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ABSTRACT: Although nanoparticle catalysts obtain different sizes and shapes
under reaction conditions, computational modeling in heterogeneous catalysis is
usually based on well-defined crystallographic planes. Herein, we combine
density functional theory (DFT) calculations with Boltzmann statistics to
describe ensembles of nanoparticles obtaining different morphologies under
reaction conditions (temperature and gas-phase chemical potential) and their
respective distribution of active sites. We apply our methodology on Rh catalytic
nanoparticles, and we address the contribution of metastable nanostructures on
the overall CO dissociation catalytic activity. Importantly, we demonstrate how
catalytic trends can change when accounting for an ensemble of nanoparticles
compared to a single, thermodynamically stable nanoparticle. Thus, our work
enlightens the impact of statistical representation of catalyst morphology on modeling structure-sensitive reactions.
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■ INTRODUCTION

Filling the materials gap in the modeling of heterogeneous
catalysis is paramount in any effort toward the atomic-level
mechanistic understanding of reaction mechanisms.1,2 More-
over, it is intrinsically required for the integration of first-
principles calculations with the microkinetic modeling of
catalytic reactions. In particular, the atoms at the surface of
supported catalyst nanoparticles provide active sites with
different catalytic activities depending on their structural
arrangement and their coordination environment. This has
been demonstrated by several theoretical studies on adsorption
energies of reaction intermediates3,4 and activation energies of
transition states.5−8 The identification and quantification of the
catalytic active sites are of crucial importance in first-principles
modeling of heterogeneous catalysis. This task heavily relies on
the development of methods for the prediction of the catalyst
structure under reaction conditions. Thus, it is of paramount
importance to account for the dynamic character of the
catalyst, since reaction intermediates can induce important
morphological transformations.9−11

Toward this direction, Cheula et al.12 combined Wulff
construction with microkinetic modeling and ab initio
thermodynamics to study the structure of Rh nanoparticles
during the catalytic partial oxidation of methane. The Wulff
construction is typically used in surface science to predict the
equilibrium shape of single-crystal particles.13 When coupled
with ab initio thermodynamics, it can be used to calculate the
equilibrium shape of nanoparticles as a function of the
chemical potential of the surrounding gas phase reaction
environment.14−17 As such, the morphological changes of the

catalyst were captured in agreement with experimental
observations, which are induced by the adsorption of reaction
intermediates due to the variation of the gas phase chemical
potential during reaction.12 The Wulff construction, however,
provides only the ground-state (equilibrium) shape of the
catalyst. Instead, experimental observations report that catalyst
nanoparticles are not of the exact same morphology, but they
are characterized by a significant diversity of shapes,18,19 which
in turn, can affect the observed reactivity. For instance, at low
reaction temperatures, nanoparticles can be “trapped” in
metastable shapes because their evolution is hindered by
slow formation kinetics. On the other hand, at high reaction
temperatures, populations of shapes can be thermodynamically
favored because the entropy associated with their multiplicity
of states becomes significant.13,20 Moreover, catalyst samples
can be also characterized by different bulk structures. In
particular, face-centered cubic (fcc) metals can form nano-
metric icosahedral and decahedral nanoparticles characterized
by a stretching of the internal bulk atomic positions.13 Such
nanoparticles, called multiply-twinned particles (MTPs), are
found along with fcc single crystals in catalyst samples, and
their relative abundance changes with the variation of the
surrounding gas phase chemical potential. In this situation, the
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Wulff construction can be an oversimplified model for the
description of the catalyst structure under reaction. In fact, to
develop realistic models for the catalyst morphology and the
corresponding contribution to activity, it is necessary to take
into account the diversity of shapes of catalyst nanoparticles
under reaction conditions.
To this goal, we couple Boltzmann statistics with first-

principles calculations to study heterogeneous catalytic systems
under reaction conditions by explicitly accounting for the
chemical potential of the gas environment and coverage at the
catalyst surface. Boltzmann statistics has been applied in the
literature to study ensembles of particle shapes. The groups of
Alexandrova21,22 and Sautet23 have investigated morphology
and catalytic activity of ensembles of nanoclusters (particles
with less than 100 atoms), which can be directly simulated by
first-principles methods. Barnard et al.24 have studied particle
ensembles in the large-size regime (particles bigger than 10
nm), for which the continuum models provide good estimation
of nanoparticle energy. The group of Erhart25 has applied
Boltzmann statistics to describe nanoparticles in an inter-
mediate-size regime (1 nm < diameter < 10 nm), which is of
great importance for industrial applications. However, the
latter work is limited to the study of nanoparticles at zero
temperature and in vacuum, without accounting for the
presence of a chemical environment. Thus, methodologies
capturing the diversity of catalyst morphologies under reaction
conditions and the impact on the overall reactivity for
nanocatalyst sizes of industrial importance are vastly absent
from the literature. This contribution addresses this gap by
introducing a methodology to simulate catalytic activity of
ensembles of nanoparticles under a chemical environment.

