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 Abstract—Primary distribution systems are usually simplified as 
fixed or flexible loads in the Independent System Operator (ISO) 
energy market clearing with favorable computational features. 
However, in emerging distribution systems with an increasing 
penetration of distributed energy resources (DER), this simplify-
cation could easily fail to capture economic features of DERs and 
internal limits of distribution systems, triggering line congestion 
and under/over-voltage issues. To this end, a feasible region 
projection-based approach is proposed in this paper to optimally 
integrate high DER-penetrated distribution systems into the ISO 
energy market clearing, while effectively capturing configuration 
details of distribution systems and fully respecting their internal 
physical limits such as voltage and line flow constraints. 
Numerical studies show efficacy of the proposed approach in 
achieving the optimal integration of high DER-penetrated 
distribution systems into the ISO energy market, while: (i) not 
requiring ISO directly formulating full distribution systems with 
exhaustive variables and constraints; and (ii) not necessitating an 
iterative procedure to interact ISO with distribution systems, 
thus compatible to the current ISO market practice. 
Index Terms—Distributed energy resources, distribution system 
integration, energy market, feasible region projection. 

NOMENCLATURE 

Indices: 
𝑑 Index of distribution systems. 
𝑓 Index of fixed loads. 
𝑔 Index of units/DERs. 
ℎ Index of generated constraints. 
𝑖, 𝑖′, 𝑖′′ Index of buses. 
𝑖 − 𝑖′ Index of lines, from bus 𝑖 to bus 𝑖′. 
𝑟𝑒𝑓 Index of the reference bus. 
𝑡, 𝑡′ Index of hours. 

Sets: 
𝓓 Set of distribution systems. 
𝓓(𝑖) Set of distribution systems that contain bus 𝑖 

as an interconnection bus. 
𝓕𝑇 Set of fixed loads in the transmission system. 
𝓕𝑑

𝐷 Set of fixed loads in distribution system 𝑑. 
𝓕𝑖

𝑇 Set of fixed loads connected at bus 𝑖  in the 
transmission system. 

𝓕𝑖,𝑑
𝐷  Set of fixed loads connected at bus 𝑖  in 

distribution system 𝑑. 
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𝓖𝑇 Set of units in the transmission system. 
𝓖𝑑

𝐷 Set of DERs in distribution system 𝑑. 
𝓖𝑖

𝑇 Set of units connected at bus 𝑖  in the 
transmission system. 

𝓖𝑖,𝑑
𝐷  Set of DERs connected at bus 𝑖 in distribution 

system 𝑑. 
𝓗𝑑,𝑡 Set of generated constraints for distribution 

system 𝑑 at hour 𝑡. 
𝓘𝑇 Set of buses in transmission system. 
𝓘𝑑

𝐷 Set of buses in distribution system 𝑑. 
𝓘𝑑

𝐵 Set of duplicated interconnection buses in 
distribution system 𝑑. 

𝓘𝑖,𝑑
𝑇  The counterpart of an interconnection bus 𝑖 ∈

𝓘𝑑
𝐵 in the transmission system. 

𝓛𝑇 Set of lines in the transmission system. 
𝓛𝑑

𝐷 Set of lines in distribution system 𝑑. 
𝓣 Set of hours in the scheduling time horizon, 

𝓣 ≜ {1,2 … }. 

Variables for the Transmission System: 
𝐼𝑔,𝑡 Binary indicator of ON/OFF status of unit 𝑔 at 

hour 𝑡. 
𝑝̂𝑔,𝑡 Active power dispatch of unit 𝑔 at hour 𝑡. 
𝑝̂𝑖−𝑖′,𝑡 Active power flow on line  𝑖 − 𝑖′ at hour 𝑡. 
𝑝̂𝑖,𝑑,𝑡  Active power injection to distribution system 

𝑑 from interconnection bus 𝑖 at hour 𝑡. 
𝑌̂𝑔,𝑡 Binary indicator of startup action of unit 𝑔 at 

hour 𝑡. 
𝑍̂𝑔,𝑡 Binary indicator of shutdown action of unit 𝑔 

at hour 𝑡. 
𝜃̂𝑖,𝑡 Voltage phase angle of bus 𝑖 at hour 𝑡. 
𝜃̂𝑟𝑒𝑓,𝑡 Voltage phase angle of the reference bus at 

hour 𝑡, 𝑟𝑒𝑓 ∈ 𝓘𝑇. 

Parameters for the Transmission System: 
𝐶̂𝑔 Bidding price of unit 𝑔. 
𝐶𝐿̂𝑔 No-load cost of unit 𝑔. 
𝑃̂𝑓,𝑡 Active power demand of fixed load 𝑓 at hour 𝑡. 
𝑃̂𝑖−𝑖′

𝑈𝐵  Power flow limit of line 𝑖 − 𝑖′. 
𝑃̂𝑔

𝐿𝐵/𝑃̂𝑔
𝑈𝐵 Active power lower/upper bound of unit 𝑔. 

𝑅̂𝑔
𝑅𝑈/𝑅̂𝑔

𝑅𝐷 Ramp-up/down ability of unit 𝑔  during 
operation procedure. 

𝑅̂𝑔
𝑆𝑈/𝑅̂𝑔

𝑆𝐷 Ramp-up/down ability of unit 𝑔  during 
startup/shutdown procedure. 

𝑆𝑈̂𝑔 Startup cost of unit 𝑔. 
𝑆𝐹̂𝑖−𝑖′,𝑖′′ Shift factor of bus 𝑖′′ to line 𝑖 − 𝑖′. 
𝑇𝑈̂𝑔 Minimum ON time of unit 𝑔. 
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𝑇𝐷̂𝑔 Minimum OFF time of unit 𝑔. 
𝑋̂𝑖−𝑖′ Reactance of line 𝑖 − 𝑖′. 

