaches the relative entropy in the limit n — 1 and all

The function A(7,%) in eq. (3.26) was defined only in the domain 7 = [0,27). We extend this function
beyond this domain by demanding the periodicity condition: A(7 + 27, y) = A(7,y).
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the n dependence in eq. (4.7) is encoded in the Z,-symmetric source function, 5\(”) . This
is a useful observation as it implies that we can write perturbative refined Rényi relative
entropy in eq. (4.7) in terms of the symplectic flux by simply changing the boundary
conditions of the scalar field in eq. (1.2) from A to S\(n). For the sake of completeness, we
will now briefly sketch the argument of [1] and derive the expression of the perturbative
refined Rényi relative entropy in terms of the symplectic flux in the following.

4.1 Refined Rényi relative entropy as a symplectic flux

Let us consider a scalar in a fixed AdS-Rindler wedge. Recall that the metric of the
AdS-Rindler wedge can be written as

r? 2 7.2
" +r°dsga - (4.9)

ds* = —(r* — 1) dt* +
For a CFT with a holographic dual, the AdS-Rindler wedge is precisely the bulk region
that is dual to the vacuum state reduced to a spherical region. In this section, however,
we treat it as an auxiliary spacetime without assuming the AdS/CFT correspondence.
Note that, after a Wick rotation, the AdS-Rindler patch in eq. (4.9) becomes a Eu-
clidean black hole with H' = S' x H?~! as the asymptotic boundary. The real time solution
of the Lorentzian scalar field equation can be written in terms of a bulk-to-boundary Eu-
clidean propagator as [69, 70]

27
¢(Tatay) = /0 dr’ /]I-]Idl dd_ly/qSO(T/vy/)KE(ra itay|7—/7y/) ) (410)

where {7,y} are the coordinates on H’' and the bulk point in the bulk-to-boundary Eu-
clidean propagator, K, is analytically continued to real time. The asymptotic boundary
condition at 7 — oo of the field, after analytic continuation, is fixed by ¢o(7, ).

The main insight that was used in [1] to relate the perturbative relative entropy to
symplectic flux was that the two point function on H' can be written as the symplectic
flux of the scalar field on a constant radial slice (r = 7¢) of the AdS-Rindler wedge. That
is, [1]

(TO@. 1) Olis, p2) )

H/
= —/ dt /d 1ddilyw(b(KE(ro,it,y\T,yl), KR(ro,t,y|s,yg)), (4.11)
—00 Hea—

where K is the retarded bulk-to-boundary propagator which is related to the Euclidean
bulk-to-boundary propagator according to

KR(r,t,y\s,y') =10(t — s) lin([)l+ [KE(r,it,y\is—ﬂ,y') —KE(r,z't,y]z's—i—u,y’)] )
u—
(4.12)
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Now we insert eq. (4.11) in eq. (4.7) and write the perturbative refined Rényi relative
entropy as

2w 0 ds
dr; iy Yi ;
D pllo) = H/ Ti /Hd ' Ao (741 /_oo 4 sinh? (%M)

></ dt/ dd_lyw¢(KE(ro,it,y!T2—Tl,y2)7KR(To,ty\Syyl))-
—00 Hd-1
(4.13)

The integral over s was computed in [1]. We use that result here and write the perturbed
refined Rényi relative entropy as

5@ (pllo) = (H/ dXi\n >/>: w¢(KE(r,O,y\X2),8tKE(7',0,y]X1)>,

(4.14)

where ¥ is the ¢ = 0 slice in the AdS-Rindler patch and where X = {7,y} are the
coordinates on H'. Since the symplectic current wy is bilinear, we write eq. (4.14) as

Dpllo) = / wo( @(ryty), £eO(rity) ). (4.15)

where £ = —27(9;)? is a killing vector field of the AdS-Rindler wedge as in eq. (2.8) and
where we have defined

®(r,t,y) :// dX Ny (X)Kp(rt,y| X). (4.16)

By comparing this with eq. (4.10), we deduce that ®(r,¢,y) is the solution of the scalar
field equation in bulk and the boundary condition of its analytic continuation is fixed by
the Z,-symmetric source function, S\(n), defined in eq. (4.8).

