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Abstract. We introduce a relativization of the secant sheaves from [GL] and [EL2] and apply
this construction to the study of syzygies of canonical curves. As a first application, we give a
simpler proof of Voisin’s Theorem for general canonical curves. This completely determines the
terms of the minimal free resolution of the coordinate ring of such curves. Secondly, in the case
of curves of even genus, we enhance Voisin’s Theorem by providing a structure theorem for the
last syzygy space, resolving the Geometric Syzygy Conjecture in even genus.

0. Introduction

In this paper, we introduce a universal version of the secant sheaf construction from [EL2].
Using this tool, we give a simpler proof of a theorem of Voisin [V2], [V3] on the equations of
canonical curves. We further give a generalization of her result for curves of even genus.

The classical Theorem of Noether–Babbage–Petri states that canonical curves are projectively
normal, and that the ideal IC/Pg−1 is generated by quadrics (with a few exceptions), see [AS]
for a modern treatment. In the 1980s, M. Green realized that these classical results about the
equations defining canonical curves should be the first case of a much more general statement
about higher syzygies, and he made a very influential conjecture [G2] in this direction.

Whilst the general case of Green’s Conjecture remains open, in 2002 Voisin made a break-
through by proving the conjecture for general curves of even genus [V2]. Voisin’s argument relies
on an intricate study of the geometry of Hilbert schemes on a K3 surface. Recently, an algebraic
approach to Voisin’s Theorem has been given, [AFPRW], based on degenerating to the tangent
developable, a singular surface whose hyperplane sections are cuspidal curves. The authors
apply the representation theory of an SL2 action present in this special situation to establish
Green’s conjecture for rational cuspidal curves. Explicit plethysm formulae play the key role,
involving a change of basis between elementary symmetric polynomials and Schur polynomials.
Maps which are simple to describe in one basis become rather complicated in the other, making
the proof quite technical, see [AFPRW, §5.5–5.7].

In this paper, we first give a simpler proof of Voisin’s Theorem, using only basic homological
algebra and without the need to degenerate. We further provide a structure theorem in the even
genus case, describing in detail the extremal syzygy space. Let X be a complex K3 surface with
Picard group generated by an ample line bundle L of even genus g = 2k, i.e. (L)2 = 2g− 2. We
proceed by direct computation on X. Define Kp,q(X,L) as the middle cohomology of

p+1∧
H0(X,L)⊗H0(X,L⊗q−1)→

p∧
H0(X,L)⊗H0(X,L⊗q)→

p−1∧
H0(X,L)⊗H0(X,L⊗q+1)

Voisin’s Theorem states that Kk,1(X,L) = 0, [V2]. This single vanishing suffices to prove
Green’s Conjecture for general canonical curves in even genus.

Let E be the rank two Lazarsfeld–Mukai bundle associated to a g1
k+1 on a smooth curve

C ∈ |L|, see [L1]. The dual bundle E∨ fits into the exact sequence

0→ E∨ → H0(C,A)⊗OX → i∗A→ 0,
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for A a g1
k+1 on C, where i : C ↪→ X is the inclusion. The vector bundle E has invariants

det(E) = L, h0(E) = k + 2, h1(E) = h2(E) = 0.

We deduce Voisin’s Theorem from the Künneth formula on X × P(H0(E)). Our proof re-
duces to showing that a certain square matrix is nonsingular. Since our matrix takes the form
Hk(Symk+1G) → Hk(SymkG ⊗ G), for some bundle G, the desired nonsingularity is automatic,
see the proof of Proposition 1.5.

The starting point of Voisin’s proof [V2] is her Hilbert Scheme Description of Koszul coho-
mology via the cohomology of tautological sheaves on the Hilbert scheme, see [AN2, §5]. This
description has also been used to effect in [EL3]. Our approach uses instead the, considerably
simpler and more general, Kernel Bundle approach to syzygies, [L2], as our starting point.

The projective space P := P(H0(E)) can be embedded into the Hilbert scheme X [k+1] by

sending s ∈ H0(E) to the zero scheme Z(s). Whilst P ⊆ X [k+1] is also a crucial object in
Voisin’s proof, in order to make her argument work P needs to be replaced by the space of zero
cycles of the form Z(s)−x+y with x ∈ Z(s) and y ∈ X. This results in significant complications
in Voisin’s argument, see [AN2, §6.3]. By contrast, we find a way to work directly on P.

A few years after her breakthrough for even genus curves, Voisin deduced the odd genus case
of generic Green’s conjecture out of the even genus case [V3]. In Section 3, we give a streamlined
version of Voisin’s argument:

Theorem 0.1. Let C be a general curve over C of genus g = 2k or g = 2k + 1. Then
Kk,1(C,ωC) = 0.

Whilst we use several of the same objects from [V3], such as nodal K3 surfaces, our proof
ends us being more economical. In particular, we do away with the explicit computations of
[V3, §2] as well as the difficult analysis of the geometry of the Grassmannian from [V3, §3,
“Fourth Step”], considered by Voisin to be the most essential part of her proof. Furthermore,
the application of our techniques to nodal K3 surfaces of even genus is far simpler in our setting.

In fact, our approach proves much more than Voisin’s theorem for even genus curves. Let
(X,L) be any polarized variety. A natural question, with roots going back to Andreotti–Mayer’s
1967 paper [AM], is whether one can find a spanning set of the spaces Kp,1(X,L) consisting of
elements of low rank. Here one defines the rank of a syzygy α ∈ Kp,1(X,L) as the dimension of
the minimal subspace V ⊆ H0(X,L) such that α ∈ Kp,1(X,L, V ), i.e. such that α is represented
by an element of

∧p V ⊗ H0(X,L), [vB2]. Syzygies of low rank have geometric meaning. For
α ∈ Kp,1(X,L) we always have rank(α) ≥ p+1. If there exists a syzygy α with rank(α) = p+1,
then X lies on a rational normal scroll. More precisely, the syzygy scheme

Syz(α) ⊆ P(H0(L)∨)

of α, as defined by Green [G1], defines a scroll. Similarly, syzygies of rank p+2 arise from linear
sections of Grassmannians. Precisely, Syz(α) contains the cone over a section of Gr2(V∨ ⊕C).

In Section 2, we prove the following structure theorem for the last nonzero syzygy space for
K3 surfaces of even genus.

Theorem 0.2. Let X be a complex K3 surface. Assume Pic(X) = Z[L] with L ample of even
genus g = 2k. Let E be the Lazarsfeld-Mukai bundle as above. For any nonzero s ∈ H0(E), the
space Kk−1,1(X,L,H0(L⊗IZ(s))) is a one-dimensional subspace of Kk−1,1(X,L). The morphism

ψ : P(H0(E))→ P(Kk−1,1(X,L))

[s] 7→ [Kk−1,1(X,L,H0(L⊗ IZ(s)))]

is the Veronese embedding of degree k − 2. In particular, ψ induces a natural isomorphism
Symk−2H0(X,E) ' Kk−1,1(X,L).



UNIVERSAL SECANT BUNDLES AND SYZYGIES OF CANONICAL CURVES 3

A consequence of Theorem 0.2 is that Kk−1,1(X,L) is spanned by syzygies of rank k + 1 =
dim H0(L⊗IZ(s)). Theorem 0.2 implies the Kk,1(X,L) = 0 by standard dimension computations,
[F, §4.1], and thus enhances Voisin’s Theorem in even genus. One may compare Theorem 0.2
to Schreyer’s Conjecture, proven in [FK], describing the structure of the last syzygy space for
curves of non-maximal gonality.

Theorem 0.2 implies a previously open conjecture known as the Geometric Syzygy Conjecture
in even genus, see [vB3] where the statement is proven for g ≤ 8. To put this conjecture in
context, recall the following important result:

Theorem 0.3 ([AM], [G2]). The ideal IC/Pg−1 of a canonical curve of Clifford index at least
two is generated by quadrics of rank four.

This provides an enhancement of Petri’s theorem stating that IC/Pg−1 is generated by quadrics

if Cliff(C) ≥ 2. More precisely, let W 1
g−1(C) be the locus of line bundles A of degree g − 1 with

two sections; geometrically this is the locus of double points of the Theta Divisor Θ ⊆ Picg−1(C).
Then IC/Pg−1 is generated by the quadrics defined by the Petri map

H0(A)⊗H0(ωC ⊗A−1)→ H0(ωC)

for A ∈ W 1
g−1(C). To extend Theorem 0.3 to higher syzygies, note that Theorem 0.3 can be

rephrased as stateing that K1,1(C,ωC) is spanned by the spaces K1,1(C,ωC ,H
0(ωC ⊗ A−1)) for

A ∈W 1
g−1(C), and hence by syzygies of rank two.

