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We discuss the recent progress in extracting partonic functions from the quasi-distribution ap-
proach, using twisted mass fermions. This concerns, among others, the investigation of several
sources of systematic effects. Their careful analysis is a prerequisite to obtain precise determina-
tions of PDFs from the lattice with realistic estimates of all uncertainties. In these proceedings, we
shortly discuss systematic effects in the matching procedure. Moreover, we present preliminary
results from our new simulations at the physical point. They involve, additionally, the dynamical
strange and charm quarks, as well as a larger volume and a smaller lattice spacing than in our pre-
vious computations. In addition, we show first results from computations of generalized parton
distributions (GPDs) in the quasi-distribution framework.
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1. Introduction
Recent years have witnessed a tremendous progress in calculations of partonic distribution func-
tions from first principles. For a long time, lattice computations were restricted to the lowest 2-3
moments of parton distribution functions (PDFs) or generalized parton distributions (GPDs). The
situation changed with the advent of Ji’s proposal [1] to calculate quasi-distributions, objects related
to the desired light-cone distributions and computable on the lattice. Quasi-distributions share the
same infrared physics with their light-cone counterparts and the difference in the ultraviolet can be
subtracted using perturbation theory, in the so-called matching procedure. The approach has been
very vigorously explored theoretically and numerically, see e.g. Refs. [2, 3, 4, 5, 6, 7, 8, 9, 10, 11,
12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29] for published studies con-
cerning PDFs of the nucleon, including renormalizability, concrete renormalization prescriptions,
matching, nucleon mass corrections, finite volume effects, higher-twist effects and lattice simula-
tions with non-physical and finally physical quark masses. The quasi-distribution approach was
also applied to other hadrons, see e.g. Refs. [30, 31, 32], and other direct approaches for extracting
the x-dependence of partonic functions were also pursued, e.g. Refs. [33, 34, 35, 36, 37, 38, 39, 40].
For an extensive review of recent activities in this field, we refer to Refs. [41, 42].

2. Theoretical and lattice setup
Starting with the renormalized matrix elements hMMS

Γ
(z,P3) = ZMMS(z)〈P|ψ(z)ΓW (z,0)ψ(0) |P〉

(where the nucleon momentum is P = (P0,0,0,P3), ZMMS(z) is the renormalization function in the
MMS scheme [28], W (z,0) is the Wilson line of length z and Γ determines the type of PDF), one ob-
tains quasi-PDFs as the Fourier transform with respect to z, q̃MMS(x,P3)=

∫ +∞

−∞

dz
4π

e−ixP3z hMMS
Γ

(z,P3).
We perform the computations for one ensemble of configurations, with N f = 2 maximally twisted
mass quarks with a clover term (MTM+clover), at the physical pion mass, with lattice size of
483 × 96 and lattice spacing a = 0.0938(3)(2) fm. The nucleon is boosted to 6π

L , 8π

L and 10π

L
(0.83, 1.11, 1.38 GeV). The three-point functions entering the matrix elements are computed at
four source-sink separations (ts = 0.75, 0.84, 0.93 and 1.12 fm). The number of measurements at
the largest ts is 9600, 38250 and 72990 measurements (for our three boosts, respectively). For more
details about the computation of the bare matrix elements and their renormalization functions, we
refer to Ref. [28].

Thus computed quasi-PDFs differ from light-cone PDFs only in the UV region and this differ-
ence can be accounted for in perturbation theory, using a matching procedure. In this work, we use
the matching formulae developed in Refs. [18, 28], for which the input quasi-PDF is expressed in
the MMS scheme. The final step is to apply nucleon mass corrections, derived in Ref. [5].

3. Systematic effects in matching
In Ref. [28], we analyzed several systematic effects that appear at different stages of the com-

putation. Here, we briefly discuss the ones at the level of the matching procedure, for the unpo-
larized PDFs case. However, the magnitudes of the considered effects in helicity and transversity
PDFs were found to be very similar.

In Fig. 1 (upper left), we show the effect of taking into account the conversion factor between
the MS scheme and the MMS scheme. In Refs. [18, 25], we used the matching formulae that
require the input quasi-PDF renormalized in the MMS scheme, but the conversion factor MS→
MMS was then unavailable. An explicit test of the effect of this conversion factor (derived in
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Figure 1: Selected tests of the matching procedure for the unpolarized PDF (P3 = 10π/L). We show a
comparison of the matched PDF in the MMS scheme and the MS scheme (top left), the ratio scheme (top
right) and the RI scheme (bottom left). The bottom right plot illustrates the dependence of the MMS→MS
matched PDF on the choice of the maximum z/a used in the Fourier transform.