Variables for the Distribution System: 
𝐼𝑔,𝑡 Binary indicator of ON/OFF status of DER 𝑔 

at hour 𝑡. 
𝑝𝑖−𝑖′,𝑡 Active power flow along line  𝑖 − 𝑖′ at hour 𝑡. 
𝑝𝑔,𝑡 Active power dispatch of DER 𝑔 at hour 𝑡. 
𝑝𝑖,𝑡 Net active power injection from the 

transmission system through interconnection 
bus 𝑖 at hour 𝑡. 

𝑞𝑖−𝑖′,𝑡 Reactive power flow along line  𝑖 − 𝑖′ at hour 
𝑡. 

𝑞𝑔,𝑡 Reactive power dispatch of DER 𝑔 at hour 𝑡. 
𝑞𝑖,𝑡 Net reactive power injection from the 

transmission system through interconnection 
bus 𝑖 at hour 𝑡. 

𝑣𝑖,𝑡 Voltage magnitude of bus 𝑖 at hour 𝑡. 
𝑌𝑔,𝑡 Binary indicator of startup action of DER 𝑔 at 

hour 𝑡. 
𝜃𝑖,𝑡 Voltage phase angle of bus 𝑖 at hour 𝑡. 

Parameters for the Distribution System: 
𝐴ℎ,𝑖,𝑡

𝜃 , 𝐴ℎ,𝑖,𝑡
𝑃  Coefficients in generated constraint ℎ to bus 𝑖 

at hour 𝑡. 
𝐴ℎ,𝑔,𝑡

𝐺 , 𝐴ℎ,𝑔,𝑡
𝐼  Coefficients in generated constraint ℎ to DER 

𝑔 at hour 𝑡. 
𝐵ℎ,𝑡 Right-hand-side of generated constraint ℎ  at 

hour 𝑡. 
𝐵𝑖−𝑖′ Susceptance of line 𝑖 − 𝑖′. 
𝐶𝑔 Bidding price of DER 𝑔. 
𝐶𝐿𝑔 No-load cost of DER 𝑔. 
𝐺𝑖−𝑖′ Conductance of line 𝑖 − 𝑖′. 
𝑃𝑖−𝑖′

𝑈𝐵  Power flow limit of line 𝑖 − 𝑖′. 
𝑃𝑓,𝑡 Active power demand of fixed load 𝑓 at hour 𝑡. 
𝑃𝑖

𝑈𝐵 Bound of net active power injection from the 
transmission system through interconnection 
bus 𝑖. 

𝑃𝑔
𝐿𝐵/𝑃𝑔

𝑈𝐵 Active power lower/upper bound of DER 𝑔. 
𝑄𝑓,𝑡 Reactive power demand of fixed load 𝑓  at 

hour 𝑡. 
𝑄𝑖

𝑈𝐵 Bound of net reactive power injection from the 
transmission system through interconnection 
bus 𝑖. 

𝑄𝑔
𝐿𝐵/𝑄𝑔

𝑈𝐵 Reactive power lower/upper bound of DER 𝑔. 
𝑆𝑈𝑔 Startup cost of DER 𝑔. 
𝑉𝑖

𝐿𝐵/𝑉𝑖
𝑈𝐵 Voltage magnitude lower/upper limit of bus 𝑖. 

I. INTRODUCTION 
N recent years, electric energy generation from distributed 
energy resources (DER), especially renewable DERs such as 

solar and wind, keeps increasing and has reached a 
considerable share in the electric energy sector [1]-[2]. To this 
end, DERs have been reforming power flow patterns of 

distribution systems, transforming distribution line flows from 
unidirectional to multidirectional. In addition, a high 
penetration of renewables is usually accompanied with an 
increased level of loads [3], because of electricity price 
reduction in wholesale energy market. Thus, combining the 
two factors, line congestions in distribution systems would be 
more likely to happen [4], which is rarely observed in passive 
distribution systems of the past. Moreover, because of high 
resistance-to-reactance ratios of distribution lines, bus voltages 
in distribution systems are also sensitive to active power 
injections from DERs, and a deeper penetration of DERs 
could trigger voltage rise issues [5]. 

However, in the recent efforts in promoting DER 
integration in Independent System Operators (ISO) markets, 
DERs are only allowed to bid on interconnection buses 
between transmission and distribution systems. Indeed, in 
most ISO energy markets, primary distribution systems are 
usually simplified as fixed loads with forecasted values or 
flexible loads with aggregated bids, while DERs resided in the 
distribution systems are merely considered as behind-the-
meter load modifiers [6]. Consequently, DER dispatch 
instructions from the ISO market clearing results, which 
neglect bus voltage and line flow limits of distribution 
networks, could potentially cause voltage violations, line flow 
congestions, and even forced curtailment of renewable energy. 

In current bulk energy market practice, ISOs do not collect 
configuration details, such as DER and network data, to 
exhaustively model primary distribution systems. Thus, to 
optimally integrate DER-penetrated distribution systems into 
bulk energy market operation, extensive efforts are needed in 
the near future to promote data sharing through timely 
communications between the ISO and distribution system 
operators (DSO). However, even in such a future scenario, the 
ISO may still be reluctant to directly model distribution 
systems with exhaustive details, which usually requires a 
complex AC power flow model with a significant number of 
extra variables to capture internal operation constraints, such 
as voltage and line flow limits. Therefore, to tackle this 
obstacle, a compact distribution system model is desired to 
accurately capture the relationship between ISO-DSO active 
power exchange and active power outputs of individual DERs, 
while effectively capturing DER economic features and fully 
respecting internal operation limits of distribution systems. 