■ COMPUTATIONAL DETAILS

Electronic-structure calculations are performed using density
functional theory (DFT), as implemented in the Quantum
Espresso26 suite of codes, with PBE−GGA27 ultrasoft
pseudopotentials and a plane wave basis set. The plane wave
and electronic density cutoff energies are set to 35 and 280 Ry,
respectively. A Monkhorst−Pack28 grid of 12 × 12 × 12 k-
point sampling is employed for bulk Rh and a proportional grid
is used to ensure an equivalent sampling of reciprocal space for
supercells. A Marzari−Vanderbilt cold smearing29 of 10−3 Ry is
applied. Periodic slabs with inversion symmetry are used to
represent Rh crystal facets. A slab height higher than 10 Å is
used and the first three layers of the slabs are allowed to relax.
Gas phase and cluster calculations are performed in cubic
supercells. Vacuum (10 Å) separates the atoms of neighboring
supercells. For nanoclusters, all of the atoms are allowed to
relax. The climbing-image nudged elastic band (CI-NEB30)
method is used to identify the transition states of the
elementary steps, with a 10 image path sampling and a final
force convergence threshold of 0.05 Ry/Å. Vibration analysis
has been performed with the finite-difference method, as
implemented in the atomic simulation environment (ASE)
library.31 For normal frequency evaluation, a displacement of
0.01 Å was applied to all of the atoms allowed to relax in the
corresponding electronic-structure calculations.

■ RESULTS AND DISCUSSION

To apply Boltzmann statistics in modeling of the catalyst
morphology under realistic reaction conditions, an ensemble of
nanoparticles, which represents the gamut of shapes of catalyst

samples, is required. The ensemble should contain the most
stable structures as well as metastable structures that can have
lower but non-negligible frequency of occurrence in the
distribution. Here, we employ a two-step procedure to obtain
such an ensemble. The procedure is implemented in a
homemade library of Python and Cython32 scripts, which
uses tools of the atomic simulation environment (ASE)
library.31 In the first step, we create an ensemble of
nanoparticles that expose complete crystal facets along with
edges and kinks at their boundaries. We include in the
ensemble different nanoparticles that have been experimentally
observed (i.e., single crystals and decahedra and icosahedra
structures).13 For each nanoparticle type, we cleave the bulk
phase with a set of planes drawn at different distances from a
central point. The set comprises low- and high-index Miller
planes. In Figure 1, we demonstrate three examples of

nanoparticles with the planes employed in the procedure.
Each plane is created at a distance multiple of the interlayer
distance of the corresponding crystal facet. The planes that
belong to the same symmetry-related groups (e.g., (100) and
(010) planes of fcc particles) are drawn at the same distance or
at different distances (up to one layer). In this way, we produce
both high- and low-symmetry nanoparticle shapes. All
combinations of plane distances below a distance threshold
are considered.
The resulting ensemble, however, is not continuous with

respect to the number of atoms in the nanoparticles.
Therefore, in the second step of the procedure, we create
additional nanoparticles exposing incomplete crystal facets
from the initial ensemble. As such, for a given nanoparticle in
the initial ensemble with N atoms, one atom is removed, thus
obtaining a new structure with (N-1) atoms. If this new
structure does not already exist in the ensemble, then it is
added, and the procedure continues by removing another
atom. When the resulting structure is already present in the
ensemble, the procedure is terminated. The same process is

Figure 1. Planes considered for creating the ensemble of nanoparticle
shapes for fcc particles (a), decahedra (b), and icosahedra (c). For fcc
particles, the planes are named with their Miller indices, whereas for
MTPs, the names of the planes are assigned based on the surface
structure that they create. For decahedra, (111) is the plane that cut
the top and bottom surfaces of the particle creating (111)-like
surfaces; the planes (111)′, (100), and (311) cut the lateral surfaces
of the particle and the plane (111)″ creates the hole at the top and
bottom of the particle. For icosahedra, each subunit is cut with (111),
(211), and (311) planes, which create islands of atoms on (111)-like
surfaces with different dimensions.
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repeated on the whole set of nanoparticles present in the initial
ensemble. The atoms removed are the ones with the lowest
coordination number (exhibiting lowest cohesion), and when
multiple atoms have the same coordination number, the sum
of the coordination number of the neighbors is compared and
the atom with the lowest one is removed. In this way, we
iteratively and consistently remove the least stable atoms.33,34

With such a procedure, we produce an ensemble of more than
150 000 nanoparticles with the number of atoms lower than
1200. The resulting ensemble contains nanoparticles with
different bulk structures and different exposed crystal facets,
and it is continuous in the number of atoms. More details on
the construction of the ensemble of structures are reported in
the Supporting Information (Section 1).
The application of Boltzmann distribution necessitates to

calculate the energy of each nanoparticle of the ensemble. To
this purpose, the use of first-principles calculations such as
DFT is extremely computationally demanding and becomes
intractable in computational cost for nanoparticles with
number of atoms larger than a couple of hundred. To
overcome this issue, in this work, we develop a model for the
calculation of the energy of Rh nanoparticles with any arbitrary
shape and size and we apply it for the energy calculation of the
nanoparticles in the ensemble. The model is trained on a set of
DFT calculations and includes also the effect of gas phase
chemical potential and surface coverage on the nanoparticle
energy.
According to the tight-binding theory, the formation energy

Ef,i
0 of one atom in a metallic nanoparticle is proportional to the

square root of its coordination number, CNi, as described in
the square-root bond cutting model33,34

= − −E E E E(CN) CN / 12 ( )i i if,
0

Rh,coh
bulk

Rh
bulk

Rh
gas

(1)

