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ABSTRACT: The prediction of crystal growth rates from
solution is a longstanding challenge and paramount
opportunity for pharmaceuticals, materials science, biominer-
alization, and beyond. This work overcomes the key obstacle
by calculating solute attachment rates to the crystal surface via
atomistic simulations and rare-event methods. These rates are
combined with the multiscale spiral growth model to produce
the first parameter-free in silico crystal growth rate
predictions. Our results are in excellent agreement with
experimental measurements for sodium chloride grown from
aqueous solution.

■ INTRODUCTION

Crystal growth rates depend on crystal features and processes
that span a wide range of length and time scales. Figure 1
shows how these processes are coupled for spiral growth, the
predominant mechanism at low supersaturation. Closed-form
rate equations exist for all events in the hierarchy except for the
attachment of solute growth units to surface kink sites (orange
box in Figure 1). As shown in Figure 1, kinks are exposed half-
lattice sites that regenerate upon solute attachment; that is,
they are the “catalytic sites” for growth. Special molecular
simulation methods are required to overcome the long time
scales between kink attachment events, especially for ionic
crystals, where the desolvation process can be rate-limiting.1

Several computational studies have examined solute attach-
ment,2−6 but only a few have focused on kink sites,4−6 and
kink attachment rates have never been calculated. A key
challenge in computing the kink attachment rate, resolved in
this work, is the arbitrary boundary between the states with the
solute attached to the crystal and with the solute in bulk
solution.
We previously computed the rates and free energy barriers

for ion detachment from kink sites for NaCl dissolution into
pure water, and we also elucidated the mechanistic role of
desolvation.4 In principle, it should be possible to predict
growth rates from the dissolution kinetics and the saturation
limit, but the inversion is complicated by the multiscale nature
of spiral growth. Here, we develop the theoretical framework
to compute kink attachment rates, which we implement in the
spiral growth model. Our results demonstrate that accurate in
silico crystal growth rate predictions are now possible, even
when solute attachment is an activated process and when the
available force fields are imperfect.

■ SPIRAL CRYSTAL GROWTH
At low supersaturations, faceted crystals grow via the spiral
mechanism (Figure 1), wherein a rotating spiral emanates from
a screw dislocation at the surface.7 The growth rate depends on
the spiral rotation time, which creates a new crystal layer.7,8

For a cubic NaCl crystal, all faces are identical (the {001}
family), and all spirals contain four equivalent edges, that is,
the [100] edge on the (001) face, with alternating Na+ and Cl−

(see Figure 1). This symmetry results in the crystal face growth
rate (e.g., in nm/s)

ρ
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a uh
l4NaCl

P
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where h = 0.28 nm is the height of a new layer (half the unit
cell dimension), aP = 0.28 nm is the propagation length upon
completion of a new row along the edge, ρ is the density of
kink sites along the edge, u is the kink velocity (net frequency
of ion attachment to a kink site), and lc is the critical spiral
edge length. We first focus on the calculation of u before
discussing ρ and lc.

■ ION ATTACHMENT RATES
The attachment/detachment of an ion at a kink site is a two-
event process (see Figure 2) in which ions make transitions
between three states:

• B: ion in bulk solution.

• D: ion docked nearby the kink site.

• I: ion incorporated into the kink site.
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Along the attachment pathway, the first event is docking,
wherein an ion goes from bulk solution (B) to a docked/
adsorbed state (D) nearby the kink site. Then, the ion enters
the kink site, that is, the incorporated state (I). Note that state
I for Cl− corresponds to state B for Na+, so the overall growth
process resembles a catalytic cycle with a traveling active site.
Our previous paper described the mechanism of ion

detachment (including solvation) from a kink site. Free energy
calculations in that work showed that Na+ and Cl− have little, if
any, affinity for their docked states4 (see Figure S3 in the
Supporting Information). Accordingly, there is no well-defined
boundary between B and D, which complicates the attachment
rate calculation. To facilitate the calculation, we define an
arbitrary docked state volume Vsite (red outline in Figure 2)
that ultimately vanishes from the overall rate expressiona
technique borrowed from the catalysis literature.9

The docking event involves ion diffusion into the Vsite
region. The docking and undocking rates are, respectively,
kB→DCθB and kD→BθD, where the docking and undocking rate
constants are kB→D and kD→B, C is the molarity of the ion in
bulk solution, and θi is the probability of being in state i. Each
term in these rate expressions is specific to a particular ion and
kink site, and thus each quantity has corresponding Na+ and
Cl− values. Docking is much faster than incorporation (verified
later), so we invoke the quasi-equilibrium assumption between
states B and D. This leads to θD = CVsite; that is, θD is the small
Poisson probability of finding one ion in the small volume Vsite
(see Supporting Information).
After the ion docks, the kink site must desolvate prior to ion

attachment. This incorporation event is rate-limiting, and
therefore the overall kink attachment and detachment rates are
(respectively)

θ= =+ +′ +′j k k V C( )D site (2)

=− −j k (3)

where k+′ is the attachment rate constant for the incorporation
event, and k− is the detachment rate constant. As we will show,
j+ is independent of Vsite, because k