Several models and mechanisms have been proposed in 
literature [7]-[16] to study the coordinated operation of 
transmission system and DER-penetrated distribution systems. 
Reference [7] reviewed the current practice in ISO-DSO 
coordination with proliferated DERs, and indicated that a 
certain level of preliminary coordination could be achieved 
through tailored market mechanisms and rules. More complex 
market designs were reviewed in [8] and thereafter. In the 
academic field, bilevel models represent a mainstream 
approach for ISO-DSO coordination [9]-[11]. Specifically, [9] 
proposed a bilevel ISO-DSO coordination framework, in 
which the ISO clears the energy market in an upper level, and 
individual DSOs optimize their consumptions with respect to 
ISO energy market clearing prices in a lower level and in turn 
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impact the ISO market clearing results. This framework is 
further extended to study other problems while considering 
various economic and physical characters of the distribution 
network. For instance, electric energy procurement of DSOs 
was discussed in [12] to coordinate heterogeneous DERs, for 
minimizing the total distribution system operation cost while 
securing financial targets of individual DERs. Reference [13] 
proposed to manage DERs and other assets coordinately 
within a two-phase model. However, although bilevel models 
free the ISO from acquiring configuration details of 
distribution systems, these models are usually solved via an 
iterative procedure, which may be hard to be adopted by ISOs 
at the current stage because of the concerns on coordination 
ability, policies, and operation platform upgrade.  

In comparison, [14]-[16] discussed approaches to 
approximate distribution systems in the ISO energy market, 
which could be practical applicable to the current ISO market 
framework. References [14]-[15] adopted univariate linear 
functions to describe the relationship between operating costs 
and net power injections of distribution systems. Reference 
[16] depicted the feasible region of net power injections while 
considering operation constraints of distribution systems. 
However, [14]-[16] assume that primary distribution systems 
are connected to the transmission system through a single 
interconnection bus, that is, power exchange between 
distribution and transmission systems solely depends on net 
load of the distribution system. In reality, primary distribution 
systems, especially those in urban areas, are usually connected 
to the transmission system via multiple interconnection buses 
for enhancing power supply reliability. Under this situation, 
power injections at multiple interconnection buses are 
electrically coupled, depending on line impedances and 
generation dispatches both inside and outside the distribution 
system. Consequently, ISO-DSO coordination models in 
references [14]-[16] would become invalid. 

Targeting on primary distribution systems connected to the 
transmission system via multiple interconnection buses, this 
paper discusses an approach to integrate DER-penetrated 
distribution systems into the ISO energy market. First, we 
formulate the feasible operation region of a distribution 
system, described by physical limits such as bus voltage and 
line flow constraints. Then, we categorize variables of the 
feasible region into desired and undesired ones, and apply a 
feasible region projection approach to eliminate undesired 
variables while preserving desired ones. Finally, the desired 
variables and their associated constraints are included in the 
ISO energy market model, which can capture impacts of 
distribution systems in the transmission system while 
respecting economic features of DERs as well as internal 
physical limits of distribution systems. 

The proposed approach stands from the perspective of ISOs 
and pays special attention to practical applicability potentials 
in the current ISO energy market platform. Specifically, it 
resolves the main obstacle of existing practice on simplified 
distribution systems (i.e., fixed or flexible loads), which 
cannot fully respect internal operation constraints of 
distribution systems. In addition, this approach does not 

require iterative interaction between the ISO and DSOs, and 
presents promising computational advantages as compared to 
directly modeling the full distribution systems exhaustively. 

The rest of the paper is organized as follows. The ISO day-
ahead energy market model and the feasible operation region 
of distribution systems are presented in Section II. Section III 
discusses the integration of distribution systems into the ISO 
energy market. Section IV explores beneficial modeling 
features of a special situation, when each distribution system 
is connected to the transmission system via a single 
interconnection bus. Numerical case studies are conducted in 
Section IV, and the conclusions are drawn in Section V. 

II. ISO ENERGY MARKET AND FEASIBLE OPERATION REGION 
OF DISTRIBUTION SYSTEMS 

This paper considers radial/looped primary distribution 
systems that are connected to the transmission system through 
interconnection buses. Targeted systems are not directly 
modeled or monitored by ISOs, but simplified as a power 
injection/withdrawn point in the ISO energy market model. 
Their typical voltage levels could be 35kV and 12kV (i.e., 
only high voltage level distribution systems are considered). In 
fact, the proposed distribution system integration model can be 
extended to sub-transmission systems that are either not 
explicitly simulated by ISOs or expected to be benefited with 
a more detailed model for ensuring operation feasibility, 
especially voltage limitations. 

Fig. 1 shows a looped distribution system connected to the 
transmission system through two interconnection buses. For 
the sake of formulation, we duplicate variables of 
interconnection buses to be used in distribution and 
transmission system models separately, as shown in Fig. 2. 
Fig. 2 also illustrate parts of sets and variables defined in the 
Nomenclature. ·̂  indicates variables and parameters of the 
transmission system (e.g., 𝜃̂𝑖,𝑡), distinguishing from those of 
the distribution systems (e.g., 𝜃𝑖,𝑡). 

 
Fig. 1 An illustrative example of a distribution system connected to the 
transmission system with two interconnection buses 

 
Fig. 2 Illustration of variable duplication 

A. ISO Day-Ahead Energy Market Model 
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A light version of the ISO day-ahead energy market model 
(1)-(12) is used as a base to study the main focus of this paper, 
i.e., integrating DER-penetrated distribution systems into the 
ISO energy market. It considers thermal units only, and 
includes line flow limits at the system level as well as 
minimum ON/OFF time limits, dispatch ranges, and ramping 
limits at the unit level. The model can be extended to consider 
other types of system assets (such as flexible loads and virtual 
bids) and constraints (such as reserve limits). 

