
Stability-oriented Optimization and Consensus Control 
for Inverter-based Microgrid 

Weihang Yan, Wei Gao, David Wenzhong Gao 
Dept. Electrical and Computer Engineering 

University of Denver 
Denver, USA 

Weihang.yan@du.edu, Wenzhong.gao@du.edu 

 James Momoh 
Dept. Electrical and Computer Engineering 

 Howard University 
 Washington D.C., USA 

 
 

Abstract—In this paper, the small-signal model and stability-
oriented consensus control scheme for inverter-based microgrid 
systems is proposed. By perturbating four identified dominant 
control parameters of inverter-based microgrid intentionally, 
the corresponding incremental matrix of microgrid system can 
be formed. Then, Matrix Perturbation Theory is employed in 
this paper to reduce the computational burden caused by 
repetitive calculations of system eigenvalues during stability 
analysis. Furthermore, the objective function is formulated 
based on the small-signal stability index and consensus index of 
microgrid system. Finally, the optimal control algorithm based 
on the joint application of Matrix Perturbation Theory and 
Artificial Fish Swarm Algorithm is introduced in this paper so 
that the stability and consensus rate of microgrid can be 
ensured. Besides, the effectiveness of proposed method can be 
verified in Matlab/Simulation results. 

Index Terms—Microgrids; Small-signal modeling; Matrix 
perturbation theory; Stability; Consensus.  

I. INTRODUCTION 

Nowadays, wind power has become one of the cheapest 
renewable power generation technologies and solar power is 
expected to achieve grid parity in many countries in the near 
future. The development of both wind power and solar power 
generation technologies have significantly altered the control 
and operation of utilities [1]. Because of their widely available 
nature, renewable energy resources are suitable for distributed 
generation and utilization. Therefore, it is necessary to adopt 
microgrid as a platform to integrate renewable energy into the 
main electric grid. The inverter-based microgrid is considered 
as a type of microgrid network in which each distributed 
generator (DG) converts renewable energy through a voltage 
source inverter (VSI). So, the control of VSI has a vital role in 
operation of microgrid system [2]. Microgrids are expected to 
be more stable and reliable than traditional power system. 
However, many issues exist, such as stability of microgrid [3], 
accurate power sharing among DGs [4], consensus of DGs’ 
voltages and frequencies [5], and lack of moment of inertia in 
VSI [6], [7], [8]. Among these issues, one of the major 
problems that receives attentions and interests is the stability-
oriented consensus control of microgrid.  

So far, some novel methods have been proposed in the 
literature to establish model and conduct stability analysis of 
inverter-based microgrid. Meanwhile, some optimal control 
methods have been also applied to microgrid system to reduce 
frequency and voltage oscillations. In reference [3], the small-
signal model and stability of inverter-based microgrids are 
investigated under high penetration level of renewable energy. 
In order to improve the performance of microgrid, many 
efforts have been made in control parameters optimization 
such as optimal design of controller parameters and power 
sharing coefficients using particle swarm optimization [9]. 
Microgrids mentioned above are composed of inverters, power 
lines and loads, so the overall model that linearized around 
equilibrium point is complex and the order of the microgrid 
model is relatively high. Consequently, a large number of 
eigenvalues need to be derived in order to analyze the stability 
of microgrid systems. Matrix Perturbation Theory (MPT) is a 
fast method to calculate system eigenvalues so that iterative 
system analysis such as stability analysis can be conducted 
during system operation. It is mainly used to investigate the 
inherent characteristics and response of a system when the 
system parameters drift in a small range. MPT have been 
applied to the calculation of system eigenvalues and the 
stability analysis of microgrid with multiple DGs and loads 
[10]. From the results of using MPT, a high computing speed 
is achieved and the computational burden can also be reduced. 
On the other hand, Artificial Fish Swarm Algorithm (AFSA) 
is one of the best optimization techniques among swarm 
intelligence algorithms. It is inspired by the collective 
movement of fish and their various social behaviors. The 
global optimum is achieved through comparing individual 
local optima results in each fish swarm. AFSA has many 
advantages including high convergence rate, flexibility, fault 
tolerance and high accuracy [11].   

In this paper, aiming at a series of microgrid operational 
issues including deviation of parameters of DGs, high order 
characteristics of microgrid model, and large computational 
burden of calculating microgrid system eigenvalues, a 
simplified small-signal model of microgrid system is 
established and stability-oriented optimization method using 
MPT and AFSA is proposed in order to solve the problem of 
consensus control of microgrid. 

