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ABSTRACT

This paper presents a study to investigate the equivalent viscous damping (EVD) for the hysteretic response of a multiple cosine-curved dome (MCCD) system. The
system comprises of several serially connected units with elastic multistable behavior. The system relies on consecutive snap-through buckling events of the con-
nected units to elastically dissipate energy. The study aims to facilitate the direct displacement-based design of structures incorporating such systems as the main
damping mechanism to dissipate seismic energy. Time-history analyses of linear and nonlinear single degree of freedom systems were performed to compare spectral
displacements and EVD ratios of the hysteretic response of MCCD systems to their substitute linear systems in terms of maximum displacements. A set of 62 ground
motion records were considered for the analysis. A statistical study was conducted on the resulting displacements and the EVD ratios to develop expressions for EVD
ratios of the hysteretic response. Results show that using proposed EVD ratios for the substitute linear systems yields good approximations for the peak spectral

displacements compared to the original nonlinear systems.

1. Introduction

Recent developments in innovative discrete systems composed of
elements with elastic instabilities have facilitated the potential of using
such systems for energy dissipation and shock absorption applications
[1-9]. These systems offer recoverable elastic deformations with a
significant hysteretic response. One potential application of discrete
systems is as damping elements in structures resisting seismic actions as
shown in Fig. 1. The figure shows examples of structural systems
equipped with supplementary energy dissipation devices comprised of
chains of elastic multistable elements. The possibility of using such
elements for seismic protection enables avoiding typical shortcomings
of commonly used passive hysteresis energy dissipation devices. For
example, a typical issue with metallic devices is that they require repair
or replacement after a strong seismic action due to damage [10]. An
issue with friction-based devices is that they significantly increase the
initial stiffness and strength of the structure, which in turn increases
force demands on other members of the structure that should remain
elastic [11].

This work introduces the use of hysteretic response from a discrete
system composed of multistable cosine-curved domes [12] to seismic
loading and design by investigating the equivalent viscous damping
(EVD) and considering the unique response characteristics of the system
compared to commonly used inelastic hysteresis models. The unique-
ness of elastic multistable element systems originates from the fact that
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their response cannot be directly described by the displacement ducti-
lity or apparent displacement ductility, which is a commonly used
measure for energy dissipation. Instead, the response is characterized
by the number of units in a system and their response, which control the
amount of dissipated energy. Understanding this fundamental differ-
ence is the key to properly designing such systems as the main damping
mechanism in structures. The work herein is based on this conceptual
difference.

Accurate estimations for the EVD ratios is an essential step to the
direct displacement-based design, as this quantity relates the hysteretic
response of a structure to its corresponding spectral displacement for a
given ground motion record. Methods used to investigate the EVD in-
volve conducting dynamic analyses on linear and nonlinear systems. In
this study, time-history analyses (THA) were performed on the hys-
teretic response of discrete systems and their substitute linear systems
in terms of maximum displacements to study the ratio of nonlinear to
linear displacements. This was followed by an iterative THA procedure
to determine EVD ratios for the equivalent substitute linear systems. A
statistical study was then conducted on the results to develop expres-
sions for EVD ratios of the hysteretic response.

1.1. System with hysteretic response from elastic instability

The examined system in this study is a multistable cosine-curved
dome (MCCD) system, details of which are presented in reference [12].
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Fig. 1. Example applications of the MCCD system incorporated in typical structural systems: (a) frame with a chevron brace, (b) pier-wall, (c) single-column, and (d)

double-column MCCD systems.
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Fig. 2. The considered system: (a) cross-section of a single unit, (b) schematic force-displacement response of a single unit, (¢) MCCD system composed of multiple

units, and (d) schematic hysteretic response of the MCCD system.

The system is comprised of several cosine-curved dome units [13] with
geometric properties as shown in Fig. 2(a). The units are linked in series
as shown in Fig. 2(c). The individual units exhibit a tailorable elastic
limit-point response (snap-through instability) with a negative stiffness
region as shown in Fig. 2(b). If a sufficient number of serially connected

units is used, the MCCD system will exhibit a response with multiple
snap-through buckling events and distinct loading and unloading paths
that lead to an elastic hysteretic response with self-centering capability
as shown in Fig. 2(d). The characteristics of this response mainly de-
pends on the number of connected units, ng, in the system and on the
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height-to-thickness ratio, h/t, of the repeated units. The higher the
values of h/t and n,, the larger the hysteresis loop.