The objective (1) of the ISO energy market is to minimize 
system operating cost, including energy cost, no-load cost, and 
startup cost. The DC power flow model (2)-(3) is formulated 
via the voltage phase angle form, assuming unity voltage 
magnitudes for all buses and ignoring reactive power flows. 
Active power flow on line  𝑖 − 𝑖′ at hour 𝑡 is calculated as in 
(2) and restricted by the line flow limit by (4). Nodal active 
power balance is enforced by (3). Variable 𝜃̂𝑖,𝑡 and 𝑝̂𝑖,𝑑,𝑡 in (3) 
are illustrated in Fig. 2. Constraint (5) limits dispatch ranges 
of units. Constraints (6)-(7) are the classic “3-bin” form 
startup/shutdown logic. Unit minimum ON and OFF time 
limits are enforced by (8)-(9). Constraints (10)-(11) represent 
unit ramp-up and down limits during operation procedure, as 
well as during startup and shutdown procedures. Constraint 
(12) assigns the reference bus. 
𝑚𝑖𝑛 ∑ ∑ (𝐶̂𝑔 · 𝑝̂𝑔,𝑡 + 𝐶𝐿̂𝑔 · 𝐼𝑔,𝑡 + 𝑆𝑈̂𝑔 · 𝑌̂𝑔,𝑡)𝑔∈𝓖𝑇𝑡∈𝓣  (1) 
𝑝̂𝑖−𝑖′,𝑡 = (𝜃̂𝑖,𝑡 − 𝜃̂𝑖′,𝑡) 𝑋̂𝑖−𝑖′⁄ ; 𝑖 − 𝑖′ ∈ 𝓛𝑇, 𝑡 ∈ 𝓣 (2) 
∑ 𝑝̂𝑖−𝑖′,𝑡𝑖−𝑖′∈𝓛𝑇 + ∑ 𝑝̂𝑖,𝑑,𝑡𝑑∈𝓓(𝑖)

+ ∑ 𝑃̂𝑓,𝑡𝑓∈𝓕𝑖
𝑇   

 = ∑ 𝑝̂𝑖′−𝑖,𝑡𝑖′−𝑖∈𝓛𝑇 + ∑ 𝑝̂𝑔,𝑡𝑔∈𝓖𝑖
𝑇 ; 𝑖 ∈ 𝓘𝑇, 𝑡 ∈ 𝓣 (3) 

−𝑃̂𝑖−𝑖′
𝑈𝐵 ≤ 𝑝̂𝑖−𝑖′,𝑡 ≤ 𝑃̂𝑖−𝑖′

𝑈𝐵 ; 𝑖 − 𝑖′ ∈ 𝓛𝑇, 𝑡 ∈ 𝓣 (4) 
𝑃̂𝑔

𝐿𝐵 · 𝐼𝑔,𝑡 ≤ 𝑝̂𝑔,𝑡 ≤ 𝑃̂𝑔
𝑈𝐵 · 𝐼𝑔,𝑡; 𝑔 ∈ 𝓖𝑇, 𝑡 ∈ 𝓣 (5) 

𝑌̂𝑔,𝑡 − 𝑍̂𝑔,𝑡 = 𝐼𝑔,𝑡 − 𝐼𝑔,𝑡−1; 𝑔 ∈ 𝓖𝑇, 𝑡 ∈ 𝓣 (6) 
𝑌̂𝑔,𝑡 + 𝑍̂𝑔,𝑡 ≤ 1; 𝑔 ∈ 𝓖𝑇, 𝑡 ∈ 𝓣 (7) 
∑ 𝑌̂𝑔,𝑡′

𝑡
𝑡′=𝑡−𝑇𝑈̂𝑔+1 ≤ 𝐼𝑔,𝑡; 𝑔 ∈ 𝓖𝑇, 𝑡 ∈ 𝓣 (8) 

∑ 𝑍̂𝑔,𝑡′
𝑡
𝑡′=𝑡−𝑇𝐷̂𝑔+1 ≤ 1 − 𝐼𝑔,𝑡; 𝑔 ∈ 𝓖𝑇, 𝑡 ∈ 𝓣 (9) 

𝑝̂𝑔,𝑡 − 𝑝̂𝑔,𝑡−1 ≤ 𝑅̂𝑔
𝑅𝑈 · 𝐼𝑔,𝑡−1 + 𝑅̂𝑔

𝑆𝑈 · 𝑌̂𝑔,𝑡; 𝑔 ∈ 𝓖𝑇, 𝑡 ∈ 𝓣 (10) 
𝑝̂𝑔,𝑡−1 − 𝑝̂𝑔,𝑡 ≤ 𝑅̂𝑔

𝑅𝐷 · 𝐼𝑔,𝑡 + 𝑅̂𝑔
𝑆𝐷 · 𝑍̂𝑔,𝑡; 𝑔 ∈ 𝓖𝑇, 𝑡 ∈ 𝓣 (11) 

𝜃̂𝑟𝑒𝑓,𝑡 = 0; 𝑡 ∈ 𝓣 (12) 

B. Feasible Operation Region Model of Distribution Systems 
In recognizing that ISOs usually adopt a linear model to 

ensure computational efficiency, it is desirable to also 
formulate the feasible operation region of distribution systems 
via linear models. To this end, we adopt an approximated 
linear power flow model [17] for distribution systems, given 
its advantages including: (i) considering voltage magnitudes 
and reactive power flow, (ii) no needs on initial operation 
point, and (iii) relatively high approximation accuracy. 