+′ is proportional to 1/Vsite.
We previously computed k− for Na+ and Cl− (Table 1).4 Here,

we compute the incorporation rate constant via k+′ = k−KI/D,
where KI/D is the equilibrium constant between I and D. Our
approach includes the desolvation barrier for attachment,
because we previously accounted for desolvation in the
detachment (k−) rate constants for Na+ and Cl−.
We compute the partition functions Q in the docked and

incorporated states to determine the equilibrium constant KI/D
= QI/QD. For each ion, QI and QD can be obtained from the
potential of mean force (PMF) as a function of distance r
between the ion and the kink site. See the Supporting
Information for details on the PMF and the partition function
calculations, which also verifies that j+ is independent of Vsite.
For consistency with convention, we define an overall rate

constant k+, such that eq 2 becomes j+ = k+C. We find that the
attachment rate constant for Na+ (kNa

+ = 2.6 × 108 L/mol/s) is
over 2 orders of magnitude larger than the Cl− attachment rate
constant (kCl

+ = 7.6 × 105 L/mol/s). Thus, NaCl crystal growth
is limited by Cl− attachment. We also previously showed that
Cl− was rate-limiting for crystal dissolution.4 Note that kCl

+ is
also several orders of magnitude less than the diffusion-
controlled rate constant, that is, 1 × 109 L/mol/s (see
Supporting Information). Thus, the quasi-equilibrium assump-
tion for the docking event is appropriate. Table 1 summarizes
the computed rate constants.
We can rationalize the rate-limiting role of Cl− for both

growth and dissolution by considering the electrostatic forces
that resist the critical formation of a void in the kink site during
both ion attachment and detachment. For ion detachment, the
ion resists displacement from the kink site, until the void
created is large enough for a water molecule to access the kink.
The larger Cl− must move farther out of the kink to admit
water than the smaller Na+; hence, Cl− detachment limits the
dissolution rate. For ion attachment, water must be removed
from the kink site to accommodate the incoming ion. Water
binds more strongly to the nest of Na+ ions in a vacant/

Figure 1. Schematic diagram of the multiscale crystal growth model approach, illustrating the connections between the various crystal features and
rates from individual atoms/solutes to macroscopic crystal faces. A rotating spiral is shown along with a close-up image of a NaCl edge with a single
kink site (Na+ is yellow and Cl− is teal). The arrows indicate the movement direction of the kink (red), the step front (green), and the facet (black;
out of the page).

Figure 2. Schematic diagram of the attachment/detachment pathway
for Cl− at a kink site. The black line represents the step front, which
progresses up the page during growth.

Table 1. Computed Kink Attachment and Detachment Rate
Constants for NaCl in Water

ion k+ (L/mol/s) k− (1/s) βΔW
Na+ 2.6 ± 0.3 × 108 1.6 ± 0.2 × 108 4.5 ± 0.2
Cl− 7.6 ± 1.2 × 105 6.3 ± 0.8 × 106 1.9 ± 0.2
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hydrated Cl− kink site than to the Cl− ions in the vacant/
hydrated Na+ kink site (see Figure 3); hence, Cl− attachment is
rate-limiting for growth, because its Na+ counterions that make
the kink nest are strongly hydrated.

Our results suggest that ionic crystal growth rates depend on
the residence time of water molecules in the solvated kink site,
which we anticipate is related to the residence time of water
molecules coordinated with ions in solution. In bulk solution,
the residence time of water molecules around Na+ is ∼100
times longer than that for Cl−,10 which is roughly the
difference in our computed attachment rate constants. Our
findings provide a specific mechanistic explanation for previous
hypotheses that growth rates scale with solvent residence times
near ions and surface sites.11−13 Moreover, our results suggest
that accurate correlations for kink attachment rates should
consider the maximum residence time of water in all of the
relevant environmentsthe coordination sphere of each bulk
solvated ion and at each kink site.

■ KINK VELOCITY
At nonequilibrium conditions, a kink site progresses through a
cycle of alternating Na+ and Cl− ions, which is shown in Figure
3. The corresponding kink velocity (number of ions added per
time) is

=
−

+ + +

+ + − −

+ + − −u
j j j j

j j j j
2 Na Cl Na Cl

Na Cl Na Cl (4)

where the factor of 2 accounts for the two ions in the cycle.14,15

The computed NaCl kink rate is shown in Figure 3. Over the
course of a microsecond, the net motion of a kink is only
predicted to be a few ions (at low-to-moderate under/
supersaturation), which helps explain why direct coexistence
simulations of NaCl and brine require many microseconds to
reach equilibrium.16

At equilibrium, u = 0, which enables a solubility prediction
from eq 4 using only our computed rate constants (i.e., without

ever computing chemical potentials). We find CNaCl
sat = 2.2 ± 0.9

mol/L, which is comparable (Figure 4) to the consensus

solubility based on computed chemical potentials for this force
field (3.5 ± 0.2 mol/L17−19 for the NaCl force field of Joung-
Cheatham20 with SPC/E water21). Note that the discrepancy
between solubility predictions results from a small (0.5kBT)
difference in computed free energy differences (i.e., solubility
scales exponentially with the free energy difference), where kB
is Boltzmann’s constant, and T = 298 K in this work. The
experimental solubility is 5.5 mol/L.22

