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In the first paper in this series, we introduced “persistent gravitational wave observables” as a framework
for generalizing the gravitational wave memory effect. These observables are nonlocal in time and nonzero
in the presence of gravitational radiation. We defined three specific examples of persistent observables:
a generalization of geodesic deviation that allowed for arbitrary acceleration, a holonomy observable
involving a closed curve, and an observable that can be measured using a spinning test particle. For
linearized plane waves, we showed that our observables could be determined just from one, two, and three
time integrals of the Riemann tensor along a central worldline, when the observers follow geodesics. In this
paper, we compute these three persistent observables in nonlinear plane wave spacetimes, and we find that
the fully nonlinear observables contain effects that differ qualitatively from the effects present in the
observables at linear order. Many parts of these observables can be determined from two functions, the
transverse Jacobi propagators and their derivatives (for geodesic observers). These functions, at linear
order in the spacetime curvature, reduce to the one, two, and three time integrals of the Riemann tensor
mentioned above.
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I. INTRODUCTION

In a previous paper [1], we introduced a class of
“persistent gravitational wave observables” that general-
ize gravitational wave memory effects. We included three
specific examples of persistent observables: a generali-
zation of geodesic deviation to allow for accelerated
curves, which we called curve deviation; an observable
involving the solution of a particular differential equation
along a closed curve, which was a type of holonomy; and a
collection of observables involving the separation of a
spinning test particle from an observer, as well as the
particle’s momentum and intrinsic spin. We then explicitly
computed these three observables for perturbations off of
flat spacetime. Assuming that these perturbations repre-
sented gravitational plane waves, we found that our
observables (assuming unaccelerated observers) could
be written in terms of just one, two, and three time
integrals of the Riemann tensor along a central worldline.

Gravitational wave memory effects are a special class of
persistent observables. In [1], we defined memory effects to
be persistent observables that are associated with boundary
symmetries and conservation laws at spacetime boundaries.
The boundary can be future null infinity (as in the case
of the initial investigations of the memory effect [2,3]; see
also the recent review [4] and references therein for later
developments) or the event horizon of a black hole [5–7].
This paper will not focus on spacetime boundaries and
will instead consider persistent observables in spacetime
interiors.
In this paper, we will consider the persistent observables

defined in [1] in the context of exact, nonlinear plane wave
spacetimes. While we explored our observables in [1] to
linear order in the curvature of the spacetime near the
observers, the nonlinear properties of these observables are
less well understood. Exact plane wave spacetimes provide
a simple context in which to study these nonlinear proper-
ties, as demonstrated in other work discussing persistent
observables in the literature (see, for example, [8–11]).

The effects we will compute in this paper will be
nonlinear in the amplitude of the gravitational waves.
Gravitational waves produced by astrophysical sources,
however, will be weak when the waves have reached any
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detector, so effects that are nonlinear in the amplitude of the
gravitational wave are not expected to be detectable by
current detectors.1 Nevertheless, these effects are qualita-
tively different from linear effects, and therefore interesting
in their own right. There may also be regimes in which they
are detectable by future detectors.

A. Simplified model of geodesic deviation

To illustrate the types of distinctive effects that can arise
in persistent observables beyond the linearized approxi-
mation, we now discuss a simplified model of geodesic
deviation. Consider the following differential equation for a
function ξðuÞ:

 ξðuÞ ¼ ϵ  fðuÞξðuÞ; ð1:1Þ

where ϵ ≪ 1, and dots denote derivatives with respect to u.
This is a scalar version of the geodesic deviation equation,
where ξ is the separation between two observers and ϵf is
the equivalent of the gravitational wave strain amplitude.
Consider the analogue of a burst of gravitational waves that
occurs between u ¼ 0 and u ¼ U, where  fðuÞ ¼ 0 for all
u < 0 and u > U. For simplicity, set fðuÞ ¼ 0 for u < 0 [in
general, this will imply that fðuÞ ≠ 0 for u > U]. The
solution for ξðuÞ at some time u > 0 is then given by

ξðuÞ ¼ aðuÞξð0Þ þ bðuÞ_ξð0Þ; ð1:2Þ

where

að0Þ ¼ _bð0Þ ¼ 1; _að0Þ ¼ bð0Þ ¼ 0: ð1:3Þ

Therefore, to second order in ϵ,

aðuÞ ¼ 1þ ϵfðuÞ þ 1

2
ϵ2½fðuÞ�2

− ϵ2
Z

u

0

du0
Z

u0

0

du00½ _fðu00Þ�2 þOðϵ3Þ: ð1:4Þ

The counterpart of the first-order memory in this case is
given by the term in (1.4) linear in ϵ [that is, fðuÞ after the
burst]. This function is at most linear in u, since  fðuÞ is zero
at late times. However, even if this first-order memory is
zero, that is, if fðuÞ ¼ 0 for u > U, the second-order
memory is nonzero and would, in general, grow linearly
with time:

aðu > UÞ ¼ CuþD; ð1:5Þ

where

C≡ −ϵ2
Z

∞

0

du0½ _fðu0Þ�2 þOðϵ3Þ ≠ 0; ð1:6aÞ

D≡ ϵ2
Z

∞

0

du0
Z

∞

u0
du00½ _fðu00Þ�2 þOðϵ3Þ ≠ 0: ð1:6bÞ

Since the coefficient C is nonzero, observers in this
simplified model would have a relative velocity after the
burst: at second order all nontrivial solutions must have
_aðuÞ ≠ 0 after the burst. At first order, there is no such
restriction on the final relative velocity, so first- and second-
order calculations yield qualitatively different results.
While Eq. (1.1) is only a simplified model of geodesic
deviation, the explicit discussion given in Sec. II C is
qualitatively similar. For example, nonlinear plane wave
spacetimes always have a nonzero relative velocity after a
burst, often called “velocity memory” [8,11,16].
Another motivation for considering nonlinear plane

wave spacetimes is as follows. Our persistent observables
are “degenerate” in the linearized, plane wave limit, in the
sense that they can be written in terms of only three
functions (one, two, and three time integrals of the
Riemann tensor), in the case where the observers are
unaccelerated [1], even though the form of the observables
allows them to have more nonzero, independent compo-
nents than these three functions possess. This implies that
while our observables can encode a wide range of quali-
tatively different physical effects, the effects are all deter-
mined by the same, limited set of properties of the
gravitational wave. One might expect that at higher order
these degeneracies are broken. However, we instead find in
this paper that these degeneracies (or linear relationships
between observables) are replaced with nonlinear relation-
ships between observables.
An example of such a nonlinear relationship occurs in

the simplified model (1.1): it can be shown from Eq. (1.1)
that the Wronskian

W ¼ aðuÞ _bðuÞ − _aðuÞbðuÞ ð1:7Þ

must be conserved, and by Eq. (1.3), we haveW ¼ 1. This
holds to all orders in ϵ; however, one can use Eq. (1.3) to
show that

_aðuÞ ¼ OðϵÞ; aðuÞ ¼ 1þ
Z

u

0

du0 _aðu0Þ;

bðuÞ ¼ uþOðϵÞ; ð1:8Þ

from which Eq. (1.7) becomes

_bðuÞ − 1þ
Z

u

0

du0½ _aðu0Þ − _aðuÞ� ¼ Oðϵ2Þ: ð1:9Þ

1Note that the nonlinear memory effect [3] is not nonlinear in
the amplitude of the gravitational wave at the detector; rather, it
arises from a nonlinearity in Einstein’s equations in asymptoti-
cally flat spacetimes. It is much more likely to be detected by
current and future gravitational wave detectors [12–15].
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The quantity (1.9) is an example of a combination of
observables that vanishes at first order in the curvature
(corresponding to a degeneracy), but is nonzero at higher
orders. This example, moreover, shows that some relation-
ships that hold at first order are approximations to fully
nonlinear relationships between observables. Much of this
paper focuses upon finding and understanding these non-
linear relationships.

B. Results

In this paper, we consider the three persistent gravita-
tional wave observables of [1] in plane wave spacetimes:

the curve deviation, holonomy, and spinning test particle
observables. The values of these three observables in plane
wave spacetimes are given in Eq. (3.11) for curve deviation,
Eq. (3.34) for the spinning test particle observables, and
Appendix A for the holonomy observable. These expres-
sions rely upon a fair amount of notation defined through-
out; for an overview, see Table I.
A key result of this paper is that the curve deviation and

holonomy observables, when considered for geodesic
curves, can be determined exactly in plane wave space-
times, to all orders in initial separation and relative velocity.
In particular, they can be written in terms of two sets of

TABLE I. A table of the symbols that occur frequently in the body of this paper.

Symbol Explanation
Defining
equation

u, v, xi Brinkmann coordinates of a plane wave (2.1)
Aab Profile of the gravitational plane wave (2.1), (2.6)
la Wave vector of the plane wave (2.3)
ϵab Volume form for surfaces of constant u and v (2.4)
Ξa One of a four-parameter family of Killing vectors in plane wave spacetimes (2.18)
γ, γ̄ Curves in plane wave spacetimes parametrized by τ � � �
ξa, _ξa Separation and relative velocity of γ and γ̄, respectively � � �
γga

0
a

Parallel propagator along γ, or unique geodesic between x and x0
if γ is unspecified

(2.24)

γKa0
a, γHa0

a
Jacobi propagator along γ, or unique geodesic between x and x0
if γ is unspecified

(2.25)

Ki
jðu0; uÞ, Hi

jðu0; uÞ Transverse Jacobi propagators (in the xi directions) (2.12)
χ Conserved quantity la _γa (2.8)
ðnÞQ������ Coefficients of an expansion of Q��� ��� at nth order in Ai

jðuÞ (2.32),
for example

ϵ, a, ϕ, n Parameters of an example of a wave profile (2.37)
þe, ×e Plus and cross polarization matrices for an example of a wave profile (2.38)

xk _xl
½Q������� Coefficients in an expansion of Q������ at kth order in x and lth order in _x (3.1)

Δξa0CD Curve deviation observable (3.3)

ΔKa0
b, ΔHa0

b, La0
bc, Na0

bc, Ma0
bc Coefficients in the expansion of Δξa0CD (3.4)

ϰ Set of four parameters ðϰ1; ϰ2; ϰ3; ϰ4Þ that defines a method of linear and
angular momentum transport

(3.13), (3.14)

K
ϰ

a
bcd

Tensor constructed from Ra
bcd that is parametrized by ϰ (3.14)

Q
ϰ ������, Q

0 ��� ���, Q
1=2 ������

Some quantity that is defined with respect to angular momentum
transport using a general ϰ, ϰ ¼ ð0; 0; 0; 0Þ, and ϰ ¼ ð1=2; 0; 0; 0Þ, respectively

� � �

A, B, etc. Indices on the linear and angular momentum bundle [1,21] � � �
XA Combined linear and angular momentum vector ðPa

JabÞ (3.16)
A
PP

a
c, A

PJ
a
cd, A

JP
ab

c, A
JJ

ab
cd Blocks of a matrix AA

B that acts on XA (3.18)

Λ
ϰ

A
Bðγ; γ̄; τ1Þ Holonomy of linear and angular momentum transport (3.17)

Ω
ϰ

A
Bðγ; γ̄; τ1Þ The above holonomy, minus the identity (3.19)

Λa
bðγ; γ̄; τ1Þ, Ωa

bðγ; γ̄; τ1Þ Holonomy and holonomy minus identity for parallel transport (3.22)
Δχaðγ; γ̄; τ1Þ “Inhomogeneous generalized holonomy” used for calculating holonomy

for ϰ ¼ ð0; 0; 0; 0Þ
(3.21)

ΔA
Bðγ; τ1Þ, Δ̂ A

Bðγ; γ̄; τ1Þ Quantities which occur in the calculation of the holonomy
for ϰ ¼ ð1=2; 0; 0; 0Þ

(3.26)

ϒa0
b, Ψa0

bc Coefficients that occur in a perturbative expansion of the spinning
test particle observables

(3.33)
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functions and their first derivatives, which are analogous to
the functions aðuÞ and bðuÞ of Eq. (1.2), as well as their
first derivatives. These functions are the transverse com-
ponents of the Jacobi propagators (defined in Sec. II B
below), which have been extensively studied in these
spacetimes [11,17,18]. The information needed to construct
these transverse Jacobi propagators can be obtained by
measuring the displacement memory (leading and sublead-
ing [1]) and its time derivative, the relative velocity
observable, in these spacetimes. It is known that other
quantities in plane wave spacetimes, such as solutions to
the geodesic equation, can be written in terms of these
transverse Jacobi propagators as well [17]. The transverse
Jacobi propagators and their derivatives form a set of three
(and not four) independent matrix functions, because of a
constraint analogous to Eq. (1.7).
Some of the observables of [1] we compute perturba-

tively instead of exactly. The first of these are our curve
deviation and holonomy observables for nongeodesic
curves. We find that these observables can be expressed
as time integrals involving the transverse Jacobi propaga-
tors, but cannot be expressed locally in time in terms of
these propagators and their time derivatives, as they can be
for geodesic curves. Roughly, this is because these observ-
ables can be written as integrals involving the product of the
transverse Jacobi propagators and a given, but arbitrary
acceleration vector. The other observable we calculate
perturbatively is the persistent observable arising from a
spinning test particle. Here again, it does not seem possible
to express this observable locally in time in terms of
products and derivatives of transverse Jacobi propagators,
likely because this observable is also defined in terms of an
accelerating curve. Observables which cannot be written
locally in time in terms of products and derivatives of
transverse Jacobi propagators measure features of the
gravitational waves that are independent of the leading
and subleading displacement memory and the relative
velocity observables.

C. Summary and conventions

The structure of the paper is as follows. First, in Sec. II,
we review the properties of plane wave spacetimes and the
forms that the “fundamental bitensors” (parallel and Jacobi
propagators) take in these spacetimes (results that were
obtained in [17]). We also introduce the transverse Jacobi
propagators mentioned above, and we provide some
intuition for these functions by computing them in detail
at second order in the curvature and for a particular plane
wave spacetime. In Sec. III, we review the persistent
observables that we introduced in [1] and give explicit
formulas for these observables in plane wave spacetimes.
We present further discussion and our conclusions
in Sec. IV.
Throughout this paper, we use the same conventions as

those in [1]: the conventions for the metric and curvature

tensors given in Wald [19] and the conventions for
bitensors from Poisson’s review article [20] (we use a
slightly different convention for coincidence limits from
what is used in [20]; see Footnote 5). We use lowercase
Latin letters from the beginning of the alphabet (a, b, etc.)
for abstract spacetime tensor indices; for abstract tensor
indices on the linear and angular momentum bundle (see
[1,21]), we use the corresponding uppercase letters (A, B,
etc.). For convenience, we are using a convention for
bitensors where we use the same annotations for indices
as are used on the points at which the indices apply (e.g., a,
b, etc., at the point x and a0, b0, etc., at the point x0). We will
omit the arguments of bitensors when no ambiguity arises
due to the annotation of indices. For example, ga

0
aðx0; xÞ

will be abbreviated as ga
0
a, whereas σaðx0; xÞ will only be

abbreviated as σaðx0Þ, and σðx0; xÞwill not be abbreviated at
all. Finally, for brevity, we will occasionally take powers of
order symbols, writing, for example, Oða; bÞ3 as shorthand
for Oða3; a2b; ab2; b3Þ.