Eq. (4.15) is the main result of this section. It shows that for integer n > 1, the
perturbative refined Rényi relative entropy between the states p in eq. (3.22) and o in
eq. (3.20) is related to the symplectic flux of a scalar field through a Cauchy slice of
the AdS-Rindler spacetime. More interestingly, it shows that all the dependence in the
Rényi parameter n is encoded in the Z,-symmetric source function, :\n, which provides
the boundary conditions for the scalar field. Also note that we recover eq. (1.2) from
eq. (4.15) by taking the limit n — 1. Hence, our result is a one-parameter generalization
of eq. (1.2).

5 Refined Rényi relative entropy in a holographic CFT

We now focus on holographic CFT’s on RY%~!. The relative entropy between an arbitrary
state and a vacuum state reduced to a spherical region was studied in [2], where it was
shown that the holographic dual of the relative entropy between these states is equal to
the difference between certain conserved charges in the bulk dual of these states, as stated
in eq. (1.3).
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In this section, we are interested in the refined Rényi relative entropy between two
states of a holographic CFT reduced to a spherical region B. In particular, we will study
the refined Rényi relative entropy between the state p in eq. (3.22) and the vacuum state,
o, given in eq. (3.20). Moreover, we take the radius of the region B to be R = 1. We will
show that the refined Rényi relative entropy between these states satisfies a holographic
relation similar to eq. (1.3). Our result will be a one-parameter generalization of the result
of [2] given in eq. (1.3).

Note that we can simply deduce the holographic formula for refined Rényi relative
entropy using eq. (3.11) and eq. (1.3). According to eq. (3.11), the refined Rényi relative
entropy between p and o is equal to the relative entropy between the sandwiched state,
P(n) > and o. If the sandwiched state, p(,), has a semi-classical gravity dual and if there
exits a vector field in the bulk spacetime that satisfies boundary conditions similar to those
in eq. (2.6) and eq. (2.9), then eq. (1.3) implies that the relative entropy between p(,) and
o is equal to difference of conserved charges in the bulk duals of p(,) and o. Then, by
eq. (3.11), this is precisely the holographic expression for the refined Rényi relative entropy
between states p and o.

Motivated by the above observation, we now discuss the bulk dual of the sandwiched
state p(,). First, recall that the bulk region corresponding to the vacuum state reduced to
a spherical region B is the AdS-Rindler wedge [56], which is described by the metric given
in eq. (4.9). The codimension-2 bifurcation surface, given by r = 1 for any finite ¢ in the
metric eq. (4.9), corresponds to the extremal surface corresponding to the boundary region
B. We denote this surface by B,. Under Wick rotation, the metric of the AdS-Rindler
wedge in eq. (4.9) becomes

2 2 2 dr? 2 7.2
ds* = (r°—1)dr* + 27 +rdsga_1 , (5.1)
where 0 < 7 < 27 is imposed to ensure that there is no canonical singularity. This is the
metric of the Euclidean black hole whose asymptotic boundary is #' = S x H?~!. Note
that S' contracts as we go deep into the bulk and it shrinks to zero size at a codimension-2
bifurcation surface, B,. This Euclidean geometry can be represented as a cigar geometry
as shown in figure 3.

Now recall from figure 1 that for integer n > 1, the sandwiched state p(,) can be
prepared by a path integral over H’' with 2n operator insertions. The Euclidean bulk
dual of this state can be found by solving the Euclidean bulk equations of motions with
appropriate boundary conditions. The boundary condition for the bulk Euclidean metric
is that it approaches the metric of H’ near the asymptotic boundary. We also impose the
condition that the Euclidean time, 7, has a periodicity of 2w. Moreover, the sources for the
operators inserted on the boundary provide the boundary conditions for the bulk matter
fields according to the standard GKPW dictionary [69, 71]. This Euclidean geometry is
shown in figure 3.