Here, in parenthesis, we have changed our reference from the
energy of one isolated Rh atom, ERh

gas, to the energy of one Rh
atom in the fcc bulk, ERh

bulk. The formation energies are
therefore calculated with respect to the bulk phase. ERh,coh

bulk is
the metal cohesive energy (binding energy per atom) in the fcc
bulk phase. The effect of the relaxation of the atoms at the
surface is then included in the model.35 Moreover, to represent
MTPs, additional terms are added to capture the effect of the
twin boundaries, which separate their different subunits, and of
the internal strain induced by the stretching of their bulk
phase.36 These effects can be considered negligible when
comparing the energy of nanoparticles of different materials34

but not when we compare different shapes of the same
material. The formation energy of the nanoparticles, Ef

NP, is
calculated therefore as

∑= [ + ] + +E E E N E N E(CN) (CN)
i

N

i i i if
NP

f,
0

relax, tw tw Rh str

Rh

(2)

where NRh is the total number of Rh atoms, Ntw is the number
of atoms at the twin boundaries of MTPs, and Etw is the twin
boundary energy per atom calculated with DFT. Estr is the
strain energy per atom calculated with the analytical solution
proposed by Howie and Marks.36 Erelax is the relaxation energy
of one atom at the surface obtained by fitting DFT relaxation
energies with the one-parameter formula proposed by Sun et
al.35
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where m = 2.68. The Erelax results are shown in Figure S1.
Details on the values of the parameters and the models
adopted to calculate them are reported in the Supporting
Information (Section 2).
In the presence of adsorbates, the model is extended by

accounting for the effect of their binding on the formation
energy of the nanoparticles. As an example, here, we consider
the effect of CO coverage, which has been reported as the most
abundant reaction intermediate (MARI) of different reacting
systems on Rh, such as CH4 steam reforming, methanation,
CO oxidation, and water−gas shift.37,38 Moreover, CO has
been reported to be the major species responsible for the
modifications of the catalyst surface morphology, and thus it is
expected to substantially impact the distribution of active sites
under reaction conditions.12 The formation energy of a
nanoparticle in the presence of adsorbed CO molecules,
Ef
NP+CO*, is calculated as

∑= ++ * *
*

E E E
i

N

if
NP CO

f
NP

bind,
CO

CO

(4)

where NCO* is the number of adsorbed molecules and Ebind,i
CO* is

the CO binding energy, which is calculated as the sum of
metal−adsorbate interactions and adsorbate−adsorbate inter-
actions. The metal−adsorbate interaction is represented by the
binding energy of CO at zero coverage, Ebind,i

0,CO*. The
adsorbate−adsorbate interaction is the modification of the
binding energy induced by lateral interactions between
adsorbates, ΔEbind

CO*.
To provide a model for Ebind,i

0,CO*, we analyze the adsorption of
CO on top of Rh atoms with different coordination numbers,
as the experimental observations report that at low coverage,
CO adsorbs on the top sites of Rh facets.39−43 Then, to
represent ΔEbindCO*, we study the adsorption of CO on Rh crystal
facets at high coverage, considering also the adsorption on sites
other than the top sites and the formation of ordered patterns
of CO* on Rh that are observed in experiments.39,40,42,43 As
the PBE functional is known to overestimate the binding
energies of CO on Rh surfaces, we use the correlation
proposed by Mason et al.44 to correct the adsorption
calculations.
The CO* binding energy at zero coverage (Ebind,i

0,CO*) is
linearly related to the coordination number of the Rh atom, at
which it is adsorbed on the top configuration (results shown in
Figure S4)

= +*E a b(CN) CNi i ibind,
0,CO

(5)

where a = −1.836 and b = 3.494 × 10−2. At high coverage, our
calculations show that CO* molecules relax their positions and
tilt their adsorption angles to maximize their distances,
resulting in distorted centered-hexagonal patterns (represented
in Figure S5). As CO* tends to occupy all of the available
surface area on the Rh crystal facets, we express the effect of
lateral interactions, ΔEbind

CO*, as a function of the ratio between
the total surface area of the systems (Stot) and the total number
of adsorbed CO molecules (NCO*). We use a power law to
describe such a correlation (shown in Figure S6)
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αΔ = β*
* *

−E S N S N( / ) ( / )bind
CO

tot CO tot CO (6)

where α = 3.034 × 10+2 and β = 3.31. The CO binding energy
is calculated therefore as

= + Δ

*
*

* *
*

E S N

E E S N

(CN, / )

(CN) ( / )

i i

i i

bind,
CO

tot CO

bind,
0,CO

bind
CO

tot CO (7)

The effect of the change in adsorption sites observed at high
coverages is included in the formulation of ΔEbind

CO*, as the effect
of lateral interactions is always higher than the difference in
binding energies between the new occupied sites and the top
sites. Details on the values of the parameters and the models
adopted to calculate them are reported in the Supporting
Information (Section 2).
All of the parameters of the model are obtained with

periodic DFT calculations. Etwin and Estrain are obtained with
supercells periodic in the three dimensions. Slab models are
used to calculate the m parameter (eq 3) of Erelax,i(CNi) and
the four parameters (a and b in eq 5, α and β in eq 6) of
Ebind,i

