MATHEMATICS OF COMPUTATION

Volume 90, Number 327, January 2021, Pages 1-18
https://doi.org/10.1090/mcom/3560

Article electronically published on July 27, 2020

WEAK DISCRETE MAXIMUM PRINCIPLE OF FINITE
ELEMENT METHODS IN CONVEX POLYHEDRA

DMITRIY LEYKEKHMAN AND BUYANG LI

ABSTRACT. We prove that the Galerkin finite element solution up of the
Laplace equation in a convex polyhedron {2, with a quasi-uniform tetrahe-
dral partition of the domain and with finite elements of polynomial degree
r > 1, satisfies the following weak maximum principle:

lwnll oo (2) < Cllunllpoo a0y »
with a constant C independent of the mesh size h. By using this result, we
show that the Ritz projection operator Ry, is stable in L°° norm uniformly in
h for r > 2, i.e.,

[BrullLoe (@) < Cllullpoo(0)-

Thus we remove a logarithmic factor appearing in the previous results for
convex polyhedral domains.

1. INTRODUCTION

Let Sj, be a finite element space of Lagrange elements of degree r > 1 subject
to a quasi-uniform tetrahedral partition T of a convex polyhedron 2 C R?, where
h denotes the mesh size of the tetrahedral partition, and quasi-uniformity means
that

pr=ch Vre%,

with p, denoting the radius of the largest ball inscribed in the tetrahedron 7 € ¥.
Let S;, be the subspace of S}, consisting of functions with zero boundary values.
A function uy € Sy, is called a discrete harmonic if it satisfies

(1.1) (Vup,Vxn) =0 VYxi € gh.

In this article, we establish the following result, which we call the weak maximum
principle of finite element methods (for higher order equations it is often called the
Agmon-Miranda maximum principle).

Theorem 1.1. A discrete harmonic function uy, satisfies the following estimate:

(1.2) ||uh||Loo(r2) <C H“hHLw(an) )

where the constant C' is independent of the mesh size h.
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As an application of the weak maximum principle, we show that the Ritz pro-
jection Ry, : H}(2) — S), defined by

(V(u— Rpu),Vuop) =0 Yo, € S’h
is stable in L°° norm for finite elements of degree r > 2, i.e.,
| Rl gy < Cllullz~ey Yo € HE(R) 0 L=(92).

Although this result is well known for smooth domains [27,29], for convex poly-
hedral domains the result was available only with an additional logarithmic factor
[20, Theorem 12].

In the finite element literature, the “strict” discrete maximum principle

lunllLe (@) < [lunllz@0)

ie., with C = 1 in (1.2), has attracted a lot of attention; see [7,8, 25,31, 32], to
mention a few. However, the sufficient conditions for the strict discrete maximum
principle often put serious restrictions on the geometry of the mesh. For piecewise
linear elements in two dimensions, the strict discrete maximum principle generally
requires the angles of the triangles to be less than /2, or the sum of opposite
angles of the triangles that share an edge to be less than 7 (for example, see
[32, §5]), though these conditions are not necessary away from the boundary [10].
For quadratic elements in two dimensions, discrete maximum principle holds only
for equilateral triangles [15]. The situation in three dimensions is more complicated
[4,18,19,33], essentially it is hard to guarantee the discrete maximum principle even
for piecewise linear elements.

A different approach was taken in the work of Schatz [26], who proved that a weak
maximum principle in the sense of (1.2) holds for a wide class of finite elements on
general quasi-uniform triangulation of any two dimensional polygonal domain. The
weak maximum principle was used to established the stability of the Ritz projection
in L> and W1 norms for two-dimensional polygons. Such L™ and W1 > stability
results have a wide range of applications, for example to pointwise error estimates
of finite element methods for parabolic problems [17,21,22], Stokes systems [3],
nonlinear problems [11,12,23], obstacle problems [6], and optimal control problems
[1,2], to name a few. As far as we know, [26] is the only paper that establishes the
weak maximum principle and the L stability estimate (without the logarithmic
factor) for the Ritz projection on nonsmooth domains.

