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Abstract—We study the effect of the quality and quantity of
side information on the recovery of a hidden community of size
K = o(n) in a graph of size n. Side information for each
node in the graph is modeled by a random vector in which
either the vector dimension or the LLR of each component
with respect to node labels is independent of n. These two
models represent the variation in quality and quantity of side
information. Under maximum likelihood detection, we calculate
tight necessary and sufficient conditions for exact recovery of the
labels. We demonstrate how side information needs to evolve with
n in terms of either its quantity, or quality, to improve the exact
recovery threshold. A similar set of results are obtained for weak
recovery. Under belief propagation, tight necessary and sufficient
conditions for weak recovery are calculated when the LLRs are
constant, and sufficient conditions when the LLRs vary with n.
Moreover, we design and analyze a local voting procedure using
side information that can achieve exact recovery when applied
after belief propagation.

Index Terms—Community detection, stochastic block model,
side information

A. Introduction

Detecting communities (or clusters) in graphs is a fun-
damental problem that has been studied in various fields,
statistics [3]-[7], computer science [8]-[12] and theoretical
statistical physics [13], [14]. It has many applications: finding
like-minded people in social networks [15], improving rec-
ommendation systems [16], detecting protein complexes [17].
In this paper, we consider the problem of finding a single
sub-graph (community) hidden in a large graph, where the
community size is much smaller than the graph size. Appli-
cations of finding a hidden community include fraud activity
detection [18], [19] and correlation mining [20].

Several models have been studied for random graphs that
exhibit a community structure [21]. A widely used model in
the context of community detection is the stochastic block
model (SBM) [22]. In this paper, the stochastic block model
for one community is considered [23]-[26]. The stochastic
block model for one community consists of a graph of size
n with a community of size K, where any two nodes are
connected with probability p if they are both within the
community, and with probability ¢ otherwise.

The problem of finding a hidden community upon observing
only the graph has been studied in [23]-[25]. The information
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limits' of weak recovery and exact recovery have been studied
in [24]. Weak recovery is achieved when the expected number
of misclassified nodes is o(K), and exact recovery when all
labels are recovered with probability approaching one. The
limits of belief propagation for weak recovery have been
characterized [23], [25] in terms of a signal-to-noise ratio
parameter A = Ki(fi;)qf. The utility of a voting procedure
after belief propagation to achieve exact recovery was pointed
out in [25].

In many practical applications, non-graphical relevant in-
formation is available that can aid the inference. For example,
social networks such as Facebook and Twitter have access to
other information other than the graph edges such as date of
birth, nationality, school. A citation network has the authors
names, keywords, and therefore may provide significant addi-
tional information beyond the co-authoring relationships. This
paper investigates when and by how much can side information
improve the information limit, as well as the phase transition
of belief propagation, in single-community detection.

We model a varying quantity and quality of side information
by associating with each node a vector (i.e., non-graphical)
observation whose dimension represents the quantity of side
information and whose (element-wise) log-likelihood ratios
(LLRs) with respect to node labels represents the quality
of side information. The contributions of this paper can be
summarized as follows:

o We calculate tight necessary and sufficient conditions for
both weak and exact recovery. We show that weak recov-
ery is achievable even when the size of the community
is random and unknown. We find conditions under which
achievability of weak recovery implies exact recovery.
Subject to some mild conditions on the exponential mo-
ments of LLR, the results apply to both discrete as well as
continuous-valued side information. When feature LLRs
vary with n, our results apply to finite side information
alphabet, and necessary and sufficient conditions for weak
recovery are not tight.

o The phase transition of belief propagation is characterized
with side information that has fixed dimension per node.
When the LLRs are fixed across n, tight necessary and
sufficient conditions are calculated for weak recovery.
We show that when belief propagation fails, no local
algorithm can achieve weak recovery, and also that belief
propagation is strictly inferior to the maximum likeli-
hood detector. We also calculate conditions under which

IThe extremal phase transition threshold is also known as information
theoretic limit [22] or information limit [24]. We use the latter term throughout
this paper.



belief propagation followed by a local voting procedure
achieves exact recovery. When the side information LLR
varies with n, the belief propagation error rate is calcu-
lated using density evolution. Our results generalize [26],
which only considered binary side information consisting
of noisy labels with vanishing noise.

We now present a brief review of the literature in the area
of side information for community detection and highlight the
distinctions of the present work. In the context of detecting
two or more communities: Mossel and Xu [27] showed that,
under certain condition, belief propagation with noisy label
information has the same residual error as the maximum a-
posteriori estimator for two symmetric communities. Cai et.
al [28] studied weak recovery of two symmetric communities
under belief propagation upon observing a vanishing fraction
of labels. Neither [27] nor [28] establishes a converse. For
two symmetric communities, Saad and Nosratinia [29], [30]
studied exact recovery under side information. Asadi [31]
studied the effect of i.i.d. vectors of side information on
the phase transition of exact recovery for more than two
communities. Kanade et. al [32] showed that observation of a
vanishing number of labels is unhelpful to correlated recov-
ery? phase transition. Deshpandeet. al [33] studied the effect
of Gaussian distributed side information on the information
limits of correlated recovery. For single community detection,
Kadavankandy et al. [26] studied belief propagation with noisy
label information with vanishing noise (unbounded LLRs).
Finally, other works focused on the information-computation
gap [34]-{36].

The issue of side information in the context of single-
community detection has not been addressed in the literature
except for [26], whose results are generalized in this paper.
Analyzing the effect of side information on information limit
of weak recovery is a novel contribution of this work. A
converse for the local algorithms such as belief propagation
with side information has not been available prior to this work.
The study of side information whose LLRs vary with n is
largely novel. Whenever the side information LLR does not
grow with n, we are able to find a sufficient statistic that bears
a resemblance to the single-community detection problem
without side information, therefore tools and techniques can
be shared from, e.g., [24], [25]. When the LLR of each side
information features varies with n, then the statistic used for
detection will be heavily dependent on n, and in these cases
the proof techniques are distinct from earlier work.

I. SYSTEM MODEL AND DEFINITIONS

Let G be a realization from a random ensemble of graphs
G(n,K,p,q), where each graph has n nodes and contains a
hidden community C* with size |C*| = K. The underlying
distribution of the graph is as follows: an edge connects a
pair of nodes with probability p if both nodes are in C* and
with probability g otherwise. G;; is the indicator of an edge
between nodes 7, j. For each node 4, a vector of dimension M
is observed consisting of side information, whose distribution

2Correlated recovery denotes probability of error that is strictly better than
a random guess, and is not a subject of this paper.

depends on the label x; of the node. By convention z; = 1
ifi € C* and z; = 0 if ¢ ¢ C*. For node 4, the entries
of the side information vector are each denoted y; ,, and can
be interpreted as different features of the side information.
The side information for the entire graph is collected into the
matrix Y ,» . The column vector y,, = [Y1,m,-- - Yn,m)*
collects the side information feature m for all nodes .

The vector of true labels is denoted =* € {0,1}". P and @
are Bernoulli distributions with parameters p, g, respectively,

and

p (Gz‘j))

Q(Gij)
is the log-likelihood ratio of edge G;; with respect to P and
Q.

In this paper, we address the problem of single-community
detection, i.e., recovering x* from G and Y, under the
following conditions: KX = o(n) while lim, ,.c K = oo,
p>q, % =0(1) and limsup,,_,  p < 1.

An estimator (G, Y) is said to achieve exact recovery of
x* if, as n — oo, P(& = *) — 1. An estimator Z(G,Y)
is said to achieve weak recovery if, as n — oo, @ — 0
in probability, where d(-, -) denotes the Hamming distance. It
was shown in [24] that the latter definition is equivalent to the
existence of an estimator & such that E[d(z,z*)] = o(K).
This equivalence will be used throughout our paper.

Le(i,j) = log (

II. INFORMATION LIMITS
A. Weak Recovery

In this subsection, the information limits of weak recovery
under two models of side information are presented. When the
dimension of side information, M, for each node varies but its
LLR is fixed across n, tight necessary and sufficient conditions
are presented. When the side information for each node
has fixed dimension but varying LLR, we derive necessary
conditions for weak recovery.

1) Fixed-Quality Features:

In this subsection, the side information for each node is
allowed to evolve with n by having a varying number of
independent and identically distributed scalar observations,
each of which has a finite (imperfect) amount of information
about the node label. By allowing the dimension of the side
information per-node to vary and its scalar components to be
identically distributed, the side information is represented with
fixed-quality quanta. The results of this section demonstrate
that as n grows, the number of these side information quanta
per-node must increase in a prescribed fashion in order to have
a positive effect on the threshold for recovery.

For all n, for all i = 1,...,n, define the distributions:

V() 2 P(yim =vlz; =1)  U(v) £ P(yim = v|z; = 0)

Thus, the components of the side information for each node
(features) are identically distributed for all nodes and all
graph sizes n; we also assume all features are independent
conditioned on the node labels x*. The dimension M of the
side information per node is allowed to vary as the size of the
graph n changes.



In addition, we assume U, V' are such that the resulting LLR
random variable, defined below, has bounded support:

V(yi,m))
U(Yi,m)
Throughout the paper, Lg will continue to denote the LLR

random variable of one side information feature, and Lg
denotes the random variable of the LLR of a graph edge.

Ls(i,m) =log (

Theorem 1. For single community detection under bounded-
LLR side information, weak recovery is achieved if and only

if:

(K —1)D(P||Q) + MD(V||U) — o0,

(K = 1)D(P||IQ) +2MD(V||U)
log(%)

M

lim inf
n—oo

> 2

Proof. For necessity please see Appendix B. For sufficiency,
please see Appendix C. O

Remark 1. [f the features are conditionally independent but
not identically distributed, it is easy to show the necessary and
sufficient conditions are:

M
(K = 1)D(P||Q) + Y D(Vin||Um) = o0,

m=1
M
lim inf (K -1)D(P||Q) + QnE:m:l D(Vin||Un) <9

where V,,, and U, are analogous to U and V earlier, except
specialized to each feature.

Remark 2. When the number of features, M, is assumed to be
constant but the LLR of each feature is allowed to vary with
n, the necessary conditions provided earlier hold. In other
words, for single community detection under varying-LLR side
information, weak recovery is achieved only if:

M
(K =1)D(PIIQ) + > (D(V|[Unm) + D(Upn|[Vim)) — 00
m=1

(K~ )D(P|Q) + 25, D(V,|[U)

> 2
log(%)

lim inf
n— o0

2

Remark 3. Theorem 1 shows how fast the number of side
information features must grow with n so that the information
limit of weak recovery is improved.

Remark 4. The condition of bounded support for the LLRs
can be somewhat weakened to Egs. (65) and (68). As an
example U ~ N(0,1) and V.~ N(p,1) with pn # 0
satisfies (65), (68) and the theorem continues to hold even
though the LLR is not bounded.

The assumption that the size of the community |C*| is
known a-priori is not always reasonable: we might need to
detect a small community whose size is not known in advance.
In that case, the performance is characterized by the following
lemma.

Lemma 1. For single-community detection under bounded-
LLR side information, if the size of the community is not known
in advance but obeys a probability distribution satisfying:

K
P K|l <———)>1-0(1
(‘ €71 ’ - log(K)) - o(1) 3)
Sfor some known K = o(n). If conditions (1) hold, then:
|CACH| 1
p(E=Y o9 >1-o(1 4
( K - 6—i_log(K))_ o(1) )
where
e = (min(log(K), (K—1)D(P||Q)+MD(V||U))) * = o(1).
Proof. Please see Appendix D O

Lemma 1 will be used in the sequel for characterizing the
sufficient conditions for exact recovery.

B. Exact Recovery

In this subsection, the information limits of exact recovery
under two models of side information are presented. However,
unlike Section II-A, tight necessary and sufficient conditions
are provided for both models of side information.

1) Fixed-Quality Features:

Recall the definitions of the random variables Lg and Lg,
as well as the distributions V, U, P, and Q.

Definition 1.

You (t,m1,ma) = my log(Eg[e'¢]) + ma log(Ey[e'75])

(5
VYpy(t,m1, ma) 2 mylog(Ep[etl€]) + mylog(By [e'Xs])
(6)
Equ(8,m1, m2) £ sup th— You (t,m1,m2) (7
t€[0,1]
Epy(0,mi1,mz2) £ sup t0 — ¢Ypy(t,mi,ms) (®)
te[—1,0]

where 0, mq and mo € R.

The sufficient conditions for exact recovery are derived
using a two-step algorithm (see Table I). Its first step consists
of any algorithm achieving weak recovery, e.g. maximum
likelihood (see Lemma 1). The second step applies a local
voting procedure.

Lemma 2. Let Sy, C, and C; be defined as in Table I. Define
Ci = C* N Sk*, and assume CY, achieves weak recovery, i.e.

P(|CLACT| < 0K for 1<k < %) —1. 9)
If
tim ing Zou (08(5). K. M) (10)
nhoe log(n)
then P(C = C*) — 1.
Proof. Please see Appendix E. O

Then the main result of this section follows:



TABLE 1
ALGORITHM FOR EXACT RECOVERY.

Algorithm 1

1) Input: n, K, G, Y, 0 € (0,1) : nd, 5 € N.

2) Consider a partition of the nodes {Si} with |Sk| = nd. Gy and Y, are
the subgraph and side information corresponding to Si°, i.e., after each
member of partition has been withheld.

3) Consider estimator C (G}, Yy that produces |Cy| = [K(1 — 6)] and
further assume it achieves weak recovery.

4) Forall S andall i € Sy, caleulate r; = (3_; ¢, Lg(ij))—l-Z%:l Ls(i,m)

5) Output: C' = {Nodes corresponding to K largest 7;}.

Theorem 2. In single community detection under bounded-
LLR side information, assume (1) holds, then exact recovery
is achieved if and only if:

Equ (log(3), K, M)

lim inf >1 (11)
o log(n)
Proof. For sufficiency, please see Appendix F. For necessity
see Appendix G. O

Remark 5. The assumption that (1) holds is necessary be-
cause otherwise weak recovery is not achievable, and by
extension, exact recovery.

Remark 6. Theorem 2 shows how fast the number of side
information features must grow with n so that the information
limit of exact recovery is improved.