The area enclosed by the loading and unloading paths represents the
elastically dissipated energy. The energy dissipation in such elastic
systems is due to the transformation of some of the induced mechanical
energy of the applied work into elastic vibrations that are damped by
the base material of the repeating units and converted to irreversible
thermal energy (heat) with each snap-through event. These elastic vi-
brations occur when the deforming system has at least 3 or more ele-
ments connected in series to allow relative movement of the units at a
given system displacement of a snapping event. Increasing the number
of linked elements in series has two effects on the response of the
system: (a) it increases the number of vibrating elements in the system,
and (b) it increases the number of events of system disturbances that
cause vibrations.

1.2. Direct displacement-based design

An ideal method to design structures with energy dissipation de-
vices is the direct displacement-based design (DDBD) method [14,15]
since it based on the deformation of the structure rather than its
strength. Therefore, this method relies on displacement demands and
modified linear elastic displacement spectra for design. To understand
the work presented here, it is important to first to recall the main steps
of the DDBD method, which are given below with reference to Fig. 3
(where A, and F, are the apparent yield displacement and force at yield,
respectively, A, and F, are the ultimate displacement and force, re-
spectively, u, is the displacement ductility, k; and k, are the initial and
tangent stiffnesses, respectively, k. is the effective stiffness at the point
of maximum displacement, and S; is the spectral displacement de-
mand):

1. Determine the design (ultimate) displacement, 4,. Usually, this
displacement is based on maximum allowable drift limits or on
sectional/element deformation limits [Fig. 3(a)].

2. Determine the yield (ideal) displacement, A,. This displacement is
usually based on the target displacement ductility level, u,, servi-
ceability drift limits, or on sectional/element deformation limits
[Fig. 3(a)l.

3. Based on the displacement ductility, determine the EVD ratio, &, for
the proper model of the hysteretic response [Fig. 3(b)]. Several
expressions to estimate & for various hysteresis models are available
in the literature [16-22]. These expressions are usually in terms of
Uy, the structural period, T, and other parameters of the hysteresis
model.

4. Using ¢ and the design displacement, determine the effective
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structural period, Ty from the modified displacement response
spectrum [Fig. 3(c)].

5. Calculate the effective stiffness, kg, and hence the design force, F,,
at the ultimate displacement [Fig. 3(a)].

The key step from the DDBD procedure that this study focuses on is
the third step, since it links the response of the hysteretic model and the
ductility level of the element under consideration to the EVD. The value
of ¢ is then used to modify the design linear elastic displacement re-
sponse spectrum. This eliminates the need to conduct nonlinear THA to
obtain nonlinear displacement response spectra for the design process.
Therefore, the DDBD method requires an accurate estimation of ¢ for a
substitute linear single degree of freedom (SDF) system that represents,
in terms of maximum spectral displacement, the response of the actual
nonlinear system for design purposes as shown in Fig. 3, which con-
sequently eliminates the need to perform THA for the system.

1.3. Approaches to estimate equivalent viscous damping ratio

The equivalent viscous damping ratio (£) can be divided into two
parts: (a) the initial or elastic viscous damping ratio, &, and (b) the
hysteresis damping ratio, &, as given in Eq. (1). The elastic viscous
damping is the damping inherited by the materials of the structure and
proportional to the loading rate (velocity). This type of damping usually
ranges between 2 and 7% for common structural materials and ele-
ments [23-25]. The hysteresis damping is the resulting damping from
energy dissipation by the hysteretic response of the system. This
damping is significantly higher than the elastic damping.

§=¢+§, (@)

Unfortunately, there is no direct procedure to estimate & for a given
hysteresis model since the available direct approaches to determine this
quantity, such as Jacobsen’s approach [26,27], are affected by many
factors, including the forcing function on the SDF system and the
structural period shift. Thus, such a method cannot be directly applied
for nonlinear systems excited by ground motion records with nonuni-
form frequency content. Proper estimations for ¢ are therefore usually
achieved by analyzing nonlinear SDFs and their linear equivalents
under a wide range of ground motion records. Studies in [16-22]
showed that the resulting equivalent damping ratio for SDFs under
ground motion records is lower than that determined using Jacobsen’s
approach.