CO*(CNi, Stot/NCO*). Then, the model is tested on
reproducing the DFT energy of a set of new different
structures including nanowires and nanoclusters, computation-
ally much more demanding. For nanoparticles, Stot is calculated
with the following procedure. First, we create a convex hull
connecting all of the surface atoms and we draw a 3D surface
that contains all atoms. Then, we enlarge such a surface by
increasing the distance of each of its point from the origin by
the average bond length of CO* on Rh facets (1.2 Å) and we
calculate the area of the resulting surface. We use this area for
the evaluation of the effect of lateral interactions between CO*
molecules on nanoparticles (with eq 6).
In Figure 2, the parity plots between the formation energy

calculated with DFT and the ones calculated with the model
are presented. In panel (a), the model is tested on clean slabs,
wires, and nanoclusters. In panel (b), the model is tested on
slabs and nanoclusters at low and high CO* coverages. A good
agreement between the model and the DFT calculations is
found: the differences between the energies obtained with the
model and DFT calculations are generally lower than 0.04 eV/
atom. The only outlier is the clean icosahedral Rh55. The
average error introduced by the model is comparable to that of
the DFT functionals employed in the state-of-the-art modeling
of metallic surfaces and nanoclusters. The data sets of all of the
DFT calculations results employed to train and validate the
model are reported in Tables S1−S3.
To account for the effect of the experimental conditions on

the energy of the nanoparticles, we introduce enthalpic and
entropic contributions in the model. To this aim, vibrational
analysis on surface structures is carried out. The effect of the
pressure on the Gibbs free energy of solid structures is
neglected in the analysis.45 In analogy with eq 4, the formation
Gibbs free energy of a nanoparticle in the presence of CO*
adsorbed molecules, Gf

NP+CO*, is calculated as

∑= ++ * *
*

G G G
i

N

if
NP CO

f
NP

bind,
CO

CO

(8)

The formation Gibbs free energy clean nanoparticles, Gf
NP, is

calculated as

∑= + ΔG E G T(CN, )
i

N

i if
NP

f
NP Rh

Rh

(9)

where ΔGi
Rh is the Gibbs vibrational free energy of surface

atoms calculated using the harmonic oscillator approximation.
The binding Gibbs free energy of CO* molecules, Gbind,i

CO*, is
calculated as

μ= + Δ − Δ* * *G E G T T P(CN, ) ( , )i i i ibind,
CO

bind,
CO CO

gas
CO

CO

(10)

where ΔGi
CO* contains the vibrational and translational free

energy of adsorbed CO* molecules. To represent CO* at both
low and high temperatures, the hindered translator model46

has been adopted. As in the case of the binding energy, a linear
correlation with the coordination number is found for ΔGi

CO*

Δ = +*G c d(CN) CNi i i
CO

(11)

where c = −0.869 and d = 2.770 × 10−2. ΔμgasCO contains the
vibrational, rotational, and translational energy of CO in the
gas phase evaluated using NASA coefficients47 based on
experimental data. The pressure term in ΔμgasCO is calculated in
the ideal gas approximation

μ μΔ = Δ +T P T k T P P( , ) ( ) ln( / )gas
CO

CO gas
0,CO

B CO 0 (12)

where P0 is the reference pressure equal to 1 atm. Details on
the values of the parameters and the models adopted to

Figure 2. Parity plots of formation energy (per Rh atom) calculated
with the model described in this work and with DFT. The references
for the calculation of the formation energies are set to the fcc Rh bulk
and isolated CO molecules. In (a), the model is tested on slabs, wires,
and clusters with fcc, decahedral, and icosahedral bulk structure in the
absence of adsorbed CO. In (b), the model is tested on slabs and
clusters with low and high CO coverages.
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calculate them are reported in the Supporting Information
(Section 2).
For each particle, the CO* coverage at the thermodynamic

equilibrium between the adsorbates and the gas phase is
calculated by minimizing the Gibbs formation energy of the
nanoparticle with respect to the number of CO* molecules. To
this aim, we increase the total number of adsorbed CO*
molecules, Ntot

CO*, from zero to the total number of surface
atoms (with coordination number up to 9), and at each step,
we calculate the corresponding formation Gibbs free energy of
the nanoparticle using eq 8. For each value of Ntot

CO*, the
distribution of the CO* molecules on the different adsorption
sites is calculated by imposing thermodynamic equilibrium
between the sites. Therefore, for each couple of adsorption
sites, i and k, with different coordination numbers we have

ϑ

ϑ
= −

−*

*

* *i

k

jjjjjjj
y

{

zzzzzzz
G G

k T
expi

k

i k
CO

CO

bind,
CO

bind,
CO

B (13)

∑ ϑ =* *N N( )
i

i i

9
CO

tot
CO

(14)

where Ni and Nk are the number of surface atoms with
coordination number CNi and CNk, respectively, and ϑi

CO*
and ϑk

CO* are their corresponding coverages. kB is the
Boltzmann constant. By repeating the calculation for each
value of Ntot