Note that just like in the Euclidean black hole in eq. (5.1), the Euclidean circle in the
Euclidean bulk dual of the sandwiched state contracts as we go into the bulk. We denote
the codimension-2 surface where the Euclidean circle shrinks to zero size by B(n). A general
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Figure 3. The Euclidean bulk geometries dual to the boundary states o (left) and p(s) (right).
The boundary B (shown in blue) is S' x H~!. The Euclidean circle on the boundary contracts as
one goes deep into the bulk and it is shrinks to zero size at a codimension-2 surface marked with
a red dot. The shaded region on the boundary of M s) denotes the smeared operators inserted in
the path integral representation of the sandwiched state, p(3); see figure 1. The smearing function
provides the Zs-symmetric boundary conditions for the bulk matter fields. (This figure is inspired
by figure 2 of [2].)

ansatz for the Euclidean metric near B(n) can be written as [2]
ds? = a2\ (1, 7) dr® + di® + 28" (7,7) drdy’ + hijdy'dy’ (5.2)

with o) (7,7) = # + O(#?) and ﬁz(n) (7,7) = O(#?) , where 7 is the proper distance from
B, and y' and hij are coordinates and the induced metric on By .
Note that the Euclidean vector field £%, = 27 (0;)* vanishes at B(n) and it satisfies

Vg — Vi = dr ((0:)(9,)" — (8:)°(00)°) (5.3)

as can be checked easily using the metric in eq. (5.2). Furthermore, the boundary condition
that the Euclidean bulk metric approaches the metric of H' near the asymptotic boundary
guarantees that &g approaches the generator of the Fuclidean time translation on the
boundary. In other words, the vector field £g satisfies the Euclidean version of the boundary
conditions in eq. (2.6) and eq. (2.9).

Having established that the sandwiched state (for integer n > 1) has a bulk dual, we
now use eq. (1.3) to get

Srcl(p(n)HU) = H§ (M(n)) - H§ (MU) ) (54)

where § = i{p = —270; as in eq. (2.8). Moreover, M, and M, = M, denote the
bulk spacetimes dual to the vacuum and the sandwiched state respectively. Now using
eq. (3.11), we conclude that the refined Rényi relative entropy between states p and o is
given by

Snlpllo) = He (M(y)) — He (M) . (5.5)
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Our result in eq. (5.5) needs to be contrasted with the holographic formula of the
refined Rényi entropy which is defined in eq. (1.5). According to the holographic formula
derived in [39], the refined Rényi entropy of a boundary state is equal to the area of a
codimension-2 minimal area surface in some bulk spacetime other than the spacetime dual
to the boundary state. In particular, the spacetime that one uses to compute refined Rényi
entropy has to be constructed by introducing a cosmic brane and then accounting for its
backreaction. Recently, the boundary state dual to this backreacted geometry has been
identified in [72, 73]. Our result in eq. (5.5) is similar in the sense that the refined Rényi
relative entropy between states p and o is not related to the conserved charge in the bulk
dual of the state p. In fact, it is related to the conserved charge in the bulk dual of a
sandwiched state, p(,) .

Despite this similarity, there are two crucial differences between our holographic for-
mula for the refined Rényi relative entropy and the holographic formula for refined Rényi
entropy derived in [39]. One is that the holographic formula for the refined Rényi entropy
is valid for a general boundary theory and for arbitrary boundary subregions. On the
other hand, our results apply only if the boundary theory is a CFT and the boundary
subregion is spherical. Secondly, the bulk geometry that one needs to compute the refined
Rényi entropy has a conical singularity at the location of the cosmic brane [39], whereas
the geometry that one needs for refined Rényi relative entropy, that is the bulk dual of
the sandwiched state, is smooth. This is related to the fact that Rényi relative entropies,
unlike Rényi entropies, are free of UV divergences.”

The holographic formula for refined Rényi relative entropy in eq. (5.5) is one of the
main results of this paper. In the following, we discuss the implications of this result and
its relation with the our perturbative result in section 4.