This work is supported by US National Science Foundation Grant 
1711951 and 1429093. 



II. MODELING OF MICROGRID SYSTEM 

The structure of an inverter-based microgrid is shown in 
Fig.1. 
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Figure 1.  Structure of VSI-based microgrid 

In Fig.1, the DGi represents the ith DG in microgrid, which 
consists of DER and VSI. For instance, DER can be battery 
energy storage system. The main circuit and control system 
structure of DG is demonstrated in Fig.2.  
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Figure 2.  Main circuit and control system structure of DG 

In Fig.2, according to Kirchhoff law and the Taylor series , 
the small-signal model of each part of DG can be derived. It 
can be defined xdq=[xd xq]T as the variables under d-q 
synchronously rotating reference frame. In later sections, x  
can be voltage u, current i or errors of voltage or current eV, eI. 
The mathematical model of inverter under d-q frame is 
presented in equation (1). 

 [ , , ] [ , , ] [ ] [ ]T T
odq odq Hdq M odq odq Hdq M Hdq M Mdqu i i A u i i B u C u= + +     (1) 

uMdq are voltage of microgrid bus. After linearizing the 
equation (1), the small-signal model of the main circuit of 
inverter system is obtained, as shown in (2). 
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Parameters Uod ,Uoq, Iod, Ioq, IHd  and IHq denote steady state 
values of LC filter output voltage, LC filter output current, and 
inverter leg current under d-q reference frame respectively. ωg 
is the grid frequency in angular speed value. Systems matrix 
AM, BM, CM, and DM can be referred in paper [3], [5], [6]. The 
control system in Fig.2 is composed of droop power 

controller, voltage controller and current controller. Thus, the 
small-signal model of the power controller can be written as 
equation (3) and equation (4) [3]. 
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Here, P and Q are active power and reactive power of 
inverter output; ω is the output angular speed of the inverter; 
ωc is cut-off frequency of low-pass filters, mp and nq are droop 
coefficients. 
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PI regulators are used as the voltage controller and current 
controller. The mathematical model of dual-loop PI voltage 
and current controller are shown in equation (5). Here, eVdq 
and eIdq are auxiliary parameters introduced. 
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Using small-signal modeling technique to linearize 
equation (5), the small-signal model of voltage and current 
controller [12] can be obtained as shown in equation (6). 
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In (6), Kpv and Kiv are proportional and integral coefficients 
of the voltage PI controller respectively. Meanwhile, Kpc and 
Kic are proportional and integral coefficients of the current PI 
controller. 0n×n denotes n×n order zero matrix. 



Combining equation (2), (3), (4), and (6), the overall 
small-signal dynamic model of the ith DG system can be 
expressed as equation (7) and equation (8). 

[ ] [ ]Ii i Ii i Mdqix A x B u Δ = Δ + Δ                       (7) 

[ ]T
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The state variables ΔxIi equals to [ΔPi, ΔQi, Δuodi, Δuoqi, 
Δiodi, Δioqi, ΔiHdi, ΔiHqi]T. Corresponding system matrix Ai, Bi, 
and Ci can be formulated below. 
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Equation (7) presents a 8th order small-signal model of a  
DG system. Assuming inverter-based microgrid consists of N 
DGs. By integrating line impedances and according to 
equation (7), the small-signal model of overall microgrid can 
be obtained in equation (10). 

[ ] [ ]mg MdqA B  Δ = Δ + Δ x x u                         (10) 

In sum, the state variables of overall microgrid are 
Δx=[ΔxI1, ΔxI2,…, ΔxIN]T. The system matrix of microgrid is 
shown in (11). 
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III. EIGENVALUE ANALYSIS OF MICROGRID 

The stability and dynamic performance of microgrid 
system can be analyzed through obtaining the eigenvalues of 
microgrid system matrix. By applying perturbations on control 
parameters of DGs and along with the distribution of 
eigenvalues of microgrid system, it can be concluded that the 
changes of Kpv, Kic, mp, nq have great impact on the stability of 
overall inverter-based microgrid [13]. Therefore, control 
parameters Kpv, Kic, mp, nq can be identified as the dominant 
control parameters of microgrid system. Since a microgrid is 
made up of multiple DGs, and the order of microgrid system 
matrix Amg equals to 8 times of the total number of DGs in the 
inverter-based microgrid, the computational process of 
calculating eigenvalues of microgrid system is very complex 
and slow. In order to solve this issue, this paper employs MPT 
to speed up the calculation of microgrid system eigenvalues. 