CO*, we obtain a function that describes how the
Gibbs formation energy of the nanoparticle changes with the
number of adsorbed CO*. The equilibrium coverage
corresponds to the minimum of such a function. The different
operating conditions (given in terms of different CO partial
pressures in Figure 3a) lead to different values of CO
equilibrium coverage. Moreover, at the same operating
conditions, nanoparticles with different shapes can have
different coverages, as shown in Figure 3b.
The model is applied for the calculation of the Gibbs

formation energy of the whole ensemble of nanoparticles, as a
function of temperature and CO partial pressure. Figure 4a
shows the Gibbs formation energy per metal atom of the
ensemble at 823 K and in the absence of CO in the gas phase.
In agreement with previous analyses,25,48 we find that at
different nanoparticle sizes (number of atoms), different types
of nanoparticles form the most stable structures (lower in
Gibbs formation energy). Two high-symmetry icosahedral
nanoparticles are the most stable at very small sizes (55 and
147 atoms). By increasing the number of atoms, decahedra and
fcc nanoparticles compete to be the most stable, and for larger
number of atoms (>380 atoms), fcc single crystal structures
exhibit the lowest Gibbs formation energy. The formation
energy of icosahedral ground state is described by jumps
between nanoparticles with complete shells and high levels of
symmetry.
Once we produced the ensemble of nanoparticles and

calculated their energy, we analyzed their relative amount as a
function of the operating conditions with a Boltzmann
distribution. We do not limit our study to a fixed number of
atoms, as catalyst samples generally show a distribution of
particle sizes. A Boltzmann distribution of nanoparticles with
the same number of atoms is independent of the reference
energy of the metal because when we compare their formation
energies, reference energies of metal atoms cancel out. The
situation is different when we consider nanoparticles with a

different number of atoms. In such a case, the results are
dependent on the reference system used in the calculation of
the formation energies. Hence, it is necessary to use as
reference system the actual reservoir of metal atoms at the
experimental conditions.49 The Gibbs free energies of
formation calculated with eqs 1−14 use as references the
electronic energy of Rh in the fcc bulk phase and the chemical
potential of CO molecules at the experimental conditions.
Therefore, for each Rh atom in the nanoparticles, we need to
change its reference energy from ERh

bulk (eq 1) to the chemical
potential of Rh atoms (μRh) of the reservoir available in the
system. As a result, the Boltzmann distribution, which
describes the probability pi of finding each nanoparticle i
present in the ensemble, is calculated with the following
formula
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where the index k covers all of the NNP nanoparticles of the
ensemble. Here, we assume that the nanoparticles are in
thermal equilibrium with the Rh atoms exchanged (e.g., during
the sintering process by Oswald ripening),49 which become the
reservoir of the system. The chemical potential of such atoms
is calculated from the conservation of the mass (total number
of atoms).50 As we are not interested in simulating the
dynamics of sintering, we consider the growth rates at steady
state and we use a fixed value of μRh. Such a value is obtained

Figure 3. (a) Gibbs formation energy (per Rh atom) of a nanoparticle
made of 550 atoms as a function of the CO* coverage at 823 K and
different partial pressures of CO in the gas phase. (b) Comparison
between the Gibbs formation energy functions of two different
nanoparticles with 550 atoms at 823 K and PCO = 0.1 atm. The
facetted nanoparticle (on the left) is more stable in the absence of CO
(A), whereas the spherical one (on the right) becomes more stable in
the presence of CO (B).
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by imposing that the total number of atoms of the ensemble
equals the initial value, Ntot

Rh

∑ =pN N
i

N

i i tot
Rh

NP

(16)

As a showcase, we concentrate our analysis on the ensemble of
nanoparticles with the number of atoms comprised between
420 and 480 (highlighted in Figure 4a), and we set the total
number of atoms of the catalyst, Ntot

Rh in eq 16, equal to the
central value of the selected range (450 atoms). The selected
range corresponds to a nanoparticle size of 2.1 nm, the average
diameter observed in experimental studies on 0.5% Rh/Al2O3
of Beretta et al.51 For the system analyzed, the term (μRh −
ERh
bulk) in eq 15 results 0.53 eV. The probability distribution of

the ensemble of nanoparticles at 823 K and in the absence of
CO* is represented in Figure 4b. We observe that the
distribution is dominated by highly symmetric Rh nano-
particles exposing (111) and (100) facets. However, nano-
particles with defects and high-Miller index crystal facets also
show a non-negligible probability.
For the Rh catalyst sample of Beretta et al.51 that we use as

an example in our analysis, after the aging of the nanoparticles
at high temperature and in the presence of CO, sintering
effects were observed. The sintering process is a result of the
mobility of the Rh catalyst atoms under reaction conditions,
both in the case of nanoparticle coalescence and Ostwald
ripening.49 This supports our assumption of thermal
equilibrium between the nanoparticles, as, in our model, the
nanoparticles are considered able to rearrange and exchange
their atoms following the thermodynamic driving force.
Next, we address the quantification of the effect of the

catalyst morphology on the prediction of the catalytic activity.
We use as a showcase the dissociation of CO*, a structure-
sensitive reaction,52−57 and a relevant step, e.g., in the
methanation reaction on Rh8

* + * ⇒ * + *CO C O (17)