5.1 Positive energy theorems

The result of [2] that the holographic dual of the relative entropy is related to the conserved
charge as in eq. (1.3) led to interesting results. For example, the positive semi-definiteness
of the relative entropy implies a positive energy theorem: the vacuum-subtracted conserved
charge in the entanglement wedge of a spherical boundary region is non-negative. That is,

He (M,) — He (M) > 0. (5.6)

Note that eq. (5.6) is an infinite set of positivity conditions as it is true for all spherical
boundary regions. We refer the interested readers to [2] for other gravitational constraints
emerging from eq. (1.3).

Now we discuss a different positive energy theorem that arises from the holographic
dual of refined Rényi relative entropy in eq. (5.5). Recall from eq. (3.9) that the refined
Rényi relative entropy (for n > 1) cannot be smaller than the relative entropy. That is,

Snlpllo) > S (pllo)  forn > 1. (5.7)

"We thank Tom Hartman for pointing this out.
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By combining this inequality with eq. (1.3) and eq. (5.5), we get
He (M(n)) > H¢ (./\/l(l)) forn > 1, (5.8)

where M) = M, . Since the boundary conditions for the bulk dual of the sandwiched state
are Zyn-symmetric as shown in figure 3, we conclude that making the boundary conditions
symmetric in this manner cannot decrease the conserved charge in the entanglement wedge.
Just like eq. (5.6), eq. (5.8) is also an infinite set of conditions as it is valid for any spherical
boundary regions.

The positive energy condition in eq. (5.8) is interesting as it compares the conserved
charges in two non-vacuum bulk geometries. In this sense, it is different from the usual pos-
itive energy theorems [74, 75] which compare the energy in a (non-vacuum) spacetime with
the energy in a vacuum spacetime. Hence, we consider eq. (5.8) to be another nontrivial
bulk consequence of a quantum information theoretic property.

It is known that the sandwiched Rényi relative entropy monotonically increases with
the Rényi parameter n, as stated in eq. (3.5). It is therefore natural to ask if the refined
Rényi relative entropy obeys monotonicity as well. We do not have a definitive answer to
this question, though we present a simple example in appendix C in which the refined Rényi
relative entropy increases monotonically with the Rényi parameter. If it can be shown that
the refined Rényi relative entropy monotonically increases with the Rényi parameter either
in general or for the set of states p and o in eq. (3.22) and eq. (3.20) respectively, then this
would imply a family of much stronger positive energy theorems than eq. (5.8). We leave
this question to future work.

5.2 Relation to the perturbative result

As discussed earlier, the Euclidean bulk dual of the sandwiched state, p(,) , is the solution
of the bulk Euclidean equations of motions for the metric and the scalar field subject to Z,,-
symmetric boundary conditions. Here, we denote the boundary sources by 5\(”) and assume
that the boundary sources are “small,” that is, we assume that the boundary sources can
be written as ;\(n) =€ f(n) where e < 1.

The boundary conditions for the bulk scalar field demand that the scalar field, ®, can
be written as

d=ed 4+ 0O(2). (5.9)

The bulk spacetime when ¢ = 0 is the (Euclidean) AdS-Rindler spacetime. The correc-
tion to the metric has to be computed by solving the gravitational equations of motions
sourced by the stress-energy tensor of the bulk scalar field. Since the stress-energy tensor
is quadratic in the scalar field, it goes like O(e?). Therefore, there is no backreaction at
linear order in € and hence, we can write the bulk metric as

9=99+0(), (5.10)

where g(o) is the metric of the (Euclidean) AdS-Rindler spacetime. Moreover, this implies
that ®1) is the solution of the scalar field on a fixed AdS-Rindler spacetime with Z,,-
symmetric boundary conditions.
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Now note that the conserved charge in the bulk dual of sandwiched state can be
written as

Helg) = He[g® |+ eHV[g] + e HP[g] + O(), (5.11)

Since ¢ is the killing vector field of the AdS-Rindler spacetime, we know from eq. (2.26)
that H 5(1) vanishes identically. Moreover, from eq. (2.27), we know that H 5(2) is given by

2
B = /ZO w (@1, £e0V) | (5.12)

where we have used the fact that there is no correction to the metric at linear order in e.

