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 Abstract—In Independent System Operator’s (ISO) energy 
market clearing process, sub-transmission/primary distribution 
systems are usually modeled as simplified fixed or flexible loads. 
This simplification, however, may not be proper for emerging 
distribution systems with an increasing penetration of distributed 
energy resources (DER). As a matter of fact, scheduling results 
from the simplified model could induce power flow violations of 
distribution lines, while also misrepresenting contributions of 
DERs on economic operations of the entire grid. To this end, this 
paper proposes a multi-port power exchange model and 
associated bidding strategies, in order to accurately and 
compactly formulate the contribution of highly DER-penetrated 
sub-transmission/distribution systems in the ISO energy market 
while resolving computational complexity. The proposed models 
can effectively capture physical and economic impacts of sub-
transmission/distribution systems in the ISO market clearing, 
while respecting their internal physical limits. Numerical studies 
show that, with proper settings, the proposed approach can 
accurately reflect impacts of DER-penetrated distribution 
networks on market clearing results and power flows, while 
presenting high computational performance. 
Index Terms—Distributed energy resources, distribution system 
integration, unit commitment, energy market. 

I. INTRODUCTION 
N today’s electricity energy market, Independent System 
Operators (ISO) usually simplify sub-transmission and 

primary distribution systems (which are not directly monitored 
or explicated modelled by ISOs) as fixed loads with forecast 
demands or flexible loads (FL) with energy bids [1]. By 
simply treating internal distributed energy resources (DER) as 
load modifiers, this traditional approach fully neglects internal 
physical limits of sub-transmission and primary distribution 
systems. As a matter of fact, with a rapidly increasing 
penetration of DERs [2]-[3], power flow patterns of sub-
transmission and distribution systems have been transforming 
from unidirectional to multidirectional [4], which may even 
feed energy back to the transmission system. Under this 
circumstance, the oversimplified model may derive dispatch 
instructions that would potentially result in line congestion 
and renewable DER curtailments [5]-[6], which also fails to 
capture economic features of DERs in those systems. 

This paper is motivated by a practical difficulty faced by 
ISOs that some sub-transmission/distribution systems, as well 
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as FLs and DERs inside them, are not explicitly modeled. 
Instead, these resources are modelled as fixed loads or flexible 
loads at their interconnection buses to the transmission system, 
together with pre-defined participation factors to approximate 
their impacts on power flows of the transmission network. 
However, a potential weakness is that the actual power 
consumptions of these resources could greatly deviate from 
dispatch instructions on interconnection buses from the ISOs, 
because of low economic efficiency and/or line flow 
congestions induced by these instructions. One major cause 
behind this deviation is the ignoration of sub-transmission/ 
distribution networks and the oversimplified bidding models. 

We focus on sub-transmission and primary distribution 
systems inside ISOs’ control areas, but are not directly 
monitored or explicitly modeled by ISOs. Voltage levels of 
sub-transmission systems could typically be 110kV and 60kV, 
and that of primary distributions could be 35kV and 12kV, 
which means only mid-voltage level distribution systems are 
considered. These targeted systems could connect to the 
transmission network via multiple interconnection buses, such 
as those in urban areas with enhanced reliability. For the 
convenience of presentation, in the remaining of the paper, the 
term distribution system is used to refer to the targeted sub-
transmission and primary distribution systems. 

One intuitive solution for the above difficulty is to fully 
model distribution systems as well as DERs and FLs inside 
them. However, In the current practice, ISOs do not collect 
configuration details of individual DERs and FLs, such as 
installed capacities and interconnection statuses. Indeed, it 
would be challenging for individual owners of DERs and FLs 
to constantly update dynamic information, such as available 
generation of DERs, with ISOs directly, and bid them in the 
energy market. Even if real-time information of DERs and 
FLs is made available to ISOs, it is a non-trivial task to 
validating uploaded data, exhaustively model all DERs and 
FLs, together with detailed distribution system topology, into 
the ISO energy market clearing tool. Specifically, dispatch 
variables of all DERs and FLs have to appear in individual 
transmission line flow constraints. This would pose significant 
computational burden to ISO’s energy market clearing tool. 

