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Abstract: Effective stress is a critical factor controlling the mechanical behavior of unsaturated soils. There has been an increasing
interest toward fundamental and applied research on emerging applications that involve unsaturated soils subjected to elevated temperatures.
However, major gaps remain in the development of a unified model that can properly represent temperature dependency of effective stress in
unsaturated soils. The main objective of this study is to develop closed-form equations to describe the effective stress of unsaturated soils
under nonisothermal conditions. For this purpose, suction stress-based formulations are developed for representing temperature-dependent
suction stress and effective stress of unsaturated soils. The formulations incorporate temperature-dependent moist air pressure and matric
suction into a skeleton stress equation originally developed using volume averaging. A nonisothermal soil water retention curve (SWRC) is
used to account for thermal effects on the adsorbed water, surface tension, contact angle, and enthalpy of immersion per unit area. The validity
of the model is examined by comparing predicted suction stress values against experimental data reported in the literature for various soils
ranging from clay to sand. The effective stress equations developed in this study can provide further insight into the behavior of unsaturated
soils under nonisothermal conditions. The models can be readily incorporated in numerical and analytical methods, leading to more
accurate modeling of unsaturated soils subjected to nonisothermal loading conditions. DOI: 10.1061/(ASCE)GT.1943-5606.0002094.
© 2019 American Society of Civil Engineers.
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Introduction

Effective stress of unsaturated soils has posed a critical yet unsettled
topic during the last few decades. The effective stress is recognized
as the key factor controlling the engineering behavior of unsaturated
soils including shear strength and volume change (e.g., Khalili et al.
2004; Lu and Likos 2004; Nuth and Laloui 2008). Since the pio-
neering work of Bishop (1959), several attempts have been made to
study and properly model the effective stress of unsaturated soils
from micro- to macroscales (e.g., Fredlund and Morgenstern 1977;
Khalili and Khabbaz 1998; Li 2003; Khalili et al. 2005; Borja 2006;
Lu and Likos 2006; Nuth and Laloui 2008; Alonso et al. 2010;
Lu et al. 2010; Zhao et al. 2010; Nikooee et al. 2013; Manahiloh
et al. 2016). Primarily built upon the average skeleton (or Bishop’s)
stress, the existing models commonly represent the effective stress
of unsaturated soil as a function of all or a combination of matric

suction, saturation level, and water retention properties of the soil
(e.g., Wheeler et al. 2003; Sheng et al. 2004; Nuth and Laloui 2008;
Lu et al. 2010). Supported by extensive experimental test results,
the notion of effective stress has been employed for constitutive
modeling of unsaturated soils under coupled processes (e.g., Jommi
2000; Loret and Khalili 2002; Sheng et al. 2004; Khalili et al. 2005;
Gens et al. 2006; Mašín 2010). The latter implies that changes in
effective stress fundamentally dominate the shear strength and vol-
ume change of unsaturated soils.

The effect of temperature on the effective stress of unsaturated
soil is another important issue that certainly warrants further in-
vestigation (McCartney et al. 2019). There has been an increasing
interest toward fundamental and applied research of the unsatu-
rated soil behavior under elevated temperatures (e.g., Grant and
Salehzadeh 1996; Cekerevac and Laloui 2004; Uchaipichat and
Khalili 2009; Alsherif and McCartney 2015; Yavari et al. 2016;
Zhou and Ng 2016; Ng et al. 2017). This growing interest is stimu-
lated by the emergence of several nonisothermal applications such
as earthen structure-atmosphere interaction under a changing cli-
mate, radioactive barriers, nuclear waste disposal, ground-source
heat pumps for geothermal heating/cooling systems, buried high
voltage cables, thermal energy storage systems, and thermally ac-
tive earthen structures (e.g., Brandon et al. 1989; Laloui et al. 2006;
Gens and Olivella 2001; Vahedifard et al. 2015; Alsherif and
McCartney 2015; McCartney et al. 2016; Vahedifard et al. 2016;
Robinson and Vahedifard 2016; Vahedifard et al. 2017). Some of
the aforementioned applications can expose soil to elevated temper-
atures up to 100°C or even higher. Previous studies have demon-
strated the promise in the use of the effective stress concept for
describing the unsaturated soil behavior under elevated tempera-
tures (e.g., Uchaipichat and Khalili 2009; Alsherif and McCartney
2015; Vega and McCartney 2015). This observation has led to
the incorporation of effective stress into thermo-hydro-mechanical
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(THM) constitutive modeling of unsaturated soils (e.g., Thomas
and He 1997; Loret and Khalili 2002; Laloui et al. 2003; Bolzon
and Schrefler 2005; Laloui and Nuth 2009).

The use of effective stress in constitutive modeling of unsatu-
rated soil offers several advantages including a smooth transition
between saturated-unsaturated stages, the ability to incorporate
hysteresis and hydraulic effects, and direct accounting of increase
in strength (e.g., Sheng et al. 2004; Bolzon and Schrefler 2005).
However, despite advances in THM constitutive models, major
gaps still remain in the development of a unified effective stress
that can properly describe all, or the majority of, aspects of the
hydromechanical behavior of an unsaturated soil under elevated
temperatures. Ideally, such model should be built upon the gov-
erning equations controlling the fully coupled THM behavior of
unsaturated soil. Further, the effective stress model should consider
the fact that the temperature can differently affect adsorption and
capillarity (Fig. 1), two main water storage mechanisms in an
unsaturated soil (e.g., Lu 2016; Vahedifard et al. 2018). Several
studies have demonstrated the need for incorporating the capillary
forces in the estimation of effective stress for saturated and unsatu-
rated soils (e.g., Bishop 1959; Lambe and Whitman 1969; Mitchell
1976). Various parameters affect the magnitude of capillary forces
in an unsaturated soil including the particle and pore size, pore
water and pore air pressure, degree of saturation, surface tension,
and soil-water contact angle (Lu and Likos 2006; Lu et al. 2010).
Temperature is shown to affect the surface tension, contact angle of
the soil-water interface, and enthalpy, which altogether can influ-
ence thewater retention properties of an unsaturated soil (e.g., Villar
and Gomez-Espina 2007; Vahedifard et al. 2018). Further, the ad-
sorbed water, which relates to the residual saturation, is influenced
by temperature (Revil and Lu 2013).

