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A hypothetical seismic site is constructed for which the probability law of the seismic ground acceleration
process X () is specified. Since the seismic hazard is known, the performance of the incremental dynamic
analysis- (IDA) and multiple stripe analysis- (MSA) based fragilities, which are used extensively in Earthquake
Engineering, can be assessed without ambiguity. It is shown that the IDA- and MSA-based fragilities are
unsatisfactory for moderate and large seismic events, are sensitive to the particular parameters used for their
construction, and may or may not improve with the sample size. Also, the usefulness of the optimization

algorithms for selecting ground motions records is questionable.

1. Introduction

Fragilities are conditional probabilities P(Y > y,|seismic hazard)
that engineering demand parameters Y exceed critical levels y. for
given site seismic hazard. The site seismic hazard is specified in this
study by stochastic processes whose samples are viewed as ground
acceleration time histories, with rates of occurrence defined by a hypo-
thetical system of linear faults with specified parameters. It is common
to characterize the site seismic hazard by intensity measures (IMs),
e.g., peak ground accelerations or response spectral accelerations, so
that the fragilities P(Y > y,,|seismic hazard) are approximated by the
conditional probabilities P(Y > y.|IM), referred to here as current
fragilities. Simplicity is the main feature of IMs. Crude characterization
of seismic hazard is a notable limitation of IMs which, as shown in this
study, is likely to affect the usefulness of crude fragilities.

It is consensus of the Earthquake Engineering community that IMs
have to be such that fragilities conditional on these measures approx-
imate satisfactorily actual fragilities, i.e., P(Y > y,[IM) ~ P(Y >
Yo |seismic hazard). Specifically, IMs are required to be efficient, i.e., the
conditional random variable Y|IM has small variance, sufficient, i.e., the
conditional random variables Y|IM and Y |(seismic hazard) have similar
distributions, and scale robust, i.e., structural responses obtained by
scaling records are unbiased [1-3].

IMs satisfy approximately some but not all of the above require-
ments [1-3]. Moreover, their predictive power decreases with the size
of seismic events [3-5]. These are significant limitations which suggest
that current fragilities P(Y > y,|/IM) may provide unsatisfactory
approximations of actual fragilities P(Y > y|seismic hazard) and that
their quality deteriorates with the size of seismic events. The quality
of current fragilities P(Y > y.|IM) is further affected by the use of
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small sets of scaled ground acceleration records which are selected via
optimization based on questionable objective functions [6].

Intuition suggests that current IMs, e.g., response spectra, can only
provide a crude characterization of the seismic hazard since maxima
of responses of simple linear oscillators and of complex nonlinear
structural systems to the same ground motions may differ significantly.
This intuitive observation is confirmed in [4] by showing that maxima
of responses of linear oscillators and even simple nonlinear dynamical
systems are weakly dependent.

Our main objective is to assess the performance of the current
methods for fragility analysis. A postulated site and seismic hazard
is used to achieve these objectives. We recognize that this setting is
a simplified version of reality. Yet, it has the advantage that truth
is known so that potential pitfalls of current methods for fragility
analysis can be identified without ambiguity. If the current fragilities
are unsatisfactory in this setting, their usefulness is questionable. We
also note that the postulated hazard (1) is consistent with physics, in
the sense that the frequency content of the seismic ground acceleration
depends on the moment magnitude and the source-to-site distance, and
(2) is more realistic than seismic hazards considered elsewhere, e.g., the
seismic hazard in [7] depends only on the moment magnitude.

The performance of current fragilities has been investigated exten-
sively by using actual and synthetic ground motions. The synthetic
ground motions are samples of postulated stochastic processes [7,8]
and the seismic hazard is characterized by IMs, although IMs and
engineering design parameters are weakly dependent when dealing
with large seismic events [3,4,8]. Accordingly, current fragilities, which
are probabilities of engineering design parameters exceeding limit lev-
els conditional on IMs, are not informative for large seismic events.
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In contrast, this study defines fragilities as conditional probabilities
of engineering design parameters exceeding limit levels conditional
on the defining parameters of the ground motion stochastic process,
e.g., earthquake magnitude and site-to-source distance for the model
in [9] under specified soil conditions.

It is shown that IDA- and MSA-fragilities provide limited informa-
tion on structural performance for moderate and large seismic events,
are sensitive to implementation procedures, seem to converge/diverge
with the sample size depending on the value of the critical threshold
Y.r» and are based on IMs which are crude descriptors of seismic hazard.
Also, the usefulness of the algorithms for selecting ground motions is
questionable since fragilities based on samples selected by these algo-
rithms and on randomly selected ground motions are similar. Fragility
surfaces, i.e., probabilities of events {Y > y, ]} conditional on the
defining parameters of the ground acceleration process, e.g., moment
magnitude M, site-to-source distance R, and soil properties, are the
only realistic metrics of structural performance.

The following sections define the site seismic hazard (Section 2),
illustrate limitations of IMs (Section 3), develop reference fragility
curves/surfaces and construct current IDA- and MSA-fragility curves
(Section 4), assess the performance of IDA- and MSA-fragilities (Sec-
tion 5), and present concluding remarks (Section 6).

2. Seismic hazard

Seismic events at a site are generated by ruptures along seismic
faults in its proximity which occur at random times and random
locations along these faults. We consider a hypothetical seismic site,
develop a probabilistic model for site ground acceleration process, and
construct a set of site ground acceleration time histories which define
the site seismic hazard, i.e., the setting in Earthquake Engineering
practice. The hypothetical seismic scenario herein has one essential
feature to perform a critical review on seismic fragility, that all its
parameters, including the probability laws that govern the occurrence
and the time history processes of ground motions are known. This
utopian scenario may not follow all the features of realistic seismic
hazard scenarios, but the development of a perfect hazard model is
beyond the scope of the paper. This simplified hazard definition is not
a limitation, since our main point is that a robust method for fragility
development which works in a realistic complex situation should also
work in the simplistic scenario of this paper.