In three dimensions the situation is less satisfactory. The stability of the Ritz
projection in L and W1 norms is available on smooth domains [27,29] and
convex polyhedral domains [14,20]. However, on convex polyhedral domains in
[20], the L*° stability constant depends logarithmically on the mesh size h, and it is
not obvious how the logarithmic factor can be removed there. There are no results
on the weak maximum principles in three dimensions even on smooth domains
or convex polyhedra. The objective of this paper is to close this gap for convex
polyhedral domains. In order to obtain the result, we have to modify the argument
in [26] by extending the arguments to L? norm for some 1 < p < 2. This constitutes
the main technical difficulty in the analysis of the paper. The mere adaptation of
the L? norm based argument used in [26] for convex polyhedral domains would
yield a logarithmic factor. Unfortunately, the current analysis does not allow us
to extend the results to nonconvex polyhedral domains or graded meshes. These
would be the subject of future research.
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WEAK DISCRETE MAXIMUM PRINCIPLE 3

The paper is organized as follows. In section 2 we state some preliminary results
that we use later in our arguments. In section 3 we reduce the proof of the weak
discrete maximum principle to a specific error estimate. Section 4 is devoted to
the proof of this estimate, which constitutes the main technical part of the paper.
Finally, section 5 gives an application of the weak discrete maximum principle to
show the stability of the Ritz projection in L* norm uniformly in & for higher order
elements.

In the rest of this article, we denote by C' a generic positive constant, which may
be different at different occurrences but will be independent of the mesh size h.

2. PRELIMINARY RESULTS

In this section, we present several well-known results that are used in our analysis.
The first result concerns global regularity of the weak solution v € H}(§2) to the
problem

(2.3) (Vo,Vx) = (f,x) Vx € Hy(02).

On the general convex domains we naturally have the H? regularity (cf. [13]).
However, on convex polyhedral domains, we have the following sharper W?2P((2)
regularity result (cf. [9, Corollary 3.12]).

Lemma 2.1. Let {2 be a convex polyhedron. Then there exists a constant py > 2
depending on {2 such that for any 1 < p < po and f € LP({2), the solution v of
(2.3) is in W2P(£2) and

llvllw2r2y < CllfllLr)-

For any point 2* € 2 we denote Sq(z*) = {x € 2 : |x — 2*| < d}. The following
result, which is a version of the Poincaré inequality, is an extension of Lemma 1.1
in [26], which was established in two dimensions for p = 2.

Lemma 2.2. Let1 <p<oo. Ify € Wol’p/(Q) and x* € 012, then

IXIzr (54, (@) < Cdul| VX Lr(02)-

Proof. Similarly to [26, Lemma 1.1], we consider x € C§°({2) and extend x by
zero outside (2. By denoting z* = («7,z3, 2%) and using the spherical coordinates
centered at x*, we define

(0. .6) = (a7 + psin() cos(6), x5 + psin() sin(9), 5 + pcos(9)),

)
for 0 < p < d,, and some ¢ € [0 7] and 6 € [0, 27]. Since x = 0 on 92, there exists
0* € [0,27] such that X(p, ¢, 0*) = 0. Therefore,

27
‘%(/%9079” = ' /9\ a@%(pﬂmal) de/ < / |895<'(p7(p,9/)‘dal
* 0

From the chain rule, we have

oX(psp,0) = =0z, X(p, , 0) psin(p) sin(0) + 9., X(p, p, 0) psin(p) cos(d).

As a result, by Holder’s inequality, we obtain

21 27
WM%@PSC/ @%M%MWW<C/ PV (s 0, 0P 6.
0 0
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4 DMITRIY LEYKEKHMAN AND BUYANG LI

Therefore,

ds T 2
/ x(2)[P dz :/ / / X(p, ¢, 0)[Pp? sin(p) df dp dp
Sa, (z*) 0 o Jo

dy T 2 2
<o [T [T s siras) it asapds
0 0 0 0
dy T 27
< Cdi’/ / / IVX(p, 0, 0[P p” sin(ip) A6’ dep dp
0 0 0

= Cdi’/ [Vx(z)P dz.
Sa, (z*)
This proves the desired result. O

The next result addresses the problem (2.3) when the source function f is sup-
ported in some part of {2. It establishes the stability of the solution in W norm
and traces the dependence of the stability constant on the diameter of the support.
The corresponding result in [26] is the equation (1.6) therein, which was established
for p = 2 in two dimensions. In our situation we need it for a larger range of p.