Therefore, it is highly desired to build a compact model for 
the ISO energy market clearing, which can accurately simulate 
their physical and economic impacts to the transmission 
system while respecting their internal operation constraints, 
such as line flow limits and dispatch ranges of DERs and FLs. 
In this way, individual DERs can indirectly interact with the 
ISO energy market through the compact model, while 
remaining effectively managed by the DSO. That is, with 
awarded power from the ISO energy market, the DSO can 
self-schedule all assets within its territory to pursue security 
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internal assets. This model is regarded as the benchmark, 
in which line flows of the transmission system and 
distribution systems are calculated through the SF matrix 
of the full network, while DERs and FLs in distribution 
systems are modeled similarly as transmission system 
assets. 

• Current Model (CUR Model): Power of distribution 
systems is distributed on their interconnection buses with 
pre-defined participation factors, and distribution system 
network constraints are not considered. In this case, 
participation factors are determined based on the result 
from FULL Model. 

• Piecewise Formulation Model (PW Model): The proposed 
multi-port power exchange model (1) and the associated 
bidding strategies in the piecewise formulation (10)-
(15)/(20)-(25). 

• Logarithmic Formulation Model (LOG Model): The 
proposed multi-port power exchange model (1) and the 
associated bidding strategies in the logarithmic 
formulation (16)-(19)/(26)-34). 

In all models, the UC formulation remains a MILP problem. 
All models are implemented via Yalmip [24] in MATLAB and 
solved by Gurobi 9.0.0 to zero MIP gap (i.e., global optimal 
solutions are pursued for fair comparison). Nonlinear 
problems (35)-(41) are solved by IPOPT [25]. All simulations 
are executed on a PC with i7-3.6GHz CPU and 16GB RAM. 

A. Comparison of the Three Models  
• Computational Performance 

Although all distribution systems have the same network 
configuration, because of their different interconnection 
locations, values of diagonal sub-blocks in the DD block and 
thus their 𝓟 regions are different. An example of the feasible 
region is shown in Fig. 9. It has a coniferous shape enclosed 
by 18 lines. That is, 𝓗 in (1) contains 18 constraints. The 18 
circles marked in Fig. 9 are intersections of the 18 lines. The 
dashed rectangle that well fits 𝓟  is obtained from problem 
(35)-(41). It clearly shows that the rectangle covers the entire 
𝓟 and only contains very limited invalid areas. 

 
Fig. 9. An example of 𝓟 and its fitted rectangle domain. 

A triangulation grid in Union Jack structure is then filled 
into the rectangle. The number of segments, 2M, is of 
importance to define the fineness of the grid. A large𝑟  M 
could improve approximation accuracy of the cost function, at 
the cost of higher computational burden. We test different 
values of M from 3 to 5, corresponding to 8, 16, and 32 
segments, in PW Model and LOG Model to evaluate the 
impacts of M on computational performance and economic 
efficiency. 

Table II compares computational performance of the three 

models. It shows that with different settings on M, objectives 
of PW Model and LOG Model are always identical, verifying 
that the two formulations are equivalent. However, as M 
increases, LOG Model significantly outperforms PW Model in 
terms of computational efficiency. In addition, in both models, 
a larger M requires higher computational efforts, while it 
derives solutions of higher quality in terms of smaller 
objective deviation referring to FULL Model. 

Although CUR Model has slightly shorter computational 
time and smaller objective value, power dispatch instructions 
of DERs from this simplified model are infeasible to the 
distribution systems, i.e., capacity limits of distribution lines 
20-21 and 21-22 are violated. The smaller objective value is 
due to the allowance of violations. However, LOG Model can 
avoid this issue. In addition, it can be seen that even 
comparing with CUR model, the increased computational time 
of LOG model is very limited. 