2.1. Seismic activity matrix (SAM)

Consider the site in the left panel of Fig. 1 which is affected by
three seismic faults. It is assumed that (1) the seismic events occur at
random times defined by a homogeneous Poisson process of intensity
A = 1 event/year, (2) the seismic events are caused by ruptures along
the faults 1, 2, and 3 which occur with probabilities ¢, ¢,, and g5,
(3) the seismic point sources are randomly located along the faults, and
(4) the magnitudes M of seismic events are independent samples of the
Gutenberg—Richter law described by the density [10]

by In(10) 100 (m=minz)

1-— lo_bk (Mmax k=Mmin k)

Sy p(m) = 1

where m;, , is the minimum magnitude of interest, set to 5 for all
faults, and m,,, 4, kK = 1,2,3, is an upper bound of the magnitude
for each fault, and b, is a parameter which controls the right tail of
the Gutenberg-Richter distribution. Numerical values of the parameters
in Eq. (1) are in Table 1. The entries (x;,y;,) in the table are the
coordinates of the end points of the three faults.

The parameters associated to the three fault lines that define the
hazard scenario are customary and may be not respect the relationship
between fault size and moment magnitude but it is considered adequate
for our objective. The right panel of Fig. 1 shows a two-dimensional
histogram of moment magnitude M and site-to-source distance R,
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Table 1

Fault Properties.
Fault k qx My i Mypax i by Xy s Vik) (Xp 5 Vo)
1 0.2 5 7 1.10 (—20,-40) (120, -15)
2 0.5 5 8 0.90 (=80, -20) (20, -25)
3 0.3 5 8 0.85 (—=20,50) (150, 60)

referred to as seismic activity matrix (SAM). The histogram is based
on 10,000 seismic events. It provides information on the likelihood of
observing seismic events corresponding to various (M, R)-values. Such
statistics are common in Earthquake Engineering, and identical or sim-
ilar information about realistic hazard scenarios in the United States,
for example, can be obtained from sources such as the United States
Geological Survey (USGS), using their earthquake-probability [11] or
uniform-hazard tools [12].

2.2. Seismic ground acceleration process

Denote by (m,r); the centers of the cells of the SAM in Fig. 1 and
by p; the probability that, given the occurrence of a seismic event,
its magnitude M and distance R belong to cell j = 1,..., N, where
N =300, M €[5.0,8.0], and R € [0,200] km.

To complete the probabilistic model of the site seismic hazard, we
now specify the probability law of the site seismic ground accelera-
tion process. The model for this process relies on the specific barrier
model (SBM) [13,14], which is a seismological model that provides
the frequency content of ground motions as functions of (M, R), in the
form of a power-spectral density function g(v; M, R), given some other
fixed conditions, such as the shear-wave velocity or the seismological
regime. The SBM was calibrated to regional data in [15], and was
further improved to be consistent with site-specific records in [16,17].
Of course, other substitute stochastic models such as the ones proposed
by Rezaeian and Kiureghian [18], Tsioulou et al. [19], or Vlachos
et al. [20], or more complex physics-based models such as Goda et al.
[21] can be used to simulate earthquakes as functions of (M, R).

The construction of this ground-motion process in our study uses
developments in [9], and is based on the following assumptions.

(1) The active (m,r) I cell during an arbitrary seismic event is a sample
of the multinomial random variable (V}, ..., Vy) with parameters
(py,....PN), i.e., the outcome of the experiment of rolling an
N-sided die with side probabilities (p,, ..., py) and

(2) The site seismic ground acceleration processes X;(1), j = 1,..., N,
corresponding to the cells of the activity matrix are independent
Gaussian processes whose laws are given by the seismological
model in [15]. Hence, the site ground acceleration during a
seismic event is the stochastic process

X((n),  with probability p,
X =4 X;(r, with probability p; o)

Xy (@),
Various probabilistic models can be used for the processes X;(z) [16].
We use the SBM model of [15] since it is based on seismological
arguments and can be updated if additional site ground-motion records,
regarded as samples of X(¢), are available [17]. According to this
model, X;(#) are non-stationary Gaussian processes defined by

with probability p

X,0=h(OZ;®, j=1,....N, 3)

where h;(?) is a deterministic modulation function with support [0, 7;]
and Z;(r) is a zero mean stationary Gaussian process with one-sided
spectral densities g(v), v 20, which depends on the site-to-source
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Fig. 1. Hypothetical site and seismic activity matrix (SAM) (left and right panels).
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Fig. 2. Comparison of SBM power spectral densities for different pairs of (m,r).

distances r;,
conditions.

Fig. 2 shows spectral densities of the processes Z;(t) for a site with
type-D NEHRP (National Earthquake Hazards Reduction Program) soil
characterized by an average shear velocity in the top 30 m of soil of
vg30 = 310 m/s. The frequency content and ordinates of the spectra vary
significantly with (M, R). The modulation function has the form

source magnitudes m;, and other parameters, e.g., soil

h(H) = at® exp(=ct) Q)

where the scalar coefficients a, b, and ¢ are also outputs of the SBM and
depend on (M, R) [15].

According to the above models, site seismicity is completely defined
by the SAM in Fig. 1, the Gutenberg-Richter law of Eq. (1), and
nonstationary Gaussian process X(f) in Egs. (2)-(4). For given soil
conditions, the site seismicity is specified by one member of the family
of processes X;(t), j = 1,..., N, whose selection depends on (M, R).
This means that fragilities can be defined precisely as probabilities of
the events {Y >y} conditional on (M, R) for given soil conditions.