There are two main approaches followed to estimate the maximum
displacement of a nonlinear hysteretic system from its substitute linear
system in order to develop design expressions [28]. In the first ap-
proach, the maximum displacement is taken as the product of the
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Fig. 3. Concept of equivalent viscous damping in DDBD method: (a) hysteretic response, (b) relation between ¢ and 4, and (c) displacement response spectra for

different values of ¢
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displacement of an equivalent linear elastic system, with the same in-
itial damping ratio (&) and initial lateral stiffness as the nonlinear
system multiplied by a displacement modification factor. In the second
approach, the maximum displacement is determined from a linear
elastic system with a period shift (lower stiffness and higher structural
period) and higher damping ratio than that the nonlinear system. In this
study, the second approach was followed to determine ¢ to estimate the
maximum displacements. Evaluation of different methods and proce-
dures to determine the EVD for various hysteresis models can be found
in [28,29].

The concept of EVD for a structure was first presented by Jacobsen
[26] to determine approximate solutions for nonlinear SDF systems
with a damping force that is proportional to the nth power of the ve-
locity. It is assumed that the two systems are under sinusoidal excita-
tion, having the same stiffness and dissipating the same amount of
energy each cycle. Jennings [30,31] modified Jacobsen’s concept by
changing the initial stiffness of the linear SDF system to a secant stiff-
ness. The modified concept has been further investigated and extended
by several researchers [29,32].

The modified Jacobsen’s equivalent viscous damping ratio, &, for a
nonlinear system with a hysteresis response comparable to a substitute
linear system with secant stiffness can be estimated by modifying the
original Jacobsen’s model given in Eq. (2), where w,, is the natural vi-
bration frequency of the system, and w is the loading vibration fre-
quency. E; represents the dissipated energy by the nonlinear system
taken as 2A, (shown in Fig. 4) and E; represents the stored energy by
the substitute linear system taken as 0.5 A, F, (see Fig. 4). Assuming
that the loading frequency is similar to the system frequency (w,/
w = 1) and substituting E; and E; results in the modified Jacobsen’s
equation for the equivalent viscous damping ratio as given in Eq. (3).

g =l
T 47w E 2
An
5] =
nE, A, 3

It should be mentioned that this equation ignores the conditions
required for the two systems in the original Jacobsen’s approach, which
are as follows: (1) they are excited by sinusoidal loading, (2) they are at
resonance conditions, and (3) they have the same stiffness.

k"

v

Fig. 4. Full cycle hysteretic response of the MCCD system with parameters for
the modified Jacobsen’s approach.
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2. Methods
2.1. Idealized hysteretic response of the MCCD system

To facilitate the nonlinear time-history analysis of structures in-
corporating the MCCD system, it is desired to idealize the hysteretic
response. The reason is that the sawtooth-shape of the force-displace-
ment, F-A, curve (Fig. 4) imposes computational difficulties, and hence
commonly used seismic structural analysis programs don't offer mod-
eling tools to represent such a response. Thus, the response of the MCCD
system was idealized to a flag-shaped (parallelogram) response by
maintaining the energy balance between the actual and the idealized
responses. This approach is similar to widely used approaches in the
seismic design of structural elements to determine the ideal yield dis-
placement (curvature, or rotation) [15,33].

The sawtooth-shape response of the MCCD system shown in
Fig. 5(a) can be calculated using the analytical model presented in [12].
The study in [12] investigated the response characteristics of the MCCD
system and its energy dissipation capability. As shown in Fig. 5(a), the
response consists of multiple snap-through (and snap-back) events that
equals the number of units in the system (n,). The snap-through and
snap-back events are at the same level as the buckling force, F;, and the
minimum force, F,, respectively. The drop forces from each snap-
through, Fpq4, and snap-back, F,4, events vary depending on h/t and n,.
The effective initial stiffness of the system, kj, is taken as the slope of a
straight line from the origin to the displacement at the first buckling
event, 4;, of the system as given below:

ky = Fp/Ap (©)]

where A, = ny 8, and &, is the critical (instability) displacement of an
individual CCD unit as shown in Fig. 5(b). The response characteristics
of a single CCD unit and its force and displacement values can be cal-
culated using the expressions developed in [13]. The maximum dis-
placement of the system, 4,,, is given as follows:

A = nsSp + (ng — Dsp )

where s;, = 8 - 8, and &, is the displacement at a force level equal to
F,, in Region III, see Fig. 5(b).