Lemma 2.3. For any bounded Lipschitz domain {2, there exist positive constants

a € (0,%) and C (depending on £2) such that for 3 —a < p < 3+« and f € LP(12)

with supp(f) C Sq, (xo) and dist(zo, 02) < d., the solution of (2.3) satisfies
[vllwre(@) < Cdel| fllLr(02)-

Proof. If dist(zg,02) < d., then Sy, (xg) C Saq, (ZTo) for some Ty € 0f2. For any

X € W3 (£2), there holds

[(Vo, V)l = [(£:20] < 1l (su, @ XN 2o (5., (0

<
S llze(sa, @ XN Lo (554, @0))
< Cdi| fllr @) IV X Lo (2
where in the last step we have used Lemma 2.2.

For @ € C§°(2)%, we let x € H2(2)NH(2) — WP (2) (for 3 —a < p < 3+a)

be the solution of

Ax =V - in £2,
{ x=0 on 0f2.

The solution y defined above satisfies
V. (0 —Vy) =0,
and, according to [16, Theorem B], there exists a constant o € (0, %) such that
IVX0go ) < Ol ) for 5 —a<p<3+a
By using these properties, we have
[(Vo,@)| = |[(Vo, V)| < Cdul| fll e @) IV X o () < Clul| fll o) 10 1 ()

Since C5°(£2)3 is dense in L?' (£2)3 and the estimate above holds for all @ € Cg°(£2)3,
the duality pairing between LP(£2)® and L¥'(£2)? implies the desired result. O

The next lemma concerns basic properties of harmonic functions on convex do-
mains. The result is essentially the same as in [28, Lemma 8.3].
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Lemma 2.4. Let D and Dy be two subdomains satisfying D C Dgq C {2, with
Dy ={x € 2 :dist(z, D) < d},

where d is a positive constant. If v € H}(£2) and v is harmonic on Dy, i.e.,
(Vo,Vw) =0 Yw € Hi(Dg),

then the following estimates hold:

(2.4&) |'U|H2(D) < Cd_lH’UHHl(Dd),
<

(2.4b) o/l (py < Cd™ o]l (Dy)-

Finally, we need the best approximation property of the Ritz projection in W1?
norm. In [14], the best approximation property of the Ritz projection in W1
norm was established on convex polyhedral domains. Together with the standard
best approximation property in H! norm we obtain
(2.5) lv — Rpv|lwieoy) < C misan lv = xllwre2y Yove H(2) nWhP(0)

XESh
for any 2 < p < co. Extension of the above result to 1 < p < oo follows by duality
(cf. [5, §8.5]). These can be summarized as below.

Lemma 2.5. On a convex polyhedron (2, the following estimate holds for any fixed
p € (1,00]:

H’U — Rh’l}”wl,p((]) < Ch||U||W2,p(Q) Yov e Hol(.Q) N WZP(Q).

In sections 3—4, we will use several results from [24,26,27]. Some of these results
were stated therein for sufficiently small mesh size h under certain hypothesis on the
triangulation. Since we concentrate on the Lagrange elements, all the hypotheses in
[27] are trivially satisfied and we assume that our mesh size h is sufficiently small,
say h < hg for some constant hg, so these results hold.

3. BASIC ESTIMATES

In this section, we derive some estimates we require to establish one of our key
results, Theorem 1.1. This part of the argument up to (3.12) is analogous to the
first part of the proof of [26, Theorem 1] up to equation (3.10). The dyadic decom-
position part is also similar. The essential difference lies in the duality argument
in section 4, after the equation (4.21).

In [27, Corollary 5.1], the following interior error estimate was established:

[ = un| poo(2y) < CRIMA[ [l 2,y + CA™ TP Ju — gl —r.a(,)

for0 <l <r,wherer =1forr=1,7=0forr > 2, and {1 € 2 € {2, with
dist(£21,082) > d > kh, and dist(£22,082) > d > kh. Choosing u = 0, p = 0, and
q = 2 in the above estimate, we obtain that there exists a constant C' independent
of h such that

(3.1) lunllze (o) < Cd™ 2 lunl|z(n).
Let x¢ € 2 be a point satisfying
lun(20)| = ||unl|pe(oy with d = dist(zq,092).
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6 DMITRIY LEYKEKHMAN AND BUYANG LI

If d > 2kh, then we can choose {21 = S;4/5(xo) and 22 = S4(z0). In this case, the
following interior L*° estimate holds (cf. [27, Corollary 5.1] and [26, Lemma 2.1

(i)]):
fun(0)| < Cd” 2 [[un| 2 (sia0))-
Otherwise, we have d < 2kh. In this case, the inverse inequality of finite element
functions (cf. [5, Ch. 4.5]) implies
_3
lun(z0)| = [[unllLoe (s, (20)) S Ch™ 2 JunllL2(s), (20))-

Hence, either for d > 2kh or d < 2kh, the following estimate holds:
(3.2) lun(x0)] < Cp™ 2 unll12(s, (o)) With p = d + 2kh.