2.3. Reference ground acceleration records

The following two-step Monte Carlo algorithm has been imple-
mented to generate n = 10,000 independent seismic ground acceler-
ation records for the site in Fig. 1.

— Step 1: Generate n independent samples of the multinomial vari-

able (V,,...,Vy) with N states of probabilities (p,,...,py). The
distribution of this variable is

n!
P(Vl=U1»---sVN:UN):—!pY1 ...pl;VN’ 5)

vl oy

where v; are non-negative integers such that Zj\; L v; = n. It gives
the probability that the cells indexed by {1,..., N} are selected
{v),...,vy} times in n trials. The MATLAB function mnrnd(n, p)

can be used to generate samples of the distribution in Eq. (5),

where p = ( PlsesD N). The outcome of this function is the active
cell k; € {1,...,N} ateach trial i = 1, ..., n. For example, if k; = 1,
seismic cell 1 is selected at the ith trial.

— Step 2: Generate n independent samples of X(7), i.e., single inde-
pendent samples of the processes X, (1), i = 1,...,n. Standard
algorithms can be used to generate samples of the stationary
Gaussian processes Z, ) in Eq. (3), e.g., methods based on the
spectral representation and the sampling theorems [22].

The resulting set of n independent samples {x,(?), ..., x,()} of X(1),
referred to as the reference set of ground accelerations, is used to
characterize the site seismic hazard. This set of synthetic records is
similar to the set of ground motion time histories recorded during
seismic events at a site. They are used in the subsequent sections for
fragility analysis.

We note that the reference set of n = 10,000 synthetic records is
large relative to the sets of site ground acceleration records available at
most sites. Yet, it is insufficient to characterize accurately the seismic
hazard, as illustrated in a subsequent section. The remainder of this
section examines potential difficulties related to sample size n, i.e., the
size of the available set of ground acceleration records.

Let V = (V},...,Vy) denote the N-dimensional column random
vector of multinomial variables with probability in Eq. (5). The samples
of V' are column vectors whose components are equal to zero except for

one which is equal to one. Let V®, i = 1, ...,n, be independent copies
of V' and define the vector-valued estimator
n (i)
1 n 1 Zi:l Vl
P==-3v0 : ©)
n
=l no 0
Ziet Yy
of the probabilities p = (p,...,py). Note that N; := ¥ I/j(i)/n
gives the random number of occurrences of source j = 1,...,N in

n trials scaled by n so that E[N;] = p;, Var[N;] = p;(l - p;), and
Cov[N;,N,]=—-np;(1-p,) [23] (Chap. 11). The mean and covariance
matrices of the estimator P are

E[P]

n
% Y E[V® =p and
i=1

LE[S W -0) 202 -0)

i=1 Jj=1

E[(P-p)(P-p)],

1
= [ps (1 =p)6y —pyp,(1=8)], st=1,...,N, (7)

where 6, = 1 and O for s = 7 and s # t. These moments show
that P is an unbiased and consistent estimator since E[ﬁ] = p and
E[S, (V9 = p,) X0, (VY = p,)], » 0 as n — oo.

These considerations show that the mean and variance of the ran-
dom number of ground accelerations associated with cell j in n trials
are np; and (1/p; — 1)/n. For example, we will see on average 10
samples from the cell j of the SAM matrix with p; = 0.001. Since the
coefficient of variation of this number is Cov[ﬁj] = /{/p;=D/n =
0.31, the observed number Isj of records from this cell exhibits large
sample-to-sample variation.
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Fig. 3. Scatter plots of max,,,{|¥;,()]} and max,., {|Y(®)|} for (m = 5.3,r = 35 km)
(left panels) and (m = 6.5,r = 35 km) (right panels) for scaling factors x = 0.1, 1, and
10 (top, middle, and bottom panels).

3. Current intensity measures

Ordinates of response spectral accelerations for specified periods
and damping ratios are currently used as intensity measures (IMs) for
fragility analysis. As previously stated, intuition suggests that these IMs
are unlikely to predict the performance of complex nonlinear dynamical
systems. Theoretical arguments based on concepts of the extreme value
theory (EVT) [4] and numerical illustrations [3,5] provide quantitative
support to this intuition. Recent studies show, in agreement with find-
ings in [4,5], that IMs can yield bias estimates of structural responses
[2,24]. This section presents additional numerical examples which
further illustrate limitations of IMs.

Let Y};,(r) and Y (¢) denote the displacement of a linear single-degree
of freedom system and a scalar response of a multi-degree of freedom
nonlinear structural system of arbitrary complexity subjected to the
same ground acceleration process X(t). Following practice, the natural
period and damping ratio of the linear oscillator are tuned to properties
of the nonlinear system, e.g., they match the period and the damping
ratio of the first mode of vibration of the nonlinear system for small
oscillations [6].

The responses Yj;,(r) and Y (r) are dependent processes as solutions
of differential equations to the same input X(¢). However, their depen-
dence is weak since (1) Y;,(t) and Y (r) have different frequency bands
as linear systems filtered out frequencies while nonlinear systems,
generally, create new frequencies and (2) Y};,(¢) is Gaussian if the input
is Gaussian while Y (¢) is not irrespective of the properties of X(z) so
that extremes of Y;,(r) and Y(¢) are likely to differ significantly. The
discrepancy between the probability laws of Y;,(r) and Y (r) strongly
suggests that accurate predictions of responses of nonlinear systems
from corresponding responses of linear systems are unlikely.