The feasible operation region of distribution system 𝑑 can 
be formulated as in (13)-(25). Active and reactive power flows 
along line  𝑖 − 𝑖′ at hour 𝑡 are calculated as in (13)-(14). Nodal 
active and reactive power balance for internal and 
interconnection buses are respectively constrained by (15)-
(16) and (17)-(18). Constraint (19) fixes voltage magnitudes of 
the interconnection buses as 1 p.u., being consistent with the 

DC power flow-based transmission system model. Constraints 
(20) and (21) restrict line flows and bus voltages. Net active 
and reactive power injections from the transmission system 
are constrained as in (22) and (23). When 𝑝𝑖,𝑡/𝑞𝑖,𝑡 is negative, 
distribution system 𝑑  provides active/reactive power support 
to the transmission system. Dispatch ranges of DERs are 
limited by their active and reactive power bounds as in (24) 
and (25). We use 𝓟𝑑 to denote the feasible operation region 
(13)-(25) of distribution system 𝑑. 
𝑝𝑖−𝑖′,𝑡 = 𝐺𝑖−𝑖′ · (𝑣𝑖,𝑡 − 𝑣𝑖′,𝑡) − 𝐵𝑖−𝑖′ · (𝜃𝑖,𝑡 − 𝜃𝑖′,𝑡); 
 𝑖 − 𝑖′ ∈ 𝓛𝑑

𝐷, 𝑡 ∈ 𝓣 (13) 
𝑞𝑖−𝑖′,𝑡 = −𝐵𝑖−𝑖′ · (𝑣𝑖,𝑡 − 𝑣𝑖′,𝑡) − 𝐺𝑖−𝑖′ · (𝜃𝑖,𝑡 − 𝜃𝑖′,𝑡); 
 𝑖 − 𝑖′ ∈ 𝓛𝑑

𝐷, 𝑡 ∈ 𝓣 (14) 
∑ 𝑝𝑖−𝑖′,𝑡𝑖−𝑖′∈𝓛𝑑

𝐷 + ∑ 𝑃𝑓,𝑡𝑓∈𝓕𝑖,𝑑
𝐷 = ∑ 𝑝𝑖′−𝑖,𝑡𝑖′−𝑖∈𝓛𝑑

𝐷 + ∑ 𝑝𝑔,𝑡𝑔∈𝓖𝑖,𝑑
𝐷 ;  

 𝑖 ∈ 𝓘𝑑
𝐷/𝓘𝑑

𝐵, 𝑡 ∈ 𝓣 (15) 
∑ 𝑞𝑖−𝑖′,𝑡𝑖−𝑖′∈𝓛𝑑

𝐷 + ∑ 𝑄𝑓,𝑡𝑓∈𝓕𝑖,𝑑
𝐷 = ∑ 𝑞𝑖′−𝑖,𝑡𝑖′−𝑖∈𝓛𝑑

𝐷 + ∑ 𝑞𝑔,𝑡𝑔∈𝓖𝑖,𝑑
𝐷 ; 

 𝑖 ∈ 𝓘𝑑
𝐷/𝓘𝑑

𝐵, 𝑡 ∈ 𝓣 (16) 
∑ 𝑝𝑖−𝑖′,𝑡𝑖−𝑖′∈𝓛𝑑

𝐷 = 𝑝𝑖,𝑡; 𝑖 ∈ 𝓘𝑑
𝐵, 𝑡 ∈ 𝓣 (17) 

∑ 𝑞𝑖−𝑖′,𝑡𝑖−𝑖′∈𝓛𝑑
𝐷 = 𝑞𝑖,𝑡; 𝑖 ∈ 𝓘𝑑

𝐵, 𝑡 ∈ 𝓣 (18) 
𝑣𝑖,𝑡 = 1; 𝑖 ∈ 𝓘𝑑

𝐵, 𝑡 ∈ 𝓣 (19) 
−𝑃𝑖−𝑖′

𝑈𝐵 ≤ 𝑝𝑖−𝑖′,𝑡 ≤ 𝑃𝑖−𝑖′
𝑈𝐵 ; 𝑖 − 𝑖′ ∈ 𝓛𝑑

𝐷, 𝑡 ∈ 𝓣 (20) 
𝑉𝑖

𝐿𝐵 ≤ 𝑣𝑖,𝑡 ≤ 𝑉𝑖
𝑈𝐵; 𝑖 ∈ 𝓘𝑑

𝐷/𝓘𝑑
𝐵, 𝑡 ∈ 𝓣 (21) 

−𝑃𝑖
𝑈𝐵 ≤ 𝑝𝑖,𝑡 ≤ 𝑃𝑖

𝑈𝐵; 𝑖 ∈ 𝓘𝑑
𝐵,  𝑡 ∈ 𝓣 (22) 

−𝑄𝑖
𝑈𝐵 ≤ 𝑞𝑖,𝑡 ≤ 𝑄𝑖

𝑈𝐵; 𝑖 ∈ 𝓘𝑑
𝐵,  𝑡 ∈ 𝓣 (23) 

𝑃𝑔
𝐿𝐵 ≤ 𝑝𝑔,𝑡 ≤ 𝑃𝑔

𝑈𝐵; 𝑔 ∈ 𝓖𝑑
𝐷, 𝑡 ∈ 𝓣 (24) 

𝑄𝑔
𝐿𝐵 ≤ 𝑞𝑔,𝑡 ≤ 𝑄𝑔

𝑈𝐵; 𝑔 ∈ 𝓖𝑑
𝐷, 𝑡 ∈ 𝓣 (25) 

III. INTEGRATING THE FEASIBLE OPERATION REGION OF 
DISTRIBUTION SYSTEMS INTO THE ISO ENERGY MARKET 

A. Feasible Region Projection Method 
Feasible operation region 𝓟𝑑  contains extra variables 

beyond those used in the ISO energy market model, such as 
𝑣𝑖,𝑡 and 𝑞𝑔,𝑡. To keep the consistency of the integration model 
with the ISO’s current practice, and avoid those additional 
variables in 𝓟𝑑  being penetrated in the ISO energy market 
model, we eliminate these variables via the projection 
approach. Therefore, variables in the 𝓟𝑑  are classified into 
desired variables 𝓥𝑑

𝐷  and undesired variables 𝓥𝑑
𝑈 , where 

desired variables refer to the ones that will be included in the 
ISO energy market model, i.e., 𝓥𝑑

𝐷 = {𝜃𝑖,𝑡 𝑎𝑛𝑑 𝑝𝑖,𝑡 , ∀𝑖 ∈

𝓘𝑑
𝐵;  𝑝𝑔,𝑡}, and all other variables of 𝓟𝑑 are undesired variables 

and contained in 𝓥𝑑
𝑈. 

