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Abstract— Finely manipulating a large population of in-
teracting nuclear spins is an extremely challenging problem
arising in wide-ranging applications in quantum science and
technology. Prominent examples include the design of robust
excitation and inversion pulses for nuclear magnetic resonance
spectroscopy and imaging, coordination of spin networks for
coherence transfer, and control of superposition and entangle-
ment for quantum computation. In this paper, by integrating
the technique of small angle approximation with non-harmonic
Fourier analysis, we establish a systematic method to construct
robust pulse sequences that neutralize the effect of coupling
variations in a spin network. In addition, we explore an
alternating optimization procedure for tailoring the constructed
pulses to satisfy practical design criteria. We also provide
numerical examples to demonstrate the efficacy of the proposed
methodology.

I. INTRODUCTION

Theoretical and experimental research toward control of
quantum systems has been gaining significant attention
among broad scientific communities. Many applications in-
volving control of large populations of quantum systems,
e.g., spin ensembles, require sensorless manipulation of their
dynamic behavior with limited control variables [1, 2]. In
particular, the control fields are required to be robust to
the variations in the system dynamics across the entire
population. This forms a bottleneck in the control design
in quantum control. For example, in magnetic resonance
imaging (MRI), inhomogeneity in the applied radio fre-
quency (rf) fields may result in imperfect excitation of spin
ensembles, which compromises the fidelity of the resolution
of images [3, 4, 5, 6]; and in multidimensional nuclear
magnetic resonance (NMR) spectroscopy, variation in the
relaxation rates and dispersion in the coupling coefficients
of coupled spin pairs degrade sensitivity and significantly
increases measurement times [7, 8].

In the past few decades, a variety of methods have been
proposed to design control fields that are robust to param-
eter variations in quantum systems. Among these methods,
the Shinnar-Le Roux (SLR) algorithm is renowned for its
robustness to engineer frequency selective pulses in MRI
[9]. Based on the spinor representation of spin systems,
the SLR algorithm transforms such pulse design problems
into the finite impulse response (FIR) filter design. In
addition to the SLR algorithm, numerical optimal control
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methods have also been extensively employed to achieve
more specific objectives in pulse design, such as gradient
ascent, Krotov algorithms, and multivariate pseudospectral
methods [10, 11, 12, 13, 6, 14, 3, 4]. In addition to these
computational approaches, Fourier analysis based methods
were also proposed for the identification and manipulation of
spin systems in the presence of rf inhomogeneity [15, 16, 17].
It is worth noting that the majority of existing works address-
ing the pulse design problem was developed for exciting a
single spin ensemble, and limited studies were undertaken
for considering problems involving the control of quantum
networks, for example, coherence transfer between two spin
species [3, 4].

In this paper, we develop a control-theoretic approach to
designing robust pulse sequences for manipulating coupled
spin ensembles, which neutralize the effect of variations
in the coupling strength within a two-spin network. The
proposed approach is based on the technique of small angle
approximation and non-harmonic Fourier analysis. Specifi-
cally, we decompose a parameter-dependent rotation into a
sequence of small angle rotations, which leads to a non-
harmonic Fourier series expansion of a desired propagation.
It is worth emphasizing that due to the drift in the dynamics
of a coupled spin ensemble, the pulse design problem for
coherence transfer becomes complicated in contrast to the
problem presented in [17] for an isolated spin ensemble
system. To mitigate this challenge, we present a strategy
to approximate each of the decomposed small angle rota-
tions. Then, an effective alternating optimization algorithm
is presented to obtain the non-harmonic Fourier expansions
approximating the desired rotations, which allows for con-
structing pulse sequences satisfying the prescribed design
criteria.

The paper is organized as follows. In the next section,
we formulate the coherence transfer task for spin networks
as an ensemble control problem. We then present our pulse
design method, where we introduce the small angle ap-
proximation and the resulting non-harmonic Fourier series
representation. In Section III, an alternating optimization
procedure is presented to compute the design parameters
that are required to synthesize the pulse sequences based on
practical considerations. In Section IV, we present simulation
examples wherein we use our proposed design for population
transfer in coupled spin ensembles.