The calculation of the rate of the reaction of eq 17 at a given
nanoparticle morphology needs the identification and

quantification of the different types of binding sites (potential
active sites) provided by the geometrical configurations of Rh
atoms at the surface. To this aim, we compare the
configurations of the surface atoms of the nanoparticle with
the ones of a set of extended surfaces, for which the binding
sites are known. First, we analyze the atomic configurations of
the extended surfaces (considering the nearest neighbors of
each surface atom) and we assign to each configuration the
position of its binding sites. Then, for each Rh surface atom of
the nanoparticle, the geometrical configuration of its nearest
neighbors is compared with the ones of the set of extended
surfaces. When a match is found, the binding sites of such a
configuration are assigned to the nanoparticle (paying
attention to avoid duplicates). In this way, we create a grid
of binding sites, which link all of the surface atoms of the
nanoparticle. The set of extended surfaces comprises Rh(100),
Rh(110), Rh(111), Rh(311), Rh(210), and Rh(331), and the
types of binding sites identified are: top, bridge, the 4-fold
hollow site of (100) facet, long-bridge and long-hollow sites of
(110) facet, the 3-fold hollow sites (fcc and hcp) of (111)
facet, the step site (B5) of (311) facet, and the step site of
(210) facet (which is made of two B5 sites). An example of a
grid of binding sites is given in the Supporting Information
(Section 3). With such a procedure, we identify all of the
binding sites for each nanoparticle in the ensemble. Then, the
binding site distribution of the ensemble of nanoparticles is
calculated by summing the contribution of each nanoparticle
weighted by its probability

∑=α αN N p
i

N

i i
POP

,

NP

(18)

where Nα,i is the number of binding sites of type α of the
nanoparticle i and Nα

POP is the resulting number of binding sites
of type α of the ensemble.
The calculated morphology of the catalyst allowed to

quantify the binding sites, which potentially can be the active
sites for the reaction. To reveal the identity of the active sites
that contribute relevantly to the reaction rate, the calculation of

Figure 4. (a) Gibbs formation energy of the ensemble of nanoparticles with a different number of Rh atoms for fcc single crystals (in orange),
decahedra (in green), and icosahedra nanoparticles (in purple). The reference for the calculation of the formation energies is set to the fcc Rh bulk.
The experimental conditions are T = 823 K and PCO = 0 atm. The nanoparticles with Gibbs formation energy per atom higher than the threshold
energy function Ethr(NRh) = 0.8 Ecoh

bulk NRh
−1/3 are discarded. In the figure, two MTPs are also represented, stable at low NRh: an icosahedron with 147

Rh atoms and a decahedron with 192 Rh atoms. Light blue highlights the range of number of Rh atoms analyzed with the Boltzmann distribution.
(b) Probabilities of occurrence of the 40 most stable nanoparticles of the ensemble. Examples of nanoparticles present in the ensemble are shown as
an inset in the figure.
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the catalytic activity of these sites is needed. To this aim, by
simulating the reaction paths with nudged elastic band
(NEB)30 calculations and applying harmonic transition state
theory (h-TST), we calculate the kinetic parameters of the
CO* dissociation (eq 17) on all of the sites of the considered
extended surfaces. In agreement with previous studies,7,8,58 we
find that the lowest Gibbs activation energy is provided by the
B5 sites of Rh(311) and Rh(210) facets. The active site with
the second higher catalytic activity is found to be the hollow
site of Rh(100). Other active sites of the reaction are the long-
hollow of Rh(110) and fcc and hcp of Rh(111). It has to be
pointed out that the coordination environment of the atoms
that provide the active sites can have an impact on the Gibbs
activation energy. This is a particularly important aspect to
take into account if we want to use the kinetic parameters
obtained from calculations on extended surfaces to calculate
the reaction rates on the active sites of the nanoparticles.
Indeed, due to their finite size, the surfaces exposed by the
nanoparticles can be made of just a few atoms and therefore
exhibit different coordination environments compared to the
respective periodic surfaces. For CO* dissociation, however,
we calculate that the B5 sites provided by Rh crystal facets with
different coordination environments show similar activation
Gibbs free energies (1.7−1.8 eV), which are significantly lower
than the other active sites (2.2−3.1 eV). The data are reported
in Table S4. Given this strong dependence of the reactivity on
the type of site, in our analysis, we neglect the effect of the
detailed coordination environment. This allows us, for the
specific case of the CO* dissociation, to use the kinetic
parameters obtained from periodic surfaces to describe the
catalytic activity of the nanoparticles’ active sites. Details on
the calculation of the kinetic parameters of CO* dissociation
on Rh facets are provided in the Supporting Information
(Section 3).

For each site α present in the distribution of the active sites,
the reaction rate, rα, is calculated as

= − ϑ − ϑα
α
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where hP is the Planck constant, ϑCO* is the CO coverage on
the nanoparticle, and Gact,α is the Gibbs activation energy of
the elementary step on the site α. The mean field
approximation is employed in eq 19, as our calculations
show that the activation energy of the CO* surface diffusion
(about 0.12 eV) is much lower than the activation energy of
CO* dissociation (higher than 1.7 eV).
The total reaction rate, rtot, is calculated as the sum of the

rates of each active site multiplied by its number

∑=
α

α αr r N
N

tot

sites

(20)

where Nsites is the total number of types of active sites.
We analyze the ensemble of nanoparticles represented in

