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1 Introduction and summary

Conformal field theories with a boundary have been studied for a long time [1–5] and

have a variety of physical applications, from statistical physics and condensed matter to

string theory and holography (for a recent review, see [6]). A renewed interest in the

subject has also taken place in light of the progress in conformal bootstrap methods [7–11].

Recently, boundary conformal field theories have also been proposed to play a role as
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holographic duals of certain single sided black hole microstates [12, 13]. In this paper,

we study a special type of boundary conformal field theory (BCFT) which is obtained

by taking free fields in a (d + 1)-dimensional bulk and adding interactions localized on

a d-dimensional boundary. Free field theories with localized boundary interactions have

been considered before in several different contexts including applications to dissipative

quantum mechanics, open string theory and edge states in quantum hall effect [14–19].

More recently, several examples of BCFT with non-interacting bulk fields were considered

in [20, 21]. A particularly interesting model, with possible applications to graphene, is

obtained by taking a free Maxwell field in four dimensions coupled to fermions localized

on a three-dimensional boundary (or “brane”) [20–31].

In the present paper, we focus on the case of scalar field theory with O(N) invariant

boundary interactions. In particular, we investigate the critical properties of the model

defined by N real scalar fields φI with the standard quartic interaction restricted to the

boundary

S =

∫
dd+1x

1

2
∂µφ

I∂µφI +

∫
ddx

g

4
(φIφI)2. (1.1)

With (generalized) Neumann boundary conditions ∂nφ ∼ gφ3, the quartic interaction is

marginal in d = 2 and relevant in d < 2, and hence one may have a non-trivial IR fixed

point. As we show below, working in the framework of the ε-expansion one indeed finds

a weakly coupled Wilson-Fisher fixed point in d = 2 − ε, with real and positive coupling

constant (here and below, we shall always assume that relevant quadratic terms have been

tuned to criticality). This model was analyzed before in [32, 33] with an additional φ6

coupling in the bulk. Here we will not turn on this bulk coupling. As in the well-known

case of the standard critical O(N) models, one may also develop a large N expansion for

any d by introducing a Hubbard-Stratonovich field, which in the present case is localized

on the d-dimensional boundary. This yields a large N BCFT which appears to be unitary

in 1/N perturbation theory in the range 1 < d < 4. We perform explicit calculations of

various physical quantities in this BCFT, and show that the large N expansion precisely

matches onto the ε-expansion in the quartic model in d = 2 − ε. On the other hand, in

d = 1 + ε we show that it matches onto the UV fixed point of a non-local non-linear O(N)

sigma model with the sphere constraint localized on the boundary. The action of this sigma

model is given by

S =

∫
dd+1x

1

2
∂µφ

I∂µφI +

∫
ddx σ

(
φIφI − 1

t2

)
, (1.2)

where t is the boundary coupling constant for which we compute the beta function to order

t5. The large N expansion can be formally continued above the upper critical dimension

d = 2, where it remains perturbatively unitary for d < 4. In d = 4 − ε, we provide strong

evidence that the large N expansion matches onto the IR fixed point of a metastable (for

sufficiently large N and small ε) mixed “σφ” theory

S =

∫
dd+1x

1

2
(∂µφ

I)2 +

∫
ddx

(
1

2
(∂σ)2 +

g1

2
σφIφI +

g2

4!
σ4

)
. (1.3)
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Figure 1. O(N) BCFT in 1 < d < 4.

The instability arises because at the fixed point the quartic self-interaction of the σ field is

negative, as we will show below by explicitly computing the beta functions of the model.

Correspondingly, one finds real instanton solutions localized on the boundary, which are

expected to produce imaginary parts in the scaling dimensions of boundary operators and

other observables, as is well-known for the standard φ4 theory with negative coupling. A

summary of the various descriptions of the boundary O(N) BCFTs in 1 < d < 4 is given in

figure 1. The picture we find is a close analogue of the one found for the standard critical

O(N) models as a function of d. The large N expansion in those models can be developed

for any d and it is perturbatively unitary in 2 < d < 6. It matches onto the UV fixed points

of the non-linear sigma model near d = 2, and onto the Wilson-Fisher fixed point of the

φ4 theory near d = 4. As one approaches d = 6, one finds instead a cubic O(N) symmetric

theory [34, 35] that has perturbative fixed points in d = 6 − ε; non-perturbatively, these

are unstable due to instanton effects, which produce small imaginary parts of physical

observables [36].

The fact that the BCFTs we study contain fields which are non-interacting in the bulk

has interesting consequences. In particular, it implies that the boundary operator spectrum

has several operators with protected scaling dimensions, as we elaborate on in section 2.

The simplest protected boundary operator is just the one induced by the free bulk field φI ,

and has protected dimension ∆ = (d − 1)/2. While our prime example in this paper are

the scalar O(N) models, similar properties are expected to hold in other similar models

with free fields in the bulk.

Recall that a flat boundary in d+ 1 Euclidean dimensions breaks the conformal sym-

metry from SO(d+2, 1) to SO(d+1, 1), which is the conformal group on the d dimensional

boundary. In particular, translational invariance perpendicular to the boundary is broken,

which results in a delta-function localized source for the divergence of stress-tensor

∂µT
µy = D(x)δ(y). (1.4)

In most of the paper we assume flat space with a flat boundary, and we will use x for the

d coordinates on the boundary and y for the transverse direction with xµ = (x, y). The

above equation is to be understood as an operator equation and it defines the displacement

operator denoted by D(x). This relation also fixes the dimension of displacement operator

to be same as that of stress tensor, ∆ = d+ 1. Since the stress tensor is conserved in the

bulk, the displacement operator remains protected even in the presence of interactions and

its scaling dimension is not renormalized. This holds in any BCFT. If the bulk theory is

free, as in the models we study in this paper, then we also have a set of higher spin currents

– 3 –
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Figure 2. AdS/ BCFT setup for O(N) BCFT.

(see e.g. [37] for a review) which in the scalar field theory take the schematic form

Jµ1µ2...µs =

s∑
k=0

csk∂{µ1....µkφ∂µk+1...µs}φ. (1.5)

If the bulk fields are free, the divergence of these currents vanishes in the bulk. Then,

as we explain in section 2.1 below, one expects an equation similar to (1.4) with a delta-

function localized source, defining a set of spinning operators on the boundary with spin

ranging from 0 to s − 2, which we call higher spin displacement operators.1 Since the

higher-spin currents are conserved in the bulk, we expect that the scaling dimensions of

these higher-spin displacement operators should be non-renormalized, despite the presence

of interactions at the boundary. We obtain several perturbative checks of this expectation

in section 4. It would be nice to further study the consequences of having such protected

operators in the spectrum, and also study the analogous operators in other examples of

BCFT with free fields in the bulk.

In light of our O(N) BCFT results, it would be interesting to extend the higher-spin

versions of AdS/CFT (see [37, 39] for reviews) to the case of AdS/BCFT [40]. Type A

Vasiliev theory in AdSd+1 space [41–43] is conjectured to be dual to a d dimensional O(N)

model, free or interacting depending on the boundary conditions of a bulk scalar field [44].

Similarly, the O(N) BCFT we study should be dual to Vasiliev theory on hAdSd+1, where

we have half of AdSd+1 space ending on a AdSd brane as shown in figure 2. In such a

setup, boundary conditions of AdSd+1 fields on the AdSd brane should be determined by

the boundary conditions of O(N) BCFT, while as usual, the boundary condition on the

asymptotic AdSd+1 boundary will be determined by whether the O(N) model is free or

interacting in the bulk of the BCFT (in this paper, we turn off interactions in the bulk, but

one could more generally allow for a bulk coupling constant in addition to the boundary

one, and study the RG flow of both couplings).

From the point of view of perturbative calculations of purely boundary observables

in the models we study, one essentially computes boundary Feynman diagrams where the

scalar fields has a 1/|p| propagator, which is induced by the free kinetic term in the bulk

(recall that we focus on Neumann boundary conditions). This may be thought of as a

1These operators were also considered in the context of replica twist defect in [38] but they are not

protected in that case.
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particular kind of non-local scalar field theory in d dimensions. A natural generalization is

to consider more general non-local propagator parametrized by an arbitrary power s, with

a propagator 1/|p|s in momentum space. This corresponds to a non-local kinetic term

proportional to ∫
ddxddy

φI(x)φI(y)

|x− y|d+s
. (1.6)

as can be checked by a Fourier transform to momentum space. Adding O(N) invariant

quartic interactions to such a non-local model, one finds fixed points which are expected to

describe second order phase transition in a system of N -component unit spins interacting

with a long range Hamiltonian

H = −J
∑
i,j

si · sj
|i− j|d+s

. (1.7)

Critical exponents for the long range interactions fall in three categories [45–54]: 1) For

s < d/2, critical exponents are the same as the ones for Gaussian fixed point, 2) for

d/2 < s < s∗ there is a non trivial long range fixed point and critical exponents can be

calculated and 3) for s > s∗, the critical exponents take the same value as the corresponding

short range fixed point. The value of s∗ is such that the conformal dimension of φ is

continuous at the long range to short range crossover. In the long range fixed point, φ has

no anomalous dimension and its scaling dimension is fixed to be (d − s)/2 (an argument

for this is that φ can be formally thought of as a free field satisfying Laplace equation in

a higher dimensional bulk, where p = 2 − s is the co-dimension). On the other hand, at

the short range fixed point, φ has an anomalous dimension and its scaling dimension is

∆SR = (d− 2 + 2γSRφ )/2. This fixes s∗ = 2− 2γSRφ .

The crossover from mean field theory to long-range fixed point is relatively under con-

trol and perturbation theory can be developed since the usual φ4 interaction is weakly

coupled. An alternative scaling theory was proposed in [53, 54], which is weakly coupled

near short range to long range crossover and can be used to do perturbation theory. How-

ever, in d = 1, there is no short range fixed point, since there is no phase transition in d = 1

O(N) model, except at zero temperature. At zero temperature, all correlation functions

are constant, and hence the anomalous dimension of φ is commonly assigned an exact value

γSRφ = 1/2 which makes ∆SR
φ = 0 and s∗ = 1. In the long range model, there is a phase

transition for 0 < s < 1 as was shown by Dyson in [55] and further studied in [56–59]. So

s = 1 is the upper critical value for the long range universality class in d = 1, which is

what we would have naively expected by extrapolating the crossover region from higher

dimensions. Hence for d = 1, the picture in figure 3 is modified to figure 4. Below we will

study a non-local non-linear sigma model which becomes weakly coupled in s = d − ε for

all d, and is a natural generalization of the boundary model (1.2). Precisely in d = 1, it

is weakly coupled near the upper critical value of s for the long range model, and is well

suited to do perturbation theory in the vicinity of s = 1. Unlike the usual local non-linear

sigma model, the β function for this model is proportional to N −1 instead of N −2, hence

the description is only valid for N > 1. This is in agreement with what was found long ago

in [56]. Combining results from non-linear sigma model and the quartic model, we give

– 5 –



J
H
E
P
0
8
(
2
0
2
0
)
0
1
0

Mean field
theory

Long range
fixed point

Short range
fixed point

s

d
2 s∗
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Mean field
theory

Long range
fixed point

No phase
transition

s

1
2 10

Figure 4. Continuum picture for one dimensional O(N) model for various s.

some Padé estimates for critical exponents in the d = 1 long range O(N) model. They are

in good agreement with the Monte Carlo results of [51] for the values of s given there. It

would be interesting to bootstrap this model using techniques similar to the one used for

d = 3 long range Ising in [60], and compare the results with our estimates.

This paper is organized as follows: in section 2, we discuss some general aspects of free

field theories with interactions localized on the boundary. In section 3, we introduce the

boundary O(N) models in 1 < d < 4 and its various descriptions as a function of dimension,

and present various calculations of physical quantities at the fixed points. We explicitly

construct a set of spinning operators induced on the boundary by bulk higher spin currents

and provide evidence for the vanishing of their anomalous dimension in section 4. We end

by describing long range generalizations of our models and give some estimates for d = 1

long range O(N) model in section 5. Appendices contain some other interesting examples

of BCFT with free fields in the bulk and some technical details.

Note added. After completion of this paper, we became aware of [61] which has some

overlap with parts of our work.

2 Free fields with boundary interactions: some general remarks

The models we consider in this paper have an action of the following general form

S =

∫
dd+1x Lfree +

∫
ddx Lint. (2.1)

To be concrete, let us consider the case of scalar fields, so that Lfree = (∂µφ)2/2, but most

of what we discuss below should have a generalization to the case of other fields. The usual

variational principle gives the equation of motion ∂µ∂
µφ = 0, and we have to satisfy either

Dirichlet or generalized Neumann boundary condition

φ(x, 0) = 0, or ∂yφ(x, 0)− δLint

δφ
= 0. (2.2)

We will be focusing on generalized Neumann in this paper, which allows for the possibility

of interesting critical behavior for the boundary O(N) models in 1 < d < 4.

– 6 –
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In a CFT with a boundary, in addition to the usual bulk OPE, we also have the

boundary OPE where we expand the bulk field φ into a set of boundary primary operators

φ(x, y) =
∑
Ô

BÔ
φ

(2y)∆−∆̂
D∆̂(y2~∂2)Ô(x) (2.3)

The differential operator D∆̂(y2~∂2) can be fixed using conformal invariance as we now

review [5]. We know by conformal invariance that

〈φ(x, y)Ô(x′)〉 =
BφÔ

(2y)∆−∆̂((x− x′)2 + y2)∆̂
, 〈Ô(x)Ô(x′)〉 =

CÔ

(x− x′)2∆̂
. (2.4)

Using BφÔ = CÔB
Ô
φ , this is satisfied if (here and elsewhere the symbol (x)m refers to the

Pochhammer symbol and is defined by (x)m = Γ(x+m)/Γ(x))

D∆̂(y2~∂2)
1

(x− x′)2∆̂
=

1

((x− x′)2 + y2)∆̂
=

∞∑
m=0

(∆̂)m
m!

(−y2)m

(x− x′)2∆̂+2m
(2.5)

which implies

D∆̂(y2~∂2) =

∞∑
m=0

1

m!

1

(∆̂ + 1− d
2)m

(
−1

4
y2~∂2

)m
(2.6)

Applying the bulk equation of motion ∂µ∂
µφ = 0 to this OPE, one finds

∂µ∂
µφ =

∑
Ô

BÔ
φ

(2y)∆−∆̂

∞∑
m=0

1

m!

1

(∆̂ + 1− d
2)m

((
−1

4
y2

)m
(~∂2)m+1Ô(x)

+ (2m−∆ + ∆̂)(2m− 1−∆ + ∆̂)

(
−1

4
~∂2

)m
(y2)m−1Ô(x)

)
=
∑
Ô

BÔ
φ

(2y)∆−∆̂

∞∑
m=0

1

m!