■ KINK DENSITY AND CRITICAL LENGTH
The remaining terms in the growth rate expression are ρ and lc.
These depend on the kink energy ϕ, which characterizes the
work required to exchange solvent−solute interactions with
solute−solute interactions on the crystal surface (i.e., related to
the work required to form a kink site). This exchange of
interactions occurs upon ion detachment from a kink site.
Thus, from our computed rate constants we calculate the work
required for ion detachment ΔW, which yields the kink energy
via ϕ = ΔW/6 (see Supporting Information). The factor of 6
results from three sets of interactions exchanged (with the
three nearest-neighbor ions) and each exchange requiring 2ϕ
of work (by convention). The kink energies for Na+ and Cl−

are βϕNa = 0.75 and βϕCl = 0.32, which are in approximate
agreement with an experimental estimate, 0.74kBT per ion
(note β = 1/kBT).

23 A Kossel crystal with these particularly low
kink energies would undergo rough growth,24 but this
observation does not directly apply to non-centrosymmetric
crystals due to the anisotropic attachment and detachment
rates of the different growth units.25

These estimates of ϕ suggest that kinks are very prevalent
along the edge, consistent with atomic force microscopy
studies.26,27 Traditional kink density models are inappropriate
for such a step front, so we employ a model to estimate ρ that
treats the complexities of higher kink densities along
centrosymmetric edges. We must approximate the NaCl edge
as pseudo-centrosymmetric with an average kink energy β⟨ϕ⟩
= 0.54, corresponding to a kinetic kink density of ρ = 1.2. A
value greater than unity results from multiheight kinks, and we
refer interested readers to Joswiak et al. for details.28

Figure 3. Predicted kink velocity (red) dependence on NaCl
concentration. (inset) The kink cycle. For clarity, only the water
molecule in the kink is shown to illustrate its coordination with ions in
the vacant kink nest.

Figure 4. Comparison between our predicted NaCl crystal growth
rate and experimental measurements.32−34

Crystal Growth & Design Article

DOI: 10.1021/acs.cgd.8b01184
Cryst. Growth Des. 2018, 18, 6302−6306

6304

http://pubs.acs.org/doi/suppl/10.1021/acs.cgd.8b01184/suppl_file/cg8b01184_si_001.pdf
http://dx.doi.org/10.1021/acs.cgd.8b01184


The critical length of a nascent spiral edge corresponds to
when it becomes favorable to add an entire new row (i.e., one-
dimensional nucleus) to the newly exposed step, lc = 2aE⟨ϕ⟩/ln
S, where aE = 0.28 nm is the length per ion along the step edge,
and the supersaturation is S = C/Csat.29 The critical spiral edge
length is 150 nm at S = 1.002 and 38 nm at S = 1.008. As S
increases, lc continues to decrease. The decrease in lc with
increasing S accelerates growth, but eventually spiral growth
gives way to growth by two-dimensional nucleation.30,31

■ NACL CRYSTAL GROWTH RATE
Combining the elementary attachment and detachment rates
in the spiral growth model yields in silico NaCl crystal rate
growth predictions with no adjustable parameters. We predict
G/xsat versus S = x/xsat (x is mole fraction) to remove artifacts
from the limited ability of the force field to predict xsat. Note
that we are predicting both G and xsat, so an accuracy
comparison to the experimental G/xsat values does not mix
predicted and observed properties. The in silico predictions
yield excellent agreement with measured growth rates.32−34

Furthermore, our implementation of the spiral growth model is
corroborated by the S2 dependence of the measured growth
rates and the ordered step structure found via atomic force
microscopy.27 NaCl growth rates from our calculations and
from experiments are of the order of 10 nm/s. This is orders of
magnitude faster than the growth rates of other ionic crystals,
such as calcite.11,29 The difference is at least partly reconciled
by solubility differences but may also reflect different ion
charges and desolvation barriers.
It is important to note that our approach of computing and

comparing G/xsat focuses on the predicted kinetics of growth
rather than the ability of an atomistic force field to predict the
solubility. Computing the saturation concentration of a force
field is difficult and time-consuming, and even when the
calculation is perfectly done, the result may disagree with the
experimental xsat because of force field inaccuracies. However,
measuring the solubility in lab is easy. Our strategy enables an
accurate “prediction” of G by first predicting the ratio G/xsat

and then multiplying G/xsat by the experimentally measured
xsat. The resulting predictions for NaCl are shown in Figure S1
of the Supporting Information.

■ CONCLUSION
In summary, we develop a theoretical framework to compute
kink attachment rates, which enables in silico crystal growth
rate predictions. For NaCl, we demonstrate that accurate
growth rate predictions are possible, even for an imperfect
force field. Our results provide a blueprint for connecting
atomistic rare event simulations to state-of-the-art crystal
growth models and, ultimately, to crystal engineering efforts.
The next major milestone will be rapid predictions of crystal
growth rates via the use of free energy relationships and
descriptors including characteristics of the solute, solvent, and
kink site(s).
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