A two-step procedure was developed to idealize the hysteretic re-
sponse of the MCCD system. In the first step, an ideal initial stiffness
was determined in terms of h/t. This stiffness is needed to correct the
initial stiffness (k) in order to construct a flag-shaped response that
maintains the equal energy condition between the actual and idealized
responses for a theoretical system with n; = o (Fig. 6). In the second
step, an ideal buckling force, Fy’, and a minimum force, F,’, were de-
termined based on the characteristics of the hysteretic response of the
MCCD system. It should be noted that in practical systems with n; < oo,
Fy and F,/ are smaller and greater than F, and F,, respectively. The
values of F,’ and F,” approach F, and F,, respectively, when n; ap-
proaches oo.

2.1.1. Ideal stiffness

Fig. 6 shows the F-A response of an MCCD system with n; = . The
F-A response of such as system is similar to the response of a single CCD
under force control conditions. Note that in this case F,’ = F, and
F, = F,. Fig. 6 also shows an idealized response based on the initial
stiffness of the system (k). This idealization clearly shows that the
energy balance between the enclosed areas of the two curves is not
maintained. Therefore, the initial stiffness of an idealized response, k.,
must be determined in a way that satisfies the energy balance condi-
tion. This can be done by solving the following equation for k,:

Ay = (B — B)(Aw — Folkz) ©

Eq. (6) represents the area of the flag-shaped response and the ratio
Fy, / k, represents the ideal displacement at first buckling event, Ay, see
Fig. 6.
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Fig. 5. (a) F-A response of the MCCD system, and (b) F-§ responses of a CCD unit with key response quantities.
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Fig. 6. The actual and the idealized F-A curves for an MCCD system with ng =

oo,

Fig. 6 shows the ideal initial stiffness and the resulting hysteretic
response of the system. The same process was conducted for h/t ranging
from 1.5 to 3 in order to construct a relation between h/t and k,/k. This
relation was found to be linear as shown in Fig. 7(a). A linear regression
analysis was conducted on the resulting data to develop a relationship

(@
0.28 e 2.5
0.24
0.2
0.16

3
0.12
0.08

0.04

h/t

to calculate k,/k;, over the considered h/t range as given in Eq. (7):
ky/ky = 0.674h/t @)

The equivalent viscous damping ratios based on the modified
Jacobsen’s approach (&£;) were calculated for h/t ranging from 1.5 to 3
using Eq. (3). The values of F, and A, were taken as unity and 4,,/4;/,
respectively. The results show an approximately linear relationship
between &; and h/t. Two more important quantities that describe the
idealized hysteretic response are the displacement ductility (i,) and the
force ratio of the difference between F;,’ and F,’, Br as given in Egs. (8)
and (9), respectively. The equations were used to construct a relation
for p, and By with respect to h/t as shown in Fig. 7(b). Both quantities
exhibit approximately linear relationships with h/t.

Uy = A/ ®

By = (Fy — F,)/F, ©)]

2.1.2. Ideal maximum and minimum forces

For an MCCD system with a finite number of units (ny < <), the
ideal buckling (Fp") and minimum (F,) forces are lower and higher than
Fp, and F,, respectively. Thus, the aim here is to determine the values of
Fy’ and F, in conjunction with the ideal initial stiffness (k,), determined
in the first step, while maintaining the energy balance between the two
responses as shown in Fig. 8. Since the known parameters of the
idealized response in Fig. 8 are only k, and 4,,, it is required to establish

(b)

0.25

h/t

Fig. 7. (a) EVD ratios based on modified Jacobsen’s approach (£;) and the the ideal stiffness ratio (k./k;) with h/t, and (b) displacement ductility (1,) and force

difference ratio () with h/t.