1(
∆̂ + 1− d

2

)
m

(
1− (2m+ 2−∆ + ∆̂)(2m+ 1−∆ + ∆̂)

4(m+ 1)
(
m+ 1 + ∆̂− d

2

) )

×
(
−1

4
y2~∂2

)m
Ô(x). (2.7)

The only allowed operators will be the ones for which the above coefficient vanishes for

all integer m, because different descendants with different m are independent. Plugging

in ∆ = (d − 1)/2, it is easy to see that the coefficient vanishes only for ∆̂ = (d − 1)/2

and ∆̂ = (d + 1)/2, so these are the only two operators allowed in the boundary OPE

of a free scalar field. In the case where there are no interactions at the boundary, one

has either one or the other of these operators, corresponding to Neumann and Dirichlet

boundary conditions respectively. For the generalized Neumann boundary conditions in

the presence of boundary interactions, as we show below one has both of these operators

present in the boundary spectrum. Their dimensions are protected and add to d, satisfying

a kind of “shadow relation”. Intuitively, the reason for this is clear from the structure of the

generalized Neumann boundary condition in (2.2). The operator of dimension ∆ = (d−1)/2

– 7 –
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is just φ restricted to the boundary, while the one of dimension ∆ = (d+1)/2 is the operator
δLint
δφ (this is a cubic operator in the O(N) models we discuss below), which is related to φ

by the boundary condition.

We can gain further insight on these protected operators by considering the bulk two-

point function. Corresponding to two different OPE limits, there are two different ways to

decompose the bulk two point function (see e.g. [7, 9, 62]). We could do the usual OPE in

the bulk and then do the boundary OPE of the fields that appear in the bulk OPE, or do

the boundary OPE first and then do the usual OPE on the boundary. Correspondingly, a

bulk two-point function can be expanded into either a set of boundary conformal blocks or

a set of bulk conformal blocks, and the two expansions must be equal. Let us define the

following cross-ratios

ξ ≡ (x1 − x2)2 + (y1 − y2)2

4y1y2
, z ≡ 1

1 + ξ
(2.8)

so that ξ → ∞, z → 0 in the boundary OPE limit and ξ → 0, z → 1 in the bulk OPE

limit. We can then express the bulk two-point function of a scalar operator of dimension

∆O as

〈O(x1)O(x2)〉 =
CO

(4y1y2)∆O
G(z)

G(z) =
z∆O

(1− z)∆O

∑
k

λkfbulk(∆k; 1− z) =
∑
l

µ2
l fbdy(∆̂l; z)

(2.9)

where λk is the product of the bulk OPE coefficient and one point function of the operator,

and COµ
2
l = (BÔ

O )2ĈÔ. The bulk and boundary blocks can be determined to be [5]

fbulk(∆k; z) = z
∆k
2 2F1

(
∆k + 1− d

2
,

∆k

2
; ∆k +

1− d
2

; z

)
fbdy(∆̂l; z) = z∆̂l

2F1

(
∆̂l, ∆̂l +

1− d
2

; 2∆̂l + 1− d; z

)
.

(2.10)

In the case of a bulk free field φ, the equation of motion for the bulk two-point function

〈φ(x)φ(x′)〉 has two solutions corresponding to Neumann and Dirichlet boundary conditions

G
N/D
φ (x, x′) =

Γ
(
d+1

2

)
(d− 1)2π

d+1
2

(
1

((x− x′)2 + (y − y′)2)
d−1

2

± 1

((x− x′)2 + (y + y′)2)
d−1

2

)
=

Γ
(
d+1

2

)
(d− 1)2π

d+1
2 (4y1y2)

d−1
2

((
z

1− z

) d−1
2

± z d−1
2

)
. (2.11)

In general, the bulk two-point function can then be a linear combination of these two

solutions

〈φ(x)φ(x′)〉 =
Γ
(
d+1

2

)
(d− 1)2π

d+1
2 (4y1y2)

d−1
2

((
z

1− z

) d−1
2

+ λφ2 z
d−1

2

)
, (2.12)

where the λφ2 coefficient is related to the bulk one-point function of the φ2 operator.

To see this, note that the bulk OPE expansion of the two-point function of φ contains,

– 8 –
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in addition to the identity block, a single block corresponding to the operator φ2 with

∆φ2 = d − 1. The coefficient of the identity is just fixed by the normalization of the field

φ. Comparing with (2.9)–(2.10), we see that the second term in (2.12) indeed correspond

to the φ2 operator. The coefficient λφ2 is equal to ±1 for Neumann or Dirichlet boundary

conditions, but is arbitrary for generalized Neumann case. On the boundary, there are two

possible blocks corresponding to operators with dimensions (d − 1)/2 and (d + 1)/2, as

shown above, with OPE coefficients say µ2
N and µ2

D. The blocks simplify for these values

of conformal dimensions and the crossing equation relating the bulk and boundary OPE

coefficients simply becomes

1 + λφ2 (1− z)
d−1

2 =
µ2
N

2

(
1 + (1− z)

d−1
2

)
+

2µ2
D

d− 1

(
1− (1− z)

d−1
2

)
. (2.13)

Equating the coefficients gives

µ2
N

2
+

2µ2
D

d− 1
= 1,

µ2
N

2
− 2µ2

D

d− 1
= λφ2 . (2.14)

As we expect, λφ2 = 1 corresponds to Neumann and gives µ2
D = 0, while λφ2 = −1

corresponds to Dirichlet and gives µ2
N = 0. The case of generic λφ2 has both operators

present in the boundary spectrum and corresponds to the case of interacting theory on the

boundary.

2.1 Displacement operator and its higher spin cousins

This section uses several results from [4] about curved manifolds with a boundary. We

refer the reader to [4, 62] for more detailed derivations. The action for the kind of theories

we consider can be written in curved space as

S =

∫
M
dd+1x

√
g

(
gµν

2
∂µφ

I∂νφ
I +

τ

2
RφIφI

)
+

∫
∂M

ddx̂
√
γ

(
Lint +

ρ

2
KφIφI

)
(2.15)

where the boundary (or defect) is located at xµ = Xµ(x̂i), K = γijKij is the trace of the

extrinsic curvature, and the boundary metric is defined by

γij = eµi e
ν
j gµν , eµi =

∂Xµ

∂x̂i
. (2.16)

By the usual variational principle, we can determine the following equation of motion and

the boundary condition

∇2φI − τRφI = 0, (∂nφ
I − ρKφI − L′int)|∂M = 0. (2.17)

It can be shown [4] that for Weyl invariance, we need ρ = 2τ = d−1
2d . From the variation

of the above action with respect to the metric, we can determine the stress energy tensor,

which in flat space with a flat defect reduces to

T tot
µν = Tµν + δD(y)δiµδ

j
νδij(−Lint(φ

I) + 2τL′int(φ
I)φI)

Tµν = ∂µφ
I∂νφ

I − δµν
2

(∂ρφ
I)2 − d− 1

4d
(∂µ∂ν − δµν∂2)φIφI .

(2.18)
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In a similar fashion, we can derive the displacement operator which can be defined by the

variation of action with respect to the embedding coordinate Xµ(x̂i). Let nµ be the normal

to the defect. We shift the boundary along the normal as δtX
µ(x̂i) = −nµδt and we let

δt be a function of the boundary coordinates here. Under this variation, the trace of the

extrinsic curvature changes as [4]

δtK = 3δtKijK
ij − γ̂ij∇̂i∂jδt− γ̂ijRnjniδt. (2.19)

Using this, one can see that, specializing to flat space with a flat defect, the variation of

action is given by

δtS =

∫
ddx

[
δt

(
1

2
(∂yφ

I)2 +
1

2
(∂iφ

I)2 − δLint

δφI
∂yφ

I

)
− ρ

2
φIφI(∂i∂

iδt)

]
. (2.20)

The first two terms in the above equation come from the bulk piece of the action. The

third term comes from the Lint piece of the boundary action. Since Lint is a function of

boundary fields, which are just the bulk fields restricted to the boundary, its variation when

we move the boundary should be given by −∂yLint δt, which simplifies to what we wrote

above. The variation of K, as written in (2.19), has three pieces, but only one of them

survives in the flat space case, yielding the last term in (2.20). After using the boundary

condition and integration by parts, we get the displacement operator

D(x) = nµ
δS

δXµ
=

[
1

2
(∂yφ

I)2 − 1

2d
(∂iφ

I)2 +
d− 1

2d
φI∂2

i φ
I

]∣∣∣∣
y→0

= Tyy|y→0. (2.21)

Another way to define the same operator is through its appearance in the divergence of

stress tensor, as reviewed in the introduction

∂µT
µi = 0, ∂µT

µy = D(x)δ(y) (2.22)

By doing a volume integral over a Gaussian pill box located at the boundary, we can get

the following relation

T yy|y→0 = D(x). (2.23)

which agrees with what we get from the other definition above. Since the stress tensor

is conserved, the displacement operator must be protected on the boundary. Now, if the

bulk theory is free, as in the models we study in this paper, we will have a tower of exactly

conserved higher spin currents. These are then expected to imply a tower of spinning

protected operators on the boundary, which we may view as higher-spin “cousins” of the

displacement operator

∂µJ
µµ1...µsy = Dµ1....µs−2(x)δ(y), =⇒ Jyµ1...µs−2y|y→0 = Dµ1....µs−2(x). (2.24)
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From the point of view of the theory on the boundary, the operator Dµ1....µs−2 contains

operators of all spins between 0 and s− 2, with 0 being the case when all the µ′s are equal

to y while s − 2 being the case when none of the µ′s are equal to y. So we expect to see

protected boundary operators of dimension d + 1 + s − 2 (same as the dimension of bulk

spin s current) and a spin between 0 and s − 2. In the boundary theory, these will be

bilinears in the boundary operator2 φ schematically of the form φ~∂2n∂ν1∂ν2 . . . ∂νlφ with

dimensions d− 1 + 2n+ l and spin l. In section 4, we will give several pieces of evidence,

within perturbation theory, for the fact that these boundary operators are protected.

3 O(N) BCFT in 1 < d < 4

In this section, we describe perturbative fixed points of O(N) invariant field theories with

boundary localized interactions in boundary dimensions 1 < d < 4. We calculate anoma-

lous dimensions of various boundary operators and two point function of the bulk fun-

damental field at these fixed points and perform appropriate checks wherever different

perturbative expansions are expected to match.

3.1 φ4 theory in d = 2− ε

Let us first consider N scalar fields on d + 1 dimensional flat space with a d dimensional

flat boundary, and a quartic O(N) invariant interaction localized at the boundary:3

S =

∫
dd+1x

1

2
∂µφ

I∂µφI +

∫
ddx

g

4
(φIφI)2. (3.1)

The coupling becomes marginal in d = 2, and it is relevant for d < 2, so we will study this

model in d = 2 − ε. To do the calculation in momentum space, we can Fourier transform

the free propagator along the boundary directions to get

〈φI(−p, y)φJ(p, y)〉 = δIJG̃0
φ(p) = δIJ

∫
∂M

ddxe−ip·(x1−x2)G0
φ(y1,x1; y2,x2)

= δIJ
e−p|y1−y2| + e−p(y1+y2)

2p

(3.2)

which becomes 1/p on the boundary where y1, y2 → 0.

To look for a fixed point, we compute the β function up to two loops by first evaluating

the following four point function and then requiring that it satisfies the Callan-Symanzik

2We use the same letter φ for the bulk field φ(x, y) and its boundary value φ(x). It will be clear which

one we mean from the context. This will make the expressions less messy by reducing the appearance of

“hats”.
3We thank Igor Klebanov for useful suggestions and initial collaboration on the calculations presented

in this section.
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equation:

G4 =

φI

φJ

φK

φL

+

k + p

k
φJ

φI φK

φL

+

k + p

k

l + p

l

φI

φJ φL

φK

+

k + p

k

p + q

k′(k - k’ - q)

q
φL

φK

φI

φJ

= 2δIJδKL
[
− (g + δg) + (g + δg)

2(N + 8)

∫
ddk

(2π)d
1

|k + p||k| − g
3(N2 + 6N + 20)

×
(∫

ddk

(2π)d
1

|k + p||k|

)2

− 4g3(5N + 22)

∫
ddk

(2π)d
ddk′

(2π)d
1

|k||k + p|
1

|k′||k - k’- q|

]
= 2δIJδKL

[
− (g + δg) +

(g + δg)
2(N + 8)Γ

(
d−1

2

)2
Γ
(
1− d

2

)
(4π)

d
2πΓ(d− 1)(p2)1− d

2

− g3(N2 + 6N + 20)Γ
(
d−1

2

)4
Γ
(
1− d

2

)2
(4π)d π2Γ(d− 1)2(p2)2−d

− 4g3(5N + 22)Γ
(
d−1

2

)3
Γ(1− d

2)Γ
(
d− 3

2

)
Γ(2− d)

(4π)dπ3/2Γ(d− 1)Γ
(

3−d
2

)
Γ
(

3d
2 − 2

)
(p2)2−d

]
.

(3.3)

where we used an integral given in appendix B and evaluated the fourth diagram at q = 0.

Expanding this in d = 2− ε and demanding that the divergent terms cancel gives

δg =
g2(N + 8)

2πε
− g3(5N + 22) log 2

π2ε
+
g3(N + 8)2

4π2ε2
. (3.4)

After canceling the divergent parts, the remaining finite parts need to satisfy Callan-

Symanzik equation. Noting that in 2 − ε dimensions, the bare coupling has a factor of

µε on dimensional grounds, and then applying following equation(
µ
∂

∂µ
+ β

∂

∂g

)
G4 = 0 (3.5)

gives us

β = −εg +
g2(N + 8)

2π
− 2g3(5N + 22) log 2

π2
. (3.6)
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There is a unitary IR fixed point at

g∗ =
2πε

N + 8
+

16π(5N + 22)ε2 log 2

(N + 8)3
. (3.7)

We can compute the anomalous dimensions of various operators at this fixed point. The

simplest operator that gets an anomalous dimension is the O(N) singlet on the boundary,

φIφI . Its anomalous dimensions up to two loops can be determined from the following

contributions to the boundary correlation function 〈φIφI(x)φJ(y)φK(z)〉

G2,1 = φIφI

φJ

φK

+

k

k + p

φIφI

φJ

φK

+

k

k + p

k′

k’ + p

φIφI

φL

φK

+

k + p

k

p + q

k′ (k - k’ - q)

q

φIφI

φL

φK

= 2δJK
[
1 + δφ2 − (1 + δφ2)(g + δg)(N + 2)

∫
ddk

(2π)d
1

|k||k + p|

+ g2(N + 2)2

(∫
ddk

(2π)d
1

|k||k + p|

)2

+ 6g2(N + 2)

∫
ddk

(2π)d
ddk′

(2π)d
1

|k||k + p|
1

|k′||k - k’- q|

]
= 2δJK

[
1 + δφ2 − (1 + δφ2)

(g + δg)(N + 2)Γ
(
d−1

2

)2
Γ
(
1− d

2

)
(4π)

d
2πΓ(d− 1)(p2)1− d

2

+
g2(N + 2)2Γ

(
d−1

2

)2
Γ
(
1− d

2

)2
(4π)dπ2Γ(d− 1)2(p2)2−d +

6g2(N + 2)Γ
(
d−1

2

)3
Γ
(
1− d

2

)
Γ
(
d− 3

2

)
Γ(2− d)

(4π)dπ3/2Γ(d− 1)Γ
(

3−d
2

)
Γ
(

3d
2 − 2

)
(p2)2−d

]
.