The main objective of this study is to develop closed-form
equations to describe the effective stress of unsaturated soils under
nonisothermal conditions. For this purpose, suction stress-based
formulations are developed for representing effective stress of
unsaturated soils subjected to varying temperature. The formula-
tions incorporate temperature-dependent moist air pressure and
matric suction into the effective stress expression presented by
Lewis and Schrefler (1998). The effective stress equation is pre-
sented in a form comparable to Bishop’s effective stress expression
(Bishop 1959) but extended to nonisothermal conditions. The val-
idity of the model is examined by comparing predicted suction
stress values against experimental data reported in the literature
for various soils ranging from clay to sand. The nonisothermal

effective stress equations developed in this study can provide further
insight into the behavior of unsaturated soils under thermal loading.
The model can be also readily incorporated in numerical and ana-
lytical methods, leading to more accurate modeling of unsaturated
soils subjected to nonisothermal loading conditions.

Underlying Theory and Formulations

The current study builds upon the nonisothermal effective stress
expression presented by Lewis and Schrefler (1998), which was
originally developed by Schrefler (1984) and Schrefler et al. (1990)
using volume averaging. Employing this skeleton stress equation,
we incorporate temperature-dependent moist air pressure and matric
suction into a suction stress-based representation of effective stress.
The latter is achieved by employing a nonisothermal soil water
retention curve (SWRC) accounting for thermal effects on the ad-
sorbed water, surface tension, contact angle, and enthalpy of immer-
sion per unit area. This section provides a concise overview of the
underlying theory of the effective stress expression presented by
Lewis and Schrefler (1998). Interested readers are referred to Lewis
and Schrefler (1998) for detailed discussion on the balance equa-
tions, upscaling approach, and thermodynamic constraints.

Following the work by Hassanizadeh and Gray (1979a, b) to
apply thermodynamic constraints satisfying entropy inequality at
the macroscopic level, Lewis and Schrefler (1998) used volume
averaging based on the hybrid mixture theory to upscale balance
equations from microscale to macroscale. The microscopic balance
equations were integrated over a representative element volume
(REV) (Fig. 1) to obtain the corresponding macroscopic balance
equations. Lewis and Schrefler (1998) used four upscaled balance
equations for mass (i.e., mass of solids, water, and moist air), linear
momentum, angular momentum, and energy to derive the macro-
scopic mathematical formulations for a porous material subjected
to THM processes. Appropriate constitutive equations were also
employed to describe fluid and solid phases. In their formulations,
the primary macroscopic variables include: moist air pressure (dry
air pressure plus water vapor pressure) (ua), capillary pressure
(matric suction), temperature (T), and displacement. The capillary
pressure is calculated as the difference between ua and the pore
water pressure (uw) (i.e., ψ ¼ ua − uw). Fig. 1 schematically shows
an unsaturated soil consisting of three constituents (i.e., solids,
water, air) at any temperature. Fig. 1(b) depicts a REV that is
used to obtain averaged macroscopic quantities by integrating

Capillary water

Contact angle
Moist air phase 

(dry air and vapor)

Intergranular
forces 

Liquid water phase

Solid phase Adsorbed water

(a) (b) (c)

Fig. 1. Unsaturated soil consisting of three constituents at any temperature: (a) soil at macroscale; (b) representative element volume (REV); and
(c) capillary and adsorbed water.
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(averaging) a microscopic quantity through the averaging process.
Lewis and Schrefler (1998) provide a detailed discussion about
REV size requirements and boundaries between the micro- and
macroscales. The averaging volume (i.e., REV) can be centered at
each point in the system and must include all phases. The REV
should be large enough so that averages are independent of the
REV size and must be sufficiently small so that quantities such as
gradients are meaningful at the macroscopic level.

Building upon the fully coupled THM formulation and following
the work by Gray and Hassanizadeh (1991), Lewis and Schrefler
(1998) showed that by implementing the balance laws in the entropy
inequality and then imposing the required thermodynamic con-
straints into the conservation of linear momentum equation, one can
obtain the following form for the nonisothermal effective stress of
unsaturated soils:

σ 0 ¼ σ − ðSwuw þ SauaÞ ð1Þ

where σ 0 is the mean effective stress; σ is the total stress of mixture;
and Sw and Sa are the degrees of saturation of water and moist air,
respectively. Eq. (1) was originally developed by Schrefler (1984)
and Schrefler et al. (1990) using volume averaging and is shown to
be thermodynamically consistent (Gray and Schrefler 2001; Borja
2004). The equation was derived based on the assumption that
the grains are incompressible, as opposed to skeleton (Lewis and
Schrefler 1998). Eq. (1) can be rearranged in a form comparable to
Bishop’s effective stress expression (Bishop 1959) but extended to
nonisothermal conditions

σ 0 ¼ σ − ua þ χðua − uwÞ ð2Þ

where χ is Bishop’s effective stress parameter. While Bishop (1959)
originally suggested to represent χ using Sw, more recent studies
have shown that χ can be better represented by, e.g., Lu et al. (2010)

χ ≅ Se ð3Þ

where Se is the effective degree of saturation and can be obtained as

Se ¼
Sw − Sr
1 − Sr

¼ θ − θr
θs − θr

ð4Þ

where Sr is the degree of residual saturation; and θ, θs, and θr are the
total, saturated, and residual water contents, respectively. Using Se
essentially implies that a portion of the water phase (i.e., residual
water) is physically part of the solid phase because it is immobile.

