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Abstract We show that the asymptotics of solutions to stationary Navier Stokes equations in 4, 5
or 6 dimensions in the whole space with a smooth compactly supported forcing are given by the linear
Stokes equation. We do not need to assume any smallness condition. The result is in contrast to three
dimensions, where the asymptotics for steady states are different from the linear Stokes equation, even
for small data, while the large data case presents an open problem. The case of dimension n = 2 is still
harder.
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1 Introduction

An important problem in the theory of steady Navier Stokes equations is to understand the

asymptotic behavior of solutions at large distances. Consider

—Autu-Vu+ Vp =
wu Ve f} in R" (1.1)

div u=0

with an external force f. To simplify the technical details, we shall restrict ourselves to a local,
regular force in our presentation, i.e., we assume that f is smooth and compactly supported.
We consider the case u(z) — 0 as £ — oo. The case when one assumes u(z) — Us # 0
as * — oo turns out to be easier, see [1] and Section X.8 in [14]. While from the physical
point of view the most interesting dimensions are, of course, n = 3 and n = 2, the higher-
dimensional stationary Navier Stokes equation is interesting mathematically. The regularity of
steady solutions in higher dimensions have received a lot of attention, as a simpler model for
the regularity problem for the time dependent problem. See e.g. [6-8, 10-13, 21]. Here we
focus on a different aspect of the high dimensional steady Navier Stokes equations, and study
the large distance asymptotics. These problems can be viewed as an analogue of the scattering
theory questions in the elliptic setting, and — as we shall see below — have connections with
regularity theory. In scattering theory for dispersive equations it can also be the case that some
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statements are harder to prove in low dimensions, at least if local regularity issues are settled.
The reason is similar as in our case: slower decay of the solutions of the linear part of the
equations.

The dimension n plays a crucial role in determining the asymptotics, which can already be
seen at the linearized level. In the dimension n = 3, the fundamental solution to the Stokes
system decays with a rate O( Ii‘ ). Consequently, we can expect that the nonlinearity u - Vu
to decay with a rate O( |x1‘3 ). Treating u - Vu as perturbation and inverting the linear Stokes
operator, we can then expect that the contribution of u - Vu to the solution w to be of the
order O( ‘il ), which is consistent with the decay of the linear solution. Hence, dimension n = 3
appears to be a critical dimension from this point of view. The result in Korolev and Sverak [16]
shows that for small f, the solution to (1.1) indeed decays with the rate O( ‘il ). However, the
precise asymptotics is different from the one given by the linear Stokes system and is given by
an explicit solution found by Landau. More precisely, there exists €, > 0 such that for a steady

state u in R? satisfying
€

< *
@<
one has the following. Denote
ou; Ou;
Tij = poij + uiu; + L‘?x]— + axﬂ

(the energy momentum tensor), and let

b:/ T, n, do,
|lz|=R

which is independent of R for sufficiently large R as a consequence of
divl'=0

outside the support of f. The steady state has the asymptotic

1
_77b
uw="U +o(x|1+ﬁ> (1.2)

for 3 € (0,1). In the above formula, U’ is the Landau solution, which can be thought of an

axi-symmetric solutions of
—AUY+Ub - VU* + VP’ = bi(x),

with the symmetry axis given by b. We refer to [16] for the explicit expression for U, and more
discussion. It appears to be an interesting open problem to determine the precise decay rate of
the difference u — U®, and, in particular, whether 3 can be taken as 3 =1 in (1.2).

The result in [16] can be explained at a heuristic level by the fact that the contribution from
the nonlinear term w - Vu has the same order of magnitude as the typical solution of the linear
Stokes system and thus affects the leading term asymptotics. The two dimensional situation is
much more complicated still, as the fundamental solution to the linear Stokes system does not
even decay, and the above heuristics no longer works. Recently, Guillod [15] put forward some
interesting conjectures (in dimension n = 2) on the possible asymptotics. We refer the reader
to [15] for details.
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Although the above analysis, based on linearization, suggests that the steady states in
dimension three decays with a rate O( ‘il ), it remains a major problem to prove this claim once
no smallness condition is assumed on f. In large data case, the main a priori estimate for a
steady solution is the finite Dirichlet energy

[ 1w iz < (),
RS

The finite Dirichlet energy only gives a decay of the order o \/1‘ l) on average, which is much

1
||

) decay for steady states in dimension 3.