If we restrict the subspaces Kk−1,1(X,L,H0(L ⊗ IZ(s))) ⊆ Kk−1,1(X,L) to a curve C ∈ |L|
containing the locus Z(s), then Kk−1,1(X,L,H0(L⊗ IZ(s))) restricts to

Kk−1,1(C,ωC ,H
0(ωC ⊗A−1)) ⊆ Kk−1,1(C,ωC)

where A ∈ W 1
k+1(C) is the line bundle defined by the divisor Z(s) ⊆ C. Thus, the rank k + 1

syzygies α ∈ Kk−1,1(X,L,H0(L ⊗ IZ(s))) drop rank by one when restricted to C. Combining
this with an argument of Voisin, see [V2, Prop. 7] and the unpublished [vB1, §11] we obtain:

Corollary 0.4 (Geometric Syzygy Conjecture in Even Genus). Let C be a general curve of even
genus g = 2k. Then Kk−1,1(C,ωC) is generated by syzygies of the lowest possible rank k. More
precisely, Kk−1,1(C,ωC) is generated by the rank k syzygies

α ∈ Kk−1,1(C,ωC ,H
0(ωC ⊗A−1)), A ∈W 1

k+1(C).

Corollary 0.4 therefore provides an extension of Green’s theorem on quadrics [G2] to the space
of linear syzygies of highest order.

It would appear to us to be very difficult to adapt degeneration methods to prove the structure
Theorem 0.2, as opposed to merely establishing the vanishing from Voisin’s original result.
For instance, the construction of Lazarsfeld–Mukai bundles fails on the (non-normal) tangent
developable, so that it is not even clear how the bundle E degenerates to this surface.

There are no known conjectural candidates for an analogous result to Theorem 0.2 in odd
genus g = 2k + 1. In this case, the dimension of Kk−1,1(X,L) is not given by a binomial
coefficient, so this space cannot be of the form Symp(V ) for any vector space V . Furthermore,
we no longer have uniqueness of the relevant Lazarsfeld-Mukai bundle in this situation.

Our argument is formal, using general results on vector bundles rather than a detailed study
of the geometry of curves. Consequently, we expect our approach to generalize well to higher
dimensional varieties, for which previous approaches to Green’s conjecture seem less applicable.
See [EL1] for applications of vector bundle methods to syzygies of varieties of high dimension.
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0.1. Preliminaries. We work over the complex numbers throughout. We gather here a few
facts. We have a natural isomorphism (SymjF )∨ ' SymjF∨ for any vector bundle F on a
variety X defined over C (over arbitrary fields, this statement requires the characteristic to be
at least j + 1). Let 0→ F1 → F2 → F3 → 0 be an exact sequence of bundles on X. If p = 0 or
p ≥ i+ 1 then, from [ABW, §V], we have exact sequences

. . .→
i−2∧

F2 ⊗ Sym2(F1)→
i−1∧

F2 ⊗ F1 →
i∧
F2 →

i∧
F3 → 0,

. . .→ Symi−2F2 ⊗
2∧
F1 → Symi−1F2 ⊗ F1 → SymiF2 → SymiF3 → 0.

We may further dualize 0 → F1 → F2 → F3 → 0, form the second exact sequence above and
dualize again to obtain an exact sequence

0→ Symi(F1)→ Symi(F2)→ Symi−1(F2)⊗ F3 → Symi−2(F2)⊗
2∧
F3 → . . .

Let f : X → Y be a morphism of varieties and F ∈ Coh(X) a sheaf. If E is a vector bundle
on Y then we have the Projection Formula Rif∗(F ⊗ f∗E) ' Rif∗F ⊗ E , [Ha, III, Ex. 8.3]. In
particular, f∗(F ⊗ f∗E) ' f∗F ⊗ E . If Rif∗F = 0 for all i > 0 then Hp(X,F) ' Hp(Y, f∗F) for
p ≥ 0, [Ha, III, Ex. 8.1 ]. If X,Y are varieties and F ∈ Coh(X),G ∈ Coh(Y ) are sheaves, the
Künneth formula states

Hm(X × Y,F � G) '
⊕

a+b=m

Ha(X,F)⊗Hb(Y,G),

where F � G := p∗F ⊗ q∗G, for projections p : X × Y → X, q : X × Y → Y .

Assume we have an exact sequence 0 → F → G → H → 0 of coherent sheaves on a quasi-
projective variety, with G locally free. Assume either H is locally free or H ' OD for a Cartier
divisor D. Then F is locally free. This follows from [Ha, III, Ex 6.5].

1. Voisin’s Theorem in Even Genus

Let X be a K3 surface of Picard rank one and even genus g = 2k. Let ML denote the bundle
defined by the sequence 0 → ML → H0(L) ⊗ OX → L → 0. By the Kernel Bundle description
of Koszul cohomology, see [L2] or [EL2, §3], to prove Voisin’s Theorem it suffices to show

H1(X,

k+1∧
ML) = 0.

Consider the unique rank two, Lazarsfeld–Mukai, bundle E on X as in the introduction. For
general s ∈ H0(E), the zero-locus Z(s) corresponds to a g1

k+1 on a smooth C ∈ |L|. For any

s ∈ H0(E), Z(s) ⊆ X is zero-dimensional and we have an exact sequence

0→ OX
s−→ E

∧s−→ IZ(s) ⊗ L→ 0.

Our starting point will be the Secant Sheaf approach to the study of syzygies, which was
originally utilized by Green and Lazarsfeld to give a simple proof of Petri’s Theorem [GL]. For
any t ∈ H0(E), define the vector space Wt = H0(L)/H0(L⊗ IZ(t)). We define the secant sheaves
associated to the secant locus Z(t) by

Γ′t := Ker
(
Wt ⊗OX → L|Z(t)

)
,

S ′t := Ker
(
H0(L⊗ IZ(t))⊗OX → L⊗ IZ(t)

)
.
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Since L⊗ IZ(t) is a quotient of the globally generated vector bundle E, the map H0(L⊗ IZ(t))⊗
OX → L⊗ IZ(t) is surjective. These sheaves are related to ML via the commutative diagram

0 0 0

0 S ′t H0(L⊗ IZ(t))⊗OX L⊗ IZ(t) 0

0 ML H0(L)⊗OX L 0

0 Γ′t Wt ⊗OX L|Z(t)
0

0 0 0

,

with exact rows and columns. By considering the first column,

0→ S ′t →ML → Γ′t → 0

one can relate syzygies of X to the cohomological properties of the sheaves Γ′t and S ′t. This
is a special case of the approach taken in the influential paper [EL2]. Two problems, however,
present themselves. Firstly, since Z(t) is not a divisor, the sheaf Γ′t is not locally free. To resolve
this, let πt : Bt → X be the blow-up in the local complete intersection Z(t), with exceptional
divisor Dt. Identify Wt with H0(Bt, π

∗
tL)/H0(Bt, π

∗
tL⊗ IDt) and define vector bundles

Γt := Ker
(
Wt ⊗OBt → π∗tL|Dt

)
,

St := Ker
(
H0(π∗tL⊗ IDt

)⊗OB → L⊗ IDt

)
.

One may now try to work with the sequence 0 → St → π∗tML → Γt → 0. However, each
section t ∈ H0(E) comes on an equal footing. It is therefore more natural to work with all of
the sections simultaneously.

We now adapt the above construction with these considerations in mind. Set P := P(H0(E)) '
Pk+1. Consider X ×P with projections p : X ×P→ X, q : X ×P→ P. Define Z ⊆ X ×P as
the locus {(x, s) | s(x) = 0}. Since E is globally generated, Z is a projective bundle over X and
hence smooth. We have an exact sequence

0→ OX �OP(−2)
id−→ E �OP(−1)→ p∗L⊗ IZ → 0,

where the first nonzero map is given by multiplication by

id ∈ H0 (E �OP(1)) ' H0(E)⊗H0(E)∨ ' Hom
(
H0(E),H0(E)

)
.

Note that Z → P is finite and flat, by the “miracle flatness” theorem [Gro1, Prop. 6.1.5].

Remark. As soon as there exists a nontrivial, effective divisor C on X with H0(E(−C)) nonzero,
then Z → P cannot be finite and flat. For this reason, it is essential that Pic(X) ' Z[L].

Let M := p∗ML. Note H1(X ×P,
∧k+1M) ' H1(X,

∧k+1ML) by the Künneth formula, as
H1(OX) = 0. Let π : B → X × P be the blow-up along Z with exceptional divisor D. Then
π∗OB ' OX×P, π∗ID ' IZ and Riπ∗OB = Riπ∗ID = 0 for i > 0, cf. [Ha, V, Prop. 3.4 and
Ex. 3.1]. Set p′ := p ◦ π, q′ := q ◦ π. We have canonical identifications

q′∗(p
′∗L⊗ ID) ' q∗(p∗L⊗ IZ), q′∗p

′∗L ' q∗p∗L.
Consider W := Coker

(
q′∗(p

′∗L⊗ ID)→ q′∗p
′∗L
)
' Coker (q∗(p

∗L⊗ IZ)→ q∗p
∗L) .

Lemma 1.1. The sheaf W is locally free of rank k.
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Proof. Applying Rq∗ gives the exact sequence 0→W → q∗(p
∗L|Z )→ R1q∗(p

∗L⊗ IZ)→ 0. For

any s ∈ H0(E), we have H1(X,L ⊗ IZ(s)) ' H2(OX). Thus q∗(p
∗L|Z ) and R1q∗(p

∗L ⊗ IZ) are
locally free of ranks k + 1 and 1, by Grauert’s Theorem [Ha, III, §12]. The claim follows. �

Since D is a divisor, we have a rank k vector bundle Γ := Ker
(
q′
∗W � p′

∗
L|D
)
. As L⊗ IZ(s)

is globally generated for all s ∈ H0(E), we have a natural surjection q∗q∗(p
∗L⊗ IZ)→ p∗L⊗ IZ .