As will be shown in the next sections, Se (representing χ) and
ua can be linked to capillary pressure, adsorbed water, and temper-
ature. Once these two parameters are obtained, one can use them
along with Eq. (2) to determine the nonisothermal effective stress of
unsaturated soil. The current study considers the effect of temper-
ature on the pore space. Possible temperature effects on the solid
phase such as the expansion of grains, and possible subsequent
changes in the soil porous structure and solid configuration are not
considered in the presented formulations.

Nonisothermal Residual Saturation

As suggested by Revil and Lu (2013), in this study the residual
water content is considered to correspond to the adsorbed water.
The nonisothermal residual water content can be addressed through
quantifying the effect of temperature on adsorbed water (Vahedifard
et al. 2018). By using a modified form of the Kelvin-Laplace equa-
tion, the adsorbed water can be expressed as (Revil and Lu 2013)

θa ¼ θmax
a

�
exp

�
−Mwψ

RT

��
1=M

ð5Þ

where θmax
a is the adsorption capacity;M is the adsorption strength;

Mw ¼ 1.8 × 10−5 m3 mol−1 is the molar volume of water; and R ¼
8.314 Jmol−1 K−1 is the universal gas constant. The adsorption
strength,M, can be estimated to be equal to the shape fitting param-
eter of the van Genuchten (1980) model (Revil and Lu 2013). The
nonisothermal residual saturation can be then defined as

Sr ¼
θmax
a

θs

�
exp

�
−Mwψ

RT

��
1=M

ð6Þ

The effective degree of saturation can be calculated as a function
of Sw and Sr, as shown in Eq. (4), or obtained from the temperature-
dependent capillary pressure as will be shown in the following
section. The latter is used in the rest of this paper.

Nonisothermal Capillary Pressure

In this study, we use the nonisothermal SWRC formulations by
Vahedifard et al. (2018), which consider the effects of temperature
on adsorption and capillarity in unsaturated soils. The nonisother-
mal capillary pressure-saturation relationship accounts for the ef-
fect of temperature on surface tension, contact angle, and enthalpy
of immersion per unit area.

As shown by Grant and Salehzadeh (1996), the temperature
dependency of capillary pressure can be expressed as

ψ ¼ ψTr

�
β þ T

βTr
þ Tr

�
ð7Þ

where ψTr
is the capillary pressure at the reference temperature

Tr, βTr
is the regression parameter at the reference temperature

and the parameter β is calculated as (Grant and Salehzadeh 1996)

β ¼ −Δh
C1

ð8Þ

where Δh is the enthalpy of immersion per unit area and C1 is a
constant, which can be determined as (Grant and Salehzadeh 1996)

C1 ¼
ΔhTr

þ aðcosαÞTr
þ bðcosαÞTr

Tr

Tr
ð9Þ

where α is the temperature-dependent soil-water contact angle; and
a and b are fitting parameters that can be estimated as (Haar et al.
1984; Dorsey 1940)

a ¼ 0.11766� 0.00045 Nm−1

b ¼ −0.0001535� 0.0000015 Nm−1K−1 ð10Þ
A relationship between the enthalpy and temperature can be

established by Watson (1943)

Δh ¼ ΔhTr

�
1 − Tr

1 − T

�
0.38

ð11Þ

where ΔhTr
is the enthalpy of immersion per unit area at the refer-

ence temperature. The temperature-dependent form of the contact
angle can be obtained follows:

cosα ¼ −Δhþ TC1

aþ bT
ð12Þ

Vahedifard et al. (2018) used the aforementioned equations
for nonisothermal capillary pressure and adsorbed water to extend

© ASCE 04019053-3 J. Geotech. Geoenviron. Eng.
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three commonly used SWRC models originally developed by
Brooks and Corey (1964) (referred to as BC), van Genuchten
(1980) (referred to as VG), and Fredlund and Xing (1994) (referred
to as FX) to nonisothermal conditions. Following Grant and
Salehzadeh (1996), all nonisothermal SWRC formulations are
written as a function of capillary pressure at the reference temper-
ature. For this purpose, Eq. (7) is rearranged to solve for capillary
pressure at the reference temperature and then is implemented into
the SWRC formulations.

As shown by Vahedifard et al. (2018), the BC model can be
extended to obtain the nonisothermal Se, which represents the
nonisothermal χ in the current study, as follows:

Se ¼
0
@ pb

ψ
�
βTrþTr

βþT

�
1
Aλ

ð13Þ

where pb is the bubbling pressure in kPa; and λ is the pore size
distribution index. Similar to the BC model, the nonisothermal
extension of the VG model is written as follows:

Se ¼
�
1þ

�
αVGψ

�
βTr

þ Tr

β þ T

��
nVG
�−mVG ð14Þ

where αVG is a fitting parameter inversely related to the air-entry
suction (1=kPa), nVG is the pore-size distribution fitting parameter,
and mVG is a fitting parameter representing the overall geometry of
the SWRC. In a similar manner, the nonisothermal FX model is
expressed as follows (Vahedifard et al. 2018):

Se ¼ CðψÞ
0
@ln

0
@eþ

0
@ψ
�
βTrþTr

βþT

�
aFX

1
AnFX

1
A
1
A−mFX

ð15Þ

where CðψÞ is a correction factor defined as

CðψÞ ¼

0
BBB@1 −

ln

�
1þ ψ

�
βTrþTr
βþT

	
ψr

�
ln
�
1þ ψmax

ψr

	
1
CCCA ð16Þ

where ψr is matric suction corresponding to the residual water
content commonly set to be 1,500 kPa, ψmax is the maximum matric
suction corresponding to zero water content commonly set to be
106 kPa, nFX is a fitting parameter related to pore size distribution,
mFX is a fitting parameter controlling the overall geometry of
the SWRC, and aFX is a fitting parameter related to the air-entry
suction.