M. Alturki and R. Burguefio

F
Fol oo
3 ] PETRO— S 4 A
F, i | /
k. ; /
I/ ; //
‘ A, k. 1/ |BrFy
o ' X/
e i 78
/ —Actual
/ — —Idealized
An’ Ab’ Ab Ad’ Am

Fig. 8. Actual and idealized F-A curves for an MCCD system with n; < .

a relation between F,” and F,’ in terms of the average buckling, Fyqyg,
and minimum, F,,q,,, forces to solve for the enclosed area equation Ay, =
(Fy - F,) (A, — Fy / ky) for Fy'. In this relation it is assumed that the
difference between F;’ and Fyq,, equals to the difference between F,,” and
Fravg, i€, Fy/ — Fpayg = Fy — Fpaye. This assumption ensures that the
idealized forces are relative to the average forces, and that the reduc-
tion from F, and the increase from F, are equivalent to each other. The
average forces Fpqe and Fpq, can be calculated based on the average
differences between F;, and F,4, and between F,, and F,4, see Fig. 5(a).
The following steps summarize this idealization procedure:

1. Calculate the sawtooth-shaped response of the MCCD system and
the energy area A

2. Determine the average forces Fyqy, and Frayg

3. Solve the second-degree equation Eq. (10) of the enclosed energy
area Ay and determine F,”:

ClF} + GF, — C;=0 (10)
C = —2/k,

Cy = 20y, + (Fpavg + Favg)/kz, and
Cs = A (Fpavg + Fravg) + An

4. Calculate F, = Fyg — (Fy — Foarg)
5. Calculate 4;/, A4, and A, based on the value of Fy, F,/, and k, as
shown in Fig. 8.

The procedure above was repeated for h/t ranging from 1.5 to 3 and
for n, ranging from 1 to 1000 to examine the relation of y, with n; and
h/t as shown in Fig. 9. It can be seen that in general the increase in u,
with n, is minimal especially for higher values of n,. The reason is that
both A,, and 4;’ are in terms of n;. Nonetheless, y, increases at higher
rate for ng between 3 and 6, and this effect is more pronounced for
systems with higher h/t. However, as will be shown latter, the dis-
sipated energy (Ap) within that range is low.

To study the relation between ¢&; and n;, Eq. (3) was used to de-
termine &; for ng = 1 to 1000 and for h/t values ranging from 1.5 to 3.
The values of F, and 4, were taken as unity and 4,,/4;’, respectively.
This relation is shown in Fig. 10(a). It should be noted that an MCCD
system requires a h/t of about 1.5 to exhibit a snap-through instability
and h/t of about 3 or less to maintain self-recoverability [12]. Fig. 10(a)
shows that for ny < 2, &; = 0 since the loading and unloading curves
coincide, while for 2 < n; < 18, &; increases sharply. For about
ng > 18, a further increase in n, results in a slight increase (< 10%) in
;. Similarly, the force ratio fr was plotted against h/t and ns and it
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Fig. 9. The relation between displacement ductility (u,) with ng for a range of
h/t values.

showed comparable trends to &; as shown in Fig. 10(b).
2.2. Considered cases for the study

Two cases of the hysteresis model were considered for the study: (1)
the response of the MCCD system, and (2) the response of the MCCD
system coupled with a linear elastic response. In the first case, it is
assumed that the MCCD is the only force resisting system and damping
mechanism with a response as shown in Fig. 11(a). Note that the tan-
gent stiffness, k,, is zero in this case. In the second case, the response in
the first case (i.e., the response of the MCCD system) is coupled in
parallel with a non-yielding linear (NYL) system. The resulting response
in the second case is as shown in Fig. 11(b). The coupled NYL system
has a stiffness, k., that is less than or equal to the secant stiffness of the
MCCD system, k., as shown Fig. 11(b). The ultimate force of the NYL
system, F,, can be linked to F,’ by the force ratio factor, yg, as given
below. yr = 1 and 2 for F. = 0 and F. = F/, respectively. It is should be
noted that k. in the first case [Fig. 11(a)] does not equal to k. in the
second case [Fig. 11(b)]. The relations governing the parameters of
hysteretic responses are as follows:

Ve = (F, + B)/F, an
E, = ke Ay (12)
+ 1
F = E#A Yr
VrMa (13)
ki = Euy/Ay 14
-1
ap = 7)/}7
My + Ve —1 (15)
ki = apk; (16)
By -1
G=""—""
Ve TTHA a7)

2.3. Ground motion records

A set of 62 ground motion records from 7 different earthquakes (see
Table 1) were used in this study. The earthquakes had magnitudes (Ms)
ranging from 5.8 to 7.1 [34]. The records were recorded on sites cor-
responding to site class B as per [35]. Fig. 12 shows the displacement
response spectra for the 62 ground motion records with 5% damping
along with the average response spectrum. The curves in Fig. 12 were
normalized based on maximum spectral displacement after the spectral
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Fig. 10. (a) The relation between &; with n for different h/t ratios, and (b) Br with h/t for different n; values.

analysis for illustration purposes. The response characteristics of the
individual responses and their averaged response in Fig. 12 are im-
portant to compare the used ground motion records with design re-
sponse spectra.

2.4. Analysis procedure

The procedure followed to determine the ¢ starts with the modified
Jacobsen’s viscous damping ratio (¢;) defined by Eq. (3) in addition to
the elastic viscous damping (&) of 2% as an initial estimate for the
linear THA of the substitute systems. These ratios are then changed in
an iterative process until the resulting & for the equivalent substitute
linear SDF systems have the same maximum spectral displacements as
the original nonlinear systems. For the nonlinear THA, a value of 2%
Rayleigh damping [36-38] proportional to the current tangent stiffness
was considered.

The study was conducted for the two cases noted in Section 2.2 with
T, ranging from 0.05 to 4 s at 0.05 s increments and 1.5 < h/t < 3 at
0.25 increments. The corresponding values of i, and f as a function of

()

7 F
7

(b)

Table 1

Recorded earthquake used in this study.

Date Earthquake name Magnitude (Ms)
02/09/1971 San Fernando 6.5
04/24/1984 Morgan Hill 6.1
07/08/1986 Palm Springs 6.0
10/01/1987 Whittier 6.1
10/17/1989 Loma Prieta 7.1
06/28/1991 Sierra Madre 5.8
01/17/1994 Northridge 6.8

h/t are shown in Fig. 7(b) and can be calculated using Egs. (8) and (9),
respectively.

The THA of the linear and nonlinear systems were performed using
the program Opensees [39]. The iterative process to determine ¢ for the
linear SDF systems were performed using the program Matlab. The
process to determine the EVD ratios is as follows:

A4

A4

u

Fig. 11. Hysteresis models considered: (a) Case 1 - response of an MCCD system, and (b) Case 2 - response of an MCCD system coupled with a non-yielding linear

system.
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Fig. 12. Scaled displacement response spectra of the motion records at 5%
damping and their average response.

1. Set an h/t and calculate the corresponding values of p, and Sr.

2. Select a ground motion record.

3. Set an effective structural period Teg.

4. Calculate ¢&; from Eq. (3) and set the initial EVD ratio, &;, as
51‘ = ée + fJ-

(@)

Chi=135 ~BE=175 s hi=20
{x Bt=225 -ht=25 o hit=275-

0
0 1 2 3 4
T(s)
(c)
2 H H H
CHhi=15 ~hit=175 s hii=2.0
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xh/t =3.0
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Fig. 13. Average ratios of linear to nonlinear spectral displacements and coefficient of variation for Case 1 [(a) and (b)], and for Case 2 [(c) and (d)].

10.

11.

12.

13.
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. Calculate ko = 4 x° m / Toi#* where m is the mass and it was kept

constant at unity.

. Perform linear THA on the SDF system with properties as given

above and determine the maximum absolute linear displacement,
AL.

. Based on the value of A; from step 6, and y, and fr form step 1,

calculate the parameters of the hysteretic response of the nonlinear
system: F,, F,, k;, and k. using the relations presented in Section 2.2.

. Perform nonlinear THA on the SDF system with properties as given

above and determine the maximum absolute nonlinear displace-
ment, Ayy.

. Compare the maximum displacements A; and Ay, from steps 6 and

8, respectively, and report the ratio Anz/A;. If the error between Ay
and Ay is < 1.5%, then the EVD ratio ¢ equals &; and proceed to
step 11, otherwise proceed to step 10.