II. REVIEW OF PLANE WAVE SPACETIMES

In this section, we review properties of exact, nonlinear
plane wave spacetimes. These are spacetimes with metrics
that can be written, in Brinkmann coordinates ðu; v; x1; x2Þ
[22], as

ds2 ¼ −2dudvþAijðuÞxixjdu2 þ dxidxjδij; ð2:1Þ

where u is the phase of the gravitational wave andAijðuÞ is
the wave profile.2 The particular signs and constant factors
that have been chosen in this metric are the same as those in
[17]. Our convention for tensor components in Brinkmann
coordinates is that we use u and v as indices for u and v
components, and we use lowercase Latin letters from the
middle of the alphabet (i, j, etc.) for the remaining two
components, which wewill call the transverse components.
When considering generic components in Brinkmann
coordinates, we use lowercase Greek letters from the
middle of the alphabet (μ, ν, etc.). For these component
indices, we use the Einstein summation convention.
Tensors which are only nonzero in their transverse (i, j,
etc.) components we denote with underlines and refer to as
being transverse.
We now list several basic features of these spacetimes

which we will need in this paper (for a review, see [24]).
The first is the existence of a null vector field la which is
covariantly constant:

∇alb ¼ 0: ð2:2Þ

2Another coordinate system, Rosen coordinates [23], is often
used in these spacetimes. This coordinate system is the nonlinear
generalization of transverse traceless gauge for linearized gravity;
see, for example, [11] for more details.
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In terms of Brinkmann coordinates, this vector field is
given by

la ≡ −ð∂vÞa ð2:3Þ
(note that our convention for la is that of [24], which differs
from that of [17] by a sign). We also define an antisym-
metric tensor

ϵab ≡ 2ðdx1Þ½aðdx2Þb�: ð2:4Þ
This tensor is transverse and is a volume form on surfaces
of constant u and v. Finally, the Riemann tensor in plane
wave spacetimes is given by

Rabcd ¼ 4l½aAb�½cld�; ð2:5Þ
where

Aab ≡AijðuÞðdxiÞaðdxjÞb: ð2:6Þ

It then follows from Aabl
b ¼ 0 that the only constraint

from Einstein’s equations is that

Tab ¼ −8πAc
clalb: ð2:7Þ

Therefore, in vacuum, Aa
a ¼ 0.

A. Geodesics and symmetries

We now discuss the solution of the geodesic and Killing
equations in plane wave spacetimes. Consider a geodesic γ,
affinely parametrized by τ and with tangent vector _γa. At a
given value of τ, we denote the coordinates of γðτÞ by u, v,
and xiðτÞ, and at τ0, we denote the coordinates by u0, v0,
and xiðτ0Þ.3
We define the parameter

χ ≡ _γala; ð2:8Þ

which is conserved along the geodesic γ by Eq. (2.2). This
implies that

u0 ¼ uþ χðτ0 − τÞ: ð2:9Þ

Geodesics can be classified by whether χ vanishes. For the
case χ ¼ 0, the geodesic lies entirely within a surface of
constant u, and one can show that

 xiðτÞ ¼ 0;  v ¼ 0; ð2:10Þ

therefore, the solutions of the geodesic equation are linear
functions of τ. For the case χ ≠ 0, the geodesic equation for
xiðτÞ is given by

 xiðτÞ ¼ χ2Ai
jðuÞxjðτÞ; ð2:11Þ

which has nontrivial solutions.
The solutions to Eq. (2.11) can be written in terms of two

functions of u and u0, Ki
jðu0; uÞ and Hi

jðu0; uÞ, that satisfy
the differential equations

∂2
u0K

i
jðu0; uÞ ¼ Ai

kðu0ÞKk
jðu0; uÞ; ð2:12aÞ

∂2
u0 ½ðu0 − uÞHi

jðu0; uÞ� ¼ ðu0 − uÞAi
kðu0ÞHk

jðu0; uÞ;
ð2:12bÞ

with the boundary conditions

Ki
jðu; uÞ ¼ Hi

jðu; uÞ ¼ δij; ð2:13aÞ

∂u0Ki
jðu0; uÞju0¼u ¼ ∂u0Hi

jðu0; uÞju0¼u ¼ 0 ð2:13bÞ

(see, for example, [17]). We call these functions the
transverse Jacobi propagators, since they are related to
the transverse components of certain bitensors called Jacobi
propagators (as we will discuss in Sec. II B). When we say
that something in plane wave spacetimes is known
“exactly,” we mean that it can be written in terms of
Ki

jðu0; uÞ and Hi
jðu0; uÞ. The solution to Eq. (2.11) is then

xiðτ0Þ ¼ Ki
jðu0; uÞxjðτÞ þ ðτ0 − τÞHi

jðu0; uÞ_xjðτÞ; ð2:14Þ

where on the right-hand side u0 and u are determined from τ
and τ0 by Eq. (2.9).

Next, to solve for v0 when χ ≠ 0, for convenience we
assume that γ is timelike. Note that

ψa ¼ −2vla þ xið∂iÞa ð2:15Þ

is a proper homothety, satisfying £ψgab ¼ 2gab (see, for
example, [25]). As a consequence of this [26], it follows
that _γaψa þ τ is conserved along γ, so one can write v0 in
terms of the coordinate v of γðτÞ:

v0 ¼ v −
1

2χ
½xiðτ0Þ_xiðτ0Þ − xiðτÞ_xiðτÞ þ ðτ0 − τÞ�: ð2:16Þ

In the above equation, one could use the values of xiðτ0Þ and
_xiðτ0Þ that were determined in Eq. (2.14) in order to write
everything in terms of τ, τ0, transverse Jacobi propagators,
and initial data. The normalization _γa _γa ¼ −1 implies that

_γa ¼ χð∂uÞa þ _xiðτÞð∂iÞa

−
1

2χ
½1þ _xiðτÞ_xiðτÞ þAijðuÞxiðτÞxjðτÞ�la; ð2:17Þ

which is consistent with Eq. (2.16).
3Note that xiðτ0Þ lacks a prime on the index i; this notation will

be justified in Sec. II B.
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The quantities Ki
jðu0; uÞ and Hi

jðu0; uÞ are also useful
for finding Killing vectors in plane wave spacetimes [17].
Plane wave spacetimes possess a four-parameter family of
Killing vector fields in addition to la [24]. We denote a
member of this family by

Ξa ≡ −xi _ΞiðuÞla þ ΞiðuÞð∂iÞa; ð2:18Þ

where the function ΞiðuÞ is any solution to

 ΞiðuÞ ¼ Ai
jðuÞΞjðuÞ: ð2:19Þ

The value of this function at any initial phase u0 determines
its values at any other u:

ΞiðuÞ ¼ Ki
jðu; u0ÞΞjðu0Þ þ ðu − u0ÞHi

jðu; u0Þ _Ξjðu0Þ:
ð2:20Þ

Since Ξiðu0Þ and _Ξiðu0Þ are four numbers, the space of
Killing vectors of the form (2.18) is four-dimensional.
Finally, we list a few useful properties of the tran-

sverse Jacobi propagators Ki
jðu0; uÞ and Hi

jðu0; uÞ: first,
Eq. (2.12) implies (see, for example, [17])4

Kk
iðu0; uÞ∂u0 ½ðu0 − uÞHk

jðu0; uÞ�
− ðu0 − uÞHk

jðu0; uÞ∂u0Kk
iðu0; uÞ ¼ δij: ð2:21Þ

This relationship is an analogue of Eq. (1.7) and shows
that there are only three independent quantities among
Ki

jðu0; uÞ, Hi
jðu0; uÞ, ∂u0Ki

jðu0; uÞ, and ∂u0Hi
jðu0; uÞ. One

can also show the following relationships hold when these
two propagators’ arguments are switched [18]:

Hi
jðu0; uÞ ¼ Hj

iðu; u0Þ; ð2:22aÞ

∂u0Ki
jðu0; uÞ ¼ −∂uKj

iðu; u0Þ: ð2:22bÞ

Finally, using the fact that derivatives of the transverse
Jacobi propagators with respect to their second argument
also must satisfy Eq. (2.12), one has that [18]

∂uKi
jðu0; uÞ ¼ −ðu0 − uÞHi

kðu0; uÞAk
jðuÞ; ð2:23aÞ

∂u½ðu0 − uÞHi
jðu0; uÞ� ¼ −Ki

jðu0; uÞ: ð2:23bÞ

These identities are quite useful for deriving the results in
Sec. III.

B. Parallel and Jacobi propagators

In this section, we provide explicit expressions for the
parallel and Jacobi propagators, which are the bitensors that
are needed for calculating the persistent observables of [1].
These bitensors are most naturally expressed in terms of the
transverse Jacobi propagators defined in Sec. II A above.
We first review the definitions of the parallel and Jacobi

propagators in arbitrary spacetimes. The parallel and Jacobi
propagators are one-forms at x≡ γðτÞ and vectors at
x0 ≡ γðτ0Þ, and are defined to be solutions of the following
differential equations along γ: the parallel propagator γga

0
a

obeys

D
dτ0 γ

ga
0
a ¼ 0 ð2:24Þ

(where D=dτ0 ≡ _γa
0∇a0 ), whereas the Jacobi propagators

γKa0
a and γHa0

a obey

D2

dτ02 γKa0
a ¼ −Ra0

c0b0d0 _γ
c0 _γd

0
γKb0

a; ð2:25aÞ

D2

dτ02
½ðτ0 − τÞγHa0

a� ¼ −ðτ0 − τÞRa0
c0b0d0 _γ

c0 _γd
0
γHb0

a:

ð2:25bÞ
Note that we are using the notation described in the
Introduction, where indices at x are denoted by a, b,
etc., whereas at x0 they are denoted by a0, b0, etc. The
following boundary conditions are imposed for these
differential equations:5

½γga0b�τ0→τ ¼ ½γKa0
b�τ0→τ ¼ ½γHa0

b�τ0→τ ¼ δab;

ð2:26aÞ
�
D
Dτ0 γ

Ka0
b

�
τ0→τ

¼
�
D
Dτ0 γ

Ha0
b

�
τ0→τ

¼ 0: ð2:26bÞ

These bitensors γga
0
a, γKa0

a, and γHa0
a are defined for a

given curve γ which connects the points x and x0. In the case
where two points x and x0 lie within a convex normal
neighborhood (that is, are close enough that there is a
unique geodesic connecting them), the parallel and Jacobi
propagators that are defined in terms of this unique
geodesic are denoted simply by ga

0
a, Ka0

a, and Ha0
a. For

most of this paper (except for in Appendix B) we will
restrict attention to geodesic curves γ. However, even in this

4For arbitrary solutions Ki
jðu0; uÞ andHi

jðu0; uÞ to Eqs. (2.12)
(that is, ignoring boundary conditions), we note that the quantity
in Eq. (2.21) is independent of u and u0. One can think of
this quantity as a conserved symplectic form on the space of
solutions to Eqs. (2.12) [27], and Eqs. (2.12) form a Hamiltonian
system [28].

5These boundary conditions are given in the language of
coincidence limits (see [20]; note that our notation for coinci-
dence limits is more explicit than this reference, as we use
subscripts to indicate the limit being taken). We use the standard
convention (for example, in [20]) where indices at the point
whose limit is being taken (x0 in this case) are treated as if they
were at the limiting point (x) for expressions that occur outside of
the coincidence limit.
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case, it will sometimes be necessary to specify this curve γ
in the propagators γga

0
a, γK

a0
a, and γHa0

a. This is because γ
may not be the only geodesic between x and x0, when τ0 − τ
is sufficiently large, due to the occurrence of caustics (see
[17] for a discussion of caustics in these spacetimes). To
allow for the existence of caustics, we specify the curve γ
explicitly when it is needed.
In plane wave spacetimes, the parallel and Jacobi

propagators can be given in exact form when the curve
γ along which they are computed is a geodesic, as shown
in [17]. This can be done by finding a convenient basis
ðeαÞa at γðτÞ and constructing a basis ðeαÞa0 at γðτ0Þ, either
using parallel transport,

D
dτ

ðeαÞa ¼ 0 ð2:27Þ

(for the parallel propagator), or using the Jacobi equation,

D2

dτ2
ðeαÞa ¼ −Ra

cbd _γ
c _γdðeαÞb ð2:28Þ

(for the Jacobi propagators). The parallel and Jacobi
propagators can then be constructed from such a basis
and its corresponding dual basis. This method is similar to
that of [29], which was used to determine the parallel
propagator in the Kerr spacetime. Two of the basis elements
are given by _γa and la, which automatically satisfy
Eqs. (2.27) and (2.28). For brevity, we do not give the
full details of this calculation.
Before we give the results of this calculation, we note

that one result is that

γgi
0
i ¼ ð∂jÞi0 ðdxjÞi; ð2:29Þ

by inspection of the connection coefficients of the metric
(2.1). That is, the “transverse parallel propagator” is trivial.
To simplify expressions in this paper, we will no longer
annotate the transverse indices i, j, etc., with primes in our
expressions in Brinkmann coordinates, since distinguishing
between primed and unprimed components is not necessary
in view of Eq. (2.29). However, since these indices no
longer indicate the point at which the bitensor is being
evaluated, we will explicitly indicate the dependence on
this point, which for many of the bitensors will be a
dependence on proper time or u. For example, instead of
writing γKi0

i, we will write γKi
jðτ0; τÞ, and γKi0

u will be

written as γKi
uðτ0Þ. This notation is consistent with the fact

that we referred to the xi coordinates of γðτÞ and γðτ0Þ by
xiðτÞ and xiðτ0Þ, respectively, in Sec. II A.
The values of the parallel and Jacobi propagators are

different based onwhether the parameter χ is zero or nonzero.
When χ ¼ 0 and spacetime is flat, one can show that

γga
0
a ¼ γKa0

a ¼ γHa0
a ¼ ð∂μÞa0 ðdxμÞa; ð2:30Þ

where, as mentioned above, xμ refers to the μth Brinkmann
coordinate. When χ ≠ 0 and γ is timelike, the nonzero
components of the parallel and Jacobi propagators are [17]