Now combining eq. (5.5) and eq. (5.12), we deduce that the refined Rényi relative
entropy at the lowest order in the perturbation parameter is given by the symplectic flux of
a scalar field, where the scalar field satisfies the Z,-symmetric boundary conditions. Hence,
we recover eq. (4.15) from eq. (5.5). However, this should not be considered a derivation
of eq. (4.15) as this analysis is only valid for CFT’s with semi-classical holographic duals
whereas eq. (4.15) is valid for all CFT’s.

This finishes our discussion of the holographic dual of the refined Rényi relative entropy.

6 Discussion

In this paper, we have introduced a quantity related to the sandwiched Rényi relative
entropy, which we called the ‘refined” Rényi relative entropy, as defined in eq. (1.7). Like
the sandwiched Rényi relative entropy, this quantity is a one-parameter generalization of
relative entropy. In particular, we found that the refined Rényi relative entropy between
two states can be written as the relative entropy of two related states, as in eq. (3.11).
This identity relating the refined Rényi relative entropy with relative entropy played an
important role in our analysis in this paper.

We derived a perturbative formula, eq. (3.19), for the refined Rényi relative entropy
of two nearby states. Using this result, we studied the perturbative refined Rényi relative
entropy when the reference state is the vacuum of a CFT reduced to a spherical region
and the other state is a small perturbation thereof. We found that the perturbative refined
Rényi relative entropy can be written as the symplectic flux of a scalar field through a
Cauchy slice of the AdS-Rindler spacetime as in eq. (4.15).

We then studied the refined Rényi relative entropy for holographic CFT’s. We argued
that for a certain family of states reduced to a spherical region, the holographic dual of
the refined Rényi relative entropy is related to certain conserved charges in the dual bulk
spacetime. Combining this holographic result with an inequality in eq. (3.9) that the refined
Rényi relative entropy must satisfy, we then proved certain ‘positive-energy’ theorems in
the asymptotically locally AdS spacetimes.

We now discuss some possible directions in which the present work can be extended.

1. Data processing inequality

As discussed in section 3.1, the relative entropy and the sandwiched Rényi relative
entropy do not increase under a CPTP map [44-48, 65]. This is known as the data-
processing inequality, given in eq. (3.2). Since the partial trace operation is a CPTP
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map, the data-processing inequality implies that the relative and the sandwiched
Rényi relative entropy for states of system B is not greater than those for states of
system A if B C A, as stated in eq. (3.3).

A ‘good’ measure of the distinguishability of two quantum states must satisfy the
property that it does not increase under a partial trace operation. This is because
the partial trace could in general result in the loss of some potentially distinguishing
information, thus rendering distinguishability of the states more difficult. It would
be interesting to investigate if the refined Rényi relative entropy satisfies a data-
processing inequality.

. Monotonicity in the Rényi parameter n

Recall from eq. (3.5) that the sandwiched Rényi relative entropy monotonically in-
creases with the Rényi parameter n [45, 47]. We have derived a weaker version of
this inequality for the refined Rényi relative entropy in egs. (3.9)—(3.10). We have
used egs. (3.9)—(3.10) in section 5.1 to prove certain positive energy theorems in
asymptotically locally AdS spacetimes.

It is not clear if the refined Rényi relative entropy monotonically increases with the
Rényi parameter n in general (although we showed it to be true in a simple example
in appendix C). If this were true, then the holographic formula for the refined Rényi
relative entropy in eq. (5.5) would lead to much stronger positive energy theorems
than what we have found in this paper. Because of this, it would be worthwhile to
explore if the refined Rényi relative entropy increases monotonically with n.