slower than the expected rate of decay O(

1
||

). It appears to be an outstanding open problem
to prove O(
In higher dimensions n > 4, the problem on the decay of steady states becomes more

tractable on a heuristic level, at least. For instance in dimension 4, the a priori estimate
[ vuP@)de <)
R4

already suggests decay of u with the rate o( |916‘ ). This decay rate is already consistent with scale
invariance
u(z) — ux(z) = Mu(Az), p(z) — pa(z) = A2p(Ar)

for A > 0, in the sense that uy enjoys uniform bound exterior to By (0) for all A > 1 assuming
that v has the decay O( |glc‘ ).
In this short note, we show that the problem is indeed easier in higher dimensions. More

precisely, we show that the leading term of the steady state is given by the linear Stokes system:
1
u(z) = Gx* f(z) + O< > n=>5, as|z]— oo, (1.3)

where G is the fundamental solution to the steady Stokes system. Unlike for results in dimen-
sion 3, we do not have to assume any smallness condition on f.

In principle, the decay problem in higher dimensions n > 7 is easier (as we shall see below
in the proof). However, local regularity could become a problem for large dimensions. Since
our method uses a version of e-regularity criteria in the spirit of Scheffer [20] and Caffarelli—
Kohn—Nirenberg [3], which is not known for n > 7, we will only work with dimensions up
to 6.

In this paper, we consider general suitable weak solutions to (1.1). There is an important

scalar quantity
p

2 )
called the “head pressure”, which satisfies the scalar equation

H = |u* +

~AH +u-VH=—|V xul?=divf+f-u

Frehse and Ruzicka proved regularity for weak solutions to (1.1) for which the head pressure H

satisfies a suitable maximal principle and established the existence of such solutions for higher
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dimensions (up to dimension 15 in periodic domains). We refer the reader to the series of works
[6-8, 10-13] for details. It is an interesting question if similar asymptotic expansion as in (1.3)

for dimensions n > 6 can be obtained if we also exploit the special scalar quantity H.

2 e-regularity Criteria

We always assume n = 4, 5 or 6. We consider u € H*(R™) C L (R™), which solves

—Au+u-Vu+Vp=
p=7 } in R" 2.1)
div u=20
with f € C°(R™).
We say u is suitable if u satisfies the following version of energy inequality:
2 2
/ |Vu|?(x)p(z) do < / |u2‘ Ag + \u2| u-Vo+pu-Vo+ fupdx (2.2)
R’n n
for all smooth compactly supported ¢ > 0. Note that this notion is a local one as long as
one requires ¢ to be supported in a local set. The existence of such solutions are well known,
see [17].
The main result we have to use about suitable weak solutions is the following e-regularity

theorem.

Theorem 2.1 There exist a sufficiently small ¢ > 0 and positive numbers cx, k > 0, such
that the following statement holds. For any suitable weak solution u € H'(By) to

—Au+u-Vu+Vp=0
{ u+u-Vu P 2.3)

divu =0
with |[ullz2(5,) < €0 satisfies u € C*°(By2), and |[ullcr(s, ) < ¢k for all k > 0.

The theorem can be proved by classical methods of [18] and [3, 20]. One can for instance
follow the argument in [18] for n = 4,5. It is not immediately clear if the same proof works in
dimension n = 6, due to the lack of compactness in the embedding H*(R%) — L3(R®). In this
case, one can find a proof in [5] (see theorem 2.2 and its proof), which is in the spirit of [3].
In [5], the bounds are not explicitly stated but they are implied in the proof. As remarked
in [5], the methods used in proving e-regularity are not likely to work for higher dimensions
than 6, due to the fact that the Dirichlet energy can only control Lf’oc norm of u in dimensions
up to 6, and in higher dimensions (2.2) no longer makes sense.

We will present a unified proof of this theorem following the approach of [18]. Let us

introduce some notations. Denote (g), 4, as the average of g over the ball B, (zo) and

1
]{Bm (z0) |Br (z0)| /B, (20)

1
3
Y(gs70,0) = ( foo- <u>ro,zo|3)
Bro(wo)

In the case zg = 0, we omit the xg in the above notations. Thus we have, e.g.,

(g)ro = (g)ro,07 Y(g,To) = Y(g7TO>O)'

Let

We firstly prove
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Lemma 2.2 For all 0 € (0,1), there exists a sufficiently small eg = €y(8) > 0, and constant
C > 0 which is independent of 0, such that if u is a suitable weak solution to (2.3) in Ba
satisfying

Y(’LL, 2) S €0,
and
|(u)2‘ <1,
then
Y(u,0) <COY (u,2). (2.4)

Proof Suppose the lemma is false, then we can find ¢, — 0+ and suitable weak solutions
ut, p* to (2.3), such that
Y(’U,Z,2) = €;, ‘(’U,z)gl S 1,

and that (2.4) does not hold. p’ satisfies in By
—Ap' = divdiv[(u’ — (u')2) ® (u’ — (u)2)],
and
—Vp' = —Aut +ut - V(u — (uh)y).
From the assumption

Y (u,2) <e,

we get that
lu’ = (u")a L3 (B,) < €'

Standard elliptic estimates imply that modulo constants we have

Denote
ai — (UZ)Q
and

w=¢ev'+a', p=¢4q".