Nonisothermal Moist Air Pressure

To fully define the nonisothermal effective stress, one also needs to
properly quantify the temperature effect on ua. The moist air in the
pore system is usually assumed to be a perfect mixture of two ideal
gases, i.e., dry air and water vapor. The pressure and density (ρa) of
the moist air can be considered as

ua ¼ uda þ uvap ð17Þ

ρa ¼ ρda þ ρvap ð18Þ

where ρda and ρvap are the density of dry air and the vapor,
respectively.

The two components contributing to the moist air pressure are
linked to temperature as follows (Lewis and Schrefler 1998):

uda ¼ ρdaTR=Ma ð19Þ

uvap ¼ ρvapTR=Mw ð20Þ

where Ma ¼ 0.028964 kgmol−1 is the molar volume of dry air.
In the current study, the dry air density is assumed to be temperature
independent and is taken as 1.2041 kg=m3. The saturated vapor
density ρvap (kg=m3) as a function of temperature can be expressed
as (Saito et al. 2006)

ρvap ¼ 10−3 × expð31.3716 − 6014.79
T − 7.92495 × 10−3TÞ
T

ð21Þ

By substituting Eqs. (19) and (20) into Eq. (17), the complete
form of nonisothermal moist air pressure is defined as

ua ¼
�
ρda
Ma

þ ρvap
Mw

�
TR ð22Þ

One can use the preceding equation to determine the effect of
temperature on the net normal stress, σ − ua. Fig. 2 depicts the tem-
perature dependency of the water vapor pressure, dry air pressure,
and moist air pressure for temperatures ranging from 10°C (283 K)
to 100°C (373 K). The effect of temperature on the moist air
pressure is significant, primarily due to an exponential increase in
the water vapor pressure by temperature. The values shown in
Fig. 2 represent the absolute values of moist air pressures. For cal-
culating the effective stress, it is common to consider the moist
air pressure compared to the atmospheric pressure (∼101 kPa),
leading to a zero value for the relative moist air pressure at the room
temperature.

Closed-Form Solution for Nonisothermal Suction
Stress and Effective Stress

The term −χðua − uwÞ in Bishop’s effective stress expression is
referred to as suction stress, σs (e.g., Karube et al. 1996; Lu and
Likos 2004, 2006). Using this definition, Bishop’s effective stress
expression can be rewritten as

σ 0 ¼ ðσ − uaÞ − σs ð23Þ

Temperature (K)

280 300 320 340 360 380

P
re

ss
ur

e 
(k

P
a)

0

50

100

150

200

250

Water vapor pressure
Dry air pressure
Moist air pressure

Fig. 2. Temperature dependency of water vapor pressure, dry air pres-
sure, and moist air pressure.
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where σs is the suction stress. Under ambient temperature, σs is
defined as follows (Lu et al. 2010):

σs ¼ −ðSeψÞTr
ð24Þ

The suction stress equation can be extended to nonisothermal
conditions as

σs ¼ −Seψ
�
βTr

þ Tr

β þ T

�
ð25Þ

Alternatively, the nonisothermal suction stress can be obtained
by extending the Khalili and Khabbaz (1998) model as follows:

σs ¼ −ψ
�
βTr

þ Tr

β þ T

�0@ψ
�
βTrþTr

βþT

�
ψaev

1
A−ΩKK

ð26Þ

where ψaev is the bubbling pressure or the air entry suction; and
ΩKK the effective stress scaling parameter introduced by Khalili
and Khabbaz (1998).

Depending upon the availability of fitting parameters, any of the
extended SWRCs introduced in the previous sections can be used
to define Se in Eq. (24). The presented equations for nonisothermal
suction stress and moist air pressure can be then substituted into
Eq. (23) to develop complete expressions of nonisothermal effec-
tive stress. Using the BC model, the equations for nonisothermal
suction stress and effective stress will be