To illustrate the effect of side information on information
limits, consider the following example:

alog?(n)

cn blog?(n
Stee ), as ) )

B log(n)’ e n
for positive constants c¢,a > b. Then, KD(P||Q) =
O(log(n)), and hence, weak recovery is achieved without
side information, and by extension, with side information.
Moreover, exact recovery without side information is achieved
if and only if:

sup tc(a —b) + be — bc(g)t > 1
t€[0,1] b

(13)

Assume noisy label side information with error probability
a € (0,0.5). By Theorem 2, exact recovery is achieved if and
only if:

sup te(a —b) + be — bc(%)t—

t€[0,1]
M log((1—a)fa’™ + (1 -a)Yat) > 1
log(n)
(14)
If M = o(log(n)), then (14) reduces to (13), thus side

information does not improve the information limits of exact
recovery. If M > o(log(n)), then log((1 — a)ta =Y + (1 —
a)=9at) < 0 since t € [0,1]. It follows that (14) is less
restrictive than (13), thus improving the information limit.

a=2"b
a=4"b
a=5"b

0.5

4 Recovery Region

Critical a

St

025 03 035 04 045 05
«

Fig. 1. Exact recovery threshold, 1) —1 for different values of « at ¢ = b = 1.

Let 1 denote the left hand side of (14) with M = log(n),

ie.,
¥ = sup tc(a —b) 4 be— bc(g)t
t€[0,1] b

—log((1 —a)ta= + (1 —a)t=Yat)  (15)

The behavior of 1) against o describes the influence of side
information on exact recovery and is depicted in Fig. 1.

2) Variable-Quality Features:

In this section, the number of features, M, is assumed to
be constant but the LLR of each feature is allowed to vary
with n. We begin by concentrating on the following regime,
and will subsequently show its relation to the set of problems
that are both feasible and interesting.

log(n)*

n log(n)?
_Jos? ot

K = =
plog(n)’ p=am

with constants p € (0,1) and a > b > 0.

The alphabet for each feature m is denoted with
{u, ug,--- ,uf’ }, where Ly, is the cardinality of feature m
which, in this section, is assumed to be bounded and constant
across n. The likelihoods of the features are defined as follows:

(17)

(16)

al'y £ P(yi,m = uy' |2 = 1)



(1>

P(yi,m = uy" |z; = 0) (18)
Recall that in our side information model, all features are
independent conditioned on the labels. To ensure that the
quality of the side information is increasing with n, both o' , |
and o™ ¢, are assumed to be either constant or monotonic in
n.

aT.zm

To better understand the behavior of information limits, we
categorize side information outcomes based on the trends of
LLR and likelihoods. For simplicity we speak of trends for
one feature of cardinality L; extension to multiple features
is straightforward. Define h, to be the LLR of outcome /,
where ¢ € {1,---,L}. An outcome is called informative
if hy = O(log(n)) and non-informative if hy = o(log(n)).
An outcome is called rare if log(as ) = O(log(n)) and
not rare if log(ay ¢) = o(log(n)). Among the four different
combinations, the worst case is when the outcome is both
non-informative and not rare for nodes inside and outside
the community. We will show that if such an outcome exists,
then side information will not improve the information limit.
The best case is when the outcome is informative and rare
for the nodes inside the community, or for the nodes outside
the community, but not both. Two cases are in between:
(1) an outcome that is non-informative and rare for nodes
inside and outside the community and (2) an outcome that
is informative and not rare for nodes inside and outside the
community. It will be shown that the last three cases can affect
the information limit under certain conditions.

For convenience we define:

~ a
T = log ( b)
We introduce the following functions whose value, as shown
in the sequel, characterizes the exact recovery threshold:

(19)

. ) )
mpya,b) 2 p(b+ —=log (=) (20)
. —p)— _p)—
m(p.a.) 2 b+ L= Py (LD 20) 4
e
mi(p.a.b. ) 2 b+ A0 ED 1o (PO D LTy )

T pebT

For example in the regime (16), one can conclude using (11)
that exact recovery without side information is achieved if and
only if g3 > 1.

The LLR of each feature is denoted:

am
lr
g, £ log (—£5 )
a

(23)

We also define the following functions of the likelihood and
LLR of side information, whose evolution with n is critical to
the phase transition of exact recovery [30].

M

OED PN (24)
mkjl

fa(n) £ log(al'y,), (25)
m=1

M
fa(n) £ " log(a™, ) (26)

m=1
In the following, the side information outcomes [uj , ..., u," ]

are represented by their index [¢1,...,£¢ys] without loss of
generality. Throughout, dependence on n of outcomes and
their likelihood is implicit.

Theorem 3. In the regime characterized by (16), assume
M is constant and o, —and o™, —are either constant or
monotonic in n. Define & £ limy,_ oo %,2 e {1,2,3}
Then, exact recovery occurs if and only if the following
conditions are satisfied.:

Whenever for any sequence (over n) of side information

outcomes [{1, ..., lx]

(i) & =& =& =0, then m(p,a,b) > 1 holds.

(ii) &1 =0 and & = &3 < 0, then m1(p,a,b) + 8 > 1 holds
with £ —& = —&s.

(iii) 0 <& < p(a—b—>bT) and &3 = 0, then n2(p, a, b, B1) >
1 holds with 51 = &;.

(iv) 0 <& < pla—b—bT) and &3 = 0, then n3(p, a, b, f2) >
1 holds with By & &;.

v) 0< & < pla—b—bT) and & <0, then n2(p,a,b, B3) +
B4 > 1 holds with B3 = &, and B} & —&3.

i) 0<& < pla—b—0T) and &3 <0, then n3(p,a,b, Bs) +
B > 1 holds with 34 = & and ) & —&s.

Proof. For necessity, see Appendix H. For sufficiency, see
Appendix 1. O

Remark 7. Each of Theorem 3 requirements could be trig-
gered by just one sequence of outcomes, therefore the nec-
essary and sufficient conditions might be an intersection of
two or more conditions above. For example, if some outcome
sequences satisfy & = 0, &2 = &3 < 0 (Item (ii)) and some
others satisfy 0 < & < p(a—b—bT) and & = 0 (Ttem (iii),
then the necessary and sufficient condition for exact recovery
is min{ﬁl(l’a a, b) + ﬂ ) 772(/)7 a, bv Bl)} > 1

Remark 8. Theorem 3 does not address f1(n) = w(log(n))
because it leads to a trivial problem. For example, for noisy
label side information, if the noise parameter o« = e~ ", then
side information alone is sufficient for exact recovery. Also,
when f1(n) = plog(n) with |B| > p(a—b—bT), a necessary
condition is easily obtained but a matching sufficient condition
for this case remains unavailable.

In the following, we specialize the results of Theorem 3 to
noisy-labels and partially-revealed-label side information.

Corollary 1. For side information consisting of noisy labels
with error probability € (0,0.5), Theorem 3 combined with
Lemma 17 state that exact recovery is achieved if and only if:

when log(1=2) = o(log(n))
when log(leo‘) = (8 + o(1))log(n),
0<B<pla—b—0bT)

m(p,a,b) > 1,
772(Paa7b76) > 17

Figure 2 shows the error exponent for the noisy label side
information as a function of .
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Corollary 2. For side information consisting of a fraction 1—e
of the labels revealed, Theorem 3 states that exact recovery is
achieved if and only if:

when log(e) =

o(log(n))
(=B +o(1))log(n),

nl(p7a7b) > 17
m(p,a,b)+ 6 >1, when log(e) =

B8>0

Figure 3 shows the error exponent for partially revealed
labels, as a function of f.

We now comment on the coverage of the regime (16). If
the average degree of a node is o(logn), then the graph will
have isolated nodes and exact recovery is impossible. If the
average degree of the node is w(logn), then the problem is
trivial. Therefore the regime of interest is when the average
degree is ©(log n). This restricts K'p and K¢ in a manner that
is reflected in (16). Beyond that, in the system model of this
paper K = o(n), so 11(:) gg((jl()) is either o(1) or approaching a
constant C' € (0, 1]. The regime (16) focuses on the former,
but the proofs are easily modified to cover the latter. For the

convenience of the reader, we highlight the places in the proof
where a modification is necessary to cover the latter case.

III. BELIEF PROPAGATION

Belief propagation for recovering a single community was
studied without side information in [23] [252] in terms of a
signal-to-noise ratio parameter \ = %, showing that
weak recovery is achieved if and only if A > é Moreover,
belief propagation followed by a local voting procedure was
shown to achieve exact recovery if A > %, as long as
information limits allow exact recovery.

In this section M = 1, i.e. we consider scalar side infor-
mation random variables that are discrete and take value from
an alphabet size L. Extension to a vector side information is
straightforward as long as dimensionality is constant across n;
the extension is outlined in Corollary 3.

Denote the expectation of the likelihood ratio of the side

information conditioned on = = 1 by:

2
ay,

L
A
A_Z;a

27

f%(\

By definition, A = x2 + 1, where Y2 is the chi-squared
divergence between the conditional distributions of side in-
formation. Thus, A > 1.

A. Bounded LLR

We begin by presenting the belief propagation algorithm for
community recovery with bounded side information. Define
the message transmitted from node ¢ to its neighboring node
J at iteration ¢ + 1 as:

R, =hi — + > M(Ri,,)  (28)
keN;\j
where h; = log(%), N is the set of neighbors of node

i, M(z) = log(exmiu::l) and v = log( 2= K).

The messages are initialized to zero for all nodes, i.e.,
R),;=0forallie{1,---,n} and j € N;. The algorithm
executes for ¢ — 1 iterations according to (28). At iteration ¢,
the belief of each node is:
ke/\f

—q) (29)

The algorithm then outputs the set of nodes corresponding to
the K largest R!. This algorithm is shown in Table II.

To analyze this algorithm, we begin by demonstrating its
performance on a random tree with side information. Then,
we show that the same performance is achieved on a random
graph drawn from G(n, K, p,q) with side information. This
is made possible via a coupling lemma [25] expressing local
approximation of random graphs by trees.



TABLE II
BELIEF PROPAGATION ALGORITHM FOR COMMUNITY RECOVERY WITH SIDE INFORMATION.

Belief Propagation Algorithm

1) Input: n, K,;t e N, Gand Y.
2) For all nodes 7 and j € NV;, set R

in (28).

i— ]
3) For all nodes ¢ and j € A;, run ¢t — 1 iterations of belief propagation as

4) For all nodes 4, compute its belief R} based on (29).
5) Output C' = {Nodes corresponding to K largest R}}.

=0.

1) Belief Propagation on a Random Tree with Side Infor-
mation:

We model random trees with side information in a manner
roughly parallel to random graphs. Let 7" be an infinite tree
with nodes i, each of them possessing a label 7; € {0,1}. The
root is node ¢ = 0. The subtree of depth ¢ rooted at node i is
denoted T}. For brevity, the subtree rooted at i = 0 with depth
t is denoted T'. Unlike the random graph counterpart, the tree
and its node labels are generated together as follows: 7y is a
Bemoulli—% random variable. For any ¢ € T, the number of its
children with label 1 is a random variable H; that is Poisson
with parameter Kp if 7, = 1, and Poisson with parameter Kq
if 7; = 0. The number of children of node ¢ with label 0 is a
random variable F; which is Poisson with parameter (n—K)q,
regardless of the label of node <. The side information 7; takes
value in a finite alphabet {uq,--- ,ur}. The set of all labels
in T' is denoted with 7, all side information with 7, and the
labels and side information of 7* with ¢ and 7' respectively.
The likelihood of side information continues to be denoted by
oy ¢, a_ g, as earlier.

The problem of interest is to infer the label 7y given
observations T and 7. The error probability of an estimator
7o(T*, 7') can be written as:

n —

K K
pz 2 EP(%O = O|7’0 = 1) + ]P)(f'o = 1|T0 = O) (30)

The maximum a posteriori (MAP) detector minimizes p’ and
can be written in terms of the log-likelihood ratio as T ap =
Lyt >,y where v = log(2%) and:
P(Tt, 7' |m = 1
I = log (—( all ))
]P)(Tt,T |7’0 = O)
The probability of error of the MAP estimator can be bounded
as follows [37]:
Kn-K) , K(n—-K)

<pt< X
PSP S - 12

1)

(32)

where p = ]E[eFT6 |70 =0].

Lemma 3. Let N; denote the children of node i, N; = |N|
and h; £ log (M) Then,

Bl 41
F- = —K — + hz + 10 — 33
i (p—a) kEZA; g( T ) (33)
Proof. See Appendix K O

a) Lower and Upper Bounds on p:
Define for ¢ > 1 and any node ¢:

Vi=-Kp—q+ Y M+ (4
JEN;
where
Rer—v 4 1 B _q
A q _ q _
M(z) = log ( er—v 1 1 ) log (1 1T ef<zfv>)'

Then, TYT = h; + 9!t and ¢ = 0 Vi € T*. Let Z¢ and Z¢
denote random variables drawn according to the distribution of
! conditioned on 7; = 0 and 7; = 1, respectively. Similarly,
let Uy and U; denote random variables drawn according to
the distribution of h; conditioned on 7; = 0 and 7; :tl,

respectively. Thus, p = E[e%(ZHUO)] = E[e%]E[e@]

Define:
b A F [%} (35)
a; £ E[ezHUl} (36)
Lemma 4. Let B = (2)'°. Then
Ele?]e ™" < p < Ele ? Jes" (37)
Proof. See Appendix L. O

Thus to bound p, lower and upper bounds on b; are needed.

Lemma 5. For all t > 0, if A < 4=, then by < Ae.

Proof. See Appendix M. O
Lemma 6. Define C = \(2 + £) and A’ = E[e*™]. Assume
that by < ﬁ Then,
N -
biyr > AeMt (1 — —e@) (38)
Proof. See Appendix N. O

Lemma 7. The sequences a; and b, are non-decreasing in t.

Proof. The proof follows directly from [25, Lemma 5]. O

Lemma 8. Define log"*(v) to be the number of times the
logarithm function must be iteratively applied to v to get a
result less than or equal to one. Let C = A2 + %) and



A" = E[e3%°]. Suppose X > <. Then there are constants
to, and v, depending only on X\ and A such that:

/

i, tiog- ()42 2 AT (L= e ) (39)
whenever v > v, and v > 2A(C — \).
Proof. See Appendix O. O

b) Achievability and Converse for the MAP Detector:

Lemma 9. Let A" = E[e*°], C' = \(2+ L) and B = (£)'°.

Ifo< A< ﬁ then:
K(n—-K)

—AAe

pé > 2 E2 [e%]e I (40)
If X > 4, then:
AL "
pi < 7K(H;K)E[e%]e eV (1-4re2) (41)
n
Moreover, since v — o0:
pi < ME[e%]e_”(r+%) = Ee—l’(ﬂ‘o(l)) (42)

n n

for some r > 0.