During the optimization and operational process of 
microgrid system, the system matrix changes constantly so 
that the eigenvalues of the system matrix have to be 
recalculated and solved repeatedly in order to derive the 
optimal control parameters. This results in a great deal of 
repetitive calculations. Alternatively, according to paper [10], 

the system matrix Amg can be obtained based on MPT with 
only calculating the incremental matrix ΔAmg when base 
matrix Amg0 is considered as constant. Equation (12) gives the 
expression of the system matrix Amg when first-order 
perturbation is applied. Thus, eigenvalues for the perturbed 
system can be calculated more rapidly. Meanwhile, the 
calculation burden for stability-oriented optimization and 
control is greatly reduced, and the computation speed for 
system optimization can be improved. 

0mg mg mgA A A= + Δ                             (12) 

According to identified dominant control parameters of 
inverter-based microgrid above, the incremental matrix can be 
generated when perturbations are applied on dominant control 
parameters, as shown in equation (13). 
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In equation (13) and referring to equation (9), ΔAij can be 
defined as the incremental matrix for the ith DG system when 
the dominant control parameters are perturbed. The detailed 
representations for each diagonal element of incremental 
matrix (13) can be presented in (14). 
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As we can see in (14), the variation of one dominant 
control parameter can result in the changes for multiple block 
matrixes. Similarly, perturbed eigenvalues and eigenvectors 
can be decomposed into initial eigenvalue λ0

(r) and initial 
eigenvector υ0

(r) with their first-order perturbation λ1
(r) and 

υ1
(r). Here (r) denotes the rth eigenvalue or eigenvector of 

system matrix Amg. 
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By substituting (14) into (13), ΔAmg can be calculated and 
the eigenvalues and eigenvectors of system matrix Amg can 
also be obtained according to MPT [10]. Equations (16) and 
(17) express the eigenvalues and eigenvectors of system 
matrix Amg calculated through MPT. 
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IV. OPTIMAL CONTROL OF INVERTER-BASED MICROGRID 

In this paper, the combination of MPT and AFSA is 
employed in order to accomplish the two-level optimization 
and control for inverter-based microgrid. In the preliminary 
optimization, the stability-oriented optimization model is 
established for proposed microgrid system. Optimized 
dominant control parameters can be derived and programmed 
into DG’s controller through the joint application of MPT and 
AFSA. Then, for the secondary optimization, the consensus-
oriented optimization model is established based on the 
frequency and voltage consensus law of inverter-based 
microgrid. AFSA is adopted to carry out the consensus-
oriented optimization of microgrid. Therefore, optimized 
reference voltage and frequency f0, U0 of each DG can be 
obtained while maintaining the stability of proposed 
microgrid. The objective functions of inverter-based microgrid 
J1 and J2 with respect to the system eigenvalues and consensus 
errors are presented in equation (18). 
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In (18), J1 corresponds to the stability-oriented 
optimization model and J2 corresponds to the consensus-
oriented optimization model. Besides, L is the total number of 
eigenvalues of microgrid system matrix Amg. β=[β1, β2, β3, β4]T 
are weight coefficients. N is the number of DGs in microgrid. 
As a result, E1

(r)  can be defined in equation (19). Here, E1
(r) 

can be considered as stability index of the rth eigenvalue, with 
E1

(r) equal to real part of the rth eigenvalue Re
(r). In inverter-

based microgrid system, it can be summarized that Re
(r) is 

determined in a great extent by the dominant control 
parameters Kpv, Kic, mp, nq and a minimum value of stability-
oriented objective function J1 leads to a more stable microgrid 
system.  
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For the sub-objective function J2, function vector E2
(k) for 

the kth DG can be expressed in equation (20).  
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Here, E21
(k), E23

(k) define the frequency and voltage errors 
of the kth DG comparing with system nominal values and 
E22

(k), E24
(k) define the frequency and voltage consensus errors 

with comparison to all neighboring DGs of the kth DG [5], [6] 
in microgrid system. f0

k, U0
k are optimal reference frequency 

and voltage amplitude of the kth DG.  f j, U j are feedback 
frequency and voltage amplitude respectively from the jth  
(j≠k) DG.  
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Figure 3.  Overall optimization flow chart of inverter-based microgrid  

Fig. 3 gives the overall two-level optimization flow chart 
of inverter-based microgrid. Left-hand side part of the flow 
chart illustrates stability-oriented optimization and right-hand 
side of the flow chart demonstrates consensus-oriented 
optimization. Based on equation (18), fitness function can be 
selected by employing the combination of J1 and J2. The 
operation of an unstable inverter-based microgrid can be 
converted into its stable mode after the first level of 
optimization. Then, the overall two-level optimization can 
circulate iteratively during the operation of microgrid such 
that the system matrix can be updated after major disturbance 
as well as the optimal control setting can be reconfigured 
repetitively.  