(3.8)

where we evaluated the last diagram at q = 0 in this case as well. Again, expanding in

d = 2− ε and requiring that the divergent terms cancel gives

δφ2 =
g(N + 2)

2πε
− 3g2(N + 2) log 2

2π2ε
+
g2(N + 2)(N + 5)

4π2ε2
(3.9)
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Then applying Callan-Symanzik equation to the correlation function(
µ
∂

∂µ
+ β(g)

∂

∂g
+ γ̂φ2

)
G2,1 = 0 (3.10)

gives us the anomalous dimension

γ̂φ2 =
g∗(N + 2)

2π
− 12g2

∗(N + 2) log 2

4π2
=
N + 2

N + 8
ε+

4(N + 2)(7N + 20) log 2

(N + 8)3
ε2

∆̂φ2 = d− 1 + γ̂φ2 = 1− 6ε

N + 8
+

4(N + 2)(7N + 20) log 2

(N + 8)3
ε2

(3.11)

Another interesting operator to look at on the boundary is the (φIφI)φJ operator

which we dub as φ3 operator. For that we compute the following one loop contributions

to the boundary correlator 〈(φIφI)φJ(x)φK(y)φL(z)φM (w)〉

G3,1 = φIφIφJ

φK

φL

φM

+

k + p

kφIφIφJ

φK

φL

φM

= 2(δKLδMJ + δKMδLJ + δLMδKJ)

(
1 + δφ3 − g(N + 8)

∫
ddk

(2π)d
1

|k||k + p|

)
= 2(δKLδMJ + δKMδLJ + δLMδKJ)

(
1 + δφ3 − g(N + 8)

Γ
(

2−d
2

)
(4π)

d
2 (p2)

2−d
2

)
. (3.12)

To cancel the divergence we impose the condition that the order g term vanish at momen-

tum scale µ which implies

δφ3 =
g(N + 8)Γ

(
2−d

2

)
(4π)

d
2 (µ2)

2−d
2

, γ̂φ3 = −µ ∂

∂µ
δφ3 = ε

∆̂φ3 =
3(d− 1)

2
+ ε =

3− ε
2

=
d+ 1

2

(3.13)

which agrees with our expectation since the boundary condition fixes φ3 ∼ ∂yφ, so it must

have dimension ∆φ + 1.

We will next compute the bulk two point of φ at this fixed point. In the free theory, it

is still given by eq. (2.11) but this will receive corrections because of interactions starting

at order g2. The leading perturbative correction is depicted in figure 5. The computation
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Figure 5. Bulk two-point function at leading non-trivial order with φ4 interaction on the boundary.

of the corresponding Feynman diagram yields

G̃IJφ (p) =

p
φI(y1) φJ(y2) +

k1

k2

k1 + k2 + p

φI(y1) φJ(y2)

=
δIJ(e−p|y1−y2| + e−p(y1+y2))

2p

+
δIJ2g2(N + 2)e−p(y1+y2)

p2

∫
ddk1

(2π)d
ddk2

(2π)d
1

|k1||k2||k1 + k2 + p|

=
δIJ(e−p|y1−y2| + e−p(y1+y2))

2p

+
δIJ2g2(N + 2)e−p(y1+y2)Γ

(
2−d

2

)
Γ
(
d−1

2

)2
(4π)

d
2πΓ(d− 1)p2

∫
ddk2

(2π)d
1

|k2||k2 + p|2−d

=
δIJ(e−p|y1−y2| + e−p(y1+y2))

2p

+
δIJ2g2(N + 2)e−p(y1+y2)Γ

(
3−2d

2

)
Γ
(
d−1

2

)3
(p2)d−

5
2

(4π)dπ
3
2 Γ
(

3d−3
2

) . (3.14)

This doesn’t have a divergence, in accordance with the fact that φI is a free field and does

not get anomalous dimension. We can transform it back to position space and at the fixed

point, this gives

GIJφ (x1, x2) = δIJG0
φ(x1, x2)− δIJε2(N + 2)

π(N + 8)2
√

(x1 − x2)2 + (y1 + y2)2
(3.15)

This in particular gives corrections to the one point function of φIφI

〈φIφI(x, y)〉 =
N

2πy

(
1

4
− ε2(N + 2)

(N + 8)2

)
(3.16)
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3.2 Large N description for general d

We can rewrite the quartic model introduced in the previous section in terms of a Hubbard-

Stratonovich auxiliary field that lives only at the d-dimensional boundary:

S =

∫
dd+1x

1

2
∂µφ

I∂µφI +

∫
ddx

(
σφIφI

2
− σ2

4g

)
. (3.17)

The equation of motion of σ sets it equal to gφIφI and plugging this in gives us back the

original action. On the boundary, this is analogous to the usual O(N) model except for

the fact that the propagator for φ is different. We can integrate out φI on the boundary

to get a boundary effective action for σ

e−S
eff
bdry[σ] =

∫
Dφ e

−
∫
dd+1x 1

2
∂µφI∂µφI−

∫
ddx

(
σφIφI

2
−σ

2

4g

)

= e
1
8

∫
ddx1ddx2 σ(x1)σ(x2)〈φIφI(x1)φJφJ (x2)〉0+

∫
ddxσ

2

4g
+O(σ3)

(3.18)

where

〈φIφI(x1)φJφJ(x2)〉0 = 2N [Gφ(x1 − x2)]2 (3.19)

with

[Gφ(x1 − x2)]2 =

∫
ddk1

(2π)d

∫
ddk2

(2π)d
ei(k1+k2)·(x1−x2)

k1k2
=

∫
ddp

(2π)d
eip·(x1−x2)

∫
ddq

(2π)d
1

q|p− q|

= −
∫

ddp

(2π)d
eip·(x1−x2) 2

C̃σ
(p)d−2

(3.20)

where

C̃σ = −2π(4π)
d
2 Γ(d− 1)

Γ
(

2−d
2

)
Γ
(
d−1

2

)2 . (3.21)

This gives the quadratic part of the boundary effective action for sigma to be

S2 =

∫
ddp

(2π)d
σ(p)σ(−p)

2

(
N

C̃σ
(p)d−2 − 1

2g

)
. (3.22)

From here, it is clear that for d < 2, the second term in the quadratic action can be dropped

in the IR limit, while for d > 2, it can be dropped in the UV limit. This only leaves the

induced kinetic term in the quadratic action and leads to the following two point function

for σ

〈σ(p)σ(−p)〉 =
C̃σ
N

(p2)
2−d

2 (3.23)

which gives in position space

〈σ(x1)σ(x2)〉 =
Cσ

|x1 − x2|2
, Cσ = C̃σ

4

(4π)
d
2 Γ
(
d
2 − 1

) (3.24)
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which implies that the conformal dimension of sigma operator to this order is 1. The power

law correlation suggests the existence of an IR fixed point in d < 2 and a UV fixed point

in d > 2.

We can also compute the anomalous dimension of σ to order 1/N . In general, it should

be computed using the two loop correction to the σ propagator, but in this case, since φ

does not get an anomalous dimension, we can use the 1/N corrections to the following

correlator

〈σ(0)φI(q)φJ(−q)〉=

q

q

σ

φI

φJ

+

p1

p1

q

(p1 − q)

q

σ

+

p1

p1

p2

p1 − p2

p2

q

p2 − q

q

σ

= δIJ +
C̃σδ

IJ

N

∫
ddp1

(2π)d
1

|p1|2|p1 − q|d−2

+
C̃2
σδ
IJ

N

∫
ddp1

(2π)d

∫
ddp2

(2π)d
1

|p1|2|p1 − p2||p2 − q||p2|2(d−2)

= δIJ
(

1− 2 log q C̃σ

N(4π)
d
2 Γ(d2)

− 4 log q C̃σ
2

Γ
(
d−1

2

)
Γ(3−d

2 )

N(4π)d(d− 2)
√
πΓ
(
d− 3

2

))

=δIJ+
δIJ log(q2/µ2)

2N

(
2d
√
π

Γ
(

2−d
2

)
Γ
(
d−1

2

)
− 22d−1√πΓ

(
3−d

2

)
Γ
(
d
2

)
Γ
(
d−2

2

)
Γ
(
d− 3

2

)
Γ
(
d−1

2

)
Γ
(

2−d
2

)2
)
. (3.25)

Applying Callan-Symanzik equation to it gives the anomalous dimension

∆̂σ = 1 + γ̂σ = 1 +
1

N

(
22d−1√πΓ

(
3−d

2

)
Γ(d2)Γ

(
d−2

2

)
Γ
(
d− 3

2

)
Γ
(
d−1

2

)
Γ
(

2−d
2

)2 − 2d
√
π

Γ
(

2−d
2

)
Γ
(
d−1

2

) .) (3.26)

This can be expanded in d = 2− ε

∆̂σ = 1− 6ε

N
+

28ε2 log 2

N
(3.27)
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This precisely agrees with the dimension of φ2 operator in the ε expansion at large N in

eq. (3.11). This can also be expanded in d = 1 + ε

∆̂σ = 1− ε2

N
(3.28)

and we will show that it agrees with the result obtained from non-linear sigma model in

eq. (3.57) in the next subsection. Expanding in d = 4− ε

∆̂σ = 1− ε2

N
(3.29)

which agrees with mixed σφ theory described below in subsection 3.4.

The bulk propagator for φ now involves following contributions

〈φI(−p, y1)φJ(p, y2)〉

=

p
φI(y1) φJ(y2) +

p

p − q

q p
φI(y1) φJ(y2)

=
δIJ(e−p|y1−y2| + e−p(y1+y2))

|p| +
C̃σδ

IJe−p(y1+y2)

N |p|2
∫

ddq

(2π)d
1

|q|((p− q)2)
d−2

2

=
δIJ(e−p|y1−y2| + e−p(y1+y2))

|p| +
δIJ8π Γ(d− 1)e−p(y1+y2)

N |p|(d− 1)Γ
(
d−2

2

)
Γ
(

2−d
2

)
Γ
(
d−1

2

)2 .

(3.30)

We can Fourier transform it back to position space to get

GIJφ (x1, x2) = δIJG0
φ(x1, x2) (3.31)

+
4δIJ Γ(d− 1)

Nπ
d−1

2 (d− 1)Γ
(
d−2

2

)
Γ
(

2−d
2

)
Γ
(
d−1

2

) 1

((y1 + y2)2 + (x1 − x2)2)
d−1

2

.

The 1/N correction can be expanded in d = 2 − ε and it matches with what we got in

the previous subsection from the ε expansion. It can also be expanded in d = 4− ε and it

agrees with what we get from ε expansion in subsection 3.4.

3.3 Non-linear sigma model in d = 1 + ε

Next model we will consider is related to the usual O(N) non-linear sigma model, so let

us first review the calculation of beta function for the usual case to set the notation. We

define the model as

S =

∫
ddx

(
1

2
∂µφ

I∂µφI + σ

(
φIφI − 1

t2

))
(3.32)

where the Lagrange multiplier σ imposes the constraint that φIφI = 1
t2

. We can choose

the following parametrization that solves the constraint

φI = ψI , I = 1, . . . , N − 1; φN =
1

t

√
1− t2ψIψI =

1

t
− t

2
ψIψI +O(t3). (3.33)
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In terms of these variables, the action becomes

S =

∫
ddx

(
1

2
∂µψ

I∂µψI +
t2

2

(ψI∂µψ
I)2

1− t2ψIψI
)

=

∫
ddx

(
1

2
∂µψ

I∂µψI +
t2

2
(ψI∂µψ

I)2 +O(t4)

)
(3.34)

We can then calculate the β function by requiring that the correlation functions obey

Callan-Symanzik equation (
µ
∂

∂µ
+ β

∂

∂t
+ nγ(t)

)
Gn = 0 (3.35)

and the original O(N) symmetry forces the anomalous dimensions for all the φI to be the

same. We can apply this to the two point function

〈ψK(p)ψL(−p)〉 =
p

ψK ψL +
p

k

p

ψK ψL

=
δKL

p2
− t2 δKL

(p2)2

∫
ddk

(2π)d
p2 + k2

k2 +m2

=
δKL

p2
− t2δKL

p2

Γ
(
1− d

2

)
(4π)

d
2 (m2)1− d

2

− t2δKL

(p2)2

d
2 Γ

(
−d

2

)
(4π)

d
2 (m2)−

d
2

(3.36)

where we have introduced an IR cutoff m2. The last term vanishes as m→ 0 for all d ≥ 0.

The other two terms in d = 2 + ε give

〈ψK(p)ψL(−p)〉 =
δKL

p2

(
1− t2

4π
log

µ2

m2

)
. (3.37)

This satisfies Callan-Symanzik equation with

γφ(t) =
t2

4π
. (3.38)

We next consider the one point function of φN

〈φN (0)〉= 1

t
− t

2
〈ψaψa(0)〉 − t3

8
〈ψaψa(0)ψbψb(0)〉

=
1

t
− t(N − 1)

2
G0(0, 0) +

t3(N − 1)

2

∫
ddxG0(x, x)(∂µG0(0, x))2

− t3((N − 1)2 + 2(N − 1))

8
(G0(0, 0))2

=
1

t
− t(N−1)

2

∫
ddk

(2π)d
1

k2 +m2
− t3((N−1)2 − 2(N−1))

8

(∫
ddk

(2π)d
1

k2 +m2

)2

=
1

t
− t(N − 1)

8π
log

µ2

m2
− t3(N − 1)(N − 3)

8(4π)2

(
log

µ2

m2

)2

(3.39)
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where in the last line, we plugged in d = 2+ε. We can now apply Callan-Symanzik equation

to it and we find

β(t) =
ε

2
t− t3(N − 2)

4π
(3.40)

where the first term is present because in 2 + ε dimensions, t has engineering dimensions

−ε/2. The sign of β function suggests a UV fixed point in 2 + ε dimensions at

t2 = t2∗ =
2πε

N − 2
. (3.41)

The anomalous dimensions of the field φ at the fixed point γφ = ε
2(N−2) agrees with the

known results. The anomalous dimensions of the Lagrange multiplier field σ which is the

analogue of the field σ in the large N analysis, can be found by the following relation

∆σ = d+ β′(t∗) = d+
ε

2
− 3t2∗(N − 2)

4π
= 2 +O(ε2). (3.42)

We will now consider a variant of the non-linear sigma model where the sphere con-

straint is only imposed on the d-dimensional boundary:

S =

∫
dd+1x

1

2
∂µφ

I∂µφI +

∫
ddx σ

(
φIφI − 1

t2

)
. (3.43)

As in the case of the local models, the auxiliary field σ is related to the Hubbard-

Stratonovich field introduced in the large N treatment. The fact that ∆̂σ = 1 + O(1/N),

as shown in the previous section, suggests that the lower critical dimension is d = 1, and

we should look for UV fixed points of the above model in d = 1 + ε boundary dimensions.