II. COHERENCE TRANSFER IN THE PRESENCE OF
COUPLING VARIATIONS

In this section, we propose a control-theoretic method to
design robust pulses for manipulating coupled two spin sys-



tems without relaxation that neutralize the effect of coupling
variations.

A. Ensemble Control of Coupled Spin Systems

The dynamics of a network of coupled two spin systems
is governed by the equation

d

dt
X(t, J) = A(t, J)X(t, J), (1)

where

A(t, J) =


0 −v(t) u(t) 0 0 0
v(t) 0 0 −J 0 0
−u(t) 0 0 0 J 0

0 J 0 0 0 −u(t)
0 0 −J 0 0 v(t)
0 0 0 u(t) −v(t) 0


= J(Ω24 − Ω35) + u(t)(Ω46 − Ω13) + v(t)(Ω12 − Ω56),

Ωij ∈ R6×6 is the matrix with −1 in the ijth entry, 1 in the
jith entry, and 0 elsewhere; J denotes the coupling between
the two spin systems varying on the interval [1 − δ, 1 + δ],
0 < δ < 1.

Due to the variation in the coupling J , the system in
(1) becomes a bilinear ensemble system, i.e. a family of
bilinear systems parameterized by the coupling parameter
J ∈ [1 − δ, 1 + δ]. One of the fundamental goal of
manipulating an ensemble system is to design parameter-
independent control inputs to steer the ensemble systems
between desired parameter-dependent states. Specifically, in
the context of coherence transfer, a typical control task is
to construct a piecewise constant control pair (u(t), v(t)),
called a pulse sequence, that is immune to the coupling
variation J , and steers the spin ensemble in (1) from the
constant function X0(J) = X(0, J) = (1, . . . , 0)′ = e1 to
the constant function XF (J) = X(T, J) = (0, . . . , 1)′ = e6
for some final time T .

Moreover, notice that the matrix A(t, J) is a skew-
symmetric matrix, and hence, solutions of the system in (1)
are constrained on a sphere centered at the origin of R6.
Therefore, state transitions of the system in (1) correspond
to rotations on the sphere S5 ⊂ R6, where S5 = {x ∈ R6 :
‖x‖ = 1} is the 5-dimensional unit sphere and ‖ · ‖ denotes
the Euclidean norm. In particular, the coherence transfer from
e1 to e6 corresponds to a π/2 rotation with respect to Ω16.

B. Small Angle Approximation and Non-harmonic Fourier
Series

For convenience, we introduce the following notations:
A12 = Ω12−Ω56, A13 = Ω46−Ω13, and A14 = Ω24−Ω35.
To illustrate the idea of our pulse design procedure, we aim
to construct a pulse sequence that generates a J-dependent
rotation φ(J) with respect to A12, i.e., to produce the rotation
exp(φ(J)A12) by using the control inputs.

Specifically, a piecewise constant control input v(t) will
be applied to the ensemble system in (1) to produce a
sequence of small angle rotations U1, . . . , Un so that the total

evolution U =
∏n
k=1 Uk approximates the desired rotation

exp(φ(J)A12). To this end, for each k, we define

U1k = exp(λkJA14) exp(
βk
2
A12) exp(−λkJA14)

U2k = exp(−λkJA14) exp(
βk
2
A12) exp(λkJA14), (2)

where λk, βk are design parameters (to be determined) re-
lated to the magnitude and time-period of the control pulses.
Then, the Baker-Campbell-Hausdorff formula yields

U1k = exp(
βk
2

(cos(λkJ)A12 + sin(λkJ)A24)),

U2k = exp(
βk
2

(cos(λkJ)A12 − sin(λkJ)A24)).