Applying π∗ and noting that ID is a quotient of π∗IZ , we have a surjection q′∗q′∗(p
′∗L⊗ ID)→

p′∗L⊗ ID. Let S be the vector bundle on B defined by the exact sequence

0→ S → q′
∗
q′∗(p

′∗L⊗ ID)→ p′
∗
L⊗ ID → 0.

We call S and Γ the universal secant bundles. We have an exact sequence

0→ S → π∗M→ Γ→ 0

which gives the exact sequence

. . .→
k−1∧

π∗M⊗ Sym2S →
k∧
π∗M⊗S →

k+1∧
π∗M→ 0.

To prove Voisin’s Theorem it suffices to show

Hi(B,
k+1−i∧

π∗M⊗ SymiS) = 0 for 1 ≤ i ≤ k + 1.

One readily shows these vanishings for i < k+1 (see Theorem 1.6). The crucial point is to show
Hk+1(B, Symk+1S) = 0. To ease the notation, we set

G := q∗q∗(p
∗L⊗ IZ).

Note also that q∗p
∗E ' H0(E)⊗OP.

Lemma 1.2. We have Hk+1(X ×P,Symk+1G) = 0 as well as a natural isomorphism

Hk(X ×P, Symk+1G) ' SymkH0(E).

Proof. The sequence 0→ q∗OP(−2)→ q∗q∗p
∗E ⊗ q∗OP(−1)→ G → 0 gives the exact sequence

0→ SymkH0(E)⊗ q∗OP(−k − 2)→ Symk+1H0(E)⊗ q∗OP(−k − 1)→ Symk+1G → 0,

since q∗p
∗E ' H0(E)⊗OP. Thus

Hk(Symk+1G) ' Hk+1(SymkH0(E)⊗ q∗OP(−k − 2)) ' SymkH0(E)

The vanishing Hk+1(Symk+1G) = 0 follows from

Hk+1(OX �OP(−k − 1)) = Hk+2(OX �OP(−k − 2)) = 0,

using H1(OX) = 0. �

The next lemma is a similar computation to the previous one.

Lemma 1.3. We have a natural isomorphism Hk(SymkG ⊗ p∗L⊗ IZ) ' SymkH0(E).

Proof. We have the short exact sequence

0→ Symk−1H0(E)⊗ q∗OP(−k − 1)⊗ p∗L⊗ IZ → SymkH0(E)⊗ q∗OP(−k)⊗ p∗L⊗ IZ
→ SymkG ⊗ p∗L⊗ IZ → 0,

as well as the exact sequence 0→ OX �OP(−2)→ E �OP(−1)→ p∗L⊗ IZ → 0.

By the Künneth formula, Hk+2(OX �OP(−k − 3)) = 0. We have

Hk+1(OX �OP(−k − 3)) = Hk+1(KP(−1)) ' H0(OP(1))∨ ' H0(E).
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Further, Hk+1(E �OP(−k − 2)) ' Hk+1(E � KP) ' H0(E). The map

Hk+1(OX �OP(−k − 3))→ Hk+1(E �OP(−k − 2))

is identified with id : H0(E)→ H0(E). Thus Hk+1(L�OP(−k− 1)⊗ IZ) = 0. We likewise have
Hk(L�OP(−k − 1)⊗ IZ) = 0. Thus,

Hk(SymkG ⊗ p∗L⊗ IZ) ' SymkH0(E)⊗Hk(L�OP(−k)⊗ IZ).

To finish the proof, it suffices to show that the boundary map

Hk(L�OP(−k)⊗ IZ)→ Hk+1(q∗KP)

is an isomorphism, which follows from the fact that Hi(E �O(−k − 1)) = 0 for all i. �

We now repeat the previous lemma, twisting instead by G := q∗q∗(p
∗L⊗ IZ).

Lemma 1.4. The evaluation morphism G � p∗L⊗ IZ induces an isomorphism

Hk(SymkG ⊗ G)
∼−→ Hk(SymkG ⊗ p∗L⊗ IZ).

Proof. We have the short exact sequences

0→ Symk−1H0(E)⊗ q∗OP(−k − 1)⊗ G → SymkH0(E)⊗ q∗OP(−k)⊗ G → SymkG ⊗ G → 0,

and 0→ q∗OP(−2)→ H0(E)⊗ q∗OP(−1)→ G → 0.

Using the second sequence, Hk+1(G ⊗ q∗OP(−k − 1)) = Hk(G ⊗ q∗OP(−k − 1)) = 0 and

Hk(G ⊗ q∗OP(−k))
∼−→ Hk+1(q∗KP). Thus

Hk(SymkG ⊗ G) ' Hk(SymkH0(E)⊗ q∗OP(−k)⊗ G) ' SymkH0(E)

and the evaluation map gives an isomorphism Hk(SymkG ⊗ G)
∼−→ Hk(SymkG ⊗ p∗L⊗ IZ). �

As a corollary, we now deduce:

Proposition 1.5. We have a natural isomorphism Hk(Symk+1G)
∼−→ Hk(SymkG ⊗ p∗L⊗ IZ).

Proof. By the previous lemmas, it suffices to show that the natural morphism

Hk(Symk+1G)→ Hk(SymkG ⊗ G)

is injective. For a vector bundle F the composition SymiF → Symi−1F⊗F → SymiF of natural
maps is just multiplication by i. This completes the proof. �

We now complete the proof that Kk,1(X,L) = 0.

Theorem 1.6. We have Hi(B,
∧k+1−i π∗M⊗ SymiS) = 0 for 1 ≤ i ≤ k + 1.

Proof. Observe π∗G ' q′∗q′∗(p
′∗L ⊗ ID). From the defining sequence for S, we have an exact

sequence

0→ SymiS → Symiπ∗G → Symi−1π∗G ⊗ p′∗L⊗ ID → 0.(1)

Using the projection formula, and recalling the identities π∗OB ' OX×P, π∗ID ' IZ and
Rjπ∗OB = Rjπ∗ID = 0 for j > 0, we may identify

H`(B, Symiπ∗G)→ H`(B, Symi−1π∗G ⊗ p′∗L⊗ ID)

with the natural map H`(X ×P, SymiG)→ H`(X ×P,Symi−1G ⊗ p∗L⊗ IZ), for any `. Taking
the long exact sequence of cohomology for the sequence (1) for i = k + 1 and applying the

previous lemmas, we immediately see Hk+1(B, Symk+1S) = 0. Namely, Hk+1(Symk+1π∗G) = 0
from Lemma 1.2 and the map Hk(Symk+1π∗G)→ Hk(Symkπ∗G ⊗ p′∗L⊗ ID) is an isomorphism
by Proposition 1.5.
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To complete the proof, it suffices to show

Hi(

k+1−i∧
π∗M⊗ Symiπ∗G) = Hi−1(

k+1−i∧
π∗M⊗ Symi−1π∗G ⊗ p′∗L⊗ ID) = 0, for 1 ≤ i ≤ k.

The first vanishing follows from the exact sequence

0→ Symi−1H0(E)⊗ q∗OP(−i− 1)→ SymiH0(E)⊗ q∗OP(−i)→ SymiG → 0,

together with Hi(
∧k+1−iML �OP(−i)) = Hi+1(

∧k+1−iML �OP(−i− 1)) = 0 for 1 ≤ i ≤ k.

Next, from the exact sequence

0→ Symi−2H0(E)⊗ q∗OP(−i)⊗ p∗L⊗ IZ → Symi−1H0(E)⊗ q∗OP(−i+ 1)⊗ p∗L⊗ IZ
→ Symi−1G ⊗ p∗L⊗ IZ → 0,

it suffices to show Hi−1(
∧k+1−iML(L)�OP(−i+1)⊗IZ) = Hi(

∧k+1−iML(L)�OP(−i)⊗IZ) = 0
for 1 ≤ i ≤ k. This follows from 0→ OX�OP(−2)→ E�OP(−1)→ L⊗IZ → 0, after twisting

with
∧k+1−iML �OP(q) for q ∈ {−i+ 1,−i}, as H0(X,ML) = 0 if i = k. �

2. The Geometric Syzygy Conjecture

In this section, we use the techniques used in our proof of Voisin’s Theorem to resolve the
Geometric Syzygy Conjecture for extremal syzygies of generic curves of even genus. We stick with
the notation from Section 1. As before, consider the exact sequence 0→ S → π∗M→ Γ→ 0.

Theorem 2.1. The natural morphism ψ : H1(B,∧kπ∗M ⊗ p′∗L) → H1(B,∧kΓ ⊗ p′∗L) is
surjective.