. Generalization of quantum null energy condition (QNEC)

A QNEC is a local statement which puts a lower bound on the expectation value of
the ‘null-null’” component of the stress-energy tensor in an arbitrary state [¢)) of a
quantum field theory in R“¥~1 [76]. More precisely, it states that (Tyz) for any null
vector k at any point p satisfies

(T > 5= 5"(0). (61)

where p is the state [¢)) reduced to any subregion ¥, such that the boundary of that
subregion contains the point p. Moreover, S(p) is the Von Neumann entropy of the
state p and prime denotes the infinitesimal variation of the subregion X, in the k¢
direction at point p.

In some specific cases, eq. (6.1) can be written in terms of the relative entropy.
In particular, if the boundary of the entangling region lies on a null hypersurface,
eq. (6.1) can be written as [11]

raipllo) =0, (6.2)

where o is the reduced vacuum state. This follows from known results about the
modular Hamiltonian when the entangling surface lies on a null plane [77].
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Recently, the sandwiched Rényi relative entropy between an excited state and a
vacuum state of an arbitrary QFT reduced to a half-space was considered in [55]. It
was found that the sandwiched Rényi relative entropy satisfies a bound analogous to
eq. (6.2). It would be interesting to repeat this analysis for the refined Rényi relative
entropy and see if it also satisfies such a bound.

4. Refined Rényi relative entropy under RG flow

In this project, we have only studied the refined Rényi relative entropy between the
states of a conformal field theory. It would be interesting to study it away from
critical points. Specifically, one may deform a CF'T by a relevant operator and study
the refined Rényi relative entropy between the vacuum state of the deformed theory
and that of the original CFT. This calculation, to lowest order in the coupling, can
be done using the general perturbative formula in eq. (3.19). It would be fascinating
if one can gain some insights on RG flow, similar to those in [78], by using inequalities
in egs. (3.9)—(3.10).

5. Further Inequalities for the refined Rényi relative entropy through Holography

It is also possible that further inequalities for the refined Rényi relative entropy can
be discovered by exploiting holography. It would be interesting if the properties
of the conserved charges in asymptotically locally AdS spacetimes can be used to
find constraints obeyed by the refined Rényi relative entropy for holographic states
that are not obeyed by that for all quantum states. These would be analogous
to the constraints satisfied by the holographic entanglement entropy known as the
holographic entropy cone [79, 80].

6. Generalization of JLMS formula

It is known that the relative entropy of two nearby boundary states is equal to the
relative entropy of the corresponding bulk states [15]. This holographic relation
was an important ingredient in proofs of bulk reconstruction [16-18]. It would be
interesting to explore if an analogous relation holds for refined Rényi relative entropy
and what its implications are for bulk reconstruction.
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A Refined Rényi relative entropy as relative entropy

In section 3.1, we claimed that the refined Rényi relative entropy between two states can be
written as the relative entropy between two related states as in eq. (3.11). We found this
identity very useful in deriving a general formula for the perturbative refined Rényi relative
entropy, given in eq. (3.19). We applied this general perturbative formula in section 4 to
show that the refined Rényi relative entropy between two states of any CFT reduced to a
spherical region can be written as the symplectic flux of a scalar field through a Cauchy
slice of the AdS-Rindler wedge as in eq. (4.15). Moreover, we combined the identity in
eq. (3.11) with eq. (1.3) in section 5 to deduce the holographic dual of the refined Rényi
relative entropy.

In this appendix, we present a derivation of the eq. (3.11). We start with the definition
of refined Rényi relative entropy

3ulpllo) = n?o, (” = sn<p\|a>) , (A1)
where

Sn(pllo) =

]. —_n —n
1 log tr { (0127 p0127>n} , (A.2)
is the sandwiched Rényi relative entropy. Combining the above two expressions, we get
~ 1 R
Sa(pllo) = n?o, <n log trp&)> , (A.3)
where we have defined a Hermitian matrix
~ 1-n 1-n
Py =0 7 po . (A.4)