The feasible operation region 𝓟𝑑  of distribution system 𝑑 
(13)-(25) can be represented in a compact form (26), where 
𝑨𝑑

𝐷 and 𝑨𝑑
𝑈 are coefficient matrices of 𝓥𝑑

𝐷 and 𝓥𝑑
𝑈, and 𝑩𝑑 is a 

vector of constant terms. We note that equality constraints are 
not explicitly shown in (26), which can be equivalently 
represented as two inequality constraints. 
𝑨𝑑

𝐷 · 𝓥𝑑
𝐷 + 𝑨𝑑

𝑈 · 𝓥𝑑
𝑈 ≤ 𝑩𝑑 (26) 

We project the feasible region (26) onto the space of 𝓥𝑑
𝐷 as 

in (27) [18]-[19]. The projection refers to that, if 𝓥𝑑
𝐷  is a 

feasible solution to (27), there must exist 𝓥𝑑
𝑈 such that 𝓥𝑑

𝐷 and 
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𝑚𝑖𝑛 ∑ ∑ (𝐶̂𝑔 · 𝑝̂𝑔,𝑡 + 𝐶𝐿̂𝑔 · 𝐼𝑔,𝑡 + 𝑆𝑈̂𝑔 · 𝑌̂𝑔,𝑡)𝑔∈𝓖𝑇𝑡∈𝓣 +

        ∑ ∑ ∑ (𝐶𝑔 · 𝑝𝑔,𝑡 + 𝐶𝐿𝑔 · 𝐼𝑔,𝑡 + 𝑆𝑈𝑔 · 𝑌𝑔,𝑡)𝑔∈𝓖𝑑
𝐷𝑑∈𝓓𝑡∈𝓣  (33) 

∑ 𝐴ℎ,𝑖,𝑡
𝜃 · 𝜃𝑖,𝑡𝑖∈𝓘𝑑

𝐵 + ∑ 𝐴ℎ,𝑖,𝑡
𝑃 · 𝑝𝑖,𝑡𝑖∈𝓘𝑑

𝐵 + ∑ 𝐴ℎ,𝑔,𝑡
𝐼 · 𝐼𝑔,𝑡𝑔∈𝓖𝑑

𝐷   
 + ∑ 𝐴ℎ,𝑔,𝑡

𝐺 · 𝑝𝑔,𝑡𝑔∈𝓖𝑑
𝐷 ≤ 𝐵ℎ,𝑡; ℎ ∈ 𝓗𝑑,𝑡,  𝑡 ∈ 𝓣 (34) 

• Computational Complexity of Feasible Region Projection: 
As filtering strategies can only partially resolve computational 
issue of the Fourier-Motzkin elimination, we further leverage 
distinct characters of distribution systems to mitigate 
computational complexity. Indeed, considering that violations 
could merely happen on a limited number of lines and buses in 
distribution systems, not all assets need to be monitored in 
practice. Therefore, constraints (20)-(21) can be applied only 
on carefully selected lines and buses, which could further 
reduce computational burden of the feasible region projection. 

We also note that the feasible region projection is conducted 
offline by DSOs to prepare for the ISO market participation. 
Thus, constructing the projected feasible region is not a time-
critical task for DSOs. 

• Implementation of the Feasible Region Projection: Both 
Gaussian elimination and Fourier-Motzkin elimination 
involve a series of multiplication and division operations. 
Implementing these operations via floating-point arithmetic 
may introduce numerical errors, whose accumulation could 
further result in numerical issues. Therefore, it is suggested to 
represent all coefficients in (13)-(25) as fraction numbers, so 
that floating point arithmetic can be replaced by integer 
arithmetic to mitigate numerical issues. Importantly, digital 
lengths of numerators and denominators shall be effectively 
controlled, so as to ensure calculation accuracy while avoiding 
trivial calculations of fractions with digital length explosion. 
An example is that 0.3333332 may be reasonably represented 
as 1/9 instead of 55555/499996, with negligible accuracy loss. 

Various programming languages provide packages and 
classes to implement fraction number operations, such as 
Fraction in Python and Sym in MATLAB, with different 
computational performance. As a matter of fact, Fraction is 
significantly more computationally efficient than Sym. It is 
also emphasized that a delicate program design and a proper 
programming language could also dramatically improve the 
computational performance. 

• Advantages of the Proposed Feasible Region Projection 
Approach: Formulating feasible region (13)-(25) of a 
distribution system requires detailed network configuration 
data, including network topology as well as parameters of 
lines and DERs, while also introducing a complicated power 
flow model with voltage and reactive power flow variables. 
Through feasible region projection to convert (13)-(25) into 
(28), voltage and reactive power flow variables are eliminated, 
while active power variables of DERs are kept to describe the 
interaction between distribution and transmission systems, 
which aligns with the focus of ISO energy market. Constraint 
(28) is compatible to the ISO energy market model (1)-(12), 
and can be implemented with limited efforts. Moreover, 
moving from (13)-(25) to (28), the original coefficients in 

(13)-(25) are masked by the new coefficients in (28) that 
conceal physical meanings, which could also resolve potential 
data privacy barriers between the ISO and DSOs. 