Proof. The proof follows directly from (32) and Lemmas 5
and 8. |

2) Performance of Belief Propagation for Community Re-
covery with Side Information:

In this section, the inference problem defined on the ran-
dom tree is coupled to the problem of recovering a hidden
community with side information. This can be done via a
coupling lemma [25] that shows that under certain conditions,
the neighborhood of a fixed node 7 in the graph is locally
a tree with probability converging to one, and hence, the
belief propagation algorithm defined for random trees in
Section III-Al can be used on the graph as well. The proof
of the coupling lemma depends only on the tree structure,
implying that it also holds for our system model, where the
side information is independent of the tree structure given the
labels. X

Define G, to be the subgraph containing all nodes that are
at a distance at most ¢ from node u and define :vz and Y7, to
be the set of labels and side information of all nodes in G,
respectively.

Lemma 10 (Coupling Lemma [25]). Suppose that t(n) are
positive integers such that (2 + np)'(™ = n°M)_ Then:

o If the size of community is deterministic and known, i.e.,
|C*| = K, then for any node wu in the graph, there exists
a coupling between (G, x,Y ) and (T, T,7T) such that:

(G2, Y) = (T 7 7)) 2 1 —n 7o) 43)
where for convenience of notation, the dependence of t
on n is made implicit.

o If |C*| obeys a probability distribution so that P(||C*| —

K| > \/3Klog(n)) < n=+°W with K > 3log(n),

then for any node wu, there exists a coupling between
(G,z,y) and (T, T,T) such that:

P(G', 2!, Y!) = 7)) >

We now return to the belief propagation algorithm high-
lighted in Table II. If we have ¢t = £(n), according to
Lemma 10 with probability converging to one R} = I', where
I'! was the log-likelihood defined for the random tree. Hence,
the performance of belief propagation is the same as the MAP
estimator defined as Ty ap = ]]_{Ft>l,}, where v = log(2+ K).
The only difference is that the MAP estimator decides based
on I'! > v while Algorithm II selects the K largest R!. To
manage this difference, let C define the community recovered
by the MAP estimator, i.e. C' = {i : Rl > v}. Since C is the
set of nodes with the K largest R!. Then,

|C*AC| < |C*AC| 4 |CAC|

(T!, 1—nz oM (44)

=[C*AC|+|C| - K| (45)
Moreover,
1C] - K| < IC] — e+ [1e7] - K
<|C*AC|+||C7] - K| (46)
Using (46) and substituting in (45):
|C*AC| < 2[C*AC| + ||C*] - K| (47)

We will use (47) to prove weak recovery.
a) Weak Recovery:

Theorem 4.

Achievability: Suppose that (np)'°8” ") = n°M and X\ > L.
Let t(n) = t,+1og*(v) +2, where t, is a constant depending
only on X and M. Apply Algorithm II with t = t(n) resulting
in estimated community C. Then:

E[|C*AC|]
K
Jor either |C*| = K or random |C*| such that K > 3log(n)
and P(||C*| — K| > /3K log(n)) < n= to(),

Converse: Suppose that A < ﬁ Let t € N depend on n
such that (24 np)t = n°Y). Then, for any local estimator C
of x that has access to observations of the graph and side
information limited to a neighborhood of radius t from u,

—0 (48)

E[|C*AC K e

M > (1 - ;)E2[e%]e T _o(1)  (49)
Proof. For achievability, see Appendix P. For necessity, see
Appendix Q. O

Corollary 3. The same result holds for side information
consisting of multiple features, i.e., constant M > 1. In
other words, using the same notation as in Section II-B2,

weak recovery is possible if and only if A > ﬁ where

L M (o, )?
A=ShL - SEL (T, el

N4
Remark 9. It was shown in [25] that belief propagation
achieves weak recovery without side information for all
A > C% log(4), for some positive constant C. Building



on this observation, Theorem 4 shows that belief propaga-
tion (with side information) achieves the maximum likelihood
performance (without side information) when N — oo fast
enough, i.e, QN goarmyy). In Section IlI-B, we show that
belief propagation could achieve weak recovery for any fixed
A > 0 when A — oo at a specific rate.

b) Exact Recovery:

In Section II-B, it was shown that under certain conditions
any estimator that achieves weak recovery on a random cluster
size will also achieve exact recovery if followed by a local
voting process. This can be used to demonstrate sufficient
conditions for exact recovery under belief propagation. To
do so, we employ a modified form of the algorithm in
Table I, where in Step 3 for weak recovery we use the belief
propagation algorithm presented in Table II.

Theorem 5. Suppose that (np)'°e” ") = n°M) and X > L.
Let § € (0,1) such that €N, né € Nand A(1-6) > %
Let t = t, + log™(n) + 2, where t, is a constant depending
only on \(1 — 0) and A as described in Lemma 8. Assume
that (11) holds. Let C be the estimated community produced
by the modified version of Algorithm I with t = t(n). Then

P(C=C*)—=1asn— oco.
Proof. See Appendix R. O

¢) Comparison with Information Limits:
Since K — oo and the LLRs are bounded, the weak recov-

ery result in Theorem 1 reduces to lim inf,, o %fm > 1.
This condition can be written as [25]: "
K n
A>C—log(— 50
> C—log(+) (50

for some positive constant C. Thus, weak recovery only
demands a vanishing A. On the other hand, belief propagation
achieves weak recovery for A > ﬁ, where A is greater than
one and bounded as long as LLR is bounded. This implies
a gap between the information limits and belief propagation
limits for weak recovery. Since A > 1, side information
diminishes the gap.
For exact recovery, the following regime is considered:

P g blog?(n)

log(n)
for fixed positive b, ¢ as n — oo. In this regime, K D(P||Q) =
O(log(n)), and hence, weak recovery is always asymptoti-
cally possible. Also, A\ = ¢2b. Moreover, exact recovery is
asymptotically possible if ¢b(1 — %&31)%@)) > 1. For belief
propagation, we showed that exact recovery is possible if
cb(1 — ety > 1 and A > L.

Figure 4 compares the regions where weak recovery is
achieved for belief propagation with and without side infor-
mation, as well as exact recovery with bounded-LLR side
information. Side information with L = 2 is considered, where
each node observes a noisy label with cross-over probability
a = 0.3. In Region 1, the belief propagation algorithm
followed by voting achieves exact recovery with no need for
side information. In Region 2, belief propagation followed by

voting achieves exact recovery with side information, but not

, P=2q (51)

0.12
I BP weak recovery limit without side infomation
\‘ — — — BP weak recovery limit with a = 0.3
[0 25 L Information theoretic limit for exact recovery b
\
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Fig. 4. Phase diagram with K = ¢
o = 0.3 for b, ¢ fixed as n — co.
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Fig. 5. Phase diagram with K = ciJrs, q = blogn (n)

a =0.3,0.1 for b, c fixed as n — co.

, p = 2q and

without. In Region 3, weak recovery is achieved by belief
propagation with no need for side information, but exact
recovery is not asymptotically possible. In Region 4, weak
recovery is achieved by the belief propagation as long as
side information is available; exact recovery is not asymptot-
ically possible. In Region 5, exact recovery is asymptotically
possible, but belief propagation without side information or
with side information whose o = 0.3 cannot achieve even
weak recovery (needs smaller «, i.e., better side informa-
tion). In Region 6, weak recovery, but not exact recovery,
is asymptotically possible via optimal algorithms, but belief
propagation without side information or with side information
whose o = 0.3 cannot achieve even weak recovery.

Figure 5 explores the effect of different values of a, showing
that as quality of side information improves (smaller «), the
gap between the belief propagation limit and the information
limit decreases.



B. Unbounded LLR

The results of the previous section suggest that when
A — oo arbitrarily slowly, belief propagation achieves weak
recovery for any fixed A > 0. In this section we prove this
result for scalar side information with finite cardinality and A
that grows at a specific rate.

The proof technique uses density evolution of I't. More

precisely, we assume that v, O‘fi, and A are constants
n—00

independent of n, while nqg, Kg —— oo, which implies

that % 7H—O>O 1. This assumption allows us to precisely
characterize the conditional probability density function of '
(asymptotically Gaussian), and hence, calculate the fraction of
misclassified labels via the Q-function. Then, % is allowed to
grow and the behavior of the fraction of misclassified labels
is studied as v and the LLR of the side information grow.

Recall the definition of ¢! from (34) and T'! from (31) as
well as the definitions of Z§, Z!, Uy and U; defined directly
afterward.

at,
o

n—oo
of n while nq, Kq — oc. Then, for all t > 0:

Lemma 11. Assume )\, f; and v are constants independent

EIZ"] = Sbe+o(1) (52)

E[Z{"] = Db +o{1) (53)

var(Z{TY) = var(Zi) = Aby + o(1) (54)

Proof. See Appendix S. [l

The following lemma shows that the distributions of Z¢ and
Z} are asymptotically Gaussian.

Lemma 12. Assume )\, z+,e and v are constants independent

—,2

n—oo
of m while nq, Kq —— o0. Let ¢(x) be the cumulative
distribution function (CDF) of a standard normal distribution.

Define vo = 0 and vy = AEZ’Ul[efque*(UTtl*\/ﬁz)*Ul ]
where Z ~ N(0,1). Then, for all t > 0:
i+l 4 v
sup ‘P(072 < a:) — (b(:zr)’ —0 (55)
x VVt+1
f+1 NG Y
sup |[P(2—2 < 2) —o(z)] = 0 56
Zp\(m_)d)I (56)
Proof. See Appendix T. [l

ay,
(o7

n—o00 A
of n while nqg, Kq —— oo. Let C define the community
recovered by the MAP estimator, i.e. C = {i : Tt > v}
Then,

Lemma 13. Assume )\,

f; and v are constants independent

: . E[CACY] n—-K v+ — U
v+ 240U

E - 2 -- 57

where vg = 0 and vi11 = \Ezp, [ 1 ], and

e—vie (FHvTEA)-U1

Z ~ N(0,1).
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Proof. Let peo,pe,1 denote Type I and Type II errors for
recovering 7y. Then the proof follows from Lemmas 11 and 12,
and because

E[CAC*  n ,

K KP

_n—K n
K DPe,0 T Pe,1-

O

Lemma 13 applies for side information with cardinality L >
1, and hence, generalizes [26] which was limited to L = 2.
Now  is allowed to grow and the behavior of the fraction
of misclassified labels is studied as v and the LLR of the
side information grows without bound. The following lemma
shows that if A — oo such that || = [log(5+%)| < v, belief
propagation achieves weak recovery for any fixed A > 0 upon
observing the tree structure of depth ¢*+2 and side information
with finite L, where t* = log™(v) is the number of times the
logarithm function must be iteratively applied to v to get a

result less than or equal to one.

Lemma 14. Let C be the output of the MAP estimator for
the root of a random tree of depth t* 4+ 2 upon observing the
tree structure and side information with cardinality L < oc.
Assume as 7 — 00, A — oo such that |h¢| < v. Then for
any fixed A > 0:

E[CACH]

lim lim  lim =0 (58)
& —00 ng,Kg— o0 n—oo
Proof. See Appendix U. O

Although Lemma 14 is for L-ary side information, it focuses
on one asymptotic regime of side information where |h,| < v.
To study other asymptotic regimes of side information, one
example is considered for L = 2, i.e., side information takes
values in {0, 1}. For constants i, 8 € (0,1) and v > 0, define:

ap1=Ply=1a"=1)=ns
_nd-5)

a-1=Ply = 12" =0) = g (59)
K

Thus, A — oo and hy = (1 + o(1))ylog(2E) and hy =
(1 + o(1))log(l — nB). For 0 < v < 1, Lemma 14 shows
that belief propagation achieves weak recovery for any fixed
A > 0. This implies that belief propagation achieves weak
recovery also for v > 1 because v > 1 implies higher-quality
side information. This generalizes the results obtained in [26]
which was only for v = 1.

1) Belief Propagation Algorithm for Community Recovery
with Unbounded Side Information:

Lemma 13 characterizes the performance of the optimal
estimator of the root of a random tree upon observing the tree
of depth ¢ and the side information. Similar to Section III-A2,
the inference problem defined on the random tree is coupled
to the problem of recovering a hidden community with side
information. This is done via Lemma 10, which together
with Equation (47) allow us to use Algorithm II (as long
as (np)t = n°W). Let C be the output of Algorithm II,
ie., the set of nodes with the K largestARf. Then, using
Equation (47) we have: % < 2%. Thus, the
results of Lemma 14 and the special case (59) hold. This also



suggests that belief propagation (Algorithm II) achieves weak
recovery for any A > 0 when A grows with 2 arbitrarily
slowly.

IV. CONCLUSION

This paper studies the effect of the quality and quantity
of side information on the recovery of a hidden community
of size K = o(n). Under maximum likelihood detection,
tight necessary and sufficient conditions are calculated for
exact recovery, where we demonstrate how side information
must evolve with n in terms of either quantity or quality to
improve the exact recovery threshold. A similar set of results
are obtained for weak recovery. Under belief propagation,
tight necessary and sufficient conditions for weak recovery
are calculated when the LLRs are constant, and sufficient
conditions when the LLRs vary with n. It is established
that belief propagation followed by a local voting procedure
achieves exact recovery, and its performance gap with respect
to ML is reduced by side information. Simulations on finite
synthetic data-sets show that the asymptotic results of this
paper are relevant in assessing the performance of belief
propagation at finite n.

APPENDIX

A. Auxiliary Lemmas For Information Limits

Lemma 15. Define
EQU(6‘ my,ma) £ supth —my logQ(E[etLG])
teR
—ma logy (E[e""5])

Epy(0,m1,mg) £ suﬂg t0 — my logp(Ele'Fe])
te

— ma logy (E[e"*])

For 6 € [-miD(Q||P) — m2D(U||V),mi1D(P||Q) +
moD(VI||U)), the following holds:
Equ(6,m1,m2) = Equ (6, m1,m2) (60)
Epy (0, m1,ms) = Epy (0, m1,ms) (61)

Moreover, for 6 : —m1D(Q||P)—maD(U||V) <0 <0+6 <
m1D(P||Q) + maD(V||U)], the following holds:

EQU(O,ml,mg) < EQU(Q =+ (5,m1,m2)
< Equ(f,m1,ma) + 4
Epy(0,m1,ma) > Epy (0 + 6§, mq1,ma)
2 Epv(@,ml,mg) — 5

(62)

(63)

Proof. Equations since

Epyv (0, m1,mq) = Equ (6, m1,ms)
Equ(—=m1D(Q||P) — maD(U||V),m1,m2) = 0
Epy(mi1D(P||Q) + maD(V||U), m1,ma) =0
You (m1,m2,0) = Ypy (M1, ma, —1) =

—m1D(Q||P) —m2D(U||V)
= w%V(mhm??O) =
m1D(P||Q) + maD(V||U)

(60) and  (61) follow

— 0 and because:

1b/QU(/rnlu ma, 1)
(64)
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Equations (62) and (63) follow since Epy(Equ)
is decreasing (increasing) for 6 € [-m1D(Q||P) —
maD(U||V), m1D(P||Q) + meD(V||U)]. O

Lemma 16. Assume |Lg| < B and |Ls| < B’ for some
positive constants B and B'. Define B” = max{B, B'}. Then,
Jort € [-1,1] and n € [0,1],

wéU(ml,mg,t) < 2653//(111111 {mlD(QHP) +meD(U||V),

mi D(P||Q) +maD(VI|U)}) (63)
Yau(mi,ma,t) < (myD(Q||P) + maD(U||V))
x (—t + €SB 1?) (66)
(ml,mz, —m)(m1D(QI[P) +mzD(U[|V))
> L (mD(QIIP) + maD(U]|V) (67)

Upy (ma,ma, ) < 265" (min {m1D(QI|P) + maD(U|V),

mD(P(|Q) +maD(V||U)} ) (68)
Ypy(mi,ma,t) < (M D(P|Q) + m2D(V|U))
X (t+ 78 1) (69)
Epy(m1,ma, (1 = 1) (m1 D(P||Q) +maD(V||U)))
2
> b5 (mD(P||Q) + ma D(V||U)) (70)

where gy (m1,ma,t) and Yipy, (M1, me,t) denote the sec-
ond derivatives with respect to t.