We further illustrate the discrepancy between the response pro-
cesses Y;;,() and Y (r) for a Bouc—-Wen single degree of freedom system

Probabilistic Engineering Mechanics 63 (2021) 103115

whose state Y (¢) satisfy the differential equation
YO +28vY@)+ v (Y (1) + (1= p) WD) = kX (1),
Wn ==y YO+a WO WO+ YO WO, ®

t€0,7],

where ¢, v, a, B, v, p, n are model parameters, W () denotes the
hysteresis response of the Bouc-Wen oscillator, x > 0 is a scale factor,
and X(r) is the seismic ground acceleration process defined by Eq. (3)
and is scaled by xk = 0.1, k = 1.0 and x = 10. Note that the solution for
p = 1is that of a linear oscillator with natural frequency v and damping
ratio ¢, i.e., the process Y;,(r). The following numerical results are for
v=2r,{=005a=05p=05y=1,p=01l,n=1,k =1, and
n = 10,000 samples of X(¢) corresponding to (m = 5.3,r = 35 km) and
(m = 6.5,r = 35 km). The duration 7 of the seismic input depends on
(M, R) and can be found in [9].

Fig. 3 shows scatter plots of response maxima of the linear and
the Bouc-Wen systems, i.e., the random variables maxq.,,{|¥}, (0]}
and max ., {|Y ()|}, corresponding to the reference set of n = 10,000
ground acceleration samples. The left, middle, and right panels are for
scaling factors of x = 0.1, 1, and 10. The left and right panels are
for (m = 5.3,r = 35 km) and (m = 6.5,r = 35 km). Large responses
maxgq,<, {|¥;(H)|} of the linear oscillator are satisfactory predictors of
the corresponding responses max,.,,{|Y ()|} of the Bouc-Wen system
for small seismic events (x = 0.1), an expected result since the Bouc—
Wen oscillator behaves as a linear oscillator for small inputs. On the
other hand, max.,, {1Y;;,(#)|} is a pure predictor of max,,, {|Y(#)|} for
moderate and large seismic events (x = 1 and 10). This is a significant
limitation since damages and potential life losses occur during large
seismic events.

The practical implication of the plots of Fig. 3 is significant. The
plots show that the ground motions which maximize the responses
of linear oscillators may not maximize the responses of nonlinear
systems. This means that the selection of representative ground motions
based on response maxima of linear systems, i.e., response spectra, is
questionable.

4. Fragility analysis

Suppose that seismic hazard at a site is described by the reference
set {x;(?),...,x,(} of ground acceleration records, i.e., n independent
samples of the ground acceleration process X (¢) in Eq. (2). We define
and construct two types of fragility curves, referred to as reference
and current fragility curves. Both types of fragilities have access to the
same information, the reference set {x,(7),...,x,("} of seismic ground
acceleration records. We also construct reference fragility surfaces
which use sets of records larger than {x,(),...,x,("}.

4.1. Reference fragility curves

These fragilities are derived from the entire set of unscaled refer-
ence records {x,(?), ..., x,(#)}. The construction of these fragility curves
involves the following four steps.

— Step 1: Construct the pseudo-acceleration response spectra
{S,;(T)}, T > 0, of the unscaled seismic records {x;(r)}, i =
1,...,n, for a specified damping ratio ¢, e.g., { = 0.05.

— Step 2: Partition the spectral range [min{sS,;(T)}, max{S,;(Ty)}]
at the reference period T = T, in k equal or unequal intervals
I, k = 1,..., k. The spectral range defines the range of possible
values of IMs.

— Step 3: Partition the set of ground motions in k subsets by using
the following rule. The ground motion x;(#) is assigned to the
interval I if S,;(T}) is in I;. Denote by n, the number of ground
motions assigned to I,.

— Step 4: Calculate structural responses y;(¢) to the ground motions
x;(t) of the reference set and estimate fragilities in each interval
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where n, denotes the number of records with response spectra
in I, and 1(A) = 1 if the A is true and zero otherwise. Note that
the fragilities P, ;(y,,) are defined in the range [min{.S,;(Tj)}, max
{S,:(Ty)}] and cannot be extended outside this range. The num-
bers n;, have to be sufficiently large to provide reliable fragility
estimates. This requirement is difficult to satisfy in practice due to
limited seismic records and in numerical studies due to excessive
computational demand.

The triangles and other markers in Fig. 4 are the fragilities P, (yc,)
given by Eq. (9) plotted at the centers of the intervals {I,} of the
response spectrum S,(7,) with T, = 1 sec and { = 5%, where {y;(")}
are displacements of the Bouc-Wen oscillator in Eq. (8), k = 1, to
the ground acceleration records in the reference set. The continuous
lines in the figure are lognormal distributions fitted to the probabilities
P« (¥r). The plots show that the information content of even 10,000
ground acceleration records is insufficient to estimate structural perfor-
mance for large earthquakes as they are rare events. For example, there
is just a single SAM cell which yields a non-zero fragility for y.. = 4.0.

The current methods for fragility analysis assume that small subsets
of the set of available records, referred to as representative ground mo-
tions, can characterize site seismicity accurately provided that they are
(1) selected in an optimal manner by using objective functions based
on responses of linear oscillators and (2) scaled to seismic events of any
size. Current selection of representative ground motions is questionable
since response maxima of linear oscillators and even simple nonlinear
systems are weakly dependent (see Fig. 3). Also, negative effects of
scaling are documented extensively [25,26]. The reminder of this study
further examines features and limitations of current fragilities.

4.2. Reference fragility surfaces

Fragility surfaces are plots of the conditional probabilities P(Y >
Voo | M, R) over the (M, R)-space. They are constructed for specified
soil conditions. As previously, Y denotes a scalar demand parameters,
e.g., the maximum response of the Bouc-Wen oscillator in Eq. (8). Note
that (1) the conditional probabilities P(Y > y, | M, R) are uniquely
defined for the seismic site and hazard considered in this work and
(2) the estimation of the probabilities P(Y >y | M, R) requires more
samples than that of the fragilities in Section 4.1 to assure that each
SAM cell is represented by sufficiently large sets of ground motions. The
estimates of the probabilities P(Y > y.. | M, R) are based on /i = 1,000
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samples of the ground acceleration processes X;(1), j = 1, ..., N, defined
by Egs. (2)-(4).