As in previous sections, the bulk propagator induces a 1/|p| propagator on the bound-

ary, which in the position space looks like a non-local kinetic term

Sbdry = −Γ
(
d+1

2

)
π
d+1

2

∫
ddx ddy

φI(x)φI(y)

|x− y|d+1
+

∫
ddx σ

(
φIφI − 1

t2

)
(3.44)

We can now solve the constraint on the boundary in terms of the variables ψa as before

to get

Sbdry = −Γ
(
d+1

2

)
π
d+1

2

∫
ddx ddy

ψa(x)ψa(y)

|x− y|d+1
− Γ

(
d+1

2

)
π
d+1

2

t2

4

∫
ddx ddy

ψaψa(x)ψbψb(y)

|x− y|d+1
+ . . .

(3.45)

where we dropped a constant unimportant shift, as well as corrections at higher orders in

t2. So, for the purpose of computing boundary correlation functions, this action gives a

propagator for the ψa field that goes like 1/|p|, and we can use this to develop perturbation

theory with the interaction term from above expression. Let us first try to compute the

diagram that would give us the anomalous dimension of the field ψa. We will show that it

vanishes in accord with the expectation since φI is a free field in the bulk. The two point

function of the field ψa goes like

〈ψa(x)ψb(y)〉 = δabG0(x, y)− Γ
(
d+1

2

)
π
d+1

2

t2δab
∫
ddz ddw

G0(x,w)G0(y, z)G0(z, w)

|z − w|d+1

− Γ
(
d+1

2

)
π
d+1

2

t2δab
∫
ddz ddw

(N − 1)G0(x,w)G0(y, w)G0(z, z)

|z − w|d+1
.

(3.46)
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The term in the second line vanishes when we do the integral over z. We can now go to

momentum space to get

〈ψa(−p)ψb(p)〉 =
δab

|p| +
t2

|p|2
∫

ddq

(2π)d
|p− q|
|q| . (3.47)

The integral can be evaluated in dimensional regularization by adding a small mass and

then expanding in mass in d = 1 + ε to get

〈ψa(−p)ψb(p)〉 =
δab

|p| −
t2

|p|2
(m2)

d
2 Γ
(
−d

2

)
Γ
(
d+1

2

)
Γ
(
−1

2

)
2F1

(
−d

2 ,−1
2 ,

d
2 ,− k2

m2

)
2d+1π

d+2
2 Γ

(
d
2

)
=
δab

|p| −
t2

|p|

(
2 + log m2

4p2

)
2π

+O(m2).

(3.48)

Since there is no 1/ε pole, this implies that the field ψa does not get an anomalous dimen-

sion. We next go on to compute the beta function for the coupling t. For that, we will

apply the Callan-Symanzik equation to the one point function of the field φN (0) as before

〈φN (0)〉 = + + +

=
1

t
− t

2
〈ψaψa(0)〉 − t3

8
〈ψaψa(0)ψbψb(0)〉

=
1

t
− t(N−1)

2
G0(0, 0)− Γ

(
d+1

2

)
π
d+1

2

4(N−1)t3

8

∫
ddz ddw

G0(0, w)G0(0, z)G0(z, w)

|z − w|d+1

− t3((N − 1)2 + 2(N − 1))

8
G0(0, 0)2

=
1

t
− t(N − 1)

2

∫
ddk

(2π)d
1

|k| +
(N − 1)t3

2

∫
ddk

(2π)d
1

|k|2
∫

ddl

(2π)d
|k − l|
|l|

− t3((N − 1)2 + 2(N − 1))

8

∫
ddk

(2π)d
1

|k|

∫
ddl

(2π)d
1

|l| . (3.49)

The integrals in the second and fourth term are straightforward. However, the integral in

the third term is a bit subtle. Let us introduce an IR regulator mass, and perform the

integral over l first, which gives in d dimensions

∫
ddl

(2π)d
|k − l|√
l2 +m2

= −
(m2)

d
2 Γ
(−d

2

)
Γ
(
d+1

2

)
Γ
(
−1

2

)
2F1

(
−d
2 ,−1

2 ,
d
2 ,− k2

m2

)
2d+1π

d+2
2 Γ

(
d
2

) . (3.50)

Fortunately, it is possible to do the integral over k now, and doing that and then taking

d = 1 + ε, gives, to leading order in ε∫
ddk

(2π)d
1

|k|2
∫

ddl

(2π)d
|k − l|
|l| =

1

8π2

(
4

ε2
+

4(γ + logm2 − log 4π)

ε

)
− 1

4π2

(−2

ε

)
+O(ε0)

(3.51)
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The other two integrals can be evaluated by usual means, and overall it gives

〈φN (0)〉 =
1

t
+

t(N − 1)

2π

(
1

ε
+
γ + logm2 − log 4π

2

)
+

(N − 1)t3

4π2ε

− t3(N − 1)2

8π2

(
1

ε2
+
γ + logm2 − log 4π

ε

) (3.52)

We can now introduce the counterterms to cancel the divergences by redefining t → t0 =

t+ δt to get

〈φN (0)〉 =
1

t
− δt
t2

+
δ2
t

t3
+

(t+ δt)(N − 1)

2π

(
1

ε
+
γ + logm2 − log 4π

2

)
+

(N − 1)t3

4π2ε

− t3(N − 1)2

8π2

(
1

ε2
+
γ + logm2 − log 4π

ε

)
. (3.53)

The counterterm is fixed by the requirement that it should cancel all the divergent terms

which gives the original bare coupling in terms of renormalized coupling

t0 = µ−ε/2
(
t+

(N − 1)t3

2πε
+

(N − 1)t5

4π2ε
+

3(N − 1)2t5

8π2ε2

)
. (3.54)

This gives the β function

β(t) =
ε

2
t− t3(N − 1)

2π
− t5(N − 1)

2π2
. (3.55)

Notice that the β function here is proportional to N − 1 as opposed to N − 2 in the usual

local case. This tells us that the N = 1 case has to be treated separately, similar to what

happens for N = 2 case in the usual O(N) model in two dimensions [63, 64]. This beta

function gives a fixed point at

t2∗ =
επ

(N − 1)
− ε2π

(N − 1)2
(3.56)

This gives the dimension of the field σ

∆̂σ = d+ β′(t∗) = 1− ε2

(N − 1)
(3.57)

in exact agreement with the prediction of the large N expansion.

3.4 Mixed σφ theory in d = 4− ε

The large N analysis described in subsection 3.2 applies for general d, and in particular it

can be formally pushed to d > 2. In d = 2 + ε, one finds formal UV fixed points of the

quartic model (3.1). The fact that at large N the dimension of σ is near 1 suggests that

it becomes a free propagating field in d = 4 boundary dimensions. Then, in close analogy
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with the situation for local O(N) models [34], one expects that a UV completion of the

formal UV fixed point of the quartic model in d > 2 is provided by the following model

S =

∫
dd+1x

1

2
(∂µφ

I)2 +

∫
ddx

(
1

2
(∂σ)2 +

g1

2
σφIφI +

g2

4!
σ4

)
. (3.58)

where σ propagates only on the boundary. The couplings g1 and g2 are classically marginal

in d = 4, and we can look for perturbative IR fixed points in d = 4− ε.
The leading correction to σ propagator is given by the one-loop diagram

G2,0 =

k + p

k

σ σ + σ σ

=
N(−g1)2

2

∫
ddk

(2π)d
1

|p + k| k − p
2δσ

=
Ng2

1Γ
(

2−d
2

)
(p2)

d−2
2 Γ

(
d−1

2

)2
2(4π)

d
2 Γ(d− 1)π

− p2δσ.

(3.59)

We then take a derivative with p2 at p2 = µ2 and set the divergent part to 0. This gives

δσ = − Ng2
1Γ(4−d

2 )Γ(d−1
2 )2

2(4π)
d
2 Γ(d− 1)π(µ2)

4−d
2

= − Ng2
1

8ε(4π)2
. (3.60)

Next, we can compute the corrections to the vertex g1

G1,2 =

k − q

k + p

kσ

φI

φI

+ σ

φI

φI

(−g1)3

∫
ddk

(2π)d
1

|k− q||k + p|k2
− δg1

= −g3
1

Γ
(

4−d
2

)
(4π)

d
2 (µ2)

4−d
2

− δg1

(3.61)

which in d = 4− ε gives

δg1 = −g3
1

Γ
(

4−d
2

)
(4π)

d
2 (µ2)

4−d
2

= − g3
1

8π2ε
. (3.62)
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Similarly, the one loop correction to g2 is given by the following diagrams (we are evaluating

these at all external momenta = µ2)

G4,0 =

k + p

k

+

k + p

k + p + q

k − r

k +

=
3(−g2)2

2

∫
ddk

(2π)d
1

k2(k + p)2
+ 3(−g1)4N

∫
ddk

(2π)d
1

k|k− r||k + p||k + p + q| − δg2

=
3g2

2Γ
(

4−d
2

)
2(4π)

d
2 (µ2)

4−d
2

+
3g4

1NΓ
(

4−d
2

)
(4π)

d
2 (µ2)

4−d
2

− δg2 (3.63)

which implies

δg2 =
3g2

2Γ
(

4−d
2

)
2(4π)

d
2 (µ2)

4−d
2

+
3g4

1NΓ
(

4−d
2

)
(4π)

d
2 (µ2)

4−d
2

=
3g2

2 + 6g4
1N

16π2ε
. (3.64)

Using these counterterms, we can calculate the β function. The Callan-Symanzik equation

for a correlation function with m external σ lines and n external φ lines is(
µ
∂

∂µ
+ β1

∂

∂g1
+ β2

∂

∂g2
+mγσ + nγφ

)
Gm,n = 0. (3.65)

Applying this to G1,2 gives

β1 = − ε
2
g1 + µ

∂

∂µ

(
−δg1 +

g1

2
(2δφ + δσ)

)
= − ε

2
g1 +

(N − 32)g3
1

16(4π)2
(3.66)

Applying Callan-Symanzik equation to G4,0 gives

β2 = −εg2 + µ
∂

∂µ

(
−δg2 +

g2

2
(4δσ)

)
= −εg2 +

12g2
2 + 24g4

1N + g2
1g2N

4(4π)2
. (3.67)

It is possible to find two unitary fixed point at N > Ncrit = 4544 with coupling

constants given by

(g∗1)2 =
8(4π)2ε

N − 32
, (g∗2)± =

12288Nπ2ε

(N − 32)(±
√

1024 +N(N − 4544)− (N + 32))
. (3.68)

Since we find two fixed points here, we should look at their IR stability by looking at the

eigenvalues of the following matrix for the positive and negative sign root

Mij =
∂βi
∂gj

, M =

−ε2 + 3(N−32)
16(4π)2 (g∗1)2 0

48N(g∗1)3+g∗1g
∗
2N

2(4π)2 −ε+
24g∗2+N(g∗1)2

4(4π)2

 (3.69)

For IR stability, we want both the eigenvalues of this matrix to be positive, and that only

happens when we choose the negative root (g∗2)− (sign of g∗1 does not actually affect the
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eigenvalues). So the fixed point with (g∗2)− is the IR stable fixed point and should be the

one that matches the large N fixed point near four dimensions. Note that the value of g∗2
is negative for both the fixed points, indicating that this fixed point is non-perturbatively

unstable, in the sense that the vacuum is not stable. For sufficiently large N , we may

regard it as a metastable BCFT, similarly to the local O(N) models in 4 < d < 6 [36].

We can also compute the anomalous dimensions at the fixed point. The field φ does

not get any anomalous dimensions, while the anomalous dimension of the field σ can be

computed from δσ

γ̂σ =
µ

2

∂

∂µ
logZσ =

εN

2(N − 32)
(3.70)

which gives

∆̂σ = 1 +
16ε

N − 32
(3.71)

in precise agreement with the large N prediction, expanded near d = 4.

The correction to bulk propagator of the field φ is given by

〈φI(−p, y1)φJ(p, y2)〉 =

p
φI(y1) φJ(y2) +

k

k + p

φI(y1) φJ(y2)

=
δIJ(e−p|y1−y2| + e−p(y1+y2))

|p| +
δIJg2

1e
−p(y1+y2)

|p|2
∫

ddk

(2π)d
1

(p + k)2 k

=
δIJ(e−p|y1−y2| + e−p(y1+y2))

|p| +
δIJg2

1e
−p(y1+y2)Γ

(
3−d

2

)
Γ
(
d
2 − 1

)
Γ
(
d−1

2

)
(p2)

d−5
2

(4π)
d
2
√
πΓ
(
d− 3

2

) .

(3.72)

We can again Fourier transform back to position space to get

GIJφ (x1, x2) = δIJG0
φ(x1, x2)− 8δIJε

3π2(N − 32)((x1 − x2)2 + (y1 + y2)2)
3
2

. (3.73)

At large N , this agrees with the result obtained from large N expansion expanded in

d = 4− ε.

3.4.1 Boundary instanton

The mixed σφ theory described in eq. (3.58) can be written on the boundary as

Sbdry =
2Γ
(
d+1

2

)
π
d
2 Γ
(
−1

2

) ∫ ddxddy
φI(x)φI(y)

|x− y|d+1
+

∫
ddx

(
1

2
(∂σ)2 +

g1

2
σφIφI +

g2

4!
σ4

)
(3.74)

Since the coupling g2 is negative at the fixed point, the vacuum σ = φI = 0 can only be

metastable and must tunnel to large absolute values of σ. Indeed for negative g2, there is

a real instanton solution responsible for this tunneling found in [65–67] in the context of

usual φ4 interaction in four dimensions

φI = 0, σ =

√
−48

g2

λ

1 + λ2(x− a)2
. (3.75)
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This instanton solution is expected to give non-perturbatively small imaginary parts to

critical exponents [68]. This is because the fluctuations of σ about the instanton background

include a negative mode which yields an imaginary contribution to the partition function.