If βk is small enough such that U1kU2k ≈ U2kU1k, these
two rotations generates a total evolution

Uk = U1kU2k ≈ exp(βk cos(λkJ)A12). (3)

This approach is referred to as the small angle approximation
[16]. Then, successively propagating the sequence of small
angle rotations U1, . . . , Un results in

U =
n∏
k=1

Uk = exp(
n∑
k=1

βk cos(λkJ)A12). (4)

In particular, (β1, λ1), . . . , (βn, λn) can be chosen so that

φ(J) ≈
n∑
k=1

βk cos(λkJ), (5)

and consequently, we obtain an approximation of the desired
rotation U ≈ exp(φ(J)A12). The expansion of φ(J) in terms
of sinusoidal functions in (5) is called the non-harmonic
Fourier series expansion of φ(J). The strategy for selecting
(βk, λk) will be discussed in detail in the next section, where
we will present an alternating optimization algorithm to find
the optimal values of (βk, λk) satisfying (5). Instead, the
remaining part of this section concerns with the generation
of the small angle rotations U1k and U2k, or equivalently,
exp(−λkJA14), exp(λkJA14), and exp(βk

2 A12), by using
the control input v(t).

At first, to generate the rotation exp(−λkJA14), we apply
a large amplitude constant control v(t) = vk1 for a short time
period tk1 such that vk1tk1 = π and

exp(tk1JA14) exp(πA12) ≈ exp(πA12) exp(tk1JA14).
(6)

Then, the two controls u(t) and v(t) are turned off for time
λk − 2tk1. We then apply v(t) = −vk1 for a period of time
tk1. This procedure results in a net rotation given by

U1k1 = exp(tk1JA14 − πA12) exp((λk − 2tk1)JA14)

exp(tk1JA14 + πA12).

Using (6) we get

U1k1 ≈ exp(−πA12) exp(λkJA14) exp(πA12)

= exp(−λkJA14). (7)



Next, to generate the rotations exp(λkJA14) exp(βk

2 A12),
we apply a constant control v(t) = vk2 for a time period
tk2 so that 2vk2tk2 = βk. Since βk is required to be small
enough to guarantee the small angle approximation in (3), a
rotation U1k2 is produced in this step satisfying

U1k2 = exp(tk2(JA14) + vk2A12)

≈ exp(tk2JA14) exp(
βk
2
A12). (8)

At last, evolving the system for time λk − tk2 without any
control input (i.e., v(t) = u(t) = 0) results in

U1k3 = exp((tk2 − λk2)JA14). (9)

The composition of these three rotations ((7), (8), (9)) results
in a total evolution U1k3U1k2U1k1 ≈ U1k.

A similar strategy can be employed to generate the small
angle rotations corresponding to U2k in (2). Furthermore,
note that by using u(t) together with v(t), the small angle
approximation and non-harmonic Fourier series based pulse
design approach presented here can also be employed for the
generation of J-dependent rotations with respect to A14 and
A13.

Remark 1. Note that unlike the problem of pulse design
addressed in [17] for an isolated spin ensemble, the rotations
exp(βk

2 A12) and exp(−λkJA14) in U1k and U2k given in (2)
cannot be directly generated by applying constant control in-
puts. This is due to the control-independence of the drift term
JA14 in the system (1). Specifically, exp(−λkJA14) cannot
to be generated by turning off the two controls (u(t), v(t)),
and exp(βk

2 A12) cannot be produced by applying a constant
input v(t) = vk because of the drift term. This necessitated
the elaborate approximation procedure derived in (7)-(9).

Moreover, in practice, it is preferable to either turn on
or turn off the control with the maximum possible amplitude
for the purpose steering the ensemble from a given initial
state to the desired final state with minimum energy. In this
case, the magnitudes vk1 and vk2 can be made equal by
appropriately adjusting their pulse timing.

III. ALTERNATING MINIMIZATION FOR SYNTHESIZING
PARAMETER-DEPENDENT ROTATIONS

The approximation presented in (5) can be optimized to
get the design parameters (βk, λk) required to construct the
control pulses that generate the desired rotation. In this
section, we present an alternating minimization approach for
computing these parameters.