Proof. By direct computation of the second derivative,

Eq[Lge'"e] Ey[L%e'"s]
Eq[etle] Ey[eths]

1/}g2U (mla ma, t) S mi mao

(a) ’
< m1e*PEQ[LE] + mae?P Ey[LE] (71)

where (a) follows by the assumption that |Lg| < B, |Lg| <
B’ and holds for all ¢t € [—1,1].

Now consider the following function: ¢(x) = e® — 1 — x
restricted to |z| < B. It is easy to see that ¢(x) is non-negative,
convex with ¢(0) = ¢'(0) = 0 and ¢"”(x) = e*. Hence,
e B < ¢'(z) < eB. From Taylor’s theorem w1th 1ntegra1
remainder [38], we get: & < ¢(x) <
2?2 < 2eB¢(x). Using this result for x = LG and x=Lg:

EqlLE] < 2¢PEqlé(La)] =2¢°D(Q||P)  (72)
Ey[L3] < 2¢PEy[¢(Ls)] = 25 D(U||V)  (73)

Combining (71), (72), (73) lead to 1) (m1, me,t) <
2m1e3BD(Q||P) + 2moe3B' D(U||V) for t € [—1,1]. Sim-
ilarly, it can shown for ¢ € [0,2]: gy (mi,me,t) <
2m1e5B D(Q||P) + 2mae5B D(U||V).

On the other hand, using ¢(x) = — 1+ =z with
|z} < B, it can be shown that wpv(ml,mg,t) <
2mle5BD(P||Q) + 2mae®B D(V||U), for t € [0,2]. By
definition, Ygu (M1, me,t) = Ypy(mi, me,t—1), and hence,
Py (m1,ma,t) < 2m1e®B D(P[|Q) +2mae®B D(V||U), for
t € [-1,1], which concludes the proof of (65). The proof
of (68) follows similarly.




Now since 9oy (mi,me,0) = 0 and z/J’QU(ml,mg,O) =
—m1D(Q||P) — maD(U||V), then using Taylor’s theorem
with integral remainder, we have for ¢ € [—1, 1]:

You(mi, ma, 1)
= Q/JQU (ml , T2, 0) + tz/]é;)U(mla ma, O)

0
4 [ O 00t ma )
t

(a)
< —t(m1D(Q|P) +ma D(U[|V))
+7 (miD(QIIP) + ma DUV (74)
where (a) follows using (65). Similarly, it can be shown that:
Ypy(my,ma,t) < t(mi1D(P]|Q) + meD(V||U))
+ & (m1D(P|Q) + ma D(V||U))t? (75)
Combining (74) and (75) concludes the proof of (66), (69).
Using (66) and (69), we get:
Equ (m1,ma, —(1 = )(m1 D(Q||P) + ma D(U||V))

> S t(=(1 =n)(m1D(QI|P) + m2 D(U||V)))

+t(m1D(Q|P) + maD(U||V)) (76)
— &P (m1D(Q||P) + ma D(U||V))#?
2
= 457 (mD(QIIP) + ma D(U||V) (77)
Similarly,

Epy (m1,ma, (1= n)(m1 D(P]|Q) + maD(V||U)))

2
> b5 (mD(P||Q) + maD(V||))

Combining (76) and (78) concludes the proof of (67), (70). O

Lemma 17. 773(p7a7b7ﬁ) > 772(p7a7b7ﬁ)14f0r 0< ﬁ < p(a_
b— bT).

(78)

Proof. Itis easy to show that n3(p, a, b, 5)—f is convex in § >
0. Thus, the optimal § can be calculated as 8* = p(aT —a+b)
at which n3(p, a, b, 8*) — 5* = 0. Thus, n3(p, a, b, 8) > § for
alla >b> 0.

Furthermore, note that n3(p, a, b, 3) is convex and increas-
ing in 0 < 8 < p(a — b —bT). By direct substitution, it can

be shown that at 5 = p(a — b — bT): n2(p, a, b, B) = B. This
implies that at 8 = p(a — b — bT):
773(p7aab7 ﬂ) - nQ(paavbaﬂ) = n3(paa7baﬂ) - ﬂ > 0 (79)

Using (79) together with the fact that n3(p,a,b,3) —
n2(p, a, b, B) is convex in B > 0, leads to the conclusion that
n3(p,a,b, 8) = m2(p,a,b,B) for 0 < B < pla—b—bT). O

Lemma 18. Let X, ---,X,, be a sequence of i.i.d random
variables. Define T'(t) = log(E[e'X]). Define S = > | X;,
then for any € > 0 and a € R:

2
B(52a—) = (Tl (1 ") (g0

P(Sga—i—e)Ze_

2
(t*a—nl—‘(t*)ﬂ-\t*\e) (1 _ RZ.QX) (81)
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where t* = argsup,cp ta—1'(t), X is a random variable with
et*zIP’(w)
]EX [et*m]

and [ ¢, 0?2 are the mean and variance of X, respectively.

Proof.

the same alphabet as X but distributed according to

P(S>a—€)>Pla—e<S<a+e)
[ e
a—e<S<a+e

a i tw; .
Q) o~ tta=nre)-te / I1 (76 ) d;ci>
a—e<S<ate; EX [6 z]

OOy (3 e <5 <ate)

(ge—(ta—nr(t))—me(l _

‘P(zy)dxy - - - day,

na?z + (npg —a)?
€2 )

where, for all finite E[e!¥X], (a) is true because e'>-% <
emtatltle) over the range of integration, (b) holds because
¢ P[’ngf is a valid distribution [39], and (c) holds by Cheby-

Ex
shev inequality and by defining ¢, 0?2 to be the mean and

(82)

variance of X, respectively. Since ta — nI'(t) is concave in
t, to find t* = argsup,(ta — nI'(t)) we set the derivative to
Ex[ze' *]

Elet™®]
P, it can be shown that y1 5 = EﬁE‘[[:f] L This means that at

t =t*, njx = a. Thus, substituting back in (82) leads to:

zero, finding a = n

. Also, by direct computation of

TLO’2

P(SZG—E) >e (t"a—nI'(t*))—|t IE(l_ 62X)
This concludes the proof of (80). The proof of (81) follows
similarly. )
In our model ¢ = log?(n) and no% is
hence,

]P)(S >a— 6) > e—(t*a—nl—‘(t*))—\t*\e(l

O(log(n)), and

—o(1))

which concludes the proof. O

B. Necessity of Theorem 1
Let w\ j represent the vector «* with two coordinates ¢, j
removed. We wish to determine x; via an observation of G, Y,
as well as a node index J and the expurgated vector of labels
:13< e where node J is randomly and uniformly chosen from
inside (outside) the community if node ¢ is outside (inside)
the community, i.e.,, {j : @} # 27 }. Then:
P(GY, J,x, ;lz] =0)
P(G.Y, J &, ;o) =1
_]P’(G|Y J, :viu, ;‘ =0
P(G|Y, J, :c\ZJ, !
]P)(CB\LJLL zf=0Y)
( il ]|J,{E* = laY)
0 P(

(a) P(G|J, m\z]’ ;=0 Vil YoMl =0)

- P(GlJ, x5, g a0 = D) P(yia - yiulaf = 1)
« P(ysa,- ,ysml,xf =0)
P(ys1,- - ysmld, o) =1)



B QGir)P(Co)\ ( 11 VWiV (Yom)
_<k#7J P(Gik)Q(GJk)> ( H V(yi,m)U(yJ.,m)> (83)

m=1
zp=1
where (a) holds because G and Y are independent given the
labels, P(J|zf = 0) = P(J|z; = 1) and P@Q,,ﬂu’a xf =
0,Y)= P(m(i_’JU, zf=1Y).
Denote the set of nodes inside the community, excluding
i,J, with K = {k #¢,J : x = 1}, and construct a vector
from four sets of random variables as follows:

T2 [{yimYois {yamYoier AGurbrexcs {Gunrer -

where the members of each set appear in the vector in
increasing order of their varying index. From (83), 1" is a
sufficient statistic of (G, Y, J, &Y, ;) for testing 2 € {0,1}.
Moreover, conditioned on z; = 0, T' is distributed according
to UMy @MQ@(K—1) p&(K=1) and conditioned on z} = 1,
T is distributed according to VEMU®M p&(K-1) Q@ (K1),
Then, for any estimator &(G,Y’) achieving weak recovery:

=3 i 4

> min P(z} # ;
S Gy e ) (& # %)

\i,J

B(a} # )

) min
mi(G,Y,J,mii)J)

K
—P(x] # Zjzf =1
) (n (27 # i )

min
#(GY ]

K
>nmin (—JP’(:EH@IIQ‘— )
5(GY Jat, )\ N

=K min
"Ei(G)Y7Jlm)\){i,J)

+ P(z; # Zilz; =0))

Since by assumption, E[d(&,x*)] = o(K), then by (84), the
sum of Type-I and II probabilities of error is o(1), which
implies that as n — oo [40]:

TV (U®MV®MQ®(K—1)P®(K—1)7

V®MU®MP®(K—1)Q®(K—1)) 1 (85)

(84)

where TV (-, ) is the total variational distance between prob-
ability distributions. By properties of the total variational
distance and KL divergence [40], for any two distributions

P,Q: D(P||Q) > 1og(m). Hence, using (85):

D(U®MV®MQ®(K—1)P®(K—1) ‘ ‘

13

V®MU®MP®(K—1)Q®(K—1))
- M(D(U||V) + D(V||U))
+ (K = 1)(D(PIIQ) + D(QIIP)) — o0
(86)

Since the LLRs are bounded by assumption, using Lemma 16
in Appendix A,

(K —1)D(P||Q) + MD(V||U)
— Equ (K = )D(P||Q) + MD(V||U), K —1,M)

> gy (~ KZDD@IPAMDUIY) e )
> C((K = 1)D@QIIP) + MDW|V)) (87)

for some positive constant C'. Substituting in (86) leads to:
MDVI||U)+ (K —1)D(P||Q) — oo (88)

which proves the first condition in (1).

x* is drawn uniformly from the set {x € {0,1}" : w(x) =
K} and w(x) = Z?:l xj; therefore x;’s are individually
Bernoulli-£. Then, for any estimator &(G,Y’) achieving
weak recovery we have the following, where H(-) and I(-;-)
are the entropy and mutual information of their respective
arguments.

I(G,Y;x") (Z) I(2(G,Y);z")
®)

> E[d(@,gilﬁgenxl(w(G’Y);w ) (89)
> * _ -~ *

> H(x") E[d(@%’]{gean(d(m’“’ )

(© n _ en

= log(<K)) nh( - )

(d) n

> KlOg(E)ﬂ +o(1)) (90)

where (a) is due to the data processing inequality [40],
in (b) we defined ¢, = o(1), (¢) is due to the fact that
Maxg(y(x))<pn H(X) = nh(p) for any p < % [24], where
h(p) = —plog(p) — (1 —p)log(1l — p), and (d) holds because
(5) = ()%, the assumption K = o(n) and the bound
h(p) < —plog(p)+p for p € [0, 1]. Denoting by P(G, Y, z*)
the joint distribution of the graph, side information, and node
labels, and using [40]:

I(G,Y;z")
= min D(P(G. ¥la") || Q| Ple))

—~

(1>

< p(P(Gl) 11 (P(y,qle))|[@°) [T P")

- <I2(>D(P||Q) + KMD(V||U)

Combining (90) and (91):

(G

liminf(K —1)D(P||Q) + 2M D(V||U) = 210g(%) (92)

which proves the second condition in (1).



C. Sufficiency of Theorem 1

The sufficient conditions for weak recovery is derived for
the maximum likelihood (ML) detector. Define:

23 Laling) (93)
i€S jeT
M

S)EY "N L(i,m) (94)
€S m=1

for any subsets S, T C {1, - ,n}. Using these definitions, the
maximum likelihood detection can be characterized as follows:

C =CyL = argmax (e1(C,C) + e2(0))
cc{l,-,n}
|Cl=K

Let R 2 |C'NC*|, then |[CAC*| = 2(K — R), and hence,
to show that maximum likelihood achieves weak recovery, it
is sufficient to show that there exists positive ¢ = o(1), such
that P(R < (1 —¢)K) = o(1).

To bound the error probability of ML, we characterize
the separation of its likelihood from the likelihood of the
community C*.
el(é, é) =+ 82(0) — (81(0*, O*) + 62(0*))
= e1(C\C*,C\C*) + €1 (C\C*,C N C*) — e, (C*\C, C*)+

e2(C\C*) — ea(C*\O) (96)
By definition |C*\C| =
0<r<K-1,

(95)

|C\C*| = K — R. Thus, for any

=)
({c 0] = K,|CNC*| =,
e1 C C
(

P(R
<
)+ e2(C) — e1(C*, C%) — ea(C*) > o})

(
P({ScC*Tc(C):|S|=|T|=K-r
e1(S,0%) + ea(8) < er (T, T) + e1 (T, C*\S) + eg(T)}>
< IP’({S C O S| =K —re(S,C*) + es(S)

u{Scc Tc(C*):|S|=T|=K -,
e1(T, T) + e1(T, C*\S) + eo(T) > 9}) 97)

where § = (1—7)(aD(P||Q)+ (K —r)MD(V||U)), for some

€ (0,1) and a = (%) — (;). We further assume random
variables L¢ ; are drawn i.i.d. according to the distribution
of Lg, and Lg,y,,; are similarly i.i.d. copies of Lg. Then,
using (97) and a union bound:

P(R=r)

< (5 )
()R

e(K_T) IOg( KKf

s

<6}

(@)
<

—SUPy>g _te_aIOEP(]E[eitLG])—(K—T)M logy, (E[eiﬂs])

X e
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(an)Ke2)

(K —r)log( ey

+e

« e~ SUPi>o t0—alogq (E[e'"G])— (K —r) M logy (E[e*"S])

(2) G(K T) log(

) Epv(9 a M(K ’I"))

(n—K)Ke?