Proof. From the exact sequence

. . .→ S ⊗ ∧k−1π∗M⊗ p′∗L→ ∧kM⊗ p′∗L→ ∧kΓ⊗ p′∗L→ 0,

it suffices to show H1+i(SymiS ⊗ ∧k−iπ∗M⊗ p′∗L) = 0 for 1 ≤ i ≤ k. From the exact sequence

0→ SymiS → Symi(π∗G)→ Symi−1(π∗G)⊗ p′∗L⊗ ID → 0

it suffices to have

H1+i
(
X ×P,Symi(G)⊗ ∧k−iM⊗ p∗L

)
= Hi

(
X ×P, Symi−1(G)⊗ ∧k−iM⊗ p∗L⊗2 ⊗ IZ

)
= 0

By taking Symi of the exact sequence

0→ q∗OP(−2)→ H0(E)⊗ q∗OP(−1)→ G → 0

it suffices to show the four vanishings

H2+i
(
∧k−iML(L) �OP(−i− 1)

)
= 0, H1+i

(
∧k−iML(L) �OP(−i)

)
= 0,

H1+i
(
(∧k−iML(2L) �OP(−i))⊗ IZ

)
= 0, Hi

(
(∧k−iML(2L) �OP(−i+ 1))⊗ IZ

)
= 0.

The first two claims follow from the Künneth formula, for 1 ≤ i ≤ k. For the last two claims,
we use the short exact sequence

0→ L−1 �OP(−2)→ E(L−1) �OP(−1)→ IZ → 0,

so it suffices to have the four vanishings

H2+i
(
∧k−iML(L) �OP(−i− 2)

)
= 0, H1+i

(
∧k−iML ⊗ E(L) �OP(−i− 1)

)
= 0,

H1+i
(
∧k−iML(L) �OP(−i− 1)

)
= 0, Hi

(
∧k−iML ⊗ E(L) �OP(−i)

)
= 0.

This follows from the Künneth formula, using H1(X,L) = 0 if i = k in the first vanishing. �

The Geometric Syzygy Conjecture in even genus now follows readily from Theorem 2.1.

Lemma 2.2. With notation as in Section 1, we have ∧kΓ ' ID ⊗ q′∗OP(k).
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Proof. By taking determinants of the exact sequence 0 → Γ → q′∗W → p′∗L|D → 0, it suffices
to show detW ' OP(k). From 0 → q∗(p

∗L ⊗ IZ) → q∗p
∗L → W → 0, we see detW =

det(q∗(p
∗L⊗ IZ))−1. We now deduce the claim from the exact sequence

0→ OP(−2)→ H0(E)⊗OP(−1)→ q∗(p
∗L⊗ IZ)→ 0.

�

Corollary 2.3. The morphism ψ : H1(∧kπ∗M⊗ p′∗L) → H1(∧kΓ ⊗ p′∗L) is an isomorphism
and induces a natural isomorphism Kk−1,1(X,L) ' Symk−2H0(X,E).

Proof. We have H1(B, ID ⊗ q′∗OP(k)) ' H1(X ×P, IZ ⊗ q∗OP(k)). From

0→ OX �OP(−2)→ E �OP(−1)→ p∗L⊗ IZ → 0,

we obtain an isomorphism H1(B,∧kΓ⊗ p′∗L) ' H0(OP(k − 2)) ' Symk−2H0(X,E)
∨

. Theorem

2.1 gives a surjective map Kk−1,2(X,L) → Symk−2H0(X,E)
∨

. Dualizing, we have an injective

map Symk−2H0(X,E)→ Kk−1,1(X,L). Voisin’s Theorem in even genus, as proven in Section 1,

implies dim Symk−2H0(X,E) = dim Kk−1,1(X,L), [F, §4.1], completing the proof. �

We record an observation for future use. From the sequence 0 → S → π∗M → Γ → 0, the
isomorphism ψ : H1(∧kπ∗M⊗ p′∗L)

∼−→ H1(∧kΓ⊗ p′∗L) is Serre dual to

ψ∨ : Hk+2(∧kS ⊗ ωB)→ Hk+2(∧kπ∗M⊗ ωB).

Proof of Theorem 0.2. We have the exact sequence 0 → Γ′ → q∗W → p∗L|Z → 0, where we

have set Γ′ := π∗Γ. The image of the natural map ∧kΓ′ → ∧kq∗W ' OP(k) is IZ ⊗ q∗OP(k)
from [EL2, Cor. 3.7]. The induced surjection ∧kΓ′ → IZ ⊗ q∗OP(k) can be identified with the
natural map

∧kπ∗Γ→ π∗ ∧k Γ ' π∗(ID ⊗ q′
∗OP(k)) ↪→ π∗ ∧k q′∗W ' ∧kq∗W.

The map ψ : H1(B,∧kπ∗M⊗p′∗L)→ H1(B,∧kΓ⊗p′∗L) can be identified with the composition

H1(X ×P,∧kM⊗ p∗L)→ H1(X ×P,∧kΓ′ ⊗ p∗L)→ H1(X ×P, (L�OP(k))⊗ IZ),

where the first map is induced from the natural surjection M → Γ′. Since q∗ ∧kM⊗ p∗L '
H0(X,∧kML(L)) ⊗ OP, we have Hi(q∗ ∧kM⊗ p∗L) = 0 for i > 0. Thus the Leray spectral
sequence gives an isomorphism

H1(X ×P,∧kM⊗ p∗L) ' H0(P, R1q∗ ∧kM⊗ p∗L).

Next, the exact sequence 0 → OP(k − 2) → H0(E) ⊗ OP(k − 1) → q∗((L � OP(k)) ⊗ IZ) → 0
gives Hi(q∗((L�OP(k))⊗ IZ)) = 0 for i > 0 so

H1(X ×P, (L�OP(k))⊗ IZ) ' H0(P, R1q∗((L�OP(k))⊗ IZ)).

The map ψ is thus naturally identified with the global section map applied to the morphism

Kk−1,1(X,L)∨ ⊗OP ' R1q∗ ∧kM⊗ p∗L→ R1q∗((L�OP(k))⊗ IZ),

of vector bundles. Note that R1q∗((L�OP(k))⊗ IZ) is a line bundle from the proof of Lemma
1.1. From 0→ OX �OP(−2)→ E �OP(−1)→ p∗L⊗ IZ → 0, we have

R1q∗((L�OP(k))⊗ IZ) ' R2q∗OX×P ⊗OP(k − 2) ' OP(k − 2),

using that R2q∗OX×P ' OP by relative duality. Since the induced morphism

Kk−1,1(X,L)∨ ⊗OP → R1q∗((L�OP(k))⊗ IZ) ' OP(k − 2)(2)

is surjective on global sections and OP(k − 2) is globally generated, it must be surjective as a
morphism of sheaves. Morphism (2) therefore induces a Veronese morphism

ψ̃ : P(H0(E))→ P(Kk−1,1(X,L))
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of degree k − 2.

To complete the proof, it only remains to show that, for any nonzero t ∈ H0(E), we have

ψ̃([t]) = [Kk−1,1

(
X,L,H0(L⊗ IZ(t))

)
].

The fiber of the morphism (2) over [t] is identified with the natural composition

H1(X,∧kML(L))→ H1(X,∧kΓ′t(L))→ H1(X,L⊗ IZ(t)),

using the notation from Section 1. As above, this may be identified with the natural surjection

H1(Bt,∧kπ∗tML(L)) � H1(Bt,∧kΓt(π∗tL)).

From the exact sequence 0 → St → π∗tML → Γt → 0 and the isomorphisms ∧kML(L) '
∧kM∨L , ∧kΓt(π∗tL) ' ∧kS∨t , we may identify the fiber of (2) with the map H1(X,∧kM∨L ) �
H1(Bt,∧kS∨t ), which is Serre dual to

H1(Bt,∧kSt(Dt)) ↪→ H1(Bt,∧kπ∗tML(Dt)).

Using the Kernel Bundle description of syzygies, this may be interpreted as an inclusion

Kk−1,1(Bt, Dt, π
∗
tL−Dt) ↪→ Kk−1,1(Bt, Dt, π

∗
tL).

Since H0(Bt, π
∗
tL
⊗n(Dt)) ' H0(Bt, π

∗
tL
⊗n) ' H0(X,L⊗n) for any n, this inclusion is naturally

identified with Kk−1,1

(
X,L,H0(L⊗ IZ(t))

)
↪→ Kk−1,1(X,L), as required. �

It is well-known that Theorem 0.2, combined with an observation of Voisin, implies Corollary
0.4, see the unpublished [vB1, §11]. For the convenience of the reader we provide the proof.

Proof of Corollary 0.4. Let X be as in Theorem 0.2 and let C ∈ |L| be general. We have a
surjective, finite morphism

d : Gr2(H0(E))→ |L|

which takes a two dimensional subspace W ⊆ H0(E) to the degeneracy locus of the evaluation

morphism W ⊗OX
ev−→ E, [V2]. We may naturally identify the cokernel of ev with KC ⊗ A−1,

where C = d(W ) ∈ |L| and A ∈ W 1
k+1(C), where W 1

k+1(C) is the Brill–Noether locus of
line bundles of degree k + 1 with two sections, [L1], [AF]. If C is sufficiently general, then
d−1(C) 'W 1

k+1(C) is reduced, [L1]. Under the identification d−1(C) 'W 1
k+1(C), a line bundle

A ∈W 1
k+1(C) is mapped to H0(A)∨ ⊆ H0(E).

By [V2, Proof of Prop. 7], the spaces Symk−2H0(A)∨, A ∈ W 1
k+1(C) generate Symk−2H0(E).