The following algorithm has been employed to construct reference
fragility surfaces.

— Step 1: Generate 7 independent samples {x;(?), ..., x; 5()} of the
ground acceleration process X ;(#) and calculate the corresponding
responses {y;;(?),...,y;;(O}, j = 1,..., N, of, e.g., the Bouc-Wen
oscillator in Eq. (8).

— Step 2: Estimate P ;(y,,) = P(Y > y, | (M, R) = (m,r);) from

Pr i) = 5 1 (max{ly 1) > ) =1 N, 10)
i=1

and plot the resulting conditional probabilities { P ;(y.)} at the
centers of the SAM cells. The reference fragility surfaces are 2D
lognormal distributions fitted to these probabilities.

The panels of Fig. 5 show fragility surfaces for critical levels y, =
0.5, yo = 1.0, y, = 2.0 and y, = 4.0 cm. They are based on N7 =
300,000 ground acceleration records, i.e., 7 = 1000 records for each of
the N =300 SAM cells. The sample size is much larger than that for the
fragilities in Fig. 4. Sections through these fragility surfaces are shown
in Fig. 6 for r = 35 km m = 6.5 (left and right panels). The reference
fragility surfaces of Fig. 5 show that non-zero fragilities for large critical
thresholds, e.g., y., = 4.0 cm, are associated with only a few SAM cells.
These cells have small site-to-source distance r, large magnitudes m, and
small probabilities (see the SAM in Fig. 1). Samples associated with
these cells are rarely observed even in sets of 10,000 records, which
are large relative to commonly available ground acceleration records
in Earthquake Engineering.

There is no unique one-to-one mapping between fragility surfaces
and fragility curves. Fragility surfaces are failure probabilities condi-
tional on the defining parameters of the ground acceleration process
X(1), i.e., the moment magnitude M and the site-to-source distance R
for specified soil conditions. Given (M, R) and SAM, the probability law
of X(¢) is known. In contrast, fragility curves are failure probabilities
conditional on IM. The probability law of X(¢) cannot be reconstructed
from IM. The following algorithm has been used to recast the fragility
surfaces of Fig. 5 into the fragility curves of Fig. 7.

— Step 1: Calculate the pseudo-spectral response spectra {S, ;;(T)}
of the unscaled seismic records {x;;®)}, i=1,...,A, j =1,..., N,
for a specified reference period T = T,) and damping ratio ¢.

— Step 2: Estimate the median of S,(T;,) and the standard deviation
of In(S,(Ty)) from the set of response spectra {.S,;;(T)}. These
estimates are denoted by Med[S,(T;)] and SD[In(S,(T}))| and are
shown in the left and right panels of Fig. 8 for T, = 1 sand ¢ = 5%.
These metrics are standard outputs of the ground-motion predic-
tion equations (GMPEs), which are used subsequently to select
ground motions for current fragilities, in lieu of standard GMPEs,
for consistency with the hazard model defined in Section 2.

— Step 3: Calculate structural responses {y; ;(1)}, estimate the fragili-
ties in each cell by P, ;(y.) in Eq. (10), and plot them against
Med[S,(T)]. These fragilities are shown in Fig. 7 by triangles
and other symbols. The continuous lines in Fig. 7 are lognormal
distribution fitted to these symbols.

We conclude this subsection with the following three comments.
First, it was shown in Fig. 4 that even a set of n = 10,000 ground
acceleration records, which is large relative to usually available site
records, is insufficient to capture extreme rare events, i.e., events from
SAM-cells of low probabilities, small r’s, and large m’s, and that the
resulting fragilities are unsatisfactory for large earthquakes. Second, the
number of records from individual cells with response spectra larger
than specified values S,(T;)) decreases rapidly with .S, (7;). For example,
this number is 231, 43, and 3 for S,(T) > 150, 200, and 250 cm/s”
for the SAM-cell (m,r) = (6.9,25 km). Note also that there are only
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11 cells whose records have response spectra larger than S,(T;) > 150
cm/s?, in agreement with the fragility surfaces of Fig. 5. Third, it was
possible to construct the fragility surfaces of Fig. 5 and fragility curves 0.8
of Fig. 7 since the probability law of the seismic ground acceleration

is known. These fragilities cannot be constructed in practice because 0.6
of insufficient ground motion time histories. Also, in contrast to the E"
fragility curves of Fig. 4 which are unsatisfactory for large y. due to & 0.4

insufficient data, the fragility curves of Fig. 7 are accurate for all critical 0
. . —Yer = 0.5 cm

levels y... They provide the most accurate representation of structural 0.2 o = 1.0 cm|]
performance and will be used as reference in the reminder of this study. Ve = 4218 cm
— Yo =40 cm

0 50 100 150 200 250 300
Med[S, (Ty)]

4.3. Current fragility curves

Fig. 7. Reference fragility curves derived from the fragility surfaces in Fig. 5 for the

Two types of fragility curves have been developed based on the Bouc-Wen system for y,, = 0.5, yo = 1.0, y =2.0 and y, =4.0 cm.

information provided by the reference set {x,(),...,x,(r)} of ground
accelerations. The first, referred to as incremental dynamics analysis
(IDA) [27,28], selects a single set of ground motions based on an
optimization algorithm, scaled them to have the same response spectra
at a specified period and damping ratio, and then scaled them to cover
desired ranges of spectral responses. The set of ground motion selected
for fragility analysis is referred to as the set of representative ground MSA-based fragility curves.

motions. The second, referred to as multiple stripes analysis (MSA)
[29,30] partitions the range of desired response spectra into intervals
and selects different sets of ground motions in different spectral inter-
vals. The following subsections outline the construction of IDA- and
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Fig. 8. The ground motion prediction model for the SBM, i.e., the median Med[S,(T;)] and the standard deviation SD[ln(S”(TO))] for T, =1 s and ¢ = 5% (left and right panels).
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Fig. 9. Median exp(u(T", T,)) and standard deviation 6(T,T;) for T, = 1 s of the conditional spectrum In(S,(T)) | In(S,(T)), see Eq. (12) (solid lines, left and right panels) and

estimates from the selected records (dashed lines).