To estimate the term |[lun||2(s,(xy)) On the right hand side of the inequality
above, we use the following duality property:

HuhHm(sp(xo)) = sup |(un, @)l
supp(¢)CSp (o)

|\90||L2(sp(m0))<1

which implies the existence of a function ¢ € C§°(§2) with the following properties:

(3.3) supp() C Sp(zo),  llellzzs,@o) <1,
and
(3.4) [unllL2 (s, (o)) < 2l(un, @)I-

For this function ¢, we define v € HE(£2) to be the solution of
(3.5) (Vo,Vx) = (¢,Xx) Vx € Hy(02),
and let vy, € §h be the finite element solution of

(Vor, Vxn) = (9, xn)  Vxn € Sh.
Thus, vy is the Ritz projection of v and satisfies
(3.6) (V(v—v1),Vxn) =0 Vxn € S
Let u be the solution of the problem (in weak form)

57 {(vu, Vx) =0 VYyxeHN{),

u = up on Of2.
Then the continuous maximum principle of (3.7) implies
(3.8) [ulle (@) < llunllze=a0)-
Notice, that uj is the Ritz projection of u, i.e.,

(V(u— uh),Vxh) =0 VXh € gh,
u—up =0 on 0f2.
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WEAK DISCRETE MAXIMUM PRINCIPLE 7

Therefore, we have

lunllzzs,(zo)) < 2[(un, )| (here we used (3.4))
=2|(un — u, @) + (u, 9)|
=2|(V(up —u), Vv) + (u, ¢)| (here we used (3.5))
= 2|(Vuyp, Vv) + (u, )] (here we used (3.7))
< 2[(Vun, Vo)| + 2[|ul| L ) [l L1 ()

(3.9) < 2[(Vup, V”)H'CW ||Uh||L°°(arz)\|<P\|L2(sp(a;o))7

where we have used (3.8) and the Holder inequality in deriving the last inequality.
To estimate |(Vuy, Vv)|, we note that

(Vup, Vv) = (Vup, V(v —vp)) (here we use (1.1) and vj, € Sp)
= (V(up —xn), V(0 —11))  Vxn €Sp. (here we use (3.6)).
We simply choose xp, to be equal to uy at interior nodes and xp, = 0 on 02; thus
up(z) — xn(x) is zero when dist(z, 962) > h, and for any r > 1
lun = XnllLoe(2) < CllunllL=(ag)-

If we define
= {z € 2 :dist(z,002) < h},

then using the inverse inequality,
|(Vun, Vo)l < [[V(un — xn) Lo (a,)
< Ch™Mlup = xull Lo @) IV(0 = vn) L1 (42)

V(v —vn)llLr(an)

(3.10) < Ch Y unll Lo o0y IV (v = vn) || L1 ()
Then, substituting (3.9) and (3.10) into (3.2), we obtain

3,
(3.11) lunllzee 2y < C(p~ 2™V (v = vn)llz1(ay) + Dllunll = o)
The proof of Theorem 1.1 will be completed if we establish
(3.12) PRIV (W = o)L < C.

which will be accomplished in the next section.

4. ESTIMATE OF p~2h™1|V(v — o)l L (An)

Let Ry = diam({2) and d; = Ry277 for j = 0,1,2,.... We define a sequence of
subdomains

Aj={z e R:dj;, <l|z—mxo| <dj}, j=0,1,2,...
For each j we denote Aé» to be a subdomain slightly larger than A;, defined by
AL =AU UAjUA U UA 1=1,2,.