Figure 4b (with number of atoms comprised between 420 and
480) at 823 K and at two different partial pressures of CO in
the gas phase: 10−3 and 10−1 atm. To study the effect of the
presence of metastable structures on the catalytic activity, we
compare the ensemble of nanoparticles obtained by Boltzmann
statistics (eq 15) with a corresponding sample (with the same
number of atoms) made of nanoparticles in the most stable
shape (the ground-state shape), which can be obtained by
filling a Wulff construction with Rh atoms. The Gibbs
formation energies and the corresponding probability dis-
tribution of the nanoparticles in the ensemble at low and high
CO partial pressures are represented in Figure S12.
At diluted conditions (PCO = 10−3 atm), the nanoparticles

are almost clean: the CO* coverage on all of the stable

Figure 5. Ground-state shape in the ensemble at CO partial pressures of 10−3 atm (a) and 10−1 atm (b). Number of selected types of active sites
calculated for the ground-state shape (in blue) and for the ensemble of shapes (in orange) at CO partial pressures of 10−3 atm (c) and 10−1 atm
(d). Calculated reaction rate of CO* dissociation provided by the different active sites at CO partial pressures of 10−3 atm (e) and 10−1 atm (f).
Active sites considered are the B5 site, typical of (311), (211), and (210) facets; fcc and hcp provided by the (111) facets; the hollow (hol) site of
the (100) facet; the long-hollow (lho) site, typical of the (110) facet. The data reported are per particle for a sample with an average number of Rh
atoms equal to 450.
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nanoparticles is very low (below 0.05 ML); therefore, its effect
on the energy and the distribution of the nanoparticles is
negligible. The ground-state shape in these conditions is
demonstrated in Figure 5a. The distributions of active sites of
the ground-state shape and of the ensemble of nanoparticles
are shown in Figure 5b. Between the two active sites’
distributions, we can notice some differences. Importantly,
the ensemble of shapes shows a non-negligible number of B5
sites, which are not revealed by the ground-state shape.
The higher PCO in the system (10−1 atm) induces drastic

changes in the catalyst morphology and in the active sites’
distribution. The ground-state shape becomes a spherical
nanoparticle (shown in Figure 5b) exposing (110) and (311)
facets with a coverage of 0.84 ML, higher than the average
coverage of the ensemble (0.79 ML). At these conditions, the
number of B5 and long-hollow sites is enhanced, at the
expenses of fcc and hcp sites, for both ground-state shape and
ensemble of shapes (Figure 5d). When we compare the active
sites’ distribution of the ground-state shape and the ensemble
of nanoparticles, we notice that the ground-state shape shows a
significantly higher number of B5 sites. The transformation of
Rh particles to spherical shapes in the presence of adsorbates at
high coverage is consistent with the calculations of
Mittendorfer et al.59 based on ab initio thermodynamics.
For PCO = 10−3 atm, when we calculate the total reaction

rate provided by all of the active sites of the ground-state shape
(with eq 20), we obtain a value of 0.08 s−1 (7.7 × 10−4 kmol
kgRh

−1 s−1). The rate turns out to be 2 orders of magnitude
higher, 6.20 s−1 (6.0 × 10−2 kmol kgRh

−1 s−1), when we
account for the ensemble of nanoparticles by means of eq 15.
Indeed, the reaction rate strongly depends on the quantifica-
tion of the amount of B5 sites of the catalyst, which dominate
the reaction rate (Figure 5e) and are absent in the ground-state
shape. As a consequence, the ensemble of shapes shows a
much higher catalytic activity.
At PCO = 10−1 atm, we calculate a total reaction rate of 80.80

s−1 (7.9 × 10−1 kmol kgRh
−1 s−1) for the ground-state shape.

Significantly lower is the one calculated for the ensemble of
shapes: 35.90 s−1 (3.5 × 10−1 kmol kgRh

−1 s−1). The B5 sites
also control the reaction rate in these systems (Figure 5f), and
their quantification changes significantly when we consider the
presence of metastable nanoparticles in the catalyst ensemble
of shapes, reflecting in a considerably different calculated
reaction rate.
For the CO* dissociation elementary step on Rh nano-

particles, we found that at low CO* coverage, the most active
sites are provided by configurations of atoms absent in the
ground-state shape, and the rate of the reaction is enhanced
drastically by the high-energy nanoparticles present in the
ensemble. If we neglect the presence of metastable structures
in the modeling of the catalyst structure, we severely
underestimate the catalytic activity and we fail in the
identification of the active site that governs the chemical
transformation. At high coverage, the presence of adsorbates
induces important morphological transformations of the
catalyst, and the ground-state shape has a higher amount of
the most active sites compared to the ensemble of nano-
particles. As a result, if we model the catalyst morphology
considering only the ground-state shape, we introduce an error
in the calculation of the catalytic activity. Our findings
highlight the importance of modeling nanocatalyst morphology
based on ensembles of nanoparticles for the determination of
structure-sensitive reaction rates in heterogeneous catalysis.

In principle, these results may depend on the accuracy of the
thermodynamic model employed. However, the probabilities
of the nanoparticles calculated with the Boltzmann distribution
(eq 15) are determined by the differences in the Gibbs
formation energies of the nanoparticles, and most of the errors
arising from the approximations of the model are expected to
cancel out when we evaluate those energy differences. This is
particularly true when the nanoparticles have similar
morphologies and different catalytic activities due to the
difference in their distribution of active sites (e.g., for the case
at low CO* coverage).
The presented results do not include the effect of the

interface between the nanoparticles and the support material
on which they can be supported. However, our methodology
can be potentially extended to account for the presence of the
support by taking into consideration the formation energy of
metal atoms in contact with the support.60,61 The main
advantage of the proposed methodology consists in its
versatility. The sampling of the configurational space
performed in the production of the ensemble of nanoparticle
shapes is separated from the calculation of the energy of the
resulting structures. Consequently, the ensemble of shapes
produced with the methodology herein can also be employed
for the analysis of supported systems, as well as of
nanoparticles of different metals and in other reaction
environments, once a thermodynamic model is developed for
the calculation of their formation energies.
The library of scripts employed in this work is provided in

the Supporting information. The latest version of the source
code is available at the Github page: github.com/
raffaelecheula/nanoparticles_ensembles.