(K —r)log( K2

+e )—Equ (0,a,M(K—r))

() (K r) log(£

) Epv(9 a M(K ’I"))

n— K)Kc
(K—

(K—r)log( )—Epv(0,a,M(K—r))—60

+e

(d)
<e

(K—r) log(

e )—Epv(0,a,M(K—r))

4 e~ (A=) (E52)D(PIIQ)+MD(V||1)) ~log(2F5))

~ eQ(Kfr) log(£)—Epv(0,a,M(K—r))

(2 9e2(K—r)log(&)—Epv(0,a,M(K—r)) ©8)

where (a) holds by Chernoff bound and because () < (%)’
(b) holds from Lemma 15 in Appendix A, (¢) holds because
Epv(o, a, M(K — ’I”)) = EQU(G, a, M(K - T)) - 9, (d) holds
K= » < (1 - €)K and (e) holds by

because a > %, r
D(P||Q)+2MD(V||U) >

assuming that lim inf,, o (K —1)
2log(7 ), which implies that
K

(a-m( A5 D

Lemma 15 in Appendix A shows that
Epy (6, a, M(K-r)) = C(aD(P||Q)+(K—
(Kfr)Q(Kfl)

- K
K

(P||Q)+ MD(V||U)) —log(Z——) > 0.
PMD(V||U))).

Using a > and substituting in (98),

P(R = r) <2¢~ K= (CEFEDIPIQ+MD(V[0) -2 10g(£))

<9~ (K= (§(K-1)D(PIQ)+MD(V||U)~210(£))

99)
Choose ¢ = ((K — 1)D(P||Q) + MD(V|[U')) * and let
E = ($((K - 1)D(P||Q)+ MD(V||U)) — 21og(§)). Thus,
(1—¢) (1 €)
P(R<(1-e¢K Z]p Z 9e—(K—1)E
<2 Z 7TE<2 7€KE (b) (1)
r'=eK
(100)

where (a) holds by defining ' = K — r and (b) holds by
assuming that (K — 1)D(P||Q) + M D(V||U) — oo and by
the choice of e. This concludes the proof of Theorem 2.

D. Proof of Lemma 1

The proof has similarities with the sufficiency of Theorem 1.
For brevity, we only provide a sketch. The complete proof is
provided online [41].

Recall the definition of C' from (95). Note that under the
conditions of this Lemma, C' may no longer be the maximum
likelihood solution because |C*| need not be K. Let |C*| =
K'. Then, by assumption, with probability converging to one,

|K' — K| < 5. Let R = |C'N C*|. Thus, [CAC*| =



K + K’ —2R. Hence, it is sufficient to show that P(R < (1 —
€)K — |K' — K|) = o(1), where € is defined in the statement
K T K’ T
of the Lemma. Let a = (2) — (2) and o’ = ( 5 ) — (2), then
for any r < (1 —€)K — |K’ — K| and by the choice of ¢, the
following holds as n — co:
K —1 K v 51,2
K’ "K' —r T al
The proof then follows along the ideas of the proof of
sufficiency of Theorem 2.

(101)

E. Proof of Lemma 2

Lemma 19. Suppose that (11) holds. Let {W;} and {W,}
denote sequences of i.i.d. copies of Lg under P and (@,
resg\)/[ectively. Also, for anmy node i, let Z and Z denote
Y ome1 Ls(i,m) under V and U, respectively. Then, for

sufficiently small, but constant, § and v = %.’
K(1-5) 1
P Wi+ Z>K(1—06)y) =o(-
( ; ¢+ 2> K(1-0)y) =o()
(102)
K(1-26) 5K 1
P( > Wi+ > Wi+ Z<K(1-6)y) =o(%)
=1 =1
(103)
Proof. By Chernoff bound:
K(1-6)
P( Y We+Z>K(1-06))
=1
< g~ (1=0)sup,5 tKy—Klog(Eq [e""6])— 25 log(Eu [e*FS])
(104)
From (1) it follows that for some positive €,:
K < KDPIQ) | MDW|U)
2+ ¢, 1+ %
< KD(P||Q)+ MD(V||U)
M
< KD(P||Q) + ——=D(V||U) (105)

1-9§
Hence, using Lemma 15 in Appendix A, sup;s is replaced
by sup,co1). Also, log(Ey[e'™s]) = (t — 1)Dy(V||U) <
0 where the first equality holds by the definition of the
Rényi-divergence between distributions V' and U [40] and

the second inequality because ¢ € [0,1]. This implies that
2 log(Ey[eFs]) < M log(Ey[e's]). Substituting in (104):

]P( Z Wi+ Z > K(1- 5)7) < e~ (1=0)Equ (K~,K,M)

< e—(1=8)(1+¢) log(n)
(106)

where (106) follows since (11) holds by assumption, i.e.,
there exists € € (0,1) : Equ(K~y,K,M) > (1+ €)log(n).
Equation (106) implies that (102) holds for sufficiently small
J.
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To show (103), Chernoff bound is used:

K(1-26) 5K
P> We+ > We+Z<K(1-6)9)
=1 =1

(2 MV (1=6)+ K (1-26) log (Ep[e~ -G ])+ K8 log(Eq[e -G ])

« eM(1-6) log(Ey [e tES])4+Mé log(Ey[e~ts))

1-26) (tKy+K log(Ep[e "FG])+M {=5 log(Ev [e~*FS]))

—
=e

« ea(tKleog(]EQ[e*ch])JrM1og(JEU[e*fLs]))
(2) o(1-28) (tKy+K log(Ep[e™**G])+M log(Ev [e~**5]))

« O(tEY+K log(Eqle™**G])+M log(Ey[e~**5])) (107)
where (a) and (b) hold because 11_—_255 > 1 for sufficiently small
6 and log(Ey [e~'5]) = (¢t — 1) D, (U||V) < tDysa (U[V) =
log(Ey[e~t£5]), where Dy(V||U) is the Rényi-divergence
between distributions V' and U, which is non-decreasing in
¢ >0 [40].

By definition —Epy (K7, K, M) = —supc(_q,0 \NKvy —
Klog(Ep[erte]) — Mlog(Ey[errs]) = XKy +
Klog(Ep[e* £¢]) + M log(Ey [e* F5]). Hence, by choosing
t = —\* € [0,1] and substituting in (107),

K(1-26) 5K
P( > Wi+ > Wi+ Z < K(1-6)9)
(=1 (=1

< e*(lfQ(S)Epv(K’y,K.,M)

x e (Ev+Klog(Eqle™ "G )+ Mlog(Eu[e™S])  (10g)
By Lemma 16 and convexity of ¥qu (¢, m1,ms):
wQU(_t7K7 M) S wQU(_luKa M)
< AKD(Q||P)+MD(UI|V)) (109)

for some positive constant A. Moreover, by Lemma 16,
MD(U||V)), for some positive constant A;. Hence, by sub-
stituting in (108), for some positive constant As:

K(1—26) §K
P( Y We+ Y We+Z<K(1-6))
=1 (=1

< o~ (1=20)Epy (Kv,K,M)+5(Kv+A2 Equ (Kv,K,M))

(i) o~ Bau (K, K, M)(1-26-5 ) +(1-86) Ky

—~

(b) o~ 10g(n) ((14€)(1-26—6A2) +6—1)~log(K) (1-6)
© 1
- O(K)
where (a) holds because Epy(K~v,K, M) =
Equ(K~,K,M) — K~ from Lemma 16, (b) holds by
the assumption that (11) holds, which implies that there exists
€€ (0,1): Equ(K~,K,M) > (1+¢)log(n) and (c) holds
for sufficiently small 4.
Equations (106) and (110) concludes the proof of
Lemma 19. U

(110)



Now we use Lemma 19 to prove Lemma 2. Define the event
E £ {(Cy,C}) : |CxACE| < 0K Vk}; then conditioned on
E we have:

ICe N C}| > |Cr| — |CACE]
= [K(1-90)] — |G NG}
> K(1—20)

Thus, in Algorithm I, for nodes ¢ within the community C*,
r; is stochastically greater than or equal to ( ji(ll 29 W) +
( 5:61 W¢) + Z by Lemma 19 and (107). For i ¢ C*, r;
has the same distribution as (Zfz(ll “W,) + Z. Thus, by
Lemma 19, with probability converging to 1,

1€ C*
1¢ C*

r; > K(l —5)’}/,
r; < K(l —5)’}/,

Hence, P(C = C*) — 1 as n — .

F. Sufficiency of Theorem 2

The cardinality |C}| is a random variable that corresponds to
sampling, without replacement, from the nodes of the original
graph. Let Z be a binomial random variable Bin(n(1—0), £).
The Chernoff bound for Z:

P(‘Z— (1-6)K| > ) <e @) (1)

log(K)
A result of Hoeffding [42, Theorem 4] for sampling with and
without replacement indicates that E[¢(|C}|)] < E[¢(Z)] for
any convex ¢. This can be applied to (111) on the negative
and positive side, individually. Putting them back together, we
get a bound on the tails of |C}|:

K —Q(—E )
]P” ol —(1— K‘>— < Tog2 (K)
<|Ck| -9 _10g(K)) =7

< o(1) (112)

Since (1) holds, for sufficiently small 6,

liminf[(1 - 8)K]D(P||Q) + 2MD(V||U) > 210g(%)
which together with (112) indicates, via Lemma 1, that ML
achieves weak recovery. The idea of a two-step procedure for
this proof has a precedent in [24].

Thus, for any 1 < k < 3:

|CLACY] 1
— K >1 —
]P( K S 2t log(K)) = 1-o(1)

with € = o(1). Since 4 is constant, by the union bound

(113)

p(IAG o,

i <24 Vk) >1-0(1) (114)

1
g(K)’

Since € = o(1), the desired (9) holds.
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G. Necessity of Theorem 2

The following Lemma characterizes necessary conditions
that are weaker than needed for Theorem 2, i.e., the Lemma
is stronger than needed at this point, but will subsequently be
used for unbounded LLR as well.

Lemma 20. Let {W;} and {W,} denote sequences of i.i.d.
copies of Lg under P and Q), respectively. For any node i
inside the community, let Z denote a random variable drawn
according to the distribution of Zn]\le Ls(i,m). Let Z be
the corresponding random variable when i is outside the
community. Let K, — oo such that K, = o(K). Then, for any
estimator C achieving exact recovery, there exists a sequence
0., such that for sufficiently large n.:

1}»( 3 VVngZg(lr(—l)en—en)gi (115)
= K-—1 ~ _ 1
P W,+ 2> (K-1)8,) < (116)
(; ¢ ) n—K
where ~
6, 2 (K, —1)D(P||Q) + 61/ K,0 (117)

and o2 is the variance of Lg under P.

Proof. Recall that ML is optimal for exact recovery since C*
is chosen uniformly. Assume P(ML fails) = o(1). Define

M
lo = arg min e1(i, C*) + mZ:1 Ls(i,m)
C £ C"\{i} U{j} for j ¢ C* (118)
Also, define the following event:
M
P 2 {(G,Y) : min ey (i.C") + Z_:lLs(i,m)
M
< maxe(,C\(io}) + 3 Ls(im)} - (119)
m=1
Since P(ML fails) = o(1), using (95):
e1(C,0) + e(C) — e1(C*,C%) — ea(C*)
M
= (et Cc\liah) + > Ls(im))
m=1
M
— (e16, ") + Y Ls(iom) (120)
m=1

For observations belonging to F, the expression (120) is non-
negative, implying ML fails with non-zero probability. Then,

P(Fy) < P(ML fails) = o(1) (121)
since ML achieves exact recovery.
Define 0),, 0/ and the events E; and E, as follows:
o, 2
K-K, . 9
inf{xER:P( ; We+ Z < (K—l)x—@n) > E}

(122)



9// é
K-1 3 1
: > - >
Sup{xER P(;WE—I—Z_ (K 1):17) > n—K}
(123)
E, 2
M
{(@¥): max (e, 0 \fio}) + 30 Lsi.m)) > (K~ )#]
m=1
(124)
Ey, &
M
. . . * . _ /
{(G,Y): min (eafin 0 + ;Ls@,m)) < (K -1)9,}
(125)
where 6, is defined in (117).
By definition, F; and F, are independent. Since

P(ML fails) = o(1) implies that P(Fa;) = o(1), it follows
that:

P(E1 N Ey N Fyy) > P(Fy N Esy) — P(Fuy)
= P(E))P(Ey) — o(1)
=0(1) (126)

where (126) holds since by Lemma 21, P(E;) = Q(1) and
P(Es) = Q(1).

It is easy to see that B4 NExNFy, C {6, > 0./}, It follows
P60, > 0) = (1) for sufficiently large n. Let 6,, = %.
For sufficiently large n, 8,, < ¢, and 6,, > 6/,. Combining this
with the definitions of 8/, and 6!/, implies that (115) and (116)
hold simultaneously.

[l

Lemma 21. P(E;) = Q(1) and P(E3) = Q(1).

Proof. Available online [41], but omitted here for brevity.
O

We now use Lemma 20 to prove the necessity of Theorem 2,
which has similarities with [24], and hence, we provide only
a sketch. The complete proof is provided online [41].

The proof sketch expresses the following: subject to con-
ditions (1), exact recovery implies (11). Lemma 20 shows
that exact recovery implies (115) and (116). It remains to be
shown that (115) and (116) imply (11). We show that by
contraposition.