Then v?, ¢* verify

o lz2(5g) S 1, Hqilng(Bg) <1 (2.5)
and the equation
—Avt +at - Vol + g0t - Vol + V¢t =0, (2.6)
with
dive® = 0.

We also note that |a’| < 1. With some calculations, (2.2) implies that

0|2 A 0|2 Q2
/B |W|2¢dxg/3 ('“2| +q’>v’-V¢+|v2| A¢+|”2| a' Vo da, (2.7)
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for all ¢ > 0 smooth and compactly supported in Bs. Take ¢ € Cgo(Bg) with ¢|g, = 1. From
3
the bounds (2.5) and (2.7), we get that

/ |Vo'|? de < 1.
b3

Thus bounds on v, ¢* imply that we can assume, by taking a subsequence, that
R
in L™(B4) for m < 3 and weakly in H'(B:), and
¢ —q
weakly in L3 (Bi). We can also assume that the constants a’ — a € R3 with |a| < 1. It is clear

that v?, ¢* satisfy the equation
—Av+a-Vvo+Vp=0,

with
diveo =0

and
o255+ el 3 g, + ol 5 1
Elliptic estimates then imply that v, g are smooth in B;. In particular,
lollor(z,) S 1.
To obtain information on v* from v, let us write
V=047, ¢=q+7q.

Clearly 9%, ¢' are uniformly bounded in L3(B §) and L3 (B 431) respectively. In addition, 7° — 0
in Lm(B;;) for any m < 3. ¥°, ¢* verify the equation
~AV + (a" —a)-Vv+a" - Vi + o' - Vvl + VG =0.
Hence
—AG = ¢; divdiv (v @ v").
We can decompose ¢ as
¢ =q1+ g,
where

7 = e;(—A) " Mdivdiv (V' @ v’ x5, ),
3

and ¢4 solves

Then elliptic estimates imply
181, 2 oy S i
and

||@§||CI(BZ) SL
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Using the smoothness property of v, (2.2) implies that

. i2 . . .
/ |Wl|2¢dx§/ <ei [l +§1>W~V¢—civ-VvW¢+
By B7 2
V|2 ~i ~i i ~i o'
+ € 9 v-Vo—¢0 -Vou'e—(a'—a) Vou' o+ a'-Vodr, (2.8)

for nonnegative ¢ € C¢°(B7) with ¢|p, = 1. We need to show that the right hand side of (2.8)
goes to zero as i — oo. It suffices to consider the term

J

The vanishing of ¢i and the smoothness of 4 respectively, together with the fact that 2* — 0 in

?fﬁi-v¢dx:/ zﬁa@‘-wdwr/ G - Vodr.
: 3 B

Lm(Bg) for any m < 3, show that this term vanishes as ¢ — co. Therefore, (2.8) implies that

/ |V |2 dz — 0,
By

and consequently

vt = v, inL3(B).

By the smoothness of v, we have

(]i lv — (v)93d1>é < C6.
<7{99 vt — (vi)9|3dx)é < Co.

A contradiction. The lemma is proved.

Hence, for large i,

By scaling and translation invariance, Lemma 2.2 has the following consequence.

Lemma 2.3 Let ¢y, C be from Lemma 2.2. Fix 0 > 0 sufficiently small so that CO < ; Let

u, p be a suitable weak solution to (2.3) in By, (xg) with
Y(U,T(),:L‘()) < € T(;17 |(U)T0,Io| < T51~

Then )
Y (u, rg, xg) < 2Y(u,r0,:170). (2.9)

Now we can prove Theorem 2.1.

Proof of Theorem 2.1  For any xg € B%. Clearly,

and

As long as we choose ¢ sufficiently small, we can apply Lemma 2.3 and obtain that

0 1 1
Y U, ,To | < Y Uy o520 |-
2 2 2
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If we can iteratively apply Lemma 2.3 on balls B« (xg) for k= 0,1,..., we would obtain that
2

6" 1 1
Y(“v 9 ,$0> < 2kY<U,2,.’E0>.