Consider the optimization problem with the objective
function

min
β,λ

F (β, λ) =
∥∥∥φ(J)−

n∑
k=1

βk cos(λkJ)
∥∥∥2
2
, (10)

where β = (β1, . . . , βn) ∈ Rn, λ = (λ1, . . . , λn) ∈ Rn,
and ‖ · ‖2 denotes the L2-norm on the Hilbert space H =

L2([1− δ, 1 + δ]), i.e., ‖f‖2 =
√∫ 1+δ

1−δ |f(J)|2dJ .

The first order optimality condition applied to the nonlin-
ear program in (10) yields that

∂F

∂βi
=

∫ 1+δ

1−δ

∂

∂βi

[
φ(J)−

n∑
k=1

βk cos(λkJ)
]2
dJ

= −2

∫ 1+δ

1−δ
cos(λiJ)

[
φ(J)−

n∑
k=1

βk cos(λkJ)
]
dJ

(11)

and

∂F

∂λi
=

∫ 1+δ

1−δ

∂

∂λi

[
φ(J)−

n∑
k=1

βk cos(λkJ)
]2
dJ

= 2

∫ 1+δ

1−δ
βiJ sin(λiJ)

[
φ(J)−

n∑
k=1

βk cos(λkJ)
]
dJ

(12)

are vanishing for all i = 1, . . . , n. We can further reduce
(11) and (12) to get

G(λ)β = c(λ) (13)

and

H(λ)β = d(λ), (14)

respectively, where G(λ), H(λ) ∈ Rn×n with their
ijth entries defined by Gij(λ) = 〈cos(λiJ), cos(λjJ)〉
and Hij(λ) = 〈J sin(λiJ), cos(λjJ)〉, respectively, and
c(λ), d(λ) ∈ Rn with their ith entries defined by ci(λ) =
〈φ(J), cos(λiJ)〉 and di(λ) = 〈φ(J), J sin(λiJ)〉, respec-
tively. In addition, the inner product is given by 〈f, g〉 =∫ 1+δ

1−δ f(J)g(J)dJ for any f, g ∈ H.
To solve the nonlinear program in (10), we present an

alternating optimization procedure by using (13) and (14).
Staring from an initial condition (β0, λ0), we first update
β0 to β1 by solving (13) with respect to β for the fixed
λ = λ0, i.e., β1 satisfies G(λ0)β1 = c(λ0). Then, we fix
β = β1 in (14), and denote the solution of this equation
by λ1, i.e., λ1 satisfies H(λ1)β1 = d(λ1). Repeating this
procedure results in a sequence {(βk, λk) : k = 0, 1 . . . }.
The following theorem shows that this sequence converges to
a local minimizer of the objective function F of the nonlinear
program in (10).

Theorem 1. The sequence {(βk, λk) : k = 0, 1, . . . , }
generated by alternately solving the systems of equations in
(13) and (14) for β and λ, respectively, i.e., the sequence
satisfying

G(λk)βk+1 = c(λk)

and
H(λk+1)βk+1 = d(λk+1)

for all k = 0, 1, . . . , converges to a local minimizer of the
nonlinear program in (10).

Proof. At first, notice that for any λk fixed, the nonlinear
program in (10) reduces to a least squares best approximation
problem on the Hilbert spaceH. Consequently, the projection



theorem implies that the solution, denoted by βk+1, of the
normal equation G(λk)β = c(λk) in (13) is a global mini-
mizer of the objective function F (β, λk) [18]. In particular,
this gives

F (βk+1, λk) ≤ F (βk, λk).

Alternatively, we fix β = βk+1, and then solve H(λ)βk+1 =
d(λ) for λ. Let λk+1 be one of the solutions such that the
Hessian of F (βk+1, λ) evaluated at λ = λk+1 is positive
definite, then λk+1 is a local minimizer of F (βk+1, λ), which
leads to

F (βk+1, λk+1) ≤ F (βk+1, λk) ≤ F (βk, λk).