Each such H0(A)∨ corresponds to a line TA ⊆ P(H0(E)) and set T :=
⋃

A∈W 1
k+1(C)

TA to be the

union of these lines. The image of T under ψ̃ : P(H0(E))→ P(Kk−1,1(X,L)) is non-degenerate
so Kk−1,1(X,L) is generated by the subspaces Kk−1,1(X,L,H0(L ⊗ IZ(s)), where s ∈ H0(E) is

a section corresponding to a g1
k+1 on the fixed curve C. After restricting to C, such spaces are

identified with subspaces of the form

Kk−1,1(C,ωC ,H
0(ωC ⊗A∨)) ⊆ Kk−1,1(C,ωC), A ∈W 1

k+1(C)

under the isomorphism Kk−1,1(X,L) ' Kk−1,1(C,ωC). �
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3. Voisin’s Theorem in Odd Genus

In this section we prove Green’s Conjecture for generic curves of odd genus g = 2k + 1 ≥ 9.
We broadly follow a similar strategy as [V3] to reduce to the even genus case, however the Secant
Bundle approach provides significant simplifications. As in Voisin’s proof, we work with a K3
surface X of Picard rank two over C, with Pic(X) generated by a big and nef line bundle L′

with (L′)2 = 2k + 2 together with a smooth rational curve ∆ with (L′ ·∆) = 0.

The following lemma is adapted from [V3, Prop. 1].

Lemma 3.1. Set Ln := L′−n∆ for 0 ≤ n ≤ 3. Then Ln is base-point free and is further ample
for 0 < n ≤ 2. Furthermore, the linear system |Ln| cannot be written as a sum of two pencils.
In particular, smooth curves C ∈ |Ln| are Brill–Noether general. If C ∈ |Ln| is general then C
is, in addition, Petri general.

Proof. Since (Ln)2 ≥ 0 and (Ln ·L′) > 0, we see dim |Ln| > 0 by Riemann–Roch. We claim Ln is
nef, i.e. there is no rational, base component R ∼ aL′ + b∆ of Ln with (Ln ·R) < 0. Otherwise,
R and Ln − R would be effective and a 6= 0 so a = 1, but then dim |Ln| = dim |Ln − R| = 0.
Since (α · β) is even for all α, β ∈ Pic(X), there are no divisors E with (Ln · E) = 1, hence the
nef bundles Ln are base-point free, [M, Prop. 8]. If Ln is not ample for n 6= 0, there is a rational
curve R ∼ aL′+b∆ with (Ln ·R) = 0. Then b = −ag

n with a > 0, so (R)2 = −2a2g( g
n2 −1) < −2.

For the last claim it suffices to show that we cannot write Ln = A1 +A2 for divisors Ai with
h0(Ai) ≥ 2, i = 1, 2, [L1]. Writing Ai = aiL

′ + bi∆, we must have aj = 0 for some j ∈ {1, 2}.
But then h0(Aj) = 1 which is a contradiction. �

Setting L := L1 = L′−∆, a general C ∈ |L| is a curve of genus g = 2k+ 1. To verify Green’s
conjecture for C, it suffices to show H1(∧k+1ML) = Kk,1(X,L) = 0. We have an exact sequence
0→ML →ML′ → O(−∆)→ 0 of vector bundles on X. This gives an exact sequence

0→ ∧k+1ML → ∧k+1ML′ → ∧kML(−∆)→ 0.

The induced map prk : H1(∧k+1ML′)→ H1(∧kML(−∆)) is called the projection map.

Lemma 3.2. Suppose the projection map prk is injective. Then H1(∧k+1ML) = 0.

Proof. Indeed H0(∧kML(−∆)) ⊆ H0(∧kML) = 0. �

We have a rational resolution of singularities µ : X → X̂, contracting ∆ to a du Val singularity
p on a nodal K3 surface X̂. Then X̂ admits a line bundle L̂ with µ∗L̂ = L′. We have Pic(X̂) =

Cl(X̂) ' Cl(X \ ∆), so Cl(X̂) = Z[L̂] and X̂ is factorial. Consider the rank two Lazarsfeld–

Mukai bundle Ê on X̂ induced by a g1
k+2 on a general C ∈ |L̂|. Set E := µ∗Ê, which is a rank

two bundle on X induced by a g1
k+2 on a general C ∈ |L′|.

Lemma 3.3. We have Kk+1,1(X,L′) = 0. Further, there is a natural isomorphism

Symk−1H0(X,E) ' Kk,1(X,L′).

Proof. Set P = P(H0(X̂, Ê)) and let Ẑ ⊆ X̂ × P be the locus defined by {(x, s) | s(x) = 0}.
Then Ẑ is a projective bundle over X̂, is a local complete intersection in X̂ × P and is finite
and flat over P by “miracle flatness”, [Gro1, Prop. 6.1.5]. Note that, as in Section 1, finiteness

of Ẑ over P comes from the fact that Cl(X̂) = Z[L̂] and h0(Ê(−L̂)) = h0(Ê∨) = 0. The
formal cohomological arguments from Section 1 and Section 2, up to Corollary 2.3, go through
unchanged. Hence we see Kk+1,1(X̂, L̂) = 0, and Symk−1H0(Ê) ' Kk,1(X̂, L̂). Since X̂ has

rational singularities, H0(X,nL′) ' H0(X̂, nL̂) for all n, and the claim follows. �

We will prove that we have a natural injection Symk−1H0(X,E) ↪→ H1(∧kML(−∆)). By the
above lemma, this implies injectivity of prk, so that Voisin’s Theorem follows.
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Lemma 3.4 (Voisin, [V3], Proposition 2). The natural map d : ∧2H0(E)→ H0(∧2E) = H0(L′)
does not vanish on decomposable elements.

Proof. Suppose v1, v2 ∈ H0(E) with v1 ∧ v2 6= 0, d(v1 ∧ v2) = 0. Then v1, v2 generate a rank
one subsheaf H1 ⊆ E with at least two sections. Let H2 := E/H1 and M2 := H2/T(H2), where
T(H2) denotes the torsion subsheaf. We have a short exact sequence 0→M1 → E →M2 → 0,
with M1,M2 rank-one, torsion-free sheaves and h0(M1) ≥ 2. Then Mi = Ni ⊗ Ii, for Ni a line
bundle and Ii an ideal sheaf of a 0-dimensional scheme for i = 1, 2. Since E is globally generated
with h2(E) = 0, we have h0(N2) ≥ 2. But then det(E) = L′ = N1 ⊗N2 is a sum of line bundles
with at least two sections. We have already seen that this cannot occur. �

To set things up, we need a lemma.

Lemma 3.5. The bundle E(−∆) is isomorphic to the Lazarsfeld–Mukai bundle F corresponding
to a g1

k on a general C ′ ∈ |L−∆|. In particular, E(−∆) is globally generated.

Proof. We claim that F is µ-stable with respect to L−∆. Otherwise, we have a filtration

0→M → F → N ⊗ Iζ → 0

where M,N are line bundles, Iζ is the ideal sheaf of a 0-dimensional scheme of length k−(M ·N),
where h0(N) ≥ 2 and with µ(M) ≥ µ(F ) = g − 4 ≥ µ(N), cf. [LC]. We have h2(M) = 0 since
µ(M) > 0 and further (M)2 = µ(M) − (M · N) ≥ (g − 4) − k ≥ 0. Thus h0(M) ≥ 2 by
Riemann–Roch, contradicting that L−∆ = det(F ) cannot be written as a sum of two pencils.

The rank two bundle E(−∆) is simple with detE(−∆) = L−∆ and χ(E(−∆)) = k+ 1. We
claim that E(−∆) is stable with respect to L − ∆. Since F is the unique stable bundle with
these invariants, E(−∆) ' F . If E(−∆) is not stable, choose a filtration 0→M ′ → E(−∆)→
N ′ ⊗ Iζ′ → 0 as above. We again have h0(M ′) ≥ 2, and since N ′(∆) ⊗ Iζ′ is a quotient of the
globally generated bundle E and h2(E) 6= 0, h0(N ′(∆)) ≥ 2. This contradicts that L cannot be
written as a sum of two pencils. �

Following [V3, pg. 1177], let N denote the rank k − 1 kernel bundle fitting into the sequence

0→ N → H0(E(−∆))⊗OX → E(−∆)→ 0.

For any t ∈ H0(E), we have a map ∧ t : H0(E(−∆))→ H0(∧2E(−∆)) = H0(L), inducing a map
N →ML. This globalizes to a vector bundle morphism

r : N �OP(−1) ↪→M,

on X × P, where P := P(H0(X,E)) ' Pk+2, where p : X × P → X, q : X × P → P are the
projections and M := p∗ML.

Remark 3.6. We may compare the definition of N to the vector bundles defined in Section 1.
Let (X,L) be a polarized K3 surface of even genus g = 2k. Then, for any t ∈ H0(X,E) we have
an isomorphism between the secant sheaf S ′t and

NE := Ker(H0(E)⊗OX � E),

as follows readily from the exact sequence 0 → OX
t−→ E

∧t−→ IZ(t) ⊗ L → 0. Notice that the
isomorphism S ′t ' NE depends on t.