We can perform a conformal mapping of the boundary to S4, which will result in a σ2

conformal coupling term in the action, and the solution just changes by a Weyl factor

σ =

√
−12

g2

λ(1 + x2)

1 + λ2(x− a)2
. (3.76)

For λ = 1 and a = 0, it just becomes a constant VEV on the sphere, and the action

evaluated on the solution turns out to be

Sinst
bdry = −16π2

g2
. (3.77)

This can be evaluated at the fixed point and then we can take the large N limit to compare

with the result from large N calculation

Sinst
bdry = − 16π2

(g∗2)−
=

(N − 32)(
√

1024 +N(N − 4544) + (N + 32))

768Nε
+O(ε0)

N�1≈ N

384ε
.

(3.78)

The same result can be derived in the large N theory by writing eq. (3.17) as an action

on the boundary

S =
2Γ
(
d+1

2

)
π
d
2 Γ
(
−1

2

) ∫ ddxddy
φI(x)φI(y)

|x− y|d+1
+

∫
ddx

σφIφI

2
. (3.79)

We can conformally map it to a sphere

S =
2Γ
(
d+1

2

)
π
d
2 Γ
(
−1

2

) ∫ ddxddy
√
g(x)

√
g(y)

φI(x)φI(y)

s(x, y)d+1
+

∫
ddx
√
g(x)

σφIφI

2
(3.80)

We will again look for the classical solution with a constant σ on the sphere and compute

the instanton action by integrating out φI

Sinst
bdry(σ) =

N

2
log det

(
2Γ
(
d+1

2

)
π
d
2 Γ
(
−1

2

) 1

s(x, y)d+1
+
σ

2
δ(x− y)

)
. (3.81)

In general, the chordal distance on the sphere can be decomposed into spherical harmonics

as follows [36]

1

s(x, y)2∆
=
∞∑
n=0

kn(∆)Y ∗n,~m(x)Yn,~m(y), kn(∆) = πd/22d−2∆ Γ
(
d
2 −∆

)
Γ(n+ ∆)

Γ(∆)Γ(d+ n−∆)
(3.82)

These spherical harmonics form a complete set of eigenfunctions with the following eigen-

value equation ∫
ddy
√
g(y)

1

s(x, y)2∆
Yn,~m(y) = kn(∆)Yn,~m(x). (3.83)
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Using this, the required determinant becomes

Sinst
bdry(σ) =

N

2

∑
n

Dn log

(
2Γ
(
d+1

2

)
π
d
2 Γ
(
−1

2

)kn(d+ 1

2

)
+
σ

2

)
, Dn =

(2n+ d− 1)Γ(n+ d− 1)

n!Γ(d)

(3.84)

where Dn is the degeneracy of the eigenvalue kn with all the degenerate states labeled by

~m above. The constant value of σ which extremizes this action can be found by solving

∂Sinst
bdry

∂σ
= 0 =

N

4

∑
n

Dn

Γ(n+(d+1)/2)
Γ(n+(d−1)/2) + σ

2

=
NσΓ(1− d)Γ

(
d−1+σ

2

)
4Γ
(

3−d+σ
2

) . (3.85)

So apart from the usual vacuum σ = 0, we also have other saddles

σ = d− 3− 2n (3.86)

for positive integer n. The saddle point value of σ is effectively the mass of field φI at large

N . We want it to be positive for stability of φI = 0 vacuum. Hence for d < 3, σ = 0 is the

only allowed saddle, while for 3 < d < 4, the n = 0 saddle in eq. (3.86) is also allowed. So

we expect the n = 0 instanton configuration to match the classical solution found above in

4− ε dimensions. Instanton action for this configuration is

Sinst
bdry(σ)− Sbdry(0) =

∫ d−3

0
dσ
∂Sinst

bdry

∂σ
. (3.87)

This clearly vanishes in d = 3. We can perform this integral in d = 4− ε and compare with

the result of the ε expansion in the previous section. We find

Sinst
bdry(σ)− Sbdry(0) =

N

384ε
+O(ε0) (3.88)

which precisely matches the ε expansion result (3.78).

4 Higher-spin displacement operators

As discussed in section 2.1, a spin s conserved current in the bulk induces a tower of

protected operators on the boundary with dimension d+1+s−2 and spin ranging between

0 and s − 2. They are bilinears in the boundary operator φ and have the schematic form

∼ φ~∂2n∂ν1∂ν2 . . . ∂νlφ with n ≥ 1. They appear in the conformal block decomposition of

the four point function of the boundary field φ. The scalar ones with boundary spin 0 also

appear in the boundary channel conformal block decomposition of two point function of

the bulk scalar φIφI . In the following subsections, we will see that these operators have

protected dimensions in perturbation theory using their appearance in both these conformal

block decompositions. Then we will go on to calculate the anomalous dimensions of the

first few of these operators using Feynman diagrams and verify that they vanish.
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4.1 φ4 theory in d = 2− ε
4.1.1 Decomposition of boundary four-point function

Let us compute the four-point function of the leading boundary operator φI in the quartic

theory of subsection 3.1. In the free theory, the four-point function just comes from the

Wick contractions

〈φI(x1)φJ(x2)φK(x3)φL(x4)〉0 = Ĉ2
φφ

(
δIJδKL

(x2
12)∆̂(x2

34)∆̂
+

δIKδJL

(x2
13)∆̂(x2

24)∆̂
+

δILδJK

(x2
14)∆̂(x2

23)∆̂

)
.

(4.1)

In the s-channel, 12 → 34, the leading term just comes from the identity operator, while

the other two come from the double trace operators of dimensions 2∆̂ + 2n+ l [69]

1

(x2
13)∆̂(x2

24)∆̂
=

(−1)l

(x2
14)∆̂(x2

23)∆̂
=

1

(x2
12)∆̂(x2

34)∆̂

∑
l,n

aτ=2∆̂+2n,lu
∆̂+ngτ=2∆̂+2n,l(u, v) (4.2)

where

aτ=2∆̂+2n,l =
(−1)l

[ (
∆̂− d

2 + 1
)
n

(∆̂)l+n

]2

l!n!
(
l + d

2

)
n

(2∆̂ + n− d+ 1)n(2∆̂ + 2n+ l − 1)l

(
2∆̂ + n+ l − d

2

)
n

(4.3)

and

u =
x2

12x
2
34

x2
13x

2
24

, v =
x2

14x
2
23

x2
13x

2
24

. (4.4)

In our case ∆̂ = d−1
2 and gτ,l(u, v) is the d dimensional conformal block for four-point

function. At first order in the coupling, we have the following connected contribution to

the four-point function

〈φI(x1)φJ(x2)φK(x3)φL(x4)〉1

= −2g(δIJδKL + δIKδJL + δILδJK)

∫
ddx0

Ĉ4
φφ

(x2
10)∆̂(x2

20)∆̂(x2
30)∆̂(x2

40)∆̂
. (4.5)

To make life simpler, we are going to evaluate this integral in d = 2 so that ∆̂ = 1/2. In

that case, the integral can be computed in terms of the D̄ function

〈φI(x1)φJ(x2)φK(x3)φL(x4)〉1

= −2g

π
(δIJδKL + δIKδJL + δILδJK)

Ĉ4
φφ

(x2
12x

2
34)

1
2

u
1
2 D̄ 1

2
, 1
2
, 1
2
, 1
2
(u, v) (4.6)

This particular D̄ function can be expressed in terms of the H function, which can then

be expanded in a power series in u and 1− v [70–72]

D̄ 1
2
, 1
2
, 1
2
, 1
2
(u, v) = −π2 log u G

(
1

2
,
1

2
, 1, 1;u, 1− v

)
+

∞∑
m,n=0

Γ(1
2 +m)2Γ

(
1
2 +m+ n

)2
(m!)2 n! Γ(1 + 2m+ n)

fmnu
m(1− v)n,

fmn = 2ψ(1 +m) + 2ψ(1 + 2m+ n)− 2ψ

(
1

2
+m

)
− 2ψ

(
1

2
+m+ n

)
.

(4.7)
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The G function appearing above can also be expanded in to powers

G(α, β, γ, δ;u, 1− v) =

∞∑
m,n=0

(δ − α)m(δ − β)m
m!(γ)m

(α)m+n(β)m+n

n!(δ)2m+n
um(1− v)n (4.8)

and in particular,

G

(
1

2
,

1

2
, 1, 1;u, 1−v

)
=

∞∑
m,n=0

Γ
(

1
2 +m

)2
Γ(1

2 +m+ n)2

π2(m!)2 n! Γ(1 + 2m+ n)
um(1− v)n

=
∞∑
m=0

Γ
(

1
2 +m

)4
π2(m!)2 Γ(1 + 2m)

um 2F1

(
1

2
+m,

1

2
+m, 1 + 2m, 1− v

)
.

(4.9)

The log u term appearing above in the four-point function directly gives the anomalous

dimensions as we now discuss. On general grounds, we can decompose the four point

function as follows

〈φI(x1)φJ(x2)φK(x3)φL(x4)〉 = δIJδKLGS +

(
δIKδJL + δILδJK

2
− δIJδKL

N

)
GT

+
δIKδJL − δILδJK

2
GA

(4.10)

where S, T,A refer to singlet, traceless symmetric and anti-symmetric representations of

O(N). For each of these representations, we can have a decomposition into conformal

blocks

G =
Ĉ2
φφ

(x2
12x

2
34)

1
2

F(u, v), F(u, v) =
∑
τ,l

aτ,lu
τ
2 gτ,l(u, v). (4.11)

From our discussion above, we have

FS(u, v) = 1 +
∑
l,n

l:even

a0
S n,lu

1
2

+ngτ0
n,l
−

2g(N + 2)Ĉ2
φφ

πN
u

1
2 D̄ 1

2
, 1
2
, 1
2
, 1
2
(u, v)

FT (u, v) =
∑
l,n

l:even

a0
T n,lu

1
2

+ngτ0
n,l
−

4gĈ2
φφ

π
u

1
2 D̄ 1

2
, 1
2
, 1
2
, 1
2
(u, v)

FA(u, v) =
∑
l,n
l:odd

a0
A n,lu

1
2

+ngτ0
n,l

(4.12)

where τ0
n = 1 + 2n and

a0
S n,l =

1

N
a0
T n,l =

1

N
a0
A n,l =

2

N

(−1)l
[ (

1
2

)
n

(
1
2

)
l+n

]2
l!n!(l + 1)n(n)n(2n+ l)l(n+ l)n

. (4.13)

Leading corrections to F can also be expressed in terms of anomalous dimensions and

corrections to OPE coefficients: using τn,l = τ0
n + γ̂n,l and an,l = a0

n,l + δan,l we have

δF(u, v) = u
1
2

∞∑
n=0

un
∑
l:even

(
1

2
a0
n,lγ̂n,l log u+ δan,l +

1

2
a0
n,lγ̂n,l∂n

)
gτ0
n,l

(u, v). (4.14)
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It is clear that the operators in the anti-symmetric representation do not get anomalous

dimension or corrections to OPE coefficient to leading order in g. For the singlet represen-

tation, comparing the terms proportional to log u, we have the following equation which

implicitly determines the anomalous dimensions

∞∑
l,n=0
l:even

un
1

2
a0
S n,lγ̂

S
n,lgτ0

n,l
(u, v) =

2πg(N + 2)Ĉ2
φφ

N

∞∑
m=0

Γ
(

1
2 +m

)4
π2(m!)2 Γ(1 + 2m)

um

× 2F1(
1

2
+m,

1

2
+m, 1 + 2m, 1− v).

(4.15)

A similar equation can be obtained for symmetric traceless case. For small values of u,

in two dimensions and for even spins, the conformal block on the l.h.s. has the following

expansion [70] to leading order in u

gτ0
n,l

(u, v) = (1− v)l2F1

(
1

2
+ n+ l,

1

2
+ n+ l, 1 + 2n+ 2l, 1− v

)
+O(u). (4.16)

Also, for l = 0, we have the following expansion to all orders in u

gτ0
n,l=0 =

∞∑
m=0

um
Γ
(

1
2 +m+ n

)4
Γ(1 + 2n)2

Γ
(

1
2 + n

)4
m!(m+ 2n)!(2m+ 2n)!

× 2F1

(
1

2
+m+ n,

1

2
+m+ n, 1 + 2m+ 2n, 1− v

)
. (4.17)

We can use these expansions to compare coefficients of different powers of u in eq. (4.15).

At zeroth order in u, this implies

∑
l:even

1

2
a0
S 0,lγ̂

S
0,lx

lF 1
2

+l(x) =
2gπ(N + 2)Ĉ2

φφ

N
F 1

2
(x) (4.18)

where Fβ(x) is defined by

Fβ(x) ≡ 2F1(β, β, 2β, x), x ≡ 1− v (4.19)

and it obeys an orthogonality relation

1

2πi

∮
x=0

xβ−β
′−1Fβ(x)F1−β′(x) = δβ,β′ . (4.20)

Using this and Ĉφφ = 1/2π, we get

γ̂S0,l = δ0l
g(N + 2)

2π
. (4.21)

For l = 0, it agrees with the anomalous dimension of the boundary operator φ2 found in

eq. (3.11). It vanishes for all other spins, which is perhaps not so surprising given that

in the usual O(N) model, the anomalous dimensions of leading twist bilinear operators
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(weakly broken higher spin currents) start at O(ε2) in 4− ε dimensions. Similarly for the

symmetric traceless case

γ̂T0,l = δ0l
g

π
. (4.22)

At next order in u, equation (4.15) implies

∑
l:even

1

2
a0
S 1,lγ̂

S
1,lx

lF 3
2

+l(x) +
1

64
a0
S 0,0γ̂

S
0,0F 3

2
(x) =

2gπ(N + 2)Ĉ2
φφ

32N
F 3

2
(x) (4.23)

which just gives ∑
l:even

1

2
a0
S 1,lγ̂

S
1,lx

lF 3
2

+l(x) = 0 (4.24)

which implies

γ̂S1,l = 0 (4.25)

for all values of l. For l = 0, this is just the displacement operator. We could use this result

to go to next subleading twist and so on, since we know the conformal block for l = 0 to

all orders in u. In general, it follows that if the anomalous dimensions of operators with

all spins vanish from level 1 through level n − 1, then at level n, we have the following

equation ∑
l:even

1

2
a0
S n,lγ̂

S
n,lx

lFn+ 1
2

+l(x) +
1

2
a0
S 0,0γ̂

S
0,0

Γ
(

1
2 + n

)4
π2( n!)2(2n)!

Fn+ 1
2
(x)

=
2gπ(N + 2)Ĉ2

φφ

N

Γ
(

1
2 + n

)4
π2( n!)2(2n)!