Let J = [Ina(Ro/8p)] + 1, with [Ing(Ro/8p)] denoting the greatest integer not ex-
ceeding Inz(Ro/8p). Then
2p<dji1 <4p

and

(4.13) measure(A4; N Ap) < Chd?.
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8 DMITRIY LEYKEKHMAN AND BUYANG LI

By using these subdomains defined above, we have

_3, _
p 2 h V(0 = on) |l (an)

J
3., _
<p zh ! (Z ”V(U - vh)HLl(/lhﬁAj) + ||V(?) - Uh)||L1(/1hﬁS4p(Io)))
=0

J
<Cp2h7! Z h2d;]|V(v - o)l L2(a,na;)
=0

(4.14) +Cp Eh™E [V (0 — vn)[| 22 (408, (20))

where the Holder inequality and (4.13) were used in deriving the last inequality.
Using the global error estimate in H' norm, Lemma 2.1 with p = 2, and (3.3),
we obtain

P ERTE |V (0 = 0n) || L2 (4 S, (20)) “EhTE | o

ml»a

<Cp
l
<Cp~ 2h|oll 20 < C,

where we have used p > h and [[¢|z2() < 1 in deriving the last inequality. Sub-
stituting the last inequality into (4.14) ylelds

(415)  p 3RV (0 — on)llz(an < Cp iR Zdnw—vhnm el
7=0

Now, we use the following interior energy error estimate (proved in [24, Theorem
5.1], also see [26, Lemma 2.1 (i)]):

IV(w = vn)llL2ca,) < CIV(0 = Inv) |2y + Cdj v = Invl| p2ar)

(4.16) +Cd;1|\v—vh||L2(A})a
where I, denotes the nodal interpolant. Using the approximation theory, we obtain
IV (v = vn)llz2(a,) < (Ch+ CR2d; ) [0l g2 a2y + Cldj o — vnl L2 ay
1_3 _ 6
(4.17) < Chd} ” ||UHW1‘p(A?) + Cd; Yv — 'UhHLQ(A}) for 5 <p< 2,
where we have used d; > h and the following inequality in deriving the last inequal-
ity:
i3 6
(418) ”/U”HQ(A§) < Cdj P ||/U||Wl,p(A?) for g <p< 2.

The inequality above follows from Lemma 2.4, the Holder inequality, and Sobolev
embedding, i.e.,

[0 2 a2y < Cd'_2HU||L2(A3°?)

2+2

< Cd; HU”L’I(A?) if g>2

[

3
P

3 3 6
< 0d; H’UHW1p(A3 for EZ;—land R < p <2 (so that ¢ > 2).

RN

This proves that (4.16) holds for & < p < 2.
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WEAK DISCRETE MAXIMUM PRINCIPLE 9
By applying Lemma 2.3 to (4.16) with p = %, we obtain
V(v —vn)llz2(a,)
<Chd P pllel s g o)+ €4 0 = vl ey
(4.19) < Chd; * o} + Od; o — villpaar),
where the last inequality is due to the following Holder inequality:

1 .
1PU L3 (5, oy S CPZ PN L2(s,@o))  With [l@llLa(s, o)) < 1-

From (4.19) we see that
1
s, 1 h\?
(4.20) d; IV (v = va)llL2(a;) < Cp2h2 %) T Cllv = vnllp2(at)-
Then, substituting (4.20) into (4.15), we have

*%h*1||v<v—vh>uu<m

CZ( ) —i—Cp_fh ZZ””_UhHL?(Al

7=0
J

_3,_1
(4.21) SC+Cp2h™> ‘EOHU—’UhHL?(A;)'
iz

It remains to estimate ijo [v — vnllL2(a1y- To this end, we let x be a smooth
J
cut-off function satisfying

x =1 on A} and x =0 outside A?.

Then
[0 = vnllLscary < lIx(v = vn)llLoo)
< ix(v —vn)llmr (o) (Sobolev embedding H'(£2) — L°(12))
(1.22) < IV (0 = om)llzacaz) + C5 Mo = vnllzagas)

By using (4.22) and the interpolation inequality (for 1 < p < 2)

(423) o = enllzacap) < o = el o = enloary with
we obtain
[v—vnllLe (Ah
< o = onll sy (19 = on)l2gaz) + Cd5 o = vonll 2 az)”
G Uh||LP(AJ1.))179(5||V(U —vn)llz2(az) + Ced; v - Uh||L2(Aj.))9