From Lemma 3.4, r fails to be injective on fibres precisely at points in the locus

Z :=
{

(x, s) ∈ X ×P
(
H0(E(−∆))

)
| s(x) = 0

}
.

Thus Coker(r) fails to be locally free along Z ⊆ X × Λ, where Λ := P
(
H0(E(−∆))

)
⊆ P.
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We rectify the failure of Coker(r) to be locally free through a standard construction. Define
π : B → X×P as the blow-up along the codimension four locus Z and let p′ := p◦π, q′ := q ◦π.
Let j : D ↪→ B be the exceptional divisor. For any vector bundle A on X ×P,

Hj(B, π∗A(nD)) ' Hj(B, π∗A)(3)

for any j and for 1 ≤ n ≤ 3.

For p = (x, t) ∈ Z, the kernel of r ⊗ k(p) is isomorphic to C〈t〉 ⊆ H0(X,E). Thus

Ker(r|Z ) ' (q∗OP(−2))|Z ,

where the inclusion (q∗OP(−2))|Z ↪→ (N � OP(−1))|Z is given by the section u ∈ H0(Z, N �
OP(1)) ⊆ H0(E)⊗H0(q∗OP(1)|Z ) obtained by restricting id ∈ H0(E)⊗H0(q∗OP(1)) to Z.

We now perform an elementary transformation on N �OP(−1). Define S as the dual bundle
to Im(π∗r∨). Then S∨ is a vector bundle of rank k − 1 fitting into the exact sequence

0→ S∨ → π∗(N∨ �OP(1))→ q′
∗OP(2)|D → 0.

From the definition of S, we have an exact sequence

0→ S → π∗M→ Γ→ 0,

where Γ is locally free of rank k + 2.
The blow-up of a projective space P(V ) along a subspace W ⊆ V is a projective bundle over

P(V/W ), [EH, §9.3.2]. Thus B is a projective bundle P(H) over P(F), where F := Coker(N ↪→
H0(E)⊗OX). The projection morphism χ : B → P(F) is defined over X with

χ∗OP(F)(1) ' q′∗OP(1)(−D).

To describe H, let f : P(F) → X be the projection and define P by the exact sequence
0 → P∨ → f∗f∗OP(F)(1) → OP(F)(1) → 0. We have a surjection H0(E) ⊗ OP(F) → P. The
rank k bundle H is defined by the exact sequence

0→ H→ H0(E)⊗OP(F) → P → 0.

We have a short exact sequence

0→ f∗N → H→ OP(F)(−1)→ 0.

The isomorphism B ' P(H) gives an identification OP(H)(1) ' q′∗OP(1), [EH, Prop. 9.11]. In
summary, we have the following commutative diagram on P(F):

0 0

0 f∗N f∗N

0 H H0(E)⊗OP(F) P 0

0 OP(F)(−1) f∗F = f∗(f∗OP(F)(1))∨ P 0

0 0

=

=

,

Note that we are using the geometric notation for projective bundles, i.e. P(F) = Proj(F∨),
and F∨ = f∗OP(F)(1).

Lemma 3.7. We have S ' Tχ ⊗ q′∗OP(−2), where Tχ is the relative tangent bundle.
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Proof. We keep track of the maps defined above in the commutative diagram

B P(F)

X

χ

p◦π f

.

We have the relative Euler sequence 0 → OP(H) → OP(H)(1) ⊗ χ∗H α−→ Tχ → 0. Twisting

by OP(H)(−2), we have the composite map π∗(N � OP(−1)) → χ∗H ⊗ q′∗OP(−1)
α−→ Tχ(−2).

Dualizing, we obtain an exact sequence

0→ Ωχ ⊗ q′∗OP(2)→ π∗(N∨ �OP(1))→ q′
∗OP(2)|D → 0,

and comparison with the defining sequence for S∨ gives S∨ ' Ωχ ⊗ q′∗OP(2). �

We will need the following computation:

Lemma 3.8. We have det Γ ' q′∗OP(k − 1)(−D − p′∗∆). In particular, we have a natural
isomorphism H2(B,∧k+2Γ(p′∗∆)(D)) ' Symk−1H0(X,E)∨.

Proof. We have det Γ ' p′∗(L∨)⊗detS∨ so det Γ ' q′∗OP(k−1)(−D−p′∗∆) and ∧k+2Γ(p′∗∆) '
q′∗OP(k− 1)(−D). Thus H2(B,∧k+2Γ(p′∗∆)(D)) ' H2(q′∗OP(k− 1)) ' H2(B, q′∗OP(k− 1)) '
Symk−1H0(X,E)∨. �

We have natural isomorphisms

Kk−1,1(X,−∆, L) ' H1(∧kML(−∆)) ' H0(∧k−1ML(L−∆)),

see [L2] or [EL2, §3]. We have H0(∧k−1ML(L − ∆))∨ ' H2(∧k+2ML(∆)), since ∧k−1M∨L '
∧k+2ML(L).

Taking exterior powers of 0→ S → π∗M→ Γ→ 0 and twisting by OB(D + p′∗∆) induces

φ : H2(∧k+2ML(∆))→ H2(∧k+2Γ(p′
∗
∆)(D)) ' Symk−1H0(E)∨.

We will show that φ is surjective. We write OB(j) for q′∗OP(j). Consider the exact sequence

. . .→
k+1∧

π∗M⊗ S(p′
∗
∆)(D)→

k+2∧
π∗M(p′

∗
∆)(D)→

k+2∧
Γ(p′

∗
∆)(D)→ 0.

The following proposition should be compared to [V3, Lemma 6].

Proposition 3.9. We have H2+i(
∧k+2−i π∗M⊗ Symi(S)(p′∗∆)(D)) = 0 for 1 ≤ i ≤ k + 2,

i 6= k, k + 1.

Proof. The Euler sequence 0→ OB(−2)→ χ∗H(−1)→ S → 0 gives exact sequences

0→ χ∗Symi−1H(−i− 1)→ χ∗SymiH(−i)→ Symi(S)→ 0.

We first claim

H2+i(

k+2−i∧
π∗M⊗ χ∗SymiH(−i)(p′∗∆)(D)) = 0, for 1 ≤ i ≤ k − 1.

The fibres of χ are projective spaces of dimension k − 1 and D has degree one on these fibres.
Hence Rjχ∗OB(−i)(D) = 0 for all j and 2 ≤ i ≤ k − 1. So the claim holds for 2 ≤ i ≤ k − 1 by
the Leray spectral sequence.

For i = 1, the claim states H3(
∧k+1 π∗M ⊗ χ∗H(−1)(p′∗∆)(D)) = 0. We have ωB '

q′∗ωP(3D), so that this is equivalent to

Hk+1(

k+1∧
π∗M∨ ⊗ χ∗H∨ ⊗ q′∗(ωP(1))(−p′∗∆)(2D)) = 0
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The claim now follows from the exact sequence 0→ OB(1)(−D)→ χ∗H∨ → p′∗N∨ → 0 since

Hk+1(B,

k+1∧
π∗M∨ ⊗ q′∗(ωP(2))(−p′∗∆)(D)) ' Hk+1(X ×P,

k+1∧
M∨L (−∆) � ωP(2)) = 0, and

Hk+1(B,

k+1∧
π∗M∨ ⊗ p′∗N∨ ⊗ q′∗(ωP(1))(−p′∗∆)(2D)) ' Hk+1(X ×P,

k+1∧
M∨L ⊗N∨(−∆) � ωP(1)),

by the Künneth formula.

To finish the proof in the case 1 ≤ i ≤ k − 1, it suffices to note that

H3+i(
k+2−i∧

π∗M⊗ χ∗Symi−1H(−i− 1)(p′
∗
∆)(D)) = 0, for 1 ≤ i ≤ k − 1,

is immediate as above. We are now left with the case i = k + 2. The inclusion

π∗(Symk+2N(∆) �OP(−(k + 2))) ↪→ Symk+2(S)(p′
∗
∆)

is an isomorphism off D. Since dimD = k + 3, it suffices to show

Hk+4(X ×Pk+2,Symk+2N(∆) �OP(−(k + 2))) = 0.

This follows from the Künneth formula. �

We next show that we continue to have the above vanishing in the case i = k + 1. The
following lemma, stated in [V2], Proof of Prop. 6, was explained to us by C. Voisin.

Lemma 3.10. The multiplication map H0(X,E(−∆))⊗H0(X,L−∆)→ H0(X,E(L− 2∆)) is
surjective.

Proof. Let C ∈ |L − ∆| be a smooth curve. It suffices to prove surjectivity of the restricted
multiplication map H0(E|C (−∆)) ⊗ H0(KC) → H0(E|C (KC −∆)), [GP, Observation 2.3]. Now

H0(E|C (−∆)) ' H0(B) ⊕ H0(KC − B) where B is a g1
k on C, [V1]. The statement now follows

from the following: for any base-point free line bundle A on C with h0(A) ≥ 2, the multiplication
map H0(KC)⊗H0(A)→ H0(KC +A) is surjective. If h0(A) = 2, this follows immediately from
the base-point free pencil trick. Indeed, we have an exact sequence

0→ KC ⊗A−1 → H0(A)⊗KC → KC ⊗A→ 0,

and the claim follows from fact that h1(KC ⊗A−1) = h1(H0(A)⊗KC) = h0(A). Otherwise, let
Z be a general effective divisor of degree h0(A)−2. Thus H0(KC)⊗H0(A−Z)→ H0(KC+A−Z)
is surjective. Since this holds for any general such divisor, this proves the claim. �

We will make use of the following direct consequence of the previous lemma.