For the linear system with properties as given in steps 2 to 5,
iteratively change & until the resulting new A equals to Ay, from
step 8 within an absolute error of 1.5%, and report the results.
Repeat the procedure from step 3 to 10 by selecting different values
of T This step will result in linear and nonlinear displacement
response spectra.

Repeat the procedure from step 2 to 11 by selecting another ground
motion record.

Repeat the procedure from step 1 to 12 by selecting a different
value of h/t and the corresponding values of 1, and fr.

ThF=13 hi=175 -hi=20
| =225 -Bh=25 omt=275
80 ol s at=30

0
0 1 2 3 4
T(s)
100
SHi=13 <hi=175 shi=20
90 | <hAt=225 -hft=25 ohkt=275
80 |- W/t =3.0

T (s)
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Fig. 14. Average equivalent viscous damping ratio (&) with Tz and h/t for Case 1 [(a) and (c)], and Case 2 [(b) and (d)].
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Fig. 15. Developed expression for EVD compared with other expressions.

3. Results and discussion
3.1. Ratio of nonlinear to linear spectral displacements
The linear and nonlinear spectral displacements (analysis results

from step 11) for the considered ground motion records were averaged
and grouped based on the h/t values and the two considered cases in

Section 2.2. The calculated ratios of nonlinear to linear spectral dis-
placements (Anz./Ar) were averaged for the 62 records over the range of
T A statistical study was conducted on the resulting data to determine
the upper and lower bounds using the interquartile range [40] and then
eliminating suspected outliers. Fig. 13(a) and (c) show the averaged
ratios of Ayy/A;, for Cases 1 and 2, respectively. It can be noted that for
approximately T > 0.75s, the ratio is generally > 1. This means that
the used ¢; based on the modified Jacobsen’s approach (step 4) over-
estimates £. An opposite conclusion can be made on the Ay;/A; values
for T < 0.75 s. The coefficient of variation (COV) for Teg < 0.75s,
shown in Fig. 13(b) and (d), ranges between 10% and 40% for Case 1,
and between 8% and 28% for Case 2.

3.2. Equivalent viscous damping ratios

A similar statistical study to that performed for the Ay;/A; ratios
was repeated for the equivalent viscous damping ratio () obtained
from the iterative process in step 10. Fig. 14(a) and (b) show the
average ¢ for the 62 records over the range of T and grouped based on
the values of h/t and the two considered cases. Fig. 14(c) and (d) show
the relation between h/t and ¢ for selected values of Ty along with the
calculated EVD based on the modified Jacobsen’s approach (MJ). The
figures show that the curves are generally lower than the MJ curve
except for shorter periods Teg.

3.3. Developed expressions for equivalent viscous damping

The resulting equivalent viscous damping ratios from the analysis
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Fig. 16. Averaged ratio of linear to nonlinear spectral displacements using the developed expressions for (a) Case 1, and (b) Case 2.

procedure (Fig. 14) were used to develop empirical expressions for EVD
ratios (&) of the idealized hysteretic responses of MCCD systems [see
Eq. (1)]. The data are mainly influenced by height-to-thickness ratio (h/
t), the effective structural period (T.s), and the force factor of the
coupled NYL system (yr). A piecewise linear function was used to de-
velop an expression for &, as given by Egs. (18)-(21). The function
consists of constant and linear parts that meet at a deviation point, Ty,
along the range of structural period. This point was found to be a
function of yr. The ideal height-to-thickness ratio, (h/t),, can be cal-
culated using Eq. (22) based on the values of y, and f3r of the considered
system. For systems with ny = oo, (h/t), = h/t, while for systems with
n, < oo, (h/t), < h/t.