__0 _
<e v - Uh”Lv(A;) + e[| V(v - Uh)”L?(Af) + Ced; Yo — UhHL?(A§),
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10 DMITRIY LEYKEKHMAN AND BUYANG LI

where € can be an arbitrary positive number. By choosing ¢ = d;(p/d;)”

o € (0,1), we obtain

6o

p\ i e,
@z) o=l < (£) 4T = vl
o
P
(425) +(£) @IV = v)luscag) + Cllo = nllca)
J
Hence,
3 1 J
p_ﬁh_ﬁzuv—”hHL?(A;)
j=0
<Cpth Z(d—) 4,7 o = vl sy
2
3 1 P 4
+Op7§h7§§:(d—) (dev(U_Uh)”L?(A?)+C||'U_'Uh||[,2(A?))
j=0 N
o\
<Cptn Z(d—) 4, ™ o = vnllgocan
-
3 1 J p a
(4.26) co Y (2 o= onllias,
n 3

j=0

where we have used (4.20) in deriving the last inequality. Note that

J o
P
(£) o= vnlliaca
=0

o J o
p p
< C(z) v —vrllL2(ss,(20)) +2 E (d_> flv— vh||L2(A;)-
J J

=0

Combining the last two estimates, we obtain

s 1
p 2h 2 HU—UhHw(A;)
i=o
J _fa_
3 1 p\ 7 -1
<Cp 2h™2 §O<E> d; HU—UhHLP(A;)
iz

with

o J o
_3._1(p _3._1 p
o () o= liacss,eon + O 00 S () o=y,

j=0

If d; > kp for sufficiently large constant «, then the last term can be absorbed by

the left side. Hence, we have

[oed

J J _
_3 _1 3,1 p\ TP —ofy
E p 2h72|[v — vl L2(a1y < E Cp 2h 2 (d_) d; "7 lv = onllpecary
=0 =0 ! '
_s . _1(/p\°
(4.27) +Cp~2h 2(;) [0 = vnll2(sg, (20))-
J
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WEAK DISCRETE MAXIMUM PRINCIPLE 11

It remains to estimate [[v — vp| 1p(a1y and [[v — val[L2(sg,(2))- To this end, we
J
let ¢ € C5°(A}) be a function satisfying

(4.28)  [lv—vnllpecary < 2(v —on,¢) and  [[¢flpacary <1 with

D=

Let w € HE(£2) be the solution of
—Aw =1 in §2,
{ w=0 on 0f2.
Then using Lemmas 2.5 and 2.1, we obtain
(v —vp, ) = (V(v—op), Vw)
(V(v=wp), V(w — Inw))

<V = vn) e () IV(w = Thw) || a2
< CthUHWQ p(rz)HwHW2 4 (82)
< CP? |l o) 19l Lo
< Cn® H@HLP(S (z0))
< Ch? P” 2H<PHL2(S zo))W”Lq(Al
< Ch2pr—3

where we have used [|¢|lz2(s, (o)) < 1 and ||¢||Lq(A;) < 1 in deriving the last
inequalities. This implies
3

3_3
(429) HU — ’UhHLp(A;) < Ch2pP 2 and ||’U — vhHLZ(Ssp(xo)) < Ch2

By substituting these estimates into (4.27), we obtain

oL NN T s
@) Y nto-wleay < o(2) (4) e
§=0 j=0 P 7

Since p < 2, by choosing sufficiently small o we have % — % — 19%9 > 0 and therefore

J J 3 3_3_ 6o

h\ 2 p 27 1-0
as) Y it uleay < So0(2) (£) ro<o
J=0 3=0 /

Then, substituting this into (4.21), we obtain
s, _
(4.32) p2h IV (v = vn)|lra, < C.

This proves the desired result for sufficiently small mesh size h < hg, as explained
at the end of section 2.

For h > hg, we denote by g, € S} the finite element function satisfying g5, = uy,
on 02 and gp = 0 at the interior nodes of the domain (2. Naturally,

gnllLe(2) < llunllz=(o0)-
Since xn, = up — gn € S’h, from (1.1), we have

(Vun, (V(un = gn)) =0
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12 DMITRIY LEYKEKHMAN AND BUYANG LI

and as a result
IV (un=gn) 17200y = (V(un—=3Gn), V(un = Gn)) ==(Vgn, V(un—3gn))
< COIVanllL2( )|V (un—gn)llL2()-
Thus, using the inverse inequality and that h > hg, we have
IV (un = Gn)ll 22y < ClIVanllzzc2) < ChH[gnl L2 @) < Chg Hgnll<(a)
< Chy unl L= 00)-

By using the inverse inequality and the above estimate, we also have

lun = gnllL= (o) < Ch™% |luy, — gnllz2 (o)

< Ch™ 2|V (un — 3n)ll 22 (2

< Ch(;i ||uh||Lao(3_Q).
By the triangle inequality, this proves

lunllzo 2y < lgnll + [lun — gnllLe=(2) < CllunllL~02)
for h > hg.
Combining the two cases h < hg and h > hg, we obtain the desired result of
Theorem 1.1.