Ref. [28]) confirmed the expectation that it is small, roughly an order of magnitude smaller than
statistical errors. In the upper right and lower left panels of Fig. 1, we compare the matched
PDFs obtained from MMS→ MS matching formulae [28] and from ratio→ MS [17] and RI→
MS matching procedures [16]. All these formulae are equivalent, up to neglected higher-order
perturbative effects. Since all of them are calculated only to one-loop level, the observed differences
can be attributed to truncation effects. Hence, we find these are rather significant, both at low-x
(MMS vs. ratio) and at high-x (MMS vs. RI). This necessitates the calculation of at least two-
loop matching. Finally, we compare the effects of truncating the Fourier transform at different
maximal lengths of the Wilson line, zmax/a. We observe that all reasonable choices for zmax lead
to compatible results. However, as discussed in Ref. [27], the truncated and discretized Fourier
transform is ill-defined and advanced reconstruction methods need to be applied in the future.

4. Preliminary results for an N f = 2+1+1 ensemble
One of our recent research directions involves computations of quasi-PDFs for another ensem-

ble of configurations, with N f = 2+ 1+ 1 MTM+clover quarks at the physical pion mass, larger
volume 643×128 and a smaller lattice spacing, a = 0.081 fm. In Fig. 2, we present results at the
nucleon boost P3 = 12π/L ≈ 1.44 GeV, obtained from 31770 measurements, and at three values
of ts = 0.73,0.89,1.05 fm. We do not observe significant excited states effects – for most values

2
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of z/ a , i n b ot h t h e r e al a n d i m a gi n ar y p arts, m atri x el e m e nts ar e c o m p ati bl e f or all s o ur c e-si n k
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5. P r eli mi n a r y r es ults f o r q u asi- G P Ds
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Figure 4: Left: the unpolarized H quasi-GPD and the matched H-GPD. Right: comparison of the un-
polarized matched PDF and the H-GPD. The average nucleon boost is 0.83 GeV, for GPD: ξ = 0,
Q2 = 0.69 GeV2. Ensemble: N f = 2+ 1+ 1 MTM+clover quarks, mπ ≈ 270 MeV, lattice size 323× 64,
a = 0.094 fm.

quasi-distribution approach1. Quasi-GPDs are defined analogously to quasi-PDFs, but they involve
momentum transfer, t = −Q2, between the initial and final hadron states. The Fourier transform
of the underlying matrix elements is a combination of two (four) quasi-GPDs in the chiral-even
(odd) case. In the chiral-even case, these are commonly denoted as H and E quasi-GPDs. They
are functions of the Bjorken-x, the renormalization scale, the momentum transfer and the so-called
quasi-skewness variable, ξ = −Q3/2P3, where a boost along the 3-direction is assumed and P3 is
the average momentum. Using different projectors, one can disentangle the two (four) contributions
and subject them to matching to obtain their light-cone counterparts. For zero quasi-skewness, the
matching is identical to the one for quasi-PDFs, while ξ 6= 0 implies different matching, as derived
in Ref. [44]. Physically, ξ 6= 0 implies the existence of the so-called ERBL region (|x|< ξ ).

Our lattice setup for this exploratory study involves N f = 2+ 1+ 1 MTM+clover quarks at
mπ ≈ 270 MeV, lattice size 323× 64 and a = 0.094 fm. We compute matrix elements for several
nucleon boosts and momentum transfers, using ts ≤ 12a. In Fig. 3, we show bare matrix elements
for unpolarized GPDs (920 measurements) at P3 = 0.83 GeV (ξ = 0, Q2 = 0.69 GeV2), using
the unpolarized (Γ0 ≡ (1+ γ0)/4) and polarized (Γ2 ≡ (1+ γ0)iγ5γ2/4) projectors that allow us
to disentangle the H and E functions. The left plot of Fig. 4 shows the Fourier transform of the
RI-scheme renormalized matrix element corresponding to the H quasi-function and the matched
H-GPD. In the right plot, a comparison of this GPD with the corresponding matched PDF obtained
from the same ensemble and with the same nucleon boost. It is clear that the GPD is suppressed
with respect to the PDF, as expected. The x-integral of the GPD gives the Pauli form factor Fu−d

1
and the integral value we obtain, 0.62(8), is compatible with our renormalized matrix element (of
the H function) at z = 0 (0.61(8)) and independent direct lattice extractions using local matrix
elements at similar values of Q2. We are currently increasing statistics and computing various
kinematic setups to obtain a large coverage of the (P3, t,ξ ) parameter space.

1See also Ref. [43] for exploratory work about quasi-GPDs in the pion.
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