Assume (11) does not hold, then for arbitrarily small € > 0
and sufficiently large n

EQU(log(%),K, M) < (1—e)log(n)  (127)

Let n
A log(f )
K

and define § 2 51 ' Wi+ Z and a 2 (K —1)y+36, for some
0 > 0. Since (1) holds, for sufficiently large n and arbitrary
small ¢, > 0:

v

MD|V)
T+%)

KD(P
K < KD(PIQ)
24 ¢,

17

< KD(P||Q)+ MD(V||U) (128)

Following a variant of Lemma 18, it follows that at 8,, = ~:

K-1 ~ _
P(Y" Wi+ Z > (K- 1)y)
(=1
= / P(’Lbl," alDKflag)
} S>(K—1)y

(g) o (ta_wQU(K—l,]W,t)) —ltls

» <1_

(K —1)82_ + M&2_) + (K = 1)fing + Mjip, —a)’
52

(129)
P(Wy)e'We d P(Z)e'?
E[etWe] E[et?]
probability distributions Q and U over the same support of
Q and U, respectively, and 67 _, fire, 07, and fip, are
the variances and means of L and Lg under Q and U,
respectively.
Since ta — You (K — 1, M, t) is concave in ¢, finding ¢t* =
argsup,cg ta — You (K — 1, M,t), and by the definition of
Q and U, it follows that:

where in (a): t € R, define two new

. N (K — 1)EQ [LGetLG] EU[LsetLS]
K-1 M = il el A |
( )/LLG + HLg EQ [etLG] IEU[etLS]
= a.
Thus, by substituting in (129):
E-1 )
]P)QU(Z 1+ 2> (K —1)y)
=1
> e t*awaU(Kfl,M.,t*))ﬂt*\é(l _ (K —1)67,, + M&%s)
52
(130)

Choose § = ((K —1)D(P||Q) + MD(V||U))* . Then, for
sufficiently large n:

K-1
Pou ( Z W, + Z) > ¢~ Bauv(a.K,M)—6
=1

(131)

where (131) holds because for sufficiently large n:

a=(K—-1)y+4§

L o)

2

(@)
< KD(P||Q) + MD(V||IU)(5 (132)

where (a) holds from (128).
Moreover,
EQU(CL,K, M) S EQU(K’}/,K, M) + 5
where (133) holds because t € [0, 1] and by (132).

Also, by Lemma 16, for some positive constant B:
Equ(0,K —1,M) > B'((K — 1)D(P||Q) + MD(V||U))
(134)

(133)



Thus, for sufficiently large n, and for some positive constant
B”:

§ < (B"Equ(K~,K,M))* (135)
Combining Equations (133), (134), (135):
Equ(a, K,M)+¢
gEQU(K%K,M)—|—2(B”EQU(K7,K,M))§ (136)

Substituting in (131):
K-1
Pou ( Wi +
=1

Z>(K—-1)y)

2
> ¢~ (Bqu(Kv,K,M)+2(B" Equ (Kv,K,M))3)

@ (-0 togm)+2(B" (1-¢) log(n)) )

Z e (l—e)log(n)(l-i-o(l)) (137)

where (a) comes from the contraposition assumption that (11)
does not hold, ie., Equ(K~v,K,M) < (1 — €)log(n) for
arbitrary small e > 0. Equation (137) shows that
K-1 3
RPQU( Z We + Z Z
=1
which implies that (116) does not hold for 6,, = ~.
Similarly, we will show that (115) does not hold for 6,, = ~.
Define

(K = 1)) > n<Ho)

K
Ko™ Togzy — W)
5 Eo—DDPIR) =) +6VEr (10
(K — K,)D(P||Q) + MD(V||U)

Note that &' = o(1), which holds because K-~
KD(P||Q) + MD(V||U), K, = o(K) and K,o
K, E0oeBole™C)) | < BEK,D(P||Q) by Lemma 16 for
some positive constant B. Let a = (K—K,)(y—§ D(P||Q)—
Kf—IKOMD(VHU)) — 6, for some § > 0. Then, by a similar
analysis as in (129):

A

K-K,
Ppy ( Z Wi+ Z < (K —1)y+0,)
=1
Z e—(t*a—’djpv(K—KO,]W,t*))—It*‘5(1 _ 0(1)) (139)
in which the inequality holds for 6 = ((K — K,)D(P||Q) +

MD(V||U))3, t* = argsup,cg ta — Ypyv (K — Ko, M, ).
Following similar analysis as in (131), and (128), it follows
that:

K—K,
Ppv( Z We+Z < (K—1)7+9~n) >
=

e—log(K)(l—e+o(1))

(140)

for arbitrary small € > 0. Equation (140) shows:
K-K, 3
KPpy( > Wi+ Z < (K —1)y+0,) > KUo0)
=1
which implies that (115) does not hold for 6,, = 7.
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Thus, if (11) does not hold, both (137) and (140) show that
(115) and (116) does not hold simultaneously at 6,, = . Thus,
for any 6,, >+, (115) will not hold and for any 6,, < ~, (116)
will not hold, and hence, if (11) does not hold, then there does
not exist 6, such that (115) and (116) hold simultaneously.
This concludes the proof.

H. Necessity of Theorem 3

Recall that Definition 1 introduced Chernoff-information-
type functions for the LLR of the graph plus side information;
for convenience we now introduce a narrowed version of the
same functions that focus on graph information only.

Definition 2.

Pq(t,m1) £ mylog(Eqle'™<)) (141)

Yp(t,m1) £ mylog(Ep[ethe]) (142)

Eq(8,m1) £ sup t0 — g(t,m) (143)
te[0,1]

Ep(0,m1) & sup t0 —p(t,my) (144)
te[—1,0]

The quantities introduced in Definition 1 reduce to Defini-
tion 2 by setting mo = 0, therefore Lemma 15 continues to
hold.

In view of Lemma 20, it suffices to test whether there exists
0., such that both (115) and (116) hold. We will show that if
one of the conditions (1)-(6) of Theorem 3 is not satisfied,
then there does not exist #,, such that (115) and (116) hold
simultaneously. For brevity, we provide only a sketch of the
proof. The complete proof is provided online [41].

Let 0, = 7 = 2 and a = (K — 1)y — Y0 b +6
for 6 =log(n)
K-1 }
P( 1+ 2> (K- 1)y)
=1
L L M
= [( H a™, )
£1=1 Ly=1 " m=1
K-1 M
x Po( eZ(K—l)W—ZhZR)]
Vi m=1

l1=1 =1 m=1
& e—(t"a=(K=1)lox(Eqle"" 26 1)~ |¢"|5 (1 _ 0(1))} (145)
where (a) holds by Lemma 18, where ¢* = argsup,cg(ta —

(K —1)log(Eqle™<])).
Under (16):

KD(Q||P) = pla—b—"bT)(1+0(1))log(n)
KD(P||Q) = p(aT +b— a)(1 + o(1)) log(n)
Thus, according to conditions of Theorem 3,

€ [ KD(QIIP), KD(P||Q)].

3For ease of notation, we omit any subscript for both a and ¢t*. However,
both depend on the outcomes of the features as shown in their definitions.



So, by Lemma 15,
t* = argsup(ta — (K — 1) log(Eg[e'"<]))
teR
= arg sup (ta — (K — 1)log(Eg[e'*<)))
t€(0,1]

Without loss of generality, we focus on one term of the
nested sum in (145). Assume Z L hit = o(log(n)) and

both Z 1 log(a’?, ) and Zm:l log(a_)gm) are o(log(n)),
then by evaluatmg the supremum and by substituting in (145),
+7Z> (K-

1)7) > n—m(pasb)+o(1) (146)

~
=

Thus, if m; (1p,~a,b) < 1—¢ for some 0 < & < 1, then (n —
KPS0 We + Z > (K — 1)) > net°() which shows
that (116) does not hold for 6,, = ~. This establishes the first
case in Theorem 3. Other cases are derived in a somewhat
similar manner, whose proof is omitted here for brevity but
provided online [41].

Now we show that (115) does not hold for 6, = . Let
K, = gy = o(K). Also, let a = (K — 1)y + 6, —
Zn]\le hy? — ¢ for § = log(n)%. Then,

K—-K,

P( Y We+tZ < (K—1)y+06n)
(=1

(@) L

E S 301 50

l1=1 Lr=1 m=1
% e—(t*a—(K—mlogmp[ef*%m—\t*w(l —o(1))

0y ZH

éll =1 m=1

% e~ —<K—Ko>logm@[e**LG])Ha—W—1\5(

1—o(1))
(147)

where (a) holds by Lemma 18, where ¢t* = argsup,cg(ta —
(K — K,)log(Epletl<])) and (b) holds for \* = 1+ ¢* and
by Lemma 15.

Thus, according to conditions of Theorem 3,

€ [ KD(QIIP), KD(P||Q)]. (148)

Hence, by Lemma 15, argsup,cg is replaced by
argsupie|—1,0]-
Thus, if Yo h =  o(log(n)) and both

an\le log(a?', ) and Z 1 log(a™, ) are o(log(n)), then
by evaluating the supremum and by substituting in (147),

K—-K,
(OS] Wet Z < (K = 1)y +06,) > nmlpad)tod)
=1

Thus, if 71(p,a,b) < 1 — ¢ for some 0 < & < 1, then
KPS %Wy + Z < (K — 1)y + 0,) > n=t°() which
shows that (115) does not hold for #,, = . This establishes the
first case in Theorem 3. Other cases are derived in a somewhat
similar manner, whose proof is omitted here for brevity but
provided online [41].
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To summarize, when 6,, = ~, if one of the conditions (1)-
(6) of Theorem 3 does not hold, then (115) and (116) cannot
hold simultaneously. Thus, for any 6, > ~, (115) will not
hold and for any 6,, < ~, (116) will not hold, and hence, if
one of the conditions (1)-(6) of Theorem 3 does not hold,
then there does not exist #,, such that (115) and (116) hold
simultaneously. This concludes the proof of the necessary
conditions.

L Sufficiency of Theorem 3

The sufficient conditions are derived via Algorithm I pro-
vided in Section II-B with only one modification in the weak
recovery step. Since the LLRs of the side information may
not be bounded, the maximum likelihood detector with side
information presented in Lemma 1 cannot be used for the
weak recovery step. Instead the maximum likelihood detector
without side information provided in [24] will be used.

The following lemma gives sufficient conditions for Algo-
rithm I to achieve exact recovery.

Lemma 22. Define C; = C* NS¢ and assume C’k achieves
weak recovery, i.e.

—_

P(|CxACK| < 0K for 1 <k < <) —1 (149)

[« Y]

Under conditions (16) if conditions (1)-(6) of Theorem 3 hold,
then P(C = C*) —

Proof. To prove Lemma 22, we follow essentially the same
strategy used for Lemma 2 in Appendix E. Namely, we intend
to show that the total LLR for nodes inside and outside the
community are, asymptotically, stochastically dominated by a
certain constant. Since the strategy is essentially similar to an
earlier result, we only provide a sketch in this appendix.

Lemma 23. [n the regime (16), suppose conditions (1)-(6) of
Theorem 3 hold. Let {W;} and {W,} denote two sequences of
i.i.d copies of Lg under P and Q, respectively. Also, let Z be a
random variable whose distribution is identical to Z% 1 him
conditioned on i € C*, and Z drawn according to the same

distribution conditioned on i ¢ C*. Then, for sufficiently small

constant § and v = %
K(1-6) )
]P’( S Wit Z>K(1- 5)~y) = o)
=1
(150)
K (1—26) 5K 1
S Wt Wit z< K(l—é)w) = o(%)
=1 =1
(151)

Proof. Using the Chernoff bound:

(1-9)

P( 3 Wg+ZzK(1—5)~y)
k

<P(Y Wi+ 72 K(1-6))

=1



Ly
<33 (Tem )
=1 fy=1 m=1
X @~ SUPrzo HE(1=0)y=3700, hyl )~ K log(Eq[e™*4]) (157)

The terms inside the nested sum in (152) are upper bounded
by:

o nm(pab)to(d) - if Em 1h€ = o(log(n)) and both

S log(ay, ) and YO0 log(a™ , ) are o(log(n)).

o nom(pab)=Bro) jp M hyt = o(log(n)) and

Somilog(ar, ) =Y log(a™, ) =—plog(n) +
o(log(n)), 8 > 0.

o pm(pabBto) e Mmoo — glog(n) 4
o(log(n)),0 < B < pla—b— bT)a Zn]\le log(a’fy, ) =
o(log(n)).

o (et Bto) ip S pmo —_glog(n) +
o(log(n)),0 < 8 < p(a—b—10T), Z%Zl 10g(aTem) =
o(log(n)).

- N —n2(p,a,b,B8)—p +o(1 ’ if Zm 1hm = ﬁlOg(n) +

0(1Og(n))a 0< ﬂ < p(a -b- bT)a Em
—B"1log(n) + o(log(n)).

o nompabf)=p o) i S pm = Blog(n) +
o(log(n)),0 < 8 < p(a —b—bT), 3>, log(a™, ) =
—B'log(n) + o(log(n)).

Since M and L,, are independent of n and finite, it follows
that if items (1)-(6) of Theorem 3 are satisfied, then Equa-

tion (150) holds.
To show (151), Chernoff bound is used.

=1 log(aT7é7n )

K(1-26) 5K
3 W4+ZV~V4+Z§K(1—5)7)
=1 (=1

Ly Lvu M
<> > (Il ete)

6H=1 fy=1 m=1
1-28)y—3M

m=1

o oK Ry )+ K (1-26) log(Ep[e~*16])

K§log(Egle ™G ) +tK~§

X e (153)

Without loss of generality, we focus on one term inside the
nested sum in(153):

If S0 h* = o(log(n)) and both S0
Zn]\le log(a™, ) are o(log(n)), then:

M
(H aT,zm)e
m=1

8K6 log(Eqle™"FG])+tK~d

log(a?', ) and

t(K(1-28)y—3M

m=1

hiy, )+K (1-26) log(Ep[e™"7G])

X

=M _
H o (1-26) (t(hy— =it Zmot My L K log(Eple )
+é7n

y ea(tmmogmcg[e*ﬂcn) (154)

. M
Since >, 4 hy

M m
Zm:l hém
1-29

= o(log(n)), it is easy to show that

Ky — € [-KD(QIIP), KD(P||Q)].