4.3.1. Conditional spectrum
The logarithmic spectrum In(S,(T)) is assumed to be a non-
stationary Gaussian process defined by

In(S,(T)) = Hin( GT), T=>0, @an

5.m) (s,
where G(T) is a zero-mean, unit-variance Gaussian process with cor-
relation function p(T,T') = E [G(T) G(T’ )]. The mean and standard
deviation of ln(Sa(T)) are denoted by ”1n( s, (T)) and aln( s, (T)). For con-
sistency with the hazard model defined in Section 2, all these first- and
second-order statistical moments of the process ln(Sa(T)) have been
calculated using samples of the process Y (r) in Eq. (8), whose input
was defined in Egs. (2) and (3). For reference, the median and standard
deviation of In(S,(T)) have been illustrated in the representation of the
empirical GMPE shown in Fig. 8, while the empirical model for the
correlation function is similar to the one in [31,32].

The conditional process In(S,(T)) | In(S,(Tp)) for specified period
T, is referred to as conditional spectrum. Its mean and variance are
[22] (Sect. 2.11.5)
+p(T, Ty) (In(S,(Tp))

AT = k(o)

T Hin(s,a1) ) Gln(Sa(T))/aln(Sa(To)) and
- 2_ 2 _ 2 2
6(T,Ty) =o (5.7) (T, Ty) o (5.1) 12)

by properties of Gaussian vectors [22]. Note that 4(T, Ty) = In(.S,(T))
and 6(T,),T;) = 0 so that the conditional spectrum coincides with
In(S,(Ty)) since it has no uncertainty at this period. The conditional
moments in Eq. (12) with H (SG(T)) and o, (SH(T)) in Fig. 8 are used in
the subsequent section to select ground motions for fragility analysis.
Under the assumption that In(S,(T)) are Gaussian variables with

means ”m( ) for each T, the response spectra S,(T) =

exp(In(S,(T))) are lognormal variables as exponentials of Gaussian
variables. The median of S,(T) is the exponential of the mean of
In(S,(T)), ie., exp(ﬂln( . The left and right plots of Fig. 8 are

estimates of exp( i

Sa<T)))
and o . Similarly, exp(A(T, T,)) and

S,(D)) ) in(s,(1)

6(T,T,) are the median and the standard deviation of the conditional
spectrum In(S,(T)) | In(S,(Ty)).

4.3.2. Ground motion selection

We follow the methodology in [30,33,34] to select representative
ground motions from the reference set {x,(?), ..., x,(t)}. The methodol-
ogy has been implemented in a software which is available online [35].
This software was used to find representative ground motions.

Consider first the IDA approach for fragility analysis. In this ap-
proach, a single set of records of size n* <« n is selected from the
reference set (x;(?), ..., x,(1)). The algorithm involves the following two
steps.

— Step 1: Specify the size n* of the representative set of ground
motions, the period T, the damping ratio ¢, and the target
spectral density S,(T). The target spectrum is the conditional
spectrum of the previous subsection with statistics given by the
estimates of Fig. 8.

— Step 2: Scale all records in the reference set such that their
response spectra at a specified period T = T;, and damping ratio
¢, eg., Ty =1sand ¢ = 0.05, will match the ordinate S,(T;) of
the target spectrum. Denote the resulting scaled records of the
reference set by {X,(),...,%,("}. The set of n* records which are
the closest to the target response spectrum in some sense are
deemed representative and selected for fragility analysis.

The discrepancy between the response spectra {.S, (T). ..., S, ,(T)}
of the scaled records {%,(?),...,%,()} and the mean conditional spec-
trum can be quantified simply by, e.g., the mean square error
/ (/Am( ) " Sa,,-(T))2 dT. The quantification of this discrepancies
poses notable difficulties if based on the conditional spectrum, since
this spectrum is a nonstationary Gaussian process rather than a deter-
ministic function. The software in [35] was used to select representative
records in this setting. It was also used to select records for MSA-based
fragilities.

The implementation of the IDA approach for selecting ground mo-
tions is illustrated in Fig. 9. The solid lines are the median exp(i(T', Ty))
and the standard deviation 6(T,T,) provided by Eq. (12). The dashed
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Fig. 10. Median of the conditional spectrum In(.S,(T)) | In(S,(T;)) (heavy solid line),
response spectra of selected ground motions (thin lines), and confidence intervals
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lines are the corresponding properties of the selected records. The
median exp(4(T,Ty)) is also shown in Fig. 10 with a heavy solid line.
The thin lines are response spectra of the selected ground motion which
are scaled to match the target median at T = T},. The heavy dashed lines
are confidence intervals.

4.3.3. Fragility curves

Denote by {x,,(®),....x,,«(1)}, n* < n, the set of representative
ground motions, i.e., the subset of the reference set {x,(?),...,x,()}
which has been selected to construct IDA-based fragility curves, and by
{X51(, ..., X, ,«(1)} their scaled versions. The records have been scaled
to match the target response spectrum for T = T, = 1 sec and ¢ = 5%,
as illustrated in Figs. 9 and 10.

The construction of IDA-based fragilities involves the following two
steps.

— Step 1: Calculate structural responses {j,,.(;¢)} to the ground
motions {£X; (1)}, r = 1,...,n*, where the scaling factor £ > 0
defines the ground motion intensity, i.e., IM = &.