Taking the derivative w.r.t. n in eq. (A.3), we get

Sulpllo) = —log trplly + trz&) B tr Bl (A.5)
Now using
B tr plly = tr (ﬁ&) log p(n)) Fntr (;3851 - anp(n)) (A.6)
and
OnP(ny = —271# (log o Py + P - log o) (A7)

we write eq. (A.5) as

~ n 1
Sn g :—10 tr AT;L +ﬁtr Ann . 10 An —ﬁtr A’,;Il . 10 gl . A8
(pllo) g T D) trp(n) <P( ) g P( )) trp(n) <P( ) g ) (A.8)

We simplify this result and write it as

Su(pllo) = tr (p(ny 1og pny) — tr (p(n) log o) | (A.9)
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where

_ Pl

(A.10)

is precisely the sandwiched state defined in eq. (3.12). Now the expression in the r.h.s. of
eq. (A.9) is the same as the definition of the relative entropy given in eq. (3.1). However,
to relate the r.h.s. of eq. (A.9) with the relative entropy, we first need to show that the
sandwiched state p,) is a valid denisty matrix. In other words, it is a positive semi-definite
matrix with unit trace. Note that, by construction, p(,) has unit trace. Moreover, the fact
that p(,) is positive semi-definite follows from the fact that the matrix p(,) in eq. (A.4) is
positive semi-definite. To see this, note that the expectation value of p,) in any arbitrary
state |¢) is non-negative:

(W] pny W) = (| p|0") > 0, (A.11)

where |¢') = ot |1) . Since, the sandwiched state is positive semi-definite matrix with
unit trace, it is a valid density matrix. Hence, we can write the r.h.s. of eq. (A.9) as relative
entropy. More precisely,

5u(pll0) = Seet (piuyllo) - (A12)

This finishes our derivation of eq. (3.11).

B Conformal transformation and state p

In this paper, we considered states that are obtained by acting on the vacuum of a CFT with
a single smeared operator. In section 3.2, we stated that these states reduced to a spherical
region are related to some states on the hyperbolic space by a unitary transformation. We
claimed that the precise form of these reduced states is given in eq. (3.22). In this appendix,
we present a derivation of eq. (3.22).

Consider a CFT with Euclidean action Iy on R%. We work in the coordinate systems
in which the metric of R? is

ds? = dt% + dr? + 2 dx3_,, (B.1)

where dy?_, is the metric of a (d — 2)-dimensional sphere of unit radius. Now consider a
state |U(—tgo)) = ¥(—tgo) |2), where |2) is the vacuum state of the CFT and ¥ (—tgg) is
a local operator ¥(z) smeared in a small neighborhood around tg = —tgy < 0. Note that
due to translation symmetry, this state is independent of where we insert the operator ¥
at tg = —tgo slice. This means we can take the operator to be smeared in a small region
around (tg,r) = (—tgo,0). For simplicity, we assume that the operator ¥ is Hermitian.

Now let p be the state |¥U(—tgp)) reduced to a spherical region B of radius R. We take
the region B to be given by

B: tg=0 and r<R. (B.2)
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The density matrix of p can can be written as a Euclidean path integral over R? with open
cuts just above and below the region B and with the insertion of V(—tgy) and ¥(tgo) .
That is, the matrix elements of p (up to a normalization constant) are given by

Oelplon) ~ [ D) W), (B.3)

where we have imposed the boundary conditions at the open cuts
Bi: tp=0% and r<R. (B.4)
Now note that R? can be conformally mapped to H' = S x H%"!. This conformal
transformation is given by [30]

sin(7/R) sinh

R B.5
coshu + cos(7/R) " coshu + cos(T/R)’ (B-5)

tp =

where 0 < 7 < 27R and 0 < u < co. Under this coordinate transformation, the metric of
R% in eq. (B.1) becomes

ds* = (coshu + COS(T/R))_2 (d7'2 + R? (du® + sinh? udxg_,) ) ’ (B.6)

which is the same as the metric of H' = S' x H% !, up to a conformal factor.