γgu
0
u ¼ γKu0

u ¼ γHu0
u ¼ 1; ð2:31aÞ

γgv
0
v ¼ γKv0

v ¼ γHv0
v ¼ 1; ð2:31bÞ

γgijðτ0; τÞ ¼ δij; ð2:31cÞ

γgiuðτ0Þ ¼
1

χ
½_xiðτ0Þ − _xiðτÞ�; ð2:31dÞ

γgv
0
iðτÞ ¼

1

χ
½_xiðτ0Þ − _xiðτÞ�; ð2:31eÞ

γgv
0
u ¼

1

2χ2
f½_xiðτ0Þ − _xiðτÞ�½_xiðτ0Þ − _xiðτÞ�

þ χ½Aijðu0Þxiðτ0Þxjðτ0Þ −AijðuÞxiðτÞxjðτÞ�g;
ð2:31fÞ

γKi
jðτ0; τÞ ¼ Ki

jðu0; uÞ; ð2:31gÞ

γKi
uðτ0Þ ¼

1

χ
½_xiðτ0Þ − Ki

jðu0; uÞ_xjðτÞ�; ð2:31hÞ

γKv0
iðτÞ ¼

1

χ
½_xjðτ0ÞKj

iðu0; uÞ − _xiðτÞ�; ð2:31iÞ

γKv0
u ¼

1

2χ2
f_xiðτ0Þ_xiðτ0Þ þ _xiðτÞ_xiðτÞ

− 2_xiðτ0ÞKi
jðu0; uÞ_xjðτÞ

þ χ½Aijðu0Þxiðτ0Þxjðτ0Þ −AijðuÞxiðτÞxjðτÞ�g;
ð2:31jÞ

γHi
jðτ0; τÞ ¼ Hi

jðu0; uÞ; ð2:31kÞ

γHi
uðτ0Þ ¼

1

χ
½_xiðτ0Þ −Hi

jðu0; uÞ_xjðτÞ�; ð2:31lÞ

γHv0
iðτÞ ¼

1

χ
½_xjðτ0ÞHj

iðu0; uÞ − _xiðτÞ�; ð2:31mÞ

γHv0
u ¼

1

2χ2
f_xiðτ0Þ_xiðτ0Þ þ _xiðτÞ_xiðτÞ

− 2_xiðτ0ÞHi
jðu0; uÞ_xjðτÞ

þ χ½Aijðu0Þxiðτ0Þxjðτ0Þ −AijðuÞxiðτÞxjðτÞ�g:
ð2:31nÞ

As in Eq. (2.14), u0 and u on the right-hand sides of these
equations are functions of τ0 and τ by Eq. (2.9). Note also that
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we have written the expressions in Eqs. (2.31) in terms of
xiðτ0Þ and _xiðτ0Þ, which can be expressed in terms ofxiðτÞ and
_xiðτÞ using Eq. (2.14).

C. Second-order transverse Jacobi propagators

We now compute general expressions for the transverse
Jacobi propagators to second order in the curvature. These
results have been previously computed in [11]. In the
context of an arbitrary plane wave spacetime, one can write
down perturbative expansions of the transverse Jacobi
propagators in powers of Ai

jðuÞ:

Ki
jðu0; uÞ ¼

X∞
n¼0

ðnÞKi
jðu0; uÞ; ð2:32aÞ

Hi
jðu0; uÞ ¼

X∞
n¼0

ðnÞHi
jðu0; uÞ: ð2:32bÞ

At zeroth order, from the boundary conditions in Eq. (2.31),
the transverse Jacobi propagators are

ð0ÞKi
jðu0; uÞ ¼ ð0ÞHi

jðu0; uÞ ¼ δij: ð2:33Þ

Higher-order terms in this expansion are then obtained by
solving Eqs. (2.12) and (2.13) iteratively. At first order, the
propagators are given by

ð1ÞKi
jðu0; uÞ ¼

Z
u0

u
du00

Z
u00

u
du000Ai

jðu000Þ; ð2:34aÞ

ð1ÞHi
jðu0;uÞ¼

Z
u0

u
du00

Z
u00

u
du000

u000−u
u0−u

Ai
jðu000Þ: ð2:34bÞ

We write all higher-order corrections in terms of these first-
order terms and their derivatives, as they provide a
particularly convenient way of representing these results.
Note, however, that there is a certain amount of freedom in
how we write second-order terms, because of the truncation
of the identity (2.21) at first order. As such, there are
different ways of writing the first- and second-order
results in this section, depending upon whether one uses
all four of ð1ÞKi

jðu0; uÞ, ð1ÞHi
jðu0; uÞ, ∂u0

ð1ÞKi
jðu0; uÞ, and

∂u0
ð1ÞHi

jðu0; uÞ, or some subset of three. As it results in
relatively compact equations, we use all four.
Continuing to second order, one can show (by an

integration by parts) that

ð2ÞKi
jðu0; uÞ ¼

1

2
ð1ÞKi

kðu0; uÞð1ÞKk
jðu0; uÞ

−
Z

u0

u
du00

Z
u00

u
du000

�
∂u000

ð1ÞKi
kðu000; uÞ∂u000

ð1ÞKk
jðu000; uÞ −

1

2
½Aðu000Þ; ð1ÞKðu000; uÞ�ij

�
; ð2:35aÞ

ðu0 − uÞð2ÞHi
jðu0; uÞ ¼

1

2
ðu0 − uÞð1ÞHi

kðu0; uÞð1ÞHk
jðu0; uÞ

−
Z

u0

u
du00

Z
u00

u
du000

�
ðu000 − uÞ∂u000

ð1ÞHi
kðu000; uÞ∂u000

ð1ÞHk
jðu000; uÞ

−
1

2
ðu000 − uÞ½Aðu000Þ; ð1ÞHðu000; uÞ�ij

�
; ð2:35bÞ

where the commutator ½A;B�ab is given by

½A; B�ab ≡ Aa
cBc

b − Ba
cAc

b: ð2:36Þ

Note that there are two types of terms that appear in
Eqs. (2.35) at second order. The first are terms that are
merely squares of the final values of the first-order terms;
these are the first terms in Eqs. (2.35a) and (2.35b). The
other two terms in both equations are qualitatively different
at second order. They are generically nonzero, even when
the final values of the first-order terms vanish, as they
depend on integrals of the first-order terms throughout the
curved region. These terms are analogous to the fourth term
in the simple model (1.4) of the Introduction.
The different terms at second order are also qualitatively

different in the following sense. Assuming a vacuum plane

wave, one has that Ai
jðuÞ is traceless, and so ð1ÞKi

jðu0; uÞ
and ð1ÞHi

jðu0; uÞ are as well. Thus, we find that the first two
terms in (2.35a) and (2.35b) are pure trace, as they are
squares of 2 × 2 symmetric, trace-free matrices, and that
the third terms are antisymmetric. Because of the existence
of pure trace terms at second order, gravitational waves
possess an effective “breathing” polarization mode [30] at
this order [11]. Note that the third (antisymmetric) term in
Eq. (2.35a) vanishes when the gravitational waves are
linearly polarized; this effect was previously noted in [10].

D. Example of a plane wave spacetime

We now illustrate the general results of Sec. II C by
specializing to an explicit example of a plane wave
spacetime. We choose AijðuÞ to vanish outside of the
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interval ½0; 2πn=ω�, where n is a positive integer, and inside
the interval we choose

AijðuÞ ¼ ϵω2½
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − a2

p
sinðωuÞþeij

þ a sinðωuþ ϕÞ×eij�; ð2:37Þ

where

þe ¼
�
1 0

0 −1

�
; ×e ¼

�
0 1

1 0

�
: ð2:38Þ

This represents a wave pulse that contains n full periods
and is a mixture of þ and × polarizations.6 Some special
cases are linear polarization, where ϕ ¼ 0, and circular
polarization, where ϕ ¼ �π=2 and a ¼ 1=

ffiffiffi
2

p
. This wave

pulse also satisfies
R∞
−∞ duAijðuÞ ¼ 0, which (at first order)

means vanishing relative velocity at late times for observers
that are initially comoving. Gravitational waves at null
infinity are also frequently assumed to satisfy a condition
analogous to

R∞
−∞ duAijðuÞ ¼ 0.

Using the explicit wave profile in Eq. (2.37), we find that

Ki
jð2πn=ω; 0Þ ¼ δij þ 2πnϵ½

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − a2

p
þeij þ cosðϕÞ×eij�

−
πnϵ2

2
f½2πnþ 3 sinð2ϕÞa2�δij − 12 sinðϕÞa

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − a2

p
ϵijg þOðϵ3Þ; ð2:39aÞ

Hi
jð2πn=ω; 0Þ ¼ δij − 2ϵ sinðϕÞa×eij

−
ϵ2

2

�
4π2n2 þ 9½cosð2ϕÞ − 1� − 15

6
δij − 4π sinðϕÞa

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − a2

p
nϵij

�
þOðϵ3Þ; ð2:39bÞ

∂uKi
jðu; 0Þju¼2πn=ω ¼ −ωπnϵ2f½cosð2ϕÞ − 1�a2 þ 3gδij þOðϵ3Þ; ð2:39cÞ

∂uHi
jðu; 0Þju¼2πn=ω ¼ −ωϵ

� ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − a2

p
þeij þ a

πn cosðϕÞ − sinðϕÞ
πn ×eij

�

−
ωϵ2

2

�
8π2n2 − 9a2½2π sinð2ϕÞn − cosð2ϕÞ þ 1� þ 15

12πn
δij − 4 sinðϕÞa

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − a2

p
ϵij

�
þOðϵ3Þ:

ð2:39dÞ

The terms in these expressions that are proportional to þeij
and ×eij are the symmetric trace-free pieces, and as
remarked only occur at first order. As expected, Eq. (2.39c)
implies that the “velocity memory” of this waveform
vanishes at first order. At second order, there are pure
trace pieces proportional to δij and antisymmetric pieces
proportional to ϵij. As above, the antisymmetric pieces only
occur when the polarization is not linear (ϕ ≠ 0). To study
the long-time behavior of these solutions, consider the
regime where n → ∞ as ϵ → 0, with

n ∼
1

ϵ1−η
: ð2:40Þ

We assume 0 < η < 1 so that the series (2.32) converges.
In this regime, the antisymmetric pieces in Eqs. (2.39) are
subleading compared to the symmetric pieces.

III. PERSISTENT OBSERVABLES

In this section, we review the persistent observables
that we discussed in our first paper: the curve deviation,
holonomy, and spinning test particle observables [1]. For
the first two of these observables, we can use the fact that
the geodesic equation has exact solutions in plane wave
spacetimes in terms of the transverse Jacobi propagators, as
reviewed in Sec. II B. This allows us to find expressions
which are nonperturbative in the initial separation and
relative velocity. For observables whose definitions involve
accelerated curves, see Appendix B; the results in these
cases are perturbative in the acceleration.
The spinning test particle observable, however, does not

have such a nonperturbative treatment, and so we use the
results of [1] that are perturbative in separation, specialized
to the class of plane wave spacetimes. We could have used

6This wave profile is periodic, so in the fully nonlinear regime
Floquet theory (see, for example, [31] and references therein) it
applies to Eq. (2.12) and its solutions. Although it is outside the
scope of this paper, it would be interesting to use this fact to
determine regions in the parameter space of ϵ, a, and ϕ where
solutions are bounded and regions in this parameter space where
they are unbounded.
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the same technique to derive perturbative results for the
first two observables in plane wave spacetimes, but we did
not because we already have analytic, nonperturbative
results.
We now introduce two pieces of notation that are used

extensively in this section. First, as persistent observables
are defined with respect to an interval of proper time, we
denote the initial time by τ0 and the final time by τ1;
intermediate times are denoted by τ2, τ3, etc. For a curve γ,
points γðτnÞ are denoted by x, x0, x00, etc., where n is the
number of primes, so x≡ γðτ0Þ, x0 ≡ γðτ1Þ, x00 ≡ γðτ2Þ, etc.
The coordinates of these points are given by un, vn, and
xiðτnÞ. This convention also holds for curves denoted by γ
with some sort of diacritical marking above or below: we
apply the same diacritical mark to the point in question
as well [e.g., x̄0 refers to γ̄ðτ1Þ and has coordinates ū1, v̄1,
and x̄iðτ1Þ]. A figure showing the setup common to all

persistent observables discussed in this paper is given
in Fig. 1.
Second, many of the results in this section depend not

only upon AijðuÞ and the propagators Ki
jðu0; uÞ and

Hi
jðu0; uÞ, which are only functions of u and u0, but also

upon xiðτ0Þ and _xiðτ0Þ. This dependence is at most
polynomial for the observables which we consider. For
some bitensor component Q������ in Brinkmann coordinates
(for simplicity we suppress the indices) that depends on
xiðτ0Þ and _xiðτ0Þ, we can write

Q������ ≡
X
k;m

xk _xm
½Q�������i1���ikj1���jmx

i1ðτ0Þ � � � xikðτ0Þ

× _xj1ðτ0Þ � � � _xjmðτ0Þ: ð3:1Þ

Examples of this notation occur throughout this section;
for example, in Eqs. (3.11b) and (3.11c) the quantities

x½ΔKv0
i�jðτ0Þ and _x½ΔKv0

i�jðτ0Þ are coefficients in the
expansion of the component ΔKv0

iðτ0Þ of ΔKa0
b in powers

of xiðτ0Þ and _xiðτ0Þ:

ΔKv0
iðτ0Þ ¼ x½ΔKv0

i�jðτ0Þxjðτ0Þ
þ _x½ΔKv0

i�jðτ0Þ_xjðτ0Þ: ð3:2Þ

There are often relationships between the coefficients that
occur in these expansions; see for example Eq. (3.34).