As a result, the sequence {F (βk, λk) : k = 0, 1, . . . }
is monotonically decreasing. Moreover, because the ob-
jective function F is bounded below by 0, the sequence
{F (βk, λk) : k = 0, 1, . . . } converges to some nonnegative
real number, i.e.,

lim
k→∞

F (βk, λk)→ F ∗

for some F ∗ ≥ 0.
Let β∗ = limk→∞ βk and λ∗ = limk→∞ λk, where

the convergence is guaranteed by replacing the sequence
{(βk, λk) : k = 0, 1, . . . } by a subsequence if necessary,
then the continuity of F with respect to both β and λ
implies F ∗ = F (β∗, λ∗). Moreover, because βk and λk are
the solutions of the two systems of equations G(λk−1)β =
c(λk−1) and H(λ)βk = d(λ), respectively, we obtain

∂F

∂β

∣∣∣∣
(βk,λk−1)

= 0 and
∂F

∂λ

∣∣∣∣
(βk,λk)

= 0.

Taking limit from both sides of the above two equalities, as
k approaches to infinity, yields

∂F

∂β

∣∣∣∣
(β∗,λ∗)

= 0 and
∂F

∂λ

∣∣∣∣
(β∗,λ∗)

= 0.

This then implies that (β∗, λ∗) is a local minimizer of
F (β, λ).

Remark 2. When βk obtained by solving the nonlinear
program in (10) is too large for (3) to represent a good
approximation, one can divide the rotation angle βk into a
sequence of identical smaller angles, β0, such that βk = mβ0
for some positive integer m. In this way, the total propagator
U in (4) becomes

U = exp
[
βk cos(λkJ)A12

]
≈
(

exp
[
β0 cos(λkJ)A12

])m
,

=

(
exp

[β0
2

(
A12 cos(λkJ) +A24 sin(λkJ)

)]
·

exp
[β0

2

(
A12 cos(λkJ)−A24 sin(λkJ)

)])m
.

IV. PULSE SYNTHESIS FOR COUPLED SPIN ENSEMBLES

In this section, we adopt the small angle approximation
and non-harmonic Fourier series based method described
in Section II and Section III to design control pulses that
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Fig. 1. The final states X2(T, J) of the coupled spin ensembles in (1)
for J ∈ [0.8, 1.2] with control pulses constructed using two and three non-
harmonic Fourier terms (with magnitude of the pulses fixed) to achieve e1
to e2 uniformly.

compensate for the coupling variation in networked spin
pairs.

As mentioned in Section II-A, one typical control task of
coherence transfer is to steer the coupled spin systems in (1)
from X0(J) = X(0, J) = (1, 0, . . . , 0)′ = e1 to XF (J) =
(0, . . . , 0, 1)′ = e6 uniformly regardless of the variation in J .
In particular, we set a 20% variation in the coupling constant,
i.e., δ = 0.2, and so J ∈ [0.8, 1.2]. By using the established
pulse design method, we will complete this task in two steps.
In the first step, we design a pulse sequence to steer the
ensemble system in (1) from X0(J) = (1, 0, 0, 0, 0, 0)′ =
e1 to X̂F (J) = (0, 1, 0, 0, 0, 0)′ = e2. Then, the same
design strategy can be carried over to construct pulses which
realize the uniform transfer of the ensemble from X̂F (J) =
(0, 1, 0, 0, 0, 0)′ = e2 to XF (J) = (0, 0, 0, 0, 0, 1)′ = e6.
In the following, we first focus on the design of the pulse
sequence steering the ensemble system in (1) from e1 to e2.

To this end, the control sequence must induce a net J-
dependent rotation of π

2 degree with respect to A12, i.e.,
exp(φ(J)A12) with φ(J) = π

2 for all J . At first, to obtain
the non-harmonic Fourier expansion, as shown in (5), of
this constant function, we solve the nonlinear program in
(10) using the alternating algorithm presented in Section III.
Then, we generate the pulse sequence by using the 3 non-
harmonic Fourier series of φ(J) = π

2 for constructing the
desired pulse sequence, respectively, with the magnitude of
the pulses fixed. Fig. 1 shows the plot of the final states
X2(T, J) as a function of J and Fig. 2 shows the control
pulses corresponding to three non-harmonic Fourier series
terms.