σs ¼ −
0
@ pb

ψ
�
βTrþTr

βþT

�
1
Aλ

ψ

�
βTr

þ Tr

β þ T

�
ð27Þ

σ 0 ¼
�
σ −

�
ρda
Ma

þ ρvap
Mw

�
TR

�
þ
0
@ pb

ψ
�
βTrþTr

βþT

�
1
Aλ

ψ

�
βTr

þ Tr

β þ T

�

ð28Þ

Employing the VG model, we will have

σs ¼ −
�
1þ

�
αVGψ

�
βTr

þ Tr

β þ T

��
nVG
�−mVG

ψ

�
βTr

þ Tr

β þ T

�
ð29Þ

σ 0 ¼
�
σ −

�
ρda
Ma

þ ρvap
Mw

�
TR

�

þ
�
1þ

�
αVGψ

�
βTr

þ Tr

β þ T

��
nVG
�−mVG

ψ

�
βTr

þ Tr

β þ T

�
ð30Þ

For the FX model

σs ¼ −
0
B@1 − lnð1þ ψ

�
βTrþTr
βþT

	
ψr

Þ
ln
�
1þ ψmax

ψr

	
1
CA

×

 
ln

 
eþ

 
ψ
�βTrþTr

βþT

	
aFX

!nFX
!!−mFX

ψ

�
βTr

þ Tr

β þ T

�
ð31Þ

σ 0 ¼
�
σ −

�
ρda
Ma

þ ρvap
Mw

�
TR

�
þ

0
B@1 − lnð1þ ψ

�
βTrþTr
βþT

	
ψr

Þ
ln
�
1þ ψmax

ψr

	
1
CA

×

 
ln

 
eþ

 
ψ
�βTrþTr

βþT

	
aFX

!nFX
!!−mFX

ψ

�
βTr

þ Tr

β þ T

�
ð32Þ

Parametric Study

The proposed equations are employed to quantify the temperature
effect on the effective degree of saturation, suction stress, and effec-
tive stress for Shonai dune sand, Pachapa loam, and Seochang sandy
clay. Table 1 gives the parameters that are used for calculating the
nonisothermal effective degree of saturation (using the extended
VG model) and the suction stress for each soil. All the parameters
except ΔhTr

values, which are reported for similar soils by Grant
and Salehzadeh (1996), are obtained from Lu (2016). In all calcu-
lations, the moist air pressure compared to the atmospheric pressure
is used, leading to zero air pressure at the room temperature.

Fig. 3 illustrates the effective degree of saturation and suction
stress versus matric suction for Shonai dune sand, Pachapa loam,
and Seochang sandy clay subjected to temperatures ranging from
25°C to 100°C. For Shonai dune sand, the matric suction varies
between 0 and 8 kPa [Fig. 3(a)]. In such low matric suctions, capil-
larity is the dominant water storage mechanism and adsorption has
minimal effect. It is seen that, for a given suction, higher temper-
ature leads to lower Se. For example, at the matric suction of 5 kPa,
Se decreases by approximately 13%, 39%, 49%, and 56% by in-
creasing the temperature from 25°C to 40°C, 60°C, 80°C, and
100°C, respectively. This reduction can be attributed to changes
in surface tension, contact angle, and enthalpy (Vahedifard et al.
2018). The results for Pachapa loam [Figs. 3(b and e)] and Seochang
sandy clay [Figs. 3(c and f)] involve much higher suction values.
However, the Se sensitivity to temperature of Pachapa loam and
Seochang sandy clay shows a similar trend to that presented for
Shonai dune sand. For instance, the reduction of Se for Pachapa
loam [Fig. 3(b)] is approximately 14%, 24%, 33%, and 48% by
increasing the temperature from 25°C to 40°C, 60°C, 80°C, and
100°C, at matric suction of 50 kPa. Further, the reduction of Se
for Seochang sandy clay [Fig. 3(c)] is approximately 10%, 17%,
23%, and 36% by increasing the temperature from 25°C to 40°C,
60°C, 80°C, and 100°C, at matric suction of 100 kPa. For Pachapa
loam and Seochang sandy clay, the effect of temperature for suc-
tions higher than 100 kPa becomes less significant.

The sensitivity of suction stress to temperature is shown in
Figs. 3(d–f) for Shonai dune sand, Pachapa loam, and Seochang
sandy clay, respectively. The trend of suction stress for all three
soils is generally affected by temperature-induced changes in
suction and effective degree of saturation. For Shonai dune sand
[Fig. 3(d)], the suction stress exhibits a nonmonotonic behavior for
each temperature. The absolute magnitude of suction stress first
increases as matric suction increases. For each temperature, this in-
creasing trend continues until reaching the air entry suction, which
is about 0–2 kPa depending upon the temperature, [Fig. 3(a)].
Beyond the air entry suction in which the soil desaturates and
transitions to the capillary zone, the absolute magnitude of suction
stress decreases as long as the suction increases within the capillary
zone. Once the soil reaches the residual saturation, suction stress
increases by increases in matric suction. Applying higher temper-
atures leads to reduction in the air entry suction and the residual
saturation. While in the saturated and capillary zones, increasing

Table 1. Input parameters for different soils used in parametric study

Soil θs θr nVG
ΔhTr

(J=m2)
αVG

(1=kPa) mVG Tr ðKÞ
Shonai dune sand 0.43 0.03 5.565 −0.285 0.492 0.461 298
Pachapa loam 0.46 0.023 4.105 −0.516 0.111 0.144
Seochang
sandy clay

0.42 0.022 1.758 −0.516 0.117 0.228
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Fig. 3. (a–c) Effective degree of saturation and (d–f) suction stress versus matric suction for (a and d) Shonai dune sand; (b and e) Pachapa loam; and
(c and f) Seochang sandy clay at different temperatures.
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temperature leads to reduction in the absolute magnitude of suction
stress at a given matric suction. After reaching the residual satura-
tion, applying higher temperature increases absolute magnitude of
suction stress at a given matric suction. The temperature effect
in the saturated zone is consistent with the results reported by
Campanella and Mitchell (1968) and Tanaka (1995). Unlike for
Shonai dune sand, the suction stress versus matric suction at each
temperature shows a monotonic trend for Pachapa loam [Fig. 3(e)]
and Seochang sandy clay [Fig. 3(f)]. As expected, the ranges of
matric suction and corresponding suction stress are much wider
than that for Shonai dune sand. For Pachapa loam and Seochang
sandy clay, the absolute suction stress gradually increases by in-
creasing temperature from 25°C to 100°C because the effects of
temperature on capillarity is more significant.