V. NUMERICAL SIMULATION EXAMPLE 

In this section, the simulation example regarding stability-
oriented optimization and consensus control for an inverter-
based microgrid is presented and conducted. The system 
parameters of the inverter-based microgrid can be presented in 
Tab.1.  

TABLE I. PARAMETERS OF CIRCUIT AND INITIAL VALUE 

Parameter value Parameter value 

RL1, RL2 25Ω Kpv 0.8 
LL1, LL2 2e-4H Kiv 200 

RL 20Ω Kpc 8 
LL 1.5e-4H Kic 1200 

Rf1, Rf2 0.04Ω mp 3e-4 
Lf1, Lf2 1.5e-3H nq 1e-2 



Cf1, Cf2 1600e-6F U0 311V 
Rc1, Rc2 0.05Ω UM 311V 
Lc1, Lc2 0.7e-3H I0 25A 
ω0 314 ωc 50 

The inverter-based microgrid tested, as shown in Fig. 1, 
consists of three DGs, three DG’s local loads and one public 
load located at the microgrid AC bus. In order to verify the 
accuracy of eigenvalues calculated using MPT, Fig. 4 
compares the eigenvalues of a microgrid system matrix Amg 
derived from MPT and QR algorithms [14] respectively. In 
Fig.4, the distributions of system eigenvalues which starts 
from two different initial conditions are shown. it can be 
concluded that the distribution of eigenvalues calculated by 
MPT almost overlaps the distribution of eigenvalues 
calculated by QR. Therefore, MPT can be verified as accurate 
for computing the eigenvalues of microgrid system meanwhile 
fast computational speed can be achieved. 
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Figure 4.  Eigenvalues’ computation results using MPT and QR 

The initial control settings lead to an unstable inverter-
based microgrid system, where [mp, nq, Kpv, Kic]T=[3e-4, 1e-2, 
0.8, 1200]T. As the joint application of MPT and AFSA 
proceeds, the unstable eigenvalues of microgrid system are 
shifted to the left half plane by optimizing the four dominant 
control parameters. Finally, dominant control parameters are 
converged to [mp, nq, Kpv, Kic]T=[9.5e-6, 1.42e-4, 0.56, 
1621.10]T. On the other hand, the secondary consensus-
oriented optimization is able to drive frequency and voltage 
consensus errors asymptotically converge to zero. Fig. 5 
illustrates the trajectory of fitness function of proposed 
inverter-based microgrid, which shows convergence after 24 
iterations. 
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Figure 5.  Optimization curve of the objective function J1+J2 

Fig. 6 and Fig. 7 demonstrate the frequency and voltage 
responses of individual DG respectively when microgrid 
public load is increased. As we can see, DG systems can 
operate in their stable mode with the assistance of stability-
oriented optimization. Moreover, the output frequencies and 
voltages of individual DG are able to restore to nominal values 
cooperatively within a relatively short settling time, which 

means that microgrid consensus errors can be eliminated 
through the consensus-oriented optimization. 
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Figure 6.  Frequency response of microgrid DGs 
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Figure 7.  Voltage response of microgrid DGs 

VI. CONCLUSION 

In this paper, individual DG systems are modeled so that 
the complete small-signal model of the inverter-based 
microgrid can be obtained. Four dominant control parameters 
that affect the stability of an inverter-based microgrid are also 
identified. Based on obtained system model, the stability-
oriented optimization model and the consensus-oriented 
optimization model are established respectively and the joint 
application of MPT and AFSA is employed to achieve 
cooperative voltage and frequency restoration. Both 
theoretical analysis and simulation results show that the 
increment of system matrix generated by perturbation of 
system matrix of microgrid can be rapidly calculated using 
MPT. Therefore, the computational burden of eigenvalues can 
be greatly reduced and the optimal control performance can be 
improved. Finally, the frequency and voltage consensus 
control of all DGs in microgrid system can be achieved. 
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