(W) er , [ <1,

2 »Z0
67 1 1 .
Y(U, 2 7-7:0) < 2]Y(U, 27370) 5 2_j€0a
for 7 =0,1,...,k — 1. Using the inequality

97
0y, ~ g | ¥ (0 a0)

2

We only need to verify that

assuming that

for 7 =0,1,...,k — 1, we get that

| (w)

-y~ (01| S €0

Consequently,
W, | S e

Hence we can iteratively apply Lemma 2.3 and obtain that

o* 1 1 < ok
Y| u, 5 %0 < 2kY Uy o> %0 <27 % (2.10)
for all k. As zp € B 1 s arbitrary, (2.10) implies that w is Holder continuous in B 1. The

claimed higher regularity in Theorem 2.1 then follows from standard elliptic estimates.

We shall also need the following variant of Theorem 2.1.

Theorem 2.4 Let €y be from Theorem 2.1. Let u be a suitable weak solution to (2.3) with
llullLs(By) < €06 for 0 < 1. Then there exists constant C' > 1 which is independent of u and 0,
such that [lullc(s, ) < CO.

Proof By Theorem 2.1, we know that
ullor (s, ) < k-

Thus [[u - Vul[zs(B, ,) < c1€0d. Denote

g=u-Vu.
Then
—Au+Vp =y,
with
HUHLS(BE) <e€d
and

H9HL3(BE) Seod.

By elliptic estimates, one immediately gets that

||UHW213(B%) Seod.
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Sobolev embedding then gives

HUHLM(B%) Seod

for all m < co. Hence, we have in fact that

Hg‘ L'NL(B%)) 5 60(5

for all m < oco. Elliptic estimates immediately imply that
||U\|W2,m(3i) Sed

for all m < co. By Sobolev embedding, Theorem 2.4 follows.

3 Main Theorem and Proof

We can now state our main results formally.

Theorem 3.1 Let u € H'(R") — Lo (R™) be a suitable weak solution to equations (2.1).

Then W
log |x
=4
o Ty')  n=s
u(z) = G* f(x) + O(| 1|4) n=>5, as|z|]— oo, (3.1)
x

1
O(lef’) n=6

where G is the fundamental solution to linear Stokes equation. That is,

1 1 I TR
n—2z"=2 "z

G(z) =

)

2nwy,

where w, 1s the volume of the unit ball in R™, I is the identity n X n matiz and x @ x is the

matriz which has (i, j) item x; x;.

Proof We consider the cases n = 4, n = 5 and n = 6 separately. For n = 4, by Sobolev
embedding, v € H'(R*) ¢ L*(R*). Take a large R > 1 and consider |z| = 2R. Then direct

calculation shows that
3/4
w s ([ wta) o
BR(QZ) BR(QZ)

as R — +o00. Thus by a rescalled version of Theorems 2.1 and 2.4, we get that

@l =o( ). IVu@l=o( ) (32)

for |z| — 4o00. Fix small number € > 0 and sufficiently large R > 1. Set
v(z) = Ru(Rz). (3.3)

(3.2) implies that
lv(x)] + |[Vo(z)| <€ on dBy,

if R is taken large enough depending on €. In addition,

@l =o( ). We@l=o( J2):
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as ¢ — oo. By Lemma 3.2 below, we get the desired decay estimate

1
e =0( )
Using the relation (3.3), we get that

cor-o{,3)

This decay is already sufficient to obtain the precise asymptotics for u. To see this, we write

—Au+Vp=f—divu®u,

divu =0,

in R*.

Thus we can write
u(z) = Gx* f(z) — G+ (div u® u)(x).
It suffices to prove

G * (div u®u)(z)| = O<10g IxI)

|[?

@) =0( e ):

as |z| — oo. This can be verified by direct calculations.
In the case that n = 5, by Sobolev embedding, u € H'(R%) C L%/3(R%). Suppose |z| = 2R

is large, then
vt [ by smeo( [ say)
Br Br(x)

is small. Thus by rescalled versions of Theorems 2.1 and 2.4, we conclude that u is smooth

wor=e{ )

u=Gx*f—Gx*(div u®u).

under the condition that

9/10

outside a large ball By, and

As before, we can write

Using
1
@l =o( |y )
and o
<
CGE@I< o
we obtain

@l =o s ).

which is an improvement of the original estimate. By applying this procedure several times, we
obtain the desired estimate.
The case n = 6 is almost identical to n = 5.