A. Curve deviation observable

The curve deviation observable is defined as follows [1].
Consider two observers following timelike curves γ and γ̄.
At two points x and x̄ along γ and γ̄ (respectively), the two
observers synchronize their clocks such that x ¼ γðτ0Þ and
x̄ ¼ γ̄ðτ0Þ. At γðτ0Þ, the observer following γ measures the
initial separation ξa (as defined using the exponential map)
and relative velocity _ξa ≡ Dξa=dτ between γ̄ and γ.
Moreover, the two observers monitor their accelerations
until some proper time τ1, when the observer following γ
measures the separation ξa

0
between γðτ1Þ and γ̄ðτ1Þ. This

definition of final separation is known as the isochronous
correspondence [32]. The observers then compare their
final separation to a prediction based on their previous
measurements that would be correct had they been in a
flat region of spacetime during the interval from τ0 to τ1.
There are many possible predictions that an observer could
make, but a straightforward covariant prediction is the one
given by parallel transport. The difference between the final
separation and the prediction, which we call Δξa0CD, is our
curve deviation observable:

Δξa0CD ≡ ξa
0 − γga

0
a½ξa þ ðτ1 − τ0Þ_ξa� −

Z
τ1

τ0

dτ2

Z
τ2

τ0

dτ3γga
0
a000 ðga

000
ā000  γ̄ā

000 −  γa000 Þ: ð3:3Þ

FIG. 1. The common setup for all persistent observables
discussed in this paper: two timelike curves γ and γ̄ that have
some initial separation ξa at time τ0 and final separation ξa

0
at

time τ1. Intersecting these two curves are two planes of constant u
(the v coordinate in this diagram is suppressed). The xi coor-
dinates of the points γðτ0Þ, γðτ1Þ, γ̄ðτ0Þ, and γ̄ðτ1Þ are also shown
in this diagram.
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In our previous paper, we showed that Δξa0CD could be
written perturbatively in the initial separation, initial
relative velocity, and accelerations of γ and γ̄. For con-
venience, we restrict here to the case where γ and γ̄ are
geodesic. The general case is treated in Appendix B. The
particular expansion was of the form

Δξa0CD ≡ ½ΔKa0
b þ La0

bcξ
c þ Na0

bc
_ξc�ξb

þ ½ðτ1 − τ0ÞΔHa0
b þMa0

bc
_ξc�_ξb

þOðξ; _ξÞ3; ð3:4Þ

which serves as a definition of the bitensors on the right-
hand side. The bitensors ΔKa0

a and ΔHa0
a are closely

related to the Jacobi propagators, as they are given by
ΔKa0

a ¼ γKa0
a − γga

0
a and ΔHa0

a ¼ γHa0
a − γga

0
a.

In plane wave spacetimes, the geodesic equation has
exact solutions in terms of transverse Jacobi propagators.
As such, curve deviation, at least restricting to the case
where there is no acceleration for either curve, will have an
exact solution, instead of a perturbative solution in the
separation of the two particles.
In order to compute the observables (3.4), we need the

separation vector in the flat regions of the plane wave
spacetime in Brinkmann coordinates. Before the burst, this
separation vector is given by

ξa ¼ ðū0 − u0Þð∂uÞa þ ½x̄iðτ0Þ− xiðτ0Þ�ð∂iÞa − ðv̄0 − v0Þla:

ð3:5Þ

A similar expression holds for ξa
0
, the separation vector

after the burst. Another piece that is required for the curve
deviation observable is the relative velocity. Here we use

the fact that, in the flat regions, _ξa ¼ gaā _̄γa − _γa; this
implies [from Eq. (2.17)] that

_ξa ¼ ð χ̄ − χÞð∂uÞa þ ½ _̄xiðτ0Þ − _xiðτ0Þ�ð∂iÞa

−
�
1

2χ̄
½1þ _̄xiðτ0Þ _̄xiðτ0Þ� −

1

2χ
½1þ _xiðτ0Þ_xiðτ0Þ�

�
la;

ð3:6Þ
where χ̄ ≡ _̄γala.
At this point, we note that this calculation is greatly

simplified in the case where we assume that ū0 ¼ u0 (which
implies that ξala ¼ 0) and χ̄ ¼ χ (which implies that
_ξala ¼ 0). In particular, this assumption about the initial
data means that the exact solutions are quadratic in ξa and
_ξa; in general, the results are not polynomial in ξala and
_ξala. Note that this assumption implies that ū1 ¼ u1 as
well, from Eq. (2.9). Thus, we are also associating points on
the two worldlines with equal values of u, the gravitational
wave phase, so this restriction could be called the isophase
correspondence.
Taking into account these assumptions, we find that ξa

0
is

given by

ξa
0 ¼ ½x̄iðτ1Þ − xiðτ1Þ�ð∂iÞa0 − ðv̄1 − v1Þla0 : ð3:7Þ

We can determine the first term in this equation by using
Eq. (2.14), together with Eqs. (3.5) and (3.6):

x̄iðτ1Þ − xiðτ1Þ ¼ Ki
jðu1; u0Þξjðτ0Þ

þ ðτ1 − τ0ÞHi
jðu1; u0Þ_ξjðτ0Þ: ð3:8Þ

For the second term, we use Eqs. (2.16) and (3.6):

v̄1 − v1 ¼ v̄0 − v0 þ
1

2χ
f½x̄iðτ1Þ _̄xiðτ1Þ − xiðτ1Þ_xiðτ1Þ� − ½x̄iðτ0Þ _̄xiðτ0Þ − xiðτ0Þ_xiðτ0Þ�g

¼ v̄0 − v0 þ Kk
iðu1; u0Þ∂u1Kkjðu1; u0Þ

�
1

2
ξiðτ0Þξjðτ0Þ þ ξiðτ0Þxjðτ0Þ

�

þ 1

χ
fKk

iðu1; u0Þ∂u1 ½ðu1 − u0ÞHkjðu1; u0Þ� − δijg
�
1

2
ξiðτ0Þ_ξjðτ0Þ þ ξiðτ0Þ_xjðτ0Þ

�

þ 1

χ
ðu1 − u0ÞHk

iðu1; u0Þ∂u1Kkjðu1; u0Þ
�
1

2
_ξiðτ0Þξjðτ0Þ þ _ξiðτ0Þxjðτ0Þ

�

þ 1

χ2
ðu1 − u0ÞHk

iðu1; u0Þ∂u1 ½ðu1 − u0ÞHkjðu1; u0Þ�
�
1

2
_ξiðτ0Þ_ξjðτ0Þ þ _ξiðτ0Þ_xjðτ0Þ

�
: ð3:9Þ

At this point, note that the curve deviation observable is defined as the result of geodesic deviation with the prediction in
flat spacetime subtracted off. This prediction is given by
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γga
0
a½ξa þ ðτ1 − τ0Þ_ξa� ¼ ½ξiðτ0Þ þ ðτ1 − τ0Þ_ξiðτ0Þ�

�
ð∂iÞa0 −

�
∂u1Kijðu1; u0Þxjðτ0Þ

þ 1

χ
f∂u1 ½ðu1 − u0ÞHijðu1; u0Þ� − δijg_xjðτ0Þ

�
la0

�

−
�
v̄0 − v0 þ

1

χ2
ðu1 − u0Þ

�
1

2
_ξiðτ0Þ_ξiðτ0Þ þ _ξiðτ0Þ_xiðτ0Þ

��
la0 ; ð3:10Þ

where we have used Eq. (2.31) to compute the parallel propagator. We now use the decompositions in Eqs. (3.4) and (3.1).
Since the exact solutions are quadratic in ξa and _ξa, we just need to write down the components of ΔKa0

a, ΔHa0
a, La0

bc,
Na0

bc, andMa0
bc. The nonvanishing quantities needed to compute these bitensors (and thus, the curve deviation observable)

are as follows:

ΔKi
jðτ1; τ0Þ ¼ Ki

jðu1; u0Þ − δij; ð3:11aÞ

x½ΔKv0
i�jðτ0Þ ¼ ∂u1Kkjðu1; u0ÞΔKk

iðτ1; τ0Þ; ð3:11bÞ

_x½ΔKv0
i�jðτ0Þ ¼

1

χ
∂u1 ½ðu1 − u0ÞHkjðu1; u0Þ�ΔKk

iðτ0Þ; ð3:11cÞ

ΔHi
jðτ1; τ0Þ ¼ Hi

jðu1; u0Þ − δij; ð3:11dÞ

x½ΔHv0
i�jðτ0Þ ¼ ∂u1Kkjðu1; u0ÞΔHk

iðτ1; τ0Þ; ð3:11eÞ

_x½ΔHv0
i�jðτ0Þ ¼

1

χ
∂u1 ½ðu1 − u0ÞHkjðu1; u0Þ�ΔHk

iðτ0Þ; ð3:11fÞ

Lv0
ijðτ0Þ ¼

1

2
Kkðiðu1; u0Þ∂u1K

k
jÞðu1; u0Þ; ð3:11gÞ

Nv0
ijðτ0Þ ¼

1

2χ
f∂u1 ½ðu1 − u0ÞKk

iðu1; u0ÞHkjðu1; u0Þ� − δijg; ð3:11hÞ

Mv0
ijðτ0Þ ¼

1

2χ2
ðu1 − u0ÞfHkðiðu1; u0Þ∂u1 ½ðu1 − u0ÞHk

jÞðu1; u0Þ� − δijg: ð3:11iÞ

The result (3.11) makes it clear that the curve deviation
observable depends only on the transverse Jacobi propa-
gators and their first derivatives at τ1, with no need to
integrate any additional quantities from τ0 to τ1.
Moreover, note that Li

jkðτ1; τ0Þ, Ni
jkðτ1; τ0Þ, and

Mi
jkðτ1; τ0Þ all vanish. This is a consequence of the fact

that geodesic deviation, in the case where the initial
separation lies entirely in a surface of constant u and v,
has no corrections at second order in the separation, at least
for the components that also lie in this surface. Because of
this property, the proper time delay observable _γa0Δξa

0
CD

(described in greater detail in [1]) can be expressed as

_γa0Δξa
0

CD ¼ −χ½Lv0
ijðτ0Þξiðτ0Þξjðτ0Þ

þ Nv0
ijðτ0Þξiðτ0Þ_ξjðτ0Þ

þMv0
ijðτ0Þ_ξiðτ0Þ_ξjðτ0Þ�: ð3:12Þ

B. Holonomies

The definition of our holonomy observable is as follows
[1]: consider a closed loop that is composed of segments of
two timelike curves γ and γ̄ that are connected by two
spacelike geodesics. These spacelike geodesics intersect γ
and γ̄ at values of proper time along each curve given by τ0
and τ1. Consider initial dataPa and Jab at γðτ0Þ, where Jab is
antisymmetric. These initial data represent linear and angular
momenta that have been measured by an observer. For
example, they could be the linear and angular momenta
either of a point particle or of the spacetime itself. Starting
with these initial data, the observers then transport the linear
and angular momenta around the closed loop mentioned
above according to the following differential equation:

kb∇bPa ¼ −K
ϰ

a
bcdkbJcd; ð3:13aÞ

kc∇cJab ¼ 2P½akb�: ð3:13bÞ
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Here ka is the tangent to the loop and K
ϰ

a
bcd is a tensor

constructed from the Riemann tensor (and the metric)
that depends on a set of four constant parameters
ϰ ¼ ðϰ1; ϰ2; ϰ3; ϰ4Þ:

K
ϰ

ab
cd ¼ ϰ1Rab

cd þ ϰ2δ
a½cRb

d� þ ϰ3δ
b½cRa

d�
þ ϰ4Rδa½cδbd�: ð3:14Þ

In this paper, we restrict to ϰ1 being the only nonvanishing
component of ϰ, and we further restrict the value of ϰ1 to be
either 0 or 1=2. Equation (3.13) is solved first along γ, then
along the geodesic between γðτ1Þ and γ̄ðτ1Þ, then along γ̄ (in
the reverse direction), and then finally along the geodesic
between γ̄ðτ0Þ and γðτ0Þ.
The final values obtained by solving the differential

equations in Eq. (3.13) we will denote by P
ϰ
a and J

ϰ
ab. As

our differential equations are linear, these final values
depend linearly on the initial data Pa and Jab; the matrix
which describes the linear relationship is our holonomy
observable:

P
ϰ
a ≡ Λ

ϰ

PP
a
cðγ; γ̄; τ1ÞPc þ Λ

ϰ

PJ
a
cdðγ; γ̄; τ1ÞJcd; ð3:15aÞ

J
ϰab ≡ Λ

ϰ

JP
ab

cðγ; γ̄; τ1ÞPc þ Λ
ϰ

PP
ab

cdðγ; γ̄; τ1ÞJcd: ð3:15bÞ

The motivation for this definition was discussed in
[1,21,33]; in particular, this holonomy contains the dis-
placement, relative velocity, relative proper time, and
relative rotation persistent observables for ϰ ¼ ð0; 0; 0; 0Þ.
For convenience, we introduce notation used in [1,21],

where the combination of Pa and Jab by a single vector XA

was denoted by

XA ≡
�

Pa

Jab

�
: ð3:16Þ

In this notation, Eq. (3.15) becomes

X
ϰ

A ¼ Λ
ϰ

A
Bðγ; γ̄; τ1ÞXB: ð3:17Þ

We use the same notation that we used for the components

of Λ
ϰ

A
Bðγ; γ̄; τ1Þ for other matrices that act on the space of

linear and angular momentum:

AA
C ≡

0
B@

A
PP

a
c A

JP
a
cd

A
JP

ab
c A

JJ
ab

cd

1
CA: ð3:18Þ

Note that the holonomy observable is nonzero in flat
space, even though it is trivial, being given by δAB. As such,
we find it convenient to define

Ω
ϰ

A
Bðγ; γ̄; τ1Þ≡ Λ

ϰ
A
Bðγ; γ̄; τ1Þ − δAB; ð3:19Þ

as the persistent observable associated with the holonomy.
In general spacetimes, we needed to expand perturba-

tively in the separation and relative velocity of the two
curves γ and γ̄; for plane waves, in contrast, these
calculations can be done nonperturbatively. We perform
only the nonperturbative calculations in this section. Note
that we also continue to use the assumption that ξala ¼ 0

and _ξala ¼ 0, for simplicity.
We consider the holonomies for the two types of trans-

port considered in [1]: ϰ ¼ ð0; 0; 0; 0Þ (affine transport) and
ϰ ¼ ð1=2; 0; 0; 0Þ (dual Killing transport). The affine trans-
port holonomy can be recast as a Poincaré transformation,
as it can be written in terms of a vector Δχaðγ; γ̄; τ1Þ and the
holonomy of the metric-compatible connection (which is
itself a Lorentz transformation) [33]. On the other hand,
the holonomy of dual Killing transport does not share this
property. Instead, it can be thought of as the final linear
and angular momentum that would arise from using
the Mathisson-Papapetrou equations to transport these
momenta around a closed curve. The holonomy of affine

transport we denote by Λ
0
A
Bðγ; γ̄; τ1Þ, with the “0” indicat-

ing that ϰ ¼ ð0; 0; 0; 0Þ.7 The holonomy in the case of dual

Killing transport we denote by Λ
1=2

A
Bðγ; γ̄; τ1Þ, with the

“1=2” indicating that ϰ ¼ ð1=2; 0; 0; 0Þ.