5. APPLICATION TO THE RITZ PROJECTION

In this section, we adopt Schatz’s argument to prove the maximum-norm stability
of the Ritz projection. This argument uses the weak maximum principle established
above to remove a logarithmic factor for finite elements of degree r > 2 in convex
polyhedral domains under the following assumption:

(A) The tetrahedral partition of {2 can be extended to a larger convex domain
1} quasi-uniformly with 2 € Q.
The logarithmic factor has been removed in previous articles only for » > 2 on
smooth and two-dimensional polygonal domains.

For any function u € H}(§2), we denote by Ryu € Sy, the Ritz projection of u,
defined by

(5.33) (V(u— Rpu),Vxn) =0 Vxn € Sh.

Theorem 5.1. Under assumption (A), for finite elements of degree r > 2 the Ritz
projection satisfies

(5.34) | Rpull=(0) < Cllullr=(o) Yue Hi(2)NC(R).

Proof. Let u be the zero extension of u to the larger domain Q. Let Sh(ﬁ) be the
finite element space subject to the tetrahedral partition of {2 (with zero boundary

values), and let u; be the Ritz projection of @ in the domain {2, i.e.,

(5.35) /~ V(i —Tp) - Vyndz =0 Yy € Sp(2).
19
Since © = w on {2, it follows that
(536) ||u—uh\|Loo<_Q) = ||ﬂ—uh‘|Lm(Q)
(5.37) <[t = tnLoe (@) + [tn — unlle= ()
(5.38) ‘= By + Es.
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WEAK DISCRETE MAXIMUM PRINCIPLE 13

By using [27, Theorem 5.1] (which requires r > 2 to remove a logarithmic factor
and h sufficiently small, say h < h.), we have

(539) Fy < C||ﬂ—1hﬂ||Lm(Q,) —I—CHﬂ—ﬂhHLz(Q/),

where (2’ is some intermediate domain satisfying 2 € 2 S Q2. Since the Lagrange
interpolation operator I}, is stable in the L> norm on C({2), it follows that

(5.40) [ = Inul| oo () < Clft]| oo () = Cllull L (@)

To estimate ||t — up|2(0r), we use a duality argument. Thus,

@ Tnlloion < T~ Tl = s [ (@)@ de.
Fecge () J N2
H‘Z”Lz(fz)gl
In particular, there exists a @ € Cf)’o(f?) satisfying
(5~41) H&Hp(ﬁ) <1 and ||ﬂ— ah“m(ﬁ) < 2/§(ﬁ_ ﬂh) @ dz.

For this & we define 1) € H}(£2) to be the weak solution of

—AYp=F in 2
(5.42) { v=voin

Yv=0 on 91,
and denote by Jh € Sh(.(N?) the Ritz projection of {/; in (NZ, ie.,

(5.43) /Q V(G =) - Vi de =0 Y5n € $u(0).

If we denote by T the set of tetrahedra in the partition of (NZ, then testing (5.42) by
u — uyp, yields

(5.44)
ﬁ(ﬂ —up) p dr = [ V(@ — 1) - Vi dz (here we use integration by parts)
7 7

= /{~2 V(U — ) - V({/;— lzh) dz  (here we use (5.35))

= /~ Vi - V({/}— {/;h) dz  (here we use (5.43))
o)

= [V - s

T

TG%
__ AW — ) de+ [ W0, — o) ds
| /,
< Cllill iy D (IAG = B)llzs () + 100 (& = Bl o))
're‘f
< Cllull g (o) (hlnwi L Jhnwzm),

TE‘E
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14 DMITRIY LEYKEKHMAN AND BUYANG LI

where in the last step we have used HEHLOO@) = ||ul| o= () and the trace inequality

10n (¥ — D)l L1 0r) < CRTYHIV (W = )| (r) + CllO — Pnllwza(r)-

By using a priori energy estimate and H? regularity, we have

”v({/;_ {Eh)”[,l(f)) < ||V(’IZ— {/;h)HL’z(ﬁ)
< V(W - Ih{ﬁv)”m(fn

M9l 12
Chl@l 25 < Ch.