- Step 2: Estimate fragilities P;(£) by counting the number of re-
sponses {j, .(t;&)} which exceed critical levels y,,, i.e.,

P = - 31 (max(17, 601} > ver), (13)
r=1

where 1(A) = 1 if the A is true and zero otherwise. The tri-
angle and other symbols in the left panel of Fig. 11 are the
probabilities f’f(e:) plotted at corresponding scaling factors &.
The IDA-fragilities are lognormal distributions fitted to these
estimates.

MSA-based fragilities are constructed in a similar manner. First, the
range of IMs considered in analysis is partitioned in intervals {1, } and
sets of records {)?g’f,)(t)}, r = 1,...,n% of specified size n* are selected
for these intervals based on conditional spectra corresponding to the
midpoints of {I,}. The triangle and other symbols in the right panel of
Fig. 11 are probabilities calculated as in Eq. (13) based on the ground
motions selected for each interval I, and plotted against the midpoints
of these intervals. The MSA-fragilities are lognormal distributions fitted
to these estimates.

Consider first the IDA-fragilities in the left panel of Fig. 11 for the
Bouc-Wen oscillator of Eq. (8). The solid and dashed lines are IDA-
fragilities for target spectra S,(T,) = 0.01 g and S,(T;)) = 0.1 g and a
damping ratio of { = 5%. There are differences between these sets of
fragilities and these differences increase with y, . The sensitivity of the
IDA-fragilities to the selected value of S,(T;;) and the fact that there
are no criteria for selecting S,(7;) place doubts on the reliability of
IDA-based estimates of structural performance.

Probabilistic Engineering Mechanics 63 (2021) 103115

Consider now the MSA-fragilities in the right panel of Fig. 11 for the
same Bouc-Wen system. The figure shows four families of fragilities
corresponding to various values of y.. The solid, dashed, and dotted
lines in each families are for n* = 10, 50, and 100 selected samples.
The MSA-based fragilities are also sensitive to the particular parameters
used in analysis. For example, they seem to stabilize as n* increases for
V.. = 4 but diverge as n* increases for y,, = 2. As a result, different
analyst will obtain different fragilities depending on the particular
parameters selected for analysis. This is a matter of great concern for
practice.

5. Current and reference fragilities

The characterization of the seismic performance of structural sys-
tems poses significant difficulties because the physics of earthquakes is
partially understood and the sets of recorded ground accelerations are
small. The plots of Fig. 4 show that even sets of records which are large
relative to typically available data in Earthquake Engineering are in-
sufficient to construct fragilities for moderate and large seismic events.
The construction of these fragilities requires information beyond the
available sets of seismic ground acceleration records.

There are at least two directions to overcome these difficulties and
construct fragilities. The first is to (1) view seismic ground acceleration
records as samples of stochastic processes whose statics can be inferred
from physics and data [9] and (2) use samples of these processes
to develop, e.g., fragility surfaces [5], which do not use surrogates,
e.g., response spectra or other IMs, to characterize site seismicity. This
approach was used to construct the reference fragility curves of Figs. 4
and 7 and the reference fragility surface of Fig. 5.

The second approach, represented by the IDA and MSA methods,
increases the information content of available set of ground accelera-
tion records by scaling subsets of the set of ground motions which is
selected by optimization criteria. Simplicity and capability of delivering
fragilities for any range of IMs are the main feature of the IDA and
MSA fragilities. The heuristic arguments employed to implement these
fragilities are matters of concerns. This section examines potential
negative effects of some of these arguments on the current fragility
curves.

Intensity measures: We have seen that the spectral acceleration is an
unsatisfactory metric for the seismic hazard. It was shown in Fig. 3
that this IM provides limited if any information on the performance
of even simple nonlinear systems. Moreover, the predictive capability
of response spectra decreases with earthquake magnitude. This means
that fragilities defined as probabilities that demand parameters exceed
critical values conditional IMs are unreliable estimates of structural
performance particularly for large seismic events.

Scaling ground motions: Generally, the number of seismic ground
acceleration records decreases with the earthquake magnitude and so
does the accuracy of the resulting fragility estimates. Scaling can be
viewed as a heuristic approach to augment the information content
of the set of seismic ground motions selected for fragility analysis. It
delivers the same number of records at all IMs of interest.

Yet, scaling has unfavorable side effects. For example, scaling
(1) generates records which have the same frequency content for small
and large earthquakes which is at variance with physics and observa-
tions [9,15], (2) produces biased estimates of structural responses [26],
and (3) changes the law of the ground acceleration process and these
changes may result in conservative or unconservative estimates of
structural performance [25]. We note that, in contrast to scaling,
the frequency content of the ground accelerations generated by the
seismological model in [9] depends on earthquake magnitude, see the
spectral densities in Fig. 2.

Dynamics: The representative records consists of the members of the
site seismic ground acceleration records which are the closest in some
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Fig. 11. IDA-fragilities (left panel) for .S,(T;,) = 0.01 g and .S,(T,) = 0.1 g (solid and dashed lines) and MSA-fragilities (right panel) for n* = 10, 50, and 100 (solid, dashed, and

dotted lines).

sense to target response spectra S,(T). The selection of the representa-
tive records does not account for the mechanical properties of structural
systems which largely determine their dynamic responses. As a result,
the same sets of representative records are selected irrespective of the
dynamical properties of the structural system under consideration. This
is a severe limitation since the set of representative seismic records
must account for system properties. For example, the scatter plots of
Fig. 3 show that ground motions which cause large displacements in
linear oscillators may or may not yield large displacements of the
(nonlinear) Bouc-Wen system. This means that ground motions which
are representative for a system may not be representative for another
system.