It remains to state and prove
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Lemma 3.2 There exists a sufficiently small 6 > 0 such that the following statement holds.
Let u be a smooth solution to (2.3) in R*\ By, satisfying

4] 0
< \Y < . 3.4
u(z)| < 2] [Vu(z)| < NE (3-4)
Then we have the improved decay estimate
1 1
W@l S e V@IS (35)

for x € R3\B;.

Proof By Theorem 2.1 in [19], we can find a solution @(z) to (1.1) for || > 1, such that @ is
smooth and u = u on dB;. Moreover,

- 1

) £ o

for || > 1 and some absolute constant C' > 0.)) We claim that
u(z) = u(x), for |z| > 1.

This uniqueness is an easy result in our case as we have a “smallness condition”. One can

proceed for instance as follows. Denote

Then w satisfies
—Aw+w-Vu+u-Vw—w-Vw+ Vp=0,
b in R\ B,.

divw = 0,

Since w|pp, =0, Vw € L%, w € L*, w = o ‘il) as |x| — oo, we obtain by integration by parts:

/ |Vw|? do < —/ (w- Vu)wdx
R4\ By R4\ By

= / u(w - Vw)dx
R4\ B,

5/ 0 |w||Vw]| dx
R

N\ B, |z

1/2 w2 1/2
<9 (/ |Vw2d:1:> </ ) d:c)
R4\ B, R4\ B, |z

S6 |Vw|? da.
R4\ By

If § is sufficiently small, then the above inequality will force w to be identically zero. Thus we
obtain that

u=u for |z]>1.

1l =0( e ):

1) We will outline an alternative approach which is somewhat more direct in the appendix

Since
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we also have

1
>

o) =0

), as |z| — oo.
The lemma is proved.

4 Appendix: An Alternative Approach to Lemma 3.2

The goal of this section is to outline a more direct approach, based more on methods introduced
in this note, to Lemma 3.2. Let u be from Lemma 3.2. Take u as the solution to the boundary

value problem for the steady Stokes equation in the unit ball
—Au+Vp=0, in Bj.

with dive = 0 and ulgp, = ulgp,. Since ulgp, is smooth, classical estimates for the steady
Stokes equations give that u, p are smooth in B;. Define

u(xz) for |z| > 1,

u(z) for |z| < 1;
and

p(x)  for |z| > 1,

p(z) for |z| < 1.
Then U, P verify

—AU+U-VU+VP = (u-Vu)xp, +3%,

in R*, with divU = 0. In the above, ¥ is a smooth surface measure supported on dB;. Since

u is small, both v and ¥ have “smallness condition”. Denote
g:=(u-Vu)xp, +2.
We shall use perturbation argument to find another divergence free solution V' to
—AV+V.-VV 4+VQ =y, (4.1)
with better decay properties than those known for U. We can choose the norm

1Pl == Rl + [IVAl L2 (Rs),

L3 ®Y)
and the space
X :={h:|h]x < oo}

We can re-write equation (4.1) as
V=Gxg—Gx*(V-VV). (4.2)
We only need to verify that the map
VeX—->Gxg—Gx(V-VV)e X

is a contraction mapping in Bgg € X. This property can be verified by direct calculations. We
shall only show that
G+ X x S0,
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assuming that ¥ is a surface measure supported on the unit sphere with smooth densities and
that the density function has C™ norm smaller than C'd with a sufficiently large m. By the
decay property of G, we only need to show that

||VG * ZHL’A’(]R‘*) 5 ). (4.3)
By the property of Fourier transform of smooth measures supported on sphere, we see that
)
IFE)EI < ;
(1+1¢))2

where we use the notation F(h) to denote the Fourier transform of h. In combination of the
fact that

1
<
| F(G)EI S €2’
we get that
1)
F(G*X 5 3
FEBONE 12 14 16

Hence,
I IVI*G * EHL2(R4) <9,

for 0 < s < 3. (4.3) thus follows. V € X implies that V € L3(R*). The improved decay breaks
the scaling and now we can treat the nonlinearity V' - VV as perturbations when we consider
decay. Indeed, from V € L3, rescaled version of Theorems 2.1 and 2.4 already implies that
1
V(@< s
||
for large x. Treating V - VV as perturbation and following the arguments as in the proof of
Theorem 3.1, we can conclude that
15,0
T4 fxf?

The same argument as in the proof of Lemma 3.2 shows that

V()

U=V.

Hence U has the same decay.
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