Using the conformal transformation in eq. (B.5), the matrix element in eq. (B.3) can
be written as a path integral over H'. Note that the branch cut By maps to 7 = 0 and
0 < u < oo whereas the branch cut B_ maps to 7 = 27R and 0 < u < co. Moreover, the
points (tg = £tgo, r = 0) map to (7 = 7R F 79, u = 0) , where

70 = 2R arctan(R/tgg) . (B.7)

Hence, the matrix element of p can be written as

@(TZQWR):(Z;7 _ -
(o_|p|os) ~ / ~ D® e (7 = 7R+ 7)) U(r = 7R — 1), (B.8)
Q(r=0)=¢+

where |¢) = U|¢) and U = UWUT are the unitary transformations of the states and
operators under the aforementioned conformal transformation. This finishes our derivation
of eq. (3.21).

Now note that we can write the path integral in eq. (B.8) in operator language. In the
Schrodinger picture, we get

(o-|plos) ~ (-] e TP (0)e 20 F(0)e~ = g,) (B.9)

whereas in the Heisenberg picture, we get

(p—|plos+) ~ (p—|e ™ U (7R + 7o) U(7R — 70) |4) , (B.10)
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where H is the Hamiltonian of the CFT on the hyperbolic space. Equivalently, we can
write the above expression as

UpU' ~ e 2™ BHG (1R + 1)U (7R — 7). (B.11)

In a simple case when the operator ¥ is an identity operator, the state p reduces to
the vacuum state which we denote by o. Therefore, from eq. (B.11), we deduce that the
state o is

UoU' ~ e 2mRHE = 5 (B.12)

which is the thermal state on the hyperbolic space, &, up to a unitary transformation.
Note that eq. (B.12) is the same as eq. (3.20) up to a normalization constant. Moreover,
inserting eq. (B.12) in eq. (B.11) yields

UpU' ~ 6 U(nR + 1)V (7R — 10), (B.13)
which is the same as eq. (3.22) up to a normalization constant. This finishes the derivation

of eq. (3.22) and our discussion of the states that we considered in this paper.

C Refined Rényi relative entropy for thermal states

In this appendix, we study the refined Rényi relative entropy between two thermal states at
different temperatures and show that it monotonically increases with the Rényi parameter
n. Consider a quantum system with Hamiltonian, H, and two thermal states p() and p)
such that

e~ BiH )
PGy = 70 for i={1,2}, (C.1)
where
Z(B) = tre PH (C.2)

is the thermal partition function.
Now using eq. (3.11), the refined Rényi relative entropy between p; and pg is given by

Su(pllp©) = Srel (P () » (C.3)

where the sandwiched state, p(,), is

(65 e’
p(osl P1 p([)SL
tr(p(o) P1 P(O) )

Since, p(g) and p(;) commute, we can simplify p(,) and write it as

e PnH
P(n) = Z(Bn) (C.5)
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where

Brn = Bo+n (81— Po) - (C.6)

We consider the case when 81 > "7_1,80. This ensures that 3, > 0. Hence, we can think
of p(,) as a thermal state with n dependent temperature.
Now using the definition of the relative entropy in eq. (3.1), we write eq. (C.3) as

Sulpyllo()) = tr (P 108 pny) + Bo tr (p(ny H) -+ log Z(Bo) . (C.7)

or equivalently as

Su(pyllp)) = Bo E(Bn) — S(Br) +log Z(Bo) , (C.8)

where F(3) and S(/3) are the average thermal energy and the thermal entropy of the system
at temperature 1//.
Next we take the derivative of eq. (C.8) w.r.t. n and get

O Su(p)l1p(0) = 5o On E(Bu) — 0 S(Bn).- (C.9)
Now using the first law of thermodynamics, 6E(8) = 371 3S(3), and using eq. (C.6), we

simplify this to get

—Mn

On Sulollp@) = —n (81 = 5) On B(Br) = —n (B = o2 (% E@))| . (C.10)
Now note that dzE(/5) < 0. This can be seen as follows:

r(e PH
02 B(8) = 03 1)y = 03 otk — sy <0, (cay

Combining this observation with eq. (C.10), we deduce that

O Sn(pllp) > 0. (C.12)

Hence, the refined Rényi relative entropy between two thermal states of the same system
monotonically increases with the Rényi parameter.
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