1. Affine transport

First, we consider the case of affine transport. Here we
take advantage of the fact that [1,33]

Λ
0

PP
a
cðγ; γ̄; τ1Þ ¼ Λa

cðγ; γ̄; τ1Þ; ð3:20aÞ

Λ
0

JP
ab

cðγ; γ̄; τ1Þ ¼ 2Δχ½aðγ; γ̄; τ1ÞΛb�
cðγ; γ̄; τ1Þ; ð3:20bÞ

Λ
0

JJ
ab

cdðγ; γ̄; τ1Þ ¼ Λ½a
cðγ; γ̄; τ1ÞΛb�

dðγ; γ̄; τ1Þ; ð3:20cÞ

where Λa
bðγ; γ̄; τ1Þ is the holonomy of parallel transport

with respect to the usual metric-compatible connection and
Δχaðγ; γ̄; τ1Þ is given by

Δχaðγ; γ̄; τ1Þ ¼ ξa − Λa
bðγ; γ̄; τ1Þγgbb0 ½ξb

0 − ðτ1 − τ0Þ_ξb
0 �:

ð3:21Þ

Therefore, all we need in order to solve for the holonomy of
affine transport is the value of the separation ξa

0
at τ1 and

7Note that this is in contrast to the notation used in [1], where

we denoted this holonomy by Λ
∘
A
Bðγ; γ̄; τ1Þ.
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the holonomy Λa
bðγ; γ̄; τ1Þ of the metric-compatible con-

nection around the loop.
We computed the separation ξa

0
in Sec. III A, so at this

point we merely need to compute Λa
bðγ; γ̄; τ1Þ; for sim-

plicity, we define

Ωa
bðγ; γ̄; τ1Þ≡ Λa

bðγ; γ̄; τ1Þ − δab ð3:22Þ

[in analogy to Eq. (3.19)]. Since la is covariantly constant,
it follows that Ωa

bðγ; γ̄; τ1Þlb ¼ 0. After a lengthy calcu-
lation using our expressions for the parallel propagators in
Eq. (2.31), we find that

Ωa
bðγ; γ̄; τ1Þð∂iÞb ¼

1

χ
½_ξiðτ1Þ − _ξiðτ0Þ�la; ð3:23aÞ

Ωa
bðγ; γ̄; τ1Þub ¼ −

1

χ
½_ξiðτ1Þ − _ξiðτ0Þ�ð∂iÞa

−
1

2χ2
½_ξiðτ1Þ − _ξiðτ0Þ�

× ½_ξiðτ1Þ − _ξiðτ0Þ�la: ð3:23bÞ

By a lengthy calculation involving Eq. (3.21) we can also
show that

Δχiðγ; γ̄; τ1; τ0Þ ¼ ξiðτ0Þ − ξiðτ1Þ þ ðτ1 − τ0Þ_ξiðτ1Þ; ð3:24aÞ

Δχvðγ; γ̄; τ1Þ ¼
1

χ

��
1

2
_ξiðτ1Þ − _ξiðτ0Þ

�
½ξiðτ1Þ − ðτ1 − τ0Þ_ξiðτ1Þ� þ

1

2
ξiðτ0Þ_ξiðτ0Þ

�
þ 1

χ
_xiðτ0ÞΔχiðτ1; τ0Þ: ð3:24bÞ

Equations (3.23) and (3.24) can be used to determine the

nonzero components of Ω
0

A
Bðγ; γ̄; τ1Þ, and then to find

the values of these components in plane wave spacetimes
as a function of initial data xiðτ0Þ, ξiðτ0Þ, and _ξiðτ0Þ.
These results are given in Appendix A, in Eqs. (A2), (A3),
and (A4).

2. Dual Killing transport

We can also show that the holonomy of dual Killing
transport can be written in terms of the holonomy of affine
transport, just as that holonomy can be written in terms of
the holonomy of the metric-compatible connection. To
show this, we note that because the beginning and end of
the loop are in the flat regions of spacetime, in this region
there is no difference between affine transport and dual
Killing transport (the value of ϰ is irrelevant, as the
Riemann tensor vanishes). Therefore, we can compute
the holonomy by using different values of ϰ along different
segments of the loop. This yields

Ω
1=2

A
Bðγ; γ̄; τ1Þ ¼ f½δAC þ Δ̂A

Cðγ; γ̄; τ1Þ�Ω
0

C
Dðγ; γ̄; τ1Þ

þ Δ̂A
Dðγ; γ̄; τ1Þ − Δ̂A

Dðγ; γ; τ1Þg
× ½δDB þ ΔD

Bðγ; τ1Þ�; ð3:25Þ

where

ΔA
Bðγ; τ1Þ≡ γg

0 A
A0 γ g

1=2 A0
B − δAB; ð3:26aÞ

Δ̂A
Bðγ; γ̄; τ1Þ≡ g

0 A
Ā γ̄ g

1=2 Ā
Ā0 γg

0 Ā0
B̄g
0 B̄

B − δAB: ð3:26bÞ

Note that in Eq. (3.25), both Δ̂A
Bðγ; γ̄; τ1Þ and Δ̂A

Bðγ; γ; τ1Þ
appear. The latter is defined by Eq. (3.26b), but with γ̄ ¼ γ,
which implies that x̄ ¼ x and x̄0 ¼ x0; equivalently,
Δ̂A

Bðγ; γ; τ1Þ is the same as ΔA
Bðγ; τ1Þ, but with the order

of the parallel propagators reversed.
Equation (3.25) implies that there is a portion of the

holonomy of dual Killing transport that is the same as the
holonomy for affine transport. This portion has the inter-
pretation of being a Poincaré transformation. We give
expressions for the components of the various pieces of
Eq. (3.25) in Appendix A. The key point to take away is
that all components of the tensors that occur can be written
solely in terms of the transverse Jacobi propagators
Ki

jðu0; uÞ and Hi
jðu0; uÞ and their derivatives.

We now discuss the number of independent nonzero

components of the holonomy Ω
1=2

A
Bðγ; γ̄; τ1Þ in plane wave

spacetimes. The holonomy (3.25), in general spacetimes, has
potentially 100 different independent, nonzero components.
Because of the five-dimensional space of Killing vector
fields in plane wave spacetimes, our final result should have
fewer independent components. The easiest way to see this is
to note that, for a given Killing vector ξa, and for Pa and Jab

transported along a curve using dual Killing transport,

Q≡ Paξa þ
1

2
Jab∇aξb ð3:27Þ

is a constant along the curve. In particular, this means that

0 ¼ Ω
1=2

PP
c
aðγ; γ̄; τ1Þξc þ

1

2
Ω
1=2

JP
cd

aðγ; γ̄; τ1Þ∇cξd; ð3:28aÞ

0 ¼ Ω
1=2

PJ
c
abðγ; γ̄; τ1Þξc þ

1

2
Ω
1=2

JJ
cd

abðγ; γ̄; τ1Þ∇cξd: ð3:28bÞ
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The five Killing vectors for which this equation holds are
ξa ¼ la (which satisfies ∇½aξb� ¼ 0), and ξa ¼ Ξa, where
Ξa is given by Eq. (2.18), and thus satisfy

∇½aξb� ¼ 2 _Ξiðu0Þl½aðdxiÞb�: ð3:29Þ

Therefore, Eqs. (3.28) imply that

Ω
1=2

PP
u
μðγ; γ̄; τ1Þ ¼ 0; Ω

1=2

PJ
u
μνðγ; γ̄; τ1Þ ¼ 0; ð3:30aÞ

Ω
1=2

PP
i
μðγ; γ̄; τ1Þ ¼ 0; Ω

1=2

PJ
i
μνðγ; γ̄; τ1Þ ¼ 0; ð3:30bÞ

Ω
1=2

JP
ui
μðγ; γ̄; τ1Þ ¼ 0; Ω

1=2

JJ
ui
μνðγ; γ̄; τ1Þ ¼ 0: ð3:30cÞ

Here, Eq. (3.30a) corresponds to ξa ¼ la, while Eqs. (3.30b)
and (3.30c) correspond to ξa ¼ Ξa, and are the constraints
due to varying over the initial data Ξiðu0Þ and _Ξiðu0Þ in
Eq. (2.20), respectively. This reduces the number of possible
independent components to 50.
Comparing this general result (3.30) to our calcula-

tion, we first note that naïvely, the multiplication of
products in Eq. (3.25) gives nonzero values of

Ω
1=2

PP
i
uðγ; γ̄; τ1Þ and Ω

1=2

JP
ui
uðγ; γ̄; τ1Þ, but a careful inspection

of these components shows that they are zero. A sketch
of how to show this goes as follows: first, use Eqs. (3.23)
and (3.24) to write the components of the affine trans-
port holonomy in terms of ξiðτ0Þ, ξiðτ1Þ, and their deriv-
atives, and also write out explicit expressions for the
components of ΔA

Bðγ; γ̄; τ1Þ − ΔA
Bðγ; γ; τ1Þ in terms of

ξiðτ0Þ and _ξiðτ0Þ, using the results of Appendix A. Next,
use the identities satisfied by the transverse Jacobi propa-
gators in Eqs. (2.22) and (2.23), and finally use Eq. (3.8)
and its derivative, but with τ0 and τ1 switched. Since

Ω
1=2

PP
i
uðγ; γ̄; τ1Þ and Ω

1=2

JP
ui
uðγ; γ̄; τ1Þ vanish, Eq. (3.30) holds.

Of the 50 remaining components, only 31 are nonzero,
which are given in Eq. (A12). Note, however, that these
31 components are only determined by 12 functions,
the independent components of the transverse Jacobi
propagators.

C. Observables from a spinning test particle

The last observable discussed in [1] was an observable
that an observer can measure using a spinning test particle.
The definition is as follows: consider an observer who
moves along a geodesic γ, and a spinning test particle
which moves along a curve γ̄. The two are initially
comoving at some proper time τ0. The observer measures
her initial separation from the particle, the particle’s initial
momentum, and its initial intrinsic spin per unit mass.

The observer also performs these measurements at some
later proper time τ1, and then compares the results with her
initial measurements by parallel transporting the initial
measurements to this final time. The persistent observables
are the differences between the final and initial measure-
ments, which we denote by Δξa0S for separation, Δpa0 for
momentum, and Δsa0 for intrinsic spin per unit mass.
To describe the time evolution of a spinning test particle,

one must ascribe to the particle a worldline that represents
the center of mass of the particle (which is fixed by a spin
supplementary condition). We use the Tulczyjew condition
[34], which is

pajab ¼ 0; ð3:31Þ

where pa and jab are the linear and angular momenta of the
spinning particle, respectively. The definition of intrinsic spin
per unit mass is also fixed by this condition and is given by

sa ≡ −
1

2pepe ϵ
abcdpbjcd: ð3:32Þ

Although the observables Δξa0S , Δpa0 , and Δsa0 are, in
general, nonlinear functions of initial separation, momen-
tum, and spin, we will expand in the initial separation and
spin as we did in our previous paper8

Δξa0S ≡ ½ΔKa0
b þ La0

bcξ
c þOðξ2Þ�ξb

þ ½ϒa0
b þ Ψa0

bcξ
c þOðξ2Þ�sb þOðsÞ2; ð3:33aÞ

Δpa0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−pbpb

q
D
dτ1

Δξa0S þOðsÞ2; ð3:33bÞ

Δsa0 ¼ −γga
0
a½Ωa

bðγ; γ̄; τ1Þ þOðξ; _ξÞ2�sb þOðsÞ2:
ð3:33cÞ

Expressions for these bitensors in general spacetimes
were given in Eq. (4.47) of [1] in terms of Jacobi and
parallel propagators; they can be computed in plane wave
spacetimes using that result and Eq. (2.31). Assuming that
ξala ¼ 0, we find that

ϒi
jðτ1; τ0Þ ¼ −χ _x½ϒi

u�jðτ1Þ

¼
Z

u1

u0

ðu1 − u2ÞHi
kðu1; u2ÞðA�Þkjðu2Þ;

ð3:34aÞ

x½ϒv0
i�jðτ0Þ ¼ −χ x_x½ϒv0

u�ij ¼ ∂u1Kkjðu1; u0Þϒk
iðτ1; τ0Þ;

ð3:34bÞ

8Note that we wrote Eq. 128 in [1] in terms of a new bitensor
Σa0

bc. Here we avoid introducing Σa0
bc by using the fact that it can

be expressed in terms of the holonomy at low enough order in sa.
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_x½ϒv0
i�jðτ0Þ ¼

1

χ
∂u1 ½ðu1 − u0ÞHkjðu1; u0Þ�ϒk

iðτ1; τ0Þ;

ð3:34cÞ

_x2 ½ϒv0
u�ij ¼ −

1

χ _x½ϒv0 ðj�iÞðτ0Þ; ð3:34dÞ

Ψv0
ijðτ0Þ ¼ −χ _x½Ψv0

ui�jðτ0Þ

¼
Z

u1

u0

du2ðu1 − u2ÞðA�Þkiðu2Þ

× ∂u2K
k
jðu2; u0Þ; ð3:34eÞ

where

ðA�ÞijðuÞ≡Aikϵ
k
j: ð3:35Þ

We do not determine the spinning test particle observables
nonperturbatively, since we are not aware of ways to solve
the fully nonlinear Mathisson-Papapetrou equations in
plane wave spacetimes.
At this point, let us focus on the observable Ψv0

ijðτ0Þ,
which is an observable which does not seem able to be
expressed solely in terms of sums and products of trans-
verse Jacobi propagators and their derivatives. Using
Eqs. (2.2) and (3.34c), we can show that

Ψv0
ijðτ0Þ ¼ −∂u0

Z
u1

u0

du2ðu1 − u2ÞKj
kðu0; u2ÞðA�Þkiðu2Þ:

ð3:36Þ

The integrand does not appear to be in the form of a
total derivative [unless Kj

kðu0; u1Þ and Kj
kðu1; u0Þ are

proportional by a constant, which is not necessarily true].
As in Sec. III A, we conclude by computing the proper time
delay observable (but now for the spinning test particle):

_γa0Δξa
0

S ¼ −χ½Lv0
ijðτ0Þξiðτ0Þξjðτ0Þ

þΨv0
ijðτ0Þξiðτ0Þsiðτ0Þ þOðξ; s2Þ�: ð3:37Þ

Thus, Ψv0
ijðτ0Þ, like Lv0

ijðτ0Þ in Sec. III A, measures a sort
of proper time delay observable, except that it gives the
dependence of this delay on spin in addition to separation.

D. Observables at second order in curvature

As in Sec. II C, we now compute some parts of our
persistent observables at second order in curvature. We do
this both for general plane wave spacetimes and for the
specific plane wave spacetime which we introduced in
Sec. II D. We focus on the quantities Lv0

ijðτ0Þ in Eq. (3.4)
and Ψv0

ijðτ0Þ in Eq. (3.36) in this section. These results
illustrate features of observables which can be computed
from the transverse Jacobi propagators and their deriva-
tives; other such observables are qualitatively similar.
The first observable which we compute is Lv0

ijðτ0Þ,
which is a piece of the curve deviation observable defined
by Eq. (3.4). The value of this observable in arbitrary plane
wave spacetimes is given by Eq. (3.11g). Expanding this
expression order-by-order, we find that it vanishes at zeroth
order, whereas at first order we find it is

ð1ÞLv0
ijðτ0Þ ¼

1

2
∂u1

ð1ÞKðijÞðu1; u0Þ; ð3:38Þ

and at second order it is

ð2ÞLv0
ijðτ0Þ ¼

1

2

�
ð1ÞKkðiðu1; u0Þ∂u1

ð1ÞKk
jÞðu1; u0Þ þ

1

2
∂u1 ½ð1ÞKikðu1; u0Þð1ÞKk

jðu1; u0Þ�

−
Z

u1

u0

du2

Z
u2

u0

du3∂u3
ð1ÞKikðu3; u0Þð1ÞKk

jðu3; u0Þ
�
: ð3:39Þ

At second order, this observable is pure trace because it is symmetric and constructed from products of ð1ÞKi
jðu0; uÞ, which

is itself a symmetric and trace-free 2 × 2 matrix (assuming a vacuum plane wave spacetime).
Using the wave profile (2.37), we have that

Lv0
ijð0Þjτ1¼2πn

ωχ
¼ −

πωnϵ2

2
f½cosð2ϕÞ − 1�a2 þ 3gδij þOðϵ3Þ: ð3:40Þ

Note that, like ∂u1A
i
jðu1; u0Þ, this observable vanishes at first order in ϵ.