Another prominent advantage of the proposed distribution 
system integration model lies in that no iterative interaction 
between the transmission system and distribution systems is 
required during the market clearing procedure, which is 
consistent with the current ISO market clearing practice. 

In addition, the proposed model is expected to present 
higher computational performance than the full transmission-
distribution model by directly including the full distribution 
system model (13)-(25) into the ISO energy market. 

D. Data Flow and Further Discussions on the Proposed 
Approach 

The data flow of the proposed approach is shown in Fig. 4. 
During the ISO energy market bidding phase, a DSO collects 
the network data and operational limits of DERs to build 
model (13)-(25), which will be further processed with the 
feasible region projection approach to generate the projected 
feasible region 𝓟̃𝑑 . Together with bids from DERs, 𝓟̃𝑑  is 
submitted to ISO for being integrated into the ISO energy 
market model. After the bidding phase is closed, ISO will use 
DERs’ bids and 𝓟̃𝑑 from the DSOs to clear the energy market. 
To sum up, on the ISO side, DERs’ bids and 𝓟̃𝑑 from DSOs 
are required; DSOs require operational limits of DERs, such 
as 𝑃𝑔

𝐿𝐵 and 𝑃𝑔
𝑈𝐵, and distribution network data, such as 𝐺𝑖−𝑖′ 

and 𝑃𝑖−𝑖′
𝑈𝐵 , in preparing 𝓟̃𝑑. 

 
Fig. 4 Bidding process and data flow of the proposed approach 

The computational complexity and numerical stability of 
the feasible region projection approach could be a potential 
barrier when applying the proposed integration model for 
large-scale distribution systems. Some of these limitations 
have been discussed in Section III.C. Besides those, another 
limitation is that on the transmission side, a voltage phase 
angle based DC power flow model (2)-(3) is adopted, in which 
voltage phase angle variables 𝜃̂𝑖,𝑡 are used for the purpose of 
representing couplings between power injections of 
distribution systems through multiple interconnection buses. 
However, as shown in the case study, comparing with the shift 
factor DC power flow model, this form involves more 
variables and constraints that could result in a higher 
computational burden. A special case that all distribution 
systems are single bus interconnected is also discussed, in 
which the shift factor based DC power flow model can be 
adopted without compromising modeling validity. 

IV. SPECIAL CONSIDERATION ON DISTRIBUTION SYSTEMS 
WITH SINGLE INTERCONNECTION BUSES 

The integration model discussed above is for general 
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A. Test System Setup and Case Design 
The 1888-bus transmission system from the MATPOWER 

library, together with multiple interconnected distribution 
systems, is used to evaluate the proposed approach in terms of 
solution quality and computational performance. Each of the 
distribution systems is connected to the transmission system 
through one or two interconnection buses, referred to as Type 
DS-1 and Type DS-2 distribution systems. Modified based on 
the 33-bus distribution system, both types of distribution 
system include 8 DERs and 34 distribution lines that form a 
looped topology. Distribution systems of the same type are 
identical except for their interconnection buses. 

In each distribution system, power flows of all 34 lines are 
monitored via constraint (20), and voltage magnitudes of all 
33 buses are monitored via constraint (21), with 𝑉𝑖

𝐿𝐵/𝑉𝑖
𝑈𝐵 of 

0.95p.u./1.05p.u.. In addition, electricity bidding prices of 
DERs are set to be generally lower than those of thermal units 
in the transmission system. The detail system data can be 
found in [22]. 

Four cases are studied, as summarized in Table I. Cases 1-3 
respectively include 5, 10, and 15 DS-2 distribution systems; 
Case 4 includes 15 DS-1 distribution systems. 

TABLE I. SUMMARY OF CASES 
Case Distribution systems Solving models Number Type 

1 5 DS-2 Full Model; Full ModelUC 
Proposed Model; Proposed ModelUC 

Simplified Model 
2 10 DS-2 
3 15 DS-2 

4 15 DS-1 Full Model; Full ModelSF 
Proposed ModelSF 

• In Cases 1-3, the following three distribution system 
integration models are studied: 

o Full Model: Feasible operation region (13)-(25) and 
coupling constraint (29). 
o Proposed Model: Feasible operation region 
projection (28) and coupling constraint (29). 
o Simplified Model: Constraints (24) and (38). For 𝑖′ ∈

𝓘𝑖,𝑑
𝑇 , 𝑝̂𝑖′,𝑑,𝑡 is limited in the range of [𝑃𝑖

𝐿𝐵, 𝑃𝑖
𝑈𝐵]. 

∑ 𝑝𝑔,𝑡𝑔∈𝓖𝑑
𝐷 + ∑ ∑ 𝑝̂𝑖′,𝑑,𝑡𝑖′∈𝓘𝑖,𝑑

𝑇𝑖∈𝓘𝑑
𝐵 = ∑ 𝑃𝑓,𝑡𝑓∈𝓕𝑑

𝐷 ;  𝑡 ∈ 𝓣 (38) 
Simplified Model represents ISO’s current practice that 

DERs in distribution systems are allowed to directly bid at the 
interconnection buses (i.e., distribution network constraints are 
neglected, and power exchange between the transmission and 
distribution systems through multiple interconnection buses 
are not restricted by physical laws of the distribution network). 
In addition, Full Model and Proposed Model are further 
extended to consider unit commitment status of DERs by 
replacing (24)-(25) via (31)-(32) and replacing (28) via (34). 
These two variations are referred to as Full ModelUC and 
Proposed ModelUC. 
• In Case 4, as all distribution systems are single bus 
interconnected, the ISO energy market model can be 
formulated via shift factors as follows: 
Objective: (1) 
Subject to: (4)-(11) and (36)-(37) 

To this end, two additional models are studied in Case 4, 

which are referred to as Full ModelSF and Proposed ModelSF: 
o Full ModelSF: Feasible region (13)-(25) as well as 
coupling constraint (39). 