20

M

Define § & K~y — %ﬁ;em and choose t* € [0, 1], such that
t*9+Klog(IE[ ~"La]y = —Ep(6, K). Substituting in (154):

H K(1=20)y=3"31_ by, )+ K (1-28) log(Ep[e™ " G])

K§log(Ege trG ) +tK~§

o—(1-28)Ep (0,K)+6 (" K7+ K log(Bqle " 76]))

X e
M
A}

H o, Je ~(1-28)Ep (6,K)+6 (Ky+ K log(Eqle ™ 6 1))
m=1
(155)
where the last inequality holds because t* € [0,1]. Also, by
Lemma 16 and convexity of log(Eq[e~L<]), the following
holds for some positive constant A:

K log(Eqle™" ")) < K log(Eqle™"]) < AKD(Q||P)
(156)
Moreover, by Lemma 16, Ep[f, K] = Egl0, K] — 6 and
Eglo, K] > Eg[0, K] > A1 KD(Q||P). Combining the last
observation with (156), for some positive constant A,

H K(1-28)y—M_ hy )+K(1-26) log(Ep[e™*G])
% eKalog(EQ[e*ﬂc})HKWa
M
H (1-26)(Eq(0,K)—0)+6Kv+8A2Eq (0,K)

M
H T ) EQ(9 K)(l 25— 5A2)+(1 25)9+5K’y (157)
m=1

Since Z 1 log(al’, ) = o(log(n)), evaluating the supre-
mum in EQ [9 K] and substituting in (157) leads to:

H

K(1-28)y—XM_, b )+K (1-28) log(Ep[e~ "¢ 1)

% eKalog(EQ[e*ﬂc})HKWa

o~ 1og(n)(1-25-542) (m1+o(1))

IN A

n~ (1H+e)(1-20-842)+0(1)) (158)

where (158) holds by assuming n; > 1 + € for some € > 0.
Multiplying (158) by K:

M
K( H ofy)

Xet(K(l 20)y—M_ | by )+ K (1-26) log(Ep[e 1 G])

% eK(slog(JEQ[e*“c])HKya

< pl-(+e)(1-26—642)+o0(1))

(159)

Thus, for any € > 0, there exists a sufficiently small § such
that (1 + ¢)(1 — 2§ — §A2) > 1. This concludes the proof
of the first case of Theorem 3. This establishes the first case
in Theorem 3. Other cases are derived in a somewhat similar
manner, whose proof is omitted here for brevity but provided
online [41]. o



In view of Lemma 23, the proof of Lemma 22 then follows
similarly as the proof of Lemma 2. [l

In view of Lemma 22, it suffices to show that there exists
an estimator that achieves weak recovery for a random cluster
size and satisfies (149). We use the estimator presented in [24,
Lemma 4], where it was shown that the maximum likelihood
estimator can achieve weak recovery for a random cluster size
upon observing only the graph if:

KD(P||Q) = (160)
liminf (K —1)D(P||Q) > 2log(7) (161)
P(Mcm —(- 5>K' > %) <o) ()

It is obvious that in the regime (16), both (160) and (161) are
satisfied. Thus, it remains to show that (162) holds too. Let Cr
be the ML estimator for C}; based on observing G, defined in
Algorithm I. The distribution of |C}| is obtained by sampling
the indices of the original graph without replacement. Hence,
for any convex function ¢: E[¢(|C}|)] < E[¢(Z)], where Z is
a binomial random variable Bin(n(1 — &), £). Therefore, the
Chernoff bound for Z also holds for |C}|. Thus,

]P(’|O,’;| (- 5)K‘ > (163)

> 1Og(K)) <o(1)

Thus, (162) holds, which implies that ML achieves weak
recovery with K replaced with [(1 — 0)K| in [24, Lemma
4]. Thus, from [24, Lemma 4], for any 1 < k < %:

giK)) 21-oll)

with € = o(1). Since ¢ is constant, by the union bound over
all 1 <k <1, we have:

p(IGAG o,

% < o (164)

p(IGAG]

1
v1<k<_)>1— 1
K - log - o(1)

1
(K) B
(165)
Since € = o(1), the desired (149) holds.

J. Auxiliary Lemmas For Belief Propagation

Lemma 24. Recall the definition of Tl from (31). For any

measurable function g(.):
Elg(T§)lmo = 0] = Elg(Th)e lm =1 (166)

Proof. Let Y = (T*,#') denote the observed tree and side
information. Then,

Elg(I'6)|m0 = 0] = Eyry=0lg(T'6)]

_ i\ P(Y |0 =0) _
= /Yg(ro)szl)P(Yho =1)

- /y a(8)e TR (Y |my = 1)
= EY|T0:1[9(1—‘6)6_F6]
=E[g(T)e "olr = 1] (167)

O
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Lemma 25. Let b, = E[Hej{%] and a; = E[e2(Z6+U0)),

Let A = E[eV1] = E[e?Y0]. Then, for any t >0

arp = E[eZ1TU1] = e (168)
E[e3(zg+Uo)] _ E[ez(Z{JrUl)]
2 2+ 2
= E[egUO]egAbﬁK(Q’Q)E[(Hezf“’l’” (169)

Proof. The first equality in (168) holds by Lemma 24 for
g(z) = e**. Similarly, the first equality in (169) holds by
Lemma 24 for g(z) = 3%,

Let f(x) = l;rf; =1+ 11;,11. Then:
Ap+1 = E[€2(Z5+U°)]

@ e 2K DR[O B[ (B2 4V )]) )
X B|(B[f2(eZ000=)]) "]
(:b) Ae_2K(p_q)eKq(]E[f2(eZ{+U1 “)-1)

% e(n—F)a(E[f?(eZ6+V0))—1) (170)

where (a) holds by the definition of Z{ and Uy, (b) holds by
the definition of A and by using the fact that E[¢X] = e e~
for X ~ Poi(\) and ¢ > 0. By the definition of f(z):
KqE[f2 (A 7)] = 1) + (n — K)q(B[f*(7H77)] -
22 1 P )2
g 25D G-
1+8—(Z1+U1—U) (1 —|—6_(ZI+U1_U))2
P _ 2 _1)2
2(5-1) (£-1)
1+ e~ (Z§+Uo—v) (1 + e*(ZS+U07l/))2

+(n—K)qIE{

a)
Wok(p—q) +Kq(§ — 1)2E[

Yok (p—q) + \by (171)
where (a) holds by Lemma 24 and (b) holds by the definition
of X\ and b;.

Using (171) and substituting in (170) concludes the proof
of (168). The proof of (169) follows similarly using f3(x)
instead of f2(z). O

1
1+ e(Zf+U1l/):|

K. Proof of Lemma 3

The independent splitting property of the Poisson distribu-
tion is used to give an equivalent description of the numbers
of children having a given label for any vertex in the tree.
An equivalent description of the generation of the tree is as
follows: for each node 4, generate a set A; of children with
N; = |N;|. If 7; = 1, we generate N; ~ Poi(Kp+ (n— K)q)
children. Then for each child j, independent from everything
else, let 7; = 1 with probability 7,27, and 75 = 0 with
probability 7&51(_"}?}‘1{)(1. If 7, = 0 generate N; ~ Poi(ng),
then for each child j, independent from everything else, let
7; = 1 with probability £ and ; = 0 with probability "),
Finally, for each node ¢ in the tree, 7; is observed according
to ay ¢, e p. Then:

T~ Jog P(TH+!, 741 |r, = 1)
0 P(T*+1, 741  = 0)




log P(No, 70, {T} Y keno: {74 b eenn|mo = 1)
(N07 7207 {Tlg}kGNov {%li}kGN0|TO = O)

oo (=)
05 =

22

IN

b
Kq(§-1) E 1
2 1 _’_ef(ZerUl*l/)

| 1
+e’E _—1 n e—(Z(§+U0—V):|)

Ka(§ -1 (o 1
8B (1 +67(Zf+U1*l/))2

[Tien, P(T4 7hlm0 = 1)
+ log
en, (T4, 7m0 = 0) Lo [ 1 D
e’E -
(_b) 1 (N |TO = 1) +1 (T0|T0 = 1) _(1 + e*(Z0+U07U))2
~ BN =0)) T\ Bl = 0) LTI VIR S N e
= 2 8B —(Zi+U1-v)
Zme{o.uP(leaTlaTk)P(TﬂTo = 1) q l+e L
+ 2 log ' T _Kbp-a A, (177)
kEND Z:Tke{o,l} ]P)(T a7k|7'k)]P)(Tk|To = 0) = B) SB
© p ety where (a) holds by the following consequence of Lemma 24
—K(p—q)+ho+ Z log (4 vl ) (172) (from Appendix J):
kEN() 1 1
where (a) holds because conditioned on 7o: 1) (N, 7o) {m] _i_euE[m} _1

are independent of the rest of the tree and 2) (T}, 7)) are

independent random variables Vk € N, (b) holds because
conditioned on 79, Ny and 7y are independent, (c¢) holds by
the definition of Ny and hy and because 7, is Bernoulli-

Ttz if 0 = 1 and is Beroulli-£- if 7 = 0.

L. Proof of Lemma 4

Let f(z) £ 1+m L=, then:
E[QZT(S] 267 = q)EHo [(EZ1U1 [.f ( Z1+U1 V)])HO}

x B, [(Ezou, [ 2 (%10 ~))) 1]
@ =K@=0) jeqg(rE (7 HU1v)) 1)

(n—K)q(E[f 2 (e76+U0=¥)]—1)
(173)
X] = erMe=D for X ~ Poi()\) and

X e

where (a) holds using E[c
c> 0.

By the intermediate value form of Taylor’s theorem, for
any x > 0 there exists y with 1 <y < x such that /1 + 2z =

2
1+ % — grrpyyrs- Therefore,

2

T X
Vite<i+fo %
trE ity T Ra A

Let A=%—1and B = (1+ A)-5. By assumption, B is
bounded. Then,

1+ %eZSJFU“’” 3
1+8Z6’+U0—u

0<z<A (174)

1
2

D _
_ q
o (1 + 1+ e—(Zé+Uo—u))
gl gt 1 G-V
21 4 e (Zi+Uo—v) 8B (1+ e—(zg+U07u))2

(175)
It follows that:
Kq(B[f?(e#H+0v)] - 1)
+(n — K)q(E[f2 (eZ0FUov)] - 1)

1 , 1
S e R e

1
=8| ] (7

Using (173) and (177):
E[em} < E[e 2 ] B (179)

Similarly, using the fact that V1 +2 > 1+ 5 — %2 for all
x > 0:

E{eﬂ} >E[e®] el (180)

M. Proof of Lemma 5

Fix A > 0 and define (v, : ¢ > 0) recursively by vop = 0 and
Vi1 = AAevt. From Lemma 25 in Appendix J, as 1 = Aerb.

We first prove by induction that A\by < Aa; < vy for
all t > 0. ag = E[eY ]—Aand)\bo—/\E[W] <
AE[eY'] = Aag. Thus, Aby < Aag = A = v;. Assume
that /\bt 1 < /\at_l < Vt. Then, )\bt < /\at = )\A@kbt*l <
AAe¥® = vy, where the first inequality holds by the def-
inition of a; and b; and the second inequality holds by the
induction assumption. Thus, A\b; < Aa; < vy4q for all £ > 0.

Next we prove by induction that 5 is increasing in ¢ > 0.

We have 52 = Ae"t. Then, 4 = A > (0 = %. Now assume
that 5t > ZL. Then, 55 Ae”' = Ae? A) > AeVt-1 =
Vi1

5 Thus we have 5 5 for all ¢ > 0.
Note that =5 = AeMF ) has the form of z = Ae?*, Wthh
has no solutions for A > Ae and has two solutions for A < Ae,

where the largest solution is Ae. Thus, for A < ﬁ, by <
—U‘; L < Ae.

N. Proof of Lemma 6
By definition of a;, we have:
= E[ezf+1+U1 (1-
eZ{JrUl

_ t41
a1 —Ele v+2(Zt +U1)}

ezf+1+Ul—u)]



=biy1
where the first inequality holds because 1 — x < 5. Then,

t+1
biy1 > appq — Ele 7247 +U)]

2 zt+Uy
3\b + A E e“1 2
e’ Ne tTKp—q) [( 1+CZ{+U17U) }

@ Aerb

® _
Aerbe — A/eCbemv

/
_ AeAbt (1 _ AXefqu(Cf)\)bt)

© A -
> Attt (1 - <) (181)
where (a) holds from Lemma 25, (b) holds because
(Hiﬁ)? < €”(175=7), which holds because ¢” > 75—
for all x, and (c) holds by the assumption that b, < 2(+

O. Proof of Lemma 8

Given A with A > -, assume v > v, and v > 2A(C — A)
for some positive v,. Moreover, select the following constants
depending only on A and the LLR of side information:

e D and v, large enough such that A\Ae*? (1— AT/e_”f’) >1

and Ade(l — AW,e_”f’) > VAAe.

e w, > 0 so large that

AI
wo e (1 — 1€ )= AD = w,. (182)
e A positive integer ¢, large enough such that

MA(MAe) ¥ 1 — D) > w,
The goal is to show that there exists some ¢ after which
v =o0(by).
Let t* = max{t > 0: b, < ﬁ} and t; = log™(v). The
first step is to show that t* < ¢, + ¢;.
By the definition of by,

el

1 + eUl—lI]
<E[e"]=A

Since v > 2A(C — \), we get by < _z(cu—,\)'

Since for all ¢t < t*, b, < ﬁ, then by Lemma 6:

bo = E

/

bt+1 Z AeAbt(l - —

> Aer(1 — (183)

where the last inequality holds since v > v,. Thus,
A/ —Yo

— XBT)

(184)

where the last inequality holds by the choice of v,. Moreover,

/

A —vo
bey1 > AeM (1 — €T )

23

(a) .
> Aedb(1 — AXe 2 )

®
Z Vv A/\ebt

where (a) holds because e* > eu for all w > 0 and (b) holds
by choice of vg. Thus, forall 1 <¢ < t*+1: by > VAdeby_1.

Since b; >

(185)

%, it follows by induction that:

by > AMAe)z P forall 1<t <t*+1  (186)

We now divide the analysis into two cases. First, if #, is
such that bz, > 5y This implies that to—1>t*+1
by the definition of ¢*. Thus, t* < ¢, — 2 < t, + t1, which
proves our claim for the first case.

If ¢, is such that b; | < m Then, t, < t* 4+ 1. Thus,

by, > A(ALe)$ 1. Let t, = min{t : by > A(Me)F 1},
Thus, by Lemma 7, we get t, < t,. Moreover, by the choice
of t, and w,:

wo < MAOAe)F ™1 — D) < A(by, — D) (187)

Now define sequence (wy : t > 0): wyr1 = e™t, where w,
was chosen according to (182). We already showed that w, <
A(by, — D). Assume that wy—1 < A(by,4¢—1— D) for t, +t—
1 < t*. Then,

(a) b A B
bty = D) > AN+ (1= e™) = D)
(d) A
> MAXPT (1 - See™) — D)
/
© )\Aekat(l — Ae_l’o) _\D

A

@
> ’U}t

where (a) holds by Lemma 6, (b) holds by the assumption
that w;—1 < A(bt,4+t—1 — D), (¢) holds by the definition of
the sequence w; and (d) holds by the choice of w, and the
fact that wy > w,. Thus, we showed by induction that

wy < A(bg,4+ — D) for 0 <t <t* —t,+ 1. (188)

By the definition of ¢#; and since w; > 1, we have v <
Wi, +1- Thus, wg, 11 > v — AD. Since, by the definition of C,
A < 2(C — X). Therefore, wy, 11 > 25y — AD. We will
show that t* < ¢, 4+ t; by contradiction. Let t* > ¢, + t;.
Thus, from (188), for t = t, + 1 + 1:

b > L+ D > (189)

v
—2(C -
which implies that ¢, +#; +1 > t* + 1, ie., t, + t; > t¥,
which contradicts the assumption that t* > ¢, + ;.