The next observable which we consider is Ψv0
ijðτ0Þ, which is an observable from a spinning test particle which is defined

by Eq. (3.33a). This observable is vanishing at first order by Eq. (3.34e), and this equation also implies that (at second order)

ð2ÞΨv0
ijðτ0Þ ¼

Z
u1

u0

du2

�
∂u2

ð1ÞKklðu2; u0Þ∂u2
ð1ÞKk

jðu2; u0Þ þ
1

2
ðu1 − u2Þ½Aðu2Þ; ∂u2Kðu2; u0Þ�lj

�
ϵli: ð3:41Þ
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As with the transverse Jacobi propagators, at second order
there are both pieces that are pure trace and pieces that are
antisymmetric (assuming a vacuum plane wave). However,
because of the factor of ϵab, it is the pure trace piece which
only occurs when the wave is not linearly polarized, instead
of the antisymmetric piece.
Finally, we consider the wave profile in Eq. (2.37); we

find that

Ψv0
ijð0Þjτ1¼2πn

ωχ
¼ −2π2ωn2ϵ2a

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − a2

p
sinϕδij

þ πωnϵ2

2
f½cosð2ϕÞ − 1�a2 þ 3gϵij

þOðϵ3Þ: ð3:42Þ
This expression has the same qualitative features as in the
case of a general wave profile.

IV. DISCUSSION

In this paper, we have investigated the behavior of the
persistent gravitational wave observables of [1] in non-
linear, exact plane wave spacetimes. These spacetimes
possess an important set of two functions (and their
derivatives), which we refer to as transverse Jacobi propa-
gators. Many of the geometric properties of these space-
times, such as Killing vectors and solutions to the geodesic
equation, can be written in terms of these functions. Our
primary result is that many parts of the observables
introduced in [1] can be determined just from the values
of these functions and their derivatives. We found in our
linear, plane wave results in [1] that many parts of our
observables could be written in terms of a small number of
functions, but the fact that this statement also holds in the
nonlinear context is unexpected.
The main utility of this result is that only the transverse

Jacobi propagators are necessary to determine the values of
many of our persistent observables. That is, although the
persistent observables we have defined in [1] encompass a
large number of interesting physical effects, many of these
effects are determined by just a small number of functions.
These functions, in turn, can be determined by the
displacement memory observable (which gives the trans-
verse Jacobi propagators directly) and the relative velocity
observable (which gives their derivatives).
Finally, we conclude with a few remarks about extending

our results to the class of “pp-wave” spacetimes, which are
a generalization of plane wave spacetimes where the planar
wave fronts are not homogeneous, as Aij is also a function
of xi. Such spacetimes have Jacobi and parallel propagators
that one can calculate using a procedure that is similar to
the one we carried out in this paper, but the geodesic
equation does not have exact solutions, nor are the trans-
verse Jacobi propagators solely functions of u. In plane
wave spacetimes, one only needed to determine the trans-
verse Jacobi propagators along a given timelike geodesic in

order to compute persistent observables, but in pp-wave
spacetimes one would need to determine them along all
timelike geodesics.
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APPENDIX A: VALUES OF THE HOLONOMY
OBSERVABLES

In this appendix, we give the values that our holonomy
observables take in plane wave spacetimes.

We start with the holonomy observable Ω
0

A
Bðγ; γ̄; τ0Þ for

affine transport [ϰ ¼ ð0; 0; 0; 0Þ]. First, the components of

Ω
0

PP
a
bðγ; γ̄; τ0Þ are determined from Eq. (3.20a) to be

Ω
0

PP
a
bðγ; γ̄; τ1Þ ¼ Ωa

bðγ; γ̄; τ1Þ: ðA1Þ

From Eqs. (3.20), (3.23), and (3.24), it is possible to show

that the remaining components of Ω
0

A
Bðγ; γ̄; τ1Þ are

Ω
0

JP
uv

uðγ; γ̄; τ1Þ ¼ −Δχvðγ; γ̄; τ1Þ; ðA2aÞ

Ω
0

JP
ui
uðγ; γ̄; τ1Þ ¼ Ω

0

JP
vi
vðγ; γ̄; τ1Þ ¼ −Δχiðγ; γ̄; τ1; τ0Þ;

ðA2bÞ

Ω
0

JP
vi
uðγ; γ̄; τ1Þ ¼ Δχvðγ; γ̄; τ1ÞΩi

uðγ; γ̄; τ1Þ
− Δχiðγ; γ̄; τ1; τ0ÞΩv

uðγ; γ̄; τ1Þ; ðA2cÞ

Ω
0

JP
vi
jðγ; γ̄; τ1Þ ¼ Δχvðγ; γ̄; τ1Þδij

− Δχiðγ; γ̄; τ1; τ0ÞΩv
jðγ; γ̄; τ1Þ; ðA2dÞ

Ω
0

JP
ij
uðγ; γ̄; τ1Þ ¼ 2Δχ½iðγ; γ̄; τ1; τ0ÞΩj�

uðγ; γ̄; τ1Þ; ðA2eÞ

Ω
0

JP
ij
kðγ; γ̄; τ1; τ0Þ ¼ 2Δχ½iðγ; γ̄; τ1; τ0Þδj�k; ðA2fÞ

Ω
0

JJ
uv

uiðγ; γ̄; τ1Þ ¼
1

2
Ωv

iðγ; γ̄; τ1Þ; ðA2gÞ

Ω
0

JJ
vi
uvðγ; γ̄; τ1Þ ¼ −

1

2
Ωi

uðγ; γ̄; τ1Þ; ðA2hÞ

Ω
0

JJ
vi
ujðγ; γ̄; τ1Þ ¼

1

2
½δijΩv

uðγ; γ̄; τ1Þ
−Ωi

uðγ; γ̄; τ1ÞΩv
iðγ; γ̄; τ1Þ�; ðA2iÞ
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Ω
0

JJ
vi
jkðγ; γ̄; τ1Þ ¼ −δi½jΩv

k�ðγ; γ̄; τ1Þ; ðA2jÞ

Ω
0

JJ
ij
ukðγ; γ̄; τ1Þ ¼ −δ½ikΩj�

uðγ; γ̄; τ1Þ: ðA2kÞ

These expressions still involve the components of Ωa
bðγ; γ̄; τ1Þ and Δχaðγ; γ̄; τ1Þ. We now write each of these quantities as

an expansion in ξa and _ξa:

Ωa
bðγ; γ̄; τ1Þ≡

X∞
m¼1

Xm
k¼0

ξk _ξm−kΩa
bc1���ckd1���dm−k

ðτ1Þξc1 � � � ξck _ξd1 � � � _ξdm−k ; ðA3aÞ

Δχaðγ; γ̄; τ1Þ≡
X∞
m¼1

Xm
k¼0

ξk _ξm−kΔηab1���bkc1���cm−k
ðτ1Þξb1 � � � ξbk _ξc1 � � � _ξcm−k : ðA3bÞ

The nonzero components of the coefficients in this expansion are given by Eqs. (3.23) and (3.24):

ξΩ v
ijðτ1Þ ¼ ξΩiuj

ðτ1Þ ¼ −∂u1Kijðu1; u0Þ; ðA4aÞ

_ξ
Ω v

ijðτ1Þ ¼ _ξ
Ω

iuj
ðτ1Þ ¼ −

1

χ
f∂u1 ½ðu1 − u0ÞHijðu1; u0Þ� − δijg; ðA4bÞ

ξ2
Ω v

uijðτ1Þ ¼
1

2
∂u1Kkðiðu1; u0Þ∂u1K

k
jÞðu1; u0Þ; ðA4cÞ

ξ_ξ
Ω v

uijðτ1Þ ¼
1

χ
∂u1Kkiðu1; u0Þf∂u1 ½ðu1 − u0ÞHk

jðu1; u0Þ� − δkjg; ðA4dÞ

_ξ2
Ω v

uijðτ1Þ ¼
1

2χ2
f∂u1 ½ðu1 − u0ÞHkðiðu1; u0Þ� − δkðigf∂u1 ½ðu1 − u0ÞHk

jÞðu1; u0Þ� − δkjÞg; ðA4eÞ

ξΔηijðτ1; τ0Þ ¼ δij − ½Ki
jðu1; u0Þ − ðu1 − u0Þ∂u1K

i
jðu1; u0Þ�; ðA4fÞ

_ξ
Δηijðτ1; τ0Þ ¼

1

χ
ðu0 − uÞ2∂u1H

i
jðu1; u0Þ; ðA4gÞ

_x½ξΔηvi�jðτ1Þ ¼
1

χ ξΔηjiðτ1; τ0Þ; ðA4hÞ

_x½_ξΔηvi�jðτ1Þ ¼
1

χ _ξ
Δηjiðτ1; τ0Þ; ðA4iÞ

ξ2
Δηvijðτ1Þ ¼

1

2
∂u1Akðiðu1; u0Þ½Kk

jÞðu1; u0Þ − ðu1 − u0Þ∂u1K
k
jÞðu1; u0Þ�; ðA4jÞ

ξ_ξ
Δηvijðτ1Þ ¼

1

2χ
f½Kk

iðu1; u0Þ − ðu1 − u0Þ∂u1K
k
iðu1; u0Þ�ð∂u1 ½ðu1 − u0ÞHkjðu1; u0Þ� − δkjÞ

− ðu1 − u0Þ2∂u1Kkiðu1; u0Þ∂u1H
k
jðu1; u0Þ þ δij − ½Kjiðu1; u0Þ − ðu1 − u0Þ∂u1Kjiðu1; u0Þ�g; ðA4kÞ

_ξ2
Δηvijðτ1Þ ¼ −

1

χ2
ðu1 − u0Þ2

�
1

2
∂u1 ½ðu1 − u0ÞHkðiðu1; u0Þ� − δkði

�
∂u1H

k
jÞðu1; u0Þ: ðA4lÞ

We now perform a similar calculation for the dual Killing holonomy, which is given in terms of the tensors that occur in
Eq. (3.25). The components of ΔA

Bðγ; τ1Þ and Δ̂A
Bðγ; γ; τ1Þ are given by a lengthy calculation starting with Eqs. (2.31).

Their components are given by
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Δ
PP

i
jðγ; τ1; τ0Þ ¼ χ _x½ΔPP

v
j�iðγ; τ1Þ ¼ −χ _x½ΔPP

i
u�jðγ; τ1Þ ¼ Kj

iðu0; u1Þ − δj
i; ðA5aÞ

_x2 ½ΔPP
v
u�ijðγ; τ1Þ ¼ −

1

χ2
Δ
PP

ðijÞðγ; τ1; τ0Þ; ðA5bÞ

Δ
PJ

i
ujðγ; τ1Þ ¼ χ _x½ΔPJ

v
uj�iðγ; τ1Þ

¼ −
1

2
fKk

iðu0; u1Þ∂u1Kj
kðu1; u0Þ þ ∂u0Kk

i∂u1 ½ðu1 − u0ÞðHj
kðu1; u0Þ − δj

kÞ�g; ðA5cÞ

Δ
JP

ui
jðγ; τ1Þ ¼ χ _x½ΔJP

uv
j�iðγ; τ1Þ ¼ −χ _x½ΔJP

ui
u�jðγ; τ1Þ ¼ 2χ2½Δ

JP
vi
j�ðγ; τ1Þ ¼ −2χ3 _x½ΔJP

vi
u�jðγ; τ1Þ

¼ ðu1 − u0Þ½Kj
iðu0; u1Þ −Hj

iðu0; u1Þ�; ðA5dÞ

_x2 ½ΔJP
uv

u�ijðγ; τ1Þ ¼ −
1

χ2
Δ
JP

uðijÞðγ; τ1Þ; ðA5eÞ

_x2 ½ΔJP
ij
k�lðγ; τ1Þ ¼

2

χ
δ½ilΔ

JP
jujj�

kðγ; τ1Þ; ðA5fÞ

_x2 ½ΔJP
ij
u�klðγ; τ1Þ ¼ −

1

χ _x½ΔJP
ijðk�lÞðγ; τ1Þ; ðA5gÞ

_x2 ½ΔJP
vi
j�klðγ; τ1Þ ¼ δkl½Δ

JP
vi
j�ðγ; τ1Þ − 2δiðk½Δ

JP
v
lÞj�ðγ; τ1Þ; ðA5hÞ

_x3 ½ΔJP
vi
u�jklðγ; τ1Þ ¼ −

1

χ _x2 ½ΔJP
viðj�klÞðγ; τ1Þ; ðA5iÞ

Δ
JJ

ui
ujðγ; τ1Þ ¼ χ _x½ΔJJ

uv
uj�iðγ; τ1Þ ¼ 2χ2½Δ

JJ
vi
uj�ðγ; τ1Þ

¼ 1

2
ðu1 − u0Þ½Hk

iðu0; u1Þ − Kk
iðu0; u1Þ�∂u1Kj

kðu1; u0Þ

þ 1

2
½ðu1 − u0Þ∂u1K

i
kðu1; u0Þ − Ki

kðu1; u0Þ�∂u1fðu1 − u0Þ½Hj
kðu1; u0Þ − δj

k�g; ðA5jÞ

_ξ
½Δ
JJ

ij
uk�lðγ; τ1Þ ¼

2

χ
δ½ilΔ

JJ
jujj�

ukðγ; τ1Þ; ðA5kÞ

_x2 ½ΔJJ
vi
uj�klðγ; τ1Þ ¼ δkl½Δ

JJ
vi
uj�ðγ; τ1Þ − 2δiðk½Δ

JJ
v
lÞuj�ðγ; τ1Þ; ðA5lÞ

and

Δ̂
PP

i
jðγ; γ; τ1; τ0Þ ¼ χ _x½Δ̂PP

v
j�iðγ; γ; τ1Þ ¼ −χ _x½Δ̂PP

i
u�jðγ; γ; τ1Þ

¼ Kj
iðu1; u0Þ − δj

i − ðu1 − u0Þ∂u1Kj
iðu1; u0Þ; ðA6aÞ

_x2 ½Δ̂PP
v
u�ijðγ; γ; τ1Þ ¼ −

1

χ2
Δ̂
PP

ðijÞðγ; γ; τ1; τ0Þ; ðA6bÞ

Δ̂
PJ

i
ujðγ; γ; τ1Þ ¼ χ _x½Δ̂PJ

v
uj�iðγ; γ; τ1Þ ¼

1

2
∂u1K j

iðu1; u0Þ; ðA6cÞ

Δ̂
JP

ui
jðγ; γ; τ1Þ ¼ χ _x½Δ̂JP

uv
j�iðγ; γ; τ1Þ ¼ −χ _x½Δ̂JP

ui
u�jðγ; γ; τ1Þ ¼ 2χ2½Δ̂

JP
vi
j�ðγ; γ; τ1Þ ¼ −2χ3½Δ̂

JP
vi
u�jðγ; γ; τ1Þ

¼ −ðu1 − u0Þ2∂u1Hj
iðu1; u0Þ; ðA6dÞ
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_x2 ½Δ̂JP
uv