§=D1+E(T;— Ty)] for Ty<T (18a)
§=D for Ty<T (18b)
Ty = —0.5 + 2.5 (19)
D = (—0.0188y; + 0.0922)(h/t), + 0.0215), — 0.1188 (20)
E = 3.817(h/t),***? 21
(h/1), = 0.183u, + 0.7683; + 1.151 (22)

The developed expression in Eq. (18) was compared to the expres-
sions proposed in [15,18] to estimate &, for ring-spring dampers, which
have a flag shaped response. Since the ratio h/t does not apply to the
expressions in [15,18], the corresponding p, values to the h/t ratios in
the developed model were set as the basis for the comparison. Fig. 15
shows the relation between &, and p, for yr of 1 and 2. The figure il-
lustrates the difference in dealing with the MCCD system compared to
conventional ring-spring dampers as well as inelastic (ductile) systems.
It can be seen that at higher values of y, the &, based on the expressions
in [15,18] reach a plateau, which means that the width of the hysteretic
response doesn’t significantly increase with increasing deformations.
On the other hand, the &, of the MCCD system using the developed
expression in Eq. (18) keeps increasing. This agrees with the trends
shown in Fig. 14(c) and (d). The reason is that increasing p, results in
increasing h/t which in turn increases the force difference factor (8r)
and hence the area of the hysteretic envelope, or dissipated energy. This
is shown in Figs. 7 and 10.

The linear substitute systems were reanalyzed with damping ratios
estimated by the developed expressions. The linear and nonlinear
spectral displacements for the used ground motion records were aver-
aged and grouped based on the values of h/t for the considered cases.
Results are shown in Fig. 16, from which can be seen that the spectral
displacements are in good agreement.

10

3.4. Illustrative example

The equivalent viscous damping ratio is estimated for an MCCD
system with ny = 12, h/t = 2.5, and CCD units with thickness, height,
and length of 1.2 mm, 3 mm, 100 mm, respectively. The MCCD system
is coupled with an NYL system with a force ratio factor yr = 1.649. The
-F-A response of the MCCD system was calculated using the multilinear
model presented in [12]. The idealized hysteretic response of the MCCD
system was also calculated using the procedure presented in Section
2.1. From the idealized response the following factors can be calculated
assuming T > T as:

Br = (F, — F,)/F, = 0.5586

Uy = Dl Dy = 4.6676

(h/t), = 0.183u, + 0.7688, + 1.151 = 2.4341

D = (—0.0188y;, + 0.0922)(h/t), + 0.0215y, — 0.1188 = 0.0656

& = D = 0.0656

The estimated &, for the system is about 6.5%. In case where the
calculated T,y (using the DDBD method presented in Section 1.2) is
smaller than T, the factor E in Eq. (21) must be calculated and Eq. (18a)
must be used to calculate &p,.

4. Conclusions

The hysteretic response of an MCCD system that relies on con-
secutive snap-through buckling events to dissipate energy was in-
vestigated for its equivalent viscous damping. The sawtooth-shape re-
sponse of the MCCD system was idealized to facilitate dynamic analysis.
The idealization process was based on maintaining energy balance
between the original and idealized responses.

The modified Jacobsen's approach was used to initiate the process of
determining equivalent viscous damping ratios for the examined hys-
teretic model. The approach is based on substituting the nonlinear
system by a linear system with a secant stiffness at maximum dis-
placement, which agrees with the basic assumptions of the direct dis-
placement-based design method.

Linear and nonlinear time-history analyses were performed on
single degree of freedom systems with hysteretic response and linear
equivalents, and a systematic analysis procedure was followed to de-
termine corrected equivalent viscous damping ratios for the examined
responses. A statistical study was conducted to develop empirical ex-
pressions for the idealized hysteretic response of the MCCD system. The
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following findings were drawn from the study:

. Ratios of nonlinear to linear spectral displacement show that the
equivalent viscous damping ratios based on the modified Jacobsen's
approach are overestimated. This behavior is more pronounced in
intermediate and long period ranges (T, > 0.75 s). The opposite
behavior was observed in the short period range (T < 0.75 ).

. The general coefficients of variation of nonlinear to linear spectral
displacements were 23% and 11% for Cases 1 and 2, respectively.
. An expression to estimate the hysteretic equivalent viscous damping
ratio was developed. The calculated spectral displacements for the
linear substitute structure using the developed expression are in
good agreement with displacements from the analyses of nonlinear
systems.

. An experimental investigation is being carried out to determine the
EVD ratio of the MCCD system for a range of h/t values. Preliminary
results show good agreement with the numerical results of this

work.
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