A main advantage of the proposed formulations is that the Se
equations only need material parameters at the reference temper-
ature. That is, pb and λ for the BC model, αVG, nVG, and mVG for
the VG model, and nFX, mFX, and aFX for the FX model are only
needed at the reference temperature. As clearly shown in Fig. 3,
employing temperature-dependent contact angle and enthalpy of
immersion addresses the effect of temperature on the air entry suc-
tion, which is shown to decrease as temperature increases.

To explicitly show the effect of temperature on effective stress,
parametric studies are performed to determine nonisothermal effec-
tive stress at the total stress of 200 kPa, by accounting for the effect
of temperature on the SWRC and moist air pressure. Fig. 4 illus-
trates the effective stress versus matric suction for Shonai dune sand
subjected to temperatures ranging from 25°C to 100°C. At each
temperature, the effective stress minimally increases by increasing
matric suction. The latter is because, as shown previously, Shonai
dune sand reaches the residual saturation in a low matric suction
(∼8 kPa), leading to a very small effective saturation throughout
the range of matric suction examined. Fig. 4 includes an inset figure
to better show the variation of effective stress at 25°C in low matric
suction values (<5 kPa). The inset shows a nonmonotonic trend in
this low suction range, stemming from the nonmonotonic suction

stress trend for Shonai dune sand previously discussed in Fig. 3(d).
A similar nonmonotonic trend is observed for the effective stress
in low matric suction values at higher temperatures. As evident in
Fig. 4, at a given matric suction, the effective stresses decrease by
applying higher temperatures. This observation is consistent with
the experimental results reported in the literature (e.g., Hueckel and
Baldi 1990; Cekerevac and Laloui 2004; Alsherif and McCartney
2015) showing how the increase of temperature leads to reduction
in the net normal stress as well as volumetric thermal expansion.
At very high temperatures (e.g., 100°C) and low total stresses, the
temperature-induced reduction of the effective stress may possibly
lead to negative (tensile) effective stress.

Fig. 5 demonstrates the temperature dependency of effective
stress for Pachapa loam at the given total stress of 200 kPa. For
each temperature the effective stress increases as matric suction in-
creases, with a rate that abruptly rises at high matric suction values.
Applying higher temperatures is shown to decrease the effective
stress up to the matric suction of approximately 20,000 kPa, which
corresponds to the residual saturation. A similar trend is shown in
Fig. 6 for Seochang sandy clay, where the residual saturation is
reached at the matric suction of approximately 1,000 kPa. For these
two soils, the temperature-induced reduction in effective stress up
to the residual saturation can be attributed to temperature-induced
changes in surface tension and contact angle, which in turn reduces
the air entry value (Vahedifard et al. 2018). In this zone (i.e., capil-
larity region), the effects of temperature on effective degree of sat-
uration and moist air pressure are significant. After reaching the
residual saturation, the effects of temperature on capillarity becomes
significant, thus the effective stress increases due to the increase of
matric suction (while changes in effective degree of saturation are
minimal). This observation suggests that heating the soil while the
matric suction is in the residual region can lead to an increase in
the effective stress, possibly explaining heat-induced hardening re-
ported in the literature (e.g., Bolzon and Schrefler 2005; Cekerevac
and Laloui 2004; Alsherif and McCartney 2015). It should be noted
that the results beyond the residual suction should be interpreted
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Fig. 4. Effective stress versus matric suction for Shonai dune sand at various temperatures, total stress ¼ 200 kPa.
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with caution. Physically speaking, the phases become disconnected
at the residual suction. At this time, imposing higher suctions at the
boundary of sample may not necessarily lead to an equal increase
in the suction inside the disconnected trapped phases due to incom-
pressibility of the wetting phase. Thermodynamic-based formula-
tions, such as that employed in this study, may not properly describe
suction evolution for the disconnected phases. Further studies are
certainly needed to provide insight into the variation of noniso-
thermal effective stress for suction levels higher than the residual
suction.

Comparison against Experimental Data

Predicted values of nonisothermal effective degree of saturation
and suction stress from the proposed formulations are compared
against the results of experimental tests conducted on super-fine
sand reported by Roshani and Sedano (2016), Bonny silt reported
by Alsherif and McCartney (2014, 2015), and Gaomiaozi bentonite
(GMZ01) reported by Ye et al. (2012). Further, the results are com-
pared with those predicted by the Khalili and Khabbaz (1998)
model [Eq. (26)]. Table 2 gives the fitting parameters used for
calculating the nonisothermal effective degree of saturation and
suction stress for the three soils that are examined. The SWRC
parameters for each soil are taken from the original reference and
the ΔhTr

values are adopted from the values reported by Grant and
Salehzadeh (1996) for similar soils. The choice of the SWRC
model for each soil is made based upon the model used in the origi-
nal study.

Fig. 7 illustrates the predicted versus measured effective degree
of saturation and suction stress for super-fine sand at temperatures
of 20°C and 49°C. As shown in Figs. 7(a and b), the results from
the proposed formulation are in close agreement with the measured
effective degree of saturation values, with a root mean square error
(RMSE) of 2.5 and 3.0. The predictive accuracy is higher than that
from the SWRC model proposed by Roshani and Sedano (2016)
(with RMSEs of 6.82 and 5.33). The SWRC model by Roshani
and Sedano (2016) is an extended version of the FX model. The
Roshani and Sedano (2016) SWRC model only accounts for the
effect of temperature on the surface tension, leading to a lower
accuracy than the model in the current study that considers the ef-
fects of temperature on the surface tension, the soil-water contact
angle, and adsorption by the enthalpy of immersion per unit area
(Vahedifard et al. 2018).