NN

(5.45)

Let I, be the Scott-Zhang interpolant. Then by the triangle and inverse inequalities,
we have

> Y = dnllwear

TE‘%

<O (19 = Telllwesco + 1d — Tullwascr

TG%

< C( Z 1% — Dydllwza () + B I — TZhle,l(@))

TE%

< (18 = w5715 = Eulllnn iy + 018 = Dl )
rex

Similarly as (5.45), we can prove the following estimate:
h_l\li— thZ”Wl,l(fz) + h_1IIJ— 1Zh”WLl(ﬁ) <G,
and by using the properties of I, (cf. [5, Theorem 4.8.3.8]),

D Y = ndllwzar < C Y 18llwzrr) < Clll gaga < Cl@l L2y < C-
TE‘}. TE%

Now we substitute these estimates into (5.44). This yields
(5.46) [ =t 25y < Cllullpee(o)-
Then, by substituting (5.40) and (5.46) into (5.39), we obtain
(5.47) By < Ollullp~ (o)

To estimate F», we use the fact that uj, — uy, is discrete harmonic in {2, i.e.,

/V(ﬂh—uh)~VXh dm:/ V(a—wu)-Vx,dx=0 VXhegh(Q).
19 19,
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Thus, by the weak discrete maximum principle proved in Theorem 1.1 and using
the fact that up, = 0 and @w = 0 on 942, we have

Ey = [[p — upllL=(2)

< Cllan, — unllL=(002)

= Cl|up|| use up = 0 on 912
(5.48) H~hHL~(BQ) ( U )
= Cllup — ul|p=0) (use u =0 on 942)

< Cllap, — | Loe (o)

= Ela
which has already been estimated. Hence, substituting (5.47) and (5.48) into (5.36),
we obtain
(5.49) [u = unllLoe(2) < CllullL=(0)-

This completes the proof of Theorem 5.1 in the case h < h, for some positive
constant h.,.

If h > h,, then we pick up a point zg € 7o (in some tetrahedron 7y) satisfying
|un(z0)| = ||unl| Lo (). For such zo we define a regularized Green’s function G as
the solution of

—AG(z) =0(x), x € 12,

(5.50) G(x) =0, x € 012,

where § € C3 (£2) is the regularized Delta function concentrated at zg, satisfying
supp(d) C 7o and

/ xno dz = xn(z0) Vxn € Sh,
2
(0]l < KRF3071/P) for 1 <p<oo, 1=0,1,2,3.

The construction of the function & can be found in [30, Lemma 2.2]. In particular,

the construction of J can be done in any tetrahedron for the arbitrary mesh size h.
We define Gy, = Rp,G € Sy, i.e.,

(5.51) (VGh, Vxn) = (8,xn) VYxn € Sh.

The finite element function G, defined by the equation above satisfies the following
standard energy estimate:

1Grlla () < Cll6ll22(2)-
Then using the Galerkin orthogonality, integration by parts, we obtain

uh(l‘o) = (Vuh, VGh) = (V’U,, VGh) = Z [(u, 6nGh)aT + (u, —AGh)T]

TET
< ullze2) Y (10aGhllzron + 1AGH L1 () -

TET

(5.52)
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16 DMITRIY LEYKEKHMAN AND BUYANG LI

Now, for h > h,, using the trace and inverse inequality we have

> 10nGrllLror) + IAGH 1] < CRT Y IVGAllL(r)

TET TET

VAN/AN

Ch™H|Ghllwri (o)
C

W Ghll o)
< Ch7Yd] L2y < OB,
since HSHL2(Q) < Ch=3/? and h > h,.
Combining the two cases h < h, and h > h,, we obtain the desired result of
Theorem 5.1. O

6. CONCLUSION

In this article, we have proved the weak maximum principle of the finite element
method (Theorem 1.1). The main difference between the current proof and the
proof in [26] for two-dimensional polygons is that we have used LP estimates in
place of some L? estimates in section 4, including (4.16), (4.18), (4.23), (4.24),
(4.26), (4.28), and (4.29). As an application of the weak maximum principle of finite
element methods, we have presented an L stability of Ritz projection (Theorem
5.1) by utilizing the argument in [26, Theorem 5.1].
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