Lemma 3.11. We have H2(X,ML(∆)⊗N) = H2(ML(∆)) = 0.

Proof. From the exact sequence

0→ N → H0(E(−∆))⊗OX → E(−∆)→ 0,

it suffices to show H2(ML(∆)) = 0 and H1(ML(E)) = 0. The first vanishing follows immediately
from the defining sequence for ML.

The vanishing H1(ML(E)) = 0 is equivalent to surjectivity of the multiplication map H0(L)⊗
H0(E)→ H0(E(L)). We will use the following principle. If we have a commutative diagram

0 V1 V2 V3 0

0 W1 W2 W3

α

f

β

g h

γ δ

of vector spaces with exact rows, and if h is surjective, then so is δ. If, further, f is surjective,
then so is g.
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We have surjectivity of H0(L − ∆) ⊗ H0(E(−∆)) → H0(E(L − 2∆)) by Lemma 3.10. For
a general s ∈ H0(E), we have the exact sequence 0 → OX → E → L′ ⊗ IZ(s) → 0. This

implies E|∆ ' O
⊕2
∆ is trivial. Thus H0(L − ∆) ⊗ H0(E|∆) � H0(E|∆(L − ∆)). This shows

H0(L−∆)⊗H0(E) � H0(E(L−∆)). Since H0(L|∆)⊗H0(E) � H0(E|∆(L)), using the triviality

of E|∆ , we obtain the vanishing H1(ML(E)) = 0. �

We now prove the vanishing in case i = k + 1. The following proof should be compared to
[V3, Lemma 8].

Proposition 3.12. We have Hk+3(B, π∗M⊗ Symk+1(S)(p′∗∆)(D)) = 0.

Proof. We have the short exact sequence

0→ χ∗SymkH(−k − 2)→ χ∗Symk+1H(−k − 1)→ Symk+1(S)→ 0.

We firstly claim that

Hk+3(π∗M⊗ χ∗SymkH(−k − 2)(p′
∗
∆)(D))→ Hk+3(π∗M⊗ χ∗Symk+1H(−k − 1)(p′

∗
∆)(D))

is surjective. We have O(D) ' O(1)⊗χ∗OP(F)(−1) and further ωχ ' χ∗ detH∨(−k). The map
can thus be written as

H4(P(F), f∗ML(∆)⊗ SymkH⊗Rk−1χ∗O(−(k + 1))⊗OP(F)(−1))→

H4(P(F), f∗ML(∆)⊗ Symk+1H⊗Rk−1χ∗O(−k)⊗OP(F)(−1)).

Using relative duality, this becomes

H4(P(F), f∗ML(∆)⊗ SymkH⊗H⊗OP(F)(−1)⊗ detH)→

H4(P(F), f∗ML(∆)⊗ Symk+1H⊗OP(F)(−1)⊗ detH)),

since χ∗O(n) ' SymnH∨. This map is surjective, since the composite Symk+1H → SymkH ⊗
H → Symk+1H of natural maps is multiplication by k + 1.

To conclude, it suffices that Hk+4(π∗M⊗ χ∗SymkH(−k − 2)(p′∗∆)(D)) = 0, or, equivalently

H5(P(F), f∗ML(∆)⊗ SymkH⊗H⊗OP(F)(−1)⊗ detH)) = 0.

The same argument identifies this space with Hk+4(π∗M⊗ χ∗H(−2k − 1 + p′∗∆)(D)), using
χ∗O(n) ' SymnH∨ again. From the exact sequence

0→ p′
∗
N → χ∗H → q′

∗OP(−1)(D)→ 0,

the vanishing is implied by

Hk+4(X ×P,ML(∆)⊗N �OP(−2k − 1)) = Hk+4(X ×P,ML(∆) �OP(−2k − 2)) = 0

which follow from Lemma 3.11 and the Künneth formula. �

From the above vanishings, to show the surjectivity of φ it is now enough to show that
the natural map Hk+2(π∗M⊗ Symk+1(S)(p′∗∆)(D))→ Hk+2(

∧2 π∗M⊗ Symk(S)(p′∗∆)(D)) is
surjective. We first rewrite this map.

Lemma 3.13. For any j, we have have natural isomorphisms

Hj(B, π∗M⊗ Symk+1(S)(p′
∗
∆)(D)) ' Hj+1(B, π∗M⊗ S(−2k)(p′

∗
∆)(D)),

Hj(B,

2∧
π∗M⊗ Symk(S)(p′

∗
∆)(D)) ' Hj+1(B,

2∧
π∗M(−2k)(p′

∗
∆)(D))

Proof. Arguing as in Proposition 3.12, identify Hj(B, π∗M⊗ Symk+1(S)(p′∗∆)(D)) with

Ker(Hj+2−k(P(F), f∗ML(∆)⊗ SymkH⊗H⊗OP(F)(−1)⊗ detH) �

Hj+2−k(P(F), f∗ML(∆)⊗ Symk+1H⊗OP(F)(−1))⊗ detH).
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The above surjection splits naturally, identifying Hj(B, π∗M⊗ Symk+1(S)(p′∗∆)(D)) with

Coker(Hj+2−k(P(F), f∗ML(∆)⊗ Symk+1H⊗OP(F)(−1)⊗ detH) ↪→

Hj+2−k(P(F), f∗ML(∆)⊗ SymkH⊗H⊗OP(F)(−1))⊗ detH),

which is naturally identified with

Coker
(
Hj+1(B, π∗M(−2k − 2)(p′

∗
∆)(D)) ↪→ Hj+1(B, π∗M⊗H(−2k − 1)(p′

∗
∆)(D))

)
.

From the sequence 0 → OB(−2) → χ∗H(−1) → S → 0, the above space is isomorphic to
Hj+1(B, π∗M⊗ S(−2k)(p′∗∆)(D)), as required.

For the second isomorphism, the exact sequence

0→ χ∗Symk−1H(−k − 1)→ χ∗SymkH(−k)→ Symk(S)→ 0,

together with relative duality for χ, provides natural isomorphisms

Hj(B,
2∧
π∗M⊗ Symk(S)(p′

∗
∆)(D)) ' Hj+1(B,

2∧
π∗M⊗ χ∗Symk−1(H)(−k − 1)(p′

∗
∆)(D))

' Hk+1−j(P(F),

2∧
f∗ML(∆)⊗ Symk−1H⊗OP(F)(−1)⊗ detH)

' Hj+1(B,

2∧
π∗M⊗ q′∗OP(−2k)(p′

∗
∆)(D)).

�

In order to prove surjectivity of the natural map

Hk+3(π∗M⊗ S(−2k)(p′
∗
∆)(D))→ Hk+3(

2∧
π∗M(−2k)(p′

∗
∆)(D)),

we follow a strategy reminiscent of [V3, §3, Fourth step]. Consider the exact sequence

0→ Sym2(S)→ π∗M⊗ S →
2∧
π∗M→

2∧
Γ→ 0.

We have Hk+4(π∗M⊗ S(−2k)(p′∗∆)(D)) = 0 by Lemma 3.13 and Proposition 3.12. Thus the
surjectivity of φ will follow from

Hk+4(Sym2(S)(−2k)(p′
∗
∆)(D)) = Hk+3(

2∧
Γ(−2k)(p′

∗
∆)(D)) = 0.

Lemma 3.14. We have Hk+4(Sym2(S)(−2k)(p′∗∆)(D)) = 0.

Proof. The inclusion π∗(Sym2N(∆) �OP(−2)) ↪→ Sym2(S)(p′∗∆) is an isomorphism off D, so
that it suffices to show Hk+4(X ×P,Sym2N(∆)�OP(−2− 2k)) = 0. By the Künneth formula,
it in turn suffices to show H2(X,Sym2N(∆)) = 0. We have an exact sequence

0→ Sym2N → Sym2H0(E(−∆))⊗OX → H0(E(−∆))⊗ E(−∆)→ L−∆→ 0.

Since H2(X,OX(∆)) = H1(X,E) = 0, it is enough to show that the determinant map

det : H0(E(−∆))⊗H0(E)→ H0(L)

is surjective. Let C ∈ |L+ ∆| be general (in particular C is disjoint from ∆) and let A be any
g1
k+2 on C. We have an exact sequence

0→ H0(A)∨ ⊗OX → E → ωC ⊗A∨ → 0,

[L1]. Restricting to C we have isomorphisms H0(E) = H0(E|C ) ' H0(C,A) ⊕ H0(ωC ⊗ A∨),

[V1]. Twisting the above exact sequence by −∆, we have a natural surjection H0(E(−∆)) �
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H0(ωC ⊗ A∨). Further, restriction provides an isomorphism H0(X,L) ' H0(C,ωC). Thus it
suffices to show that the Petri map

H0(A)⊗H0(ωC ⊗A∨)→ H0(ωC),

is surjective. By Lemma 3.1, C is Petri general, so the Petri map is injective. But both sides
have the same dimension, by the Riemann–Roch theorem, so the Petri map is an isomorphism.