■ CONCLUSIONS

In this work, we introduce a methodology to simulate reaction
rates in heterogeneous catalysis that originate from ensembles
of nanoparticles under experimental conditions. First, we
presented a procedure for the creation of an ensemble of
nanoparticles representative of the diversity of shapes observed
experimentally. The ensemble contains single crystals and
multiply-twinned particles with both high and low symmetries
and complete or incomplete crystal facets. Then, we
formulated and applied a model for the calculation of the
Gibbs free energy of Rh nanoparticles of any size and shape.
The model takes into consideration the effect of adsorbed CO
molecules on the energy of the nanoparticles. We employed a
Boltzmann distribution to calculate the probability of each
nanoparticle based on the calculated Gibbs formation energy,
and we addressed the effect of metastable nanostructures on
the overall catalytic activity. In particular, we analyzed the CO*
dissociation elementary step and demonstrated that the
contribution of metastable nanoparticles to the reaction rate
can be drastic due to providing the necessary active sites.
Importantly, we demonstrated that the number of the most
active sites can change drastically when we analyze the ground-
state shape vs the ensemble of shapes, which in turn can
dramatically impact the overall calculated reaction rates.
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(33) Tomańek, D.; Mukherjee, S.; Bennemann, K. H. Simple Theory
for the Electronic and Atomic Structure of Small Clusters. Phys. Rev. B
1983, 28, 665−673.
(34) Yan, Z.; Taylor, M. G.; Mascareno, A.; Mpourmpakis, G. Size-,
Shape-, and Composition-Dependent Model for Metal Nanoparticle
Stability Prediction. Nano Lett. 2018, 18, 2696−2704.
(35) Sun, C. Q.; Tay, B. K.; Zeng, X. T.; Li, S.; Chen, T. P.; Zhou, J.;
Bai, H. L.; Jiang, E. Y. Bond-Order-Bond-Length-Bond-Strength
(Bond-OLS) Correlation Mechanism for the Shape-and-Size Depend-
ence of a Nanosolid. J. Phys.: Condens. Matter 2002, 14, 7781−7795.
(36) Howie, A.; Marks, L. D. Elastic Strains and the Energy Balance
for Multiply Twinned Particles. Philos. Mag. A 1984, 49, 95−109.
(37) Donazzi, A.; Beretta, A.; Groppi, G.; Forzatti, P. Catalytic
Partial Oxidation of Methane over a 4% Rh/Alpha-Al2O3 Catalyst
Part II: Role Of CO2 Reforming. J. Catal. 2008, 255, 259−268.
(38) Schad̈el, B. T.; Duisberg, M.; Deutschmann, O. Steam
Reforming of Methane, Ethane, Propane, Butane, and Natural Gas
over a Rhodium-Based Catalyst. Catal. Today 2009, 142, 42−51.
(39) Strisland, F.; Ramstad, A.; Ramsvik, T.; Borg, A. CO
Adsorption on the Rh(100) Surface Studied by High Resolution
Photoelectron Spectroscopy. Surf. Sci. 1998, 415, L1020−L1026.
(40) Linke, R.; Curulla, D.; Hopstaken, M. J. P.; Niemantsverdriet, J.
W. CO/Rh(111): Vibrational Frequency Shifts and Lateral
Interactions in Adsorbate Layers. J. Chem. Phys. 2001, 115, 8209−
8216.
(41) Dhanak, V. R.; Baraldi, A.; Comelli, G.; Paolucci, G.; Kiskinova,
M.; Rosei, R. CO Adsorption on Unreconstructed and Reconstructed
Rh(110) Surfaces: LEED and XPS Studies. Surf. Sci. 1993, 295, 287−
294.
(42) Gurney, B. A.; Richter, L. J.; Villarrubia, J. S.; Ho, W. The
Populations of Bridge and Top Site CO on Rh(100) vs Coverage,
Temperature, and during Reaction with O. J. Chem. Phys. 1987, 87,
6710−6721.
(43) Gierer, M.; Barbieri, A.; Van Hove, M. A.; Somorjai, G. A.
Structural Reanalysis of the Rh(111) + (V3 × V3)R30°-CO and
Rh(111) + (2 × 2)-3CO Phases Using Automated Tensor LEED.
Surf. Sci. 1997, 391, 176−182.
(44) Mason, S. E.; Grinberg, I.; Rappe, A. M. First-Principles
Extrapolation Method for Accurate CO Adsorption Energies on Metal
Surfaces. Phys. Rev. B 2004, 69, No. 161401.
(45) Rogal, J.; Reuter, K. Ab Initio Atomistic Thermodynamics for
Surfaces: A Primer. In Experiment, Modeling and Simulation of Gas-

Surface Interactions for Reactive Flows in Hypersonic Flights; RTO,
2007; pp 2-1−2-18.
(46) Sprowl, L. H.; Campbell, C. T.; Árnadot́tir, L. Hindered
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