u�ijðγ; γ; τ1Þ ¼ −
1

χ2
Δ̂
JP

uðijÞðγ; γ; τ1Þ; ðA6eÞ

_x½Δ̂JP
ij
k�lðγ; γ; τ1; τ0Þ ¼

2

χ
δ½ilΔ̂

JP
jujj�

kðγ; γ; τ1Þ; ðA6fÞ

_x2 ½Δ̂JP
ij
u�klðγ; γ; τ1Þ ¼ −

1

χ _x½Δ̂JP
ijðk�lÞðγ; γ; τ1; τ0Þ; ðA6gÞ

_x2 ½Δ̂JP
vi
j�klðγ; γ; τ1Þ ¼ δkl½Δ̂

JP
vi
j�ðγ; γ; τ1Þ − 2δiðk½Δ̂

JP
v
lÞj�ðγ; γ; τ1Þ; ðA6hÞ

_x3 ½Δ̂JP
vi
u�jklðγ; γ; τ1Þ ¼ −

1

χ _x2 ½Δ̂JP
viðj�klÞðγ; γ; τ1Þ; ðA6iÞ

Δ̂
JJ

ui
ujðγ; γ; τ1Þ ¼ χ _x½Δ̂JJ

uv
uj�iðγ; γ; τ1Þ ¼ 2χ2½Δ̂

JJ
vi
uj�ðγ; γ; τ1Þ ¼

1

2
∂u1fðu1 − u0Þ½Hj

iðu1; u0Þ − δj
i�g; ðA6jÞ

_x½Δ̂JJ
ij
uk�lðγ; γ; τ1Þ ¼

2

χ
δ½ilΔ̂

JJ
jujj�

ukðγ; γ; τ1Þ; ðA6kÞ

_x2 ½Δ̂JJ
vi
uj�klðγ; γ; τ1Þ ¼ δkl½Δ̂

JJ
vi
uj�ðγ; γ; τ1Þ − 2δiðk½Δ̂

JJ
v
lÞuj�ðγ; γ; τ1Þ; ðA6lÞ

respectively.
There are now two additional pieces of notation that we

must introduce before determining the nonzero components
of Eq. (3.25): first, we expand Δ̂A

Bðγ; γ̄; τ1Þ in powers of
the separation as

Δ̂A
Bðγ; γ̄; τ1Þ≡

X∞
n¼0

ξnΘA
Bc1���cnðγ; γ̄; τ1Þξc1 � � � ξcn : ðA7Þ

Next, it happens that in plane wave spacetimes, the
components of the coefficients in this expansion depend
on the sum _̄xiðτ0Þ ¼ _xiðτ0Þ þ _ξiðτ0Þ, and not independently
on either _xiðτ0Þ or _ξiðτ0Þ. As such, we write [in analogy to
Eq. (3.1) above] such quantities in terms of coefficients of
the following expansion:

Q������ ¼
Xn
k¼0

_̄xk ½Q�������i1���ik _̄xi1ðτ0Þ � � � _̄xikðτ0Þ: ðA8Þ

In this notation, we can show that the components of
ΘA

Bðγ; γ̄; τ1Þ and Δ̂A
Bðγ; γ; τ1Þ are related (using Γ and Δ

for Brinkmann coordinate indices on the linear and angular
momentum bundle):

_̄xk
½ΘΓ

Δ�ðγ; γ̄; τ1Þ ¼ _xk
½Δ̂Γ

Δ�ðγ; γ; τ1Þ: ðA9Þ

Using this notation, the final nonzero components that
are needed are also given by a lengthy computation
involving Eqs. (2.31):

ξ
Θ
PP

i
ujðγ; γ̄; τ1Þ ¼ χ _̄x½ξΘPP

v
uj�iðγ; γ̄; τ1Þ ¼ ∂u0Kj

iðu1; u0Þ; ðA10aÞ

ξ
Θ
JP

vi
jvðγ; γ̄; τ1Þ ¼ −χ _̄x½ξΘJP

vi
uv�jðγ; γ̄; τ1Þ ¼ Kj

iðu1; u0Þ − δj
i − ðu1 − u0Þ∂u1Kj

iðu1; u0Þ; ðA10bÞ

_̄x
½
ξ
Θ
JP

iv
jk�lðγ; γ̄; τ1Þ ¼

1

χ
δik

ξ
Θ
JP

v
ljvðγ; γ̄; τ1Þ; ðA10cÞ

ξ
Θ
JP

ij
klðγ; γ̄; τ1; τ0Þ ¼ 2χ _̄x½

ξ
Θ
JP

½ijvj
kl�j�ðγ; γ̄; τ1Þ; ðA10dÞ

ξΘ
JP

ui
ujðγ; γ̄; τ1Þ ¼ χ _̄x½ξΘJP

uv
uj�ðγ; γ̄; τ1Þ ¼ 2χ2½ξΘJP

vi
uj�ðγ; γ̄; τ1Þ ¼ ∂u1fðu1 − u0Þ½H j

iðu1; u0Þ − δj
i�g; ðA10eÞ
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_̄x
½
ξ
Θ
JP

ij
uk�lðγ; γ̄; τ1Þ ¼ −

1

χ ξΘ
JP

ij
lkðγ; γ̄; τ1; τ0Þ þ

2

χ
δ½il ξΘ

JP
jujj�

ukðγ; γ̄; τ1Þ; ðA10fÞ

_̄x2 ½ξΘJP
vi
uj�klðγ; γ̄; τ1Þ ¼ −

1

χ
_̄x½ξΘJP

ivðkjjj�lÞðγ; γ̄; τ1Þ þ δkl½ξΘJP
vi
uj�ðγ; γ̄; τ1Þ − 2δiðk½ξΘJP

v
lÞuj�ðγ; γ̄; τ1Þ; ðA10gÞ

ξΘ
JJ

vi
ujvðγ; γ̄; τ1Þ ¼

1

2
∂u1K j

iðu1; u0Þ; ðA10hÞ

_̄x
½
ξ
Θ
JJ

iv
ujk�lðγ; γ̄; τ1Þ ¼

1

χ
δikΘ

JJ
v
lujvðγ; γ̄; τ1Þ; ðA10iÞ

ξΘ
JJ

ij
uklðγ; γ̄; τ1Þ ¼ 2χ _̄x½ξΘJJ

½ijvj
ukl�j�ðγ; γ̄; τ1Þ: ðA10jÞ

For our final result, we first define

ΞA
Bðγ; γ̄; τ1Þ≡Ω

0
A
Bðγ; γ̄; τ1Þ þ Δ̂ A

Bðγ; γ̄; τ1Þ − Δ̂ A
Bðγ; γ; τ1Þ; ðA11Þ

then Eq. (3.25) implies that

Ω
1=2

PP
v
uðγ; γ̄; τ1Þ ¼ Ξ

PP
v
uðγ; γ̄; τ1Þ þ Ξ

PP
v
iðγ; γ̄; τ1ÞΔ

PP
i
uðγ; τ1Þ þ Δ̂

PP
v
iðγ; γ̄; τ1ÞΩ

0

PP
i
uðγ; γ̄; τ1Þ

þ 2½Δ̂
PJ

v
uiðγ; γ̄; τ1Þ − Δ̂

PJ
v
uiðγ; γ; τ1Þ�Δ

JP
ui
uðγ; τ1Þ þ 2Δ̂

PJ
v
uiðγ; γ̄; τ1ÞΩ

0

JP
ui
uðγ; γ̄; τ1Þ; ðA12aÞ

Ω
1=2

PP
v
iðγ; γ̄; τ1Þ ¼ Ξ

PP
v
jðγ; γ̄; τ1Þ½δji þ Δ

PP
j
iðγ; τ1Þ� þ 2½Δ̂

PJ
v
ujðγ; γ̄; τ1Þ − Δ̂

PJ
v
ujðγ; γ; τ1Þ�Δ

JP
uj

iðγ; τ1Þ; ðA12bÞ

Ω
1=2

PJ
v
uiðγ; γ̄; τ1Þ ¼ Ξ

PP
v
jðγ; γ̄; τ1ÞΔ

PP
j
uiðγ; τ1Þ þ 2½Δ̂

PJ
v
ujðγ; γ̄; τ1Þ − Δ̂

PJ
v
ujðγ; γ; τ1Þ�Δ

JJ
uj

uiðγ; τ1Þ
þ Δ̂

PJ
v
uiðγ; γ̄; τ1Þ − Δ̂

PJ
v
uiðγ; γ; τ1Þ; ðA12cÞ

Ω
1=2

JP
uv

uðγ; γ̄; τ1Þ ¼ Ξ
JP

uv
uðγ; γ̄; τ1Þ þ 2Ξ

JJ
uv

uiðγ; γ̄; τ1ÞΔ
JP

ui
uðγ; τ1Þ þ ½Δ̂

JP
uv

iðγ; γ̄; τ1Þ − Δ̂
JP

uv
iðγ; γ; τ1Þ�Δ

PP
i
uðγ; τ1Þ

þ Δ̂
JP

uv
iðγ; γ̄; τ1ÞΩ

0

PP
i
uðγ; γ̄; τ1Þ þ 2Δ̂

JJ
uv

uiðγ; γ̄; τ1ÞΩ
0

JP
ui
uðγ; γ̄; τ1Þ; ðA12dÞ

Ω
1=2

JP
uv

iðγ; γ̄; τ1Þ ¼ 2Ξ
JJ

uv
uiðγ; γ̄; τ1ÞΔ

JP
uj

iðγ; τ1Þ þ ½Δ̂
JP

uv
jðγ; γ̄; τ1Þ − Δ̂

JP
uv

jðγ; γ; τ1Þ�½δji þ Δ
PP

j
iðγ; τ1Þ�; ðA12eÞ

Ω
1=2

JP
vi
uðγ; γ̄; τ1Þ ¼ Ω

0

JP
vi
vðγ; γ̄; τ1ÞΔ

PP
v
uðγ; τ1Þ þ Ξ

JP
vi
uðγ; γ̄; τ1Þ þ Ξ

JP
vi
jðγ; γ̄; τ1ÞΔ

PP
i
uðγ; τ1Þ þ 2Ξ

JJ
vi
ujðγ; γ̄; τ1ÞΔ

JP
uj

uðγ; τ1Þ

þ 2Ω
0

JJ
vi
uvðγ; γ̄; τ1ÞΔ

JP
uv

uðγ; γ̄; τ1Þ þΩ
0

JJ
vi
jkðγ; γ̄; τ1ÞΔ

JP
jk
uðγ; τ1Þ þ Δ̂

JP
vi
jðγ; γ̄; τ1ÞΩ

0

PP
i
uðγ; γ̄; τ1Þ

þ 2Δ̂
JJ

vi
ujðγ; γ̄; τ1ÞΩ

0

JP
uj

uðγ; γ̄; τ1Þ; ðA12fÞ

Ω
1=2

JP
vi
vðγ; γ̄; τ1Þ ¼ Ω

0

JP
vi
vðγ; γ̄; τ1Þ; ðA12gÞ
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Ω
1=2

JP
vi
jðγ; γ̄; τ1Þ ¼ Ξ

JP
vi
kðγ; γ̄; τ1Þ½δkj þ Δ

PP
k
jðγ; τ1; τ0Þ� þ 2Ξ

JJ
vi
ukðγ; γ̄; τ1ÞΔ

JP
uk

jðγ; τ1Þ

þ 2Ω
0

JJ
vi
uvðγ; γ̄; τ1ÞΔ

JP
uv

jðγ; τ1Þ þ Ω
0

JP
vi
vðγ; γ̄; τ1ÞΔ

PP
v
jðγ; τ1Þ þΩ

0

JJ
vi
klðγ; γ̄; τ1ÞΔ

JP
kl
jðγ; τ1; τ0Þ; ðA12hÞ

Ω
1=2

JP
ij
uðγ; γ̄; τ1Þ ¼ Ξ

JP
ij
uðγ; γ̄; τ1Þ þ Ξ

JP
ij
kðγ; γ̄; τ1; τ0ÞΔ

PP
k
uðγ; τ1Þ þ 2Ξ

JJ
ij
ukðγ; γ̄; τ1ÞΔ

JP
uk

uðγ; τ1Þ

þ Δ̂
JP

ij
kðγ; γ̄; τ1; τ0ÞΩ

0

PP
k
uðγ; γ̄; τ1Þ þ 2Δ̂

JJ
ij
ukðγ; γ̄; τ1ÞΩ

0

JP
uk

uðγ; γ̄; τ1Þ; ðA12iÞ

Ω
1=2

JP
ij
kðγ; γ̄; τ1; τ0Þ ¼ Ξ

JP
ij
lðγ; γ̄; τ1; τ0Þ½δlk þ Δ

PP
l
kðγ; τ1; τ0Þ� þ 2Ξ

JJ
ij
ulðγ; γ̄; τ1ÞΔ

JP
ul
kðγ; τ1Þ; ðA12jÞ

Ω
1=2

JJ
uv

uiðγ; γ̄; τ1Þ ¼ Ξ
JJ

uv
ujðγ; γ̄; τ1Þ½δji þ 2Δ

JJ
uj

uiðγ; τ1Þ� þ ½Δ̂
JP

uv
jðγ; γ̄; τ1Þ − Δ̂

JP
uv

jðγ; γ; τ1Þ�Δ
PJ

j
uiðγ; τ1Þ; ðA12kÞ

Ω
1=2

JJ
vi
uvðγ; γ̄; τ1Þ ¼ Ω

0

JJ
vi
uvðγ; γ̄; τ1Þ; ðA12lÞ

Ω
1=2

JJ
vi
ujðγ; γ̄; τ1Þ ¼ Ξ

JP
vi
kðγ; γ̄; τ1ÞΔ

PJ
k
ujðγ; τ1Þ þ Ξ

JJ
vi
ukðγ; γ̄; τ1Þ½δkj þ 2Δ

JJ
uk

ujðγ; τ1Þ�

þ Ω
0

JP
vi
vðγ; γ̄; τ1ÞΔ

PJ
v
ujðγ; τ1Þ þΩ

0

JJ
vi
klðγ; γ̄; τ1ÞΔ

JJ
kl
ujðγ; τ1Þ þ 2Ω

0

JJ
vi
uvðγ; γ̄; τ1ÞΔ

JJ
uv

ujðγ; τ1Þ; ðA12mÞ

Ω
1=2

JJ
vi
jkðγ; γ̄; τ1Þ ¼ Ω

0

JJ
vi
jkðγ; γ̄; τ1Þ; ðA12nÞ

Ω
1=2

JJ
ij
ukðγ; γ̄; τ1Þ ¼ Ξ

JP
ij
lðγ; γ̄; τ1; τ0ÞΔ

PJ
l
ukðγ; τ1Þ þ 2Ξ

JJ
ij
ulðγ; γ̄; τ1Þ½δlk þ 2Δ

JJ
ul
ukðγ; τ1Þ�: ðA12oÞ

This observable possesses 31 nonzero components, which
is fewer than the 50 that are required by the existence of a
five-dimensional space of Killing vector fields.