Fn+ 1
2
(x)

(4.26)

which gives

γ̂Sn,l = 0. (4.27)

In this way we can extend this result to all values of twist. Note that it was important

that the leading twist anomalous dimensions vanish for all spins other than l = 0. These

subleading twist operators with free dimension d− 1 + 2n+ l, n ≥ 1 and spin l are exactly

the operators we called higher-spin “cousins” of displacement and we have just shown that

their anomalous dimension vanishes to leading order in g. Similar reasoning goes through

for the symmetric traceless case.

4.1.2 Decomposition of bulk two point function

Let us now discuss the conformal block decomposition of the bulk two-point function of

the φIφI operator. In the case of free theory, using the cross-ratio z defined in section 2,

we can write

〈φIφI(x1, y1)φJφJ(x2, y2)〉0 = N2(G0(0, 0))2 + 2N(G0
φ(x1, x2))2

=
NΓ(d−1

2 )2

16πd+1(4y1y2)d−1

[
N+2

(
z

1−z

)d−1

+2 zd−1 + 4
zd−1

(1−z)
d−1

2

]
=

NΓ(d−1
2 )2

16πd+1(4y1y2)d−1
G(z). (4.28)
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We can determine the coefficients of the blocks using Euclidean inversion formulae [9, 73].

On the boundary, we can define the coefficient function

Î∆̂ =
1

Γ
(
d+1

2

) ∫ 1

0
dz z−(d+1) (1− z)

d−1
2 2F1

(
∆̂, d− ∆̂;

d+ 1

2
;
z − 1

z

)
G(z) (4.29)

and its residues are related to the coefficients of conformal block expansion as

Î∆̂

Γ(∆̂)Γ
(

∆̂ + 1−d
2

)
2Γ(2∆̂− d)

∼ −
µ2
Ô

∆̂− ∆̂Ô

. (4.30)

Doing this procedure tells us that we have the identity block on the boundary, with coef-

ficient µ2
0 = N , and a tower of blocks with dimensions d− 1 + 2n and coefficients

µ2
d−1+2n =

2

Γ(2n+ 1)

[
2 δn,0 +

Γ
(

3−d
2

)
2F1(1− 2n,−2n;−d− 4n+ 3; 1)

Γ
(

3−d
2 − 2n

) + Γ

(
d+ 1

2

)
× Γ(−d− 4n+ 3) 3F̃2

(
3−d

2
− 2n,−2n, 1− 2n;−d− 4n+ 3,

d+1

2
− 2n; 1

)]
(4.31)

where regularized Hypergeometric function is defined by

3F̃2(a1, a2, a2; b1, b2; z) =
3F2(a1, a2, a2; b1, b2; z)

Γ(b1)Γ(b2)
. (4.32)

Similarly in the bulk, we have the coefficient function

I∆ =

∫ 1

0
dy y

d−5
2 (1− y)−d+1

2F1

(
∆

2
,
d+ 1−∆

2
, 1, 1− 1

y

)
G(1− y) (4.33)

and then the bulk data is determined using

I∆
Γ
(

∆
2

)
Γ
(

∆+1−d
2

)
2Γ
(
∆− d+1

2

) ∼ − λO
∆−∆O

. (4.34)

Using this, it can be seen that in the bulk channel, the two-point function contains identity,

φ2 ( with dimension d− 1), and a tower of primaries φ2∂2nφ2 with dimensions 2d− 2 + 2n

with following OPE coefficients

λ0 = 2, λd−1 = 4,

λ2d−2+2n = (−1)nNΓ(1−d)

(
π(−2d2 − 3dn+ 4d− 2n2 + 5n− 2) sec

(
3πd

2

)
Γ(1− d)

2 Γ(−d− n+ 2)2 Γ(n+1)Γ
(
−3d

2 − n+ 7
2

)
Γ
(

3d
2 + 2n− 5

2

)
+

2F1

(
1− n, −d−2n+3

2 ; −3d−4n+7
2 ; 1

)
Γ(−d− n+ 2)Γ(n)

)

−
(2π(−1)n sec

(
3πd

2

)
3
F̃2

(
−d− n+ 2, −d−2n+3

2 ,−n; −3d−4n+7
2 , 1− n; 1

)
Γ
(

1
2(3d− 5) + 2n

)
Γ(n+ 1)

.

(4.35)
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When we add boundary interactions to the theory, the dimensions of the operators in

the bulk channel will remain the same since the theory is free in the bulk, but the OPE

coefficients λO can receive corrections which will depend on the interaction strength.

Note that the operators appearing in the boundary channel are scalars with dimensions

d − 1 + 2n. We will now show by an explicit perturbative calculation in the interacting

theory, that for n ≥ 1, they don’t acquire anomalous dimensions, which is consistent with

the fact that they are induced by bulk conserved higher spin currents. At leading order,

we have

〈φIφI(x1, y1)φJφJ(x2, y2)〉1 = −2gN(N + 2)

∫
ddx0(G0

φ(x1, y1; x0, 0))2(G0
φ(x0, 0; x2, y2))2.

(4.36)

This requires computing the following integral, which can be done, for example, by using

Feynman parameters∫
ddx0

1

(x2
10 + y2

1)d−1(x2
20 + y2

2)d−1
=

πz

2y1y2

√
1− z tanh−1

(
2
√

1− z
2− z

)
(4.37)

where we already set d = 2 for the integral since we are computing the leading correction

in d = 2− ε. This gives the two point function as

〈φIφI(x1, y1)φJφJ(x2, y2)〉 =
NΓ

(
d−1

2

)2
16πd+1(4y1y2)d−1

[
N+2

(
z

1−z

)d−1

+ 2 zd−1 + 4
zd−1

(1−z)
d−1

2

]
− gN(N + 2)z

16π3y1y2

√
1− z tanh−1

(
2
√

1− z
2− z

)
.

(4.38)

We can compute the anomalous dimensions of the operators appearing in boundary channel

decomposition by extracting log z from our two point function. In the boundary channel,

log z comes from the z∆̂ present in the boundary conformal block. So in the following, we

only keep track of the ε log z term of the leading order perturbation to the free propagator.

Then using the decomposition from above, we have at the fixed point

〈φIφI(x1, y1)φJφJ(x2, y2)〉 3 NΓ
(
d−1

2

)2
16πd+1(4y1y2)d−1

[
N +

∞∑
n=0

µ2
d−1+2nfbdry(d− 1 + 2n; z)

]
+

N

64π2y1y2

(
8 log z

N + 2

N + 8
ε

)
(4.39)

where there will be other order ε terms which will contribute to the corrections to OPE

coefficients, but we have only kept log z terms. Noting that the boundary block for ∆̂ = d−1

simplifies, this again precisely gives the value of anomalous dimension of the boundary

operator φ2 found in (3.11) and tells us that none of the other operators get anomalous

dimensions. This is consistent since the operators with n ≥ 1 correspond to higher spin

displacements with boundary spin 0 and are equal to the boundary value of conserved

currents with all 2n indices being y, Jyy...y.
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4.1.3 Direct computation

It is possible to compute these anomalous dimensions more directly as well, by explicitly

writing down the operator induced by conserved currents on the boundary and computing

their anomalous dimensions. For the displacement, the operator is

D = Tyy =
d− 1

4d
(φI(∂2

i φ
I) + φI(∂2

i φ
I))− 1

2d
∂iφ

I∂iφI +
1

2
∂yφ

I∂yφ
I

=
d− 1

4d
(φI(∂2

i φ
I) + φI(∂2

i φ
I))− 1

2d
∂iφ

I∂iφI +
g2

2
((φKφK))φI(φLφL)φI

(4.40)

where we used modified Neumann boundary condition ∂yφ
I = g(φJφJ)φI . We will calculate

its anomalous dimension to order g2. To this order, the last term in the above expression

will not contribute and it will start contributing at order g3. This is actually a primary

operator in the boundary theory as it matches up to a coefficient to a “double trace”4

operator. We will denote by OIJn,l, the operator with dimensions 2∆̂ + 2n + l and spin l.

For n = 1 and l = 0, the “double trace” primary operator takes the form [74]

OIJ1,0 =
d− 1

2
((∂2

i φ
I)φJ + φI(∂2

i φ
J))− ∂iφI∂iφJ . (4.41)

We want to show that the anomalous dimension of this operator vanishes by computing

its three point function with two other φ. To two loop order, following are the non trivial

diagrams that will contribute, and we want to show that these do not have any logarithmic

divergence.

G1,2 =

k

k + p

OIJ
n,

φK

φL

+

k + p

k

p + q

k′ (k - k’ - q)

q

OIJ
n,

φL

φK

= 2g(δIJδKL + δIKδJL + δILδJK)

∫
ddk

(2π)d
1

|k||k + p|Õ1,0(k,p)

+ g2(8δIJδKL + 2(N + 6)(δIKδJL + δILδJK)I1 (4.42)

where

Õ1,0(k,p) =
d

2
(k2 + (k + p)2)− p2

2
. (4.43)

4The operators we discuss here are bilinears in the fundamental fields φI and hence should be thought of

as single trace operators. However, we will sometimes loosely use the terminology “double trace” to make

contact with some of the literature on the subject.
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It is easy to see that the first one loop diagram vanishes identically, which is why we do

not need to consider other two loop diagrams which contain this diagram as a subdiagram.

Now for the second two loop diagram, we have to perform the integral

I1 =

∫
ddk

(2π)d
ddk′

(2π)d
1

|k||k + p||k′||k - k’- q|Õ1,0(k,p)

=
Γ
(
d−1

2

)2
Γ
(
1− d

2

)
(4π)

d
2πΓ(d− 1)

∫
ddk

(2π)d
1

|k||k + p||q - k|2−d Õ1,0(k,p)

= −21−d sec
(
πd
2

)
Γ
(
2− d

2

)
Γ
(
d− 3

2

)
Γ
(
d−1

2

)2
Γ
(
2− d

2

)
Γ
(

3
2 − d

2

)
Γ
(

3d
2 − 1

)
(4π)dπΓ(d− 1)(p2)1−d

(4.44)

where we computed the integral at q = 0, since we are just using this diagram to calculate

the anomalous dimension. This is finite in d = 2− ε which implies that to this order, the

operator OIJ1,0 does not get anomalous dimensions.

Let us now talk about the operators induced by the bulk spin 4 current on the boundary.

If the bulk is 3 dimensional (which will be sufficient for our perturbative calculation), it

can be explicitly constructed using the generating function

OIJ(x, ε) =

∞∑
s=0

JIJµ1....µs(x)εµ1 · · · εµs . (4.45)

This generating function can be calculated by using the conditions of current conservation

and tracelessness and it turns out to be [75]

OIJ(x, ε) = φI(x− ε)
∞∑
n=0

(2ε2
←
∂x ·

→
∂x − 4(ε ·

←
∂x)(ε ·

→
∂ x))n

(2n)!
φJ(x+ ε). (4.46)

This can be expanded to fourth order in ε, which gives the spin 4 current

JIJµνρσ =
1

4!

[
1

24
∂(µ∂ν∂ρ∂σ)φ

IφJ − 7

6
∂(µ∂ν∂ρφ

I∂σ)φ
J +

1

2
δ(µν∂ρ∂σ)∂αφ

I∂αφJ + (I ↔ J)

+
1

6
δ(µνδρσ)∂α∂βφ

I∂α∂βφJ − 5

3
δ(µν∂α∂ρφ

I∂α∂σ)φ
J +

35

12
∂(µ∂νφ

I∂ρ∂σ)φ
J

]
(4.47)

where the symmetrization sign means that we add all the terms related by exchange of

indices. Now, we can take all its components to be transverse to the boundary and obtain

an operator on the boundary, which with Neumann boundary condition looks like

JIJyyyy =

[
1

24
((∂2

i )2φI)φJ − 1

2
(∂2
i ∂jφ

I)∂jφJ + (I ↔ J)

+
1

6
(∂i∂jφ

I∂i∂jφJ) +
17

12
(∂2
i φ

I)(∂2
i φ

J)

]
+O(g2).

(4.48)

From the boundary point of view, this is an operator with dimensions 2∆φ + 4 and spin 0.

Using recursion relations from [74], we can write down the form of a primary of the same
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dimension and spin in d dimensions

OIJ2,0 =

(
∂i∂jφ

I∂i∂jφJ +
(d+1)(d+3)+2

2
(∂2
i φ

I)(∂2
i φ

J)

)
− (d+1)((∂2

i ∂jφ
I)∂jφJ + (I↔J))

+
(d+ 1)(d− 1)

12
(((∂2

i )2φI)φJ+ (I↔J)). (4.49)

The relative coefficients of various terms in this operator indeed match what we get from

the operator that the spin 4 current defines on the boundary. So they are the same operator

up to a constant. We can now try to compute its anomalous dimensions using the following

correlation function, which involves the same set of diagrams as the displacement operator

OIJ1,0 case but with different factors of external momentum

〈OIJ2,0(−p)φK(−q)φL(p + q)〉

= 2g(δIJδKL + δIKδJL + δILδJK)

∫
ddk

(2π)d
1

|k||k + p|Õ2,0(k,p)

+ g2(8δIJδKL + 2(N + 6)(δIKδJL + δILδJK)I2

(4.50)

where

Õ2,0(k,p) =
(d+ 2)(d+ 4)

12
(|k|4 + |k + p|4) +

(d+ 2)(d+ 4)

2
|k|2|k + p|2

− d+ 2

2
|p|2(|k|2 + |k + p|2) +

1

4
|p|4.

(4.51)

The one loop diagram again vanishes identically and the two loop diagram requires the

following integral, which we again evaluate at q = 0

I2 =

∫
ddk

(2π)d
ddk′

(2π)d
1

|k||k + p|
1

|k′||k− k′ − q|Õ2,0(k,p)

=
Γ
(
d−1

2

)2
Γ
(
1− d

2

)
(4π)

d
2πΓ(d− 1)

∫
ddk

(2π)d
1

|k||k + p||q - k|2−d Õ2,0(k,p)

=
Γ
(
d−1

2

)2
Γ
(
1− d

2

)2
2−d−4Γ

(
d− 3

2

)
(4π)dπΓ(d− 1)(p2)−d

(
(d5 + 8d4 + 39d3 − 80d2 − 4d+ 48)Γ

(
d−1

2

)
πΓ
(

3d
2 + 1

)
− 16(d+ 2) sec

(
πd
2

)
Γ
(

1
2 − d

2

)
Γ
(

3d
2 − 1

)) (4.52)

and this is finite in d = 2 − ε. This implies that to this order, the operator OIJ2,0 does not

get anomalous dimensions.