Statistics: The estimation of the probability of rare events require large
data sets. For example, suppose that p(z) = P(Z > z) ~ O(107°) is the
quantity of interest, where Z is a random variable. Accurate Monte
Carlo (MC) estimates of p(z) require at least 10° samples of Z. Impor-
tance sampling (IS) is an alternative approach which allows to estimate
p(z) from relative small sets of samples. In this approach, the estimates
of p(z) are constructed from samples of Z under a biasing distribution
of Z rather than its nominal distribution [36]. The resulting estimates
of p(z) are unbiased. However, depending on the biasing distribution,
the variances of IS estimates can be smaller or larger than those of MC
estimates for the same sample size.

The fragility estimates delivered by the IDA and MSA methods are
based on small sets of samples selected from available populations of
ground acceleration records, i.e., the reference set of n = 10,000 records
in our study. The algorithms for record selection can be viewed as a
heuristic importance sampling procedure which does not attempt to
minimize the variance of the estimated quantity of interest, i.e., struc-
tural fragilities. This observation suggests that alternative selection
procedure, e.g., random selection of representative records, may yield
similar fragilities.

The above intuition is supported by the plots of Fig. 12. The dot-
dashed and dashed lines, and the thin gray solid lines are the reference
fragility curve of Fig. 7, the MSA-fragility, n* = 100, of Fig. 11, and
IDA-fragilities based on random selection for y., = 2.0 cm. The family
of IDA-fragilities has 50 members and each member is constructed from
50 ground motions selected at random from the reference set of records.
Once a set of 50 records is selected, the IDA-methodology is applied to
construct fragilities. We note that the IDA-fragilities based on randomly
selected records band the MSA-fragilities and that some members of this
family of fragilities are closer to the reference fragility curve than the
MSA-fragility.

Reference and current fragilities: The plots of Fig. 13 include reference
and current fragilities for y,, = 0.5 cm and y., = 1.0 cm (left and right
top panels) and y, = 2.0 cm and y,, = 4.0 cm (left and right bottom
panels). The dot-dashed and solid lines are the reference fragilities of
Figs. 4 and 7. The dotted and dashed lines are the IDA-fragilities of
Fig. 11 (left panel) and the MSA-fragilities Fig. 11 (right panel). For low
critical thresholds y.,, there are relatively small differences between
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Fig. 12. Reference fragility of Fig. 7, MSA-fragility of Fig. 11, and IDA-fragilities based
on random sampling (heavy dot-dashed, heavy dashed, and thin solid lines).

various fragilities (see top panels). These differences increase with y,,
since the corresponding fragilities are controlled by large seismic events
(see bottom panels). As previously mentioned, the reference fragilities
of Fig. 4 are unsatisfactory for large y. due to limited data. The IDA-
fragilities are at variance with the reference fragilities of Fig. 7 and
the MSA-fragilities. The differences between these fragilities increase
with the critical threshold y,. MSA-fragilities constitute a notable
improvement over IDA-fragilities. Yet, they differ from the reference
fragilities based on fragility surfaces and these differences increase with
Ve~ They under- and over-estimate the reference fragilities depending
on the intensity of seismic events.

6. Conclusions

A hypothetical seismic site has been constructed for which the law
of the seismic ground acceleration process X (¢) is specified. This setting
allows to assess the performance of IDA- and MSA-fragility curves with-
out ambiguity since truth is known. The site seismicity was represented
by a reference set of 10,000 independent samples of X(¢). This set
is larger than most available sets of site seismic ground acceleration
records. It was used to implement the IDA- and MSA-fragilities and
assess their performance.

It was found that (1) even 10,000 ground acceleration records
are insufficient to estimate structural performance for large seismic
events if records are not scaled, (2) fragility surfaces, i.e., failure
probabilities conditional on the defining parameters of the seismic
ground acceleration process X(¢), are the only rigorous estimates of
structural performance but they require large data sets, (3) IDA- and
MSA-fragilities are sensitive to the particular parameters used for their
construction, (4) ground motion selection algorithms are of question-
able value since fragilities based on samples delivered by these algo-
rithms and randomly selected ground motions are similar, (5) MSA-
fragilities are superior to IDA-fragilities, (6) differences between MSA-
and reference fragilities increase with ground motion intensity, and



M. Grigoriu and A. Radu

2 L =
0.8
'j; 0.6
'?:9 | IDA: Sl = 0.01g
= 0.4 / IDA: St — (.19
17 — = MSA:Nyamp = 10
i — = MSA: Ny = 50
0.2 i — = MSA:N, = 100
,'/ //I ——Reference
e ,// —-—-Fragility Surface
0 s
0 10 20 30 40 50
Sa(To)
1 R—
0.8
£06 4
= 9
bgn Y IDA:S[79 = 0.01¢
=04 IDA:Si79 = 0.1g
— — MSA:Nyyp = 10
— = MSA:Nygmp = 50
0.2 ! — — MSA:Nugmy = 100
A —— Reference
s —-—Fragility Surface
O = e
50 100 150 200

S.(Ty)

Fragility
o o
o o

N
~

o
o

Fragility
o o
o Y

N
~

<
o

Probabilistic Engineering Mechanics 63 (2021) 103115

IDA:S[9 = 0.01g
IDA:S9et = 0.1
— — MSA:Nyyp = 10

— — MSA:Nyamp = 50
— — MSA: Ny = 100
—— Reference
—-—-Fragility Surface

80 100

IDA:SIm9°t = 0.01g

IDA:Skreet = 0.1g
— — MSA:Nuyy = 10
— — MSA: Ny = 50
— = MSA: Ny = 100
—— Reference
—-—Fragility Surface

Fig. 13. Reference and current fragilities for the Bouc-Wen system for y, = 0.5 cm and y,, = 1.0 cm (left and right top panels) and y, = 2.0 cm and y,, = 4.0 cm (left and right
bottom panels).

(7) MSA-fragilities seem to converge/diverge with the sample size
depending on values of critical demand parameters.
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