�

We now complete the proof of the surjectivity of φ.

Proposition 3.15. We have Hk+3(
∧2 Γ(−2k)(p′∗∆)(D)) = 0. In particular, φ is surjective.

Proof. We use the exact sequence 0→ OB → OB(D)→ OD(D)→ 0. We first show

(4) Hk+2(D,
2∧

Γ(−2k)(p′
∗
∆)(2D)) = 0.

We have the exact sequence

0→ Sym2(S)|D → π∗M⊗ S|D →
2∧
π∗M|D →

2∧
Γ|D → 0.

Since D → Z is a projective bundle with three dimensional fibres, and OD(D) has degree −1 on
the fibres, Hj(D,π∗A(nD)) = 0 for any bundle A on X ×P, any integer j and 1 ≤ n ≤ 3. Thus

Hk+2(D,
∧2 π∗M(−2k)(p′∗∆)(2D)) = 0. Next, we have Hk+3(D,π∗M⊗ S(−2k)(p′∗∆)(2D)) '

Hk+3(D,π∗M⊗ χ∗H(−2k − 1)(p′∗∆)(2D)) from the exact sequence

0→ OD(−2)→ χ∗H|D(−1)→ S|D → 0.

This space vanishes from the exact sequence 0 → p′∗N → χ∗H → OB(−1)(D) → 0. Lastly,
Hk+4(D,Sym2(S)(−2k)(p′∗∆)(2D)) = 0 since dimD = k + 3, giving the vanishing (4).

To finish the proof, it suffices to show Hk+3(
∧2 Γ(−2k)(p′∗∆)(2D)) = 0. We have

2∧
Γ '

k∧
Γ∨(det Γ) '

k∧
Γ∨(k − 1)(−p′∗∆−D)

by Lemma 3.8. Thus, Hk+3(
∧2 Γ(−2k)(p′∗∆)(2D)) is Serre dual to H1(

∧k Γ(2D − 2)). From
the exact sequence

0→ SymkS → . . .→
k−1∧

π∗M⊗ S →
k∧
π∗M→

k∧
Γ→ 0,

it suffices to show H1+i(
∧k−i π∗M⊗ Symi(S)(2D − 2)) = 0 for 0 ≤ i ≤ k. In the case i = 0

we have H1(
∧k π∗M(2D − 2)) = 0 immediately from the Künneth formula on X × P. For

1 ≤ i ≤ k − 2 the required vanishing follows immediately from the exact sequence

0→ χ∗Symi−1H(−i− 1)→ χ∗SymiH(−i)→ Symi(S)→ 0,

as in the proof of Proposition 3.9.

It remains to deal with the cases i = k − 1, k. For i = k − 1, we have

Hk(B, π∗M⊗ Symk−1(S)(2D − 2)) ' Hk+1(B, π∗M⊗ χ∗Symk−2(H)(−k)(2D − 2))

' H2(P(F), f∗ML ⊗ Symk−2(H)⊗Rk−1χ∗OB(−k)⊗OP(F)(−2))

' H2(P(F), f∗ML ⊗ Symk−2(H)⊗ detH⊗OP(F)(−2)),

where we used ωχ ' χ∗ detH∨(−k) and relative duality for the last equality. Since Symk−2H '
(χ∗OB(k − 2))∨ ' Rk−1χ∗OB(2− 2k)⊗ detH∨, we may identify the above space with

Hk+1(B, π∗M(−2k)(2D)) = 0,

by the Künneth formula.
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To complete the proof, we need to show Hk+1(Symk(S)(2D − 2)) = 0. As in the proof of
Proposition 3.12, the map

Hk+1(Symk−1(H)(−k − 1)(2D − 2))→ Hk+1(Symk(H)(−k)(2D − 2))

is surjective, so Hk+1(Symk(S)(2D − 2)) is isomorphic to

Ker
(

Hk+2(B,χ∗Symk−1H(−k − 1)(2D − 2)) � Hk+2(B,χ∗SymkH(−k)(2D − 2)
)

which is naturally identified with

Ker(H3(P(F),Symk−1H⊗Rk−1χ∗OB(−k − 1)⊗OP(F)(−2)) �

H3(P(F),SymkH⊗Rk−1χ∗OB(−k)⊗OP(F)(−2)).

As in the proof of Lemma 3.13, the above surjection splits and, using relative duality, the above
space is identified with

Coker
(

Hk+2(B,OB(−2k − 2)(2D))→ Hk+2(B,OB(−2k − 1)⊗ χ∗H(2D))
)
.

From the sequence 0→ p′∗N → χ∗H → OB(−1)(D)→ 0, and since H0(X,N) = H1(X,N) = 0,
we have Hk+2(OB(−2k−1)⊗χ∗H(2D)) ' Hk+2(OB(−2k−2)(3D)). The map Hk+2(OB(−2k−
2)(2D)) → Hk+2(OB(−2k − 2)(3D)) is multiplication by the section s ∈ H0(OB(D)) induced
from the composition OB ↪→ χ∗H(1), coming from the Euler sequence, with the map χ∗H(1) �
OB(D) coming from the definition of H. Note s 6= 0 as H1(B, p′∗N(1)) = 0, so this map is an
isomorphism (by Equation (3)). This completes the proof.

�

Remark. Note that we do not need the geometry of Grassmannians, unlike [V3, §3, Fourth step].

Let ψ∨ : Symk−1H0(E)
∼−→ Kk,1(X,L + ∆) and φ∨ : Symk−1H0(E) ↪→ Kk−1,1(X,−∆, L) be

the duals to the maps from Lemma 3.3 and Proposition 3.12. By Lemma 3.2, to complete the
proof of Voisin’s Theorem, it only remains to show that φ∨ = prk ◦ ψ∨.

By duality and from the sequence 0→ S → π∗M→ Γ→ 0, we identify φ∨ with

Hk+2(B,∧k−1S ⊗ π∗(L−∆ � ωP)(2D))→ Hk+2(B, π∗ ∧k−1 ML(L−∆) � ωP)(2D)),

which can, in turn, be identified with the natural map

φ∨ : Hk+2(X ×P,∧k−1N(L−∆) � ωP(1− k))→ Hk+2(X ×P,∧k−1ML(L−∆) � ωP).

Theorem 3.16. With notation as above, we have Kk,1(X,L) = 0.

Proof. We need to show φ∨ = prk ◦ ψ∨. To relate ψ∨ and φ∨, let π̃ : B̃ → X × P denote the

blow-up in the codimension two locus Z̃ := {(x, s) |s(x) = 0}. Let D̃ denote the exceptional
divisor. Define p̃ := p ◦ π̃ and q̃ := q ◦ π̃. We have the exact sequence

0→ π̃∗(OX(−∆) �OP(−2))(D̃)→ π̃∗(E(−∆) �OP(−1))→ p̃∗L⊗ I
D̃
→ 0.

We have q̃∗(p̃
∗L⊗ I

D̃
) ' H0(E(−∆))⊗OP(−1). Define S̃L′ and S̃L by exact sequences

0→S̃L′ → q̃∗q̃∗(p̃
∗L′ ⊗ ID̃)→ p̃∗L′ ⊗ ID̃ → 0,

0→S̃L → H0(E(−∆))⊗ q̃∗OP(−1)→ p̃∗L⊗ ID̃ → 0.

Then ψ∨ is the natural map ψ∨ : Hk+3(∧k+1S̃L′ ⊗ωB̃)→ Hk+3(π̃∗(∧k+1ML′ �OP)⊗ω
B̃

). By
taking exterior powers of the exact sequence

0→ π̃∗(N �OP(−1))→ S̃L → π̃∗(OX(−∆) �OP(−2))(D̃)→ 0

and using H0(X,∧k−2N(L− 2∆)) = H0(N∨(−∆)) = H2(N(∆)) = 0, identify φ∨ with

Hk+2(∧k−1S̃L(L−∆)⊗ q̃∗ωP)→ Hk+2(π̃∗ ∧k−1 ML(L−∆) � ωP),
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induced by S̃L ↪→ p̃∗ML. Using exterior powers of the defining sequence for S̃L, this can be
further identified with

φ∨ : Hk+3(∧kS̃L(−p̃∗∆)⊗ ω
B̃

)→ Hk+3(π̃∗(∧kML(−∆) �OP)⊗ ω
B̃

),

using H0(OX(−∆)) = H1(OX(−∆)) = 0.

Let U ⊆ B̃ be the complement of the codimension two locus π̃−1(X × P(H0(E(−∆))). We

have an exact sequence 0→ S̃L|U → S̃L′|U
→ OU (−p̃∗∆)→ 0, giving a commutative diagram

∧k+1S̃L′
|U

π̃∗(∧k+1ML′ �OP)|U

∧kS̃L|U
(−p̃∗∆) π̃∗(∧kML(−∆) �OP)|U

' q|U

where q : π̃∗(∧k+1ML′ �OP)→ π̃∗(∧kML(−∆) �OP) is the projection. This diagram extends

uniquely to B̃, giving the claim. �
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