APPENDIX B: MODIFICATIONS DUE TO
ACCELERATION

Throughout the body of this paper, except for our
spinning test particle observable, we have only considered
the case where all curves used to define the observables are
geodesic. In that case, our results are nonperturbative in
these spacetimes. We now consider the effects of accel-
eration. In essence, the only change is that now our results
are necessarily perturbative, but fortunately only perturba-
tive in the acceleration, not in the initial separation or
relative velocity. Moreover, unlike the case where the
curves are geodesic, our final results depend on integrals,
not just sums and products, of the transverse Jacobi
propagators. Note that this also seems to be the case with
the spinning test particle observable, which was necessarily
defined using an accelerated curve.
To compute our observables for accelerated curves, note

that, given a curve γ and a proper time τ0, there is a unique

geodesic γ̂ that intersects γ at τ0 that has the same four-
velocity at that point. If an observable is defined with
respect to two accelerated curves γ and γ̄, we show that this
observable can be written in terms of γ̂ and ˆ̄γ.
This process is most easily done for the holonomy

observable. First, we consider the case of the holonomy
with respect to parallel transport with the metric-compatible
connection. Using the fact that the initial and final regions
are flat, we find that

Λa
bðγ; γ̄; τ1Þ ¼ gaāΛā

c̄ð ˆ̄γ; γ̄; τ1Þgc̄c
× Λc

dðγ̂; ˆ̄γ; τ1ÞðΛ−1Þdbðγ̂; γ; τ1Þ: ðB1Þ

The holonomy Λa
bðγ̂; ˆ̄γ; τ1Þ has already been computed in

the body of the paper in Sec. III B. For the other two
holonomies, we can show that

ðΛ�1Þ abðγ̂; γ; τ1Þ ¼ δab �  γΩ a
bðγ̂; γ; τ1Þ þOð  γ2Þ; ðB2Þ

where
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 γΩa
bðγ̂; γ; τ1Þ ¼

Z
τ1

τ0

dτ2fðτ0 − τ2Þγ̂Hc
ĉ00 ½ξΩ a

bcðγ̂; τ1Þ − ξΩ a
bcðγ̂; τ2Þ�

þ D
dτ0

½ðτ0 − τ2Þγ̂Hc
ĉ00 �½_ξΩ a

bcðγ̂; τ1Þ − _ξ
Ω a

bcðγ̂; τ2Þ�ggĉ00c00  γc00 : ðB3Þ

When considering the holonomy of linear and angular
momentum for a specific value of ϰ, analogous versions of
Eqs. (B1), (B2), and (B3) hold.
At this point, we note that ξΩ a

bcðγ̂; τ1Þ and _ξ
Ω a

bcðγ̂; τ1Þ
(along with their analogues for the linear and angular
momentum transport) are given in the body of the paper in
Sec. III B. However, their versions with τ2 instead of τ1
[that is, ξΩ a

bcðγ̂; τ2Þ and _ξ
Ω a

bcðγ̂; τ2Þ] are not, for any

arbitrary value of τ2 ∈ ðτ0; τ1Þ. As the expressions for these
quantities are lengthy, we merely note that they can be
determined using the expressions in [1], once adapted to
plane wave spacetimes in Brinkmann coordinates.
We now consider the curve deviation observable, starting

with the various pieces that go into the definition of the
curve deviation in Eq. (3.3). Since it is crucial in this case,

we make the dependence on the curves of the separation
and the curve deviation observable explicit. First,

ξa
0 ðγ; γ̄Þ ¼ ga

0
â0 ½ξâ0 ðγ̂; ˆ̄γÞ þ gâ

0
ˆ̄a0ξ

ˆ̄a0 ð ˆ̄γ; γ̄Þ − ξâ
0 ðγ̂; γÞ�: ðB4Þ

Using the holonomy, we also find

γg a0
a ¼ γ̂g

â0
bðΛ−1Þ baðγ̂; γ; τ1Þ; ðB5Þ

and moreover

γg a0
a000 ¼ ga

0
â0 γ̂g

â0
aðΛ−1Þ acðγ̂; γ; τ1Þ

× Λc
bðγ̂; γ; τ3Þγ̂g b

â000gâ
000
a000 : ðB6Þ

Putting this all together, one finds that

Δξa0CDðγ; γ̄Þ ¼ ga
0
â0

�
Δξâ0CDðγ̂; ˆ̄γÞ þ gâ

0
ˆ̄a0ξ

ˆ̄a0 ð ˆ̄γ; γ̄Þ − ξâ
0 ðγ̂; γÞ þ γ̂g

â0
a½ðΛ−1Þabðγ̂; γ; τ1Þ − δab�½ξb þ ðτ1 − τ0Þ_ξb�

þ γ̂g
â0
aðΛ−1Þacðγ̂; γ; τ1Þ

Z
τ1

τ0

dτ2

Z
τ2

τ0

dτ3Λc
bðγ̂; γ; τ3Þγ̂g b

b̂000g
b̂000

b000 ðgb000 b̄000  γ̄b̄000 −  γb000 Þ
�
: ðB7Þ

The terms with holonomies in this expression are given by Eqs. (B2) and (B3). The remaining terms are determined by
noting that

ξâ
0 ðγ̂; γÞ ¼

Z
τ1

τ0

dτ2ðτ1 − τ2Þγ̂Hâ0
â00gâ

00
a00  γa

00
; ðB8Þ

with an analogous statement holding for ξ ˆ̄a
0 ð ˆ̄γ; γ̄Þ.

[1] É. É. Flanagan, A. M. Grant, A. I. Harte, and D. A. Nichols,
Persistent gravitational wave observables: General frame-
work, Phys. Rev. D 99, 084044 (2019).

[2] Y. B. Zel’dovich and A. G. Polnarev, Radiation of gravita-
tional waves by a cluster of superdense stars, Sov. Astron.
18, 17 (1974).

[3] D. Christodoulou, Nonlinear Nature of Gravitation and
Gravitational-Wave Experiments, Phys. Rev. Lett. 67,
1486 (1991).

[4] A. Strominger, Lectures on the infrared structure of gravity
and gauge theory, arXiv:1703.05448.

[5] S. W. Hawking, M. J. Perry, and A. Strominger, Soft
Hair on Black Holes, Phys. Rev. Lett. 116, 231301
(2016).

[6] G. Compère and A. Fiorucci, Advanced lectures in general
relativity, arXiv:1801.07064.

[7] V. Chandrasekaran, É. É. Flanagan, and K. Prabhu, Sym-
metries and charges of general relativity at null boundaries,
J. High Energy Phys. 11 (2018) 125.

[8] P.-M. Zhang, C. Duval, G. W. Gibbons, and P. A. Horvathy,
The memory effect for plane gravitational waves, Phys. Lett.
B 772, 743 (2017).

PERSISTENT GRAVITATIONAL WAVE OBSERVABLES: … PHYS. REV. D 101, 104033 (2020)

104033-23

https://doi.org/10.1103/PhysRevD.99.084044
https://doi.org/10.1103/PhysRevLett.67.1486
https://doi.org/10.1103/PhysRevLett.67.1486
https://arXiv.org/abs/1703.05448
https://doi.org/10.1103/PhysRevLett.116.231301
https://doi.org/10.1103/PhysRevLett.116.231301
https://arXiv.org/abs/1801.07064
https://doi.org/10.1007/JHEP11(2018)125
https://doi.org/10.1016/j.physletb.2017.07.050
https://doi.org/10.1016/j.physletb.2017.07.050


[9] P.-M. Zhang, C. Duval, G. W. Gibbons, and P. A. Horvathy,
Soft gravitons and the memory effect for plane gravitational
waves, Phys. Rev. D 96, 064013 (2017).

[10] P. M. Zhang, C. Duval, G. W. Gibbons, and P. A. Horvathy,
Velocity memory effect for polarized gravitational waves,
J. Cosmol. Astropart. Phys. 05 (2018) 030.

[11] A. I. Harte, Optics in a nonlinear gravitational plane wave,
Classical Quantum Gravity 32, 175017 (2015).

[12] P. D. Lasky, E. Thrane, Y. Levin, J. Blackman, and Y. Chen,
Detecting Gravitational-Wave Memory with LIGO:
Implications of GW150914, Phys. Rev. Lett. 117, 061102
(2016).

[13] K. Islo, J. Simon, S. Burke-Spolaor, and X. Siemens,
Prospects for memory detection with low-frequency gravi-
tational wave detectors, arXiv:1906.11936.

[14] M. Hübner, C. Talbot, P. D. Lasky, and E. Thrane, Thanks
for the memory: Measuring gravitational-wave memory in
the first LIGO/Virgo gravitational-wave transient catalog,
Phys. Rev. D 101, 023011 (2020).

[15] O. M. Boersma, D. A. Nichols, and P. Schmidt, Forecasts
for detecting the gravitational-wave memory effect with
Advanced LIGO and Virgo, arXiv:2002.01821.

[16] H. Bondi and F. A. E. Pirani, Gravitational waves in general
relativity. 13: Caustic property of plane waves, Proc. R. Soc.
A 421, 395 (1989).

[17] A. I. Harte and T. D. Drivas, Caustics and wave propagation
in curved spacetimes, Phys. Rev. D 85, 124039 (2012).

[18] A. I. Harte, Strong lensing, plane gravitational waves and
transient flashes, Classical Quantum Gravity 30, 075011
(2013).

[19] R. M. Wald, General Relativity (U. Chicago Press, Chicago,
1984).

[20] E. Poisson, The motion of point particles in curved
spacetime, Living Rev. Relativity 7, 6 (2004).

[21] É. É. Flanagan, D. A. Nichols, L. C. Stein, and J. Vines,
Prescriptions for measuring and transporting local angular

momenta in general relativity, Phys. Rev. D 93, 104007
(2016).

[22] H.W. Brinkmann, Einstein spaces which are mapped
conformally on each other, Math. Ann. 94, 119 (1925).

[23] N. Rosen, Plane polarized waves in the general theory of
relativity, Phys. Z. Sowjetunion 12, 366 (1937).

[24] J. Ehlers and W. Kundt, Exact solutions of the gravitational
field equations, in Gravitation: An Introduction to Current
Research, edited by L. Witten (Wiley J & Sons, New York,
1962), pp. 49–101.

[25] R. Maartens and S. D. Maharaj, Conformal symmetries of p
p waves, Classical Quantum Gravity 8, 503 (1991).

[26] A. Patino, Constants of motion of geodesics equations.
examples, Astrophys. Space Sci. 208, 77 (1993).

[27] M. Grasso, M. Korzyński, and J. Serbenta, Geometric optics
in general relativity using bilocal operators, Phys. Rev. D
99, 064038 (2019).

[28] N. Uzun, Reduced phase space optics for general relativity:
Symplectic ray bundle transfer, Classical Quantum Gravity
37, 045002 (2020).

[29] J.-a. Marck, Solution to the equations of parallel transport
in kerr geometry; Tidal tensor, Proc. R. Soc. A 385, 431
(1983).

[30] C. M.Will, The confrontation between general relativity and
experiment, Living Rev. Relativity 17, 4 (2014).

[31] W. Magnus and S. Winkler, Hill’s Equation, Dover books
on advanced mathematics (Dover Publications, New York,
1979).

[32] J. Vines, Geodesic deviation at higher orders via covariant
bitensors, Gen. Relativ. Gravit. 47, 59 (2015).

[33] É. É. Flanagan and D. A. Nichols, Observer dependence of
angular momentum in general relativity and its relationship
to the gravitational-wave memory effect, Phys. Rev. D 92,
084057 (2015).

[34] W. Tulczyjew, Motion of multipole particles in general
relativity theory, Acta Phys. Pol. 18, 393 (1959).

FLANAGAN, GRANT, HARTE, and NICHOLS PHYS. REV. D 101, 104033 (2020)

104033-24

https://doi.org/10.1103/PhysRevD.96.064013
https://doi.org/10.1088/1475-7516/2018/05/030
https://doi.org/10.1088/0264-9381/32/17/175017
https://doi.org/10.1103/PhysRevLett.117.061102
https://doi.org/10.1103/PhysRevLett.117.061102
https://arXiv.org/abs/1906.11936
https://doi.org/10.1103/PhysRevD.101.023011
https://arXiv.org/abs/2002.01821
https://doi.org/10.1098/rspa.1989.0016
https://doi.org/10.1098/rspa.1989.0016
https://doi.org/10.1103/PhysRevD.85.124039
https://doi.org/10.1088/0264-9381/30/7/075011
https://doi.org/10.1088/0264-9381/30/7/075011
https://doi.org/10.12942/lrr-2004-6
https://doi.org/10.1103/PhysRevD.93.104007
https://doi.org/10.1103/PhysRevD.93.104007
https://doi.org/10.1007/BF01208647
https://doi.org/10.1088/0264-9381/8/3/010
https://doi.org/10.1007/BF00658134
https://doi.org/10.1103/PhysRevD.99.064038
https://doi.org/10.1103/PhysRevD.99.064038
https://doi.org/10.1088/1361-6382/ab60b5
https://doi.org/10.1088/1361-6382/ab60b5
https://doi.org/10.1098/rspa.1983.0021
https://doi.org/10.1098/rspa.1983.0021
https://doi.org/10.12942/lrr-2014-4
https://doi.org/10.1007/s10714-015-1901-9
https://doi.org/10.1103/PhysRevD.92.084057
https://doi.org/10.1103/PhysRevD.92.084057