Figs. 7(c and d) compare the suction stress predicted from
Eq. (31) with the experimental measurements by Roshani and
Sedano (2016) and the predictions by the Khalili and Khabbaz
(1998) model. The measured suction stress values shown in
Figs. 7(c and d) are obtained by multiplying the measured matric
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suction by the measured effective saturation for each point as re-
ported in the original reference. As shown, there is a very good
agreement between the experimentally measured values and those
attained from the proposed model (RMSE of 0.16 and 0.19). The
proposed model yields a lower error than the Khalili and Khabbaz
(1998) model (with RMSE of 0.85 and 0.92). In particular, the pro-
posed model is able to capture the nonmonotonic trend of suction
stress observed in the saturated and capillary zones for sandy soils,
as discussed before for Fig. 3(d).

Figs. 8(a and b) depict the measured and predicted effective de-
gree of saturation for Bonny silt at temperatures of 23°C [Fig. 8(a)]
and 64°C [Fig. 8(b)]. The comparison reveals that the proposed
model [Eq. (14)] can accurately replicate the experimental results.
The effect of temperature on effective degree of saturation becomes
insignificant at higher suction values that correspond to the residual
region. Figs. 8(c and d) illustrate the measured and predicted suc-
tion stress values at temperatures 23°C and 64°C, respectively. Here
also the data points obtained from the current model are closer to

Table 2. Parameters for calculating nonisothermal effective degree of saturation and suction stress

Soil SWRC model ΔhðTrÞ (J=m
2) Tr (K) SWRC parameters

Super-fine sand FX −0.285 293 nFX ¼ 6.615, mFX ¼ 0.8488, aFX ¼ 4.6 kPa, ψr ¼ 3.0 MPa
Bonny silt VG −0.516 296 nVG ¼ 1.61, mVG ¼ 0.3788, αVG ¼ 0.33 kPa−1
GMZ01 bentonite FX −0.516 293 nFX ¼ 0.8086, mFX ¼ 0.5864, aFX ¼ 8.0 MPa, ψr ¼ 309 MPa
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Fig. 7. Measured and predicted (a and b) effective degree of saturation; and (c and d) suction stress for super-fine sand at temperatures:
(a and c) 20°C (293 K); and (b and d) 49°C (322 K).
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the experimental data than those predicted by the Khalili and
Khabbaz (1998) model. The effect of temperature on the suction
stress at high matric suction values is more evident, which is due
to the significant increase of matric suction while the effective de-
gree of saturation remains almost constant in this region. It is noted
that the experimentally measured points used to create Fig. 8 do not
include data in the central portion of the retention curve, where the
degree of saturation changes substantially. It would be desirable to
have more test results in the central portion of the retention curve to
gain a better understanding about the performance of the proposed
formulations compared to other existing propositions.

Figs. 9(a and b) show a comparison between the experimentally
measured effective degree of saturation data reported by Ye et al.
(2012) and those predicted by the proposed model [Eq. (15)] for
GMZ01 bentonite at temperatures 20°C and 60°C, respectively. The
results show a very good match between the measured and pre-
dicted values (RMSEs of 1.1 and 0.9). Similarly, Figs. 9(c and d)
suggest that the suction stress values from the proposed model
[Eq. (29)] (RMSEs of 7.21 and 0.45) correspond very well with

the measured points and better than from the Khalili and Khabbaz
(1998) model (RMSEs of 11.74 and 3.27). The differences between
the proposed nonisothermal suction stress and the Khalili and
Khabbaz (1998) model can be explained as follows. The Khalili
and Khabbaz (1998) model is a simple yet accurate model but it
only uses one parameter (i.e., the effective stress scaling parameter)
and a constant air entry suction. This allows this model to provide
an accurate prediction for the suction stress at the ambient temper-
ature. However, the proposed model in this study accounts for the
effects of temperature on adsorption and capillary pressure as a
function of contact angle, surface tension, and enthalpy. Another
possible reason for the better performance of the proposed model
compared to the Khalili and Khabbaz (1998) model can be due to
the fact that the measured suction stress points for the proposed
model in the current study are obtained based on the assumption
that suction stress is equal to matric suction multiplied by the ef-
fective saturation. This assumption has been extensively tested and
validated under isothermal conditions (e.g., Lu et al. 2010). Further
studies are needed to examine the validity of this assumption for

Matric Suction (kPa)

0.1 1 10 100 1000 10000 100000 1000000

E
ffe

ct
iv

e 
D

eg
re

e 
of

 S
at

ur
at

io
n 

0.0

0.2

0.4

0.6

0.8

1.0

Measured (Alsherif and 
McCartney 2015)
Predicted (current study)

Matric Suction (kPa)

0.1 1 10 100 1000 10000 100000 1000000

E
ffe

ct
iv

e 
D

eg
re

e 
of

 S
at

ur
at

io
n 

0.0

0.2

0.4

0.6

0.8

1.0

Measured (Alsherif and 
McCartney 2015)
Predicted (current study)

Matric Suction (kPa)

0.1 1 10 100 1000 10000 100000 1000000

S
uc

tio
n 

S
tr

es
s 

(-
kP

a)

0

100

200

300

400

Measured (Alsherif and McCartney 2015)
Predicted (Khalili and Khabbaz 1998)
Predicted (current study)

Matric Suction (kPa)

0.1 1 10 100 1000 10000 100000 1000000

S
uc

tio
n 

S
tr

es
s 

(-
kP

a)

0

100

200

300

400

Measured (Alsherif and McCartney 2015)
Predicted (Khalili and Khabbaz 1998)
Predicted (current study)

(a)

(b)

(c)

(d)
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nonisothermal conditions. For future studies, upon availability of
appropriate experimental test results, it is suggested to back calcu-
late suction stress values directly from temperature-controlled tri-
axial test results for a more thorough comparison of the proposed
model against other equations of suction stress.