Moreover, compared with FULL Model, LOG Model shows 
computational advantages with 𝑀  of 3 and 4, but is more 
computational demanding when 𝑀=5. It can be concluded that 
the computational benefits by avoiding exhaustively modeling 
networks and individual assets of distribution systems may 
disappear when overly detailing the 2-D bidding model. Thus, 
a tradeoff on the value of 𝑀 is inevitable. As illustrated, 𝑀=4 
is appropriate in this system with higher computational 
performance and acceptable accuracy in representing 
economic features. Thus, in the following studies, we focus on 
LOG Model with 𝑀=4 and compare it with the setting of 𝑀=3. 

TABLE II. COMPUTATIONAL PERFORMANCE OF THE THREE MODELS 

Model Computational 
time (s) Objective ($) Objective deviation against 

FULL Model ($) 

PW  
Model 

8 (𝑀=3) 42.67 32,522,273.38 +1,219.97 
16 (𝑀=4) 63.36 32,521,373.53 +320.12 
32 (𝑀=5) 95.34 32,520,757.45 -295.96 

LOG  
Model 

8 (𝑀=3) 35.04 32,522,273.38 +1,219.97 
16 (𝑀=4) 36.84 32,521,373.53 +320.12 
32 (𝑀=5) 56.78 32,520,757.45 -295.96 

FULL Model 48.03 32,521,053.41 - 
CUR Model 32.77 32,509,931.69 - 

• Economic Efficiency 
Two metrics are used to evaluate closeness of distribution 

system solutions of LOG Model to FULL Model. One is 
average power deviation (WD) on ports of a distribution 
system defined as in (42), and the other is average operating 
cost deviation (CD) of a distribution system defined as in (43). 
Operator |·| returns the absolute value; 𝑇 = 24 is the number 
of time intervals. In (42), 𝑝̂𝑛,𝑡

𝐿𝑂𝐺 and 𝑝̂𝑛,𝑡
𝐹𝑈𝐿𝐿 denote the awarded 

power through port 𝑛 at time 𝑡 from LOG Model and FULL 
Model, respectively. 𝑝̂𝑛,𝑡

𝐹𝑈𝐿𝐿 can be calculated via dispatches to 
all assets and SF matrix of the full network. In (43), 𝑐̂𝑡

𝐿𝑂𝐺 and 
𝑐̂𝑡

𝐹𝑈𝐿𝐿 indicate operating cost of a distribution system at time 𝑡 
from LOG Model and FULL Model. 𝑐̂𝑡

𝐿𝑂𝐺 is calculated through 
(20), and 𝑐̂𝑡

𝐹𝑈𝐿𝐿 equals to ∑ 𝐶𝑔 · 𝑝̂𝑔𝑔∈𝓖 − ∑ 𝐶𝑑 · 𝑝̂𝑑𝑑∈𝓓 . 
𝑊𝐷𝑛 = ∑ |𝑝̂𝑛,𝑡

𝐿𝑂𝐺 − 𝑝̂𝑛,𝑡
𝐹𝑈𝐿𝐿|𝑇

𝑡=1 𝑇⁄ ; (42) 
𝐶𝐷 = ∑ |𝑐̂𝑡

𝐿𝑂𝐺 − 𝑐̂𝑡
𝐹𝑈𝐿𝐿|𝑇

𝑡=1 𝑇⁄ ; (43) 
Clearly, a smaller value of WD/CD indicates that 
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in practice, while not significantly compromising operational 
economics. 

V. CONCLUSION 
This paper proposes a multi-port power exchange model 

and associated bidding strategies to integrate distribution 
systems with high penetrated DERs into the ISO energy 
market. The proposed models leverage physical characters of 
distribution networks and operating costs of DERs to 
compactly model distribution systems. In terms of 
computational efficiency and solution accuracy, it is 
concluded that with a proper setting on M: (i) computational 
benefits in ISO market clearing can be achieved, and (ii) 
accurate solutions on awarded power and operating cost of 
distribution systems can be obtained. On the other hand, the 
proposed model is associated with line flow errors in the 
transmission and distribution networks. However, as line flow 
errors are rather small, small headroom and floor rooms can be 
adopted to mitigate the risks of violations for underestimated 
cases, while not significantly compromising operational 
economics for overestimated situations. 
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