The next operator we consider is the spin 2 operator on the boundary induced by the

spin 4 current in the bulk. It can be obtained by taking two of the components of the

current to be in the normal direction and it gives

JIJyyij =
1

12

[
− 1

2
∂2
k∂i∂jφ

IφJ +
7

2
∂2
k∂(iφ

I∂j)φ
J + ∂i∂j∂kφ

I∂kφJ − 35

6
∂2
kφ

I∂i∂jφ
J + (I↔J)

− 5

3
∂k∂(iφ

I∂k∂j)φ
J− 8

3
δij∂

2
kφ

I∂2
kφ

J+
2

3
δij∂k∂lφ

I∂k∂lφJ − δij(∂2
k∂lφ

I∂lφJ+I↔J)

]
(4.53)
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where ∂(iφ
I∂j)φ

J = ∂iφ
I∂jφ

J + ∂jφ
I∂iφ

J . This is symmetric in i, j indices and we can

project it onto a symmetric traceless part

JIJyyij(T ) =

(
δikδjl −

δijδkl
d

)
Vkl =

1

12

[
− 5

3
∂k∂(iφ

I∂k∂j)φ
J

+

(
− 1

2
∂2
k∂i∂jφ

IφJ+
7

2
∂2
k∂(iφ

I∂j)φ
J + ∂i∂j∂kφ

I∂kφJ− 35

6
∂2
kφ

I∂i∂jφ
J + (I↔J)

)
+ δij

((
1

4
∂2
k∂

2
l φ

IφJ− 4∂2
k∂lφ

I∂lφJ + I↔J

)
+

35

6
∂2
kφ

I∂2
l φ

J+
5

3
∂k∂lφ

I∂k∂lφJ
)]
.

(4.54)

As is probably familiar by now, we can write the “double trace” primary with spin 2 and

dimensions 2∆φ + 4 using results from [74]

OIJ1,2 ij(T ) =

[
1− d

2
∂2
k∂i∂jφ

IφJ +
d+ 5

2
∂2
k∂(iφ

I∂j)φ
J + ∂i∂j∂kφ

I∂kφJ

− (3 + d)(5 + d)

2(1 + d)
∂2
kφ

I∂i∂jφ
J + (I ↔ J)

]
− d+ 3

d+ 1
∂k∂(iφ

I∂k∂j)φ
J + δij

[(
d− 1

2d
∂2
k∂

2
l φ

IφJ − d+ 6

d
∂2
k∂lφ

I∂lφJ + I ↔ J

)
+

(d+ 3)(d+ 5)

d(1 + d)
∂2
kφ

I∂2
l φ

J +
2(d+ 3)

d(d+ 1)
∂k∂lφ

I∂k∂lφJ
]

(4.55)

which matches, up to an overall constant, to the operator we need. Repeating the same

procedure as other operators

〈OIJ1,2ij(T )(−p)φK(−q)φL(p + q)〉 =

2g(δIJδKL + δIKδJL + δILδJK)

∫
ddk

(2π)d
1

|k||k + p|Õ1,2,T (k,p)

+ g2(8δIJδKL + 2(N + 6)(δIKδJL + δILδJK)I3

(4.56)

where

Õ1,2,T (k,p) =

[
kikj

(
− 2(d+ 4)(d+ 2)

d+ 1
(|k|2 + |k + p|2) +

2(d+ 2)

(d+ 1)
|p|2

)
+ k(ipj)

(
− (d+ 6)(d+ 2)

d+ 1
|k|2 − (d+ 2)2

d+ 1
|k + p|2 +

(d+ 2)

(d+ 1)
|p|2

)
+ pipj

(
− d

2
|k + p|2 − d2 + 9d+ 16

2(d+ 1)
|k|2 +

|p|2
2

)
+ δij

(
(d+ 2)2

d(d+ 1)
(|k|4 + |k + p|4) +

2(d+ 6)(d+ 2)

d(d+ 1)
|k|2|k + p|2

− d2 + 9d+ 16

2d(d+ 1)
(|k|2 + |k + p|2)|p|2 +

d+ 3

2d(1 + d)
|p|4

)]
.

(4.57)
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The one loop contribution vanishes, and we can use some integrals from the appendix B

to evaluate the integral appearing in the two loop diagram

I3 =

∫
ddk

(2π)d
ddk′

(2π)d
1

|k||k + p|
1

|k′||k− k′ − q|Õ1,2,T (k,p)

=
Γ
(
d−1

2

)2
Γ
(
1− d

2

)
(4π)dπΓ(d−1)(p2)−d

[
pipj

2d+2p2Γ
(

3d
2

)((5d3+26d2−40d−16)Γ
(
1− d

2

)
Γ
(
d− 3

2

)
Γ
(
d−1

2

)
π

− 8(d+2)(d+4) sec
(
πd
2

)
Γ
(
−d

2

)
Γ
(
d+ 1

2

)
3Γ
(

3
2 − d

2

) )
+ δij

(d−2) sec
(
πd
2

)
Γ
(
4− d

2

)
Γ
(
d− 3

2

)
2ddΓ

(
3
2 − d

2

)
Γ
(

3d
2 + 1

) ]
.

(4.58)

As anticipated, this is finite in d = 2 − ε which implies that to this order, the operator

OIJ1,2ij(T ) also does not get anomalous dimensions.

4.2 Large N expansion

We will now do the calculation of anomalous dimensions of the same operators in the large

N model of subsection 3.2 using the Feynman diagrams. Starting with the displacement,

we have the following contributions

〈OIJ1,0(0)φK(q)φL(−q)〉 =

q

q

OIJ
n,

φK

φL

+

p1

p1

q

q

OIJ
n,

+

p1

p1

p2

p1 − p2

p2

q

q

OIJ
n,

= (δIKδJL + δILδJK)

(
− dq2) +

C̃σ
N

∫
ddp1

(2π)d
(−dp2

1)

|p1|2|p1 − q|d−2

)

+
2C̃2

σδ
IJδKL

N2

∫
ddp1

(2π)d

∫
ddp2

(2π)d
(−dp2

1)

|p1|2|p1 − p2||p2 − q||p2|2(d−2)

= q2

[
(δIKδJL + δILδJK)

(
− d+

2d C̃σ

N(4π)
d
2 dΓ

(
d
2 − 1

))

+
δIJδKL dC̃σ

2
(d− 3) Γ

(
d−1

2

)
Γ
(

1−d
2

)
2N2(4π)d

√
πdΓ

(
d− 1

2

) ]
. (4.59)
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There is no log q term which tells us that there is no anomalous dimension. Both the 1/N

corrections start at O(ε2) in d = 2 − ε which is consistent with the fact that the O(g)

contribution to this correlator vanish in the ε expansion. Similar computation can be done

for the two operators induced by the spin 4 current on the boundary. For the boundary

scalar, we have

〈OIJ2,0(0)φK(q)φL(−q)〉

=
2(d+ 2)(d+ 4)

3

[
(δIKδJL + δILδJK)

(
q4 +

C̃σ
N

∫
ddp1

(2π)d
p4

1

|p1|2|p1 − q|d−2

)
+

2C̃2
σδ
IJδKL

N2

∫
ddp1

(2π)d

∫
ddp2

(2π)d
p4

1

|p1|2|p1 − p2||p2 − q||p2|2(d−2)

]
=

2(d+ 2)(d+ 4)q4

3

[
(δIKδJL + δILδJK)

(
1− C̃σ

N(4π)
d
2 (d+ 2)Γ

(
d
2 − 1

))

− δIJδKL 3C̃σ
2

Γ
(
d−1

2

)2
Γ
(−1−d

2

)
4N2(4π)d

√
π(d+ 2)Γ

(
d+ 1

2

)
Γ
(
d−5

2

)].

(4.60)

This also does not have any log q terms indicating no anomalous dimensions. The correc-

tions here also start at O(ε2) in d = 2− ε. Finally, for the spin two operator, we have

〈OIJ1,2ij(T )(0)φK(q)φL(−q)〉 =
4(d+ 2)(d+ 4)

d+ 1

[
(δIKδJL + δILδJK)

×
(
− qiqjq2 +

δijq
4

d
+
C̃σ
N

∫
ddp1

(2π)d
1

|p1|2|p1 − q|d−2

(
−p1ip1jp

2
1 +

δijp
4
1

d

))
+

2C̃2
σδ
IJδKL

N2

∫
ddp1

(2π)d

∫
ddp2

(2π)d
1

|p1|2|p1 − p2||p2 − q||p2|2(d−2)

(
−p1ip1jp

2
1 +

δijp
4
1

d

)]
=

4(d+ 2)(d+ 4)

d+ 1

(
−qiqjq2 +

δijq
4

d

)[
(δIKδJL + δILδJK)

×
(

1− 2C̃σ

N(4π)
d
2 (d+ 4)Γ

(
d
2 − 1

))− 15 δIJδKLC̃σ
2

(d− 3)
√
π sec

(
dπ
2

)
4 N2(4π)d(d+ 4)(d− 1)Γ

(
d+ 3

2

)]
(4.61)

which also does not contain log q implying that there is no anomalous dimension.

5 Long range O(N) models

It is natural to generalize the analysis of the previous sections to general non local mod-

els in d-dimensional Euclidean space, where the free propagator takes the form 1/|p|s in

momentum space, and the kinetic term in position space is

2sΓ
(
d+s

2

)
π
d
2 Γ
(
− s

2

) ∫ ddxddy
φI(x)φI(y)

|x− y|d+s
, ∆φ =

d− s
2

. (5.1)

For the applications discussed below, d is some fixed dimension (which can be taken to be

integer), and s is a free parameter that controls the power of the long range propagator.
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5.1 Quartic interaction

First we consider the following model with a quartic interaction

S =
2sΓ

(
d+s

2

)
π
d
2 Γ
(
− s

2

) ∫ ddxddy
φI(x)φI(y)

|x− y|d+s
+
g

4

∫
ddx(φIφI)2. (5.2)

This coupling becomes marginal when s = d/2, so we will study this model perturbatively

in s = d+ε
2 when g has dimensions equal to ε. For s = 1 this is equivalent to the boundary

model we studied in subsection 3.1 and all the diagrams remain the same with modified

propagators. So we will not give all the details here and just sketch out the main points.

The computation of the four point function now requires the following integrals

G4 = 2δIJδKL
[
− (g + δg) + (g + δg)

2(N + 8)

∫
ddk

(2π)d
1

|k + p|s|k|s − g
3(N2 + 6N + 20)

×
(∫

ddk

(2π)d
1

|k+p|s|k|s
)2

− 4g3(5N+22)

∫
ddk

(2π)d
ddk′

(2π)d
1

|k|s|k + p|s
1

|k′|s|k - k’- q|s
]

= 2δIJδKL
[
− (g + δg) +

(g + δg)
2(N + 8)Γ

(
d−s

2

)2
Γ
(
s− d

2

)
(4π)

d
2 Γ
(
s
2

)2
Γ(d− s)(p2)s−

d
2

− g3(N2 + 6N + 20)Γ
(
d−s

2

)4
Γ
(
s− d

2

)2
(4π)d Γ

(
s
2

)4
Γ(d− s)2(p2)2s−d

− 4g3(5N + 22)Γ
(
d−s

2

)3
Γ
(
s− d

2

)
Γ
(
d− 3s

2

)
Γ(2s− d)

(4π)dΓ
(
s
2

)3
Γ(d− s)Γ

(
3s−d

2

)
Γ
(

3d
2 − 2s

)
(p2)2s−d

]
. (5.3)

Requiring that the divergent terms cancel when s = d+ε
2 fixes δg and then applying Callan-

Symanzik equation on the finite piece gives the β function

β(g) = −εg +
2g2(N + 8)

(4π)
d
2 Γ
(
d
2

) +
8g3(5N + 22)

(4π)dΓ
(
d
2

)2 (γ + 2ψ(d/4)− ψ(d/2)). (5.4)

This gives the fixed point at

g = g∗ =
(4π)

d
2 Γ
(
d
2

)
2(N + 8)

ε+
(4π)

d
2 Γ
(
d
2

)
(5N + 22)(−γ − 2ψ(d/4) + ψ(d/2))

(N + 8)3
ε2. (5.5)

The computation of anomalous dimensions of the operator φIφI at this fixed point also

closely follows the boundary case and the result is

γφ2 =
2g∗(N + 2)

(4π)
d
2 Γ
(
d
2

) +
12(N + 2)g2

∗(γ + 2ψ(d/4)− ψ(d/2))

(4π)dΓ
(
d
2

)2
=

(N + 2)

(N + 8)
ε− (N + 2)(7N + 20)(γ + 2ψ(d/4)− ψ(d/2))

(N + 8)3
ε2

∆φ2 = d− s+ γφ2 =
d

2
+

(N − 4)ε

2(N + 8)
− (N + 2)(7N + 20)(γ + 2ψ(d/4)− ψ(d/2))

(N + 8)3
ε2.

(5.6)

This agrees with what was found in [45].
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5.2 Large N description

Similar to subsection 3.2 we can develop a complementary approach to study the fixed

point studied above in continuous and arbitrary s and d, but in an expansion in 1/N . For

that, we consider the following action with an auxiliary field σ

S =
2sΓ

(
d+s

2

)
π
d
2 Γ
(
− s

2

) ∫ ddxddy
φI(x)φI(y)

|x− y|d+s
+

∫
ddx

(
σφIφI

2
− σ2

4g

)
. (5.7)

As usual, we will integrate out the φ field to get an effective quadratic action in terms of σ

S2 =

∫
ddp

(2π)d
σ(p)σ(−p)

2

(
N

C̃σ
(p2)

d
2
−s − 1

2g

)
. (5.8)

where

C̃σ = −2(4π)
d
2 Γ
(
s
2

)2
Γ(d− s)

Γ
(
s− d

2

)
Γ
(
d−s

2

)2 . (5.9)

From here, it is clear that for s > d
2 , the second term in the quadratic action can be dropped

in the IR limit, while for s < d
2 , it can be dropped in the UV limit. This only leaves the

induced kinetic term in the quadratic action and leads to the following two point function

for σ

〈σ(x1)σ(x2)〉 =
Cσ

N |x1 − x2|2s
, Cσ = C̃σ

22s Γ(s)

(4π)
d
2 Γ
(
d
2 − s

) (5.10)

which implies that the conformal dimension of sigma operator, to this order, is s. The

computation of its anomalous dimension involves same diagrams and similar integrals as

the boundary case and the result is

∆σ = s+
1

N

(
8Γ
(
d
2 − s

)
Γ
(

3s−d
2

)
Γ
(
s
2

)3
Γ(d− s)2

Γ
(
s− d

2

)2
Γ
(
d−s

2

)3
Γ(s)Γ

(
d− 3s

2

)
Γ
(
d
2

)− 4Γ
(
s
2

)2
Γ(d− s)

Γ
(
s− d

2

)
Γ
(
d−s

2

)2
Γ
(
d
2

)). (5.11)

This agrees with what was found in [45, 76]. We can expand it in an ε expansion with

s = d+ε
2

∆σ = s+
1

N
(−6ε− 7(γ + 2ψ(d/4)− ψ(d/2))ε2 +O(ε3)). (5.12)