𝜃𝑖,𝑡 = 0;   𝑝̂𝑖′,𝑑,𝑡 = 𝑝𝑖,𝑡 𝑖′ ∈ 𝓘𝑖,𝑑
𝑇 , 𝑖 ∈ 𝓘𝑑

𝐵, 𝑡 ∈ 𝓣 (39) 
o Proposed ModelSF: Feasible region projection (35) 
and coupling constraint (39). 

The feasible region projection method, including Gaussian 
elimination, Fourier-Motzkin elimination, and the embedded 
filtering strategies, is implemented in Python. Fraction 
package is used to enable fraction calculations. The boundary 
filtering strategy is applied on both types of distribution 
systems. For 𝜃𝑖,𝑡 (𝑖 ∈ 𝓘𝑑

𝐵), we set the range as [-35°, +35°]. All 
derived optimization problems are MILP models, which are 
implemented in MATLAB and solved by Gurobi 9.0.0. All 
numerical simulations are conducted on a PC with i7-3.6GHz 
CPU and 16GB RAM. 

B. Case Study Analysis 
B.1 Comparison of Various Models in Cases 1-3 
• Performance of the Feasible Region Projection: For a 
DS-2 distribution system studied in Cases 1-3, at hour 𝑡=1 for 
instance, it takes 125.56 seconds for the projection process to 
generate 74 constraints of (28). When unit commitment status 
of DERs is further considered, at hour 𝑡=1, 89 constraints of 
(34) are generated in 185.51 seconds. It is worthwhile to 
emphasize that feasible region projections of individual hours 
can be implemented parallelly. 
• Comparison of Full Model and Proposed Model: Market 
clearing results of Full Model and Proposed Model are 
compared in Table II. All the cases are solved to zero MIP gap 
for fair comparison. 

TABLE II. PERFORMANCE OF FULL MODEL AND PROPOSED MODEL 

Case Full Model Proposed Model 
Objective ($) Solving time (s) Objective ($) Solving time (s) 

Case 1 32,201,361.39 105.96 32,201,361.39 72.86 
Case 2 32,204,065.73 145.35 32,204,065.73 77.31 
Case 3 32,206,766.45 179.92 32,206,766.45 103.29 

From Table II we can observe that, the two models derive 
identical objectives in each case, which verifies the ability of 
Proposed Model in fully capturing the impacts of physical and 
economic features of distribution systems in the ISO market 
clearing. In terms of calculation performance, computational 
burden increases with the increasing number of distribution 
systems. Indeed, Proposed Model significantly outperforms 
Full Model in all three cases, especially when more 
distribution systems are connected. This shows that the 
proposed model presents computational efficiency, while 
showing the other advantages as discussed in Section III.C. 

In addition, the modeling accuracy of the distribution 
system model is verified by comparing voltages recovered 
from the linear distribution system model (13)-(25) and those 
from solving an AC power flow problem with respect to 
dispatches of DERs obtained from the ISO energy market 
clearing results. The comparison of the two voltage profiles 
shows an average error of 0.15% and the maximum error of 
0.44% on voltage magnitudes. This indicates an acceptable 
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systems into the ISO energy market. The proposed model is 
practically applicable in the current ISO energy market 
platform. It does not require ISO collecting configuration 
details of or conducting an iterative procedure with 
distribution systems. Case studies illustrate that the proposed 
model can fully capture economic features of distribution 
systems and respect their internal physical limits, while is 
computationally more efficient than the full model by directly 
including the exhaustive formulation of distribution systems. 

APPENDIX 
An illustrative example shown in Fig. 8 is used to further 

illustrate how the proposed approach works. It contains one 
distribution system, which is interconnected with the 
transmission system through two interconnection buses. After 
duplicating the interconnection buses, the system can be 
decoupled as the transmission system and the distribution 
system (i.e., 𝑑=1), as shown in Fig. 9. For the distribution 
system, its feasible operation region can be formulated 
following (13)-(25), while variables 𝜃4,𝑡 , 𝜃5,𝑡 , 𝑝4,𝑡 , 𝑝5,𝑡 , and 
𝑝𝑔=1,𝑡  are the desired variables. By applying the feasible 
region projection approach, (13)-(25) turn to (40) that will be 
integrated into the ISO energy market model, together with 
constraints (41)-(42) that build up the linkage between 
variables of the duplicated interconnection buses. In the 
objective, 𝐶𝑔=1 · 𝑝𝑔=1,𝑡  is included, representing the energy 
cost of DER 𝑔=1 in the distribution system. 
𝐴ℎ,4,𝑡

𝜃 · 𝜃4,𝑡 + 𝐴ℎ,5,𝑡
𝜃 · 𝜃5,𝑡 + 𝐴ℎ,4,𝑡

𝑃 · 𝑝4,𝑡 + 𝐴ℎ,5,𝑡
𝑃 · 𝑝5,𝑡  

 +𝐴ℎ,𝑔=1,𝑡
𝐺 · 𝑝𝑔=1,𝑡 ≤ 𝐵ℎ,𝑡; ℎ ∈ 𝓗𝑑=1,𝑡,  𝑡 ∈ 𝓣 (40) 

𝜃̂3,𝑡 = 𝜃4,𝑡;    𝜃̂4,𝑡 = 𝜃5,𝑡; 𝑡 ∈ 𝓣 (41) 
𝑝̂3,1,𝑡 = 𝑝4,𝑡;    𝑝̂4,1,𝑡 = 𝑝5,𝑡;  𝑡 ∈ 𝓣 (42) 

 
Fig. 8. An illustrative example  

 
Fig. 9. The example system after duplicating the interconnection buses 
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