As mentioned in Section II, to approximately generate the
rotations exp(−λkJA14), it is necessary to apply a control
with a large amplitude for a short duration. Intuitively, with
a larger amplitude pulse, the rotation exp(−λkJA14) can
be approximated more accurately. Fig. 3 shows the plot of
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Fig. 2. The pulse sequence (v(t)) for the coupled spin ensemble in (1)
constructed using three non-harmonic Fourier terms to achieve e1 to e2
rotation uniformly.
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Fig. 3. The performance µ(X2, T ) of the control pulse with respect to
different amplitude of the pulses VM , where the control pulse is constructed
using three non-harmonic Fourier terms to achieve e1 to e2 uniformly.

the performance (defined as the average value of the final
state over the variation interval) versus the amplitude of the
pulse sequence, in which the performance is monotonically
increasing with respect to the amplitude. This indeed coin-
cides with our intuition.

In addition, we also construct a pulse sequence by only
keeping the first 2 terms of the non-harmonic Fourier series
of φ(J) = π

2 . Fig. 4 and Fig. 5 show the second state
X2(T, J) at the final time T as a function of the parameter J ,
and the pulse sequence v(t), respectively. The performance
of this pulse is 0.9517. Moreover, by comparing Fig. 5 with
Fig. 2, we notice that the amplitude of this pulse is much
lower than the amplitude of the pulse obtained by using
3 non-harmonic Fourier terms, but the trade-off is in the
performance which is reduced only by about 2%.

To further steer the ensemble from e2 to e6, a net rotation
of −π2 degree with respect to A34 = Ω26 −Ω15 is required.
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Fig. 4. The final states X2(T, J) of the coupled spin ensemble in (1) for
J ∈ [0.8, 1.2] with the control pulse constructed using two non-harmonic
Fourier terms to achieve e1 to e2 uniformly.
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Fig. 5. The pulse sequence v(t) designed for the coupled spin ensemble
in (1) constructed using two non-harmonic Fourier terms to achieve e1 to
e2 uniformly.

For the construction of this pulse sequence, a slight modifi-
cation to the small angle rotation U2k in (2) is required as
follows

U2k = exp(−λkJA14) exp(−βk
2
A13) exp(λkJA14). (15)

After that, following the same design procedure, we are able
to construct a pulse sequence u(t) to steer the spin pair from
e2 to e6 uniformly. Fig. 6 and 7 show the pulse sequence u(t)
and the sixth state X6(T, J) at the final time as a function
of J . In particular, this pulse is constructed by using 2 non-
harmonic Fourier terms, and its performance is 0.9593.

V. CONCLUSIONS

In this paper, we develop a systematic pulse design
method to accomplish coherence transfer tasks for networked
spin pairs in the presence of coupling variations. This
method employs the technique of small angle approximation
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Fig. 6. The final states X6(T, J) of the coupled spin ensemble in (1) for
J ∈ [0.8, 1.2] with the control pulse constructed using two non-harmonic
Fourier terms to achieve e2 to e6 uniformly.
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Fig. 7. The pulse sequence u(t) designed for the coupled spin ensemble
in (1) constructed using two non-harmonic Fourier terms to achieve e2 to
e6 uniformly.

to expand desired parameter-dependent rotations in terms
of non-harmonic Fourier series. Moreover, an alternating
optimization procedure is presented to obtain the design
parameters in the non-harmonic Fourier expansion that leads
to a pulse sequence achieving the best performance. We also
provide the convergence proof of this alternating algorithm,
in which its computational efficiency is revealed. In addition
to coherence transfer, the proposed method further sheds
light on constructing broadband pulses in the context of (1-
dimensional) NMR spectroscopy and imaging, which may
provide an alternative to the well-known SLR algorithm,
and also has great potential for designing piecewise constant
control inputs for general bilinear ensemble systems.
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