It agrees with the ε expansion result above in eq. (5.6) when expanded at large N . We can

also expand when s = d− ε which gives

∆σ = s+
1

N

(
− ε2 (γ + ψ

(−d
2

)
− ψ

(
d
2

)
+ ψ(d))

2
+O(ε3)

)
. (5.13)

As we show below, this agrees with the result from the non-local non-linear sigma model

in eq. (5.18) at large N .
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5.3 Non-local non-linear sigma model

In line with subsection 3.3 we can also study this fixed point by an epsilon expansion at

the other end, s = d − ε using a non-local non-linear sigma model (note that the scalar

becomes dimensionless at s = d). A variant of this model, aiming at a more general target

manifold, was considered in [77]. We restrict ourselves to O(N), but it should be possible

to generalize our approach to other homogeneous spaces. To do that, we consider the

following action

S =
2sΓ

(
d+s

2

)
π
d
2 Γ
(
− s

2

) ∫ ddxddy
φI(x)φI(y)

|x− y|d+s
+

∫
ddxσ

(
φIφI − 1

t2

)
. (5.14)

The constraint can be solved using the same parametrization as the boundary case. The

one-point function required for β function computation now involves the following modified

integrals

〈φN (0)〉= 1

t
− t

2
〈ϕaϕa(0)〉 − t3

8
〈ϕaϕa(0)ϕbϕb(0)〉

=
1

t
− t(N − 1)

2

∫
ddk

(2π)d
1

|k|s +
(N − 1)t3

2

∫
ddk

(2π)d
1

|k|2s
∫

ddl

(2π)d
|k − l|s
|l|s

− t3((N − 1)2 + 2(N − 1))

8

∫
ddk

(2π)d
1

|k|s
∫

ddl

(2π)d
1

|l|s

=
1

t
+

t(N − 1)

2dπ
d
2 Γ
(
d
2

)(1

ε
+
γ+logm2+ψ

(
d
2

)
2

)
+
t3(N−1)

(
γ+ψ

(
−d

2

)
−ψ

(
d
2

)
+ψ(d)

)
2Γ
(
d
2

)2
(4π)dε

− t3(N − 1)2

8

(
1

22d−2πdΓ
(
d
2

)2
ε2

+
γ + logm2 + ψ

(
d
2

)
εΓ
(
d
2

)2
22d−2πd

)
(5.15)

where we used techniques similar to boundary case to perform the integrals and expanded

in s = d− ε. The β function can be extracted from this one-point function

β(t) =
ε

2
t− t3(N − 1)

(4π)
d
2 Γ
(
d
2

) − t5(N − 1)
(
γ + ψ

(
−d

2

)
− ψ

(
d
2

)
+ ψ(d)

)
(4π)dΓ

(
d
2

)2 . (5.16)

This beta function gives a fixed point at

t2∗ =
ε(4π)

d
2 Γ
(
d
2

)
2(N − 1)

− ε2(4π)
d
2 Γ
(
d
2

) (
γ + ψ

(
−d

2

)
− ψ

(
d
2

)
+ ψ(d)

)
4(N − 1)2

(5.17)

and the dimension of the field σ at this fixed point is

∆σ = d+ β′(t∗) = s− ε2(γ + ψ
(
−d

2

)
− ψ

(
d
2) + ψ(d)

)
2(N − 1)

(5.18)

in agreement with the large N result.
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Figure 6. Padé result for ∆σ for N = 2, 20 and 200. We plot N(∆σ − s) against s because that is

easier to compare with the large N result. The Padé result approaches large N result as we go to

larger N .

5.4 Some Padé estimates for the d = 1 long range O(N) model

The quartic model and the non-linear sigma model approximate the fixed point of one

dimensional long range O(N) model near the two ends in s, i.e. s = d
2 + ε

2 and s = d − ε
respectively. The large N model interpolates between the two ends, but we can also develop

a two-sided Padé approximant to interpolate the intermediate range of s for finite N . By

that, we mean that we consider an ansatz Padém,n =
∑m
i=0 ais

i

1+
∑n
j=1 bjs

j and equate its series

expansion with the available perturbative series expansion. We do this for ∆σ which is

related to the critical exponent ν as ∆σ = 1− 1/ν (this is the dimension of σ in non-linear

sigma model and of φ2 in the quartic theory). From the models anlayzed in the previous

sections, we have the following series expansions for the anomalous dimension of σ in d = 1

∆σ=
1

2
+

(N−4)(s− 1
2)

N + 8
+

4(N+2)(7N+20)(π + 4 log 2)

(N + 8)3

(
s− 1

2

)2

+O

(
s− 1

2

)3

, s ∼ 1/2

∆σ= s− (1− s)2

N − 1
+O(1− s)3, s ∼ 1.

(5.19)

We have six possible Padé approximants corresponding to choices of m,n such that m+n =

5. Only Padé2,3 and Padé3,2 are well behaved at all s and N and have a large N behaviour

close to our large N result (i.e., they go as s+ 1/N at large N). We take their average and

plot that to compare it with the large N result in figure 6.

The non-linear sigma model description clearly breaks down for the Ising case N = 1,

since the β function vanishes and the anomalous dimension diverges in that case. But the
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s 0.6 0.65453 0.7 0.8 0.875 0.9

N = 1 Padé 0.488 0.494 0.506 0.553 0.616 0.646

N = 1 Monte Carlo [51] - 0.494(14) - - 0.5876(13) -

N = 1 Monte Carlo [78] 0.50(2) - 0.50(4) 0.54(5) - 0.63(7)

N = 2 0.519 0.565 0.618 0.757 0.858 0. 889

N = 3 0. 534 0.588 0. 643 0.774 0.865 0.894

N = 4 0.544 0.601 0.656 0.781 0.868 0.896

N = 5 0.552 0.610 0.664 0.785 0.870 0.897

N = 10 0.572 0.630 0.681 0.792 0.872 0.898

Table 1. The numerical results for ∆σ = 1 − 1/ν from our Padé approximants and the available

Monte Carlo results for various values of s. As N grows, the results approach the prediction of the

large N expansion, which gives ∆σ = s+ O(1/N).

dimension of σ near s = 1 for the case of long range Ising was found in [56] to be

∆σ = 1−
√

2(1− s), s ∼ 1, N = 1. (5.20)

Since there is a square root, we will switch variables to x =
√

1− s and do a two sided

Padé between 0 < x < 1√
2

with the following two constraints

∆σ =
1

2
+

√
2

3

(
x− 1√

2

)
+

3 + 8(π + 4 log 2)

9

(
x− 1√

2

)2

+O

(
x− 1√

2

)3

, x ∼ 1√
2

∆σ = 1−
√

2x+O(x2), x ∼ 0.

(5.21)

Again, there are five possibilities and Padé3,1, Padé1,3 and Padé2,2 are all close to each

other. We take their average and tabulate the results in table 1, where we also include

the Padé estimates for higher values of N obtained as described above. For N = 1 our

estimates are close to the available Monte Carlo results found in [51, 78].
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A Other examples of BCFT with free fields in the bulk

In this Apppendix we briefly discuss some other examples of BCFTs with free fields in the

bulk and interactions localized on the boundary.
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A.1 Scalar Yukawa like interaction in d = 5− ε boundary dimensions

Consider the following model of a free scalar field interacting with N bosons on the bound-

ary with an action

S =

∫
dd+1x

1

2
(∂σ)2 +

∫
ddx

(
1

2
(∂µφ

I∂µφI) +
g

2
σφIφI

)
. (A.1)

where I = 1, 2 . . . N . The interaction becomes marginal in d = 5, and it is weakly coupled

in d = 5 − ε dimensions. As usual, σ does not get renormalized and has dimensions fixed

at classical value. The one loop correction to the propagator of φ is

G0,2 = (−g)2

∫
ddk

(2π)d
1

(p + k)2 |k| − p
2δφ

=
g2Γ(d−2

2 )Γ
(
d−1

2

)
Γ
(

3−d
2

)
(4π)

d
2
√
πΓ
(
d− 3

2

)
(p2)

3−d
2

− p2δφ

(A.2)

which implies in d = 5− ε

Zφ = 1− g2

60π3ε
. (A.3)

The one loop correction to the vertex is

G1,2 = (−g)3

∫
ddk

(2π)d
1

(p + k)2(k− q)2 |k| − δg

= − 4g3Γ
(

5−d
2

)
3π

d+1
2 2d(µ2)

5−d
2

− δg
(A.4)

which implies

Zg = g + δg = g − g3

12π3ε
. (A.5)

Using the relation g0Z
1/2
σ Zφ = µε/2Zg gives the β− function as

β(g) = µ
∂g

∂µ

∣∣∣∣
g0

= −µ∂µg0|g
∂gg0|µ

= −εg
2
− g3

15π3
. (A.6)

So there exists a non unitary fixed point at

g2
∗ = −15π3ε

2
. (A.7)

The boundary field φ acquires an anomalous dimension

γ̂φ = µ
∂

∂µ
logZ

1/2
φ = β(g)

∂

∂g
logZ

1/2
φ =

g2

120π3
(A.8)

which at the non unitary fixed point becomes γ̂φ|g∗ = −ε/16.
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A.2 N + 1 free scalars interacting on d = 3− ε boundary dimensions

Next model we consider is N + 1 free scalars in the bulk interacting only on the boundary

S =

∫
dd+1x

(
1

2
(∂σ)2 +

1

2
∂µφ

I∂µφI
)

+

∫
ddx

(
g1

2
σφIφI +

g2

6
σ3

)
. (A.9)

where I = 1, 2 . . . N . The couplings are marginal in d = 4 and the model becomes weakly

coupled in d = 3−ε. Both σ and φI are now free bulk fields and they don’t get renormalized.

The one loop correction to the g1 vertex is

G1,2 = ((−g1)3 + (−g1)2(−g2))

∫
ddk

(2π)d
1

|k + p||k− q||k| − δg1

= −(g3
1 + g2

1g2)

2d−1π
d+1

2

Γ
(

3−d
2

)
(µ2)

3−d
2

− δg1

(A.10)

which implies

Zg1 = g1 + δg1 = g1 −
(g3

1 + g2
1g2)

2π2ε
. (A.11)

The one loop correction to g2 vertex is similarly

G3,0 = (N(−g1)3 + (−g2)3)

∫
ddk

(2π)d
1

|k + p||k− q||k| − δg2

= −(Ng3
1 + g3

2)

2d−1π
d+1

2

Γ
(

3−d
2

)
(µ2)

3−d
2

− δg2

(A.12)

which implies

Zg2 = g2 + δg2 = g2 −
(Ng3

1 + g3
2)

2π2ε
. (A.13)

The bare couplings are related to the renormalized couplings as

g10Z
1/2
σ Zφ = µε/2(g1 + δg1)

g20Z
3/2
σ = µε/2(g2 + δg2)

(A.14)

The β functions can then be computed using following relations

−µ∂µg10 |g1,g2 = β(g1)
∂g10

∂g1

∣∣∣∣
µ,g2

+ β(g2)
∂g10

∂g2

∣∣∣∣
µ,g1

−µ∂µg20 |g1,g2 = β(g1)
∂g20

∂g1

∣∣∣∣
µ,g2

+ β(g2)
∂g20

∂g2

∣∣∣∣
µ,g1

.

(A.15)

These give the following β functions

β(g1) = − ε
2
g1 −

g3
1 + g2

1g2

2π2

β(g2) = − ε
2
g2 −

Ng3
1 + g3

2

2π2

(A.16)

which give rise to non-unitary fixed points.
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A.3 Mixed dimensional QED in d = 5 boundary dimensions

Another interesting model to consider is the following higher derivative variant of the mixed

dimensional QED discussed in [20]

S =
1

4

∫
dd+1xFµν(−∇2)Fµν −

∫
ddx ψ̄γµ(∂µ + igAµ)ψ. (A.17)

The engineering dimension of the gauge field here is (d + 1)/2 − 2, hence the coupling

is marginal in d = 5 dimensions. We will analyze this model in d = 5 − ε. The higher

derivative term will give a ηAB
p4 propagator in the bulk. We can Fourier transform back

to position space in the direction perpendicular to the boundary and get the propagator

on the boundary to be ηAB
4|p|3 . We have the standard propagator for the fermion −i /p

p2 .

The gauge field is free in the bulk, so it should not receive any anomalous dimensions. So

to compute the β function, we need to compute the one loop correction to the fermion

propagator and the vertex.

The one loop correction to the fermion propagator is

G0,2 = (ig)2

∫
ddk

(2π)d
γA(−i/k)γBηAB

4|p− k|3k2
− iδψ/p

=
−ig2(d− 2)/pΓ

(
5−d

2

)
5
√
π(4π)

d
2

− iδψ/p.
(A.18)

Requiring that the divergent part of the above expression vanish in d = 5− ε gives us

δψ = − 3g2

80π3ε
. (A.19)

The one loop correction to the vertex is

G1,2 = (ig)3

∫
ddp

(2π)d
γC(−i(/p+ /q1))γA(−i(/p+ /q2))γBηBC

(p+ q1)2(p+ q2)24|p|3 + iδgγ
A (A.20)

We can evaluate the divergent part of the first term in the above expression which must

be cancelled by the counterterm which gives

δg = − 3g3

80π3ε
. (A.21)

Using relation g0Z
1/2
γ Zψ = (g + δg)µ

ε/2 this gives a finite value for g0. This implies that

the beta function actually vanishes in 5 dimensions to this order.

B Some useful integrals

In this appendix, we mention some useful integrals which we use throughout the paper.

The first one was performed in [34]∫
ddk

(2π)d
1

|k|2α|k + p|2β =
1

(4π)
d
2 |p|2α+2β−d

Γ
(
d
2 − α

)
Γ
(
d
2 − β

)
Γ
(
α+ β − d

2

)
Γ(α)Γ(β)Γ(d− α− β)

. (B.1)
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The following two variants of it can be performed by using very similar methods∫
ddk

(2π)d
kikj

|k|2α|k + p|2β

=
1

(4π)
d
2 |p|2α+2β−d−2

(
δij
2

Γ
(
d
2 + 1− α

)
Γ
(
d
2 + 1− β

)
Γ
(
α+ β − d

2 − 1
)

Γ(α)Γ(β)Γ(2 + d− α− β)

+
pipj
|p|2

Γ
(
d
2 + 2− α

)
Γ
(
d
2 − β

)
Γ
(
α+ β − d

2

)
Γ(α)Γ(β)Γ(2 + d− α− β)

) (B.2)

and∫
ddk

(2π)d
kipj

|k|2α|k + p|2β = − pipj

(4π)
d
2 |p|2α+2β−d

Γ
(
d
2 + 1− α

)
Γ
(
d
2 − β

)
Γ
(
α+ β − d

2

)
Γ(α)Γ(β)Γ(1 + d− α− β)

.

(B.3)
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