To sum up, we have shown so far that if A > ﬁ, then
t* <t,+ 1.

Since t* is the last iteration for b; < z(c—t)\) Then, byx11 >
m. We begin with by« = m Then by Lemma 6:

/

b o > AP+ (1 — Axe%“) (190)



By Lemma 7, the sequence b; is non-decreasing in ¢. We
also known t* + 2 < ¢, + t; + 2. Using (190):

!
i tiog 2 2 AT (1 e F) (191
which concludes one case of the proof.

When by« 41 > #_/\), we use the truncation process [25,
Lemma 6], which depends only on the tree structure. Applying
this truncation process, it can directly be shown that the tree
can be truncated such that with probability one the value
of bi~y1 in the truncated tree is ﬁ The truncation
process [25, Lemma 6] depends only on the structure of
the tree. In this paper, the side information is independent
of the tree structure given the labels, therefore the same
truncation process holds for our case, which concludes the
proof using (190) and (191).

P. Proof of Sufficiency of Theorem 4

The assumption (np)°e" ) = o) ensures that (np)’ =
n°M. Since % — A p > gand 2 = (1), then
(225)2 = O(np). Since K = o(n), then np — oo. Thus,
(np)t = n°@ can be replaced by (np + 2)f = no®,
and hence, the coupling Lemma 10 holds. Moreover, since
(%)2 = O(np) and np = n°M, K = pl=o),

Consider a modified form of Algorithm II whose output is
C = {i : Rt > v}. Then for deterministic |C*| = K, the
following holds:

Pe = P(NO Coupling)pemo coupling + P(Coupling)pe|coupling

< p-tro) 4 K —virto()) (192)
n

where the last inequality holds by Lemmas 10 and 9 for some
positive constant r. Multiplying (192) by +:

* A o(1
E[ICKACI] - n;{) L emrlro())

(193)

where the last inequality holds because K = n'~°(!) and
V= 0.

Now going back to Algorithm II and its output C, using
Equation (47):

E[C*AC| _ E[C*AC

K - K

which concludes the proof under deterministic |C*| = K.
When |C*| is random sucP that K > 3log(n) and P(||C*|—
K| > /3K log(n)) < n= M, we have E[||C*| — K] <

nz+o() Thus, for C, using Equation (47):
E[lC*AC] _ ,ElIC*AC) | E[IC*| - K|
K - K K

which concludes the proof.

—0

(194)

—0 (195)

Q. Proof of Necessity of Theorem 4

Since (np + 2) = n°®, the coupling Lemma 10 holds.
Moreover, since ("}K)2 = O(np) and np = ne®, K =

24

n'=°()_ Consider a deterministic |C*| = K. Then, for any
local estimator C":

Pe = ]P)(NO Coupling)pe\no coupling + P(Coupling)pe|coupling
> Kln—K) - B g2(e )= _ ptro) (196)
n
where the last inequality holds by Lemmas 10 and 9. Multi-
plying (196) by «:
E[|C*AC]
el
K 2
where the last inequality holds because K = n'=°(). Thus,
for A < ﬁ, w is bounded away from zero for any
local estimator C.

It can be shown that under a non-deterministic |C*| that
obeys a distribution in the class of distributions mentioned
earlier, the local estimator will do no better, therefore the same
converse will hold.

(1 - 5)1@2[6%]6’2“ —o(1)  (197)

n

R. Proof of Theorem 5

Let Z be a binomial random variable Bin(n(1 — §), £).
In view of Lemma 2, it suffices to verify (9) when Cy for
each k is the output of belief propagation for estimating C};
based on observing G, and Y. The distribution of |C}| is
obtained by sampling the indices of the original graph without
replacement. Thus, for any convex function ¢: E[¢(|C{|)] <
E[¢(Z)]. Therefore, Chernoff bound for Z also holds for |C}].
This leads to:

P(|ICil — (1= )K| = V3K(1 =) log(n) ) < n~ "5+
< n%l"'o(l)
(198)

Thus, by Theorem 4, belief propagation achieves weak recov-
ery for recovering C; for each k. Thus:

R 1
P(|ChACy| < 6K for1 <k < 5) —1 (199)

which together with Lemma 2 conclude the proof.

S. Proof of Lemma 11
First, we expand M (x) using Taylor series:

P _ b _
q 1 1 q 1

2
T 14 e (@) B 5(1 + e*(z*l’))

R
+O<(1+e—(1—u)))

(200)

Thus:
E[Z{t ] = — K(p— q) + KqE[M (Z} + Uh)]
+ (n — K)qE[M (Z + Up)]
=—K(p—q)+K(p—Q)E[m}

1
+(n—K)(p- Q)E{W}

K(p—q)? 1 2
E[(1 4 e—(ZHUl—V)) ]




_ (n—K)(p—qVE[( 1 )2}

2q 1+e—(z$+U0—u)
K(p—q)? 1 3
+ O< 7 [(1 ) }

1 )3}
1+ e_(Z(§+U0_V)
(201)

1

Using Lemma 24 for ¢(z) = ==

1
K= 08—

1
+(n —K)(P—Q)E[W}

=K(p—q) (202)
Similarly:
K(p—aq)® 1 2
2q E{(l_ke*(ZHUl*l’)) }
(n—K)(p—q)?® 1 2
* 2q E{(1+e—(Z?+U0—V)) }
_K(p-q)? 1
- = E[l . e—(Z{-i—Ul—u)} (203)
and,
K(p—aq)® [( 1 )3}
q2 1+67(Zf+U1*1/)
(n—K)p—q)® 1 3
+ P2 ]E{(l ) ]
_K(p—-4q)° 1 2
e ]E{(l + e*(ZHUru)) } (204)
Using (202), (203) and (204) and substituting in (201):
A K(p—q)? 1 2
t+1] _ A
E[Zy] = 2bt + O< PE E[(l + e-(z{+U1—u)) ]
= Zhitol1) (205)

where the last equality holds by the definition of A and b;

and because K797 — AE(1 - %)(% — 1) which is o(1)
because of the assumptions of the lemma which also implies
that £ — 1.

2_q

To show (53), we use Taylor series: M (z) = Tre=— T
21 2
O((m) ) Then,

E[Z{T"] = E[Z{"] + K(p — @)E[M(Z} + Uy))]
K(p— q)QE[ 1 }
q 14 e~ (Zi+Ui-v)

N O(K(pqg q)3E[(1 . 8_(;{+U1_U))2}>

=E[Z{T] + Aoy +o(1) = %bt + o(1)

=E[Z5"] +

(206)

We now calculate the variance. For Y = Zle X;, where
L is Poisson distributed and {X;} are independent of Y and
are i.i.d., it is well-known that var(Y) = E[L]E[X?]. Thus,

var(Zh+h)

25

= KqE[M?*(Z} + Uy)] + (n — K)qE[M?(Z + Up))

@ K(p—q)? 1 2
B ¢ E[(l-ye*(ZerUl*l/)) }
(n—K)(p—q)? 1 2
+ e {(Hef(Zgww)) ]
K(p—q)? 1 3
+O< 7 E[(1+e—<zi+Ul—V>) }
(n—K)(p—q)° 1 3
+ 2 E|:(1+e—(ZS+U0—U)) }

@ \bi +0(1) (207)

where (a) holds because log®(1 + z) = 22 + O(z?) for all
2 > 0 and (b) holds by similar analysis as in (205).
Similarly,

var(Zit) = var(ZhH)

i O<K(pq; Q)3E{(1 + e*éf*’fl*”) )2D

= Ab; +o(1) (208)

T. Proof of Lemma 12

Before we prove the lemma, we need the following lemma
from [43, Theorem 3].

Lemma 26. Let S, = X1 + -+ Xy, where X; : i > 1
are i.i.d. random variables with mean p, variance o2 and
E[|X;3] < p?, and for some v > 0, N., is a Poi(~y) random
variable independent of (X; :i > 1). Then,

o) < 0.3041p°

V(n? +0?)°
(209)

S. —
sup [P(——=—E_ <)
@ v(p? + 0?)
For ¢t > 0, Z{*" can be represented as follows:
N
ZiM = —Kp-q) + Y X; (210)
i=1

where N, is distributed according to Poi(ng), the random
variables X;,7 > 1 are mutually independent and independent
of Ny4 and X; is a mixture:

K K
=Bz s v) + Bzt 4oy,
nq nq

Starting with (210), using the properties of compound
Poisson distribution, and then applying Lemma 11:

X; =

ngR[X?] = var(ZEh) = \by + o(1) 211)
Also, using log®(1 4 z) < 2? for all z > 0:
K(p—q)® 1 3
3
naBI|XP) < =R ()
(n—K)p—q)?° 1 3
+ e E|(; @) ]
@ K(p—q)°
<=z
© (1) 212)



where (a) holds by Lemma 24 for g(z) =
holds since £ — 1.

. . E[X7] _
Combining (211) and (212) yields B X7 =

1+671(sz) and (b)

ngE[| X7 ]

CYEREE — 0, which together with Lemma 26 yields:
ng 2D-

LH1 | Aby
sgp }P(W <z)—¢(x)| =0

Similarly, for ¢ > 0, ZI™" can be represented as follows:

(213)

Nn—k)q+Kp

Y Y

=1

—_

t+1 __
Zl

=-K{p—q)+ (214)

V(n—K)gq

where N(,,_ i)q+ Kk i8 distributed according to Poi((n— K )q+
Kp), the random variables Y;, i > 1 are mutually independent
and independent of N(,_ k)44 kp and Y; is a mixture:

_(n-K)g
(n—K)g+ Kp
K
L Kp
(n—K)q+ Kp
Starting with (214), using the properties of compound
Poisson distribution, and then applying Lemma 11:

Y, = M(Z§ + Up)

M(Zi + Uy).

(n— K)q+ Kp)E[Y?] = var(ZI™") = \b; + 0(1) (215)
Also, using log®(1 4 z) < 2® for all z > 0:
((n = K)q + Kp)E[|Y?[] = ngE[| X;[’]
% -1 3
+ K= 08| (orr)
< o(1) (216)
where (216) holds since % — 1.
E[Y2]

Combining (215) and (216) yields T —R)ar R
0, which together with Lemma 26 yields:
t+1 _ Aby

Hence, using (213) and (217), it suffices to show that \b; —
vi4+1, which implies that (55) and (56) are satisfied. We use
induction to prove that \by — vy41. At t = 0, we have: v; =
AE[W] = Abg. Hence, our claim is satisfied for ¢ = 0.
Assume that \by — vyy1. Then,

1 1
R e,(zfﬂwl)] =Eu, [Ez [mﬂ

=Eu, [EZI [f(Z{-i_l;ua V)]] = Ey, []EZI [571]] (218)

where f(z;u,v) = W{uw and &, is a sequence of
random variables representing f(Z;u,v) as it evolves with
n. Let G(s) denote a Gaussian random variable with mean 3
and variance s.

From (217), we have Kolm(Z{™' G(A\b;)) — 0 where
Kolm(-,-) is the Kolmogorov distance (supremum of
absolute difference of CDFs). Since f(z;u,v) is non-
negative and monotonically increasing in z and since
the Kolmogorov distance is preserved under monotone
transformation of random variables, it follows that

sup‘]P’( (217)

b1 =E[

26

Kolm(f(Z{™u,v), f(G\be);u,v)) = 0 Since
lim, e f(z;ur) = €, using the definition of Kolmogorov
distance and by expressing the CDF of f(G(Ab:);u,v) in
terms of the CDF of G(\b;) and the inverse of f(z;u,v), we
get:

o

Fe, (c) - FG(AM(lOg (#)

sup )‘ S50 (219

0<c<e”
From the induction hypothesis, Aby — v¢4+1. Thus,

ce "
sup |Fg, (c) — FG(vn+1)(10g (m)

0<c<e”

)‘ 50 (220)

which implies that the sequence of random variables &,
Converges in Kolmogorov distance to a random variable
W as n — oo. This implies the following
convergence in distribution:
id. 1
En = e~V + e~ (G(vip1)+u)

(221)

Moreover, the second moment of &,, is bounded from above
independently of n:
(a) (b)

E[E2] < e < A (222)
where (a) holds by the definition of &,, and (b) holds for
positive constant A since based on the assumptions of the
lemma, v is constant as n — oc.

By (220), (221) and (222), the dominated convergence
theorem implies that, as n — oo, the mean of £, converges to
the mean of the random variable — +e—<é<vt+1)+u) . Since the
cardinality of side information is finite and independent of n,
it follows that:

bir1 = Ey, [E[E4]]
(a) 1
— Ey, |E =
o [ g [ e «—>”
Vt4-2
= = 223
. (223)

where in (a) we define Z ~ N(0, 1). Equation (223) implies
that Ab;y1 — veyo, which concludes the proof of the lemma.

U. Proof of Lemma 14

Let k = 4. Since for all £: |he| < v, it follows that for any
t > 0 and for sufficiently large «:

1
v = AEzp, L_,, n e(%wﬁzwl]

L 2
«@ 1
_\ 0 [ }
; a_y Z -t L o (F v
L 2
@ X 1
= A — E =
© \Aev (1 + 0(1)) (224)
where (a) holds for positive constants Cy, £ € {1,--- ,L} and

(b) holds because E[e? V2] = ¢vt,
Consider the sequence w41 = e™* with wg = 0. Define
= log™(v) to be the number of times the logarithm function



must be iteratively applied to v to get a result less than or
equal to one. Since w; = 1 and wy is increasing in ¢, we have
we«41 > v (check by applying the log function t* times to
both sides). Thus, as « grows, we have v = o(w;42).

Since A — oo as K grows, it follows by induction that for
any fixed A > 0O:

Vp = Wy (225)
for all ¢ > 0 and for all sufficiently large . Thus,
Vg +2 Z Wi +2 (226)

which implies that as x grows, v = o(vg+42) and hy =
o(vg=42) for all £. Since v is increasing in ¢, using (224)
and (226), we get for all sufficiently large ~ and after ¢* + 2
iterations of belief propagation (or for a tree of depth ¢* + 2):

By [0 2] - oGyt + o)
(227)
B[] - @Gy + o)

(228)
Since Q(z) < e 3% for x > 0, then using (226), (227)
and (228):
LRQ(GvE T e(1) -0
Q(5varTa(1+0(1))) =0
Using (229) and (230) and Lemma 13, we get:
E[CAC

lim lim lim ——— =0
% —00 ng,Kq—o00 n—00 K

(229)

(230)

(231)
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