Conclusions

Considering the temperature dependency of effective stress can be
an important step toward accurate modeling of the unsaturated soils
behavior, particularly when dealing with applications that involve
nonisothermal processes in unsaturated soils. The current study
presented closed-form equations to describe the effective stress of
unsaturated soil under nonisothermal conditions. The nonisother-
mal effective stress expressions are derived by considering the ef-
fects of temperature on adsorption, moist air pressure (i.e., dry air
pressure plus water vapor pressure), and capillary pressure. The
temperature dependency of capillary pressure involves the effects

of temperature on the surface tension, the soil-water contact angle,
and the enthalpy of immersion per unit area.

Employing the proposed formulations, parametric studies are
performed to gain further insight into the effects of temperature on
effective stress for three different soils. For Shonai dune sand, it is
shown that elevated temperatures decrease the effective stress at a
given matric suction. For Pachapa loam and Seochang sandy clay,
applying higher temperatures is shown to decrease the effective
stress up to the matric suction approximately corresponding to the
residual saturation. Beyond this point, the effective stress increases
by applying higher temperatures. In general, one can conclude that
the effective stress trend versus temperature is heavily dominated
by the temperature effect on the prevailing storage mechanism for
each soil.

Predictions from the proposed formulations are compared and
validated against experimental data available in the literature for
sand, silt, and clay. The proposed closed-form equations for the
nonisothermal effective stress can be considered to be a unified
framework for describing flow and stress in unsaturated soils under

Matric Suction (kPa)

0.01 0.1 1 10 100 1000

S
uc

tio
n 

S
tr

es
s 

(-
kP

a)

0

10

20

30

40

50

60

70

Predicted (Khalili and Khabbaz 1998) 
Predicted (current study)
Measured (Ye et al. 2012)

Matric Suction (kPa)

0.01 0.1 1 10 100 1000

E
ffe

ct
iv

e 
D

eg
re

e 
of

 S
at

ur
at

io
n

0.0

0.2

0.4

0.6

0.8

1.0

Measured (Ye et al. 2012)
Predicted (current study)

Matric Suction (kPa)
0.01 0.1 1 10 100 1000

S
uc

tio
n 

S
tr

es
s 

(-
kP

a)

0

10

20

30

40

50

60

Predicted (Khalili and Khabbaz 1998) 
Predicted (current study)
Measured (Ye et al. 2012)

Matric Suction (kPa)
0.001 0.01 0.1 1 10 100 1000

E
ffe

ct
iv

e 
D

eg
re

e 
of

 S
at

ur
at

io
n

0.4

0.5

0.6

0.7

0.8

0.9

1.0

Measured (Ye et al. 2012)
Predicted (current study)

(a)

(b)

(c)

(d)

Fig. 9. Measured and predicted (a and b) effective degree of saturation; and (c and d) suction stress for GMZ01 bentonite at temperatures:
(a and c) 20°C (293 K); and (b and d) 60°C (333 K).
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different temperatures. Findings of this study can be used to improve
the modeling of the SWRC and effective stress in applications
where meaningful temperature changes are expected in unsaturated
soils such as those in emerging geotechnology applications.
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Notation

The following symbols are used in this paper:
a = fitting parameter for temperature-dependent surface

tension;
aFX = fitting parameter related to the air-entry suction in

Fredlund and Xing’s SWRC;
b = fitting parameter for temperature-dependent surface

tension;
M = adsorption strength;
Ma = molar volume of dry air;
Mw = molar volume of water;
mFX = Fredlund and Xing’s fitting parameter controlling the

overall geometry of the SWRC;
mVG = van Genuchten’s fitting parameter representing the

overall geometry of the SWRC;
nFX = Fredlund and Xing’s fitting parameter related to pore

size distribution;
nVG = van Genuchten’s pore-size distribution fitting

parameter;
pb = bubbling pressure in Brooks and Corey’s SWRC;
R = universal gas constant;
Sa = degree of saturation of moist air;
Se = effective degree of saturation;
Sr = degree of residual saturation;
Sw = degree of saturation of water;
T = absolute temperature;
Tr = reference temperature;
ua = moist air pressure;
uda = dry air pressure;
uvap = water vapor pressure;
uw = pore water pressure;
α = soil-water contact angle;

αVG = van Genuchten’s fitting parameter inversely related to
the air-entry suction;

β = regression parameter used in temperature-dependent
capillary pressure;

βTr
= regression parameter at the reference temperature in
temperature-dependent capillary pressure;

Δh = enthalpy of immersion per unit area;
ΔhTr

= enthalpy of immersion per unit area at the reference
temperature;

χ = Bishop’s effective stress parameter;
λ = pore size distribution index in Brooks and Corey’s

SWRC;
θ = total water content;
θa = adsorbed water content;

θmax
a = adsorption capacity;
θs = saturated water content;
θs = saturated water content;
θr = residual water content;
ρa = density of moist air;

ρvap = density of vapor;
ρda = density of dry air;
σ = total stress of mixture;
σs = suction stress;
σ 0 = effective stress;
ψ = matric suction (capillary pressure);

ψaev = bubbling pressure of Khalili and Khabbaz (1998)
model;

ψTr
= capillary pressure at the reference temperature;

ψr = matric suction corresponding to the residual water
content;

ψmax = maximum matric suction corresponding to zero water
content; and

ΩKK = effective stress scaling parameter in the Khalili and
Khabbaz (1998) model.
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